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Integral representation for three-loop banana graph
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It has recently been shown that two-loop kite-type diagrams can be computed analytically in terms of
iterated integrals with algebraic kernels. This result was obtained using a new integral representation for

two-loop sunset subgraphs. In this paper, we have developed a similar representation for a three-loop

banana integral in d = 2 — 2¢ dimensions. This answer can be generalized up to any given order in the
e-expansion and can be calculated numerically both below and above the threshold. We also demonstrate
how this result can be used to compute more complex three-loop integrals containing the three-loop banana

as a subgraph.
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I. INTRODUCTION

Computing Feynman diagrams, in particular those with
masses is one of the most important problems in modern
quantum field theory. There are various methods for
calculating these integrals,' the most effective of which
is the differential equations (DE) method [2-8]. The latter is
essentially based on the existence of the so-called integra-
tion by parts (IBP) relations [9-11], due to which any
integral from a given family can be represented as a linear
combination of a finite number of master integrals. The
number of master integrals is fixed and determined by
critical points of the integrand [12] in Feynman or Baikov
[13] representation.

Feynman integrals are usually expressed in terms of
special functions. The multiple polylogarithms (MPLs)
[14,15] are proved to be the most successful here. For
MPLs there are many functional dependencies and, which
is important, they can be calculated numerically with high
precision, see [16,17] and references therein. The system of
differential equations for the system of master integral can
be solved in terms of MPLs if it can be reduced to the so-
called e-form [18,19], which exists only in certain cases.
Here we need to give a little clarification about the e-form.

'For a detailed overview of basic methods for computing loop
Feynman integrals see [1].
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In this work, we will talk about the e-form if the kernels of
differential equations in dlog form contain only rational
arguments. Otherwise, if the arguments are algebraic, then
it may not be possible to express the solution in terms of
MPLs [20]. However, it is known that not every system of
differential equations can be reduced to the e-form. In these
cases, MPLs are no longer sufficient. To solve such
equations, it is necessary to involve more complex func-
tions, the simplest functions beyond multiple polylogar-
ithms are the so-called elliptic polylogarithms (eMPLs)
[21-43], but wider extensions are also possible [29,44-50].

The purpose of this work is to generalize the func-
tions and methods used to calculate the two-loop sunset
graph from the work [50] to the case of the three-loop
banana graph with equal masses.” The main element of this
technique for a two-loop sunset was the use of the Feynman
parametrization in order to combine two propagators from
three into one. Then a system of differential equations was
written for the integrand. Finally, the system of equations is
brought into e-form and solved iteratively. In the three-loop
generalization of the technique, we use the Feynman
parameterization twice separately for two pairs of propa-
gators. This change was necessary and allows us to reduce
the system of differential equations for the obtained
integrand to the e-form, which would not have been
possible otherwise. After that, the technique works without
any fundamental changes. We restrict ourselves to the case

*For other methods of calculating banana integrals, see
[29,41,46,51,52] and references therein, a similar elliptic integral
also occurs when calculating the p parameter at three loops, see
[53-55] and references therein.
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in d = 2 — 2¢ dimensions using the analogy with work [50]
where in this case the results were more compact. We also
demonstrate with a simple example that the obtained results
can be used to compute three-loop diagrams which contain
a three-loop banana as a subgraph.

We believe that the results of this work can be of
practical use for calculating three-loop corrections to
actually measurable processes and quantities. As an exam-
ple, we think that the developed techniques can be applied
to the analytic calculation of the three-loop Higgs-gluon
form factor, see [56-58] and references therein, and
similarly to the three-loop Higgs-photon form factor in
QCD, see [59] and references therein.

The remainder of the paper is organized as follows. In
Sec. II, we will explain our notations for iterated integrals
that we will frequently use in this paper. Further, in Sec. III
we derive a new representation for three nontrivial master
integrals from the three-loop banana family. Next, in
Sec. IV, we use this representation to compute a simple
three-loop integral containing the three-loop banana as a
subgraph. Finally, in the last Sec. V, we will draw our
conclusions.

II. THE CLASS OF FUNCTIONS

In this section, we shall review the main classes of
functions that we will use in subsequent sections.

In this paper we will frequently use functions called
MPLs [14,15]. They can be defined recursively:

X -
Glay,....,a,;;x) = / de’, n>0, (1)
0 X —a
where a;,x € C, n € N- is called the weight and the
recursion starts with G(;x) = 1.

This description is not fully complete because if all a; are
equal to zero then the integral will be divergent. Therefore,
it is necessary to add a regularization rule to the definition,
it is defined as:

) =2 @

MPLs are a well-known and widely used class of
functions. Among their main advantages is that they obey
the Shuffle algebra and the Hopf algebra [60], the latter
allows one to find many functional dependencies between
them. A more detailed review of MPLs including the
related Hopf algebra can be found in [61-63].

We will express the answers for master integrals in a
special class of functions similar to the one introduced in
the work [50] and called iterated integrals with algebraic
kernels. In general, the iterated integrals used in our work
will have the form:

V1 Vi.
JW,of,....00,0f, ..., 05, 0f,.... 050, .. 0'"s) (3)

where W is some 2-form in y; and y, integrated in the limits
Y12 € [2, 00| the presence of this form is the only notice-
able difference from the functions presented in the work
[50] where only I-forms took place. Next, *,w*,w*, and
@’', are some 1-formin s, x, @ = y,/y;, and y, respectively
and J-functions form iterated integrals in these 1-forms. In
this case, the variable x is not independent and depends on
the parameters s, y; and a as

yi(l+a?) —s
Zy%a

V=il =)’ - 4yid’
Zy%a

x(s,a,y;) =

4)

Note that since s and x are not independent variables,
integrals over s variables can be easily rewritten in terms of
integrals over x variables, and actually, we have only 1-
forms in three variables x, , and y,. The use of 1-forms in s
simply makes the results of Sec. IV more compact.

In general, iterated integrals in our results contain the

following ¥ and A 2-forms (J, = ~———:

_ y%Jy]JyzdyldyZ

; (5)

+n

(xF 1)"
pm y%am‘]yl‘lyzdyldy2 (6)
En (xF1)"
An = y%an']yl‘lygdyldyQ (7)
and w, ¢ and 5 1-forms:
dx da
X p— p— 8
CH . =0 (8)
wo_ dy, ;. _ ds ()
c yl —c ) s—a )
ds ds
KO , s , 10
Dab (s—a)(x—b) b (s —a)(x—b)? (10)
ds
S = 11
Tab = (s =a)(x = by’ (1

Where we tried to choose notations so that they, if possible,
coincide with notations from [50].

Here are some examples that explain the structure of
these functions.
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; Vi
J(¥), 0, o), 0%, 0} 5)

L

J(\Pl’galb’waz’wb’wb’wb’s) /

(Tlawal wb 7 02’

(Tlva)al’wawa)bl a)bz wb; S) / /

and regularization occurs in a similar way as in the case of MPLs

J k

It is clear from these examples that the presented
functions differ from Chen iterated integrals [64] in two
ways. First, in our definition, iterated integrations are
performed over several variables, and at least three of
them are independent. Second, in our definition, the last
two integrations are not iterated. Hence, we can conclude

JHJ), dyldyz/ / /a / dy) (12)
(x—=1 o s'—alfo X=bJy d—-clo y|-d
/ J\zdyldyz/ ds’ /5 ds”
x—1 o (8" —a)(x(s")=by)*Jo " —a,
x X dyY! Ay
[ [ [
o X' =by1Jo X"=byJo X" —bs
/ /oole»Jndyldyz / ds’ / dx’ /a do / da’ (14
x—1 o S'=ayJo X =bJo d=c; )y d"=¢c)’
V] }QdyldyZ/x dx’' /x/ dx"
(x=1 o X =b; Jo X" —b,
noody oody! oodyy
X/ /_lb / 7 _lb / " b ’ (15)
0 V1 1Jo N 2Jo Y1 —
oo N yia '"J J dyldyzlog’( )log*(a)log' ()
JWT, @f, ..., 08, 0, ..., a)O,a)o,.. a)o,s) / / L y2 G AR . (16)
h,_/_,_/ ALY
[
3eyy (1,2 \a—2d dy qdj_qd
jba“(a], dy) = 7E(m?) / d®lid*l,d?l, (17)
(iﬂ.d/Z)S Dllll DgzDgsDZzt
Dy =m* - L, Dy =m? = (L +13)%  (18)
Dy =m* — (I} + L), Dy=m*~ (I, +p)*  (19)

that iterated integrals with algebraic kernels are a more
complex class of functions than the Chen iterated integrals.

The following considerations can serve as a motivation
for using this particular class of functions. First, it was
shown in [50] that these functions are more general than
eMPLs and can serve as a solution to more complex
integrals which cannot be solved in the eMPL class of
functions. This was done using the example of a two-loop
kite with one massless line and a two-loop kite with all
massive lines. Second, as shown in Ref. [50] solutions
expressed in terms of this class of functions can be more
compact than solutions expressed in terms of eMPLs. The
later was demonstrated using the example of a kite-type
integral with two massless lines. Of course, this statement
applies only to those cases where a solution via eMPLs is
possible.

It should also be noted that at the moment the properties
of these functions are not fully understood. In our future
work we hope to study these functions in more detail.

III. BANANA GRAPH

First let us define the following notation for the master
integrals in the elliptic banana family, see Fig. 1.

with d =2 —2¢, s = p?>/m* a= >} a; and yg is the
Euler-Mascheroni constant. Further in this work, to sim-
plify the formulas, we will always assume that m = 1,
bearing in mind that, if necessary, the dependence from m
can always be restored based on simple dimensional
considerations. The vector of four IBP master integrals
obtained as a result of IBP reduction [9-11] can be chosen
in the following form:

lo+13

®

1+ 1

FIG. 1.
gators.

Banana graph. Thick lines represent massive propa-
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5O O O

FIG. 2. Set of IBP master integrals for the three-loop banana family. Thick lines represent massive propagators and a dot on a line
means that the corresponding propagator is taken in the power two.

Iigp = {j%(1,1,1,0), /% (1,1, 1, 1),
jba“(z, 1,1, 1),jban(2, 1,2, 1)}T, (20)

a graphical representation of these master integrals can be
found in Fig. 2.

The first master integral is a simple constant and can be
expressed analytically in the following form:

j(1,1,1,0) = I'(e)? (21)

where I'(x) is the gamma function.

In order to find the other three master integrals we use
Feynman parameter trick for pairing two pairs of propa-
gators3 [50,70-72], and we introduce a new family of
integrals defined as (f, = 1 —1;,)

d?l,dl,dl 1
isub . 3eyp 1 2 3
J (blvaathtZ):e }/b/ —d/2\3 N (22)
(iz??)*  DUD%;
DIZ == 1 - tll% - ;1(12 + 13)2, (23)
Dy =1-1(l; + L)* =1(l, + p)*, (24)

where 7 and ¢, are Feynman parameters which run through
the unit segment (7,1, € [0, 1]), for the convenience
of the reader, we will suppress the dependence on param-
eters ¢; and t, in the following and we write instead
(b, by ty,1,) = j*U°(by, by). Then the three nontrivial
master integrals from (20) can be expressed by integrating
the integrals of the family (22) over these parameters, we
have

1 1
P (n, 1,m, 1) = nm/ t’f‘ldtl/ tﬁ”_ldtz
0 0
X j®(n 4+ 1,m+1). (25)

Now we will use the DE method in order to evaluate the
necessary integrals from the family (22). The vector of
three IBP master integrals can be chosen in such a way that
they can be immediately substituted into expression (25)
without any IBP reduction

*For an example of using such a trick for nonelliptic cases see
[65-69] and references therein.

Igp = {j*°(2.2).j*°(3.2). j**(3.3)} T (26)

To evaluate these master integrals we consider their system
of differential equations with respect to the variable x which
is associated with the old variable s in the following way

PR yz)x(xyz - ) (27)

where we have introduced new notations

1 1

MUV T ki)

With the help of IBP identities the system of differential
equations with respect to the variable x can be reduced to
the e-form* [18,19] and we have:

(28)

dl . nonic:
%ﬂlcal = gMIcanoniCal (29)

where(a = ﬁ—f):

1 1 1
M= Mot Mot e Ma
1

1
— —_— , 30
+x_aMa+x_1/aM1/a ( )

The particular expressions for coefficient matrices M;
together with transformation matrix to canonical basis T
(Iigp = TTemonicat) can be found in the accompanying
Mathematica notebook [76]. The canonical basis (i.e.,
the 7 matrix) after the variable change (27) was obtained
with the help of standard Lee algorithm [19,73].

The boundary conditions for (29) at x = a (s = 0) can be
found by direct integration. Using the Feynman paramet-
rization we find

*The subsequent reduction of system of differential equations
to e-form was performed with the use of Libra [73] package and
the IBP reduction was performed with the help of LiteRed [74,75]
package
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[(by + by +3e—3)
sub b,. b 2-2¢ 2(b2_1+8) ! 2
(b1, b2)|s—o = ¥7 (b)) (by)

1 th|—2+£(1 _ t)b2—2+edt
X .
A (t + (1 _ t)az)b,+b2—3+3£
For our values of b, and b, integral (31) is convergent and

can be easily calculated in the form of a Laurent series, the
results are as follows:

(31)

a>—1-2G(0;a))
2(a? = 1)2

j0(3,2)], = 219 L0E).  (33)
yl (a4 —-1- 4a2G(O; a))

4(a® - 1)3

J3.3)]=0 = +0(e). (34)

With the boundary conditions available the solution for all
master integrals (26) can be found recursively in the regulari-
zation parameter &, after substituting these results into the for-

joub y1a*G(0; 0‘) mula (25) and changing variables from ¢, 7, to y;, y, theresults
(2.2)[iz0 ==+ 0(e). (32) ' : .
a —1 for nontrivial banana master integrals will be as follows:
|
o foo 44 4d 20xy?G(0;
(11,1 =/ / Ay Ay 200160009 | ), (35)
2 2 J’1\/)’1_4YZ\/)’2_ x -1
ban o o A4dy 4dy 2y} (x? = 2ax +1)G(0;x)  xy}(a+ ax® —2x)
preaa = 77 S { 1 1 B2 o), (36)
2 2 Yy =4y -4 (x*=1)° (x* = 1)
and
L L 4dy1 4dy2
ban 1 2
peian= [T/ (Bl + B + Ole). 7
2 2 Y4y -4
where
L yiQ2a+ 2axt = 3(a? + 1)x% 4 8ax? — 3(a? + 1)x)G(0; x)
333 = 2_ 1) (38)
(" —1)
g~ 2y} (a? + (o + 1)x* = 12ax° + 10(0? + 1)x* — 12ax + 1) (39)
33 = 42— 1)}
or in notations from Sec. II:
(L) =J(PL @l s) + T (P o, s) + O(e), (40)
‘ban 1 X 3 X 1 X 1 X 3 X
Jn2,1,1,1) = ZJ("P_3,CUO,S) —|—§J(‘P_2,a)0,s) —gl(‘l‘_l,a)o,s) —I—gJ(‘I‘,,a)O,s) —|—§J(‘P2,a)o,s)
1 1 1 X 3 1 X 3 1 X 1 1 X 1
Z J(W3, wyp, 5) — 1 J(¥L;, @y, s) "‘gj(q’—z’wo»s) _gj(lpsz()vs) _ZJ(lPa’a’oJ) _Zj(lp—z,s)
1 1 1 1 1 1 1
+ZJ<LP_1,S) _ZJ(LPI’ S) — ZJ(‘Pz,S) —ZJ(LPI_Z,S) +ZJ<LP1_1,S) +ZJ(LP%,S) +ZJ(‘P%,S) + 0(8),
(41)
ban 3 15 21 . 3
N (2,1,2,1) :EJ(T 5, 03, S) = 32](\11—4’(”0’5) +—J(¥_5, 05.5) — 128](‘1‘_2,0)0, 5)
3 3 3 21 15
—@J(T_l,a}g,s) +]—281(‘P1,a)6,s) — @J(Tz,a)g, S) —al(‘l’3,a)6,s) —ﬁj(lp4,a)g,s)
3 X 3 1 X 5 1 X 23 1 X 9 1 X
—1—6J(‘P5,a)0,s)+§J(T_5,a)0, 5) — 1—6J(‘P_4,a)0, s) + 3_2J(T-3vw(h 5) — 64 (T-z»woJ)
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9 23 15 3
+6—4J(‘I’1 g, )+3—2J(‘P§,wf§,s) —i—EJ(‘P}‘,wg,s)—i-—J(‘Pé,wo, s) + 16](‘{’ 5. @5, S)

15 21 3 3 3
_ﬁ‘](qu4’a)6’ ) 64 (‘P%3’a)0’ ) 128](‘1’_2,600, ) 1_28J<T%1’w6’s) +1_28J(T%’w6’s)

3 21 15 3 3 3

128](‘1’2,606, )—af(‘l‘%,wg,s)—ﬁJ(‘I‘i,w S)—RJ(‘Pg,a)g,S)+EJ(T_4,S)—§J(T_3,S)

1 3

+3_2J(\P_2, S) +3—2J(“P_1, S) ——2J(“Pl,S) +3—J(‘P2,S) +§J(IIJ3’ S) ‘l—EJ(lPé‘,S) +§J(lpl_4,S)

3 1 3 1 3 1 1 1 3 2 3 2
-—J(Pl;.9) +_J(T—2’S) —2J(¥3.s) — J(‘P .8) = —J(\P4, s)+ I (P2 5) — o J(P25.9)

4 8 8 16 8

5 2 2 2 5 2 3 2 3 2

32 J(T—Z’ ) 32 J(\P—l’ ) 32J(\I‘1’ ) 32 J(‘PZ’ s) + g](lP ’ ) 16J(\P4’ S) + 0(8) (42)

Results for master integrals (20) up to O(&?) corrections
can be found in the accompanying Mathematica file [76].

Integrals in Eqgs. (35), (36) and (37) as well as higher ¢
corrections can be taken numerically, for this it is conven-
ient to change the integration variables y;, — iy;, and
change the contour of integration to y;, € [2i,—o0],
see Fig. 3.

After this trick, all double integrals can be calculated
using standard methods, one can simply use the NIntegrate
function that is implemented in the Wolfram Mathematica
software. To numerically calculate the MPLs that are
present in the integrand, we used the handyG package
[17]; for greater accuracy, one can also use the GiNaC
package [16,77]. We want to note that the numerical
calculation goes much faster than with the usage of the
sector decomposition method [78—84] as implemented in
the FIESTA package [85], for example, the gain in speed
reaches almost two orders of magnitude in the calculation
of £ corrections.” For higher e-corrections, the speed gain
is not so significant, but it also takes place. The example of
numerical integration and their comparison with the sector
decomposition method for the &° corrections and &'
correction for j*(1,1,1,1) integral can be found in
Figs. 4 and 5. Similar pictures can be drawn for higher
e-corrections, but they would greatly clutter up the text.

At the end of this chapter, we would like to give a more
detailed discussion of our results and compare them with
other solutions, in particular with the results obtained in
[41]. In particular, in [41], there are two fundamental points
to which we would like to draw attention. First, the
technique presented in [41] allows one to obtain solutions
for the integrals in the banana family only up to the order £°
in the regularization parameter. To obtain higher correc-
tions with respect to & an additional nontrivial work is
required, if at all possible within the framework of this
technique. Nevertheless, for the master integrals, we would

>These results may vary depending on the characteristics of the
computer.

like to have a technique that allows us to get an answer to
any given order in e. This is important because we do not
know in advance how these master integrals will be
included in the expressions for the final measurable
quantities. Second, the results obtained in Ref. [41] are
applicable only to a three-loop banana and we do not see a
way, at least obvious one, how these results can be directly
used to calculate more complex three-loop integrals con-
taining a three-loop banana as a subgraph. And such
integrals should undoubtedly appear in more complex
practical calculations. Therefore, we would like to be able
to use solutions for banana subgraphs for calculation of
more complex integrals. This was done, for example, with a
two-loop sunset graph in [50]. The method we have
developed in this article enabled us to overcome the above
difficulties. First of all, results (40), (41), and (42) are
obtained by solving a system of differential equations (29)
which are in canonical form in the sense as understood in
[18,19]. This means that we can obtain solutions up to any
predetermined order in the regularization parameter &
simply by recursively solving Eq. (29). This does not

_I_z i 2 Re

FIG. 3. Change of the integration contour, green—old integra-
tion contour, red—new integration contour. Note, that we do not
just replace y;, = iy;,, we also additionally deform the inte-
gration contour itself so that the integration goes to —co instead of
—ioco, such deformation is possible since the integration contour
lying entirely at infinity makes a zero contribution to the integral.
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FIG. 4. Plot of the £° correction to the j°*(1, 1, 1, 1) integral on the left and £° correction to the jb“"(Z, 1,1, 1) integral on the right. The
solid points represent values computed numerically with the FIESTA package [85]. Here, for convenience, we have introduced shortened
notations j°(1,1,1,1) = j¥ + jle + O(&?) and >(2,1,1,1) = j + O(e).

— Re
— Im

FIG. 5.

40

20 — Re

— Im

s
10 20 40

-20
-40
-60

Plot of the €° correction to the j°*(2, 1,2, 1) integral on the left and ¢! correction to the j%(1, 1, 1, 1) integral on the right. The

solid points represent values computed numerically with the FIESTA package [85]. Here, for convenience, we have introduced shortened
notations j°(1,1,1,1) = /¥ + jle + O(¢?) and j>(2,1,2,1) = j3 + O(e).

require the introduction of any new methods and is quite
simple computationally. The only thing we need is the
initial conditions, but they can be easily obtained from (31)
to any order in €. Further, results (40), (41), and (42) as well
as all higher e-corrections have a special structure. The
latter is related to the fact that the kinematic variable s is
contained only at the upper limit of integration and in the ¥
2-form.°® This property allows us to use the obtained results
to calculate more complex three-loop integrals. An example
of such calculation will be given in the next section. It
should also be noted that our results, at least for the
integrals j°*(1,1,1,1) and j°*(2, 1, 1, 1), are written in a
relatively compact form. The latter can greatly help in
understanding of the results.

®The kinematic variable s is hidden in the variable x through
relation (27) and does not appear in any other form in the results
(40), (41), and (42) as well as in higher & corrections.

Unfortunately, we cannot say that our results are perfect.
The main advantage of [41], in our opinion, is the fact that
these results are presented in the form of iterated integrals of
modular forms which are a well-established class of func-
tions [36,86—88]. Iterated integrals of modular forms that was
used in [41] also can be rewritten in the form of eMPIs. The
latter are also a well-studied class of functions [36—39]. In
contrast, the functions that was used in our work were pre-
viously presented only in [50] and require additional study.

IV. TRIANGLE WITH TWO MASSIVE LOOPS

In the previous section, we obtained an integral repre-
sentation for the three-loop banana family; in this section,
we will show how this representation can be used to
compute more complex Feynman integrals. For this pur-
pose, we will use the family associated with the triangle
with two massive loops defined as (see Fig. 6):
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D

\%X

FIG. 6. Triangle with two massive loops. Dashed lines denote
massless propagators and thick lines represent massive propa-
gators.

e a-3
e, .as) =S Zl%; . / D?fi,;gf,lj;lfg;f;? (43)
D, =m*-1, D, =m?— (I, +15)%, (44)
Dy =m*— (I, + )’ Dy=m?>— (I, +p)*,  (45)
Ds = —l%, (46)

with d =4 —2¢, s = p?>/m? a=>3_,a; and yg is the
Euler-Mascheroni constant. Further, we will set m =1
exploiting the same considerations as in the previous
section. The vector of seven IBP master integrals obtained
as a result of IBP reduction [9—11] together with dimension
recurrence relations [89] can be chosen in the following
form:

Igp = {j"(0,2.,2,2,0), j%(0,2,2,2, 1), j*(1,1,1,0,1),
Jo(1,1,1,1), 2 (2, 1,1, 1),

P(2,1,2,1),5(2,2,1,1,1)} T, (47)

a graphical representation of these master integrals can be
found in Fig. 7. Note that we are using the expressions for

the three-loop banana graph in two dimensions as basis
elements for the triangle with two massive loops family in
four dimensions. This can be done because the master
integrals in two and four dimensions are not independent
but are related to each other by linear dependencies. These
linear dependencies are called dimension recurrence rela-
tions [89]. In other words, we choose three linear combi-
nations of four-dimensional integrals as three IBP master
integrals so that these combinations are exactly equal to
three nontrivial two-dimensional master integrals from the
three-loop banana family.

The first and third master integrals are simple constants
and can be written as

j1(0,2,2,2,0) = I'(e)3 (48)
and
J(1,1,1,0,1) :813 % 65;;782”2
+ <%—f:3 +%Scz +%SQ> +O(e)
(49)
where S, = 94—\/§C12(§)9 Cly(x) = Im(Liy(e™)) and Li,(x)

is the dilogarithm. And the integrals j°*(1,1,1,1),
7%(2,1,1,1), and j°*(2,1,2,1) were found in the pre-
vious section.

To evaluate the remaining master integrals we consider
their system of differential equations with respect to p> = .
Using balance transformations of [19] via the package [73]
the latter can be reduced to the following A 4 Be form:

dl canonical __ .Ai
- canonical

s (50)

Sl

© O O

FIG. 7.

® :
/

4

z

-

Set of IBP master integrals for the family (43). Dashed lines denote massless propagators and thick lines represent massive

propagators. A dot on a line means that the corresponding propagator is taken in the power two.
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oS O O O O

o O O O o O

™

—2¢

(52)

(53)

with
A=agr s a4 6y
s s—17 s 47 T s —1671
and
000 0 0 0
0 e¢O 0 0 0
000 0 0 0
A= |0 00 —3e—1  4f4c+1) 0
000 Y-=3e—1) de+1 0
€00 —3(2e+1) 22e+1) —e—1
000 3(et1) —ide+1) 0
0 0 0 0 0 0
— —2¢ 0 0 0 0
0 0 0 0 0 0
A =10 0 O 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 L(-11e=2) i(4e+1) 0
000 0 0 0
000 0 0 0
000 0 0 0
A=1000 0 0 0
000 LBe+1) —2(3e+1) 3(3e+1)
000 L2+1) —2e—1 2(2e+1)
000 0 0 0

S O O O O O O

(54)

S —
12s

i(2,2,1,1,1) =

000 0 0 0 0
000 0 0 0 0
000 0 0 0 0
As=| 000 0 0 0 0
000 0 0 0 0
—£0 0 %5(-2e—1) 3(2e+1) —3(2e+1) 0
000 0 0 0 0
(55)

And the elements of the canonical basis I .yonica =
{I,,...,I;} " are related to the elements of the IBP basis
(7) as

I, = €2j"(0,2,2,2,0), (56)
I, = se?j"(0,2,2,2,1), (57)
I; = j"(1,1,1,0, 1), (58)
I, = (14 3e)(1 + 4e)°@(1,1,1,1), (59)
Is = (1 +3¢e)>™(2,1,1,1), (60)
Is = j*™(2,1,2,1) (61)
and
= (L3040 (5
—s(1=2¢)j"(2,2,1,1, 1)). (62)

Having obtained the differential system in this form it is
easy to see, that the solution for required master integrals
7"(0,2,2,2,1) and j"(2,2,1,1,1) can be obtained recur-
sively in the regularization parameter ¢ similarly to what one
typically does for differential systems reduced to e-form. Of
course, of greatest interest is the solution for the integral
j"(2,2,1,1, 1) which can be written through the J-functions
from the Appendix

1
=57 (N0, §o.-1>8) = 5J (Mo, &40 8) + 5T (Ao, &1 15 8) + 57 (Ao, £ 1 9)

= 5J(Ay, &1 §)+5J(A, §8,1»S) + 5J(A, C‘i"_l,s) = 5J(Ay, C‘f,1,s) + 5J(Ay, a)a_l,s)
= 5J(Ng. @} 1. 5) = 5T (Ao, @} _;.5) + 5T (Ag, a)iﬁl,s) + 5J (A, Wy s §) +5J(Ay, @) . 5)

—5J(A, o} _y.s) =5J(A, o} . 5) +

15
2

‘ 15 C 15 g X
—*J(AO’C‘i,—lﬂ’gvs) _?J(AO’C},I’O)O’S) +?J(A1»€‘o,—1’wo’s) -

15 15
EJ(AO,Cf),_l, i, s) + 7](/\0,531,@3, s)

15 <
EJ(AI,Q"(‘)’I,COS,S)
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15

2 2

15
- J(ALG @5, s) 5 T(AL G 0pss) = ST(Mgs 11—y @5, ) + ST (Mg, 1 15 0, )

+ SJ(AOa rli_—l? wé? S) - SJ(AO’ ’Ti’l’ (06, S) - SJ(Ah 7]‘(?),—17 0)5, S) - SJ(Al’ ’T(Y]’la CUS, S)

5 5
S 2y 0 )+ ST 1 0 5) = 2T (g, 0y @ 5) + 2T (Mo, @), . 5)

5
2

+4J(Ay, ] _y, @5, 5) + 4T (A, 0] |, w5, 5) +

For reference, we also present the result for the second
master integral, which can be expressed in terms of usual
MPLs:

G(l,s) 2G(1,1,s)=G(0,1,s)
7+
S€ S€
n*G(1,s) B G(0,0,1,s)
4s s
2G(0,1,1,s 2G(1,0,1,s
n ( : )+ ( : )

_4G(1,1,1,s)+0(8) (64

s

71(0,2,2,2,1) = —

Note, that with the use of the presented procedure we can
have as many terms in ¢ expansion of considered master
integrals as required.

Unfortunately, the method of numerical evaluation of
these functions that was applied in previous section does
not work for the case of a triangle with two massive loops.
The reason for this is the appearance of additional singu-
larities, for example, along the line y; = y, and the similar
ones. Nevertheless, we were able to verify the results
numerically below the threshold using the CUBA package
[90]. In the future, we hope to develop a methodology for
calculating these functions similar to the one for conven-
tional MPLs [16].

We believe that the technique presented in this chapter
can be useful for calculating three-loop integrals that
contain a three-loop banana integral as a subgraph. This
technique definitely works for the integrals discussed in
this paper. As for more complex cases, this issue requires
additional study.

5
+ *J(Ao»w‘i,—va’g’ 5) = EJ(A(), W] 1. Wy, 5) = 5J(A1,a)g._1,w5, 5) — 51(/\1’0’8,1""57 s)

57(PL, @i, s)
s—1

57(P), o, s)
s—1

+ O(e) (63)

V. CONCLUSION

In this paper, we have obtained a new representation for
the three-loop equal-mass banana graph in d =2 —2¢
dimensions. These results are written in terms of new
functions defined as iterated integrals with algebraic
kernels. These functions have already been used earlier
in [50] to compute the two-loop sunset diagram as well as
the massive kite diagram. Our work can be seen as a
straightforward generalization of techniques from [50] to
the three-loop case. The obtained representation for the
three-loop banana graph can be used to calculate some
more complex three-loop graphs, we have illustrated the
last statement by using the example of the triangle with two
massive loops. In our work, we also carried out a
comparative analysis of our results with those of [41]
and showed that our results have both advantages and
disadvantages over these results. The analytical results for
the three-loop banana can be numerically calculated with
good accuracy both above and below the threshold and are
in agreement with the sector decomposition method [78—
84] as implemented in [85]. The result for a triangle with
two massive loops was verified numerically only below the
threshold and its analytical continuation above it will be the
subject of our future research. All main results of this work
can be found in digital form in the supplemental materi-
als [76].
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