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We investigate the escape process from a perpendicular shock region of a spherical shock in the
interstellar medium. The diffusive shock acceleration in the perpendicular shock of supernova remnants
(SNRs) has been expected to accelerate cosmic rays (CRs) to the PeV scale without an upstream magnetic
field amplification. We estimate the maximum energy of CRs limited by the escape from the perpendicular
shock region. By performing test particle simulations, we confirm the theoretical estimation, showing that
the escape-limited maximum energy in the perpendicular shock is several 10 TeV for the typical type Ia
SNRs. Therefore, in order for SNRs in the interstellar medium to accelerate CRs to the PeV scale, an
upstream magnetic field amplification is needed. The characteristic energy scale of several 10 TeV could be
the origin of the spectral break around 10 TeV, which was reported by recent direct CR observations. In
addition, we show that, in the free expansion phase, the rapid perpendicular shock acceleration works on
about 20% area of the whole shock surface, which is larger than the size of the superluminal shock region.
We also discuss the escape of CR electrons from the perpendicular shock.
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I. INTRODUCTION

It is believed that Galactic cosmic rays (CRs) are
accelerated by the diffusive shock acceleration (DSA) in
supernova remnants (SNRs) [1,2]. In DSA, the diffusive
particles can cross the shock front many times by the
diffusive motion, so that they are accelerated by numerous
shock compressions. The break around PeV in the energy
spectrum of observed CRs suggests that SNRs accelerate
particles up to PeV. HESS found the evidence of a PeVatron
near the Galactic Center [3]. HAWC reported some
candidates of PeVatrons in our Galaxy [4]. Recently, the
Tibet ASγ experiment found a potential PeVatron super-
nova remnant in our Galaxy and observed sub-PeV diffuse
gamma rays from the Galactic disk [5]. In addition, the
LHAASO recently reported some PeVatron candidates in
our Galaxy [6]. In the near future, more Galactic PeVatron
candidates would be detected by experiments at the
Southern hemisphere (ALPACA [7] and SWGO [8]).
However, we have not understood what type of SNR
accelerates CRs to PeV. It was claimed that DSA in
SNRs cannot accelerate CRs to PeV in the magnetic field
of the interstellar medium (ISM), which is about a few μG
[9]. The magnetic field must be amplified to about 100 μG
in the shock upstream region to accelerate CRs to PeV.
Although many mechanisms for the magnetic field ampli-
fication have been proposed and investigated by several
simulations [10–12], we still do not know whether or not
the sufficient magnetic field amplification in the upstream

region can be realized. A pulsar wind nebula inside the
SNR could reaccelerate CRs to the PeV scale without the
upstream magnetic field amplification [13].
On the other hand, it was proposed that CRs can be

rapidly accelerated to PeV by DSA in the perpendicular
shock of SNRs without the magnetic field amplification
[9,14]. The rapid acceleration at perpendicular shocks was
confirmed by numerical simulations [15]. Afterward, it was
claimed that the momentum spectrum of accelerated
particles in the perpendicular shocks becomes steeper than
the canonical spectrum, dN=dp ∝ p−2, when a weak
magnetic turbulence is assumed both in the upstream
and downstream regions to achieve the rapid acceleration
[16]. Since the downstream strong turbulence is expected
by observations and simulations [17,18], we recently
considered weak and strong magnetic turbulence in the
upstream and downstream regions, respectively, realizing
the rapid acceleration and the canonical spectrum simulta-
neously [19]. However, it is not understood how large area
in the whole SNR surface is covered by the rapid
perpendicular shock acceleration region. The angular
resolution of current gamma-ray observations is too low
to identify where CR protons are accelerated in SNRs, in
particular, for gamma rays above 100 TeV.
Previous studies assumed that the maximum energy is

limited by a finite age of SNRs [14]. Whereas, it is pointed
out that the maximum energy of CRs can be limited by the
escape from accelerators [20]. Actually, spectra and images
of gamma rays from middle-aged SNRs suggest that CRs
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are escaping from the SNRs [21]. In addition, the time
evolution of the escape-limited maximum energy decides
the spectrum of escaping CRs [22,23]. Therefore, inves-
tigating the escape process and the escape-limited maxi-
mum energy are very important to understand the CR
spectrum in our Galaxy. To investigate the maximum
energy limited by the escape process, some previous
studies assumed the diffusion approximation or isotropic
scattering instead of solving the gyro motion in the
magnetic field. However, the gyro motion in the upstream
region has to be directly solved to reproduce the rapid
acceleration in perpendicular shocks [19]. Other previous
studies overcame this problem by exactly solving the
gyration, but the plane shock approximation and the escape
boundary condition were imposed [24]. Owing to the
approximation and boundary condition, the previous stud-
ies cannot correctly investigate the escape process from the
perpendicular shock region on a spherical shock surface. In
this work, for a spherical nonrelativistic shock wave in the
ISM magnetic field (see Fig. 1), we first investigate the
escape process from perpendicular shocks and the time
evolution of the escape-limited maximum energy.
In this work, we consider only type Ia SNRs in the ISM

because most type Ia supernovae explode in the ISM, but
other types of supernovae explode in the circumstellar
medium (CSM). Although core collapse SNRs propagate to
the ISM in the later phase ðt≳ 104 yrÞ, where t is the SNR
age, the radiative cooling in the shocked ISM region
becomes significant [25] and the velocity of the forward
shock becomes too slow to accelerate CRs to the PeV scale.
In this paper, we investigate the escape process from the

perpendicular shock region of the spherical shock sur-
rounded by the ISM. In Sec. II, we show the escape process

from the perpendicular shock region and derive the
theoretical estimation of the size of the acceleration region
and the escape-limited maximum energy. The setup of test
particle simulations and simulation results are presented in
Sec. III. Section IV is devoted to a discussion. We
summarize in Sec. V.

II. THEORY

A. Parameters of type Ia supernova remnants

In this work, we use the analytical formula as the time
evolution of the shock velocity of type Ia SNRs [26]. The
shock velocity of SNRs, ush, is almost constant in the free
expansion phase (t ≤ tST) and proportional to t−3=5 in the
adiabatic expansion phase (t ≥ tST), where tST ∼ 200 yr is
the transition time from the free expansion phase to the
adiabatic expansion phase [26,27]. Here, we assume the
explosion energy of supernovae, ESN ¼ 1051 erg, the ejecta
mass, Mej ¼ 1 M⊙, and the mass density of the ISM,
ρ ¼ 1.67 × 10−24 g cm−3. The time evolution of the shock
radius, Rsh, is proportional to t in the free expansion phase
and t2=5 in the adiabatic expansion phase.
In our theoretical study, the upstream magnetic field, B1,

consists of only the uniform magnetic field component. The
upstream magnetic field strength is set to be B1 ¼ 3 μG.
On the other hand, the downstream magnetic field, B2, is
highly turbulent. Hereafter, we use subscripts 1 and 2 as the
upstream and downstream values, respectively. In this
work, the magnetic field strength in the downstream region
is assumed to be amplified from the shock compressed
value. We assumed that a fraction of the energy flux of the
upstream kinetic energy is converted to the downstream
magnetic energy flux. Then, the downstream magnetic field
strength is

B2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πrεBρ

p
ush; ð1Þ

where εB is the conversion fraction, r ¼ u1=u2 is the shock
compression ratio, u1 and u2 are the upstream and down-
stream plasma flow velocities in the shock rest frame, and
ush ¼ u1 is the shock velocity in the ISM rest frame. We
adopt εB ¼ 10−2 as the fiducial value in this work.
Our magnetic field model is consistent with observations

of synchrotron radiation from SNRs. Synchrotron radiation
from the shock upstream region has never been identified in
any SNRs. In our model, high-energy particles can propa-
gate only their gyroradius to the shock upstream region,
which cannot be resolved by any current instruments [28].
On the other hand, synchrotron radiation from shock
downstream regions of SNRs has been observed. Those
results strongly suggest that the downstream magnetic field
is strongly amplified [29], which is consistent with our
model. As for the downstream magnetic field amplification,
MHD and hybrid simulations show that the downstream
magnetic field is strongly amplified by the downstream

FIG. 1. Schematic picture of a spherical shock wave in the ISM
magnetic field and the enlarged picture of the acceleration region.
The black circle and the blue arrows are the spherical shock and
the uniform magnetic field, respectively. Yellow arrows show the
schematic picture of the particle trajectory: the gyration in the
upstream region and the Bohm diffusion in the downstream
region. The black dashed arrows represent the escape to the
upstream region along the magnetic field line, where the escape
probability depends on the distance from the equatorial plane and
the shock velocity.
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turbulence that is generated by an interaction between
density fluctuations and a shock front [17]. There must be
density fluctuations in the interstellar medium. In addition,
there are some instabilities that can amplify the density
fluctuations, the Drury instability [30], the instability
induced by the ionization in the upstream region of leaking
hydrogen atoms from the downstream region [31,32], and
the nonlinear effect of the Bell instability [11]. The spatial
scale of the magnetic field amplification is comparable to
that of the density fluctuation [33]. In this work, we assume
the sharp boundary between B1 and B2. As long as the
thickness of the boundary between B1 and B2 is much
smaller than the gyroradius of high-energy particles, the
sharp boundary approximation is valid.

B. Acceleration time

We theoretically estimate the escape-limited maximum
energy in the perpendicular shock. It is estimated by
equating the acceleration time of DSA, tacc, to the escape
time, tesc. The acceleration time of DSA, tacc ¼ pΔt=Δp, is
given by the mean momentum gain per one cycle, Δp=p ¼
ð4=3Þðu1 − u2Þ=v [1], and the mean one cycle time,Δt [34],
where v is the particle velocity. Themean one cycle time,Δt,
is represented by the sum of the upstream residence time,
Δt1, and the downstream residence time, Δt2. To realize the
rapid acceleration and the canonical spectrum of dN=dp ∝
p−2 simultaneously, we consider weak and strong magnetic
field fluctuations in the upstream and downstream regions,
respectively [19]. In that case, the upstream residence time,
Δt1, is a half of the gyro period, πΩ−1

g;1, and the downstream
residence time,Δt2, is given by 4κ2=ðu2vÞ, whereΩg;1 is the
upstream gyro angular frequency, and κ2 ¼ Ω−1

g;2v
2=3 is the

downstream diffusion coefficient in the Bohm limit. For
εB ¼ 10−2, the upstream residence time, Δt1, is longer than
the downstreamone,Δt2, for t≲ 2tST. The acceleration time,
tacc, is given by [19]

tacc ¼
3r

4ðr − 1Þ
�
ush
v

�
−2
�
B2

B1

�
−1

×

�
π

�
ush
v

��
B2

B1

�
þ 4r

3

�
Ω−1

g;1: ð2Þ

The above equationwas confirmed by numerical simulations
of DSA at the perpendicular shock [19]. The ratio of two
residence times, Δt1=Δt2, becomes larger when the shock
velocity is fast or the downstream magnetic field strength is
strong.

C. Escape time and diffusion coefficient

Next, we estimate the escape timescale from the
perpendicular shock region where CRs are rapidly accel-
erated. For simplicity, we consider a spherical shock in a
uniform magnetic field (see Fig. 1). The z axis is parallel to

the uniform magnetic field. The origin of the coordinate is
set to be the center of the spherical shock.
In our model, although particles are not scattered by the

magnetic field fluctuations in the upstream region, particles
are scattered in the downstream region. Therefore, when we
consider theparticlemotion in a timescale longer than theone
cycle time, Δt1 þ Δt2, the particle motion along the
upstream uniform magnetic field can be regarded as diffu-
sion. In this work, we can assume that the shock velocity and
the shock radius of SNRs are constant because the escape
time is much smaller than the dynamical timescale of SNRs.
Since the diffusion coefficient linearly increases with the
particle energy [see Eq. (7)] and the particle energy linearly
increases with time, the diffusion coefficient of accelerating
particles linearly increaseswith time.The spacial distribution
along the z direction of accelerating particles, gðz; tÞ, is given
by the one-dimensional diffusion equation in the case where
the diffusion coefficient is proportional to time. Then, the
solution is given by

gðz; tÞ ¼ Nffiffiffiffiffiffiffiffiffiffiffiffi
2πκzzt

p exp

�
−

z2

2κzzt

�
ð3Þ

where N and κzz is the number of particles and the diffusion
coefficient along the upstream magnetic field line, respec-
tively. From the relation between the diffusion length scale
and time, z2 ∼ 2κzzt, the escape time, tesc, can be evaluated by
using the size of the acceleration region, Racc, as follows:

tesc ¼
R2
acc

2κzz
: ð4Þ

Next, we estimate the diffusion coefficient, κzz. The
scattering time becomes the one cycle time, Δt ¼
Δt1 þ Δt2. The mean square of the displacement along
the upstream magnetic field line for Δt is given by
ðΔzÞ2 ¼ ðΔz1Þ2 þ ðΔz2Þ2, whereΔz1 andΔz2 are displace-
ments for Δt1 and Δt2, respectively. Since particles freely
move along themagnetic field line in the upstream region, the
displacement in the upstream region is estimated by

Δz1 ¼
ffiffiffiffiffiffiffiffiffi
hv2zi

q
Δt1 ¼

πrg;1
2

; ð5Þ

where
ffiffiffiffiffiffiffiffiffi
hv2zi

p
¼ v=2 is used. The root mean square of the z

component of thevelocity is calculated byusing the upstream
momentum distribution. The distribution is proportional to
the particle flux that crosses the shock front from the
downstream region to the upstream region. Since the particle
motion is diffusion in the downstream region, the displace-
ment in the downstream region is given by

Δz2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2κ2Δt2

p
¼

ffiffiffiffiffi
8r

p

3

�
ush
v

�
−1=2

�
B2

B1

�
−1
rg;1: ð6Þ
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For εB ¼ 10−2, the upstream displacement, Δz1, is larger
than the downstream one, Δz2, for t≲ 20tST. From Eqs. (5)
and (6), the diffusion coefficient along the z direction
becomes

κzz ¼
ðΔzÞ2
2Δt

¼
�
B2

B1

�
−1
�
π2

8

�
ush
v

��
B2

B1

�
2

þ 4r
9

�

×

�
π

�
ush
v

��
B2

B1

�
þ 4r

3

�
−1
rg;1v: ð7Þ

As already mentioned, the energy of accelerating particles
linearly increases with time from the injection time, tinj, that
is, rg;1 ∝ t − tinj, but the shock velocity of the SNR can be
regarded as a constant becauseof t − tinj ≪ tinj, where tinj can
be interpreted as the dynamical timescale of SNRs. Hence,
the diffusion coefficient of accelerating particles linearly
increases with time from the injection time.

D. Size of the acceleration region

Next, we consider the size of the perpendicular shock
acceleration region. The shock is classified by the angle,
θBn, between the magnetic field and the shock normal
direction into two types: superluminal shocks and sub-
luminal shocks [35]. The angle, θBn, on the spherical shock
depends only on jzj=Rsh (see Fig. 1). Particles in the
superluminal shock cannot escape to the far upstream
region. On the other hand, in the subluminal shock,
particles with a velocity nearly parallel to the magnetic
field line can escape to the far upstream region.
Let Pesc be the escape probability that particles escape to

the upstream region during the one cycle of DSA, which
depends on jzj=Rsh and ush=v. Then, the probability that
upstream particles can return to the downstream region
during the one cycle of DSA is 1 − Pesc. To accelerate
particles (to make the particle energy twice) by DSA,
particles have to experience v=ush times shock crossings.
The size of the acceleration region is obtained by the
following condition:

Pacc ¼
Yv=ush
i¼1

�
1 − Pesc

�jzij
Rsh

:
ush
v

��
≈ 0; ð8Þ

where Pacc is the acceleration probability that particles do
not escape to the upstream region during v=ush cycles. zi is
the z component of the particle position when the particle
experiences the ith shock crossing, and v, Rsh, and ush are
assumed to be constant. By solving Eq. (8) for jzv=ush j, in
principle, we can estimate the size of the acceleration
region, Racc, but it needs a complicated calculation.
By assuming that the particles are z ¼ Racc during the

acceleration by DSA, we approximate the condition,
Eq. (8), as follows:

Pacc ≈
�
1 − Pesc

�
Racc

Rsh
;
ush
v

��
v=ush

≈ 0: ð9Þ

Since the escape probability, Pesc, is expected to be much
smaller than unity, the above condition can be reduced to a
very simple form,

Pesc

�
Racc

Rsh
;
ush
v

�
¼ ush

v
: ð10Þ

Next, we numerically calculate the escape probability,
Pescðjzj=Rsh; ush=vÞ. We prepare a plane shock in the uni-
formmagnetic field and relativistic particles with v ¼ c. The
relation between θBn and jzj=Rsh in the spherical shock is
cos θBn ¼ jzj=Rsh. The shock velocity at tinj is given by [26].
Ninj ¼ 5.2 × 105 particles are injected on the shock surface.
The momentum distribution of the injected particles is
proportional to the particle flux that crosses the shock surface
from the downstream region to the upstream region. By
solving the particle trajectory for one gyro period and
counting the number of particles that do not enter the
downstream region, Nesc, the escape probability, Pesc, is
calculated by Nesc=Ninj. Figure 2 shows numerical results
and approximate formulas [Eq. (11)] for the escape proba-
bility,Pesc, at jzj=Rsh. The orange squares, green circles, blue
triangles, and grey diamonds are numerical results for
tinj ¼ 40, 200, 2000, and 20000 yr, respectively. The solid
lines show approximate formulas for each tinj. The escape
probability is zero in the superluminal shock region
ðjzj=Rsh ≲ ush=vÞ. Furthermore, the escape probability
approaches unity toward jzj=Rsh ¼ 1 (the parallel shock
region). From these asymptotic behaviors, we found the
following approximate formula of Pesc:

FIG. 2. Escape probability that particles escape to the upstream
region during the one cycle of DSA, Pesc, as a function of jzj=Rsh.
The orange squares, green circles, blue triangles, and grey
diamonds are numerical results for tinj ¼ 40, 200, 2000, and
20000 yr, respectively. The solid lines show approximate for-
mulas for each tinj.
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Pesc

� jzj
Rsh

;
ush
v

�
¼ jzj

Rsh

�
1 −

ushRsh

vjzj
�

α

; ð11Þ

where the best-fit value for α is 2.6. From Eqs. (10) and (11),
Racc becomes

Racc ≈ ð1þ αÞ ush
v

Rsh ≈ 3.6
ush
v

Rsh; ð12Þ

where ushRsh=ðvRaccÞ ≪ 1 and α ¼ 2.6 are assumed. The
red solid line and the black dotted line in Fig. 3 show the size
of the acceleration region [Eq. (12)] and the size of
the superluminal shock region, respectively. The size of
the acceleration region is always larger than the size of the
superluminal shock region (jzj=Rsh ≈ ush=v), and occupies
20% area of the whole shock surface in the free expan-
sion phase.
In jzj ≪ Racc, the escape probability in the upstream

region [Eq. (11)] ismuch smaller than that in the downstream
region (≈ush=v). Therefore, the spectral softening of accel-
erated particles due to escape to the upstream region is
negligible, and the whole energy spectrum becomes the
canonical spectrum, dN=dp ∝ p−2. On the other hand, the
escape probability at jzj ¼ Racc is ush=v [see Eq. (10)].
Furthermore, the upstream escape probability increases with
jzj. Thus, in jzj ≥ Racc, the escape probability in the upstream
region is larger than that in the downstream region, so that a
large number of particles escape to the upstream region. As a
result, the energy spectrum has a cutoff feature at the escape-
limited maximum energy, Emax;esc.

E. Maximum energy

Equating the acceleration time to the escape time, the
escape-limited maximum energy in the perpendicular
shock region is calculated by

Emax;esc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðr − 1Þð1þ αÞ2

3r

r �
ush
v

�
2
�
B2

B1

�

×
�
π2

4

�
ush
v

��
B2

B1

�
2

þ 8r
9

�−1=2
ZeB1Rsh; ð13Þ

where Ze is the electric charge of the accelerated particle,
and we use Eq. (12) as the size of the acceleration region.
ush, Rsh, B1, and B2 are given in Sec. II A. Racc is obtained
from the results in Fig. 3. We can evaluate the escape-
limited maximum energy, Emax;esc, by using these quantities
and Eq. (13). The condition, tacc ¼ tesc, is reduced to
p=Δp ¼ R2

acc=ðΔzÞ2 because the one cycle time, Δt,
cancels out from the condition. Thus, the behavior of
Emax;esc is determined by whether the displacement along
the upstream magnetic field, Δz, is given by the upstream
displacement, Δz1, or the downstream displacement, Δz2.
For t≲ 20tST, Δz ≈ Δz1, so that the escape-limited maxi-
mum energy is calculated by

Emax;esc ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16ðr − 1Þð1þ αÞ2

3π2r

s �
ush
v

�
3=2

ZeB1Rsh

∝
�
t ðt ≤ tSTÞ
t−1=2 ðtST ≤ t ≤ 20tSTÞ

: ð14Þ

For t≳ 20tST, Δz ≈ Δz2, so that Emax;esc is

Emax;esc ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðr − 1Þð1þ αÞ2

2r2

r �
ush
v

�
2
�
B2

B1

�
ZeB1Rsh

∝ t−7=5 ðt ≥ 20tSTÞ: ð15Þ

The escape-limited maximum energy for protons becomes
maximum at t ≈ tST,

Emax;escðt¼ tSTÞ¼6.1×1013 eV

�
B1

3μG

��
ESN

1051 erg

�
3=4

×

�
Mej

M⊙

�
−5=12

�
ρ

1.67×10−24 gcm−3

�
−1=3

;

ð16Þ
where r ¼ 4, α ¼ 2.6, v ¼ c, and fiducial parameters for
type Ia SNRs (see Sec. II A) are used.
Equating the acceleration time and the SNR age, tage, the

age-limited maximum energy in the perpendicular shock is
given by

Emax;age ¼
4ðr − 1Þ

3r

�
ush
v

�
2
�
B2

B1

�

×

�
π

�
ush
v

��
B2

B1

�
þ 4r

3

�
−1
ZeB1vtage: ð17Þ

Hereafter, v ¼ c, r ¼ 4 and Z ¼ 1 are assumed. Figure 4
shows the time evolution of the maximum energy.

FIG. 3. Size of the perpendicular shock acceleration region,
Racc. The red solid line, red circles, and the black dotted line are
the theoretical estimation [Eq. (12)], the simulation results for the
uniform ISM magnetic field, and the size of the superluminal
shock region, respectively.
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The black dashed line and red solid line are the age-limited
maximum energy [Eq. (17)] and the escape-limited maxi-
mumenergy [Eq. (13)], respectively. As one can see in Fig. 4,
the escape-limited maximum energy is always at least 10
times smaller than the age-limited maximum energy.
Therefore, the maximum energy in the perpendicular shock
region is always limited by the escape process, even for the
free expansion phase. In this theoretical study, CRs can be
accelerated to30TeVin theperpendicular shock regionof the
typical type Ia SNR in the ISM.

III. SIMULATION

A. Simulation setup

To confirm the above theoretical estimate, we perform
test particle simulations of CR acceleration and escape
processes in the perpendicular shock. We consider a non-
relativistic spherical shock wave in the ISM magnetic field
(see Fig. 1), which corresponds to typical type Ia SNRs. All
parameters are given in Sec. II A. For the velocity profile
inside the spherical shock, we use an approximate solution
of u2ðRÞ ¼ ð3ush=4ÞðR=RshÞ, where R is the radial distance
from the explosion center [13].
Different methods are used to solve the particle motion in

the upstream and downstream regions. We solve random
work by the Monte-Carlo method in the downstream region
because we assume that the downstream magnetic field is
highly turbulent, and particles are isotropically scattered in
the local fluid rest frame. The diffusion is set to be the
Bohm limit in the downstream magnetic field. On the other

hand, in the upstream region, we directly solve the particle
orbit in the upstream magnetic field, B⃗1. The Bunemann-
Boris method is used to solve the equation of motion [36].
In this simulation study, we consider two types of the

upstream magnetic field. One is a uniform magnetic field,
B⃗1 ¼ B⃗0. The strength of B⃗0 is set to be3 μG.Theother is the
uniform magnetic field with a turbulent magnetic field,
B⃗1 ¼ B⃗0 þ δB⃗. The magnetic field fluctuation in the
upstream region, δB⃗, is represented by the summation of
static plane waves [37]. We use the isotropic Kolmogorov
spectrum as the magnetic field fluctuation. The injection
scale of turbulence is set to be 1 pc or 100 pc. The amplitude
of the magnetic field fluctuations is set to be jδB⃗j ¼ jB⃗0j.
The simulation particles are impulsively injected at

tinj ¼ 40, 100, 200, 660, 2000, 6600, and 20000 yr. For
the uniform magnetic field, particles are injected at the
equator (z ¼ 0) on the spherical shock, that is, particles are
injected at the perpendicular shock. For the fluctuated
magnetic field, particles are injected on the whole shock
surface. The initial particle momentum distribution is
isotropic in the momentum space. The injected particle
energy is 100 GeV for tini ¼ 20000 yr and 1 TeV for the
other injection times. We use the particle splitting method
to improve statistics of the number of high-energy particles.

B. Simulation results

The simulation results for themaximumenergy are plotted
in Fig. 4. The red filled and red open circles are simulation
results for the uniform and fluctuated magnetic field with the
injection scale of 100 pc, respectively, which are extracted
from the simulation results as follows. We first make the
momentum spectrum of escaping CRs, p2dN=dp, and
estimate the peak momentum at every some time steps.
When particles move more than 10% of the shock radius
away from the shock surface, we regard the particles as
escaping particles. Next, we see the time evolution of the
peak momentum of p2dN=dp for escaping CRs, identifying
the maximum value of the peak momentum as the escape-
limited maximum energy. As one can see, the simulation
results are in agreement with the theoretical estimation about
the escape-limited maximum energy. Even though the
upstream magnetic field is assumed to be uniform in the
theoretical estimation, our simulations show that the escape-
limited maximum energy in the realistic model of the ISM
magnetic field does not change significantly from the
theoretical estimation. Although the results are not shown
here, even for the fluctuated magnetic field with the injection
scale of 1 pc, the results do not change significantly from that
for 100 pc. Therefore, we confirmed our theoretical study
that the maximum energy of particles accelerated in the
perpendicular shock in the ISM is limited by the escape
process. In addition, the perpendicular shock of type Ia SNRs
in the ISM cannot accelerate CRs to the PeV scale.

FIG. 4. Evolution of the maximum energy of particles accel-
erated in the perpendicular shock of type Ia SNRs. The black
dashed line, red solid line, and black dot-dashed line are the age-
limited maximum energy [Eq. (17)], the escape-limited maxi-
mum energy (Eq. (13)), and the cooling-limited maximum energy
of electrons [Eq. (18)]. The red filled and red open circles are
simulation results for the uniform and turbulent magnetic field
with the injection scale of 100 pc, respectively.
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Simulation results about the size of the perpendicular
shock region are plotted in Fig. 3. The red solid line and red
points are the theoretical estimation and simulation results
for the uniform magnetic field, respectively. For the
simulation, we estimated Racc by taking the average of
the z coordinate of the last interaction points between the
shock front and escaping particles with E ∼ Emax;esc.
Simulation results are in good agreement with the theo-
retical estimation. The theoretical estimation about the size
of the acceleration region is always slightly smaller than the
simulation results ðΔRacc=Rsh ∼ 0.25Þ. This is probably
due to replacing Eq. (8) with Eq. (9). Particles injected on
the shock surface at z ¼ 0 diffuse to jzj > 0. The escape
probability, Pesc, increases with jzj because the angle
between the shock normal direction and the upstream
magnetic field decreases with jzj. Since Eq. (9) approx-
imates that particles always cross the shock front at z ¼
Racc until the particles escape, the escape probability is
slightly overestimated. Hence, our theoretical estimation
about Racc is expected to be more consistent with the
simulation results if we solve Eq. (8). In the free expansion
phase, although the size of the superluminal shock region
[∼ðush=vÞRsh] is a few percent of the whole shock surface,
the rapid perpendicular shock acceleration works on about
20% area of the whole shock surface. Thus, the rapid
acceleration realizes mainly in the subluminal shock
region. The perpendicular shock region can contribute
the Galactic CR production during the free expansion
phase. Since the fraction decreases with time after the free
expansion phase, the contribution to the Galactic CRs from
the perpendicular shock region would decrease with time.

IV. DISCUSSION

So far, we did not consider the cooling by the synchrotron
radiation, which must be taken into account to decide the
maximum energy of CR electrons [38]. The cooling-limited
maximum energy, Emax;cool, is determined by equating the
energy loss by the synchrotron cooling during the one cycle
time, ΔEsyn, and the energy gain during the one cycle
[ΔEsyn¼ _Esyn;1Δt1þ _Esyn;2Δt2¼ð4=3Þðu1−u2ÞE=c], where
_Esyn;1ð2Þ ¼ 4e4E2B2

1ð2Þ=ð9m4
ec7Þ [19]. Then, the cooling-

limited maximum energy is calculated by

Emax;cool ¼
3

ffiffiffi
3

p

2

ðmec2Þ2
e3=2

�
ush
c

�
1=2

×
n
3πB1 þ 64

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πεBρc2

q o−1=2

≈ 2.70 × 1013 eV

�
ush

0.03c

�
1=2

; ð18Þ

where εB ¼ 10−2 is assumed in the last equation. For
εB ¼ 10−2, CR electrons lose their energy mainly in the
downstream region. During 50 yr ≲ t≲ 2000 yr, the

cooling-limited maximum energy is smaller than the
escape-limited maximum energy. Therefore, CR electrons
can escape from the perpendicular shock region for t≲ 50 yr
and t≳ 2000 yr. If the downstreammagnetic field decreases
with time more rapidly than assumed in this work, CR
electrons start to escape faster than 2000 yr [38].
The spectral break of Galactic CR protons around

10 TeV was recently reported by three experiments,
CREAM, NUCLEON, and DAMPE [39]. It was shown
that the break energy is 16þ13

−8 TeV by combining these
direct CR observations [40]. Furthermore, very recently,
DAMPE reported that CR heliums have a spectral break at
a similar energy scale [41]. The origin of the spectral breaks
around 10 TeV is still unknown. As shown in Fig. 4, the
perpendicular shock region of type Ia SNRs in the ISM can
naturally provide several 10 TeV scale. To understand the
origin of this break, we need further studies, especially for
injection into DSA at the perpendicular shock, which is
beyond the scope of this work.
After particles escape to the upstream region along a

magnetic field line, the escaping particles could interact
with the shock surface again thanks to the pitch angle
scattering. If the scattering is not so efficient, the escaping
particles are trapped in the same magnetic line for a long
time. As the SNR shock expands, the magnetic field line
interacts with the quasiparallel shock region [42]. As a
result, particles escaped from the perpendicular shock
region can affect the parallel shock region. Ultimately,
global studies in the whole SNR system would be needed to
understand CR acceleration by SNRs.
Reference [42] investigated particle acceleration in a

spherical shock while solving the gyration. Compare with
the early study [42], there are mainly two different points.
One is about the downstream magnetic field model. In the
early study [42], the downstream magnetic field is given by
the shock compression of the upstream magnetic field. On
the other hand, in thiswork,we assumed that the downstream
magnetic field is turbulent and amplified. The other differ-
ence is about theparticle energy.The early study [42] focused
on particle acceleration in the energy range from 1 keV to
10 GeV, and showed that low-energy particles are rapidly
accelerated at the perpendicular shock region and accelerated
particles move towards the parallel shock region while
moving along the magnetic field line. This behavior is
consistent with this work. On the other hand, we focused
on high-energy particles from TeV to PeV in this work, and
revealed the size of the acceleration region and the time
evolution of the escape-limitedmaximum energy. Therefore,
this work and the early study [42] are complementary.
In this work, we did not take account of CR streaming

instabilities. However, in a parallel shock region, it is
believed that the accelerating and escaping particles
amplify the upstreammagnetic field fluctuations by stream-
ing instabilities [10,11]. Escaping particles from the
perpendicular shock region propagate along the magnetic
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field line, so that the streaming instabilities could amplify
the upstream magnetic field fluctuations. If the upstream
magnetic field fluctuation is amplified in a perpendicular
shock region, particles can be confined for a longer time.
Although the longer escape time would make the maximum
energy larger, the upstream magnetic field fluctuations
make the acceleration time in the perpendicular shock long
[14,16]. It is an interesting question whether the streaming
instability by the escaping particles from the perpendicular
shock region makes the maximum energy larger or not.
For core-collapse supernovae, some of the progenitor

mass is stripped by the stellar wind before the explosion.
Then, they explode in the CSM. The magnetic field
configuration in the CSM is expected to be like the
Parker spiral structure. Then, most regions of SNR shocks
in the CSM become perpendicular shocks, so that CRs
could be accelerated to the PeV scale [16]. The polarity of
the parker spiral magnetic field and the particle charge
determine whether accelerating particles concentrate on the
polar region or the equatorial region. We are going to
investigate CR acceleration and escape processes in the
parker spiral magnetic field in the next paper.
In this work, we assumed nonthermal high-energy par-

ticles are injected at the perpendicular shock. There are
some injection processes at the perpendicular shock. For
perpendicular shocks in a partially ionized plasma, down-
stream hydrogen atoms leak into the upstream region. The
leaking hydrogen atoms can be injected into DSA after they
are ionized [43]. Even for shocks in a fully ionized plasma, a
quasiparallel shock could be locally realized in a globally
perpendicular magnetic field configuration [44]. Thermal
particles can be injected at these local parallel shocks and can
be accelerated at the globally perpendicular shock.
Furthermore, if there are initially high-energy particles in
the upstream region, they can be injected into DSA at the
perpendicular shock [45]. Current particle-in-cell and hybrid
plasma kinetic simulations cannot investigate the acceler-
ation of TeV or PeV particles in SNRs because of a short
simulation time. Therefore, it is still unknown for the
injection into DSA under the situation that TeV or PeV
particles are accelerating. In addition, the maximum energy
of particles accelerated at quasiparallel shocks is still
unknown because the upstream magnetic field amplification
has not been fully understood. Therefore, it is still unknown
which accelerates more particles to higher energy, parallel or
perpendicular shocks. We have to simultaneously solve
injection, acceleration, escape, and the magnetic field ampli-
fication in the global system of SNRs, although it is
challenging.

V. SUMMARY

In this work, we investigated the escape process of CRs
accelerated in a perpendicular shock of a spherical shock in
the ISM magnetic field. The perpendicular shock in the
SNRs has been expected to be the PeVatron for a long time,
but the escape process of accelerated particles has never
been investigated. Furthermore, it is not understood how
large area is covered in the whole SNR surface by the rapid
perpendicular shock acceleration region. We assumed that
the particle motion is the gyration in the upstream magnetic
field and the Bohm diffusion in the shock downstream
region. If the shock surface or the upstream magnetic field
have a curvature, accelerated particles escape from the
perpendicular shock region by the particle motion along
the upstream magnetic field line. The particle motion along
the upstream magnetic field can be interpreted as diffusion
because of the scattering in the shock downstream region.
We showed that for the free expansion phase of SNRs, the
rapid perpendicular shock acceleration is realized in about
20% area of the whole SNR surface, which is larger than
the size of the superluminal shock region (a few % area of
the whole SNR surface). We theoretically estimated the
escape-limited maximum energy in the perpendicular
shock region [Eq. (13)]. By applying the theoretical
estimation to the typical type Ia SNRs and performing
test particle simulations, we concluded that the maximum
energy is always limited by the escape process, and the
escape-limited maximum energy is about several 10 TeV,
that is, the perpendicular shock of SNRs in the ISM cannot
be PeVatron without the magnetic field amplification.
However, the perpendicular shock of SNRs in the ISM
can explain the spectral break of Galactic CR protons and
helium around 10 TeV. Moreover, we derived when
accelerated electrons start to escape from the perpendicular
shock region.
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