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We present a direct calculation for the first derivative of the isovector nucleon form factors with respect
to the momentum transfer g> using the lower moments of the nucleon 3-point function in the coordinate
space. Our numerical simulations are performed using the N = 2 4 1 nonperturbatively O(a)-improved
Wilson quark action and Iwasaki gauge action near the physical point, corresponding to the pion mass
M, = 138 MeV, on a (5.5 fm)* lattice at a single lattice spacing of a = 0.085 fm. In the momentum
derivative approach, we can directly evaluate the mean square radii for the electric, magnetic, and axial-
vector form factors, and also the magnetic moment without the g extrapolation to the zero momentum
point. These results are compared with the ones determined by the standard method, where the ¢°
extrapolations of the corresponding form factors are carried out by fitting models. We find that the new
results from the momentum derivative method are obtained with a larger statistical error than the standard
method, but with a smaller systematic error associated with the data analysis. Within the total error range
of the statistical and systematic errors combined, the two results are in good agreement. On the
other hand, two variations of the momentum derivative of the induced pseudoscalar form factor
at the zero momentum point show some discrepancy. It seems to be caused by a finite volume
effect, since a similar trend is not observed on a large volume, but seen on a small volume in
our pilot calculations at a heavier pion mass of M, = 510 MeV. Furthermore, we discuss an equivalence
between the momentum derivative method and the similar approach with the point splitting vector

current.

DOI: 10.1103/PhysRevD.104.074514

I. INTRODUCTION

A discrepancy of experimental measurements of the
proton charge radius, called the proton radius puzzle, has
not been solved yet since the muonic hydrogen measure-
ment was reported in 2010 [1]. The values of the charge
radius measured from both elastic electron-proton scatter-
ing and hydrogen spectroscopy agree with each other [2],
while they differ from the one measured from the muonic
hydrogen. Several experiments are carried out and also
proposed to understand this discrepancy, see Ref. [3] for a
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review of this puzzle.] Lattice QCD calculation, which is a
unique computational experiment to investigate the com-
plicated strong interaction dynamics, based on the first
principles of QCD, can tackle the problem as an alternative
to actual experiments.

In lattice QCD calculation, the mean square (MS) charge
radius can be determined from the slope of the electric
nucleon form factor at g> = 0. Most calculations including
our previous works [5,6] and recent works [7—-19] measure
the form factor with discrete lattice momenta, and fit the
data with appropriate functional forms, such as dipole form,

"It should be mentioned that the consistent value of the charge
radius with the one from the muonic hydrogen measurement had
been obtained from the dispersion-theoretical analysis through the
electron-proton scattering data before the proton radius puzzle was
reported, see for example a review of the dispersion analysis [4].
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in order to determine the form-factor slope at the zero
momentum point. The choice of fit functions, however,
gives rise to relatively large systematic error. Even in a fit
using dataset including at tiny ¢ data point, its systematic
error still remains as large as the statistical error of 2% as
presented in Ref. [6]. Such systematic uncertainty needs to
be reduced to draw any conclusion on a maximum
discrepancy of about 4% observed in the three experiments.

Apart from the systematic error from the choice of fit
functions we observed that there is a discrepancy of more
than 10% between the experimental value and our result of
the isovector root MS charge radius obtained from lattice
QCD calculation at the physical point (M, = 135 MeV) on
a (10.9 fm)3 volume [6]. In our lattice QCD simulation,
systematic uncertainties stemming from the finite volume
effect are considered to be negligible, and the chiral
extrapolation is not necessary due to the physical point
calculation. Furthermore, excited state contamination in the
electric form factor is well controlled and not significant in
our simulation, because strong dependence on the time
separation between the source and sink operators was not
observed. A possible source of this discrepancy could be
the effect of finite lattice spacing though it seems too large
for O(a?) effect in our nonperturbative improved Wilson
quark calculation. Our future calculations performed at the
finer lattice spacing will reveal the presence of the
systematic error due to the lattice discretization effect.
Nevertheless, we are still pursuing other reasons. We are
interested in recent development of another approach,
called the momentum derivative method, which can
directly calculate the slope of the form factor. In compari-
son to the standard approach, this method could be useful to
pin down the source of the current discrepancy between our
lattice result and the experimental value.

The momentum derivative method was proposed in
Ref. [20], where the slope is determined without assuming
fit functions of the form factor. This method employs the
moments of the 3-point function in the coordinate space,
which can access the derivatives of the form factor with
respect to the square of four-momentum transfer ¢> at
vanishing ¢°. This method and its variation were applied to
the nucleon form factor with the vector current at the pion
mass of M, = 0.4 GeV [21], M, = 0.37 GeV [22,23], and
the physical M, [24], respectively. The method was also
employed in a calculation of the CP-odd electromagnetic
form factor F3(0) [25]. Another method of the direct
derivative calculation using the point splitting vector
current was proposed in Ref. [26], and it was applied to
the electric, magnetic, and axial-vector form factors at the
physical M, in Ref. [27].

In this study we adopt the former method to calculate
physical quantities, including the form-factor slopes deter-
mined at g*> =0 for both the vector and axial-vector
channels, in (2 + 1)-flavor lattice QCD at very close to
the physical M, on the (5.5 fm)? spatial volume. The

physical quantities obtained from the momentum derivative
method are compared with those from the standard analysis
for the form factors. Using similar simulation setup as
described in our previous works [5,6], possible systematic
errors involved in the momentum derivative method are
discussed by examining the effect of excited state contam-
inations with three source-sink separations and also by the
finite volume study with two different volumes in our pilot
calculations at a heavier pion mass of M, = 0.51 GeV. In
this paper we also elucidate the equivalence between the
above-mentioned two direct methods through the discussion
of an infinitesimal transformation on the correlation func-
tions. This study is regarded as a feasibility study toward
more realistic calculation with the PACS10 configurations on
the (10.9 fm)? volume [6,28,29].

This paper is organized as follows. Section II explains
definitions for the nucleon correlation functions and their
derivative calculated by moments of the correlation func-
tions used in this study. We also discuss the equality
between two types of the direct methods, that were
proposed in Ref. [20] and Ref. [27], to calculate the
derivative of the form factors in this section. The simulation
parameters are described in Sec. III. The results from the
derivative of nucleon correlation functions are presented in
Sec. IV. Section V is devoted to summary of this study. In
two appendices, we first describe how the momentum
derivative method is associated with a partially quenched
approximation and second summarize the results obtained
from the standard analysis of the form factors.

All dimensionful quantities are expressed in units of the
lattice spacing throughout this paper, unless otherwise
explicitly specified. A bold-faced variable represents a
three-dimensional vector.

II. CALCULATION METHODS

A. Correlation function with momentum

The exponentially smeared quark operator g¢(z, x) with
the Coulomb gauge fixing is employed in this study to
calculate the nucleon 2- and 3-point functions as

gs(t.x) =Y _p(ly —x|)q(t.y). (1)

where ¢(t, x) presents a local quark operator, and the color
and Dirac indexes are omitted. A smearing function ¢(r) is
given in a spatial extent of L as

1 (r=0)
o(r) =< Ae7B" (r<L/2). (2)
0 (r>L/2)

with two parameters A and B. The nucleon 2-point function
with the local sink operator is defined as
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1 _
CLS(I_ Tres X _Xsrc) :ZTr[P+<O|NL(I7X)N5(tsrcvxsrc)|0>]7
(3)

where P, = (1 +y,)/2, and the nucleon operator is given
for the proton state by

Np(t.X) = eqpeitg (1. X)Cysdy(t. X)uc(t.x) — (4)

with C = y,47,, the up and down quark operators u, d, and
a, b, c being the color indexes. The smeared source
operator Ng(7,X) is the same as the local one N, (t,x),
but all the quark operators u, d are replaced by the smeared
ones defined in Eq. (1). We also calculate the smeared sink
2-point function Cgg(7, X), where N, (z,x) is replaced by
N(t, x). The momentum projected 2-point function is then
given by

We evaluate the nucleon 3-point functions as

Cxs(t;p) = Ze_ip'rcxs(ta r), (5)

r

with X = L, § and a three-dimensional momentum p. In a
large ¢ region, the 2-point function behaves as a single
exponential function,

Ey(p) +My

2E(p) Zx(p)Zs(p)e™™Evr) - (6)

Cxs(t;p) =

where My and Ey(p) are the nucleon mass and energy
with the momentum p = |p|, respectively. The overlap of
the nucleon operator to the nucleon state is defined by
(OINx(0,0)|N(p)) = Zx(p)un(p), where uy(p) is a
nucleon spinor.

1 _
C]((Da(t = Iy, X — Xsrc) = Z ZTr[Pk <0|NS(tsink’ y)‘]g?(t7 X)NS<tsrc7 Xsrc)|0>}’ (7)
y

where P is a projection operator for P, =P, and Ps; = P,ysy; for j = x, y, z, and J9 is an isovector local current
operator as J9 = uQ,u — dO,d with O, = y,, 7,5 for the vector (V) and axial-vector (A) currents, respectively.
The form factors in nonzero momentum transfers are calculated by the momentum projected 3-point function as

Ch,(:p) = > _e™®rCh (1,1). (8)

We evaluate three types of 3-point function, Cﬁ,f(t;p), C%,’;(t;p), and Ci{ (t;p) for i = x, y, z to obtain the electric and
magnetic form factors, G(q?), Gy(g?), and the axial-vector and induced pseudoscalar form factors, F4(q?), Fp(q?).

The asymptotic forms in # > f. and g, > f, where f. and t, are defined in Eq. (7), for each 3-point function are
given by

1 .
Cy (tp) = Z—Cz(f§P)e_M(t“""_t)GE(flz)v )
v
' [ 1€k qk
CY(1:p) = o~ Cy(t;p)e M=t L G (), 10
Ci-’j(t;p) — iéz(t;p)e—M(tsink_l) FA(qz)éij _ 44, FP(CIZ) ’ (1 1)
: Zy Ey(p) + My

where the squared momentum transfer is given by ¢> = 2M y(Ey(p) — My) with q = p. The renormalization factors Zy
and Z, are defined through the renormalization of the local vector and axial-vector currents on the lattice, respectively. All
3-point functions share a common part of C,(#; p), which is similar to the asymptotic form of the 2-point function in Eq. (6),

Ey(p) + My

Ay 2SO Zs(p)e ) (12)

éz(f2p) =

However, C,(t;p) is simply eliminated by considering the following ratio [30,31]
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RE (t;p) =
O“( ) Css(t6ink: 0)

Cl((%(t;p) Cprs(tink — 1:p)Css(£:0)Cps(tgink: 0)
Cprs(tsnk — 1:0)Cs(1:p) Cps(tginksP)

(13)

which is constructed from a given 3-point function defined in Eqs. (9)—(11) with appropriate combination of 2-point
functions (6). The ratios for each 3-point function give the following asymptotic values in the asymptotic region:

Ry, (60) = 5\ [P G ), (14)
RY(0) = g~ s Gl (15)
R0 = 5[ Fa 00 = e Fala?)| (16)

which contain the respective form factors.

The MS radius of a form factor G (¢?) is defined by

6 dgo(qz)

T Go(0) dg?

5) =

(17)
¢*=0

with Gy = G, Gy, F 4. In the standard way to determine
the MS radius, G, (g?) is at first fitted by dipole, quadratic,
and z-expansion forms [32,33] given by

G40 .
Gold”) = 1 s (ipol) (15
=G4(0) + c?q*> + cig*  (quadratic), (19)

=05(0)+ciz(g?) +¢52(¢%)* +¢5z(q®) (z-expansion),
(20)

where the z-expansion makes use of a conformal mapping
from g to a new variable z defined as

Z(C]z) _ V Teut + C]2 vV Teut
V leu + ‘12 + Veut

with t., = 4M2 for G and G, or with t.,, = 9M2 for F 4,
where M, corresponds to the simulated pion mass. Thanks
to the rapid convergence of its Taylor’s series expansion in
terms of z, we employ a cubic z-expansion form as a model
independent fit as described in our previous work [6].
Using the resulting fit parameter given in each fit, the MS
radius can be determined as

(21)

12 6 6 ¢
<r%)>:_d:_gq(o) - !

c

B. Momentum derivatives of the 2- and 3-point
functions

As proposed in Ref. [20], the second-order momentum
derivative of the 2-point function with respective to p; at
the zero momentum point is calculated by

C(Lzs)(l) = —Z”?CLS(L r), (23)

where the summation is calculated over —L/2+ 1 <

r; < L/2. The superscript (2) in C(LZS> denotes the sec-
ond-order derivative. In a large ¢ region, a ratio of the
derivative function at the zero momentum point to the zero
momentum 2-point function becomes

(24)

where the first term A represents a constant contribution
corresponding to the derivative of the amplitude in Eq. (6).
It should be noted that the constant A does not contain both
the overlap with the local operator, Z;, and its derivative.
This is simply because Zy(p) becomes independent of p
for the local operator (X = L).

The derivative of the 3-point function with respective to
the momentum is calculated in the same way as the one
of the 2-point function in Eq. (23). We shall call the method
to calculate the momentum derivatives of the 3-point
functions as the derivative of form factor (DFF) method
in the following. For the vector current, we construct the
first, second and third-order derivatives of the 3-point
function with the appropriate type of 3-point functions,

Cy (t,r) or C?/;(t, r) as
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) Z) = —IZrkCz,J’ ([, I')’ (25)
(2
Cyl (1) = = _ricy, (1), (26)
r
0= S, @)
r

with k #i # jand [ = x, y, z. Respective ratios associated
with the first to third-order derivatives are defined as

k™ (@)
ka(n) Vm(l)
R )= ——"—. 28
Va.(l)( ) Cth(t; 0) ( )

with the vector three-point function with zero momentum,
Cy (1;0). The superscript (n) denotes the nth order
derivative.

In this study, we will later determine the magnetic
moment, MS charge radius, and MS magnetic radius from
the ratios associated with the first-order derivative (25),
second-order derivative (26) and third-order derivative (27),
respectively, without the ¢* extrapolations of the corre-
sponding form factors toward the zero momentum transfer.

For the axial-vector current, the following three types of
the second-order derivatives are considered in the DFF
method,

57,(2 j
Cli0 == _rciwr), (29)
2
0 Z PCy (1,x), (30)
== rirCY(tr), (31)

which are defined with i # j. Just as in the vector cases, the
ratios associated with three types of the second-order
derivatives are evaluated as below, to directly access the
MS axial-vector radius and the value of Fp(0)/g, with the
axial-vector coupling g,,

£ (0)g() = 2

= UG+ W1 +7,)Uk(x)g(x)

0
(== (t 0 (32)

with [ =1, j,ij.

In the asymptotic region of ¢ > f,. and f ., > t, the
ratios, which are associated with the nth order derivatives
defined in Egs. (28) and (32), for n > 2, exhibit the
following asymptotic behavior

CA— 33
A+ (33)

where the first term C represents a constant contribution that
contains the MS radius of the form factor. The second and
third terms can be identified with the contributions from the
second-order derivative of —C,(t;p)/C,(;0) in Eq. (12),
whose values coincide with the ones evaluated from R,(¢)
defined in Eq. (24). Thus, the constant C can be isolated using
R, (1) to subtract the other two contributions from Eq. (33).

C. Equivalence on two definitions
of momentum derivatives

In this subsection we intend to discuss an equivalence
of the two direct derivative methods. In the following
discussion, variables x, y, z represent four-dimensional
coordinates.

The momentum derivative of the quark propagator at
zero momentum is given by

aG x’y eip'(X_Y> .
POPETTE] iy =3)Gle), (34)
Dj p=0

where G(x,y) represents the quark propagator. This
definition is employed in our calculation and
Refs. [20,24,34,35]. Another definition [26] of the momen-
tum derivative is given by means of the point splitting
vector current 7; as

9G,(x.y)

= —zZG x,2)7,(2)G(z.y), (35)

p=0

where G, (x, y) represents the quark propagator calculated
through the phase rotation of the gauge link as U;(x) —
e'?iU;(x) with the phase associated with the momentum
pj- The definition of 7; appearing in Eq. (35) is given by

— S (1 =7) U, (x)g(x + ). (36)

We will discuss an equivalence of the above two definitions as below.

Let us consider an infinitesimal transformation of the quark field y(x) —

(1 + ia(x))w(x) with an arbitrary infinitesimal

parameter a(x) depending on x. Requiring the invariance of the expectation value of the quark propagator under this

transformation, one finds the following relation:
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where V,(z) =

served vector current, and 8,’: represents a forward differ-
ence. When a(x) = ex; with & # 0, we obtain

w(2)7,(2)w(z) corresponds to the con-

=iy (Vi(@Qwx)p(y) =

Z

—i(x; = y)w(x)p(y). (38)

The right-hand side of Eq. (38) coincides with the defi-
nition of the momentum derivative of the propagator used
in our calculation, while the left-hand side of Eq. (38) can
be identified with the momentum derivative defined by
Eq. (35). This discussion can be easily applied to hadronic
correlators, and also extended to the higher-order deriva-
tives by using the transformation repeatedly. The similar
transformation can be applied to the temporal direction as
well. Note that the left-hand side of Eq. (38) receives
contribution from the quark disconnected diagram in
general, though it is absent if the isovector current is
considered, or it can be neglected if a partially quenched
approximation is applied. The former case will be
explained below with the nucleon 2-point function, and
the details of the latter case are described in Appendix A.

Here let us consider the proton 2-point function with the
local operators having exact isospin symmetry. Performing
the transformation of the u quark fields in the 2-point
function, one obtains the following relation

(OINL(1,%)) _Vi(2)N.(0,0)[0)

V(@) (y)) + ila(x) = a(y) () (y) =0, (37)

where V¥ is the conserved vector current for the u quark.
The factor of 2 comes from the fact that the proton operator
has two u quark fields. A similar relation is obtained
through the same transformation of the d quark fields as

(OINL(1.%)) Vi (z)N.(0.0) 0)

— x, (0N L (1. )N, (0,0)[0), (40)

where V¢ is the conserved vector current for the d quark.
As for the isovector current V:(z) = i(z)7,(z)u(z) —
d(2)7,(z)d(z), the corresponding relation is given by a
difference of the above two relations as,

(O|N(1.x Zw(z N, (0,0)[0)

= x, (0[N (. x)N(0.0)[0), (41)

where there is no contribution from quark disconnected
diagrams in the left-hand side, since they can be canceled due
to exact isospin symmetry.

In our pilot calculations at a heavier pion mass of
M, = 0.51 GeV, we verify the left and right equality of
the above equation (41), i.e., the equivalence between the
two definitions of the momentum derivative. We numeri-
cally confirm that they are reasonably consistent with
each other through verification of the following two

= 2x,(0|N,(2,x)N1(0,0)]0), (39)  equations as,
|
Tr [ﬂZ 0|N (1. x Zw )N5(0.0) |o>] = Tr {P+Z<0|Ns<t,x>ﬁs<0, 0>|0>} (42)
Tr {mZx,«owL(r, )Y V@)L 0. 0>|o>} =Tr {RZX?@INL(L )N (0, °>|0>} - (43)

The numerical verification of Eq. (42) is essentially the
same as that of the renormalization factor of Zy = 1. It
should be noted that the equality described in Eq. (43) is
valid only if both the 2-point and 3-point functions are
constructed by the local nucleon operators N;. If the
smeared nucleon operators Ng are used, the corresponding
relation becomes more complicated due to explicit spatial
dependence of the smearing function, i.e., ¢(r) appearing
in Eq. (I). On the other hand, the equality described in

Eq. (42) can be applicable even for the smeared nucleon
operators Ng, since the coordinate in the direction of the
derivative is not spatial but temporal. The smearing
function ¢(r) is clearly independent of the temporal
coordinate.

Finally, recall that the smeared nucleon source operator
is adopted in our whole calculation. Thus, the quantity,
which we actually calculated as defined in Eq. (23), may
exhibit a slight difference from the right hand side of
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Eq. (43) in the asymptotic region. This difference is absorbed
only into the difference of the constant A, which is attributed
to the difference in the overlaps to the nucleon, Zx(p),
defined in Eq. (6), and also their derivatives, between X = L
and S. Therefore, it should not matter for extraction of the
physical quantities using the DFF method.

Hereafter, we adopt the definition of Eq. (34) for the
momentum derivative in our whole calculation, since the
calculation of the left-hand side in Egs. (42) and (43) requires
one extra calculation of a quark propagator compared to the
one in the right-hand side. The situation is the same in the
calculation of the derivative of the 3-point function.

III. CALCULATION PARAMETERS

The configurations used in this study were generated with
the Iwasaki gauge action [36] and the six stout-smeared
Clover quark action near the physical point. They were used
for the finite volume study of the light hadron spectroscopy in
N; =2+ 1 lattice QCD at the physical point [28,29]. The
lattice sizeis L* x T = 64° x 64 corresponding to (5.5 fm)*
with a lattice cutoff, a=! = 2.3162(44) GeV [29]. Details of
the parameters for the gauge configuration generation are
summarized in Ref. [28].

For the measurements for the nucleon correlation func-
tions, the same quark action as in the gauge configuration
generation is employed with the hopping parameter x =
0.126117 for the light quarks and the improved coefficient
csw = 1.11 [37]. The quark propagator is calculated using
the exponential smeared source in Eq. (1) with the
Coulomb gauge fixing. The smearing parameters for the
quark propagator are chosen as (A,B) = (1.2,0.14) to
obtain early plateau of the effective mass of C;4(#;0) as
shown in Fig. 1. The periodic boundary condition in all the

0S5 ——T——T 71 T L
1
My @ ®
0.45F o —
m(l)
g8 BHEHE ﬁg Olo
04F B @ o
M
=]
O smear-local
0.35+ Q smear-smear _
1 M 1 M 1 M 1 M M 1 M () 1
0 4 8 12 16 20 24
t
FIG. 1. Effective mass for the nucleon from the smear-local

(squared symbols) and smear-smear (circle symbols) cases of the
nucleon 2-point functions, C;g(#;0) and Cgg(2;0). Horizontal
solid line represents a value of the nucleon mass obtained from
C;5(#;0) (smear-local) by a single exponential fit. Shaded band
indicates its statistical error and the fitting range.

temporal and spatial directions is adopted in the quark
propagator calculation. The sequential source method is
used to calculate the nucleon 3-point functions with
fsep = Lsink — e = 12, 14, and 16 corresponding to 1.02,
1.19, and 1.36 fm, respectively. Our main result is obtained
with 7., = 14, and the results of 7., = 12 and 16 are used
for comparison. These values of 7, are the same as the
ones used in our previous calculation [6], where significant
excited state contributions were not observed in the
particular form factors of G, Gy, and Fjy.

The nucleon 2- and 3-point functions are measured with
100 configurations separated by 20 molecular dynamics
trajectories. Their statistical errors are estimated by the
jackknife method with a bin size of 80 trajectories. We use
the all-mode-averaging (AMA) method [38-40] with the
deflated Schwartz alternative procedure (SAP) [41] and
generalized conjugate residual (GCR) [42] for the mea-
surements as in our previous work [6]. We compute the
combination of correlator with high-precision O°* and
low-precision O*P™* ag

1 Norg
- Z(O(Org)f — Oapprox)f)

org feG

O(AMA)

1
4+ Oapprox)g (44)
Vo2

where the superscript f, g denotes the transformation under
the lattice symmetry G. In our calculation, it is translational
symmetry, e.g., changing the position of the source operator,
and changing the temporal direction of the configuration
using its hypercube symmetry as in Refs. [5,28,29,43]. N,
and N are the numbers for O°® and O*P™*, respectively.
The numbers and the stopping conditions of the quark
propagator for the high and low-precision measurements
are summarized in Table I. We also take the average of the
forward and backward 3-point functions, and also three
3-point functions with the projector Ps; in all the three spatial
directions j = x, y, z to increase statistics.

In our calculation we obtain M, = 0.1382(11) GeV and
My = 0.9499(27) GeV, which agree with the previous

TABLE 1. Parameters for the AMA technique used in each
choice of the source-sink separation (ty,): the stopping con-
ditions of the quark propagator in the high- and low-precision
measurements (€pign and €j,y,), and the number of the measure-
ments for the high- and low-precision calculations (N, and Ng),
respectively.

tsep €high €low Norg NG

12 1078 0.005 4 256
14 108 0.005 4 1024
16 1078 0.002 4 2048
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TABLE 1II. Summary of simulation parameters used in this
calculation together with those in the previous calculation
performed on the larger volume [6]: the spatial and temporal
extents (L and T), smearing parameters of the quark field (A and
B) defined in Eq. (1), separation of time slice between source and
sink operators (fp), the total number of the measurement
(Nmeas = Neont X Ng) given with the numbers for the configu-
rations (N o) and measurements per configuration (Ng), re-
spectively. Recall that the previous results (L = 128) are useful to
be compared with the results obtained from the DFF method in
this study.

L T A B fsep N meas

64 64 1.2 0.16 12 25600
14 102400
16 204800

128 128 1.2 0.14 12 5120
14 6400
16 10218

calculation done with the same configuration [28,29]. The
result of M is shown by the solid lines in Fig. 1, which is
obtained from a single exponential fit of C;¢(#;0) in the
asymptotic region. Although a little finite volume effect of
3 MeV was observed in the pion mass M, by comparing with
results obtained on the L = 64 and L = 128 lattice volumes
[28], the finite volume effect was not seen in the nucleon
mass My [29]. For the renormalization factors, we adopt
Zy = 1/Ry, (t,0) with Gg(0) = 1, and Z, = 0.9650(68)
evaluated by the Schrodinger functional scheme [44]. The
physical quantities obtained from the DFF method are
compared with the standard analysis of the form factors
evaluated with the same configuration, and also the ones
from the larger volume calculation of (10.9 fm)? in Ref. [6].
The parameters for the larger volume data used in the
comparison are summarized in Table IL

For a study of finite volume effect for physical quantities
obtained from the DFF method, a small test calculation is
carried out at a heavier pion mass of M, = 0.51 GeV using
the Ny=2+1 configurations with a’' =2.194 GeV
generated in Ref. [45]. The parameters for this study are
tabulated in Table III.

TABLE III.  Details of parameters for the finite volume study at
a heavier pion mass of M, = 0.51 GeV: the spatial and temporal
extents (L and T'), separation of time slice between source and
sink operators (fy,), smearing parameters of the quark field (A
and B) in Eq. (1), the numbers for the configurations (N ,¢) and
measurements per configuration (Ng), respectively.

L T Tsep A B Neont Ng
32 48 15 0.8 0.21 41 16
64 64 15 0.8 0.21 33 16

IV. RESULTS

In this section the results for the momentum derivatives
of the nucleon 2- and 3-point functions are presented.
Physical quantities obtained from the DFF method are
compared with the ones from the standard analysis on the
form factors. The results for the form factors given by the
standard 3-point functions are summarized in Appendix B.

A. Derivative of the nucleon 2-point function

Figure 2 presents the ¢ dependence of the ratio R,(¢)
defined in Eq. (24), where the second-order momentum
derivative of the 2-point function (23) is divided by the zero
momentum 2-point function. The dashed line represents a
linear fit result given with the following form

t

Ra(t) = B3+

(45)

with a fit range of t = 10-14, using the linear fixed slope
with the measured My obtained from the standard nucleon
2-point function. This fit result describes the data well in
the large ¢ region, though in the small ¢ region we observe a
deviation from the linear behavior which indicates the
unwanted excited-state contributions appearing in the ratio.
In the following analyses, the fit result Rg is utilized to

eliminate the common contribution in R’(;(f'()l> (1) of Eq. (33)

for n > 2, so as to extract the physical quantities of interest
as discussed in Sec. II B.

100~ . , : , : ,
80| _
,."“'D
.-
| o-® 1
peacd
60| P .
-@®
L ,." 4
-
¢ ®

40 --o -
L e R, i
ool -- R2+tM,, fit 1

| N | N | N |

070 5 10 15

t

FIG. 2. Ratio of the derivative of 2-point function to the
standard 2-point function as a function of ¢. The statistical errors
are comparable to the size of the symbols. The dashed line
represents the linear fit of the large 7 behavior on R, () as R,(z) =
RY + t/My with the measured My, where R is only a free
parameter.
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FIG. 3. Ratio of the derivative of 3-point function to the

standard zero-momentum 3-point function, R;izgl)(t), for
Gr(q?) as a function of ¢ together with the corresp(;nding one
of 2-point function, R, (), already shown in Fig. 2. A linear fit
result of R,(7) is also plotted as the dashed line.

B. MS charge radius (r%)

In the DFF method, the MS charge radius is extracted

from R;iz() l)(t) with the second derivative of the 3-point
function C i,(f() .

Eq. (26). The ¢ dependence of Ri’,fgl)(t) is presented in

)(t), using its asymptotic form obtained with

Fig. 3 together with the data of R, (¢). The slope of Ri,iz() ) (1)
reasonably agrees with the one of R,(7) as expected. At a

glance, it is observed that R;ﬁzg (1) has the smaller effect

from excited states than the one appearing in R,(t), since

the ¢ dependence of Ri}(le)(t) exhibits almost linear

behavior even in a small ¢ region.
Considering the second derivative of CY, (#; p), one finds

the asymptotic form of Ri,iz() l)(t) as

RE2 (1) = (i) +A+—, (46)

based on the asymptotic form of CY, (#;p) given in Eq. (9),
where we use the following relation

’f(q* af (0
L e

with > = 2M y(Ey(p?*) — M) and the condition of q = p.
As discussed in Sec. II B, the last two terms can be
removed with R, (#) or a set of two quantities: R} obtained
from R,(r) [through Eq. (45)] and the measured My
obtained from the standard spectroscopy.
Figure 4 shows the result of the effective MS charge
radius (r2) determined from

Uml T T

Experilment (eplscatt.)
Experiment (uH atom)
w/ R,(t)

w/ Rg

Form factor fit
L=128

2 eff 2
: <> [fm’]
0.9

ot _
it tH : ¥

>0 ¢ @

0.6

05 | L | L | L |
t

FIG. 4. Effective MS charge radius (r2)°" as a function of ¢,

determined from R’Viz() ) (1) with the data of R, (¢) (circle symbols)

and the values of RS and My (diamond symbols), respectively.
The solid red line represents a constant fit result on the diamond
symbols, and its statistical error. The dashed lines appearing
slightly outside the solid lines represent the total error. The MS
radius determined from the standard analysis of G(¢?) in this
calculation on the L = 64 lattice volume is plotted by the square
symbol, and the one obtained on the L = 128 lattice volume [6] is
also included by the triangle symbol. The inner and outer errors
of these results represent the statistical and total errors, respec-
tively. Here, the total errors are evaluated by adding the statistical
and systematic errors in quadrature. The two horizontal bands
represent experimental results from ep scattering (upper) [2] and
u-H atom spectroscopy (lower) [46].

t
(R2)ell — 3 (R'v’f<)1><f) —R) - M_N) (48)

in each 7 using two measured quantities of RY and My
(denoted as diamond symbols). For comparison, we also
plot the result (denoted as circle symbols) given by a naive
determination of (r2)° as 3(R§}5?31>(t) — R,(1)) using the
raw data of R,(7).

A little t dependence is observed in the naive subtraction
due to the non-negligible excited state contamination in R, (¢)
as explained earlier. Since the former value of (r%)°f exhibits
aflat region, we reliably determine (r%) by a constant fit with
the former value in the region of t = 5-9 as drawn by the
solid line together with the statistical error band. A systematic
error is simply estimated by the maximum difference of the
data in the fit region from the constant fit result. The
combined error, where the statistical and systematic errors
are added in quadrature, is shown in the figure by the dashed
lines, although they are almost overlapped with the solid
lines. The value of (r2) obtained from the above analysis
(denoted as the DFF method) is tabulated in Table I'V. In the
following analysis, the systematic error of quantities
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TABLE IV. Summary of physical quantities obtained from the DFF method and also the corresponding ones
evaluated in the standard analysis with the respective form factors. The raw data of the form factors are summarized
in Appendix B. For comparison, the larger volume (L = 128) results, which are given by the average of results from

feep = 12, 14 and 16 within the standard analysis in our previous calculation [6], are also tabulated.

(r) [fm?] u (r3,) [fm?] (r3) [fm?]
DFF method 0.722(47)(8) 4.337(73)(31) 0.397(46)(24) 0.341(35)(13)
form factor(L = 64) 0.646(16)(91) 4.36(4)(82) 0.58(2)(2.67) 0.308(17)(52)
form factor(L = 128) 0.616(27)(33) 4.41(14)(33) 0.500(51)(440) 0.283(30)(77)

obtained from the DFF method will be quoted in the same
manner as described above.

The result of (r%) is compared with the one determined
from the fitting of the ¢> dependence of G(q?) in Fig. 4.
The result of (r%) obtained from the dipole fit defined in
Eq. (18) on the data of Gg(g?) has the smaller statistical
error (inner error bar) than that of the above mentioned DFF
method, while the rather large systematic uncertainty (outer
error bar) on the fit result of G(g?) is inevitable due to the
choice of the fit form. A systematic error is estimated by
maximum discrepancy of the results obtained with different
fit forms, namely the quadratic and z-expansion forms as
defined in Egs. (19) and (20). Therefore, the results
obtained from both the standard and DFF methods, are
mutually consistent within the total errors whose sizes are
comparable. The two results obtained in this study also
reasonably agree with the previous result obtained from the
standard method in our calculation performed on the larger
volume (L = 128) at the physical point [6].

It is worth mentioning that, compared to the values
obtained from the standard calculation with the form factor
G(q?), the result of (rZ) in the DFF method is likely closer
to both experimental values from the electron-proton
scattering [2], 0.882(11) fm?, and muonic hydrogen spec-
troscopy [46], 0.823(2) fm?, while there remains a dis-
crepancy of more than 10%. It might not be attributed to
excited state contributions. The reason is that the data given
with 7, = 12 completely agrees with those with 7, = 14
as shown in Fig. 5 in the DFF method. The data given with
tep = 16 is also included in the figure, though it is too
difficult to determine that there is an obvious dependency
with respect to £, because of its large statistical errors. In
Ref. [27], a large 7., dependence was reported for the
calculation of (r%) using another derivative method. We,
however, consider that it could be caused by their choice of
smearing parameters for the quark operators, since our
smearing parameters are highly optimized to eliminate the
excited state contributions in the nucleon 2-point and
3-point functions.

The finite volume effect is another possible source of the
systematic errors in the DFF method. The large effect on
the quantity of (%) is not observed in our standard analyses
with the form factor G(g?) obtained from the L = 64 and
L = 128 lattice data shown in Appendix B. A significant

effect, however, is reported in a previous study in momen-
tum derivative calculations of meson correlation functions
[34], and also found in our pilot study of (r2)°" at a heavier
pion mass of M, = 0.51 GeV. Figure 6 shows that there is
a large discrepancy of (r2)° on volumes of the spacial
extent of 2.9 and 5.8 fm at M, = 0.51 GeV, while the two
results determined from the form factor in the standard way
are highly consistent with each other and also the larger
volume result from the DFF method. Furthermore, it should
be noted that even if (r2)°" has a flat ¢ region, the finite
volume effect might exist in the DFF method, as discussed
in Ref. [23]. Therefore, we would need to carefully
investigate the finite volume effect in the DFF method.

For a precise determination of (r%), it is an important
future task to investigate the systematic uncertainty in the
DFF method due to the finite size effect near the physical
point, using our large volume configuration of L = 128.
Finally, we remark on an attempt of the improved analysis
in the DFF method for the case of meson form factors
[34,35] in order to reduce the finite volume effect. This
improvement can be also extended to the nucleon form
factors.

1 T T T T
I 2 eff I 5 Experiment (ep scatt.)
<rg>" [fm7] Experiment (uH atom)
09k o tsep:1 6
IS tsep:14
o) tsep:12
0.8 T
0.7 T
0.6 oo -
!
05 0 5 10 15
t
FIG. 5. Comparison of the effective MS charge radius {r% )

obtained with f,, = 12 (circle symbols), 14 (diamond symbols),
and 16 (square symbols), respectively. The data of t, = 12 are
slightly shifted to the positive x direction for clarity. The two
horizontal bands represent experimental results from ep scatter-
ing (upper) [2] and u-H atom spectroscopy (lower) [46].
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FIG. 6. Finite volume study of {r%)°™ at a heavier pion mass of
M, = 0.51 GeV. Filled and open circle symbols represent the
data of the spatial extent of 5.8 fm and 2.9 fm, respectively. The
square symbols correspond to the dipole fit results of the form
factor G(q?) on the larger (filled symbols) and smaller (open
symbols) spatial volume.
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C. Magnetic moment u
The magnetic moment y = G,(0) in the DFF method is

calculated from Ri/]((i)) (1) with the first derivative of the 3-

point function Cf,”(?) (1), using its asymptotic form obtained

with Eq. (25). The effective magnetic moment is defined by

uet = DMy Ry (1) (49)

with k # i # j, whose form can be read off by considering
the derivative of the asymptotic form of Ciji(t; p) in

Eq. (10). It is here worth pointing out that the ratio

57.(1)
Ry )

asymptotic region.

Figure 7 presents that the data of 4" exhibits a long flat
region. The value of y is again determined from a constant
fit of the data in the region of t+ = 5-9. The fit result of u
(denoted as the DFF method) is tabulated in Table IV. As a
result, the total error of the DFF result is dominated only by
the statistical error as in the (r%)°f case. As shown in Fig. 7,
a reasonable consistency between u obtained by the DFF
method and the dipole fit result of G, (g?) is observed.
However, the fit result of G, (q?) receives the large
systematic uncertainty due to the choice of the fit form.
Indeed, it is mainly caused by the z-expansion fit result of
G (q?), where unnatural vending down behavior toward
g* = 0is observed in the data of the L = 64 lattice volume.
It was less likely to happen in our previous study with the
larger volume (L = 128), where the lowest g*> becomes
closer to ¢> = 0.

(1) is supposed to show no dependence of ¢ in the

eff

T T T T I T T
eff Experiment

5j,(1) —_
o Ry

O Form factor fit
A L=128

-§§§§§E§§§§ o

4 4
L . 1 . 1 . 1
3 0 5 10 15
t
FIG. 7. Same as Fig. 4 for the effective magnetic moment z°

defined in Eq. (49). The cyan band represents the experimental
result [47].

Recall that for the case of Gy(g?), G(0) cannot be
directly measured in the standard method for kinematical
reasons. Therefore, the determination by the fitting of the
g* dependence of G,;(q*) sometimes suffers from the large
model dependence of the fit form because of the absence of
the G,,(0) data. For this reason, the systematic error on the
DFF result in the smaller volume calculation is in general
much better controlled than that of the fit result obtained
even from the larger volume calculation.

The result in the DFF method is in good agreement with
the two fit results of Gy (g?) obtained in this study
(L =64) and also from the larger volume calculation
(L = 128) [6]. However, the significant reduction of the
systematic error in the DFF method may expose an
underestimation of y in comparison with the experimental
value, u = 4.70589, in PDG20 [47]. In order to investigate
possible other systematic errors in the DFF method, the
direct comparison of the data with lep = 12, 14, and 16 is
first presented in Fig. 8. The three data statistically agree
with each other in the middle ¢ region. We thus consider
that the present dataset shows no significant uncertainty
associated with the excited state contamination in the data
of t., = 14, though the statistical error of #,, =16 is
larger than those for the other two data.

We rather consider that the discrepancy from the experi-
ment might be caused again by a finite volume effect. As
shown in Fig. 9, in our pilot study of the DFF method at
M, = 0.51 GeV, we observe a large finite volume effect of
more than 10% in comparison with the data on the (2.9 fm)?
and (5.8 fm)® volumes even far away from the physical
point. Note that the two dipole-fit results obtained with two
spatial extents of L = 64 and L = 128 at the physical point
agree with each other within the standard method, and thus
such a large effect is not detected in the standard form factor
calculation. More detailed investigations are required for full
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FIG. 8. Same as Fig. 5 for the effective magnetic moment p°f.

The cyan band represents the experimental result [47].

control of possible systematic errors in the DFF method in
order to resolve the discrepancy mentioned above.

D. MS magnetic radius (r3,)
Considering the third derivative of Cg/;(t;p) and its
asymptotic form obtained with Eq. (10), Ri{ii%(t) yields
the following asymptotic form:

57.3) po (i) 1 t
R t) = A+— 50
viten () 2MN< 3 +2M12V+ ) (50

with [ # k where [ and k are the directions of the derivative
defined in Eq. (27). When [ = k is set in Eq. (27), the right-
hand side of the above equation is multiplied by a factor of
three. In our analysis all the / data are averaged.

Using the asymptotic form of Eq. (50), the effective MS
magnetic radius in the DFF method is determined by

5.5 T T T T T
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FIG. 9. Same as Fig. 6 for the effective magnetic moment p°f.
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FIG. 10. Same as Fig. 4 for the effective MS magnetic radius

(r2,)*" obtained from Ra(&)l)(t) The cyan band represents the

experimental result [47].
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with the first derivative Rf,j(?) (1) described in the previous

subsection. The data of (rZ,)¢f plotted in Fig. 10 exhibits
the milder # dependence in small ¢ region compared to the
data from a naive subtraction with the raw data of R,(¢),
3(Rf/((2)(t) / Rf,j((g(t) —1/(2M%) — R,(t)) for the same
reason as in the case of (r2). In the middle ¢ region
the two results are mutually consistent, so that we deter-
mine the value of (r%,) by a constant fit of (r3,) in the
region of r = 5-9, which is plotted by the solid lines in
Fig. 10, and tabulated in Table IV. Although the statistical
error of (r3,) obtained from the fit of Gy;(g?) on the L = 64
lattice volume is smaller than that of the DFF method, much
larger systematic error regarding the choice of fit function
makes their total accuracy worse than the DFF result.
While the result of (r2,) given in the DFF method has
smaller systematic error, its central value is much smaller
than the experimental value, (r2,) = 0.733(32) fm? [47]. It
might be caused by a finite volume effect in the DFF
calculation, since this quantity is indeed considered to be
more sensitive to finite volume effects compared to other
quantities discussed earlier. In the DFF method, the
quantity of (r3,) requires the third derivative of the 3-point
function i.e., the third moment of the 3-point function in
coordinate space. Therefore, the larger spatial extent is
naturally required for its higher moment compared to the
other quantities considered in the previous subsections.
Figure 11 shows that in our pilot calculation of (r2,)° at
M, = 0.51 GeV, more significant finite volume effect is
observed than the case of (r%)T in Fig. 6: the data of
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FIG. 11. Same as Fig. 6 for the effective MS magnetic radius
()"

(r3,)¢t on the smaller volume becomes negative in a large
region in contrast to that of (rZ)eff.

Another possible source of systematic errors comes from
the excited state contamination. Comparing the three
datasets using f,, = 12, 14, and 16 in Fig. 12, the 7,
dependence is not clearly seen due to their large statistical
fluctuations. In a future work, it is important to investigate
the above two systematic errors by calculations with the
larger volume (L = 128) and the large variation of 7.

E. MS axial radius (r3)

For the MS axial radius (r%), the same analysis as in the

. 2 . 57.(2
case of (r2) with Ri)g,gz)(t) is performed for RA{,-F(:’))("‘)’
where i # j in the subscript expresses the direction of the
derivative defined in Eq. (29). The asymptotic form of

R

0 (1) is given by

1_—| <Ir2M>eff [f:nz] | - Itf:%irémém . _
04%%%%%%%%@%2%

t

FIG. 12. Same as Fig. 5 for the effective MS magnetic radius
(r2,)*". The cyan band represents the experimental result [47].
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FIG. 13. Same as Fig. 4 for the effective MS axial-vector radius

(r3)°™ obtained from Rif %)(t) The cyan band represents the

experimental result [48,49].

2
5i.2) (T4 t
RGO =20+ A+ - (52)

The effective MS axial-vector radius is defined by

; t
<r2>eff _3 <R5]ﬁ(%)(l‘) _RO_ _>’ (53)
A (i) 27" My

and its value is plotted as a function of 7 in Fig. 13. The data
is compared with the one determined from a naive sub-

traction with the raw data of R,(¢) as 3(RZ’/_ %) (1) = Ry(1)).
Both estimations for (r3)ff exhibit a reasonably flat
behavior in the middle 7 region, respectively. We determine
the value of (r3) by a constant fit of the data of (r3)° in the
region of r = 5-9 The result obtained by the DFF method is
tabulated in Table IV. As shown in Fig. 13, the DFF result is
fairly consistent with the two dipole-fit results of F,(q?)
obtained in this study (L = 64) and also from the larger
volume calculation (L = 128) [6]. Again, the total accuracy
of the dipole fit results is slightly worse than the DFF result
that can avoid any model dependence.

As in the case of the dipole fit results, the result of the
DFF method is little smaller than the experiment [48,49],
0.449(13) fm?. It can be attributed to excited state con-
tamination. It is simply because a visible difference
between the data from 7., = 12 and 14 is seen in the flat
region of (r3) as a function of ¢ as shown in Fig. 14.
Furthermore, the data of 7., = 16 statistically agrees with
the experiment, though the statistical uncertainties are not
small enough to make a firm conclusion. In addition,
recently, it was reported that a large effect due to the excited
state contamination exists in determination of (r%) even
from the fitting of the ¢*> dependence of F4(g?) [14,18].
Since we have only a few variations of 7y.,, we will need to
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FIG. 14. Same as Fig. 5 for the effective MS axial-vector radius
(r3)°f. The cyan band represents the experimental result [48,49].

verify whether or not the discrepancy from the experiment
can be explained by the systematic uncertainties from the
excited state contamination using the data with the larger
variation of 7. It is worth pointing out that the systematic
error associated with the finite volume effect in (r3)eft
might be smaller than the other quantities obtained from the
DFF method discussed earlier. This is expected from our
pilot calculation at M, = 0.51 GeV as shown in Fig. 15.
The difference between the data on the larger and smaller
volumes is about 10% in the middle ¢ region, which it is
much smaller than those of other quantities as shown in
Figs. 6, 9, and 11.

The size of the finite volume effect is supposed to depend
on the MS radius of the target form factor. If the MS radius
is small, in other words, the form factor has a broad shape
in the g* space, its moment in the coordinate space is less
sensitive to the finite volume. This is because the narrow
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FIG. 15. Same as Fig. 6 for the effective MS axial-vector radius
(R,

spatial distribution in the coordinate space is given by the
inverse Fourier transform of the broad form factor in a
classical argument.’

Indeed, the three values of (r3) at M, = 0.51 GeV,
which are obtained from the DFF method on the larger
volume (L = 64) and the dipole fit results obtained from
both two volumes (L =32 and L = 64) as shown in
Fig. 15, are certainly smaller than those for (r%) and
(r3;). This observation leads to the expectation that (r4 )¢t
has the smaller finite volume effect. This expectation
should remain valid at the physical M, since the exper-
imental value of (r3) is smaller than those of (r%) and (r3,).

F. Fp(0) from the DFF method

As in the case of Gy(0), Fp(0) cannot be directly
measured in the standard method for kinematical reasons.
In the DFF method, the value of F»(0) is accessible in two

ways. One uses st,(z) (1) with i # j as defined in Eq. (30),

Ap(if)
while the other uses R S ( ) defined in Eq. (31). Their
asymptotic forms are glven by

Ai(if) 2MN9A
2
55.2) (ra) t | Fp(0)
R (1) = 55
A‘,..(,)() 3 + +M +MN9A (55)
where i # j. Using them, the effective value of
2MyFp(0)/gs can be defined in two ways as
2MyF5'(0) 55.2)
” = 4M3R AJ,- .(ij)(z) (56)
5.2 57,2
= 2M3(RC)(0) = R G(0)), (57)

where the second term of R (< )> appearing in Eq. (57) is the

)efl as discussed in the

one used for the determmatlon of (r}
last subsection.

Figure 16 shows that the two different estimations of
2MyF$(0)/gs with e, = 14 (denoted with filled sym-
bols) provide inconsistent results: the result obtained from
Eq. (56) is much smaller than that of Eq. (57). The same
behavior is also seen in the data from the smaller and larger
source-sink separations for 7., = 12 and 16. Note that the
expected value of 2M y Fp(0)/ g4 is much larger than these
two observed values according to the following reasons:

(1) 2MyFp(q?)/ga ~ 40 is observed even at the lowest

For more details, see, an intuitive argument for the required
spatial size in extraction of the MS radius for the spatial
distribution that falls exponentially at large distances as described
in Refs. [5,50].
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FIG. 16. Effective induced pseudoscalar  coupling

2MyFp(0)/g, evaluated from Rif Ef))(t) (circle symbols) and

Rf{ <(2/;(t) (triangle symbols). The black, red, and blue symbols
represent the data obtained with foep = 12, 14, and 16.

nonzero ¢* = ¢} in the standard method with f,., = 14.
(2) The ¢* dependence of Fp(q?) is expected to rapidly
increase in the limit of ¢g> — 0 as shown in Appendix B.

This difference between the two estimations of
2M yFS(0)/ g4 can be attributed to a finite volume effect.
This is simply because a similar trend is observed in our
pilot calculation at M, = 0.51 GeV, where the discrepancy
between the two results becomes resolved in a larger
volume calculation as shown in Fig. 17. Furthermore,

' ' ' ' ' 5.
oM Feff(o) /9 ® RA.iy(i,-)(t) L=5.8 [fm]
801 NP A m RO L=5.8 [fm]

)

M_=0.51 [GeV] o R0 L=2.9 [fm]

O Rj"jfu?)’(t) L=2.9 [fm]
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FIG. 17. Finite volume study of effective induced pseudoscalar
coupling 2MyFp(0)/gs at a heavier pion mass of M, =
0.51 GeV. Filled and open circle symbols represent the data
of the spatial extent of 5.8 fm and 2.9 fm, respectively. Circle and
square symbols are determined with the definitions given in
Egs. (56) and (57), respectively. The single blue diamond symbol
represents the value of 2M yFp(0)/g, evaluated by examining
the ¢ dependence of the form factor Fp(g?) on the larger volume
(L = 64).

those data in the middle 7 region are compatible with the
value expected from a fit of Fp(g?) on the larger volume,
which is plotted by the blue diamond symbol in the figure.
A large systematic effect stemming from the finite volume
is easily understood in this case, since the induced
pseudoscalar form factor in the coordinate space, which
corresponds to the one given by the inverse Fourier trans-
form of Fp(q?), has a very broad structure. This is naively
expected from the fact that Fp(g?) has a sharp peak near the
origin at the physical M, corresponding to the large
contribution of the pion pole in the pion pole dominance
model. The moment of such a broad function in the
coordinate space could not avoid the strong dependence
of the finite volume.

In addition to the finite volume effect, in our previous
studies, we observed other problem that the lattice data
of Fp(q?) differs from the pion pole dominance model
[5,51], which can be explained by large excited state
contamination [6]. Similar discussions were reported in
Refs. [14-16,18,52]. In order to fully resolve the problems,
more comprehensive investigations are necessary in this
particular quantity.

V. SUMMARY

We have calculated the MS radii and magnetic moment for
the isovector nucleon form factors using the DFF method,
which is a direct calculation method of the derivative of the
form factor proposed in Ref. [20], in the Ny =2 + 1 QCD
near the physical point on the (5.5 fm)? volume. We have
also discussed an equivalence of the method used in this
study to another derivative method [26].

The results from the DFF method near the physical point
are compared with the ones from the standard form factor
calculation on the same volume (L = 64) and also on the
larger volume (L = 128) in our previous work [6]. For
(r), u, (ri;), and (r%), the statistical uncertainties of the
results in the DFF method are relatively larger than those
obtained from the fitting of the ¢> dependence of the
corresponding form factors. However, the DFF method can
avoid the systematic error associated with the model
dependence of the fit form. Such a systematic error is
dominant over the statistical error in the standard method,
and then it makes the total accuracy worse than the DFF
results. We have also confirmed that the results from the
DFF method are in good agreement with the ones from the
standard analysis with the form factors within the combined
errors of the statistical and systematic uncertainties in both
methods, except for the quantity of Fp(0).

Two ways to determine Fp(0) in the DFF method
provide inconsistent results. A similar discrepancy is
observed in our pilot calculation at a heavier pion mass
of M, =0.51 GeV on the smaller volume of (2.9 fm)?,
while it becomes resolved on a larger volume of (5.8 fm)?.
We thus have considered that the discrepancy comes from a
finite volume effect, and the significant finite volume effect
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can be related to a steep behavior of Fp(g?) near the origin,
in other words, its broad shape in the coordinate space.

In our pilot calculation at a heavier pion mass of
M, = 0.51 GeV, we have also found that the DFF method
is more sensitive to finite volume effect than the standard
method as reported in the previous works [34,35].
Therefore, an undetermined systematic error stemming
from the finite volume effect might exist in the DFF results
from our numerical simulations on the (5.5 fm)? volume
near the physical point, although they agree with the results
obtained by the standard method. One of the important
future works is a comprehensive study of systematic errors
in the DFF method, including the one from excited state
contamination, at the physical point using the (10.9 fm)?
volume as is done in our previous study of the form factors
in the standard method [6]. In this future direction, some
improvements in the DFF method are needed to reduce the
finite volume effect in the analysis level. Such an improved
analysis in the DFF method was proposed for the case of
meson form factors [34,35], so that it can be extended and
applied to the nucleon form factors.
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APPENDIX A: MOMENTUM DERIVATIVE
UNDER A PARTIALLY QUENCHED
APPROXIMATION

In this Appendix, variables x, y, z represent four-
dimensional coordinates. Let us consider the quark propa-
gator Gp/_, which satisfies

ZDpf(x, Z)Gpj<Z7 Y) = 5x,y'

Z

(A1)

where D, represents the Dirac operator constructed with

the gauge link that is applied by the phase rotation

associated with the momentum p; as U;(x) — e'?iU (x)
[26]. This phase rotation is nothing but a uniform external
magnetic field. The expectation value of an observable O in
the theory with a single quark field subjected to uniform
phase rotation is defined by

JDUO det Dpje‘seff(U)
Z(Pj)

(O)y, = (A2)

with

Z(p;) = / DU det D, e~Ser(V), (A3)
where S (U) contains the gauge action and also may contain
the term associated with the determinants of the Dirac operator
for other quarks, which are independent of p;. Using the
above definition, a derivative of (G, (x,y)), with respect to

pj at zero momentum is expressed by three terms” as,

0
o (G, (x.7))p

J

p=0

= —lz 37 (Z y)>
+iZ<Tr[ (z,2)7;(2)]G(x,y))

- tz (Tr[G(z. 2)7;(2)])(G(x. ) (A4)
where we use the following relation
0
——det D, | =i det DZTr z.2)7;(2)].  (AS)
Ip; 0
p_
with
9 .
—Dp~(xv y) = Wj(x)(sxv (A6)
6]7] J p=0

The right-hand side of Eq. (A4) is nothing but the left-hand
side of Eq. (38) after the Wick contraction.

Under a partially quenched approximation of the quark
field subjected to uniform phase rotation, the condition of
detD b = 1 is imposed in Egs. (A2) and (A3). It thus ends
up that the second and third terms in Eq. (A4) disappear,
since both terms arise from the derivative of detD e
Therefore, the momentum derivative of the quark propa-
gator is expressed only by the first term in Eq. (A4) under
the partially quenched approximation.

’Even though the third term should be vanished because
(Tr[G(z,2)7,(z)]) = 0, we nevertheless write it down explicitly.
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TABLE V. List of integer vectors n; for the momentum p; = 2zn;/L (with L = 64) projected on the nucleon 2-
point and 3-point functions. The degeneracy in each n; (N, ), and the corresponding values of the momentum
transfer squared ¢? = 2My(Ey(p;) — My) are also tabulated.

i 0 1 2 3 5 6 7 8 9
n; 0,000 (1,00 (1,L,0) (@11 (200 2100 L) 220 221 3,00
Nee 1 6 12 8 24 24 12 24 6
¢*[GeV?] 0 0051  0.101 0.149 0.196 0242 0288 0375 0418 0418

APPENDIX B: RESULT OF FORM
FACTORS ON A 64* LATTICE

In this Appendix, the results for the form factors
calculated near the physical point on the L = 64 lattice
volume are summarized. The momentum transfer squared
g* is calculated by ¢*>=2My(Ey(p)—My) with
En(p) = \/M% + p*. The energy Ey(p) is determined
using the measured M, and lattice momentum p =
27/64 x n with integer vectors n. The values of ¢> in
each momentum used in this study are listed in Table V. The
form factors are evaluated from the ratios of Eqs. (14)—(16)
in the asymptotic region, whose values are determined from
a constant fit with the fitting range of = 4-8 for ¢, = 12,
t =5-9 for ty, = 14, and t = 5-11 for 7., = 16.

The results for the renormalized isovector Gg(g?),
Gu(q?), Fa(g?), and Fp(g*) with 1, = 12, 14, and 16
are shown in Figs. 18-21 together with those obtained in
the previous calculation on a 128* lattice [6] for compari-
son. For F4(¢?) and Fp(g?), the error of Z, = 0.9650(68)
[44] is included in their errors. The values of each form
factor obtained with lsep = 12, 14, and 16 are tabulated in

—T T T T T T T T T T T T T
— Kelly
o L=64,1, =12
i A L=64,1 =14 ]
0.8 o L=64,t, =16
* L=1281,=(12,14,16)
0.6}
(O]
0.4
02....I....I....I....I....
0 0.1 0.2 0.3 0.4 0.5
92 [GeV?]
FIG. 18. Result of Gg(g*) with i, = 12, 14, and 16 on the

L = 64 lattice volume as a function of ¢2. The data of feep = 16
are slightly shifted to the positive x direction for clarity. Our
previous result on the L = 128 volume [6] given after taking
average of three datasets calculated with foep = 12, 14, and 16 is
also plotted by the asterisk symbol. The red curve represents
Kelly’s parametrization of the experiment data [54].

Table VI-VIII, respectively. Our results with lep = 12, 14,
and 16 on the L = 64 lattice volume are consistent with
each other, and also statistically agree with the data on the
L = 128 lattice volume [6] in all the form factors, except
for Fp(q?). There is a clear discrepancy between the data of
Fp(g*) obtained with 7, =12 and 14 on the L =64

Sr——— 7 7T T 1 T T T
— Kelly
45+ .
o L=64,t, =12
alk A L=64,1 =14 i
O L=64t,,=16
350 % L=128t =(12,14,16)
&
= 3r
25K
2_
1.5
1I....I....I....I....I....
0 0.1 0.2 0.3 0.4
o? [GeV?]

FIG. 19. Same as Fig. 18 for G,;(g?). The red curve represents
Kelly’s parametrization of the experiment data [54].

1.4 —————

1.3 — Experiment .

' & L=64,t, =12

1.2 A L=64, tsep=14 -
o L=64,t,=16
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< 1
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<
W 0.9F

08t

07t

06f

| T ST [N S TN TR U AT SRR ST SN T [ S SR SR S T SR ST S
055 0.1 0.2 0.3 0.4
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FIG. 20. Same as Fig. 18 for F4(g?). The red curve is given by
a dipole form with the dipole mass [48,49] and g, [47].
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FIG. 21. Same as Fig. 18 for 2MyFp(q?). The red curve is

given by the pion-pole dominance model (PPD) 2M y F¥P (g%) =
AM% F4(q%)/ (M2 + ¢*) with a dipole form of F4(q?) using the
dipole mass [48,49] and g, [47]. The experimental result of the
pion-electroproduction [55] is also plotted by the diamond
symbol.

lattice volume. It is considered to be caused by significant
effect from excited state contamination as reported in
Refs. [6,14-16,18,52].

TABLE VL. Results of the form factors with 7, = 12.

i qilGeV?]  Gu(q®)  Gu(q®)  Falq’) 2MyFp(q)
0 0.000 1.0000 — 1.236(14) —

I 0.051 0.8620(68) 3.899(63) 1.171(13) 34.29(64)
2 0.101  0.7569(70) 3.495(48) 1.100(13) 21.90(48)
3 0.149  0.6664(96) 3.175(53) 1.053(13) 16.00(34)
4 0.196  0.612(15) 2.900(52) 0.994(14) 12.42(36)
5 0242  0.5570(80) 2.647(34) 0.952(13) 9.86(19)
6  0.288  0.4976(73) 2.442(38) 0.912(14) 8.35(22)
7 0375 0446(11) 2.125(60) 0.810(23) 6.15(21)
8 0418 0.410(11) 2.018(56) 0.791(18) 5.22(21)
9 0418 0.394(26) 1.928(64) 0.815(22) 5.14(26)
TABLE VII.  Results of the form factors with 7., = 14.

i qi[GeV?]  Gu(q®)  Gu(q®)  Falg’) 2MyFp(q)
0 0.000 1.0000 — 1.279(16) —

I 0.051 0.8616(74) 3.955(62) 1.194(15) 38.09(78)
2 0.101  0.763(10) 3.616(59) 1.125(15) 23.63(45)
3 0.149  0.6752(98) 3.277(60) 1.059(17) 17.09(42)
4 0.196  0.627(13) 2.920(52) 1.025(19) 13.27(35)
5 0242  0.570(11) 2.689(52) 0.970(18)  10.93(40)
6 0.288  0.5082(86) 2.552(70) 0.937(21) 9.03(34)
7 0375 0.452(24) 2.240(87) 0.834(25) 6.33(31)
8 0418 0.406(17) 2.109(92) 0.801(22) 5.79(27)
9 0418 041927) 1.857(83) 0.845(24) 5.49(25)

TABLE VIIL.  Results of the form factors with 7, = 16.

i qilGeV?]  Gplq®)  Gu(q®)  Falg®) 2MyFp(q?)
0  0.000 1.0000 — 1.244(53) —

1 0.051 0.880(18) 4.00(15)  1.155(44)  39.8(1.9)
2 0.101 0.774(18) 3.61(12) 1.083(36)  25.2(1.3)
3 0149  0.685(19) 3.22(16) 1.033(40) 17.41(85)
4 0.196  0.623(27) 2.96(13) 0.997(40) 13.40(57)
5 0242 0.552(20) 2.69(11) 0.931(34) 10.94(63)
6 0288 0.510(17) 2.46(11) 0.890(33) 9.01(49)
7 0375  0.429(19) 2.131(88) 0.827(36) 6.62(37)
8 0418  0.405(18) 2.061(95) 0.778(33) 5.92(29)
9 0418 0.399(72) 2.11(17) 0.842(74) 5.74(80)

It is worth remarking that the value of g, obtained with
leep = 12 is slightly smaller than the one obtained with
feep = 14. Since the data with 7., = 16 has a much larger
statistical error than the two data, the 7, dependence is
unclear as shown in Fig. 22. The figure also shows that any
appreciable 7, dependence was not observed in the range
of te, =10-16 in the larger volume calculation [6],
and they are statistically consistent with all the data on
the L = 64 lattice. Therefore, it is not clear whether this
slight difference between two results from 7., = 12 and 14
is just a statistical fluctuation or related to the systematic
errors, e.g., the finite volume effect and the excited state
contamination. To clarify this point, a further systematic
study using a large set of different 7., with the statistical
error as small as the two data is needed.

The fit results with dipole, quadratic, and z-expansion
functions in Egs. (18)~(20) for Gg(q?), Gy(q*), and
F4(q*)/ga are summarized in Tables IX—XI. The value
of y%/dof is obtained from a correlated fit. The maximum
g* in each fit denoted by g2, in the tables is chosen to
obtain an acceptable y?/dof. In all the fits for Gg(g*) and

T T T T T T T
Experiment
1.4 O L=64 7
* L=128
1.3 ]
' %
o
1.2 -
. | . | . | . |
1 '18 10 12 14 16 18
sep
FIG. 22. The renormalized g, from the L =64 and L = 128 [6]

lattices as a function of f,,. The data of L = 128 are slightly
shifted to the negative x direction for clarity. The cyan band
represents the experimental value [47].
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TABLEIX. Fit results of G (g?) with Iep = 14 using dipole, quadratic, and z-expansion forms in Egs. (18)~(20).
The fit range is ¢> = ¢3—q2,. In all the fit we employ Gg(0) = 1.

Dipole Quadratic z-exp(cubic)
(r%) [fm?] 0.646(16) 0.624(26) 0.737(62)
y?/dof 1.7(0.9) 2.8(1.9) 1.3(0.9)
e [GeV?] 0.418 0.242 0418

TABLE X. Fit results of G, (¢?) with tep = 14 using dipole, quadratic, and z-expansion forms in Egs. (18)—(20).
The fit range is ¢*> = g?—q2,. The fit result with a quadratic z-expansion form is also tabulated.

Dipole Quadratic z-exp(cubic) z-exp(quadratic)
u 4.357(42) 4.316(58) 3.53(28) 4.31(11)
(r3,) [fm?] 0.579(20) 0.489(17) =2.1(1.1) 0.211(16)
y?/dof 2.7(1.2) 2.1(1.2) 2.4(2.3) 1.0(1.4)
g2, [GeV?] 0.418 0.418 0.288 0.242

TABLE XI.  Fit results of F,(g?)/ga with Iep = 14 using dipole, quadratic, and z-expansion forms in Eqs. (18)-
(20). The fit range is g*> = g3—¢2,. In all the fit we employ F4(0)/g, = 1.

Dipole Quadratic z-exp(cubic)
(r3) [fm?] 0.308(17) 0.323(19) 0.337(39)
x%/dof 0.4(0.9) 1.4(1.2) 1.6(1.5)
g%, [GeV?] 0.149 0.288 0.288

F4(q%)/ga, we use the condition of G(0)=F4(0)/gs=1
imposed in the respective fit functions.

The central values and their statistical errors presented
in Table IV are determined by the dipole fits of the
respective form factors. Their systematic errors are
estimated from the maximum discrepancy from the dipole
fit result with the two other fits. Note that a cubic z-
expansion fit of G,,(q?) gives a negative value of the MS

magnetic radius in contrast to the results from other
two fits. In our data of G;(g?), the z-expansion fit indeed
becomes unstable once higher powers of z are included,
while a quadratic z-expansion fit for G (q?) gives a
positive radius. Nevertheless, in estimate of the systematic
error of Gy(g?), we use the result obtain from the cubic
z-expansion fit of G, (¢?) to hold the same evaluation used
in the other form factors.
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