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The width J=ψ → γηc is often determined from the photon spectrum line shape of the J=ψ → γηc → γX
decay process. We study this line shape in a nonrelativistic effective field theory framework of quantum
chromodynamics including the finite width of the ηc and include Oðv2Þ corrections. We observe that the
photon spectrum line shape is divergent at large energies due to polynomially and logarithmically divergent
terms, and, therefore, a subtraction and renormalization scheme is needed to integrate over the photon
energies in order to obtain the decay width. We propose to subtract these divergences at the line-shape level
in a manner consistent with the calculation of the width in dimensional regularization and MS scheme. We
analyze CLEO’s data with the proposed subtracted line shape and find that the discrepancy between the
theoretical prediction and the experimental result is resolved.
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I. INTRODUCTION

Heavy quarkonium systems are nonrelativistic bound
states characterized by three well-separated scales

m ≫ p ∼ 1=r ∼mv ≫ E ∼mv2; ð1Þ

with m the heavy quark mass, p the relative momentum of
the heavy quarks, and E the bound state energy. The heavy
quark velocity v is assumed to be v ≪ 1. This is reasonably
fulfilled in bottomonium (v2 ∼ 0.1) and at least to a certain
extent in charmonium (v2 ∼ 0.3). Integrating out these
scales, effective field theories (EFTs) of QCD for quarko-
nium systems can be constructed. Integrating out m
produces nonrelativistic QCD (NRQCD) [1,2], and inte-
grating out ∼mv potential NRQCD (pNRQCD) [3,4]. The
latter is particularly well suited for a model-independent
description of quarkonium bound states.
The specific details on the construction of pNRQCD

depend on the relative size of the mv scale with respect to
ΛQCD; for mv ≫ ΛQCD we have the weak-coupling regime
and for mv ∼ ΛQCD the strong-coupling regime. In the

weak-coupling version of pNRQCD, the potential can be
computed in perturbation theory, and it allows for a clear
theoretical analysis of quarkonium observables. In the
charmonium sector, the allowed magnetic dipole (M1)
transition J=ψ → γηc is a particularly good candidate to
be well described by weakly coupled pNRQCD for two
main reasons: It involves the two lowest-lying charmonium
states, and, unlike electric dipole (E1) transitions, M1
decays are not particularly sensitive to the long-range tail
of the quarkonium wave functions. In Ref. [5], allowed and
hindered M1 transitions for low-lying quarkonium states
were studied in weakly coupled pNRQCD including
relativistic and multipole expansion corrections up to
k30v

2=m2 precision, with k0 ≃mJ=ψ −mηc the photon
energy. In Ref. [6], the determination of the same tran-
sitions was improved by incorporating exactly the static
potential into the leading-order Hamiltonian and by resum-
ing large logarithms associated with the heavy quark
mass scale.
The J=ψ → γηc → γX branching fraction,whereX are the

analyzed decay modes of the ηc, was first measured in 1986
by the Crystal Ball Collaboration in the inclusive photon
spectrum, and the value B1S ≡ BðJ=ψ → γηc → γXÞ ¼
ð1.27� 0.36Þ% was obtained. The transition was not
measured again until 2009 by the CLEO Collaboration
[7], which analyzed all reported ηc decay modes except
the pp̄ one due to its small rate. The CLEO Collaboration
measured B1S ¼ ð1.98� 0.09� 0.30Þ%. More recently,
the KEDR Collaboration [8,9] measured the transition
using the inclusive photon spectrum and reported
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B1S ¼ ð3.40� 0.33Þ% [9].1 As we will show in this paper,
these branching ratios have been incorrectly reported by
Refs. [7,8] as corresponding to the J=ψ → γηc transition
when, in fact, they refer to the J=ψ → γηc → γX process.
The difference between the two processes was partially
recognized in Ref. [9], where the peak of the photon
spectrum line shape for the J=ψ → γηc → γX process was
related to J=ψ → γηc width. We will expand on this idea
and show how to obtain the J=ψ → γηc width from the
J=ψ → γηc → γX one.
One of the crucial ingredients in the determination of the

branching fraction from experimental measurements is the
photon spectrum line shape used in the analysis. The line
shape is fitted together with the background to the
experimental data, and the number of events above back-
ground is used to determine the branching fraction. The
CLEO Collaboration in Ref. [7] observed for the first time a
clear asymmetry in the photon energy spectrum line shape
due to phase-space- and energy-dependent terms in the
J=ψ → γηc transition matrix element [5]. In order to obtain
a good fit to the data, the photon spectrum line shape was
constructed with a relativistic Breit-Wigner distribution
modified by a factor k3, where k is the photon energy.
However, adding this factor led to a divergent tail at large
photon energies. In order to suppress this behavior, an
ad hoc damping function was included, arguing that it
modeled the overlap of the charmonia wave functions.
Nevertheless, such a damping factor does not appear in the
theoretical studies of Refs. [5,6], and, thus, it is not well
justified. The analysis by the KEDR Collaboration [8,9]
followed a similar approach incorporating a different, non-
theoretically-motivated, damping function.
A line shape for the photon spectrum of the J=ψ →

γηc → γX decay process obtained from weakly coupled
pNRQCD, incorporating a finite width for the ηc, was
presented in Ref. [11]. This photon spectrum line shape was
fitted together with the background to CLEO’s data and
used to determine the ηc mass and decay width, yielding,
within uncertainties, equivalent results for the decay width
but a slightly higher mass (see Table II). The line shape in
Ref. [11] also presented a divergent tail at large energies.
The origin of the divergent tail of the pNRQCD line shape

can be traced to contributions that, upon integration over the
photon energies, produce either polynomial or logarithmic
divergences in the decay width. Therefore, to compute the
decay width, the regularization and subtraction of these
divergences is necessary, which makes it a scheme-
dependent quantity. The cancellation of the divergences is
achieved by renormalizing operators that give contributions
to J=ψ → γX that are not included in the J=ψ → γηc → γX

process. We compute the total width regulating the phase
space integral using dimensional regularization (DR), which
sets the polynomial divergences to zero, and the logarithmic
divergence is subtracted in the MS scheme. We propose a
modified version of the pNRQCD photon spectrum line
shape for the J=ψ → γηc → γX decay in which the terms
that originate the UV divergences in thewidth are subtracted
in a manner consistent with the calculation of the decay
width in DR and the MS scheme, which we detail in Sec. II.
Using the proposed line shape, we analyze CLEO’s data in
Sec. III and extract the values for the ηc mass, width, and the
J=ψ → γηc → γX branching fractions. From the latter, we
obtain the value of the J=ψ → γηc width from the relation
between the two theoretical expressions of the widths. We
discuss our results and give some conclusions in Sec. IV.

II. SUBTRACTED LINE SHAPE AND DECAY
WIDTH FROM EFT

The J=ψ → γηc transition amplitude has been computed
in Ref. [5] within the weakly coupled pNRQCD approach
and can be written, up to Oðv2Þ, as

AJ=ψ→γηc ¼ i
eQe
m

ê · ðk × ϵ̂�Þ
�
1þ κ −

5

6m2
hp2i

�
; ð2Þ

where eQ is the electric charge of the charm quark in units
of the electron’s charge and m is its mass. The anomalous
magnetic moment κ ¼ αsCF=ð2πÞ is evaluated using
αsðmÞ ¼ 0.3289.2 The J=ψ and γ polarization vectors
are ê and ϵ̂, respectively. The matrix element hp2i ¼
h1Sjp2j1Si ¼ 0.4943 GeV2 has been computed in Ref. [6],
where the 1S wave function is a solution of the leading-
order Hamiltonian that includes exactly the static potential
up to Oðα4sÞ precision.
The photon spectrum of J=ψ → γηc → γX can be

obtained using the M1 transition vertex in Eq. (2) by
computing the imaginary part of the diagram in Fig. 1 and
using the optical theorem. It reads, in DR, as

dΓ
dk

����
pNRQCD

¼ ð4πμ2Þ4−d2 4e2Q
3π

α

m2

�
ð1þ κÞ2 − 5hp2i

3m2

�

× kd−1
Γηc=2

ðk − ΔÞ2 þ Γ2
ηc
4

; ð3Þ

with Δ ¼ mJ=ψ −mηc , d the space-time dimension and μ
the renormalization scale. Setting d ¼ 4, we recover the
result in Ref. [11]. Integrating over all the photon energies,
we arrive at

1Note that this value is not taken into account into the Particle
Data Group (PDG) average [10], which considers only the
Crystal Ball and CLEO measurements. We also requested the
data to include in the analysis carried out in this paper, but it was
not made available to us.

2The value of αsðmÞ is obtained with four-loop accuracy and
nf ¼ 3 active flavors. We use for the mass of the charm quark
m ¼ mc;RS0 ð0.7 GeVÞ ¼ 1648 MeV [6], which represents the
charm mass computed in the renormalon subtracted scheme
RS0 at the renormalization scale νf ¼ 0.7 GeV.
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Γ¼ e2Q
3π

α

m2

�
ð1þ κÞ2− 5hp2i

3m2

�

×

�
Δð4Δ2− 3Γ2

ηcÞ
�
π− arctan

Γηc

2Δ

�

þΓηc

�
3Δ2−

Γ2
ηc

4

��
λþ 2− log

�
4Δ2þΓ2

ηc

μ2

���
; ð4Þ

with λ ¼ 2=ð4 − dÞ − γE þ log 4π. The UV divergence in
Eq. (4) can be renormalized in the MS scheme by absorbing
the term proportional to λ into suitable operators contrib-
uting to the J=ψ → γX decay. The dependence on the
renormalization scale of Eqs. (3) and (4) should be
compensated by the scale dependence of the matching
coefficients of the same operators. These matching coef-
ficients encode nonperturbative processes and cannot be
computed in perturbation theory.
The line shape in Eq. (3) is divergent at large photon

energies. The terms that produce this behavior can be
isolated using partial fractioning or just by looking at the
expansion of Eq. (3) for large k. Two terms are poly-
nomially divergent, and one is logarithmically divergent. In
DR, after integrating over the energies, the polynomially
divergent terms produce no contribution to the decay width,
and the logarithmic divergence is subtracted and canceled
by a counterterm. Therefore, the terms responsible for the
divergence of the photon spectrum line shape at large
energies do not contribute to the decay width. Our proposal
is to subtract the divergent terms from the photon spectrum
line shape in a manner consistent with the calculation of
the decay width in DR and the MS scheme. A similar
scheme in which the UV divergences are subtracted at the
integrand level has been developed in Refs. [12,13]. The
divergent terms of the photon spectrum line shape read as
follows:

dΓ
dk

����
UVdiv

¼ ð4πμ2Þ4−d2 2e2Q
3π

αΓηc

m2

�
ð1þ κÞ2 − 5hp2i

3m2

�
kd−2

×

�
1

k
þ 2Δ

k2
þ 1

ðk2þμ2Þ3=2
�
3Δ2−

Γ2
ηc

4

��
: ð5Þ

To regularize spurious infrared divergences produced by
the separation of the logarithmic divergence, we have
introduced a regulator in the last term of Eq. (5). Setting
this regulator to be the same as the renormalization scale
cancels the dependence on μ upon integration of Eq. (5)
over the photon energy. We define the subtracted photon
spectrum line shape as

dΓ
dk

����
pNRQCDsub

¼ dΓ
dk

����
pNRQCD

−
dΓ
dk

����
UVdiv

: ð6Þ

Integrating the subtracted line shape in Eq. (6) over the
photon energy, we obtain exactly the same width in Eq. (4)
with the UV-divergent term λ subtracted. Since any poly-
nomially divergent term vanishes upon integration in DR,
one could, in principle, choose a subtraction different from
Eq. (5) by any amount of polynomially divergent terms and
it would still produce the same renormalized decay width.
Nevertheless, only the subtraction in Eq. (5) leaves the
photon spectrum line shape free of any IR and UV
divergences.
Finally, one can obtain the expression for the ΓJ=ψ→γηc

width, obtained in Refs. [5,6], by taking the limit Γηc → 0

in Eq. (4):

ΓJ=ψ→γηc ¼
4e2Q
3

α

m2

�
ð1þ κÞ2 − 5hp2i

3m2

�
Δ3: ð7Þ

We can rewrite Eq. (4) (subtracting λ) in terms ΓJ=ψ→γηc and
invert the relations to obtain

ΓJ=ψ→γηc ¼ 4πΔ3Γ
�
Δð4Δ2 − 3Γ2

ηcÞ
�
π − arctan

Γηc

2Δ

�

þΓηc

�
3Δ2 −

Γ2
ηc

4

��
2− log

�
4Δ2þΓ2

ηc

μ2

���
−1
:

ð8Þ

These expressions allows us to obtain the width ΓJ=ψ→γηc in
terms of the quantities Γ, mηc , and Γηc , that can be obtained
from the analysis of the experimental data for
J=ψ → γηc → γX. Note that the μ dependence of Γ cancels
out with the dependence on μ of the logarithmic term.

III. ANALYSIS OF CLEO’S DATA

The CLEO Collaboration [7] studied the ψð2SÞ → γηc
and J=ψ → γηc magnetic dipole transitions using
2.45 × 106 ψð2SÞ decays collected with the CLEO-c

FIG. 1. One-loop pNRQCD diagram with M1 vertices relevant
for the calculation of the J=ψ → γηc → γX decay width and line
shape. The black dot on the ηc propagator represents that a finite
width for the ηc is incorporated in the propagator. The J=ψ →
γηc → γX decay width is given by the imaginary part of the
diagram obtained using the cut represented by the vertical
dashed line.
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detector at the Cornell Electron Storage Ring. They extract
B2S ≡ Bðψð2SÞ → γηc → γXÞ from the 640 MeV photon
transition line visible in the inclusive photon energy
spectrum from multihadronic events collected at the
ψð2SÞ resonance. To measure B1S=B2S, the fraction of
event chains

ψð2SÞ → πþπ−J=ψ ; J=ψ → γηc; ηc → X; ð9Þ

ψð2SÞ → γηc; ηc → X; ð10Þ

is taken. The considered 12 exclusive ηc decay modes are
denoted by X, which includes all reported ηc decay modes
except the pp̄ one that has a small rate. The branching
fraction B1S is then obtained as the product of B2S and
B1S=B2S. For the selection of the exclusive J=ψ decays, the
recoil mass of the πþπ− is used to select the process
ψð2SÞ → J=ψπþπ−. The B1S branching fraction is finally
obtained as

Bexp
1S ¼ ðNin

2S=N
ex
2SÞNex

1S

εin2Sðεex1S=εex2SÞNψð2SÞBππ
; ð11Þ

where NinðexÞ
1Sð2SÞ and εinðexÞ

1Sð2SÞ are, respectively, the observed

number of events and calculated efficiencies of the J=ψ and

ψð2SÞ in inclusive (in) and exclusive (ex) ηc channels. Bππ

is the ψð2SÞ → J=ψπþπ− branching fraction andNψð2SÞ the
number of ψð2SÞ decays. For our analysis, we take the
values obtained by the CLEO Collaboration (see Table I)
except for the one corresponding to Nex

1S, which is recalcu-
lated using the photon spectrum line shapes in Sec. II.
The photon spectrum for the J=ψ → γηc → γX process

measured by the CLEO Collaboration is shown in Fig. 2.
We have fitted the unsubtracted [Fig. 2(a) and Eq. (3)] and
subtracted [Fig. 2(b) and Eq. (6)] pNRQCD line shapes
with a free normalization together with the background
shape. The total signal is convoluted with a resolution
function with a width of 4.8 MeV. In both cases, we set
d ¼ 4, take mJ=ψ ¼ 3096.9 MeV [10], and use μ ¼
0.4 GeV in the subtracted line shape. The remaining
parameters, such as charm quark mass, have been specified
in Sec. II.
The background is the same used by the CLEO

Collaboration, and it is composed by (i) a Monte Carlo
modeled background for spurious J=ψ → X with shape

bkg1ðkÞ ¼ A1ðe−5.720k þ 10.441e−33.567kÞ; ð12Þ

where the normalization A1 is fitted; and (ii) a freely fit
background for J=ψ → π0X and nonsignal J=ψ → γX with
shape

bkg2ðkÞ ¼ B0 þ B1kþ B2k2: ð13Þ

In Table II, we present our results obtained from the
analysis of CLEO’s data for themηc , Γηc , and the branching
fraction Bexp

1S . The latter is obtained from Eq. (11) by
inputting the value of Nex

1S, which is obtained as the sum of
the number of events above background for the whole range
of experimental data. We display our results using the
unsubtracted and subtracted line shapes and compare them
with those reported by CLEO [7] and KEDR [9]

TABLE I. Yields and efficiencies taken from the CLEO
Collaboration analysis in Ref. [7]. The numerical values of
Bππ and Nψð2SÞ are from Ref. [14].

Nin
2S=N

ex
2S 11.07� 0.33

εex1S=ε
ex
2S 0.6515

εin2S 56.37%
Bππ ð35.04� 0.07� 0.77Þ%
Nψð2SÞ ð24.5� 0.5Þ × 106
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FIG. 2. The (black) solid line is the fit to the photon spectrum in exclusive J=ψ → γηc → γX decays using the unsubtracted pNRQCD
line shape of Eq. (3) (a) and using the subtracted pNRQCD line shape of Eq. (6) (b). Experimental data points are taken from Ref. [7].
Total background is given by the (red) dashed line. The (blue) dot-dashed curves indicate the two major background components
described in the text.
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Collaborations as well as the PDG averages [10]. Both
unsubtracted and subtracted line shapes yield the same
results for the ηc mass and decay width. We obtain an ηc
decay width that is compatible, within uncertainties, with
the one reported by CLEO and the PDG average. The
difference with respect to the one obtained by KEDR has its
origin in the experimental data and not in the line shape
used. We obtain an ηc mass which is slightly higher than all
the experimental measurements, albeit barely within
uncertainties.
It can be seen in Fig. 2 that a substantial tail of signal

persists at large photon energies when fitting CLEO’s data
with the unsubtracted pNRQCD line shape, while using the
subtracted line shape removes that tail. As a result, the
branching fraction Bexp

1S obtained using the subtracted line
shape is 44% smaller than the one obtained with the
unsubtracted line shape. The value of the branching fraction
Bexp
1S obtained using the subtracted line shape is close to the

CLEO’s determination, which indicates that the subtraction
of the line shape has a similar effect as adding an ad hoc
damping function; however, the latter is not well theoreti-
cally motivated. The KEDR result is ∼55% larger, and the
difference should be attributed to the experimental data and
not to the photon line shape used. Notice that the KEDR
result is not taken into account in the PDG average.
We can now use the values for the ηc mass and decay

width in Table II obtained from our fits to compute the
J=ψ → γηc → γX decay width using the theoretical expres-
sion in Eq. (4):

Γ ¼ ð2.03� 0.03stat � 0.44theoÞ keV; ð14Þ

where the Oðv2Þ corrections make up about 16% of the
total value. The first error corresponds to the statistical
uncertainty from the fit, and the second is the theoretical
one [6]. The value in Eq. (14) corresponds to the branching
fraction

Btheo
1S ≡ Γ

ΓJ=ψ
¼ ð2.19� 0.07stat � 0.48theoÞ%; ð15Þ

with ΓJ=ψ ¼ 92.9� 2.8 keV [10]. Now, we can compare
this result of the branching ratio with the experimental one
in Table II for the subtracted line shape, and we observe a
very good agreement, well within the uncertainties.
A different signal to background ratio is obtained if the

renormalization scale μ is changed. This is consistent with
the fact that the renormalization of the logarithmic diver-
gence involves an operator that contributes to a background
process. Since the transition amplitude in Eq. (2) is
obtained from pNRQCD, the value of the renormalization
scale should be kept of the order of the typical momentum
scale of this EFT in order not to spoil the EFT expansion,
which is the motivation behind the value μ ¼ 0.4 GeV we
have used. We have analyzed the sensitivity of Bexp

1S with
respect to μ by modifying it by 10% and found that the
branching fraction changes by ∼3.5%. Furthermore, the
dependence in μ is matched by the one in the theoretical
expression in Eq. (15) through the μ dependence of Eq. (4).
The branching ratio obtained with the unsubtracted line

shape is highly dependent on the choice of energy cutoff of
the experimental data, while the one obtained with the
subtracted line shape produces very similar results for any
cutoff above 0.3 GeV.
It is interesting to consider the contribution of the

subtraction in Eq. (5) integrated for d ¼ 4 up to a cutoff
Λ ¼ 495 MeV, which corresponds to the highest photon
energy measured by the CLEO Collaboration. The con-
tribution to Γ is 1.54 keV, which if added to the determi-
nation of the branching fraction gives Btheo

1S ¼ 3.85%,
coinciding with Bexp

1S determined using the unsubtracted
photon spectrum line shape. This indicates that the analysis
of the experimental data done using the unsubtracted line
shape should be compared with a computation of the width
performed with a cutoff regulator.
Finally, the decay width of the J=ψ → γηc process can be

obtained from the experimental branching ratio of
J=ψ → γηc → γX, the ηc mass, and decay width from
Table II by using Eq. (8) with the value Γ ¼ Bexp

1S ΓJ=ψ . We
obtain

Γexp
J=ψ→γηc

¼ ð1.82� 0.16Þ keV: ð16Þ

We can compare this result with the theoretical expression
in Eq. (7) using the computation of the matrix elements
from Ref. [6] and the value of mηc from our fits in Table II.
We find3

Γtheo
J=ψ→γηc

¼ ð1.84� 0.03stat � 0.40theoÞ keV; ð17Þ

TABLE II. The ηc resonance parameters: mass and total decay
width (in MeV) and the Bexp

1S ¼ BðJ=ψ → γηc → γXÞ branching
fraction (in percent) computed from the line-shape fit using
Eq. (11). Using CLEO’s data, we quote our results using the
unsubtracted and subtracted line shapes and compare them with
those reported by CLEO [7] and KEDR [9] Collaborations.
For comparison purposes, the current PDG [10] averages
for the ηc mass and width are mηc ¼ 2983.9� 0.5 MeV and
Γηc ¼ 32.0� 0.7 MeV, respectively.

mηc (MeV) Γηc (MeV) Bexp
1S (%)

pNRQCD 2985.8� 0.6 29.7� 1.7 (3.86� 0.33)
pNRQCDsub 2985.8� 0.6 29.7� 1.7 (2.17� 0.18)
CLEO 2982.2� 0.6 31.5� 1.5 (1.98�0.09�0.30)
KEDR 2983.5�1.4þ1.6

−3.6 27.2�3.1þ5.4
−2.6 (3.40� 0.33)

3The difference with the value in Eq. (17) from the one given in
Ref. [6] is entirely due to the different mηc used.

LINE SHAPE AND THE EXPERIMENTAL DETERMINATION OF … PHYS. REV. D 104, 074032 (2021)

074032-5



which is compatible with the result in Eq. (16). The values
obtained in the most recent lattice QCD computations are
ΓJ=ψ→γηc ¼ ð2.64� 11� 3Þ keV [15] and ΓJ=ψ→γηc ¼
ð2.49� 19Þ keV [16]. The first is incompatible with both
our experimental and theoretical results, while the second is
compatible with only the theoretical determination.

IV. CONCLUSIONS

The experimental data on the photon energy spectrum for
J=ψ → γηc → γX have been used in the literature to
determine the width of J=ψ → γηc with results claimed
to be incompatible with the theoretical determinations of
Refs. [5,6]. To perform these analyses, an expression of the
photon spectrum line shape is needed. This is used to fit the
data and evaluate the number of events above the back-
ground which can be used to obtain the branching ratio for
J=ψ → γηc → γX, which incorrectly has been reported as
the branching ratio for J=ψ → γηc in some instances.
We have calculated the photon spectrum line shape for

the J=ψ → γηc → γX process in weakly coupled pNRQCD
[11]. We have incorporated to the leading-order expression
for the J=ψ → γηc transition amplitude the relativistic and
multipole expansion corrections up to Oðv2Þ [5]. These
corrections have been computed incorporating the full
static potential into the leading-order Hamiltonian as
in Ref. [6].
We have shown that the large energy tail of the line shape

is due to polynomially and logarithmically divergent terms.
Because of these divergent terms, the computation of the
total width for the J=ψ → γηc → γX process requires
the use of a regularization and subtraction scheme. The
counterterms needed for renormalization are provided by
other operators contributing to the J=ψ → γX process. The
scheme dependence of the J=ψ → γηc → γX width can be
understood as resulting from the separation of a subprocess
from the total, physically observable, J=ψ → γX.
Integrating the line shape over the photon energy using
DR, an analytical expression for the width of the J=ψ →
γηc → γX process has been obtained [Eq. (4)]. Upon
integration in DR, the polynomially divergent terms give
no contribution, and the logarithmically divergent term
produces an UV divergence that is subtracted in MS
scheme. We have proposed a subtracted photon spectrum
line shape [Eq. (6)], in which the UV-divergent terms are
subtracted in a manner consistent with the calculation of the
decay width in DR and the MS scheme.

We have analyzed CLEO’s data for J=ψ → γηc → γX
process using the unsubtracted and subtracted line shapes.
The signal over background ratio depends on the tail of the
line shape at large photon energies. Using the unsubtracted
line shape, the large energy tail leads to a determination of
Bexp
1S , from Eq. (11), which is incompatible with the

theoretical determination from Eqs. (4) and (15). Using
the subtracted line shape in the analysis of the experimental
data, the experimental and theoretical determinations of the
branching fraction are in good agreement:

Bexp
1S ¼ ð2.17� 0.18Þ%; ð18Þ

Btheo
1S ¼ ð2.19� 0.07stat � 0.48theoÞ%: ð19Þ

Both these values depend on the choice of renormalization
scale μ, the experimental one through the μ dependence of
the line shape [see Eqs. (6) and (5)] and the theoretical one
through the explicitly μ dependence of Γ in Eq. (4). The
J=ψ → γηc width can be obtained from Eq. (8), where the
μ dependence cancels out, by inputting Γ ¼ Bexp

1S ΓJ=ψ . We
obtain the following value:

Γexp
J=ψ→γηc

¼ ð1.82� 0.16Þ keV; ð20Þ

which is compatible with the theoretical result in Eq. (17)
from Refs. [5,6].
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