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We estimate the strong coupling constants of charmed and bottom mesons D�
ðsÞ, DðsÞ1, B�

ðsÞ, and BðsÞ1
with light vector mesons ρ, ω, K�, and ϕ within the framework of light-cone QCD sum rules. We take into
account the contributions of two- and three-particle distribution amplitudes of light vector mesons of twist-
2, -3, and -4, and determine the values of the couplings between heavy vector (axial vector) mesons and
light vector mesons. These couplings can play an essential role in understanding the charmonium
absorption cross section in quark-gluon plasma. Moreover, we compare our estimations to the ones
predicted by other approaches.
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I. INTRODUCTION

Strong coupling constants between heavy and light
mesons are among the essential ingredients for the descrip-
tion of low-energy hadron interactions. Precise determi-
nation of these couplings can provide key information for
studying the nature of heavy mesons. In particular, they are
a useful source in the investigation of final-state inter-
actions of D and B meson decays. Moreover, for under-
standing the production and absorption cross sections of the
J=ψ meson in heavy-ion collisions, vertices involving
charmed mesons are needed. On the other hand, heavy-
light meson couplings are fundamental objects since they
carry information about the low-energy behavior of QCD.
However, this region is far away from the perturbative
region of QCD. Therefore, for a reliable estimation of these
couplings, a nonperturbative approach is required.
Among the nonperturbative approaches, the QCD sum

rules method [1] occupies a special place. This method is
based on the fundamental QCD Lagrangian and includes
nonperturbative effects. The sum rules method is very
powerful in studying various aspects of hadron physics. In
this method, hadrons with given quantum numbers are
represented by interpolating quark currents carrying the

same quantum numbers as the hadrons. The correlation
function formed using these currents is then calculated by
using operator product expansion (OPE). In the traditional
sum rules, the short-distance part is calculated perturbatively,
and nonperturbative light-distance effects are parametrized
in terms of vacuum condensates of local operators. The OPE
is performed over the dimensions of the operators. The sum
rules are finally obtained bymatching the hadronic andQCD
sides of the correlation function via the dispersion relation.
However, the traditional three-point sum rules method has
the following problems:

(i) The OPE breaks down at large momentum or
large mass.

(ii) The three-point sum rules are polluted by “non-
diagonal transitions” between the ground and ex-
cited states.

(iii) When the virtualities are different, one would have
to compute the contribution by an infinite number of
local operators, which is a rather formidable task.

The light-cone sum rules (LCSR) [2] is a hybrid of the
traditional sum rules method and the methods used in hard
exclusive processes. In this approach, the OPE is carried out
near the light cone, x2 ∼ 0, and the nonperturbative effects
appear in the matrix elements of nonlocal operators, which
are parametrized in terms of the light-cone distribution
amplitudes (DAs) of the corresponding hadrons, instead of
the vacuumcondensates that appear in the standard sum rules
method [3,4]. In this method, the OPE is carried over the
twists of corresponding operators.
So far, to the best of our knowledge, many heavy-light

meson vertices such as D�
sD�K, Ds1D1K� [5], D�D�ρ [6],

D�Dπ, B�Bπ [7,8], DDρ [9], D�Dρ [10], DDJ=ψ [11],
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D�DJ=ψ [12], D�D�π [13], DsD�K, D�
sDK [14], DDω

[15], Ds1D�K, Ds1D�K�
0 [16,17], DsDsV, D�

sD�
sV,

D�
s0Ds1V, DsD�

sV [18,19], D1D�π, D1D0π, D1D1π,
B1B�π, B1B0π, B1B1π [20], D�D�J=ψ [21], Bs0BK
[22], B�

sBK [23], D�
sDsϕ [24], DsDK�

0, BsBK�
0, D

�
sDK,

B�
sBK, D�

sDK1, B�
sBK1 [25], D�Dπ, D�D�π, DDρ, D�Dρ,

D�D�ρ, DDJ=ψ , D�DJ=ψ , D�D�J=ψ [26], DsDK�,
DsD�K� [27], D�

sDK�, B�
sBK� [28], D0D�

s0K
�, D1D�

s0K
�

[29], BsB�K, BsBK� [30], B�B�ρ [31], Bs1B�K, Bs1B�K�
0

[32], B�
s1B

�K [33], DsDsJ=ψ , DsDsϕ [34], D�D�
sK,

D1Ds1K, D�DsK, D1D�
s0K [35], and Bs0B1K, Bs1B1K

[36] are estimated in the framework of the three-point QCD
sum rules (3PSR); D�DsK, D�

sDK, Ds0DK, D0DsK [37],
D�D�P, D�DV, DDV [38], D�Dρ, B�Bρ [39], D�Dπ,
B�Bπ [40], and D�D�ρ [41] with the LCSR approach;
DDρ, D�D�ρ [42] in holographic QCD (HQCD); DDρ,
D�Dρ, D�D�ρ [43] using the Dyson-Schwinger equation
(DSE) in QCD; D�Dπ, DDρ, D�D�ρ [44–47] in lattice
QCD; DDρ [48] in the nonrelativistic quark model; DDρ,
DDσ, D�D�ρ, D�D�σ, BBρ, BBσ, B�B�ρ, B�B�σ [49]
based on the approach of correlated 2π exchange with the
pole approximation (PA); B�B�ρ [50,51] and D�D�ρ [52]
in the meson-exchange model (MEM); B�B�ρ, D�Dπ,
B�Bπ [53,54] in the potential model; and, lastly, D�D�ρ,
B�B�ρ [55] in the one-boson exchange (OBE) model.
In the present work, we study the coupling constants of

D�
ðsÞD

�
ðsÞV, DðsÞ1DðsÞ1V, B�

ðsÞB
�
ðsÞV, and BðsÞ1BðsÞ1V where

V ¼ ρ;ω; K�;ϕ within the LCSR method. The main
contribution to the LCSR is provided by the lowest-twist
DAs, which, therefore, receive special interest. The study of
DAs stands out as the main aspect of the LCSR method.
Vector meson DAs have more complex structures than light
pseudoscalar meson DAs. There are chiral-even and chiral-
odd vector meson DAs due to the chiral-even and chiral-
odd operators in the matrix elements. Vector mesons have
longitudinal and transverse polarization states which can be
expanded over different twist structures. One can find more
detailed discussions in [56,57] and references therein.
The paper is organized as follows. In Sec. II, we derive

the desired sum rules for the strong coupling constants of
the said vertices. In Sec. III, we present our numerical
analysis and resultant values for the aforementioned cou-
plings. Section IV contains our conclusion.

II. LIGHT-CONE SUM RULES FOR CHARMED/
BOTTOM MESON–LIGHT VECTOR

MESON COUPLINGS

Let us introduce the following correlation function in
order to compute the strong coupling constants of vector
and axial vector charmed and bottom mesons with light
vector mesons:

Πμν ¼ i
Z

d4xeipxhVðq; sÞjTfjμðxÞj̄νð0Þgj0i ð1Þ

where Vðq; sÞ is a vector meson of mass mV , 4-momentum
q, and 4-polarization εs (but we will be suppressing
the superscript s for the most part), and jμ indicates the
interpolating current of the corresponding charmed or
bottom meson. For the considered mesons, the interpolat-
ing current can be written as

jμðxÞ ¼ q̄ðxÞΓμQðxÞ ð2Þ

where Γμ ¼ γμðγμγ5Þ for vector (axial vector) charmed and
bottommesons;Q is a heavy quark, namely, c or b; and q is
one of the light quarks, u, d, or s.
In the framework of the LCSRmethod, one computes the

correlation function in two different regions. On one side,
it can be calculated in terms of hadrons, which is also
known as the phenomenological part; on the other side, the
calculation is carried out in the deep Euclidean domain,
i.e., p2 → −∞ and ðpþ qÞ2 → −∞, using the OPE over
the twist, which is traditionally called the theoretical part.
In order to suppress the contributions from excited states
and the continuum, as well as to enhance the contribution of
the ground state, a double Borel transformation is per-
formed with respect to the variables −p2 and −ðpþ qÞ2.
The strong coupling constants of heavy vector (axial

vector) mesons with light vector mesons are formally
defined as having the hadronic matrix element

hM2ðp2ÞVðq;sÞjM1ðp1Þi ¼ gðp2 · ε�ε1 · ε�2þp1 · ε�ε1 · ε�2
þq · ε1ε� · ε�2−p2 · ε1ε� · ε�2
−p1 · ε�2ε

� · ε�1 −q · ε�2ε
� · ε1Þ:

ð3Þ
The possibility to calculate the strong coupling constant g
for the vertexM2M1V within the LCSR approach is based
on the fact that the couplings enter the double dispersion
relations of the same correlation function given by Eq. (1).
In other words, to determine the g’s for various vertices, we
employ the hadronic double dispersion relation for the
correlation function. The double dispersion relation is
obtained by calculating the double imaginary part of the
correlation function with respect to variables p2 and
ðpþ qÞ2. The result is given by the following expression
containing the double poles at m1 and m2:

Πμν ¼
1

ðp2
2 −m2

2Þðp2
1 −m2

1Þ
gf1f2m1m2ε

�
1;νε2;μ

× ðp2 · ε�ε1 · ε�2 þ p1 · ε�ε1 · ε�2 þ q · ε1ε� · ε�2
− p2 · ε1ε� · ε�2 − p1 · ε�2ε

� · ε�1 − q · ε�2ε
� · ε1Þ

þ � � � ð4Þ
where q ≔ p2 − p1 is the momentum transfer and p1ð2Þ,
ε1ð2Þ, m1ð2Þ, and f1ð2Þ denote the 4-momentum, 4-polari-
zation, mass, and the leptonic decay constant of the initial
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(final) charmed or bottom mesons, respectively. Here, � � �
indicates the contribution of higher states and the con-
tinuum. In the derivation of Eq. (4), we have used the
definitions

h0jjμjM2ðp2Þi ¼ f2m2ε2;μ; ð5Þ

hM1ðp1Þjj̄νj0i ¼ f1m1ε
�
1;ν: ð6Þ

From now on, we will let p ≔ p1 and use q instead of p2 as
p2 ¼ pþ q. Making use of the spin sum over the 4-
polarization vectors ε1 and ε2, given by

X
s

εsμε
s�
ν ¼ −gμν þ

pμpν

m2
; ð7Þ

we obtain the phenomenological side of the correlation
function to be

Πμν ¼
f1f2m1m2g

½ðpþ qÞ2 −m2
2�ðp2 −m2

1Þ
p · ε�gμν þ � � � ð8Þ

where � � � denotes other structures.
In order to derive the LCSR for the strong coupling

constant g, one needs to compute the theoretical side of the
correlation function. Afterwards, selecting the same struc-
ture, i.e., p · ε�gμν, and matching it to the result obtained
from the phenomenological part, one arrives at the desired
LCSR. We get the said part of the correlation function
by making use of the OPE in the deep Euclidean region,
p2 → −∞ and ðpþ qÞ2 → −∞. Inserting the interpolating
currents given in the form of Eq. (2) and applying the Wick
theorem to the correlation function given by Eq. (1), we
obtain

Πμν ¼ i
Z

d4xeipxhVðq; sÞj

× ½q̄1ðxÞγμðγμγ5ÞSQðxÞγνðγνγ5Þq2ð0Þ�j0i: ð9Þ

Here, SQðxÞ is the heavy-quark propagator in the presence
of an external background field in the position representa-
tion,

Saa
0

Q ðxÞ ¼ m2
Q

4π2
ðiK2=xþ K1Þδaa0

−
gs

16π2
mQ

Z
1

0

du½iK1ðū=xσλτ þ uσλτ=xÞ

þ K0σ
λτ�GðnÞ

λτ ðuxÞ
�
λðnÞ

2

�aa0

ð10Þ

where the first term is the free heavy-quark propagator and
the second term is generated by a linear external back-

ground gluon field, GðnÞ
λτ is the gluon field strength tensor,

and λðnÞ are the Gell-Mann matrices. We let ū ≔ 1 − u,
and we have defined the shorthand notation Kn ≔
KnðmQ

ffiffiffiffiffiffiffiffi
−x2

p
Þ=ð

ffiffiffiffiffiffiffiffi
−x2

p
Þn, with KnðzÞ being the nth modi-

fied Bessel function of the second kind.
Putting Eq. (10) into Eq. (9) and using the Fierz

identities,

qa2αð0Þq̄a
0

1βðxÞ ¼ −
1

12
δaa

0 ðΓiÞαβ½q̄1ðxÞΓiq2ð0Þ�; ð11Þ

qa2αð0ÞGðnÞ
λτ q̄

a0
1βðxÞ ¼ −

1

16

�
λðnÞ

2

�aa0

ðΓiÞαβ

× ½q̄1ðxÞΓiG
ðnÞ
λτ q2ð0Þ� ð12Þ

where fΓig5i¼1 is the complete set of Dirac matrices,

Γ1 ¼ 1; Γ2 ¼ γ5; Γ3 ¼ γα;

Γ4 ¼ iγαγ5; Γ5 ¼
1ffiffiffi
2

p σαβ; ð13Þ

one can see that, in the calculation of the theoretical side
of the correlation function, one needs the matrix elements

hVðq; sÞjq̄1ðxÞΓiq2ð0Þj0i and hVðq; sÞjq̄1ðxÞΓiG
ðnÞ
λτ ðuxÞ×

q2ð0Þj0i. These matrix elements, expressed in terms of
light vector meson DAs of various twists [58–63], con-
stitute the primary nonperturbative input parameters of the
LCSR. The full compilation of these matrix elements and
the corresponding DAs can be found in Appendix C of
[64]. For the sake of completeness, we present only the
relevant expression that will appear in the computation
of the correlation function in the Appendix A of the
present work.
At this point, we make two remarks.
(i) Let us consider the terms without GðnÞ

λτ , which
conventionally provide the major contribution to
the sum rules. We are interested in the structure
p · ε�gμν. In the correlation function, there will be
traces of the form trγμðγμγ5Þ=xγνðγνγ5ÞΓi. It turns out
that only the third term in the Fierz expansion,
namely, Γ3 ¼ γα, will contribute to the aforemen-
tioned structure.

(ii) We do the continuum subtraction as described in
[40]. That is to say, after taking the double Borel
transform of the theoretical side of the corre-
lation function, there is an exponential factor

e−m
2
Q=M

2−m2
V=ðM2

1
þM2

2
Þ. According to [40], making

the replacement

e−m
2
Q=M

2−m2
V=ðM2

1
þM2

2
Þ → e−m

2
Q=M

2−m2
V=ðM2

1
þM2

2
Þ − e−s0=M

2

ð14Þ
will suffice as far as the continuum subtraction is
concerned. Since the masses of the initial and final
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states are the same or nearly equal, we take
M2

1 ¼ M2
2 ¼ 2M2.

Putting the expressions given in Eqs. (10)–(12) into (9),
taking the double Borel transform over the variables −p2

and −ðpþ qÞ2, and using the results of Appendix B to
carry out the integrals encountered, we obtain the required
sum rules for the strong coupling constants, gV and gA,
where the subscripts V and A stand for the case of vector
and axial vector charmed or bottom mesons:

gV ¼ gð0ÞV þ gð1ÞV ; ð15Þ

gA ¼ gð0ÞA þ gð1ÞA ð16Þ

where

gð0ÞV ¼ 1

2M6f1f2m1m2

e½2ðm
2
1
þm2

2
Þ−m2

V−4ðm2
Qþs0Þ�=4M2

× ½eð4m2
Qþm2

VÞ=4M2

− es0=M
2 �

× ½2M4fVm2
Qm

3
V
ˆ̂ϕ
k
2ðu0Þ − 4M4fVm2

Qm
3
V
ˆ̂ϕ
⊥
3 ðu0Þ

þ 2M4fVm2
Qm

3
V
ˆ̂ψk
4ðu0Þ −M8fVmVϕ

k
2ðu0Þ

þM6fVm3
Vϕ

k
4ðu0Þ þM4fVm2

Qm
3
Vϕ

k
4ðu0Þ�; ð17Þ

gð1ÞV ¼ 1

2M6f1f2m1m2

e½2ðm
2
1
þm2

2
Þ−m2

V−4ðm2
Qþs0Þ�=4M2

× ½−eð4m2
Qþm2

VÞ=4M2 þ es0=M
2 �

× f8M2mQm6
Vf

T
VIα½u31

ˆ̂̂
T ðα1; α3Þ�

− 4m3
Qm

6
Vf

T
VIα½u31

ˆ̂̂
T ðα1; α3Þ�

− 2M4mQm4
Vf

T
VIα½u1T̂ ð4Þ

3 ðα1; α3Þ�
− 2M4mQm4

Vf
T
VIα½u1T̂ ð4Þ

4 ðα1; α3Þ�
þM6fVm3

VIα½Aðα1;α3Þ�
þM6fVm3

VIα½ð2u1 − 1ÞVðα1; α3Þ�g; ð18Þ

gð0ÞA ¼ gð0ÞV ; ð19Þ

gð1ÞA ¼ 1

2M6f1f2m1m2

e½2ðm
2
1
þm2

2
Þ−m2

V−4ðm2
Qþs0Þ�=4M2

× ½−eð4m2
Qþm2

VÞ=4M2 þ es0=M
2 �

× f8M2mQm6
Vf

T
VIα½u31

ˆ̂̂
T ðα1; α3Þ�

− 4m3
Qm

6
Vf

T
VIα½u31

ˆ̂̂
T ðα1; α3Þ�

− 2M4mQm4
Vf

T
VIα½u1T̂ ð4Þ

3 ðα1; α3Þ�
− 2M4mQm4

Vf
T
VIα½u1T̂ ð4Þ

4 ðα1; α3Þ�
−M6fVm3

VIα½Aðα1; α3Þ�
−M6fVm3

VIα½ð2u1 − 1ÞVðα1; α3Þ�g ð20Þ

where u0 ≔
M2

2

M2
1
þM2

2

¼ 1
2
, ū0 ≔ 1 − u0 ¼ 1

2
, u1 ≔ 1

α3
ð−M2

M2
1

þ
1 − α1Þ ¼ 1

α3
ð1
2
− α1Þ. Here, we have introduced a short-

hand notation for the three-particle DAs as F ðα1; α3Þ ≔
F ðα1;α2 ¼ 1 − α1 − α3; α3Þ, and we have defined the
alpha-integral operator

Iα½Fðα1; α3Þ� ≔
Z

ū0

0

dα1

Z
1−α1

ū0−α1
dα3

1

α3
Fðα1; α3Þ: ð21Þ

Finally, the hat denotes the following integrations of the
DAs:

ˆ̂fðu0Þ ≔
Z

u0

0

dv00
Z

v00

0

dv0fðv0Þ; ð22Þ

F̂ ðα1; α3Þ ≔
Z

α3

0

dα03F ðα1; 1 − α1 − α03; α
0
3Þ; ð23Þ

ˆ̂̂
F ðα1; α3Þ ≔

Z
α3

0

dα0003

Z
α000
3

0

dα003

Z
α00
3

0

dα03

× F ðα1; 1 − α1 − α03; α
0
3Þ: ð24Þ

TABLE I. Masses and decay constants of the light vector mesons along with the quark masses used in our
numerical analysis (in units of MeV). The quark masses are taken at μ ¼ 1 GeV.

Parameter Value Parameter Value Parameter Value

mu 0 mρ 769.0� 0.9 [66] fρ 216� 3 [63]
md 0 mK� 895.55� 0.20 [66] fTρ 165� 9 [63]
ms 137� 10 mω 782.66� 0.13 [66] fK� 220� 5 [63]
mc 1400� 10 mϕ 1019.461� 0.016 [66] fTK� 185� 10 [63]
mb 4800� 10 fω 187� 5 [63]

fTω 151� 9 [63]
fϕ 215� 5 [63]
fTϕ 186� 9 [63]
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III. NUMERICAL ANALYSIS

In this section, we share the details of our numerical
analysis of the LSCR for the strong coupling constants of
charmed and bottom mesons D�

ðsÞ, DðsÞ1, B�
ðsÞ, and BðsÞ1

with light vector mesons ρ, ω, ϕ, and K�, where we have
used Package X [65]. The LSCR for the said couplings
takes three sets of input parameters. The first and primary
set of such parameters includes the quark and meson
masses and the decay constants of both heavy and light
mesons. These are compiled in Tables I and II. Second,
there are parameters introduced via the vector meson DAs
of different twists. In Appendix A, we quote only the
relevant DAs that appear in our analysis, together with
the most up-to-date values of the input parameters for all
the light vector mesons taken into account in this work.
Third, the LCSR contains two auxiliary parameters, i.e.,

the Borel mass parameter M2 and the continuum threshold
s0. The coupling constants of the said strong vertices
should be independent of the choice of M2 and s0. This
necessitates us to restrict the values of M2 and s0 to their
working regions, which will thus render the LCSR reliable.
The lower bound of the Borel mass parameter is obtained
by requiring that the contributions from higher-twist terms
be much smaller than those from the leading-twist terms.
Its upper bound is determined by considering the fact that
the higher-state and continuum contributions should be
sufficiently suppressed. These two conditions lead to the
following domains of M2 that are presented in Table III.
In the meantime, the value of the continuum threshold is
obtained by demanding that the two-point sum rules predict
the mass of the heavy mesons within a 10% accuracy with
respect to the experimental value. The corresponding
values of s0 are also presented in Table III.
Towards the end of our numerical analysis, we found that

the leading-twist contributions are around 88% within the
working domains of the Borel mass parameter and at the
aforementioned values of the continuum threshold. As an
illustration, we present the dependence of the strong
coupling constant g on the Borel mass parameter M2 for

the vertices D�D�ρ and B�B�ρ in Figs. 1 and 2, respec-
tively. The coupling constants for D�D�ρ0, D1D1ρ

0,
B�B�ρ0, and B1B1ρ

0 can be obtained from the correspond-
ing vertices involving the ρþ meson with the help of the
isotopic relation.
Our estimations for the said coupling constants are pre-

sented in Table IV. The uncertainties shown in Figs. 1 and 2
and Table IV are due to the variation of the continuum
threshold and to the errors in the values of the input
parameters. In our analysis, it turns out that the primary
factors that controls the uncertainty in the coupling constant
values are not the input parameters in the light vector
meson DAs, though they carry an uncertainty around
30%–50%, but rather the continuum threshold. That is

TABLE II. Masses and decay constants of the vector (axial
vector) charmed and bottom mesons used in our numerical
analysis (in units of MeV).

Parameter Value Parameter Value

mD� 2010.26� 0.05 [66] mB� 5324.70� 0.21 [66]
mD�

s
2112.2� 0.4 [66] mB�

s 5415.4þ1.8
−1.5 [66]

mD1
2422.1� 0.6 [66] mB1 5725.9þ2.5

−2.7 [66]
mDs1

2456.5� 0.6 [66] mBs1
5828.70� 0.20 [66]

fD� 263� 21 [67] fB� 213� 18 [67]
fD�

s
308� 21 [67] fB�

s
255� 19 [67]

fD1
218.9� 11.3 [68] fB1

196.9� 8.9 [68]
fDs1

144.5� 11.1 [69] fBs1
240� 2 [70]

TABLE III. Working region of the Borel mass parameter and
the continuum threshold for the vertices indicated.

Vertex M2ðGeV2Þ s0ðGeV2Þ
D�D�ρ 5.0 < M2 < 9.0 6.5� 0.5
D�D�ω 4.0 < M2 < 8.0 6.5� 0.5
D�

sD�
sϕ 4.0 < M2 < 8.0 7.0� 0.5

D�D�
sK� 5.0 < M2 < 8.0 7.0� 0.5

D1D1ρ 6.0 < M2 < 10.0 8.5� 0.5
D1D1ω 3.0 < M2 < 6.0 8.5� 0.5
Ds1Ds1ϕ 6.0 < M2 < 10.0 9.0� 0.5
D1Ds1K� 6.0 < M2 < 10.0 9.0� 0.5

B�B�ρ 20.0 < M2 < 24.0 34.0� 1.0
B�B�ω 20.0 < M2 < 24.0 34.0� 1.0
B�
sB�

sϕ 20.0 < M2 < 24.0 35.0� 1.0
B�B�

sK� 20.0 < M2 < 24.0 35.0� 1.0
B1B1ρ 20.0 < M2 < 24.0 39.0� 1.0
B1B1ω 20.0 < M2 < 24.0 39.0� 1.0
Bs1Bs1ϕ 20.0 < M2 < 24.0 40.0� 1.0
B1Bs1K� 20.0 < M2 < 24.0 40.0� 1.0

FIG. 1. Dependence of the coupling constant of the vertex
D�D�ρ on M2 at s0 ¼ 6.5� 0.5 GeV2. The black line indicates
the central values, whereas the shaded region corresponds to the
uncertainties.
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the say, the main uncertainty for the sum rules for the
strong coupling constants comes from the continuum
threshold. We reproduce Fig. 1 for three different
variations of s0, namely, �0.0, �0.3, and �0.5 GeV2,
in Fig. 3. From this figure, it is clear that the uncertainty
in the continuum threshold contributes the most to the
standard error in the values of the coupling constant
obtained. To be more precise, nearly 20% of the standard
error derives from the uncertainty in, primarily, the DA
parameters and, secondarily, the particle masses and
meson decay constants.
As we noted earlier, the D�D�ρ coupling constant was

calculated within the same framework as ours in [41]. One

can see that, within error limits, our result is in agreement
with the result of [41]. The small difference between our
result and that of [41] lies in the fact that we take into
account the contributions of the three-particle DAs, as well
as different values for the input parameters, which leads to a
difference between the estimated central values of the same
coupling constant.
From Table IV, we also observe that our prediction for

the coupling gD�D�ρ is in good agreement with the holo-
graphic QCD result as well. However, there is a sharp
difference between our values and those estimated by the
3PSR, Dyson-Schwinger, and lattice QCD values. For the
vertices containing the ρ, ϕ, and K� mesons, the literature
values are nearly 2–5 times larger than ours for the D
meson sector, except for the D1Ds1K� vertex, which is in
good agreement with the 3PSR result. For the B meson
sector, comparison of our predictions of the aforementioned
couplings with the 3PSR results would be interesting;
unfortunately, in the B meson sector, the said calculations
are absent at the present time, with an exception for the
B�B�ρ vertex, for which the 3PSRmethod offers a coupling
value 1.5 times larger than ours. Nevertheless, there exist
strong coupling values for the B�B�ρ vertex obtained
within the models of the pole approximation, meson
exchange, potential, and one-boson exchange. Our estima-
tion is 1.5 to 10 times smaller than the values determined in
the said models.
We would like to further note that our results can be

improved by taking into account the OðαsÞ corrections.

FIG. 2. Same as in Fig. 1 but for B�B�ρ and at
s0 ¼ 34.0� 1.0 GeV2.

TABLE IV. Values of the strong coupling constants of vector (axial vector) D and B mesons with light vector mesons. For
completeness, the predictions existing in the literature are also presented.

g

Vertex LCSR 3PSR MEM HQCD DSE Lattice PA Potential OBE

D�D�ρ 1.8� 0.4 2.6� 0.7 [41] 6.60� 0.31 [6],
4.7� 0.2 [26]

2.52 [52] 2.1431 [42] 10.5, 51.5,
16.8 [43]

5.95(56)
[47]

6.47 [49] 3.71 [53] 2.6 [55]

D�D�ω 1.5� 0.3 … … … … … … … … …
D�

sD�
sϕ 1.5� 0.4 … 7.76� 1.79 [18] … … … … … … …

D�D�
sK� 1.7� 0.4 … 4.77� 0.63 [5] … … … … … … …

D1D1ρ 3.0� 0.5 … … … … … … … … …
D1D1ω 2.6� 0.5 … … … … … … … … …
Ds1Ds1ϕ 8.6� 1.7 … 15.37� 2.51 [18] … … … … … … …
D1Ds1K� 5.3� 0.9 … 4.22� 0.55 [5] … … … … … … …

B�B�ρ 1.1� 0.2 … 1.73� 0.25 [31] 3.71 [50,51] … … … 10.1 [49] 3.71 [53] 2.6 [55]
B�B�ω 0.9� 0.2 … … … … … … … … …
B�
sB�

sϕ 1.0� 0.2 … … … … … … … … …
B�B�

sK� 1.1� 0.2 … … … … … … … … …
B1B1ρ 1.7� 0.2 … … … … … … … … …
B1B1ω 1.5� 0.2 … … … … … … … … …
Bs1Bs1ϕ 1.6� 0.3 … … … … … … … … …
B1Bs1K� 1.7� 0.2 … … … … … … … … …
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IV. CONCLUSION

In this paper, we studied the strong vertices of charmed
and bottom mesons D�

ðsÞ, DðsÞ1, B�
ðsÞ, and BðsÞ1 with light

vector mesons ρ, ω, K�, and ϕ within the LCSR method,

taking into account the contribution of two- and three-
particle light vector meson DAs. The values of the strong
coupling constants of heavy vector (axial vector) mesons
with light vector mesons were obtained. The said vertices
involving the D mesons were essential in the production of
the J=ψ and ϕ mesons. We have found that our estimation
for the coupling of theD�D�ρ vertex agrees with the results
of [41,42] but drastically differs from the 3PSR, DSE,
and lattice QCD results, whereas our prediction for gB�B�ρ
is 1.5 to 10 times smaller than the values predicted by the
pole approximation, the potential model, MEM, and the
OBE model.

APPENDIX A: VECTOR MESON DISTRIBUTION
AMPLITUDES

In this section, we collect the matrix elements

hVðq; sÞjq̄1ðxÞΓiq2ð0Þj0i and hVðq; sÞjq̄1ðxÞΓiG
ðnÞ
λτ ×

q2ð0Þj0i and the relevant DAs for the light vector mesons
that appear in our theoretical analysis, together with the
most up-to-date values for the DA parameters involved
[58–63]. Up to twist-4 accuracy, the said matrix elements
are given as follows:

hVðq; sÞjq̄1ðxÞq2ð0Þj0i ¼ 0; ðA1Þ

hVðq; sÞjq̄1ðxÞγ5q2ð0Þj0i ¼ 0; ðA2Þ

hVðq; sÞjq̄1ðxÞγμq2ð0Þj0i ¼ fVmV

�
ε · x
q · x

qμ

Z
1

0

dueiūq·x
�
ϕk
2ðuÞ þ

m2
Vx

2

16
ϕk
4ðuÞ

�
þ
�
εμ − qμ

ε · x
q · x

�Z
1

0

dueiūq·xϕ⊥
3 ðuÞ

−
1

2
xμ

ε · x
ðq · xÞ2m

2
V

Z
1

0

dueiūq·x½ψk
4ðuÞ þ ϕk

2ðuÞ − 2ϕ⊥
3 ðuÞ�

�
; ðA3Þ

hVðq; sÞjq̄1ðxÞiγμγ5q2ð0Þj0i ¼ −
i
4
ϵμναβε

νqαxβfVmV

Z
1

0

dueiūq·xψ⊥
3 ðuÞ; ðA4Þ

hVðq; sÞjq̄1ðxÞ
1ffiffiffi
2

p σμνq2ð0Þj0i ¼ −
iffiffiffi
2

p fTV

�
ðεμqν − ενqμÞ

Z
1

0

dueiūq·x
�
ϕ⊥
2 ðuÞ þ

m2
Vx

2

16
ϕ⊥
4 ðuÞ

�

þ ε · x
ðq · xÞ2 ðqμxν − qνxμÞ

Z
1

0

dueiūq·x
�
ϕk
3ðuÞ −

1

2
ϕ⊥
2 ðuÞ −

1

2
ψ⊥
4 ðuÞ

�

þ 1

2
ðεμxν − ενxμÞ

m2
V

q · x

Z
1

0

dueiūq·x½ψ⊥
4 ðuÞ − ϕ⊥

2 ðuÞ�
�
; ðA5Þ

hVðq; sÞjq̄1ðxÞGλτq2ð0Þj0i ¼ −
i
gs
fTVmVðελqτ − ετqλÞ

Z
Dα⃗eiðα1þuα3Þq·xSðα⃗Þ; ðA6Þ

hVðq; sÞjq̄1ðxÞGλτγ5q2ð0Þj0i ¼ −
i
gs
fTVmV

1

2
ϵλτθωðεθqω − εωqθÞ

Z
Dα⃗eiðα1þuα3Þq·xS̃ðα⃗Þ; ðA7Þ

FIG. 3. Dependence of the coupling constant of the vertex
D�D�ρ on M2 at the central value of the continuum threshold
s0 ¼ 6.5 GeV2 with a variation of �0.0 (red, inner), �0.3
(magenta, middle), and �0.5 GeV2 (orange, outer). The central
value is indicated by the black, innermost line.
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hVðq; sÞjq̄1ðxÞGλτγμq2ð0Þj0i ¼
1

igs
fVmVqμðελqτ − ετqλÞ

Z
Dα⃗eiðα1þuα3Þq·xVðα⃗Þ; ðA8Þ

hVðq; sÞjq̄1ðxÞGλτiγμγ5q2ð0Þj0i ¼
i
gs
fVmVqμ

1

2
ϵλτθωðεθqω − εωqθÞ

Z
Dα⃗eiðα1þuα3Þq·xAðα⃗Þ; ðA9Þ

hVðq; sÞjq̄1ðxÞGλτ
1ffiffiffi
2

p σμνq2ð0Þj0i ¼
1ffiffiffi
2

p
gs
ffTVm2

V
ε · x
2q · x

ðqμqλg⊥ντ − qνqλg⊥μτ − qμqτg⊥νλ þ qνqτg⊥μλÞ
Z

Dα⃗eiðα1þuα3Þq·xT ðα⃗Þ

þ fTVm
2
Vðqμελg⊥ντ − qνελg⊥μτ − qμετg⊥νλ þ qνετg⊥μλÞ

Z
Dα⃗eiðα1þuα3Þq·xT ð4Þ

1 ðα⃗Þ

þ fTVm
2
Vðqλεμg⊥ντ − qλενg⊥μτ − qτεμg⊥νλ þ qτενg⊥μλÞ

Z
Dα⃗eiðα1þuα3Þq·xT ð4Þ

2 ðα⃗Þ

þ fTVm
2
V

q · x
ðqμqλενxτ − qνqλεμxτ − qμqτενxλ þ qνqτεμxλÞ

Z
Dα⃗eiðα1þuα3Þq·xT ð4Þ

3 ðα⃗Þ

þ fTVm
2
V

q · x
ðqμqλετxν − qνqλετxμ − qμqτελxν þ qνqτελxμÞ

Z
Dα⃗eiðα1þuα3Þq·xT ð4Þ

4 ðα⃗Þg

ðA10Þ

where
R
Dα⃗ ≔

R
1
0 dα1dα2dα3δðα1 þ α2 þ α3 − 1Þ and

g⊥μν ≔ gμν −
1

q · x
ðbμxν þ bνxμÞ ðA11Þ

with

bμ ≔ qμ −
m2

V

2q · x
xμ: ðA12Þ

The two-particle twist-2 DA is

ϕk
2ðuÞ ¼ 6ūuð1þ ak1C

3=2
1 ðξÞ þ ak2C

3=2
2 ðξÞÞ; ðA13Þ

the two-particle twist-3 DA is

ϕ⊥
3 ðuÞ ¼ ð3ak1ξ3Þ=2þ 3=4ð1þ ξ2Þþ ð5κk3− ð15λk3Þ=16þð15λ̃k3Þ=8Þξð−3þ 5ξ2Þþ ðð9ak2Þ=112þð15ωk

3Þ=32− ð15ω̃k
3Þ=64Þ

× ð3− 30ξ2þ 35ξ4Þþ ð−1þ 3ξ2Þ× ðð3ak2Þ=7þ 5ζk3Þ− ð1=ð2fVmVÞÞ3fTVðmq1 −mq2Þð2ξþ 2a⊥2 ξð11− 20ūuÞ
þ 9a⊥1 ð1−2ūuÞþ ð1þ 3a⊥1 þ 6a⊥2 Þ lnðūÞ− ð1− 3a⊥1 þ 6a⊥2 Þ lnðuÞÞþ ð1=ð2fVmVÞÞ3fTVðmq1 þmq2Þð2þ 9a⊥1 ξ
þ 2a⊥2 ð11− 30ūuÞþ ð1þ 3a⊥1 þ 6a⊥2 Þ lnðūÞþ ð1− 3a⊥1 þ 6a⊥2 Þ lnðuÞÞ; ðA14Þ

and the two-particle twist-4 DAs are

ψk
4ðuÞ ¼ 1þ ð1=ðfVmVÞÞ6fTVðmq1 −mq2Þðξþ 1=2a⊥1 ð−1þ 3ξ2Þ þ 5=2κ⊥3 ð−1þ 3ξ2Þ þ 1=2a⊥2 ξð−3þ 5ξ2Þ

þ 5=6ω⊥
3 ξð−3þ 5ξ2Þ − 1=16λ⊥3 ð3 − 30ξ2 þ 35ξ4ÞÞ þ ðð9ak1Þ=5þ 12κk4ÞC1=2

1 ðξÞ þ ð−1 − ð2ak2Þ=7þ ð40ζk3Þ=3Þ
× C1=2

2 ðξÞ − ð20ζk4C1=2
2 ðξÞÞ=3þ ð−ðð9ak1Þ=5Þ − ð20κk3Þ=3 − ð16κk4Þ=3ÞC1=2

3 ðξÞ þ ð10θk1 − 5θk2ÞC1=2
3 ðξÞ

þ ð−ðð27ak2Þ=28Þ − ð15ωk
3Þ=8 − ð15ω̃k

3Þ=16þ ð5ζk3Þ=4ÞC1=2
4 ðξÞ; ðA15Þ
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ϕk
4ðuÞ ¼ ð1=ðfVmVÞÞfTVðmq1 −mq2Þðð−23 − 54a⊥1 − 108a⊥2 þ 5u2Þ lnðūÞ − ð−23þ 54a⊥1 − 108a⊥2 þ 5ðūÞ2Þ lnðuÞÞ

þ ð1=ðfVmVÞÞ24fTVðmq1 þmq2Þðð1þ 3a⊥1 þ 6a⊥2 ÞðūÞ2 lnðūÞ þ ð1 − 3a⊥1 þ 6a⊥2 Þu2 lnðuÞÞ þ 4ðak1
− ð40κk3Þ=3Þð1=8ð11 − 3ξ2Þ − ð2 − ūÞðūÞ3 lnðūÞ þ ð2 − uÞu3 lnðuÞÞ þ 80ψk

2ð1=8ð11 − 3ξ2Þ − ð2 − ūÞðūÞ3 lnðūÞ
þ ð2 − uÞu3 lnðuÞÞ − 80ω̃k

4ð1=8ūð21 − 13ξ2Þuþ ðūÞ3ð10 − 15ūþ 6ðūÞ2Þ lnðūÞ þ u3ð10 − 15uþ 6u2Þ lnðuÞÞ
þ 2ð−2ak2 þ 3ωk

3 − ð14ζk3Þ=3Þð1=8ūð21 − 13ξ2Þuþ ðūÞ3ð10 − 15ūþ 6ðūÞ2Þ lnðūÞ þ u3ð10 − 15uþ 6u2Þ lnðuÞÞ
þ 30ðūÞ2u2ðð20ζk4Þ=9þ ð−ðð8θk1Þ=15Þ þ ð2θk2Þ=3ÞC5=2

1 ðξÞÞ þ 30ðūÞ2u2ð4=5ð1þ ðak2Þ=21þ ð10ζk3Þ=9Þ
þ ðð17ak1Þ=50 − ðλk3Þ=5þ ð2λ̃k3Þ=5ÞC5=2

1 ðξÞ þ 1=10ðð9ak2Þ=7þ ð7ωk
3Þ=6 − ð3ω̃k

3Þ=4þ ðζk3Þ=9ÞC5=2
2 ðξÞÞ

þ ð1=ðfVmVÞÞ6ūfTVðmq1 þmq2Þuð2ð3þ 16a⊥2 Þ þ 10=3ð−a⊥1 þ κ⊥3 ÞC3=2
1 ðξÞ þ ð−a⊥2 þ ð5ω⊥

3 Þ=9ÞC3=2
2 ðξÞ

− ðλ⊥3 C3=2
3 ðξÞÞ=10Þ þ ð1=ðfVmVÞÞ6ūfTVðmq1 −mq2Þuðð−ðð82a⊥1 Þ=5Þ − 10κ⊥3 ÞC3=2

1 ðξÞ þ 20ð10=189þ ða⊥2 Þ=3
− ðω⊥

3 Þ=21ÞC3=2
2 ðξÞ þ ðð2a⊥1 Þ=5þ ð7λ⊥3 Þ=54ÞC3=2

3 ðξÞ þ ð−ð2=315Þ þ ða⊥2 Þ=5 − ðω⊥
3 Þ=21ÞC3=2

4 ðξÞ
þ ð2λ⊥3 C3=2

5 ðξÞÞ=135Þ: ðA16Þ

The three-particle twist-3 DAs are

Vðα⃗Þ ¼ Vðα1; α2; α3Þ ¼ 360α1ð1 − α1 − α3Þα23ðκk3 þ 1=2ð−3þ 7α3Þλk3 þ ð−1þ 2α1 þ α3Þωk
3Þ; ðA17Þ

Aðα⃗Þ ¼ Aðα1; α2; α3Þ ¼ 360α1ð1 − α1 − α3Þα23ðð−1þ 2α1 þ α3Þλ̃k3 þ 1=2ð−3þ 7α3Þω̃k
3 þ ζk3Þ; ðA18Þ

T ðα⃗Þ ¼ T ðα1; α2; α3Þ ¼ 360α1ð1 − α1 − α3Þα23ðκ⊥3 þ 1=2ð−3þ 7α3Þλ⊥3 þ ð−1þ 2α1 þ α3Þω⊥
3 Þ: ðA19Þ

and the three-particle twist-4 DAs are

T ð4Þ
3 ðα⃗Þ ¼ T ð4Þ

3 ðα1; α2; α3Þ ¼ −120α1ð1 − α1 − α3Þα3ðϕ̃⊥
0 þ ð−1þ 2α1 þ α3Þϕ̃⊥

1 þ ð−1þ 3α3Þϕ̃⊥
2 Þ; ðA20Þ

T ð4Þ
4 ðα⃗Þ ¼ T ð4Þ

4 ðα1; α2;α3Þ ¼ 30α23ð−ðð−1þ 2α1 þ α3Þðψ⊥
0 þ α3ψ

⊥
1 þ 1=2ð−3þ 5α3Þψ⊥

2 ÞÞ
þ ð1 − α3Þθ⊥0 þ ð−6α1ð1 − α1 − α3Þ þ ð1 − α3Þα3Þθ⊥1 þ ð−ð3=2Þððα1Þ2
þ ð1 − α1 − α3Þ2Þ þ ð1 − α3Þα3Þθ⊥2 Þ: ðA21Þ

Numerical values of the parameters that appear in the DAs
are compiled in Table V.

APPENDIX B: IMPORTANT INTEGRALS

In this section, we share the results of various integrals
that appear in the theoretical side of the correlation
function. We grouped the integrals into two: those coming
from the terms that do not involve the gluon and those that

contain it. From thegluon terms, there are three-particleDAs,

say, F ðα1; α2; α3Þ≕F ðα⃗Þ where F ¼ S; S̃;V;A; T ; T ð4Þ
k

with k ¼ 1, 2, 3, 4.
We focus on the terms without the gluon first. Let Kn ≔

KnðmQ

ffiffiffiffiffiffiffiffi
−x2

p
Þ=ð

ffiffiffiffiffiffiffiffi
−x2

p
Þn and

In ≔
Z

1

0

du
Z

d4xeiðpþūqÞxKnfðuÞ; ðB1Þ

TABLE V. All the values are at the energy scale of μ ¼ 1 GeV. The accuracy of these parameters is 30%–50%.

ak1 a⊥1 ak2 a⊥2 ζk3 λ̃k3 ω̃k
3 κk3 ωk

3 λk3 κ⊥3 ω⊥
3 λ⊥3 ζk4 ω̃k

4
ζ⊥4 ζ̃⊥4 κk4 κ⊥4

ρþ 0 0 0.15 0.14 0.030 0 −0.09 0 0.15 0 0 0.55 0 0.07 −0.03 −0.03 −0.08 0 0
K� 0.03 0.04 0.11 0.10 0.023 0.035 −0.07 0 0.1 −0.008 0.003 0.03 −0.025 0.02 −0.02 −0.01 −0.05 −0.025 0.013
ω 0 0 0.15 0.14 0.030 0 −0.09 0 0.15 0 0 0.55 0 0.07 −0.03 −0.03 −0.08 0 0
ϕ 0 0 0.18 0.14 0.024 0 −0.045 0 0.09 0 0 0.20 0 0 −0.02 −0.01 −0.03 0 0
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Inμ ≔
Z

1

0

du
Z

d4xeiðpþūqÞxxμKnfðuÞ; ðB2Þ

Inμν ≔
Z

1

0

du
Z

d4xeiðpþūqÞxxμxνKnfðuÞ; ðB3Þ

Inμνλ ≔
Z

1

0

du
Z

d4xeiðpþūqÞxxμxνxλKnfðuÞ; ðB4Þ

In2 ≔
Z

1

0

du
Z

d4xeiðpþūqÞxx2KnfðuÞ; ðB5Þ

In2μ ≔
Z

1

0

du
Z

d4xeiðpþūqÞxx2xμKnfðuÞ; ðB6Þ

In2μν ≔
Z

1

0

du
Z

d4xeiðpþūqÞxx2xμxνKnfðuÞ: ðB7Þ

After a double Borel transformation over −p2 and −ðpþ
qÞ2 and performing the continuum subtraction via the

replacement e−m
2
Q=M

2−m2
V=ðM2

1
þM2

2
Þ → e−m

2
Q=M

2−m2
V=ðM2

1
þM2

2
Þ −

e−s0=M
2

as described in [40], one has

In → i
23−nπ2

mn
Q

M2n½e−m2
Q=M

2−m2
V=ðM2

1
þM2

2
Þ − e−s0=M

2 �fðu0Þ; ðB8Þ

Inμ → −
2iðpþ ū0qÞμ

M2
In; ðB9Þ

Inμν → −
2½gμνM2 þ 2ðpþ ū0qÞμðpþ ū0qÞν�

M4
In; ðB10Þ

Inμνλ →
4i
M6

f½M2gμνðpþ ū0qÞλ þM2gνλðpþ ū0qÞμ þM2gμλðpþ ū0qÞν þ 2ðpþ ū0qÞμðpþ ū0qÞνðpþ ū0qÞλgIn; ðB11Þ

In2 → −i
25−nπ2

mn
Q

M2n−4½m2
Q þ ðn − 1ÞM2�½e−m2

Q=M
2−m2

V=ðM2
1
þM2

2
Þ − e−s0=M

2 �fðu0Þ; ðB12Þ

In2μ → −
2iðpþ ū0qÞμ

M2
In2; ðB13Þ

In2μν → −
2½M2gμν þ 2ðpþ ū0qÞμðpþ ū0qÞν�

M4
In2 ðB14Þ

where u0 ≔ M2
2=ðM2

1 þM2
2Þ, ū0 ≔ 1 − u0 ¼ M2=M2

1 þM2
2, andM is defined via ðM2Þ−1 ¼ ðM2

1Þ−1 þ ðM2
2Þ−1. For nearly-

equal-mass mesons, one can take M1 ¼ M2 and hence u0 ¼ ū0 ¼ 1=2.
Next, we focus on the terms with the gluon. Let

Jn ≔
Z

1

0

du
Z

d4x
Z

Dα⃗ei½pþðα1þuα3Þq�xKnfðuÞFðα⃗Þ; ðB15Þ

Jnμ ≔
Z

1

0

du
Z

d4x
Z

Dα⃗ei½pþðα1þuα3Þq�xxμKnfðuÞFðα⃗Þ; ðB16Þ

Jnμν ≔
Z

1

0

du
Z

d4x
Z

Dα⃗ei½pþðα1þuα3Þq�xxμxνKnfðuÞFðα⃗Þ; ðB17Þ

Jnμνλ ≔
Z

1

0

du
Z

d4x
Z

Dα⃗ei½pþðα1þuα3Þq�xxμxνxλKnfðuÞFðα⃗Þ; ðB18Þ

Jn2 ≔
Z

1

0

du
Z

d4x
Z

Dα⃗ei½pþðα1þuα3Þq�xx2KnfðuÞFðα⃗Þ; ðB19Þ

Jn2μ ≔
Z

1

0

du
Z

d4x
Z

Dα⃗ei½pþðα1þuα3Þq�xx2xμKnfðuÞFðα⃗Þ; ðB20Þ
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Jn2μν ≔
Z

1

0

du
Z

d4x
Z

Dα⃗ei½pþðα1þuα3Þq�xx2xμxνKnfðuÞFðα⃗Þ; ðB21Þ

where
R
Dα⃗ ≔

R
1
0 dα1dα2dα3δðα1 þ α2 þ α3 − 1Þ. The results are as follows:

Jn → i
23−nπ2

mn
Q

M2n½e−m2
Q=M

2−m2
V=ðM2

1
þM2

2
Þ − e−s0=M

2 �
Z

ū0

0

dα1

Z
1−α1

ū0−α1
dα3

1

α3
Fðα1; 1 − α1 − α3; α3Þfðu1Þ; ðB22Þ

Jnμ → −
2iðpþ ū0qÞμ

M2
Jn; ðB23Þ

Jnμν → −
2½gμνM2 þ 2ðpþ ū0qÞμðpþ ū0qÞν�

M4
Jn; ðB24Þ

Jnμνλ →
4i
M6

f½M2gμνðpþ ū0qÞλþM2gνλðpþ ū0qÞμþM2gμλðpþ ū0qÞν� þ 2ðpþ ū0qÞμðpþ ū0qÞνðpþ ū0qÞλgJn; ðB25Þ

Jn2 → −i
25−nπ2

mn
Q

M2n−4½m2
Q þ ðn − 1ÞM2�½e−m2

Q=M
2−m2

V=ðM2
1
þM2

2
Þ − e−s0=M

2 �

×
Z

ū0

0

dα1

Z
1−α1

ū0−α1
dα3

1

α3
Fðα1; 1 − α1 − α3; α3Þfðu1Þ; ðB26Þ

Jn2μ → −
2iðpþ ū0qÞμ

M2
Jn2; ðB27Þ

Jn2μν → −
2½gμνM2 þ 2ðpþ ū0qÞμðpþ ū0qÞν�

M4
Jn2; ðB28Þ

Jn2μνλ →
4i
M6

f½M2gμνðpþ ū0qÞλþM2gνλðpþ ū0qÞμþM2gμλðpþ ū0qÞν� þ 2ðpþ ū0qÞμðpþ ū0qÞνðpþ ū0qÞλgJn2 ðB29Þ

where u1 ≔ 1
α3
ð1 − M2

M2
1

− α1Þ.
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