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Quantum chromodynamics (QCD) claims that the major source of the nucleon invariant mass is not the
Higgs mechanism but the trace anomaly in the QCD energy-momentum tensor. Although experimental and
theoretical results support such a conclusion, a direct demonstration is still absent. We present the first
lattice QCD calculation of the quark and gluon trace anomaly contributions to the hadron masses, using
the overlap fermion on the 2 + 1-flavor dynamical domain wall quark ensemble at m, = 340 MeV and
lattice spacing a = 0.1105 fm. The result shows that the gluon trace anomaly contributes to most of the
nucleon mass, the contribution in the pion state is smaller than that in others nearly by a factor of ~10, and
the gluon trace anomaly density in the center of the pion is negative. The gluon trace anomaly coefficient

B/g> = —0.056(6) we obtained is consistent with its regularization-independent leading-order value

(=11 + 2%)/(47[)2 perfectly.

DOI: 10.1103/PhysRevD.104.074507

I. INTRODUCTION

The most essential and nontrivial feature of the quantum
field theory is the regularization. It introduces a tiny and
artificial modification on the short-distance part of the
original theory to make the contributions from the virtual
particle loops finite and calculable. Regularization efforts can
be absorbed into the renormalization of fields and the
coupling constants, and are then irrelevant to the long-
distance physics. Thus, the exceptional cases are called
“quantum anomalies.”

Taking the trace anomaly of the QCD energy-momentum
tensor (EMT) with quark field y and gluon field strength
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tensor F,, as an example, the gluon part of the original
EMT is traceless, but it is unavoidable to introduce a
nonvanishing trace term on the EMT during the regulari-
zation, like the dimensional regularization case discussed in
Ref. [1]. In lattice regularization, the renormalization
eliminates the regularization dependence in the additional
trace terms and converts them into something proportional
to the strong coupling constant [2,3]. The renormalized
EMT trace can be expressed as

T, =H,+ (ymHm+'BF2>, (1)
29
where the quark mass term H,, = 4 Mqqq is the classical
trace of EMT, and both the other terms are the trace anomaly.
The anomalous terms are proportional to the anomalous
dimension of the quark mass m & Om

¢ Tm = m Ou

2, 4+ O(a?), and to that of the strong coupling a, =

By da, (11 , Nf 2 i
= e = (=g T p)as + O(ay), respectively.

The trace anomaly leads to the most nontrivial feature of
QCD: quantum particles like nucleons can have positive
masses, even though the light quark mass is small and the
gluon is massless. The argument is simple: the hadron mass
can be expressed as [4-8]
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My = (T8 = (14 pu){Ho) i +2ﬁg<F2>H, @)

with (O)y = (H|O|H). Note that one needs to subtract the
vacuum expectation value of F? in the calculation of the
hadron matrix element (F?),. The gluon trace anomaly
2% (F?)y can contribute a positive hadron mass even in the
chiral limit where m, — 0 and (H,,)y vanish. The only
exception is the pion mass: its mass will be zero in the
chiral limit, and then the contribution of the trace anomaly
will approach zero. Recently, there have been some studies
aiming to understand the QED trace anomaly effect in the
Lamb shift [8,9].

The above argument can be verified indirectly through
the sum rule in Eq. (2): The nucleon mass My can be
measured at 107! accuracy, and the (H,,); values from the
three light flavors can be extracted from the SU(3) flavor
breaking of the baryons and/or explicit lattice QCD
calculations, which arrive at a value of about 90 MeV
[10,11]. The heavy quark contribution is canceled by the
flavor dependence of % at the leading order based on the

heavy quark approximation [6,12]:

F? + O(a), (3)

- (IS
I’HQQQmQ = oo’ - 127
and then it is effectively decoupled.
In terms of Eq. (3), the heavy quark contribution in
(H, )y terms is canceled by the heavy quark flavor
dependence in 2% at the leading order in Eq. (2).

Most of the nucleon mass is contributed by the second
term on the right-hand side of Eq. (2), while only the light

quark flavor dependence remains in 2% at the leading order.

The asymptotic freedom and confinement of QCD require
the QCD coupling to be stronger at larger distances, and
then f is negative; thus, the expectation value of F 2 in the
nucleon (F?), should be negative.

The experimental measurement of the trace anomaly
arouses great interest and is considered one of the major
scientific goals of the future Electron-Ion Collider (EIC)
[13] and EicC [14]. One approach to detecting the trace
anomaly is measuring the cross section of exclusive
photoproduction of heavy quarkonium, which depends
on the gluon condensate at the nonrelativistic limit [15-17].
The gluon gravitational form factors can relate to J/W
production amplitude in the large momentum limit, which
is also a possibility worth further investigation [18]. There
are also other theoretical discussions on the related exper-
imental possibility [19,20].

On the theoretical side, the central challenge is verifying
whether the difference between a hadron mass and its quark
mass contribution actually comes from the trace anomaly
effect. Such a calculation is highly nonperturbative and can
only be performed by lattice QCD, but the chiral symmetry
breaking in the quark mass term of the Wilson-like action

will mix with the original trace anomaly, since its bare
quark mass suffers linear divergence. The Wilson term also
leads to a large discrepancy between the renormalization
constants of singlet and nonsinglet scalar currents [21]. For
a staggered fermion, one needs to overcome the taste
mixing problem; the ground-state mass of the baryon is
not degenerate. Thus, the overlap fermion is a good choice
to evade these difficulties.
The overlap Dirac operator is written as [22-24]

D,,(p) = p(1 + yse(ysD,(=p))). (4)

D,,(—p) is the Wilson fermion operator, while p is the mass
parameter and is chosen to be p = 1.5 in our calculation. €
is the sign function and satisfies ¢ = 1. D,,(p) satisfies the
Ginsparg-Wilson relation [25]:

1
Dovyﬁ —+ 75D01J = /_)DovySDov' (5)

The effective Dirac operator can be defined as

D
DC — ov . 6
1 y DOI/‘ ( )

T2
D. is chiral and satisfies {D.,ys5} = 0 [26]; this relation
also frees the overlap fermion from the flavor mixing of the
scalar operator in the massless renormalization scheme—
e.g., the MS scheme. More generally, this mixing effect will
occur if one chooses a massive renormalization scheme;
even so, one can anticipate that this mixing effect is small,
since it occurs in the two-loop level.

In this work, we present the first demonstration of the
quantum trace anomaly contribution for three types of
hadrons since this mass generation mechanism was pro-
posed more than 40 years ago. We confirm that Eq. (2) is
satisfied in all hadrons we calculated in this work, with y,,
and f determined nonperturbatively. In addition, we also
find that the gluon trace anomaly density in the pion turns
out to be much smaller than that in the other hadrons like
nucleons and vector mesons, due to the significant differ-
ence in the gluon trace anomaly distribution inside the
hadrons.

II. NUMERICAL SETUP

We perform the calculation on a 24% x 64 2 + 1-flavor
domain-wall fermion ensemble from the RBC collabora-
tion [27,28], with the pion mass m, = 340 MeV. The other
information of the ensemble we use summarized in Table I.

TABLE I. Information of the RBC ensemble [27,28] used in
calculation. The pion and kaon masses are in units of MeV.

L3xT
241 243 x 64 0.1105(3)

Symbol a (fm) 6/g> m; mg Nt

213 340(1) 593(1) 203
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For the valence quark, we use the chiral fermion through
the overlap approach to avoid the additional term in the
trace of EMT under the lattice regularization.

In order to determine the values of y,,, and j precisely and
make an accurate verification of the sum rule, we consider
the partially quenched QCD [29], which allows the valence
quark mass to be different from that in the gauge ensemble.
In such a case, Eq. (2) becomes

<qu1q,>> + (Ha) s
(7)

My =(1 +7m)<

where HY = %FZ, (H,,)% includes the connected quark

diagrams with the operator m,q,q, only, and the index i
just includes the sea quark flavors in the gauge configu-
rations: degenerated light up/down and also strange quarks.
Their contributions can only be obtained by calculating the
disconnected insertion diagrams.

In this work, we consider the cases with five quark
masses: m, = 0.026, 0.092, 0.160, 0.319, and 0.479 GeV.
Only the lightest quark mass corresponds to the unitary
point; the lightest two quark masses represent the light and
strange quark masses in the gauge ensemble we used.

First of all, the hadron mass can be extracted from the two-
point correlation function with wall source and wall sink

0= (CHGITHO0) ®

where H is the hadron interpolation field. As implemented in
Ref. [30], when we calculate the contribution of valence
quark mass, we use the Feynman-Hellmann-theorem-
inspired method [31] to construct the summed three point-
correlation function for the connected insertion case,

<ZH tr y)ZOql (1,7 ZHT (0, >
9)

where O = mgq,q, is the valence quark operator. For the
disconnected insertion case, we modify the expression into

Cz(ff;

SCY (17 H

SCg“‘g(l‘f; H)

<2Hzfy Z 09 zzZH10x> (10)

1€(t7.0

where the sum of the current time slices in the light sea quark
operator O, = mq,q, (Where m is the sea quark mass) and
the gluon operator OY = F? are limited to ¢ € (¢;,0) to
remove the statistical uncertainty from the region ¢ < 0 and
1> ty, which is irrelevant to the matrix elements we want to

calculate, and the gluon field tensor F,, is defined through
the standard clover definition. The detailed expressions of C,
and SC; and how to construct them with propagators are
shown in the Appendix.

For each hadron, we carry out a joint correlated fit of
Cy(14;H) and SC39(14; H) to extract the My, (H,,)y, and
(F?),, values simultaneously. As mentioned above,
SCi"*9(t;;H) is the summed three-point correlation
function which has summed the total contribution of the
matrix element of the interpolated quark and gluon operator
between 0 and ;. The fit expression can be written as [30]

SC;:%;J{:-!J(tf;H) — e—MHtf(BOtf<0i>H 4 Bée—ﬁmtf
+ Bty o 4 BY).

Calty: H) = Boe™Mntr (1 + Bye=om), (1)

where (09%), = (Hpy')y; (09)y = (F?)y; the e~
terms are introduced to account for the contamination from
parameters. The contrlbutions from the transmon between
the ground state and the higher excited state are included in

iiiii

de31red quantities in the large-7; limits [30,31]:

Cz(lf — 1,H)
My =log——J "7 @) —omiy ,
=08 Cy(t; H) Ot )
(H,)g = ARt H) + O(eomr),
(F?)y = ARI(1;; H) + O(e™omr), (12)
ie _ SCi(t;:H SCi(t,—1;:H .
where AR'=%9(t,) = c;((t;f; H)) - C;((tlff_ I;H))' When ¢, is large

enough, the terms proportional to O(e~%"r) are negligible,
so the three summed functions can be rewritten into the
following form:

chlv~(15,§](tf;H) = E_MHtf (Botf<0q”’q“'g>[_] + B4),

Cz(tf,H) = e_MHtho. (13)
. g\ SCi(t:H)
Then, one can obtain that (0% %9), =35 —
% in the large-7, limit.

In the actual calculation, we perform the joint fit for the
summed three- and two-point functions to extract the
matrix element of the ground state. The fit results of

y%/d.o.f., the mass of the ground-state hadron My, the

expectation value of the quark mass  (m,qq) ., and the
gluon operators —(F?),; and §,, are listed in Table II for all
the hadrons used in this work. Note that one needs to
substitute SC23(Zf) into SC2’3(l‘f) -+ SC2’3 (Ta — tf) for the
PS meson case in order to include the loop-around effect
and describe the data around ¢y ~ Ta/2.
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TABLE II. The y?/d.o.f., My, > g(meaq) g, —(F?),, and §,, based on the joint fit for different channels with m, = 0.026, 0.092,

0.160, 0.319, and 0.479 GeV.

m,,,(GeV) 0.026 0.092 0.160
Channel PS A\ N PS Vv N PS A\ N
;(z/d.o.f. 1.20 1.22 0.63 1.18 0.68 0.84 1.11 0.74 0.82
My (GeV) 0.340(1) 0.881(4) 1.161(6) 0.647(1) 1.027(2) 1.468(4) 0.864(1) 1.174(2) 1.733(3)
S, mgdq)(GeV)  0.176(2) 0.126(5)  0.223(14) 0.341(2) 0.254(6)  0.447(10) 04772) 0.387(4)  0.645(9)
—(F2>H(GeV) 1.25(42) 9.83(1.45) 10.92(1.48) 1.84(10) 8.84(45) 13.46(1.46) 2.23(12) 8.93(43) 11.77(1.07)
om(GeV) 1.07(12) 1.22(17) 0.72(7) 1.00(5) 1.01(10) 0.61(4) 1.02(8) 0.82(5) 0.54(3)
m, 0.319 0.479
Channel PS A\ N PS A\ N
;(2/d.0.f. 1.11 1.06 0.98 0.96 1.26 1.18
My (GeV) 1.277(1) 1.505(1) 2.280(2) 1.640(1) 1.825(1) 2.783(2)
>, (mydq)n(GeV) 0.770(2) 0.682(3) 1.081(8) 1.047(1) 0.953(1) 1.478(1)
—(F2>H(GeV) 2.77(11) 7.69(26) 10.31(90) 2.52(28) 6.52(60) 9.56(37)
sm(GeV) 0.78(4) 0.68(3) 0.48(2) 0.72(1) 0.66(4) 0.44(2)
III. RESULT contributions are not shown here, as their contributions

In this work, we calculate the quark propagator at five
different valence quark masses—m, = 0.026, 0.092,
0.160, 0.319, and 0.479 GeV—and construct the two-
and three-point correlation functions for the nucleon (N),
pseudoscalar (PS), and vector (V) mesons. To suppress the
statistical uncertainty, we apply five steps of the HYP
smearing on the gauge operator, repeating the calculation at
all 64 time slices and taking the averaged result on each
configuration as an independent sample.

In Fig. 1, we plot the effective ratios AR?9(t,) defined
in Eq. (12) for the PS (blue) and V (red) mesons
with m, = 0.479 GeV. The disconnected light quark

AR (t)(GeV)

i i;;@*iMM IREE M

0 —<F?>y =6.52(60)GeV
O -<F2?>pg=2.52(28)GeV

o o A A

=)

* <Hw>y =0.953(1)GeV |
o <Hy>ps=1.047(1)GeV

Tfe & o o o—o o o o

1.2 1.4 1.8 20

tr (fm)

0.6 0.8 1.0

FIG. 1. The differential ratios AR%{  (z7) of the pseudoscalar
and vector mesons with m, = 0.479 GeV, which should
approach the ground-state matrix elements (H,)psy and
—(F?) ps.y respectively, at the 7, — oo limit. The bands show

the joint fit prediction using the form defined in Eq. (11), and they
agree with the data well.

are small, about 1%. The My, (H,,), and (F?); values are
obtained using the joint fit defined in Eq. (11) with
x*/d.of.~1, and the bands of AR?9(1;) predicted by
the joint fit are also shown in Fig. 1 and agree with the data
perfectly. We can see that the gluon trace anomaly matrix
element —(F?),; = —AR9(1;) in the V meson is more
than twice that in the PS meson, even though their quark
mass terms (H,,); = AR?(t;) only differ from each
other by 10%.

Since the anomalous dimension y,, and f should be
independent of the hadron states, we solve the equations

_p
2g

b
- 2_9 <F2>V|m,‘a=0.3 =0

|[[—>oo

|tf—>oo

Mps — (1 +7,)(Hp)ps (F?) pslm,az03 = 0,

MV_(1+}/m)<Hm>V (14)

and obtain the bare y,, = 0.38(3) and 2% = —0.08(1). Both
Ym and 2/—39 are small, since they are O(a,), so (F?)pgy
should be large enough to satisfy the sum rule.

On the lattice QCD, the ensembles are made up of gauge
links instead of gauge fields. A gauge link is a function of
the gauge field A# multiplied by the coupling constant g,
and the renormalization of both g and A* depend on the
discretized gauge faction. On the other hand, (g>F?) is
renormalization independent for the massless QCD at the
one-loop level [12]. Hence, it is more natural to consider
(g> F?),; on the lattice instead of (F?) ;. Thus, we divide the
= —0.056(6). Such a value

perfectly agrees with the regularization-independent lead-

ing order £ = (=11 +2§1)/(47)> = —0.057(7), with the

coefﬁcientg by ¢* and obtain g/—i
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FIG. 2. The ratio of the hadron masses from the left- and right-
hand sides of Eq. (2), using the y,, and /g obtained from the PS
and V mesons with m, = 0.479 GeV. It is consistent with 1
within the uncertainties in all the cases.

uncertainty from the next-to-leading-order correction
using the bare a,. On the other hand, the y,, = 0.38(3)

we obtained is comparable with that under the MS
(1/a = 1.78 GeV), which is 0.325(10) [32], with the error
estimated from the O(a}) correction.

With the above values of y,, and %, we calculate the
hadron mass My, quark mass term (H,,),, and (F?), of
the pseudoscalar, vector meson, and nucleon with different

m,’s, and plot the ratio

(1+7m)(Hy)y + % (F)y

Ry(m,) = M, (15)

in Fig. 2. We can see that the Ry in all the cases is
consistent with 1 within the uncertainties. Note that the PS
and V meson cases with m, = 0.479 GeV are exactly 1,
since they are the input cases. Such a result verifies the trace
anomaly sum rule in Eq. (2), and is consistent with our
expectation that both y,, and f are universal.

The resulting gluonic trace anomaly contribution

(HY)y = <2% F?),; in the 2 + 1 flavor ensemble are plotted

in Fig. 3. We can see that (H%), in the pion state is
generally smaller than in the other states, especially at the
unitary point for the 340 MeV pion mass. In such a case,
the gluon trace anomaly contributes about 100 MeV of the
pion mass, which is ~30%, but ~800 MeV in the p meson
and nucleon cases. It is exactly what we expected from the
trace anomaly sum rule: the trace anomaly contributes most
of the hadron masses, except for the pion case.

The difference will be much more significant at the phy-

sical quark mass. If we use the GMOR relation M2 my

and the Feynman-Hellman theorem (H,,), = mq% =
q

M, + O(M3) [7.33], we can estimate the gluon trace
anomaly contribution in the physical pion state to be

14
© PS
12F
\%
10 I~ } ° N
3 08} I
3 }
%:Oz 0.6
0.4}
0.2} ;1 i 3
0.0 - - - - -
0.0 0.1 0.2 0.3 0.4 0.5 0.6
m, (GeV)
FIG. 3. The gluon trace anomaly contribution to the hadron

mass. For five different quark masses, the corresponding pion
masses are 0.340, 0.647, 0.864, 1.277, and 1.640 GeV. We can
see that it is always small for the PS meson, while it approaches
~800 MeV for the nucleon and vector mesons in the chiral
limit m, — 0.

1(1=y,,)M, =43(2) MeV. On the other hand, the con-
tribution in the nucleon at the physical light quark mass will
be 816(10) MeV if we only consider the quark mass
contribution from three light quarks [10,11].

In order to uncover the origin of this difference, we also
investigate the gluon trace anomaly density inside the
hadron. Similarly to the previous study about the pion
charged radius [34], the density of the gluon trace anomaly
can be defined as

(CsH(ty. ) Ha(t.5 +7)3":H'(0.5))
(CsH(tr.5) 321 (0.5)) —
(16)

pu(lr]) =

as py(|r|) can be related to the gluon trace anomaly matrix
element (H%), = [.d*rpy(|r]) and its squared charge
. _&Brtpy(|r
radius (r2),; = %
be insensitive to the hadron at small , while it should decay
much faster in the pion than the other hadrons to cause the
integral and charge radius to be significantly smaller. But
our lattice QCD calculation has excluded such a possibility,
as shown in Fig. 4. First of all, the magnitude of py in the
nucleon and vector meson is comparable with the leading-
order estimate of the vacuum expectation value (p) =
—0.007 GeV* [35] at small r, even though their signs
are opposite. At the same time, one can see that the density
of the pion is much smaller than that of the nucleon and the
vector meson; even more, the density tends to be negative
and then has the same sign as that in the vacuum. It means
that (H%) receives both suppression from the magnitude of
density and also short-range interaction, and it can cause
the pion-gluon trace anomaly radius to be larger than the

. A naive guess is that py would

074507-5
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FIG. 4. The density of the gluon trace anomaly in different
hadron states at the unitary point for the 340 MeV pion mass.

other hadrons. More details of distribution calculation can
be found in the Appendix.

IV. SUMMARY AND OUTLOOK

In this work, we calculated the quark mass term (myy)
and gluon action terms (F?), in the hadron. Based on the
EMT trace anomaly sum rule in the PS and V meson states
with m,, = 0.479 GeV, we determined the bare anomalous
dimensions of the quark mass and gluon coupling constant as
Ym = 0.38(3) and ;—33 = —0.056(6) (with five steps of HYP

smearing on the gluon operator), respectively, and confirmed
that they are independent on hadron states and quark mass up

to the statistical uncertainties. With such y,, and ;—33 values, we

find that the gluon trace anomaly contribution in the PS
meson mass is always much smaller than that in the other
hadrons, especially around the chiral limit.

An important check on the trace anomaly mechanism
can be carried out by renormalizing the (F?), nonpertur-
batively [36] and converting it to that under the MS scheme;
then, one can obtain the values of y, and % in the MS

scheme and compare them with perturbative results, and/or
deduce the conserved EMT with an O(a?) trace term
directly from the discretized QCD action. The calculations
at different lattice spacings, and at the same lattice spacing
but with different gauge actions (the Symanzik action used
by the MILC configurations and the Iwasaki action used
here can cause the bare ¢> to be different by a factor of 1.7
at a ~ 0.1 fm) are also desirable.

At the same time, it suggests that the coupling between
hadrons and the bilinear heavy quark operator can be
obtained indirectly based on the relation in Eq. (3). For
example, the total trace anomaly contribution including
both the y,, and 2% terms are generally ~800 MeV for
most hadrons except for light pseudoscalar mesons. But
with y,, ~0.3, we will have <2% F?)y ~0.84 GeV and

<2% F?), ~0.12 GeV. And then (m,ip,y,,)y will be larger

than (m,,y;), by afactor of ~5 and can be verified by

direct calculations.

Another interesting thing is that the gluon trace anomaly
densities in the pion and nucleon are comparable in their
extent, while their magnitudes are very different. Moreover,
the density in the center of the pion is negative, which is
opposite to the density in the nucleon but has the same sign as
that in the vacuum. A negative density in the center of the
pion is inconsistent with the naive expectation: py at the
center would be insensitive to the hadron. It opens a new gate
to understanding the relation between pion and vacuum, and
why the other hadrons are different from them.
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APPENDIX: SUMMARY OF TECHNICAL
DETAILS

1. Contraction of the Green’s functions

In this section, we will give the expressions of two-point
and summed three-point correlation functions constructed
by propagator. In our calculation, we use the Coulomb
gauge fixed-wall-source  propagator S, (¥,1,;t) =
> :8(¥.tp;%,1;) and the Feynman-Hellmann propagator
[31] S.(¥,12511) = m, > S0 13X, 1)S,, (X, 1;1) to con-
struct the two-point and connected three-point correlation
functions,

Calts Mp) = 3 Calty. 52 Mr) = Cagp (S Sy 1. 0),

SC (173 Mp) = Ct, (Ses Sus 17,0) + Cpgy (S Ser 1,0),
(Al)
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where C . is defined as

y

For the meson M- with the interpolation field yT'y, S(¥,,; X, ;) is the quark propagator from (X, 7;) to (¥, #,). For the
quark loop and gluon operator, we need to calculate the following disconnected three-point correlation functions:

Z ZZ [Ca(27. 5 Mr) = (Co(t7, s Mp))][O%9(2, X) — (O%9(2, X))]).

O<t<ty 'y X

SCE(t;, M (A3)

The definition of O% and O is in the following content of Eq. (10). The nucleon case with the interpolation field (u” Cd)u
is similar and can be obtained without much modification:

C [fs ZCZ tny)

SCq"(tf;N)
Cn(S51.82.83.15.11) =

ahc uh’ 'E TI‘

+ Tr(FmS‘f“ (3. 7 0)857 (¥, 1430)S5° (¥, 143 0))),

where S is defined by (CSC™)7, C = y,y475, and T,

Cn (S Sy Sy 1, 0),

= CN(SL" Swv SW’ tf’ 0) + C./\/(Swv ch Swv tf’ 0) + C./\/(Swv SW’ ch tf’ 0)’
S (3,173 0)) Te(S5” (3. 13.0)5 (.1.0))

(A4)

= %(l + 74) is the unpolarized projector. The summed three-point

correlation functions for a light quark loop and gluon are defined as

SCIY(tps N

0<I<If _y X

Note that during the calculation with the overlap fer-
mion, deflating the long-distance subspace of the Dirac
operator using its eigenvectors v(4) with |A| < Agcp are
essential to obtain the light quark propagator efficiently
[40]. At the same time, we can build the light quark loop
operator O,(t) only via those eigenvectors v(4) with little
cost, and the systematic uncertainty from the rest is

negligible [10]:
ZSL my X, X, 1),

ZSm X, X, 1)

ihgen  w(A)0"
oy = / L2 @)

Atm,
In practice, 300 pairs of the low-lying eigenpairs of
the Dirac operator with 4 < 0.246 GeV are solved to speed
|

(A6)

SC3 l’f,l" H

0<t<tf X |y xl

and then py can be obtained by

= 2 2 2 {601 3:N) -

DD < Calty, 5 H) - (Calty 55 H))) [F2<ir>—$<§sz2<z,t>>]>,

(Co(t7. H; NDIOT9(1, %) -

(09-9(, X))]).- (AS)

up the propagator calculation and construct the light
quark loops.
The clover definition of F,, used for the gluon operator

F? is the following:

l
gF;w(x) = @

P(x) =U,(x)U,(x + ap)Uj(x + ad) U} (x),

(Plus) + Ppo—u) + Plop—s) + Plowul (%),
(A7)

where U_,(x) = U} (x — abd) and Py,=P,, —P

v

2. The trace anomaly density and radius in the hadrons

We calculate the trace anomaly density using the
following summed three-point correlation function,

(A8)

pu(r)

O

p (ch(tf’ rnH)
Co(ts 'H)

SCI(ty—1,r,'H
3( ! ! )> |tf—>oo,L—>oo' (A9)

Cy(ty = 1,H)
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In practice, we use the joint fit defined in Egs. (8) and (9) to
eliminate the excited-state contamination with the data at

finite ¢ -
Generally, the charge radius can be defined through the
integration of the normalized density py(r) = %,
J & ()
(P = / B P2y (). (A10)

But in a finite volume L3 x T, such a definition can only be
accurate when py(r) is negligible at r ~ L/2; otherwise, it
will receive additional contributions from py (L — r). Thus,
we access the charge radius through the form factor F,(Q?)

as a function of the momentum transfer Q2,

6 dF,(0%

=) ae2

: (A1)
0%-0

which is a more effective way to reduce the containment
from the region r > L/2. A similar calculation at larger
size is used to suppress the finite volume effect.

As shown in Fig. 5, py is still nonzero at r = L/2,
especially for the pion case. Thus, integrating it with 7 to
obtain the charge radius can have huge systematic uncer-
tainty. But as in the figure, p,(r) is smaller than py(r) for
all the r < 1.1 fm. Thus, generally, we can rewrite the pion
charge radius into

0.006 T
- PS
0.004 I v
~ 0.002f D moa <N ]
% - - z ] ] H
o 0.000} i e =
- {1
'Q -0.002f l
-0.004}
-0.006 - - - - - -
0.0 0.2 0.4 0.6 0.8 1.0 1.2
r (fm)
FIG. 5. The normalized density of the gluon trace anomaly in

the different hadron states at the unitary point for a 340 MeV
pion mass.

0= [ @rra,0) = ()

b [ @206 =), (A1)

where r is the intersection of p,(ry) and py(ry), and we
have p,(ry) = pn(rg) at ro. Then the integrand of the
second term on the right-hand side will be always positive,

and one can expect (r2), > (r2)y.
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