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Recently, the observed equation of state for dark energy appears to favor values below −1. The tendency
implies that the nature of dark energy may be quite different from that of the cosmological constant. In view
of the adjustment on the equation of state keeps decreasing, the introduction of the phantom energy seems
inevitable. By employing observational constraints from supernovae and from the acoustic scale in which
the accuracy of the data has become extraordinary, we apply a phenomenological scenario to be acquainted
with the evolution of our universe. The demonstration on the constrained unfolding of the phantom energy
shows the model has high consistency with the current observation.
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I. INTRODUCTION

The measurements in cosmological parameters have
developed in full swing in recent years. Measurements
including the Planck collaboration, the Wilkinson
Microwave Anisotropy Probe (WMAP), the Sloan Digital
Sky Survey (SDSS) on baryon acoustic oscillations (BAO),
and many local distance determinations on supernovae have
become astonishingly precise and are constrained below
percent level. Predictions from the standard ΛCDM model
on certain key parameters such as the Hubble constant H0,
the space-time geometry, and the sound horizon rs, signifi-
cantly facilitate our understanding to the evolution of the
universe. The indirect, or to say, the model dependent
measurement derived from the data set of Planck collabo-
ration 2018 [1] renders accurate numbers on H0 and rs
which serve as the absolute scale for the distance measure-
ment at the opposite epochs of the cosmos [2,3]. Usually, the
determination of cosmic distances is closely related to the
assumption of the fundamental model describing the evolu-
tionary process of the universe. For instance, the present
expansion rate, H0, which is constrained by and can be
derived from angular anisotropies in the cosmic microwave
background (CMB) may be disparate if the underlying
theory has a nuance. Nevertheless, the sound horizon at
the radiation drag epoch, rs, seems to only rely upon the
physics at the early times where it is not that controversial in
various models. Moreover, the BAO provides a consistency
check on the evolving speed in late eras. Consequently, the
large scale structure emerged from the primordial matter
perturbation offers a standard ruler for the distance meas-
urement. Therefore, one is able to pin down and retrieve the
Hubble parameter HðzÞ in cosmic times.
Due to the model dependency of the Planck collabora-

tion on measuring H0, the local distance measurement is

contrived to offer an independent check for the sake of
consistency [4]. The Planck collaboration 2018 [1] shows
that the Hubble constant should be constrained at
H0 ¼ ð67.27� 0.60Þ km=s=Mpc. However, the recent
measurement on SNeIa calibrated by Cepheid variables
[5] promotes that number to H0 ¼ ð73.48�
1.66Þ km=s=Mpc, thus creating a tension to Planck’s
outcome up to 3.7σ. In fact, SN data in recent years
yields similar results. For examples, H0 ¼ 74.22�
1.82 km=s=Mpc in [6] and 73.2� 1.3 km=s=Mpc in [7].
On the other hand, the project “H0 Lenses in Cosmograil’s
Wellspring” (H0LiCOW) measuring the time-delay cos-
mography of quasars by strong lensing provides a model-
independent expansion rate as H0 ¼ 71.9þ2.4

−3.0 km=s=Mpc
for a flat universe with free matter and energy densities [8].
That will be upgraded to H0 ¼ ð72.8� 2.4Þ km=s=Mpc if
taking the matter density Ωm ¼ 0.32 into account as
observed by the Planck collaboration. The H0LiCOW
measurement has been further updated by TDCOSMO
analysis which renders H0 ¼ 74.5þ5.6

−6.1 [9]. On the other
hand, the red giant branch (TRGB) calibration [10]
offers another model-independent measurement as H0 ¼
69.8� 1.7 km=s=Mpc, which is still 1.2σ away from the
Planck’s result. The differences in all prime measurements
can be easily seen in Fig. 1 of [11]. Such a tension between
model dependent and independent measurements seems to
be an axiomatic problem. As the accuracy increasing on
each measurement the tension, however, is exacerbated.
In order to alleviate this tension, the physics beyond the

standard model has been provided including higher number
of effective relativistic species, extended cosmological
parameters [12,13], and the dynamically evolving dark
energy [14–17]. In particular, scenarios with a dynamical
dark energy do have the advantage of describing the
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mechanism of the cosmic acceleration [18]. The value of
the dark-energy equation of state obtained by the Nine-Year
Wilkinson Microwave Anisotropy Probe (WMAP9) [19]
which combined data from the CMB, BAO, supernovae,
and H0 measurements indicates that w ¼ −1.084� 0.063.
The Planck collaboration reported in the early 2015 that
w ¼ −1.006� 0.0451 [20], and in 2018, w ¼ −1.028�
0.032 [1] (68%, Planck TT;TE;EEþ lowEþ lensingþ
SNeþ BAO). Since the dark-energy equation of state
provided by the Planck has reached the edge of −1, the
inclusion of a phantom component (i.e., a dark energy with
an equation of state less then −1) seems inevitable.
Furthermore, once allowing the equation of state evolving
as wðzÞ ¼ w0 þ ð1 − aÞwa, where a denotes the cosmic
scale factor, the constraint derived from CMBþ lensingþ
BAO [1] conveys a message that a universe containing a
phantom component is more likely to happen than the one
that carries a quintessence dark energy with w > −1 [21].
In fact, it is arguably that the very existence of a phantom
energy seems unavoidable given the predicament of the H0

tension [22,23].
We consider the evolution of the universe with a

dynamically evolving dark energy in this paper. The energy
density of a phantom like component must be extremely
low in the remote past owing to its lopsided negative
equation of state. As a consequence, parametrizing the
dynamical dark energy is rather delicate [24–28] and can be
highly biased [29]. However, utilizing the absolute scale
(surveyed by model-independent measurements) in two
contrary epochs, the present and the last scattering surface,
the consistency in parameters can be checked by tracing the
cosmic evolution through the dark age facilitated by
various models of dynamical dark energy. Currently, there
are several theories regarding the phantom energy stipu-
lating its own construction upon the potential field to
support such an exotic existence, e.g., the vacuum
phase transition [30–34], Dvali-Gabadadze-Porrati branes
[35,36], vector fields [37–39], interacting dark energies
[40,41], kinetic braidings [42], and other scalar tensor
varieties [43,44]. Though all the hypotheses could be
pragmatic for reconciling the tension between the cosmo-
logical parameters, we avoid such sophisticated assump-
tions in our calculation by adopting a relatively simple
formula to construct the phantom component. We present
our numerical scheme in Sec. II, and the results of the
calculation in Sec. III. Finally, we discuss about the
requisite of the phantom energy under current releasing
data of all measurement in Sec. IV.

II. METHOD

Despite lacking sufficient clue, a generalized phenom-
enological approach called the generic quintessence (GQ)
[45] is very helpful in exploring the dark energy with
limited observational figures. Yet while identifying the
potential field for driving the late time cosmic acceleration

remains an important subject, the numerical reconstruction
of the dark-energy equation of state is an efficacious
method to retrieving useful information about the nature
of dark energy. Instead of presupposing the Lagrangian for
dark energy and deriving the equation of state from a
potential field, we assume a rather simple form for the
equation of state while allowing for proper adjustments in
the course of evolution. The necessity of a phantom
component is much easier to examine under this scheme.
The Hubble constant H0 and the sound horizon rs, which
play as characteristic scales on the contrary side of
evolution, will be the fixation of our calculation.
Thereupon the model-independent measurements on these
two parameters are the legitimate choices.
Consider a flat universe where the total density param-

eter Ω0 is characterized by Ω0 ¼ Ωm;0 þ Ωr;0 þΩϕ;0 ¼ 1
with the matter density Ωm;0 ∼ 0.3, the density of the dark
energy Ωϕ;0 ∼ 0.7, and a negligible radiation density Ωr;0

[20]. The background evolution of the ith component is
governed by

_εi þ 3Hð1þ wiÞεi ¼ 0; ð1Þ

_H þ 3

2
H2 þ

X
i

wi

2M2
p
εi ¼ 0; ð2Þ

where i ¼ r, m and ϕ respectively. In terms of the reduce
Planck mass Mp ¼ ð8πGÞ−1=2, the conformal time interval
dη ¼ H0a−1dt, the dimensionless Hubble constant H ¼
H=H0, and the rescaled energy density ρi ¼ εi=ðMpH0Þ2,
the evolution can be recast as

dρi
dη

¼ −3aHð1þ wiÞρi; ð3Þ

dH
dη

¼ −
3

2
aH2 −

X
i

wi

2
aρi; ð4Þ

da
dη

¼ a2H; ð5Þ

dτ
dη

¼ a; ð6Þ

where the numerical equation of state wiðηÞ are designated
for tracing the underlying model intimately. In particular,
we use an Ωϕ-weighted average to constrain the dynamic
behavior of the dark-energy component, i.e.,

hwϕi ¼
Z

η0

η⋆
ΩϕðηÞwϕðηÞdη=

Z
η0

η⋆
ΩϕðηÞdη; ð7Þ

where η0 and η⋆ represent the conformal times at the
present and at the last scattering surface respectively. As
far as the dark-energy component is not efficient to
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significantly changing the CMB anisotropy spectrum, the
approximation using a constant hwϕi is effective for models
to be tested [46–49].
Applying the initial conditions at the present time, the

problem becomes a drill of solving a set of first-order
ordinary differential equations. Since each relevant param-
eter may vary drastically, we employ the ODE solving
function “dopri5” with adaptive step size to solve for the
rapidly evolving stiff system. As an example, Fig. 1
illustrates a toy universe with a phantom component
possessing wϕðzÞ < −1 against the cosmological redshift
z. For later comparisons and discussions, we now specify
all relevant parameters in our calculation. The initial
conditions are provided by the current observational data.
In the energy inventory [1], we have Ωb;0h2 ¼ 0.02242�
0.00014 for baryons, Ωm;0h2 ¼ 0.1424� 0.00087 for all
matters, andΩϕ;0¼ΩΛ¼0.6889�0.0056 for the unknown
dark energy at the present time. On the other hand, the
Hubble constant may change significantly from models to
models. Under the circumstances, we take H0 ¼ ð73.48�
1.66Þ km=s=Mpc from the local measurement on the type
Ia supernova [5] to check out its consistency.
The sound horizon rs, the other key parameter in our

calculation, is described by the relation that

rs ¼
Z

η⋆

0

csdη; ð8Þ

in which the sound speed cs is determined by cs¼1=ð3þRÞ
with R approximated as [50] 30230ðΩbh2Þð1þ zÞ−1.
However, it can be linked to the acoustic scale lA derived
from the Doppler peaks in the CMB angular power
spectrum. According to the baseline model [51], the
anisotropy amplitude is spiking at lA ¼ pπ=θ⋆ ¼ 302p,
in which the acoustic scale is defined as

lA ¼ π

θ⋆
≡ πDA

rs
; ð9Þ

where DA ¼ η0 − η⋆ denotes the comoving distance to the
last scattering surface. Subsequently, the sound horizon at
the decoupling epoch with z⋆ ¼ 1089must have subtended
an angle as [1]

θ⋆ ¼ rs
η0 − η⋆

¼ ð1.04109� 0.0003Þ × 10−2: ð10Þ

The error of the measurement is down to 0.03% level. With
such an extraordinary precision and the simple geometrical
interpretation, the angular size of the sound horizon θ⋆
becomes a model-independent baseline to examining the
consistency of the cosmic evolution deep into the matter
dominant phase.
The calculation only bases upon the physical process

prior to the last scattering surface and the model-
independent observational result on the CMB anisotropies.
Both are relatively insensitive to the underlying dark-
energy component. Accordingly, the precision of the
angular size, Δθ⋆ ¼ ðθ⋆;cal − θ⋆;obsÞ=θ⋆;obs, will lead us
to the superior model under consideration. Since we evade
the detailed behavior of the dark-energy component, we set
the equation of state into specific values in different epochs.
The maneuver actually helps us on interpreting the effect
brought about by the equation of state beneath −1.
Meanwhile, the comoving distanceDA requires appropriate
estimations on η⋆ and η0. The approximation we used to
handle this issue is described in Appendix where the
conformal times are evaluated by substituting Ωϕ with
the dark energy density around the last scattering sur-
face Ωϕ;⋆, and the equation of state wϕ with the time-
average hwϕi.
The angular diameter distance DA and the Hubble

parameter HðzÞ can be determined by virtue of the
measurement on the large scale structure in different
redshifts. As the dynamical dark energy is capable of
fitting the constraint in opposite eras, we need another clue
in between to trace out the whole picture of evolution. Thus
we set the equation of state as a justifiable free parameter in
a flexible fashion to fit the recent BAO measurements. We
employ the data that Hðzeff ¼ 0.38; 0.51; 0.61Þ ¼ 81.5�
1.9; 90.4� 1.9; 97.3� 2.1 from the SDSS-III Baryon
Oscillation Spectroscopic Survey (BOSS DR12) [52],
Hðzeff ¼ 1.52Þ ¼ 162� 12.0 from the SDSS-IV DR14
quasar sample [53], and Hðzeff ¼ 2.36Þ ¼ 226� 8.0 from
the Quasar-Lyman α from BOSS DR11 (BOSS Ly-α) [54]
to carry out the consistency check.

III. RESULT

The constraints from the Planck collaboration and the
local distance measurement have revealed a preference for
the dark-energy component with w < −1. Meanwhile,

FIG. 1. An example of the cosmic background evolution with a
dynamical dark energy component maintaining wϕðzÞ < −1.
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parameterizing the dark-energy equation of state offers a
superior compatibility to a wide variety of scalar fields [55].
Among others, the so-called vacuum metamorphosis (VM)
model [30,31] has shown an improved fit to the observa-
tional data [56]. Despite the fiducial foundation, here we
skip the reconstruction of the scalar field but focus on the
properties of the equation of state w. In the original VM
model, the dark energy evolves rapidly in fairly recent
redshifts between z ¼ 1.3 and z ¼ 0.7. We replicate such
behavior in the equation of state and mimic the evolution of
the VM model in the context of our numerical scheme in
Fig. 2 where q denotes the deceleration parameter. The
initial conditions are established as mentioned previously.
The result shows a surprising degree of accuracy on the
CMB acoustic scale (at the 0.2% level) for the model with
hwi ¼ −1.26. In particular, we find that the tension
between the measurement on the Hubble constant in
opposite epochs is reconciled. Nevertheless, we have
avoided the background assumption on the actual dark-
energy component in which the need of incorporating the
phantom is rational but lack of motivation. This is an
important issue to be discussed in the last section.
Though the VM model provides great conformity with

the CMB acoustic scale, we are more interested in the
reason why the involvement of a phantom is necessary. We
thus plot the relation between the time averaged hwi versus
the Hubble constant H0 in Fig. 3 where the shade indicates
the degree of accuracy on the CMB acoustic scale. The
averaged dark energy density around the last scattering
surface Ωϕ;⋆ has been ignored due to the rapidly evolving
equation of state. The approximation on η⋆ is reduced to an
equation dominated by H0 thus affecting the values of
energy density distributed to each component. Note that in
some quintessence models (the part in Fig. 3 where the

time-average hwi > −1) Ωϕ;⋆ may not be negligible, which
in turn becomes a significant factor in the determination of
the acoustic scale [45]. However, the information from
Table I enables us to ignoring Ωϕ;⋆ completely in the fitting
test. Furthermore, the darkest region in the middle of Fig. 3
reveals the acoustic scale with a minimal error, in which
two substantial implications follow. First of all, the VM
model seems sensible to explain the late time acceleration if
we take the local measurement data into account. As a
matter of fact, any phantom model can play such role
provided that the associated time-average hwi admits an
appropriate value. Second, even if we accept the Hubble
constant derived from CMB anisotropies, the equation of
state will presume a value slightly less than −1 to match the
result given by the Planck collaboration. Consequently, it is

FIG. 2. The cosmic evolution under the vacuummetamorphosis
model in the context of GQ’s numerical scheme. Note the time-
average dark-energy equation of state is signified by hwi ¼ −1.29,
and the error on θ⋆ is 0.049% in this example.

FIG. 3. The time-average hwi vs H0 with the error on the
angular size of the acoustic horizon. The vertical lines in the
diagram indicate the representative values of the Hubble constant
obtained respectively from the CMB anisotropy (left) and the
local distance measurement on supernovae (right).

TABLE I. The result on three typical categories of dark energy
under numerical calculations.

GQa GQ

ΛCDM

VMd VM

þPlanckb þR18c þPlanck þR18

Δθ⋆ 20.85% 23.42% 0.013% 1.44% 0.049%
hwi −0.902 −0.898 −1.0 −1.261 −1.290
Ωϕ;⋆ 0.294 0.348 1.27×10−9 2.08×10−10 2.66×10−10

aThe quintessence model [45].
bThe Planck collaboration data [20].
cThe distance measurement data [57].
dThe phantom model [56].
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essential to comprise the phantom as the working hypoth-
esis of a dynamical dark energy.
We now add the consistency check on the measurements

of baryon acoustic oscillations into our analysis. The
adjustable equation of state allows for easy setups for
fitting the dynamical dark energy with the recent data. The
results are illuminated in Figs. 4 and 5. We find that by
manipulating the equation of state, the Hubble parameter
matches the released data on BAO competently. With the
help from the formula,

χ2 ¼
X
i

�
HðziÞobs −HðziÞexp

HðziÞerr

�
; ð11Þ

where “obs”,“exp” and “err” denote the observational, the
experimental and the error bar respectively, we perform
the Chi-square test on the Hubble parameter. It shows that
χ2 ¼ 5.85 for the ΛCDM is reduced to χ2 ¼ 4.69 for a
dynamical dark energy. Moreover, the error on the acoustic
peak still maintains at a low level as Δθ⋆ ¼ 1.42%.
In order to match different local distance measurements,

we check up the luminosity distance-redshift relation in the
low redshifts according to

dLðzÞ ¼
cz
H0

�
1þ ð1 − q0Þz

2
þOðz2Þ

�
; ð12Þ

which depends only on two parameters, H0 and q0.
Applying the data in [4] where H0 ¼ 75.35� 1.68 and
q0 ¼ −1.08� 0.29, we plot dL in the low redshift range up
to z ≤ 0.15 as in Fig. 6. Apparently, our model in Fig. 5
does locate in the area within 1σ error.
In the meanwhile we also check on σ8, the amplitude of

density fluctuations on the scale of 8h−1 Mpc, which is
influenced by the matter energy density at the present time
and the property of dark energy. It can be constrained by the
model-independent measurement on the x-ray emission
from galactic clusters. Mimicking the VM model in our
first calculation, we argue that σ8 under the dynamical dark
energy assumes a similar value [56]. Due to the phantom-
like characteristics of hwi < −1, the matter density Ωm
evolves in the same fashion in low redshifts, as illustrated in
Figs. 1, 2 and 5. Consequently, the amplitude of density
fluctuations in low redshifts among models under consid-
eration should not deviate significantly, and the evolution

FIG. 4. BAO measurement on HðzÞ in different redshifts. The
red line represents the Hubble parameter in the ΛCDM. The blue
dash line describes the behavior of the dynamical dark energy
model under consideration.

FIG. 5. Evolutions of cosmological parameters in the dynami-
cal dark energy model with a 1.42% error on θ⋆ while main-
taining hwi ¼ −1.15.

FIG. 6. The luminosity distance-redshift relation in the low
redshift region. The gray area specifies the 1-σ error bar of dLðzÞ,
derived from the measurement of H0 and q0 in [4]. The red solid
line represents the luminosity distance of the model in Fig. 5.
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of energy densities maintains much the same tendency of
variation.

IV. CONCLUSION

Employing a generalized phenomenological approach,
we examine the consistency in the evolution of cosmic
backgrounds under the dynamical dark energy according to
the acoustic scale lA, the Hubble parameters HðzÞ, and the
BAO measurements. Our numerical calculation shows that
the error on the acoustic scale has reduced to 0.049% in the
target model, the vacuum metamorphosis, which highly
supports the indispensable involvement of a phantom
provided that we trust the local distance measurement on
the Hubble constant H0. In addition, the combined con-
straints imply that the dark energy may be more deeply
phantom. The seemingly entanglement of the phantom with
ordinary matters is further confirmed by the hwi −H0

diagram, i.e., Fig. 3 in our analysis. Moreover, the H0

tension is arguably alleviated by the dynamics of the
evolving dark energy.
On the other hand, the trace of the phenomenologically

reconstructed dark-energy equation of state seems to be
complicated and almost beyond imagination, especially
when taking the BAO measurement into account.
Similarly, it may become too artificial to fit the hypothetical
potential field of dark energy with all observational data. As
the result, the phantom component might be a misleading
issue whose authenticity is hard to distinguish. Perhaps
predicting the dark energy by the equation of state but not the
property of spacetime is inappropriate. This also brings up
the coincident problem why the missing energy density
evolves so rapidly to two-third in the present time.
Apparently we still rely on the next generation of observa-
tions, e.g., the gravitational wave, to actually resolve the
tension on the Hubble constant, and hopefully offer new
perspectives on dark energy.Wewill needmore fundamental
theories to interpret the essence of the missing energy.
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APPENDIX: THE APPROXIMATION TO
PIN DOWN THE ACOUSTIC SCALE

The analytical formulas for η⋆ and η0 can be obtained as
following: Consider the Friedmann equation with the

reduced Planck mass M2
p ≡ ð8πGÞ−1 in a spatially flat

universe such that

H2 ¼ 1

3M2
p
ðρm þ ρr þ ρϕÞ; ðA1Þ

where ρϕ represents the energy density of the dark energy
field. It can then be expressed in the form as

3M2
pH2½1 −ΩϕðtÞ� ¼ 3M2

pH2
0ðΩm;0a−3 þ Ωr;0a−4Þ: ðA2Þ

1. η⋆ approximation

SubstitutingΩϕðtÞ with the constant average Ωϕ;⋆ for the
period around the last scattering surface, we have

�
H
H0

�
2

¼ Ωm;0a−3 þ Ωr;0a−4

1 − Ωϕ;⋆
: ðA3Þ

Converting the time coordinate to the conformal time η, the
rate of the cosmic expansion can be written as�

da
dη

�
2

¼ Ωm;0aþΩr;0

1 −Ωϕ;⋆
: ðA4Þ

Thus, the conformal time at the last scattering surface can
be obtained by integrating (A4) as

η⋆ ≃
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Ωϕ;⋆

p
ffiffiffiffiffiffiffiffiffi
Ωm;0

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a⋆ þ

Ωr;0

Ωm;0

s
−

ffiffiffiffiffiffiffiffiffi
Ωr;0

Ωm;0

s �
: ðA5Þ

2. η0 approximation

With a constant equation of state hwϕi, the scaling law
for the dark energy component can be characterized as
ΩϕðtÞ ≃ Ωϕ;0a−3ð1þhwϕiÞ. Therefore, the Friedmann equa-
tion in terms of the conformal time becomes�

da
dη

�
2

¼ H2
0½Ωm;0aþΩϕ;0að1−3hwϕiÞ þΩr;0�: ðA6Þ

As the result, the conformal time at the present can be
obtained as an integral as

η0 ≃
1

H0

ffiffiffiffiffiffiffiffiffi
Ωm;0

p Z
1

0

�
aþ Ωϕ;0

Ωm;0
að1−3hwϕiÞ þ Ωr;0

Ωm;0

�
−1=2

da

ðA7Þ
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