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One-loop electroweak corrections to the annihilation cross sections of dark matter in the Higgs
resonance region of the inert doublet model are investigated. The procedure of how to implement the width
of the Higgs in order to regularize the amplitude both at tree level and at one loop together with the
renormalization of a key parameter of the model, are thoroughly scrutinized. The discussions go beyond the
application to the relic density calculation and also beyond the inert doublet model so that addressing these
technical issues can help in a wider context. We look in particular at the dominant channels with the bb̄ final
state and the more involved three-body final state,Wff̄0, where both a resonance and an antiresonance, due
to interference effects, are present. We also discuss how to integrate over such configurations when
converting the cross sections into a calculation of the relic density.
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I. INTRODUCTION

In the accompanying parent paper [1] we have seen that
here is a fine-tuned region in the parameter space of the
inert doublet model (IDM) [2,3] where if the mass of
the lightest neutral scalar of the model X is such that 2MX ≃
Mh ¼ 125 GeV [h is the Standard Model (SM) Higgs],
then a good value of the relic density is obtained within the
freeze-out mechanism. This is possible thanks to the
efficient annihilation of the DM pair through, essentially,
the SM Higgs resonance. The latter couples to the DM pair
with a coupling of strength, λL. In Ref. [1] where an
extensive analysis of the parameter space of the model is
conducted, taking into account various experimental and
theoretical constraints, two benchmarks points for the
Higgs resonance region are selected. We list the character-
istics of these two points in Table I.

The prominence of the Higgs resonance is made obvious
upon switching off the Higgs exchange by setting λL ¼ 0.
With λL ¼ 0, the relic density is almost as much as 20 times
larger. This huge increase is due to the extremely small
residual gauge contribution from XX → WW⋆ðZZ⋆Þ
through the t-channel exchange of H�ðAÞ, which we study
at length in Ref. [1]. Barring this residual contribution,
the percentages of the participating cross sections to the
relic density in Table I correspond to a very good
approximation1 of the branching fraction of the SM
Higgs to the corresponding channels including the gg
(gluon pair final state). Only the WW⋆ ¼ Wff̄0 channel
for the relic density is 2% larger than the partial decay
fraction of the Higgs to WW⋆ due to the small continuum
gauge contribution, XX → WW⋆, for the relic. The total
width and the branching fractions are therefore key
parameters for describing the Higgs line shape and the
computation of the relic density in the Higgs resonance
region. Small changes in or very close to the vicinity of the
resonance could lead to large corrections to the cross
sections and hence to the relic density. If one observes
that the nonresonant WW channel contributes even in the
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1With the tiny values of λL for both P57 and P59, Brðh →
XXÞ < 0.3% (see Ref. [1]). This very small branching into
invisibles does not affect much the SM values of the Higgs
partial widths.

PHYSICAL REVIEW D 104, 075005 (2021)

2470-0010=2021=104(7)=075005(13) 075005-1 Published by the American Physical Society

https://orcid.org/0000-0002-6493-7295
https://orcid.org/0000-0003-4668-7584
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.104.075005&domain=pdf&date_stamp=2021-10-05
https://doi.org/10.1103/PhysRevD.104.075005
https://doi.org/10.1103/PhysRevD.104.075005
https://doi.org/10.1103/PhysRevD.104.075005
https://doi.org/10.1103/PhysRevD.104.075005
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


absence of Higgs exchange, one could ask, for instance, if
other contributions to the same channels could be induced
at one loop, away from the resonance, impacting the cross
sections. Because of the inert nature of the model, anni-
hilation to fermions only takes place through the Higgs
exchange at tree-level. However, at electroweak one-loop
corrections these annihilations proceed even when the
Higgs exchange is absent. Nonetheless, because of the
small width of the SM Higgs, the properties of the Higgs
resonance are crucial. Apart from the mass of the Higgs,
they rely on the total width and the branching fractions of
the SM Higgs.
The plan of the paper is as follows. We first review the

key parameters, in particular the SM parameters, that enter
the description of the Higgs resonance. Since the paper
deals with the electroweak corrections, the discussion about
the parameters, in particular the bottom-quark mass, is
covered in the next section, which aims to describe how the
important QCD corrections are included. Since, as is
known and as we will argue, the width is a higher order
effect, its introduction at tree level and at one loop should
be treated with care, in particular in order to avoid double
counting of corrections and also, in general, how to avoid
breaking gauge invariance. In this spirit, Sec. III presents
the tree-level calculation of the bb̄ final state through the

Higgs resonance. The Breit-Wigner parametrization will
prove to be most useful when we deal with the one-loop
electroweak correction which will be covered in Sec. IV. We
will see how the perturbation series needs to be reorganized
in order to avoid the issue of double counting. The next two
sections, Secs. Vand VI, will follow similar steps in the case
of WW⋆ ¼ Wff̄0. Some important technical issues need to
be tackled here. The WW⋆ ¼ Wff̄0 final state features a
resonance contribution and also an interference with a
“continuum” part. The whole effect will exhibit a resonance
and “antiresonance” behavior over a small range of energy.
Section VII turns the corrected cross sections into the
improved relic density. We show how we must be extra
careful in integrating the cross sections over the velocity
distribution needed in this conversion. Our conclusions are
presented in Sec. VIII.

II. THE INPUTS AND THE PARAMETERS TO
STUDY THE RESONANCE REGION

All the partial widths and total widths can be derived
from theory. The latest state-of-the art calculations [5,6] for
the total SM width of the Higgs gives the value

Γh ¼ 4.07 MeVð�4%Þ: ð2:1Þ

Considering the theoretical error on the total width
(much larger than that contribution due to Γðh → XXÞ
after imposing the direct detection constraint on λL [1]), we
equate the total width with the SM total width. These most
precise calculations of the SM Higgs width include crucial
higher order QCD corrections. They also lead to the
theoretical prediction for the branching ratio into bb̄ to
be 58.2%, which corresponds to Γðh → bb̄Þ ¼ 2.37 MeV.
In order to incorporate these important QCD higher order
predictions in an electroweak calculation at tree level we
will use, in this paper, an effective mb;eff for the Higgs
coupling such that the correct value of the branching width
into bb̄ is recovered. With the tree-level prediction of the bb̄
partial width given by

Γðh → bb̄Þ ¼ Mh
Nc

8π

m2
b;ef

v2
βf; βf ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

b;eff=M
2
h

q
;

Nc ¼ 3; MW ¼ gv
2
: ð2:2Þ

MW is the W-boson mass [g is the SUð2Þ coupling and v
the vacuum expectation value]. We therefore take for the
Higgs resonance channel mb ¼ 3.15375 GeV as the effec-
tive mass to incorporate the important QCD corrections.2 In
our calculation of the cross sections for these benchmark

TABLE I. Characteristics of the benchmark points for the Higgs
resonance region, P57 and P59. H� are the charged scalars of the
IDM. Beside the DM scalar, X, A is the second neutral scalar
often referred to as the pseudoscalar of the IDM. All masses are in
GeV. λ2;3;4;5 are the parameters of the scalar potential of the IDM.
The tree-level relic density [calculated with αð0Þ, the electro-
magnetic coupling in the Thomson limit] and the weight in
percent for all channels contributing to more than 5% of the relic
density, are shown. These are the dominant bb̄ bottom quark pair
final state, WW⋆ and gluon pair, gg. The last line gives the value
of the relic density when λL ¼ 0, the Higgs resonance being thus
switched off. We also list the values of the underlying parameters
λ3;4;5 and β̃λL (the one-loop β constant associated to λL) [1]. We
use micrOMEGAs 5.0.7 [4] to compute the relic density.

P57 P59

MX 57 59
λL × 103 2.4 1.0
MA,MH� 113,123 113,123
ðλ3; λ4; λ5Þ (0.382, −0.228,

−0.152)
(0.373, −0.224,

−0.148)
β̃λL 1.123þ 2.157λ2 1.097þ 2.095λ2

Ωh2
αð0Þ 0.113 0.108
αðM2

ZÞ 0.118 0.113
Ωbb̄ð%Þ 58 57
ΩWW⋆ð%Þ 22 24
Ωggð%Þ 8 7

αðM2
ZÞ; λL ¼ 0 1.97 1.97

2Note that this effective mass is not to be used as the input mass
in micrOMEGAs. For micrOMEGAs, a default b-pole mass is used
as input. Internally, the code calls different routines for running
masses and QCD corrections to the hbb vertex.
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points, we therefore only consider the electroweak
corrections that, unlike the QCD correction, affect both
the initial and final states. We should also keep in mind that
Γðh → bb̄Þ in Eq. (2.2) does not include the electroweak
radiative corrections, which as we will see are quite small.
Apart from the numerical value of the Higgs width, we

have more to say about how we implement the Higgs
width in our calculations. It is sufficient to say in this
preamble that we take the total SM Higgs width as an
input (at all orders), the same way as we treat the Higgs
mass as an input (at all orders) in perturbation. As Table I
shows, the most important channels are by far the bb̄ and
the WW. Although the sum of the rest of the individual
channels is not at all negligible (20%), all fermion pair
final states proceed through the Higgs exchange similarly
to the bb̄ channel and hence the procedure of applying the
electroweak radiative corrections to them is the same as in
the bb̄ channel. The contribution of the ZZ final state is
below 3%, which is too small a contribution for any
correction to make an impact on the relic density calcu-
lation, especially in view of the results we find in the WW
channel. Technically, ZZ involves the same treatment as
the annihilation to WW. Lastly, at the order we are
performing the corrections, the Higgs exchange induced
annihilation into gluon pairs will not be subject to
electroweak corrections.

III. XX→
h
bb̄ AT TREE LEVEL

In the IDM, the tree-level annihilation to bb̄ only occurs
through the SM Higgs as shown in Fig. 1. In this case, it is
relatively easy to parametrize the tree-level cross section
XX → bb̄ in a compact form as

σ0ðXX→h bb̄Þv ¼
64π Γðh→XXÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−4M2
X=M

2
h

p Γðh → bb̄Þ
ðs −M2

hÞ2 þ Γ2
hM

2
h

: ð3:1Þ

Here and in the following, 0 refers to the tree-level
cross section. s, the invariant mass of the system, can
be expressed in terms of the relative velocity v,ffiffiffi
s

p ¼ 2MX=
ffiffiffiffiffiffiffiffiffiffiffi
1 − v2

4

q
. Note that this tree-level cross section

is written solely in terms of physical observables, the total
width and the partial widths into XX and bb̄. Observe also
that in this Breit-Wigner cross section, the total width and

the partial widths are physical (on shell) widths that do not
run with s. It is therefore a totally gauge invariant cross
section. We take the partial width Γðh → XXÞ as an input
parameter in lieu of λL. We use the total width of the Higgs,
Γh, as an input, making sure that the induced width that is
generated at one loop (the imaginary part of the Higgs two-
point self-energy function) is properly subtracted (see
later). For Γðh → bb̄Þ, we stress again that we use the
effective b-quark mass that is consistent with the value of
Γðh → bb̄Þ [Eq. (2.2)], therefore both Γh and Γðh → bb̄Þ
include important resummed QCD corrections which we do
not have to calculate when we calculate the electroweak
corrections. The latter will also include, at one-loop,
nonresonant Higgs contributions. For Γðh → XXÞ, we
use Ref. [1] and get

Γh→XX ¼ λ2Lv
2

32πMh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4M2
X

M2
h

s
: ð3:2Þ

It is very important to observe that in the product
Γðh → XXÞΓðh → bb̄Þ, the value of the vacuum expect-
ation value, v, drops out. Therefore, the dependence on
the electromagnetic coupling that separately enters these
partial widths through v cancels out. As a result, with Γh

as an input parameter, the cross section, XX → bb̄,
does not depend on the value of the electromagnetic
coupling α. This is the reason the values of the relic
density in Table I for the resonance region show quite
negligible difference between the use of αð0Þ and αðM2

ZÞ
(the small difference comes from the small gauge con-
tribution to the continuum WW⋆).
In our analysis, the cross sections are computed exactly

along the lines detailed in the parent paper [1], see also
Refs. [7–9]. We verify that for the tree-level annihilation
into bb̄, the parametrization of Eq. (3.1) reproduces the
results of the full calculation over the whole v range with
an agreement better than 5 × 10−4 around the resonance
region, which is the region that matters most for the relic
density calculation, as shown in Fig. 2.
This verification was in order not only to understand

the features of the resonance processes but also to seek
effective implementation at one loop, later. We have more
to say about Eq. (3.1) after discussing the setup of the loop
calculation to this observable.
The annihilation cross section and its velocity depend-

ence is shown in Fig. 3. The peaks are extremely sharp
because of the extremely narrow width of the SM Higgs
with Γh=Mh ¼ 3.26 × 10−5.
We now understand that the P57 contribution to the

relic density occurs at the edge of the velocity function,
v ∼ 0.82, in order to catch the Higgs resonance. It therefore
needs a much larger value of λL than P59 that captures the
Higgs peak at v ∼ 0.66. While converting the cross sections
into a contribution to the relic density, thermal averaging

FIG. 1. A single diagram, Higgs mediated, contributes to
XX → bb̄ at tree level.
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and convolution with the velocity distribution is performed.
The weight of the velocity distribution is important. This
convolution reduces somehow the weight of the resonance
that occurs at large v compared to the off resonance
contributions that occur, say, at v ∼ 0.4, see Fig. 3.
Therefore, possible changes around the peak and possible
nonresonant loop-induced contributions are important to
study [1]. In any case, we need to very carefully scrutinize
the peak. Another very important technical point is that we
need to scan the Higgs resonance extremely carefully, both
for the bb̄ and the WW⋆ channels. This is the reason why
we will be generating a very large set of data points around
the resonance.

IV. THE bb̄ FINAL STATE IN THE HIGGS
RESONANCE REGION: ONE-LOOP
ELECTROWEAK CORRECTIONS

Electroweak loop calculations with width effects are very
complicated, not only because of the numerical integration
over the very narrow width region but also conceptually.
First of all, the width is a resummation of a loop effect.
Analyticity relates the width to the imaginary part of the self-
energy of the corresponding particle. Introducing the width
at the tree-level means that we are including a part of a higher
order loop calculation (imaginary part of the two-point
function). To be consistent and not double count contribu-
tions, at one-loop, the self-energy contribution (included
already at tree level as a part of Γh) must be subtracted.
Moreover, the mixing of different orders in perturbation
should be excised with care so as not to introduce a breaking
of gauge invariance. In the case at hand, for the bb̄ channel,
the latter issue is easy to deal with.
Renormalization is a coherent definition of the indepen-

dent parameters of the model. Taking as input parameters
all the masses of the scalars of the IDM, two extra
independent parameters remain to be defined. The first
one is λL. With a spectrum like the one in P57 and P59,
h → XX is open. λL is defined most easily (parametrically
also) from Γðh → XXÞ through Eq. (3.2). We derive the
associated counterterm in this full on shell (OS) scheme in
[1]. Naturally, since Γðh → XXÞ is used as an input, it has
the same value at all orders of perturbation. By construc-
tion, no loop correction affects the observable Γðh → XXÞ.
Another parameter, λ2, describes the self-interaction
between the scalars, i.e., it resides solely within the scalar
sector. For the annihilation of DM into the SM particles,
the cross sections do not depend on λ2 and therefore a
counterterm for λ2 for the annihilation cross sections is not

FIG. 3. The relative velocity dependence of the tree-level XX → bb̄ cross section times v for points P57 and P59 in units of
10−26 cm3 s−1 (note the log scale). We also show the weighted cross sections with the velocity distribution [1] with the freeze-out
parameter xF ¼ 25.

FIG. 2. The velocity dependence of the ratio of the full tree-
level computation relative to the fixed width Breit-Wigner
calculation based on Eq. (3.1) for points P57 and P59. The
horizontal line, exact agreement, meets the curves at exactly the
resonance points.
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called for. However, λ2 can indirectly affect the value of the
cross section, an effect akin to the top quark dependence of
LEPII observables.

A. XX → bb̄ at one loop: The theoretical setup

While at tree level the structure of the XX → bb̄ is simple
since it proceeds through the unique contribution of Higgs
exchange, at one-loop a variety of contributions are at play,
in particular nonresonant, non-Higgs exchange contribu-
tions, as shown by the selection in Fig. 4. The question is
this: how can one then introduce the Higgs width to regulate
the cross section at s ¼ M2

h in a coherent gauge invariant
manner now that we have many contributions?
Let us first start by reviewing the amplitude at tree level.

In our case it is not only a simple structure but it is also a
trivially gauge invariant amplitude. Prior to the introduction
of the width, the amplitude can be written as

A0
h ¼

MhXXMhbb

s −M2
h

; MhXX ¼ Mðh → XXÞ;

Mhbb ¼ Mðh → bb̄Þ: ð4:1Þ

Mðh → XXÞ and Mhbb ¼ Mðh → bb̄Þ are the respective
amplitudes of the transitions XX → h and h → bb̄. The
pole structure requires the introduction of the width

A0;w
h ¼ MhXXMhbb

s −M2
h þ iΓhMh

¼ s −M2
h

s −M2
h þ iΓhMh|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
Fh

A0
h;

Fh ¼
s −M2

h

s −M2
h þ iΓhMh

: ð4:2Þ

The last equality shows that the genuinely tree-level
amplitude has been rescaled by a kinematic factor, Fh.
Being a kinematical factor, it is gauge invariant. In what
follows, the regulated amplitude is gauge invariant. In the
code, for such a simple process, the introduction of the
width is trivial. We either correct the amplitude of Eq. (4.1)

(or for that matter the cross section) directly by adding the
width to the Higgs propagator or, which amounts to exactly
the same, by multiplying the nonwidth expression of
Eq. (4.1) by the rescaling factor, Fh ¼ FhðsÞ. It is impor-
tant to observe that we are using a fixed width that
corresponds to the observable total width or the physical
width that can be perturbatively computed through an all-
order calculation and is gauge invariant. In particular, it
contains the dominant leading order that appears at one-
loop in the self-energy of the Higgs. The tree-level
amplitude therefore includes a contribution from the
one-loop calculation. In turn, in performing the full one-
loop correction, we therefore need to subtract this one-loop
contribution since it is already put in the width-improved
tree-level expression, in order to avoid double counting this
specific contribution both in the width-improved tree-level
cross section and in the one-loop calculation. Note that the
introduction of the width, at tree level, can be interpreted as
a correction that amounts to

−iΓhMh

s −M2
h

A0
h: ð4:3Þ

At one-loop, the full correction consists of (i) the self
energy insertion, ΠhhðsÞ, (ii) vertex corrections, and
(iii) box corrections, see Fig. 4. The self-energy correc-
tions, from the Higgs two-point function, and its counter-
term, Π̂hhðsÞ, add up to

ΠhhðsÞ þ Π̂hhðsÞ ¼ ΠhhðsÞ þ ðs −M2
hÞδZh − δM2

h þ
3δT
v

;

¼ ΠhhðsÞ þ ðs −M2
hÞδZh − δ̂M2

h; ð4:4Þ

where δT is the tadpole counterterm and δZh is the SM
Higgs wave function renormalization, see [10].
The Higgs mass counterterm is defined from the real part

of the self-energy of the Higgs calculated at the Higgs mass

FIG. 4. A selection of one-loop electroweak correction diagrams contributing to XX → bb̄. The first three diagrams of the first row are
genuine boxes which are nonresonant. The last two diagrams in the first row show examples where λ2, rescattering in the dark sector,
contributions can be induced at one loop. The second row includes vertex corrections and self-energy contributions to the SM Higgs that
can become resonant.

RELIC DENSITY OF …. IV. THE HIGGS RESONANCE REGION PHYS. REV. D 104, 075005 (2021)

075005-5



δ̂M2
h ¼ ReΠhhðM2

hÞ: ð4:5Þ

At one-loop, prior to the introduction of the (total) width
(in order to keep gauge invariance explicit), the total
amplitude writes3

δA1
h ¼

MhXXMhbb

s −M2
h

�
−
ΠhhðsÞ þ Π̂hhðsÞ

s −M2
h

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Higgs self-energy

þ
�
δMhXXMhbb þMhXXδMhbb

s −M2
h

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

vertex;Higgs exchange

þ □XXbb:|fflfflffl{zfflfflffl}
box correction; nonresonant contribution

ð4:6Þ

What we have collected in □XXbb includes not only box
diagrams but also vertex (Z, γ) exchanges which are not
Higgs resonant, examples of which are shown in Fig. 4.
From the Higgs two-point function contribution, we

have

ΠhhðsÞ þ Π̂hhðsÞ ¼ iImΠhhðM2
hÞ þ ðs −M2

hÞδZh

þ ðΠhhðsÞ − ΠhhðM2
hÞÞ: ð4:7Þ

iImΠhhðM2
hÞ is the one-loop term that should be

subtracted for the one-loop contribution because part of
it is included in A0;w

h (the tree-level width inserted cross
section). Indeed,

ImΠhhðM2
hÞ ¼ Γ0

hMh; ð4:8Þ

where Γ0
h is the tree level calculated width of the Higgs.

The easiest way to implement this subtraction is to
define a modified on shell renormalization for the Higgs
mass such that

δ̂M2
h ¼ ΠhhðM2

hÞ: ð4:9Þ

In other words the Higgs mass counterterm is defined from
the full two-point function of the Higgs and not only from
its real part. Then the imaginary part (width at tree level) is
subtracted automatically. Note that since M2

h ∝ λhv2, this
means that we need to introduce imaginary counterterm for
the Higgs self-coupling. Since the processes we study do
not call for this coupling apart from the Higgs mass, this is
not required for this simple process.
The one-loop contribution (before regularization with

the total width) is

δA1
h ¼

MhXXMhbb

s −M2
h

�
−δZh −

ΠhhðsÞ − ΠhhðM2
hÞ

s −M2
h

�

þ
�
δMhXXMhbb þMhXXδMhbb

s −M2
h

�
þ□XXbb:

ð4:10Þ

Maintaining gauge invariance of the above amplitude
while introducing a Higgs width, our scheme consists of
applying the factorizing factor, Fh, to the whole amplitude
of Eq. (4.10).
The regularized one-loop corrected, gauge invariant,

amplitude is then

δA1;w
h ¼ s −M2

h

s −M2
h þ iΓhMh

δA1
h;

¼ MhXXMhbb

s −M2
h þ iΓhMh

�
−δZh −

ΠhhðsÞ − ΠhhðM2
hÞ

s −M2
h

�

þ
�
δMhXXMhbb þMhXXδMhbb

s −M2
h þ iΓhMh

�

þ s −M2
h

s −M2
h þ iΓhMh

□XXbb: ð4:11Þ

The drawback of the scheme is that the nonresonant
contributions gathered in □XXbb vanish at the resonance,
s ¼ M2

h. By default, in the code we first calculate the one-
loop amplitude without the width within the modified OS
scheme [Eq. (4.9)] to avoid double counting. In a second
step, we apply the Fh factor to the full amplitude to obtain
Eq. (4.11). Observe that the factor containing δZh in
Eq. (4.11) (first line) also has a term with a denominator
ðs −M2

hÞ. For this term, no width can be introduced, but the
expression is fully regularized because of the difference
appearing in the accompanying numerator.
As promised, let us get back to Eq. (3.1) and see how it

compares with a full one-loop calculation. Since we have
implemented an OS shell scheme where Γðh → XXÞ is
used in lieu of λL and where we are making use of the total
width Γh as input, at the peak s ¼ M2

h, Γðh → XXÞ is
unchanged, but we expect a very small electroweak
correction to Γðh → bb̄Þ, such that Γðh → bb̄Þ≡ Γðh →
bb̄Þtree → Γðh → bb̄Þ1-loop;EW (which, as we argued before
is insensitive to the dark sector at one loop). But, more
importantly, loop effects bring in new contributions that are
not resonant and that are not described by the Breit-Wigner
approximation. But, for the sake of comparison, at s ≃M2

h,
we can seek an improved tree-level electroweak cross
section by an effective rescaling of Γðh → bb̄Þ1-loop;EW.
This is a very small correction that we have calculated to be

Γðh → bb̄Þ1-loop;EW
Γðh → bb̄Þ ¼ 1.0166: ð4:12Þ

3Strictly speaking, the counterterms δMhbb and δMhXX here
refer to the counterterms of the parameters defining the corre-
sponding vertices.
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Hence the improved bb̄ cross section (which will miss
one-loop nonresonant corrections) writes as

σimpðXX→h bb̄Þv ¼
64π Γðh→XXÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−4M2
X=M

2
h

p Γðh → bb̄Þ1-loop;EW

ðs −M2
hÞ2 þ Γ2

hM
2
h

:

ð4:13Þ

B. Results for XX → bb̄ at one loop

Our numerical results for the full one-loop electroweak
corrections for P57 and P59 are shown in Fig. 5. Apart from
the location of the Higgs peak in terms of the relative
velocity, the results for both benchmarks are very similar. On
the whole, the dependence of the velocity and the peak
structure are maintained when we move from the tree-level
to the one-loop corrected results. Because of the very
narrow-peaked structure, the effect of the radiative correc-
tions at the level of the cross sections is hardly distinguish-
able. To see the subtle details, which amount nonetheless to
important corrections, we look at the normalized corrections
with respect to the tree-level results. First, the numerical
computation of the tree-level cross section based on the use
of αðM2

ZÞ confirms that we obtain exactly the same results,
for all v, as the use of αð0Þ (the ratio is equal to 1 throughout
all v). This quantitatively substantiates the remark we made
earlier that the bb̄ cross section is insensitive to α. Away
from s ¼ M2

h, the λ2 dependence of the cross section is
important and grows as we further move away from the
peak. The λ2 dependence, though qualitatively similar
between the two models, is rather different numerically.
For P57, the difference in the relative correction between
λ2 ¼ 0.01 and λ2 ¼ 2 reaches 40% while for P59 this
difference amounts to more than 60%. As expected, at
exactly the Higgs resonance, our computation confirms that
the λ2 dependence drops out. This is very understandable
since the renormalization of λL is based on the OS scheme
where Γðh → XXÞ is used as an input, so any λ2 dependence
has been absorbed in the OS value of λL at s ¼ M2

h.
Moreover, the value of the correction at the resonance is
reproduced exactly by the use of Γðh → bb̄Þ1-loop;EW rather
than the pure tree level which defines what we termed the
improved cross section. It rests that within 2Γh from the peak
at Mh, the electroweak correction to the this annihilation
channel is of the order of 2%. The most important lesson is
that this small relative correction is in large part due to the
OS schemewe have used that takes Γðh → XXÞ as input and
that the implementation of the width is such that all one-loop
induced contributions are multiplied by s −M2

h, which
leaves then only the Higgs resonance. The remaining small
correction, which is a result of the electroweak correction
Γðh → bb̄Þ, is very small. Important corrections occur away
from the resonance. The interesting observation is that they
reveal the indirect λ2 contribution hidden in the dark sector.

V. XX→
h
WW⋆ AT TREE LEVEL

What we call XX → WW⋆ is in fact XX → Wff̄0, a
2 → 3 amplitude (see Fig. 6 for the tree level Feynman
diagrams). These cross sections are studied in Ref. [11] but
in the case where the DMmass was large enough so that the
SM Higgs resonance was not reached and there was no
need to include the Higgs width. In [12], XX → WW⋆
contributes subdominantly to the relic density and while the
mass spectrum is such that the Higgs resonance is hit, we
have λL ¼ 0 so that the Higgs exchange is absent at tree
level and at one loop and the induced Higgs exchange
crosses the resonances smoothly. The scenarios in the
present paper is that the SM Higgs resonance is crossed
with λL ≠ 0. The inclusion of the Higgs resonance must be
implemented both at tree level and at one loop. The issue is
more involved than in the case of the annihilation into bb̄
that we just studied. Here, the total contribution involves
a resonant Higgs exchange contribution and a gauged,
nonresonant, amplitude. Moreover, the λL dependence of the
XX → WW cross section stems not only from the pure SM
Higgs (resonant) contribution but also from the quartic
coupling XXWW. Converting (or regularizing) only one of
these contributions (theHiggs exchange) to include theHiggs
width, the subtle λL dependence is broken in the sense that we
would be providing awidth for theHiggs for only a part of the
λL dependent amplitude. This is akin to a breaking of gauge
invariancewhen only a part of the amplitude is endowedwith
awidth dependent propagator. One needs to be careful at how
the width is introduced to regulate the full amplitude.
Here again it is best to start from the full zero-width tree-

level amplitude. This amplitude can be written in terms of
its pole structure as a Laurent series in 1=ðs −M2

hÞ. The full
amplitude at tree level can then be written as

A0
XXWW ¼ AXXWWðg2; λLÞ þ

MhXXMhWff

ðs −M2
hÞ

; ð5:1Þ

where MhXX ∼ λL and MhWff represent, respectively, the
transition amplitude of the SM Higgs to the DM particles
(h → XX) and the transition amplitude, h → Wff̄0.
As we did with the bb̄ channel, we introduce the width at

tree level through the overall kinematical fudge factor Fh
[see Eq. (4.2)] to the full amplitude, such that

A0;w
XXWW ¼ Fh

�
AXXWWðg2; λLÞ þ

MhXXMhWff

ðs −M2
hÞ

�
;

¼ ðs −M2
hÞ

ðs −M2
hÞ þ iΓhMh

AXXWWðg2; λLÞ

þ MhXXMhWff

ðs −M2
hÞ þ iΓhMh

: ð5:2Þ

This treatment is the same as what we apply at tree
and one-loop levels for XX → bb̄. Again, at s ¼ M2

h, the
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FIG. 5. The relative velocity dependence of the one-loop XX → bb̄ cross section times v for points P57 (left panels) and
P59 (right panels) in units of 10−26 cm3 s−1 (note the log scale). The lower panels help better see the effect of the loop
corrections by giving the relative corrections (with respect to the tree level) over the full velocity range as well as an
enlargement around the peak. The λ2 dependence of the one-loop results is given. Also shown is the result of using the full
electroweak correction to Γðh → bb̄Þ [the improved cross section given by Eq. (4.13)]. We also give the result of using, at tree
level, αðM2

ZÞ instead of α.
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nonresonant contribution is effectively set to zero with this procedure. The ensuing cross section can be parametrized in
terms of this pole structure as

σðXX → Wf0f̄Þ0;w ¼
64π Γðh→XXÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−4M2
X=M

2
h

p Γðh → Wf0f̄Þ
ðs −M2

hÞ2 þ Γ2
hM

2
h

þ F2
hσXXWWðg2; λLÞ

þ s −M2
h

ðs −M2
hÞ2 þ Γ2

hM
2
h

PsReðAXXWWðg2; λLÞðMhXXMhWffÞ�Þ; ð5:3Þ

where Ps represents the phase space factor. This is the tree-
level cross section provided by the code. In the above
parametrization, in the first term of Eq. (5.3), the width
Γðh → Wf0f̄Þ should represent the tree-level value, a result
similar to what was presented for the bb̄ channel. Figure 7
shows the cross section as a function of the relative velocity
confirming the Higgs resonance and also the effect of the
interference leading to an antiresonance structure, with a
dip followed by a spike at exactly the resonance around a
very small region of vðsÞ.
In accordance with the analysis for the bb̄ final state, we

anticipate and suggest an improved tree-level cross section
obtained as

σðXX → Wf0f̄Þimproved ¼ Γðh → Wf0f̄Þ1-loop
Γðh → Wf0f̄Þtree
× σðXX → Wf0f̄Þ0;w; ð5:4Þ

so that the resonant contribution at the peak contains the
full one-loop correction. This constant factor applied to the
full tree-level cross section will not change the behavior of
the velocity (s) dependence from what is shown in Fig. 7.
We calculate

Γðh → WlνlÞ1-loop
Γðh → WlνlÞtree

≃
Γðh → Wqq̄0Þ1-loop
Γðh → Wqq̄0Þtree

≃ 1.087: ð5:5Þ

FIG. 6. Tree-level diagrams contributing to XX → Wlνl. Apart from the Higgs exchange contribution with h⋆ → Wlνl there are other
non-Higgs resonant contributions. There are other diagrams with h → ll⋆ → lWνl that gives effects proportional to the lepton mass,
which we do not show here but which are included in our full calculation.

FIG. 7. As in Fig. 3 but for XX → Wτντ. Note the behavior of the peak structure that is a characteristic of an interference of a smooth
contribution with a resonance. The panel on the right represents the convolution of the cross sections with the velocity distribution with
the same parameters as in Fig. 3.
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This result on the relative correction to the partial decay
width is, to a precision of 0.02%, flavor blind and stems
from the fact that the electroweak corrections to W → ff̄0
are practically flavor blind [11,13]. The 8.7% relative
correction is the combination of the full one-loop correc-
tion to W → ff̄0 (2.4%) and an effective correction at the
level of the hWW vertex (6.3%) that is absorbed by using
αðM2

ZÞ. This observation is important because it points to
the fact that the full electroweak correction in these
channels should be flavor blind and that the relative
correction over the whole v range is also flavor blind, a
property that we already found in our study for this
process away from the Higgs resonance [11,12]. We
directly verify this property in this case. It is yet another
verification of our automatic calculation and the perfor-
mance of our code.4

VI. XX→
h
Wf 0 f̄ AT ONE LOOP

The one-loop electroweak corrections to this 2 → 3
process are challenging especially because we have to deal
with the Higgs resonance. A large number of one-loop
topologies are involved. A subset of these topologies can be
found in Refs. [11,12]. The setup of the one-loop calcu-
lation with the insertion of the width goes through the same
steps as those that we presented in the case of bb̄. In a
nutshell, the width is introduced through the Fh factor for
the entire amplitude. Therefore, we can write the following
for the correction:

δA1;W
hWWff

¼ MhXXMhWff

s−M2
h þ iΓhMh

�
−δZh −

ΠhhðsÞ−ΠhhðM2
hÞ

s−M2
h

�

þ
�
δMhXXMhWff þMhXXδMhWff

s−M2
h þ iΓhMh

�

þ s−M2
h

s−M2
h þ iΓhMh

□
ð5Þ
XXWWf: ð6:1Þ

δMhWff pertains to the correction on the final state of the
Higgs decay. It includes the vertex correction to hWW⋆,
two-point function for the W propagator and the four-point

function.□ð5Þ
XXWWf relates to corrections that connect initial/

final states which are five-point function corrections. These
contributions are not factorizable, with our implementation
of the width, these contributions are effectively put to zero
at exactly the Higgs resonance.
First of all, we confirm that the relative correction to the

full cross section over the whole range of v, is within
0.04%, independent of the fermion flavor. The weight of

each channel equals the branching ratio of the W into the
corresponding fermion. We therefore only show our results
for the lepton channel. These results are shown in Fig. 8.
Were we to look at the total correction, we would see that
the corrected cross sections follow the tree-level cross
section. The very peaked resonance structure does not show
the details of the corrections. The details of the corrections
are most clearly revealed in the normalized (with respect to
the tree-level result) corrections. Again, as in the case of
bb̄, apart from the location of the Higgs peak in terms of the
relative velocity, v ∼ 0.82 for P57, and v ∼ 0.66 for P59,
the characteristics for the two benchmark points are quite
similar. At the Higgs peak, the correction is very small. In
fact, at this point, the improved tree-level agrees perfectly
with the full one-loop correction, as expected. As explained
previously, by construction, at s ¼ M2

h, the fact that
Γðh → XXÞ is used as an OS input, the λ2 dependence
of the correction is absorbed in the renormalization and
therefore the λ2 dependence does not show up at the peak.
Moreover, at the peak, our implementation of the width
makes any nonresonant contribution vanish. Outside the
peak, the λ2 dependence is important and is magnified just
around the peak in the interference region. For λ2 ¼ 0.01,
the variation with v is modest. This variation amplifies as λ2
is increased. We also note that the sign of the interference
changes with increasing positive λ2 for both benchmark
points. Observe also that even far away from the resonance,
v ∼ 0, the λ2 dependence is quite different from the one we
found in the bb̄ channel. For bb̄, λ2 ¼ 0.01 amounts to a
reduction of the tree-level cross section by about 10%while
here the same value of λ2 gives an enhancement of about
20% for small v. Also, the corrections for P59 are slightly
smaller than for P57, again contrary to the bb̄ channel.
Another important difference from the bb̄ channel is that
the effective αðM2

ZÞ does a good job only very close to the
peak. In the region between the dip (antiresonance) and the
peak, where the interference between the Higgs channel
and the gauge continuum contribution is important, the
αðM2

ZÞ is not a good approximation. It affects the Higgs
contribution and the WW⋆ contribution differently.
Moreover, for small v the “αðM2

ZÞ” cross section gives
corrections that are about a factor of 2 larger than the full
loop correction for λ2 ¼ 0.01. The discrepancy worsens as
λ2 increases, confirming that λ2 ∼ 0 is what best approaches
the “αðM2

ZÞ” approximation. It is clear that the approx-
imations do not reproduce the full one-loop correction
(which we can equate with the result of λ2 ¼ 0.01) nor do
they catch the λ2 dependence. Will these important features
have an important impact on the relic density, considering
that the cross sections are dominated by the peak con-
tribution which in our implementation, these features are by
construction set to zero? They may also be diluted because
of the weight of this channel (compared to the bb̄ channel)
to the total effective annihilation cross section and hence to
the relic density.

4For massless fermions, the partial width of the charged W,
including QCD corrections, can be written as ΓðW → qq̄0Þ ¼
NC

αMW

12ð1−M2
W=M2

ZÞ
jVqq0 j2ð1þ 3

8

N2
C−1
NC

αs
π Þ, where Vqq0 is the element

of the CKM matrix, and αs is the QCD fine structure constant.
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VII. APPLICATION TO THE RELIC DENSITY

One of the steps in the calculation of the relic density,
given the velocity dependent annihilation cross sections,
requires integrating the convolution of those cross sections

with the velocity distribution. With very narrow resonance
structures, the integrator must carefully pick up the peaked
region. For the case of a resonance with a very nearby

antiresonance like the case of the Wff̄0 final state, the

FIG. 8. As in Fig. 5 but for the XX → Wlνl channel.
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integrator must pick up the entirety of this rich structure.
This is the reason we generate a very large set of points
around the resonance, carefully including the peak and the
dip as well as taking into account the contributions away
from the resonance. This is important because our renorm-
alization condition together with a consistent implementa-
tion of the Higgs width show that the peak region is
practically not corrected while the (relative) corrections get
larger as soon as we move away from the exact resonance
point. The integration over the velocity, for some values
of xF ¼ MX=TF (TF is the freeze-out temperature) is
performed through two dedicated integrators, one calling
PYTHON libraries and the other with Mathematica.
Moreover, analytical formulas when the test (cross section)
function is of the form 1=ððs−M2

hÞ2þðΓhMhÞ2Þ;ðs−M2
hÞ=

ððs−M2
hÞ2þðΓhMhÞ2Þ;1,5 with the convolution over the

velocity distribution v2eð−xFv2Þ existing when the integra-
tion is carried over the range v ¼ ð0;∞Þ. The analytical
formulas are then compared with the numerical evaluation
of the dedicated integrators. Only then do we first feed
micrOMEGAs these test functions to conduct sanity checks
and then feed in the exact one-loop cross sections. Of
course micrOMEGAs solves also the Boltzmann equation and
returns the effective xF which we use for the integrators to
conduct our checks.
A word of caution though for these particular resonance

configurations. Since λL is very small, if only Higgs
exchange is considered in the computation of the rate of
DM scattering off the SM particles in the thermal bath, this
rate might be very small with the possibility that kinetic
decoupling occurs early in the evolution. This would
constitute a departure from the usual freeze-out mechanism
[14,15] that micrOMEGAs assumes. At the moment
micrOMEGAs does not test the assumption of full equilib-
rium. Taking into account such a departure might change
the value of the relic density. Yet, a proper incorporation of
the Higgs resonance at one-loop as we have done in this
paper is crucial in any case, for instance the (mis)use of a
naïve running Higgs width is to be avoided.
The corrections to the relic density for P57 and P59 are

shown in Table II. The corrections are very small, of the
order −ð2 − 3Þ%. These small corrections are a conse-
quence of the fact that the cross sections are overwhelm-
ingly dominated by the cross section at the resonance,

s ¼ M2
h, for which our implementation of the loop cor-

rections suppresses all non-Higgs mediated contributions
and gives a correction to the bb̄ cross section of order 1%
(only slightly more for WW). The corrections away from
the peak, though large in relative terms, are small in
absolute terms. Their effect is detectable and in principle
(at the per-mille level) the λ2 dependence is traceable.
Note that the use of αðM2

ZÞ gives larger (but small
positive) corrections. This is due to the fact that the bb̄
channel is independent of the choice of α as explained in
the previous section whereas while its effect is large
in WW, its effects are much reduced because of the
much smaller weight of this channel in the total effective
cross section.

VIII. CONCLUSIONS

We presented a very thorough procedure for the imple-
mentation of the width at tree level and at one loop that
avoids the problem of double counting and eventually of
the breakdown of unitarity especially in a situation like the
WW⋆ final state where interference between the resonant
contribution and other amplitudes is important. It is crucial
to stress that the fact that the one-loop corrections are very
small at the resonance is due to, on the one hand, the
implementation of the fudge factor to maintain gauge
invariance (for WW⋆ this maintains the correct λL depend-
ence) but sets to zero any nonresonant amplitude, and on
the other hand, the use of the OS renormalization scheme,
which entails that the correction to the vertex hXX is zero at
the resonance. Away from the resonance, these corrections,
in relative terms, are not small. We hope that our analysis of
the resonance and the procedure we detailed prove helpful
for many applications, not necessarily related to dark
matter. It rests that for our applications to the Higgs
resonance, an extremely narrow resonance, the very small
correction at the resonance within our scheme and pro-
cedure means a very small correction of the velocity
integrated cross sections and hence the relic density.
Because the integration over the resonance needs to pick
up all the very subtle changes in the cross sections, we
performed sanity checks that ensure that the numerical
integration is performed correctly.
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