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Expressions for the potentials appearing in the nonrelativistic effective field theory description of doubly
heavy baryons are known in terms of operator insertions in the Wilson loop. However, their evaluation
requires nonperturbative techniques, such as lattice QCD, and the relevant calculations are often not
available. We propose a parametrization of these potentials with a minimal model dependence based on an
interpolation of the short- and long-distance descriptions. The short-distance description is obtained from
weakly-coupled potential NRQCD and the long-distance one is computed using an effective string theory.
The effective string theory coincides with the one for pure gluodynamics with the addition of a fermion
field constrained to move on the string. We compute the hyperfine contributions to the doubly heavy baryon
spectrum. The unknown parameters are obtained from heavy quark-diquark symmetry or fitted to the
available lattice-QCD determinations of the hyperfine splittings. Using these parameters we compute the
double charm and bottom baryon spectrum including the hyperfine contributions. We compare our results
with those of other approaches and find that our results are closer to lattice-QCD determinations, in
particular for the excited states. Furthermore, we compute the vacuum energy in the effective string theory
and show that the fermion field contribution produces the running of the string tension and a change of sign

in the Liischer term.
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I. INTRODUCTION

The discovery of more than two dozen exotic quarko-
nium states, as well as the more recent measurements of
pentaquarks and double charm baryons, has increased
interest in the wider class of hadrons containing two heavy
quarks. All doubly heavy hadrons have in common that the
constituent heavy quarks are nonrelativistic and that the
dynamics of the heavy quarks and the light degrees of
freedom, light quarks and gluons, can be factorized in an
adiabatic expansion. An effective field theory (EFT) for
doubly heavy hadrons built upon these two expansions was
presented in Ref. [1]. Since the EFT reproduces the Born-
Oppenheimer (BO) approximation at leading order we will
refer to it as BOEFT. In the construction of the EFT no
assumption is made about the heavy-quark distance and
hence the EFT is valid both for short and long distances
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with respect to A()éD, the inverse of the intrinsic scale of the
nonperturbative effects in QCD. Therefore, the EFT can be
seen as a generalization of strongly coupled potential
NRQCD (pNRQCD) [2,3] for quarkonium states to any
heavy-quark-pair state with nontrivial light degrees of
freedom. The matching coefficients of BOEFT depend
on the heavy-quark-pair distance and, therefore, correspond
to potential interactions. Expressions for these potentials in
terms of operator insertions in the Wilson loop can be
obtained by matching BOEFT to NRQCD [4-6], which can
also be found in Ref. [1]. Since the Wilson loops involve
nonperturbative dynamics, in principle they should be
evaluated with lattice QCD.

BOEFT has been applied to doubly heavy baryons in
Ref. [7]. In this case, the Wilson loop with light quark
operator insertions corresponding to the static potential, has
been obtained in the lattice [8,9] including several excited
states. This lattice data was used in Ref. [7] to obtain the
double charm and bottom baryon spectrum at leading
order in BOEFT. The leading-order spectrum is formed
by spin-symmetry multiplets of states with total angular
momentum j and parity 77,. The degeneracy of the states in
the multiplets is broken by 1/m suppressed operators in
BOEFT, where m, is the heavy-quark mass. These operators
correspond to different couplings of the heavy-quark spin
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and angular momentum to the light-quark spin.
Unfortunately, at the moment there is no lattice data
available for the potentials of these heavy-quark spin and
angular-momentum dependent operators.

The main aim of this paper is to develop a parametrization
for the subleading potentials for doubly heavy baryons. The
short-distance regime is defined as r << 1/Aqcp, which is
equivalent to assuming that there is an energy gap between
the relative momentum of the heavy quarks m,v, with v the
relative velocity, and AQCD. Therefore, in the short-distance
regime one can build BOEFT in two steps. First, the relative
momentum is integrated out perturbatively in order to build
weakly-coupled pNRQCD [10-12], and second, one inte-
grates out the Agcp modes. This procedure results in
multipole expanded expressions of the potentials in
BOEFT where the dependence on the heavy-quark-pair
distance is explicit and the nonperturbative dynamics is
encoded in some unknown constants. Examples of this two-
step matching can be found in Refs. [13,14] for the heavy-
quark spin dependent potentials of quarkonium hybrids and
in Refs. [15,16] for the hybrid to standard quarkonium
transitions.

In the long-distance regime, r > 1/Aqcp, it is known
that the heavy-quark-antiquark static potential obtained
from lattice QCD is well described in terms of an Effective
String Theory (EST) [17] modeling the flux tube formed
between the heavy-quark-antiquark pair at large separa-
tions. Corrections to the long-distance linear behavior of
the static potential can be calculated in a systematic manner
in the EST [18,19] (see also Refs. [20,21]), including the
contribution from the vacuum energy of the string which
has also been confirmed by lattice QCD [19,22,23]. The
long-distance behavior of the subleading potentials for
quarkonium can be computed in the EST given a mapping
of the Wilson loop with operator insertions into EST
correlation functions. This mapping was worked out in
Ref. [24] and some of the subleading potentials were
computed. This computation was later extended up to
next-to-leading order in the EST in Refs. [25,26]. The
parametrization given by these computations agree well
with the lattice determinations of Refs. [27,28]. The
excitations of the string produce a spectrum of excited
states, corresponding to quarkonium hybrid static poten-
tials, which accurately describe the lattice determinations at
long distances [22]. The mapping of operators to the EST to
compute subleading potentials for hybrid quarkonium was
introduced in Ref. [29].

In this paper we present an EST for two static heavy
quarks and one valence light quark, which is suitable to
compute the long-distance part of the potentials of BOEFT
for doubly heavy baryons. We obtain the mapping between
different operator insertions in the Wilson loop and corre-
lators in the ESTand use it to compute the static potential and
the heavy-quark spin and angular-momentum dependent
potentials in the long-distance regime. A parametrization of

the potentials for any distance between the heavy-quark pair
is built by interpolating between the short- and long-distance
descriptions. The free parameters of the short- and long-
distance descriptions of the potentials are then fitted to a
broad set of lattice data on the hyperfine splittings of doubly
heavy baryons [30-39]. Using this parametrization of the
potentials we compute the hyperfine contributions to the
double charm and bottom baryons states of Ref. [7] corre-
sponding to spin 1 /2 light-quark states. These include all the
states below threshold of double bottom baryons, for which
no lattice determination exists beyond the ground state spin
doublet. Finally, we compare our results with previous
model based determinations of the masses of doubly heavy
baryons.

We present the paper as follows. In Sec. II, we review the
general structure of the doubly heavy baryon potentials at
next-to-leading order in the 1/m, expansion. We also
discuss the short-distance constraints for those potentials.
The leading-order parameters can be extracted from the
heavy-light meson spectrum using heavy quark-diquark
symmetry. In Sec. III, we propose an EST with fermionic
degrees of freedom in order to describe the long-distance
behavior of the potentials. Based on the D, group, we put
forward a mapping from the NRQCD operator insertions in
the Wilson loop to EST operators, and use it to compute the
potentials. At leading order, they turn out to depend on two
parameters only. In Sec. IV A we review the expressions of
the doubly heavy baryon hyperfine splittings. In Sec. IV B
we model the spin-dependent potentials using suitable
interpolations between the known short-distance behavior
and the just calculated long-distance one. Then, the
remaining unknown parameters of the parametrization of
the potentials are fitted to lattice data on the hyperfine
splittings of doubly heavy baryons. Using these parameters,
we predict the spectrum of doubly heavy baryons including
hyperfine contributions in Sec. IV C. We compare our
results with other approaches in Sec. V. We close the paper
with some conclusions in Sec VI. In Appendix A we
calculate the Casimir energy (Liischer term) in the EST.
Finally, in Appendix B we give expressions for the short-
distance regime constants as correlators in weakly-coupled
pNRQCD.

II. DOUBLY HEAVY BARYON POTENTIALS

A. General expressions

A general EFT framework to describe any doubly heavy
hadron has been presented in Ref. [1]. The EFT was worked
out up to 1/mg including the terms that depend on the
heavy-quark spin and angular momentum. The matching
expressions of the potentials in terms of operator insertions
in the Wilson loop can also be found in Ref. [1]. This EFT
framework has been applied to doubly heavy baryons in
Ref. [7] where the spectrum associated to the four lowest
lying static energies was obtained. These static energies are
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characterized by the representation of D, and the quan-
tum numbers of the light-quark operator that interpolates
them, in particular the spin x and parity p. In the present
work we will only consider the cases with light-quark
interpolating operator with x” = (1/2)*. These spin-1/2
cases only have one possible projection into the heavy-
quark axis and therefore each correspond to a single D,
representation. These are (1/2), and (1/2);, for the x” =
(1/2)" and x? = (1/2)~ operators, respectively.

The Hamiltonian densities associated to the k” = (1/2)*
light-quark states [7] have the following expansion up to

2 P2

p (0) LG
+—+V(1/2) ( )+_QV(]/2 ( »P) (1)

h
(]/z)i mQ 4I’i’lQ

At leading order we have just the static potential

The heavy-quark spin and angular-momentum dependent
operators appear at next-to-leading order, and read as

(1) _
V(l/z)tSD() V(1/2 ()SQQ Sl/Z
+ V(I/Z)i(r>SQQ (T2 S1))
+ Vi (N(Log - S1p2), (3)

with lej = i'li') - 611/3, S]/2 = 0'/2, and 2SQQ = O'QQ =
60,120, + 120,60,, Where o are the standard Pauli matrices
and 1, is an identity matrix in the heavy-quark spin space
for the heavy quark labeled in the subindex.

The matching expressions of the potentials in terms of
operator insertions in the Wilson loop can be found in
Ref. [1]. For the potentials in Egs. (2) and (3) the
expressions in Ref. [1] reduce to

0 1/2)%
) ) V1)) (r) = lim - og(Trl(1)2)) ()
0 0
Vi) = Vi (r)- @ and
|
2 TH[S) ), - (gB(f,x,))
V(vll/z) ( ) thm dt/ r[ 1/2 <g ( xi1)>[:l ] (5)
=3ty e[
12 Tr[(S1,-T5) - (gB(?, (1/2)*
V2 (1) = —eplim & [ ap TS 2 T2) B x)) ] ©)
(1/2)* im0t J_y Tr[(ng/z) ]
U THS - Gy —T) - (B(1/2,2(s))) "
Vé]/z)i :—limZ/ dss 1[S12- G 2) - (g i(/ 2(s)))g ] (7)
= Jo Te(1)g"* ]
where z(s) = x; + s(R —x;) and we use the following notation for the Wilson loop averages
dz'AK(2)
(I = (@ (1/2.R).0. Q) -1/ 2. R)PL s ®)

with C; and C, the upper and lower paths of a rectangular
Wilson loop. Note that, unlike the quark-antiquark case, the
flow is in the same direction for both paths. The interpolat-
ing operators are

2’1/2>+(t,x) =[P ¢ (t.x)]"T", (9)

Qfi - (1.%) = [Py g (t,x)]°T", (10)

where a = —1/2,1/2, and we have used the following 3
tensor invariants

T! !

_U_\/jelij’ i,j,l: 1,2,3. (11)

|
B. Short-distance potentials

The short-distance regime is characterized by r < A(‘Q}:D.
Since, in this regime the heavy-quark-pair distance and
Aé'CD are well-separated scales the matching of NRQCD to
the BOEFT for doubly heavy baryons can be done in
two steps. First, one integrates out the heavy-quark-pair
distance, which can be done in perturbation theory.
This produces weakly-coupled potential NRQCD
(pPNRQCD) for doubly heavy systems presented in
Ref. [12]. Then, integrating out the Agcp modes one
recovers BOEFT. This procedure delivers expressions of
the potentials in Egs. (4)—(7) as an expansion in the heavy-
quark-pair distance. An analogous approach was used in
Refs. [13,14] to determine short-distance expansion of the
hybrid quarkonium potentials. All the potentials follow the

074027-3



JOAN SOTO and JAUME TARRUS CASTELLA

PHYS. REV. D 104, 074027 (2021)

FIG. 1.

Matching of the Wilson loop for the static potential for doubly heavy baryons, with the expansion in weakly-coupled

pNRQCD up to next-to-leading order. The single lines represent the antitriplet fields, the double lines the sextet field, the dotted and the
curly lines the light-quark and transverse gluon fields respectively (emissions of longitudinal gluon fields from the triplet and sextet
fields and from the vertices are omitted). The crossed circles indicate the insertion of a Q operator and the square or diamond the
insertion of a chromoelectric dipole or quadrupole operator, respectively.

same general structure in the short-distance regime; a
possible nonanalytic term in r produced by integrating
out the heavy-quark-pair distance and an expansion in
powers of r> with nonperturbative coefficients. These
nonperturbatice coefficients only depend on the Agcp scale
and can be expressed as weakly-coupled pNRQCD corre-
lators of light quark and gluon operators.

The expansion of the static potential in Eq. (4) is given
diagrammatically in Fig. 1 and corresponds to the follow-
ing form

(0) _ 2aq (1)
V(I/Z)i(r) = _§_+A(1/2) A(1/2>

P4, (12)
with the nonperturbative constants given as pNRQCD
correlators in Appendix B

For the heavy-quark spin and angular-momentum de-
pendent potentials the short-distance expansion of the
potentials is given diagrammatically in Fig. 2 and are as
follows:

s - (0) 0)

V(;/z) (r) = CF(A(I/Z)i +A 1/2)ir2 + ), (13)
s — (1.2)

V(%/Z) ( ) CFA(I/z) + ceey (14)

1 1
i 2 () (1,0) 14 (1.2) 2
(1/2)* 2|: (1/21+<A(1/2)i 3A<1/2)i>r :| +..., (15)

with the nonperturbative constants given in Appendix B. At
leading order both Eqgs. (13) and (15) depend on the same
correlator and the difference in the contribution to the
potential stems from different factors in the coupling of the
heavy-quark spin and angular momentum to the chromo-
magnetic field in the Lagrangian of Eq. (9) in Ref. [12]. The
potential of the spin-tensor coupling in the Lagrangian of
Eq. (3) vanishes at leading order since, to appear, it requires
the insertion in the pNRQCD correlator of operators
carrying the dependence on r which are suppressed in
the multipole expansion. This type of correlator is also
responsible for the next-to-leading order contributions to
Egs. (13) and (15). It is interesting to note, that the next-to-
leading coefficient of Eq. (15) can be written as a
combination of the next-to-leading coefficients of
Egs. (13) and (14).

In the static and r — O limits the heavy-quark pair
becomes indistinguishable from a single heavy antiquark.
This is the so-called heavy quark-diquark duality [40—43].
One can use this duality to relate the leading-order
coefficients of the expansions of the potentials in
Egs. (12)—(15) to the heavy meson masses. The value of
/_\(1 /2)+ 1s equal to the leading-nonperturbative contribution
to the lowest laying D- or B-meson masses, usually referred
to as just A.

The value of A has been obtained in Refs. [44,45]
combining lattice determinations of the heavy-meson
masses and perturbative computations of the heavy-quark
masses. It is therefore necessary to use values of A and the

FIG. 2. Matching of the heavy-quark spin dependent potentials up to next-to-leading order in weakly-coupled pNRQCD. The legend
is as in Fig. 1 with the addition of the solid dot, a white-dotted square, and a white-dotted diamond representing the insertion of a
leading-order dipole, and quadrupole heavy-quark spin chromomagnetic couplings, respectively. Further next to leading diagrams can
be generated by changing the order of the different internal vertices, and by adding an extra transverse gluon emission to the heavy-quark
spin chromomagnetic couplings. The potential of the heavy-quark angular-momentum dependent operator is matched to an analogous

expansion.
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TABLE 1. Determination of A5~ — A2+ from D meson
mass differences. The masses are taken from the PDG [46]. The
uncertainty corresponds only to the experimental uncertainty of
the meson masses. The uncertainty in the determination of
(A(1j2- = Aj2)+) due to neglected higher-order terms is ex-
pected to be about 30%.

Heavy mesons (/_\(1/2)- - /_\(1/2)+) [GeV]

Mp-(2300)° ~ Mpo 0.435(19)
Mp;(2300)= — Mp* 0.465(7)
Mp, (2420)° ~ Mpr(2007)° 0.41375(7)
Mp, (2420)% ~ Mp*(2010)* 0.4129(24)

heavy-quark masses computed in the same scheme. We use
the values of Ref. [44] in the minimal renormalon-sub-
tracted scheme

m. = 1.392(11) GeV, (16)
my, = 4.749(18) GeV, (17)
Aqjay- = 0.555(31) GeV., (18)

Following from the heavy quark-diquark duality, the differ-
ence A(j/2- — A(1/2)+ is equal to the mass gap between the
ground and first excited heavy-light mesons, up to correc-
tions of order A2QCD /mg. The values for this difference are
collected in Table I. The values are compatible with the
short-distance energy gaps between the static energies
(1/2), and (1/2), of Refs. [8,9] associated to the light-
quark operators (1/2)* and 31/ 2)~, respectively.

Finally, the value of AE;% can be related to the
hyperfine splittings in D or B mesons [12]

_ 2¢p(mg) o)
Py, ~ MPoy = TQAU/z)i’

(19)

with corrections expected to be of order Adcp/mp. The
(0)

(1/2)*
masses are found in Table II.

values of A from Eq. (19) for various heavy-meson

III. EFFECTIVE STRING THEORY

A. Motivation

The QCD potentials for heavy quarks can be calculated
assuming the heavy quarks to be static color sources. For a
heavy-quark-antiquark system, the leading-order (static)
potential is the energy of a source in the fundamental
representation and a source in the complex conjugate
representation separated at a distance r. Since the system
must be a color singlet object, a certain gluon configuration
must exist between the two sources in order to achieve so.
When the distance is larger than the typical QCD scale

TABLE II. Determination of A(?) . from the heavy meson
masses, taken from the PDG [46], using Eq. (19). We take the
renormalization group improved expression for ¢ at 1 GeV. The
uncertainty corresponds only to the experimental uncertainty of

the meson masses. The uncertainty in the determination of AE?}z) N

due to neglected higher order terms is expected to be of ~30% for
the charm mesons and ~10% for the bottom mesons.

0
Heavy mesons A21>/2)+ [GeVz]
Mp+(2007)° — Mpo 0.08819(2)
Mp+(2010)* — Mp=* 0.087317(9)
M po- — Nipo 0.1222(6)
Mpee = Mp 0.1226(6)

0
Heavy mesons Amz)— [GeVZ]
Mp, (24200 ~ Mp:(2300)° 0.075(11)
Mp, (2420)= ~ Mpy;(2300)* 0.0461(3)

rAgep > 1, a flux tube emerges [47], with a typical radius
NA(‘)ICD. Assuming a constant energy per unit length in the
flux tube leads to a linear potential. The flux-tube dynamics
can be described by an EST, which matches the lattice QCD
calculations very well for the static potential at long
distances in the absence of light quarks [19,22,23].
When light quarks are present, the flux-tube configuration
is still observed [48] even though it may break due to light
quark-antiquark pair creation, a phenomenon known as
string breaking [49,50]. Nevertheless a flux-tube like
configuration leading to a linear potential remains as an
excited state for r beyond the string-breaking scale.

For a baryon with two heavy quarks, we have an
analogous situation. The two sources are now in the
fundamental representation, and the gluon configuration
linking them must also contain a valence light quark. When
rAgep > 1 we expect a flux tube to emerge from each
source and to joint at the point between them where the
valence light quark is at each time. Hence, the naive
expectation would be to have a potential with the same
string tension as in the quark-antiquark system plus a
constant contribution ~Agcp due to the extra energy
provided by the link to the valence light quark. Lattice
QCD simulations indeed observe a linear potential [8,51].
Hence, we expect an EST to account for the long-distance
behavior of the potential as well. Locally, the EST should
be the same as the one for the quark-antiquark system, but it
must contain some additional degrees of freedom describ-
ing the link to the valence light quark. In particular it must
keep its transformation properties under D, and flavor.
We propose to add a fermion to the usual EST which
transforms like the light quark under flavor and the Lorentz
group. We write down a reparametrization invariant
Lagrangian, and expand it at the desired order in the
effective theory expansion.
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B. Construction

A string has one spatial dimension and its motion
through spacetime defines a world sheet. The world sheet
can be parametrized with two variables, which we will
denote by x = (7, 4). The embedding of the world sheet in
Minkowsky space is given by

£=((1.4).8(1.4).8(1.2).8(.4).  (20)

The metric g,, induced on the string reads

a P
Gab = ”rxﬁe;eg’ (21)

with 7,4 the Minkowsky metric, and ef = 0&%/0x“ the
Zweibein. The action of the gluonic string is just propor-
tional to the area of the string world sheet

%:—5/fmﬁ (22)

with o the string tension and g = | det g,,|.
The action of a four-dimensional Dirac field constrained
on a string is given by

Siq = / e/ () (10D, — mu g Jw ().

Pp? 0y = (W (p*duw) — (0uW)pw)/2, (23)
with p¢ = y*e;. The antisymmetrization of the partial
derivative is required by Hermiticity. Note that the action
in Eq. (23) is invariant under reparametrizations of the
string if we choose w(x) to transform like a scalar, and
under Lorentz symmetry if we choose y(x) to transform

like a four-dimensional Dirac field but keeping x invariant.
Let us choose the Gauge or string parametrization

O=r=1 (24)
E=1=z (25)

Expanding the action in Eq. (22) for small string fluctua-
tions we arrive at

Se = —a/dtdz(l —%aaflaafl-f— ) (26)

and for the case of the fermionic action in Eq. (23) we find

<>

Sia = [ didz((0.2)ir Dy (t.2) = mq (1. (. 2)

- 8“§1¢(t,z)iy13aw(t, )+ ...), (27)

with [ =1, 2, and a =0, 3.

The fermion field mode expansion is

oo 1 ' . y
w(te)= Zﬁ(ﬂ‘l(")aie”’"ze Ft

n=-—o0o §

+u (n)bf,Te_ip"ZeiE”t), (28)

where E, = \/p2 + m%q.. If we consider both periodic and
antiperiodic solutions p, = nz/r, n € Z. The spinors are
defined as

u: ) e R}
wep VE+mg pos3 “
W (Ep) = 7% Nz (30)
P E g \E+mg 7

With)(+l/2 = (1,0),}{_]/2 = (O, 1), and)?s = —lGQX; The
commutation relations for the creation and annihilation
operators are

{az’ af:’T} = ésrann' B (31)
(b3, b5} = 678, (32)

all the other anticommutators vanish.

The field mode expansion in Eq. (28) contains both
positive- and negative-parity modes. Since the spinors
fulfill the relation u (E, —p) = 4+y°u, (E, p) a convenient
choice for the transformation of the creation and annihi-
lation operators under parity is

PaiP =a*,,  PbSP=—b5,. (33)
One can split the field mode expansion into two compo-
nents of well-defined parity with the following definitions

1 .
W, (1.2) = Z\/Z—T [q)zp+(z, n)af,mpe_lEnt
+ @), (z.n)bp, e, (34)
with
a;vl + nPaS—n bfl + nPbs—n
a, =————, Sy = ———————, 35
np \/i np \/E ( )
s o) = = (L () e (-m)e™), (36)
(ﬂnPiZ,n _\/Zuine npuy(—n)e s
with 7p the parity eigenvalue
Py, (1.2)P = 1py iy, (1. =2). (37)

074027-6



EFFECTIVE QCD STRING AND DOUBLY HEAVY BARYONS

PHYS. REV. D 104, 074027 (2021)

The field mode expansion in Eq. (28) can be rewritten in
term of the two components of well-defined parity as

o0

w(t.2) =) (Wi (t.2) Ty, (1,2)). (38)

n=1

C. Mapping

Our aim is to use the EST introduced in Sec. III B to
compute the Wilson loops with operator insertions in
Egs. (4)-(7) which correspond to the potentials in the
BOEFT. In order to do so we need a correspondence
between NRQCD and EST correlators. This correspon-
dence is defined by a mapping of NRQCD operators to the
EST ones with matching symmetry properties. The sym-
metry transformations which leave a system of two static
particles invariant form the group Dy, which is the
symmetry group of a cylinder. The basic transformations
are rotations around the cylinder axis, reflections across a
plane including the cylinder axis and parity. The conven-
tional notation for the representations of D, is Aj. A is the
rotational quantum number, which for integer values is
customarily labeled with capital Greek letters, X, I1, A...
for 0,1,2.... The parity eigenvalue is given as the index 5
which is labeled as g or u for positive and negative parity,
respectively. Finally, ¢ gives the sign under reflections as +
or —; however, it is only written explicitly for the X states,
because for A > 0 rotations around the cylinder axis mix
states in this quantum number. An operator belonging to
SO(3) ® P representation x” can be projected into D,
representations: the rotational quantum number can take
values corresponding to the absolute value of the projec-
tions of the spin of the operator into the heavy-quark axis
0 < A < || and the reflection eigenvalue corresponds to
o =n(—1)*. To simplify, we align the heavy-quark-pair
axis with the z-axis, i.e., r = (0,0, z), set the heavy-quark
positions at z = +r/2 and the center of mass at R = 0.

Both Dirac and string fermions are spin-1/2 fields and
have the same properties under rotations and reflections.
Moreover they can only be projected to A =1/2.
Therefore, to find the mapping of NRQCD to the EST
operators we just need to make sure that the parities
coincide

Q12+ (1,0) > Py (1,0), (39)
Qi (.0) > P_yy_(1,0), (40)

with P, = (1 £ y,)/2. Now, let us focus on the mapping
for the chromomagnetic field B, which can be projected
into X, and II, representations. Since we have chosen to
align the heavy-quark-pair axis with the z-axis, then B',
I =1, 2 and B? correspond to the IT, and X, representa-
tions, respectively. The mapping of the chromomagnetic
field into string fluctuations can be found in Ref. [24].

B!(t,7) = Ne™0,0,6m (1, 2), (41)
B3(t,2) > A"€™0,0,8(,2)0,E™(t, 7). (42)

This implies that B, =1, 2 is O(1/r?) and B? is
O(1/Aqgcpr?). However, mappings into string fermion
operators are now possible and in fact provide the leading
order contribution to the potentials in Egs. (5)—(7). This
mapping is as follows:

[

B2 o A w4
oo x

B3(t,z) — N (t, Z)Tl//(t, ), (44)

with £ = diag(s, ). Note that here both B/, [ = 1, 2 and
B? are O(Agcp/r), and hence are more important than the
corresponding bosonic operators in Eqgs. (41) and (42).
Finally, to convert the two-dimensional spin operators in
Egs. (5) and (6) into four-dimensional spin operators, we
will use the following prescription

1

D. Long-distance potentials

Using the mapping of NRQCD operators in the Wilson
loop to EST operators defined by Eqgs. (39)-(45) we
compute the potentials in Eqgs. (4)—(7) as correlators in
the EST. For example, let us apply the mapping to the
Wilson loop with the insertion of just the light-quark
operators in the spatial sides of the loop

+
WY s Polya(1/2,0) . (~1/2,0)) Py
e—i(zrr+E1)t

then the static potential is just
vO () =or+E (47)
(1/2)* -

Similarly, one can apply the mapping to compute the
heavy-quark spin and angular-momentum dependent
potentials

s _CrF mq.

§2 _CF mq.

074027-7



JOAN SOTO and JAUME TARRUS CASTELLA

PHYS. REV. D 104, 074027 (2021)

TABLE III.

Quantum numbers of doubly heavy baryons associated with the (1/2), and (1/2)], static energies.

The quantum numbers are as follows: [(I+ 1) is the eigenvalue of L3, f(er ) is the eigenvalue of

L? = (Lgg + Si2)*
sgo = 0forodd /and sy =

500(50p + 1) is the eigenvalue of S5,
1 for even . The total angular momentum J> =

. Note that the Pauli exclusion principle constrains
(L + Syp)? has eigenvalue j(j + 1).

Finally, np stands for the parity eigenvalue. Numbers in parentheses correspond to degenerate multiplets at leading
order. Notice that = in the parity column does not indicate degeneracy in that quantum number but correlates to the

=+ parity of the light-quark operator in the first column.

kP /\,7 l f SQQ ] Hp
(1/2)* (1/2),0 0 1/2 1 (1/2,3/2) +
| (1/2.3/2) 0 (1/2,3/2) =S
2 (3/2.5/2) 1 ((1/2.3/2,5/2). (3/2,5/2,7/2)) +
3 (5/2.7/2) 0 (5/2.7/2) ¥

(0
IV. DOUBLY HEAVY BARYON
HYPERFINE SPLITTINGS

A. Hyperfine contributions

1/2 (r)

The hyperfine contributions to the masses of doubly
heavy baryons have been computed in Ref. [7] for the states
associated to the static energies (1/2), and (1/2);,. These
two static energies are interpolated by (1/2)* and (1/2)"
light-quark operators, respectively. We summarize the
quantum numbers available for the states associated to
these static energies in Table III. Since the results of this
section are equivalent for both x” = (1/2)* we will not
display these labels. Let us label the mass of the states as
M, =M S? + Mﬁz;)lt’ + ---with M ,(3) the mass solution of
the Schrodinger equation with the static potential and M Ezlj)z y
the hyperfine contribution. Recall that due to the Pauli
principle the heavy-quark spin is spo = 0 for / odd and
sgo = 1 for [ even. Let us denote the expectation values of
the potentials between the radial wave functions as

fﬂ:/oodrr2l//"”'(r)Vi(r)y/”l(r), i=sl,s2,1.  (51)
0

The hyperfine contributions for [ = 0 are given by

m _ 1

. 11 Vs
M"J'O%_§<]<]+1>_Z>m_Q’ (52)

) L < V YZ
I’ll s A
2 mg % th + % VnZ

and the splitting is

In the case [ is an odd number the hyperfine contribution is
as follows:

[

ho 1 3 Vv,
M) = 2( (]+1)_Z_l(l+1)>_l’

(54)
o)

which for the cases [ = 1, 3 leads to the following splittings

3V!

M3 — M, :Em_nQI’ (55)
7V

Mgy — Mg = 5 m; (56)

For [ = 2 the hyperfine contributions are more complicated
since they depend on all three potentials in Eq. (3) and the
states j = 3/2,5/2 with £ = 3/2 and ¢ = 5/2 are mixed.
For j = 1/2 and 7/2 the contributions are

1ysh 1v2 3!
Mf’lll)Z—ZE_n2__—n2__ n2’ (57)
272 mQ 3 mQ 2 mQ
v 2v3 W
My =51 — ol g (58)
242 mQ 21 mQ mQ

For j = 3/2,5/2 we have the mixing matrices for £ = 3/2
and ¢ = 5/2 states'

2Vsh + 55 V53
n2 10 2 )’ (59)

_Evhz +EV5122 +qu2

"The off-diagonal terms were initially overlooked in Ref. [7]. They have been included in an Erratum.
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3 1 1 2
—3yslqlyg 3 YAy
1 10 V' n2 5V n2 15 n2
M ; — e (60)
" m ) S
© V +1s 15 %vn22 _%VnIZ 105 VnZ + VnZ
We diagonalize to obtain the physical states
1 1
My == {vz; Vo £ 2 BI0VE) +4(V3 +225(V,) - 6V, 27V - sv;%n'ﬂ}, (61)
2
0
My, =—¢ 4 ——— {21V, = 10V3 + 21V, £ [3969(V3h)2 + 156(V33)% + 11025(V,)2 + 126V (10V33 + TV,)
2
Mo
—1428V52V1 11/}, (62)

For simplicity we consider the following hyperfine splittings among / = 2 which are linear in the expectation values of the

potentials

Mn%2+ + Mn%Z— - Mn%2+ - Mn%2—

1

2]]’}1Q VnZ’ (63)
=T (9Vnz 435 = 15V,,), (64)
1 /3. 2 . 5

mQ <4 Vih - ﬁvﬁ + 4V£,2>- (65)

These formulas fix V$}, V2, and V', in terms of physical masses. Then, we have the following model-independent

predictions
Mo =My = = BUVI + 4040 + 225V ) = 6V, (27} - 8V, (66)
M(1)2+ - M 22_ 5 2mQ [3969(VEL)2 + 156(Vi2)2 + 11025(VL, )% + 126155 (10V53 + TVL,) — 1428V52 VL 112 (67)

B. Interpolation of the full potentials

We have obtained descriptions of the potentials of the
spin and angular-momentum dependent operators in the
short- and long-distance regimes in Eqs. (13)—(15) and
(48)—(50), respectively. In this section we propose an
interpolation between the descriptions of the potentials
in these two regions to model the potential in the inter-
mediate distance regime r ~ 1/Aqcp. Using this interpo-
lation and the wave functions obtained in Ref. [7], we
compute the hyperfine splittings of Sec. IV A in terms of the
parameters of the short- and long-distance descriptions.
These parameters are then determined by fitting the hyper-
fine splittings of lattice determinations [30-38] of the
double charm and bottom baryon spectrum and in the case

I
of the short-distance parameters using heavy quark-diquark
symmetry.

The interpolation we propose is constructed by summing
the short- and long-distance descriptions multiplied by
weight functions depending of » and a new r, parameter.
The weight functions are wy = r(/(r" +rj) and w;=
"/ (r" 4 rg) for the short- and long-distance pieces, respec-
tively. The sum of the weight functions is w, + w; = 1 and
the r, parameter determines the value of r where both
weights are equal. The value of the exponent 7 is chosen as
the minimal value that ensures that the product of the short-
and long-distance potentials and the respective weight
functions vanishes in the long- and short-distance limits,
respectively. For the short-distance potentials we consider
the contributions up to next-to-leading order. The resulting
interpolated potentials are as follows:
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TABLE IV. Assignments of quantum numbers of the lattice

states of Ref. [35] used in the fits of Sec. IV B.

! n j M —M, [GeV]

0 1 1/2 0.6532(80)
3/2 0.7474(88)

2 1/2 1.3163(216)

3/2 1.3297(332)

3 1/2 1.5427(142)

3/2 1.5435(291)

1 1 1/2 1.0243(114)

3/2 1.0733(113)

2 1/2 1.5829(296)

3/2 1.6315(353)

2 1 1/2 1.3114(213)

3/2+ 1.2653(232)

3/2— 1.3697(131)

5/2+ 1.3075(130)

5/2— 1.3542(141)
7/2 1.3715(97)

2 1/2 1.5044(181)

3/2+ 1.4243(296)

3/2— 1.5331(222)

5/2+ 1.5017(193)

5/2— 1.5127(157)

7/2 1.5366(154)

3 1 5/2 1.5502(221)

7/2 1.5618(678)

(0) (10)  2y.6_ (As=2A0) Mgy 5
potin . B T Ao+ =5 (LF Y
(1/2>i_ F r6+r8 )
(68)
(12) 2.6 / Mig.\,.5
yoam | _ o ujr” ro + (A +A)(LF ) 9)
+ — s
(1/2) o418
lint
Vit
0 1,0 12 m
LA+ (ALY 1AL )P = A (LF A
_ 1Ry T B 7380 ) .
2 rS+r§ ’
(70)
with E, =, /(z/r)? —I—mlz‘q.. Note that for ry = 0 we recover

the long-distance potentials and for r, — co we recover the
short-distance potentials.

An accurate determination of m; , would require lattice
data for the static energies at longer distances than the one
currently available. Nevertheless, fitting the long-distance
part of the static potential to the lattice data of Refs. [8,9],
we find the value

myg = 0.226 GeV, (71)

TABLE V. Global fit of x” = (1/2)" 1 =0, 1, 2, 3 multiplets hyperfine splittings for all the lattice data available for various

values of ry.

0 1.0 12
ro [fm] AEI;Z)’ [GeV?] AEI/Z))’ [GeV?] AEL/Z))' [GeV?] Ay [GeV] Ay [GeV] Lior.
0.0 —0.341(8) —0.268(16) 0.62
0.1 -3.13(12) 15.17(37) 19(77) —-0.231(10) —0.282(19) 0.67
0.2 —0.076(22) 0.514(22) 0.35(1.76) —0.196(13) —0.274(23) 0.64
0.3 0.135(10) 0.047(5) —0.045(203) —0.169(18) —0.264(32) 0.63
0.4 0.163(6) —0.006(2) —0.041(64) —0.154(27) —0.272(45) 0.63
0.5 0.165(5) —-0.016(1) —0.023(26) —-0.176(43) —0.322(64) 0.64
0.6 0.159(4) —-0.016(1) —-0.012(14) —0.256(67) —0.427(90) 0.66
o 0.086(3) —0.002(1) —0.002(2) 0.94
TABLE VL. Global fitof k? = (1/2)* [ = 0, 1, 2, 3 multiplets hyperfine splittings for all the lattice data available for various values of
ro with AE(I%)* = 0.122 GeV? from the B-meson splittings in Table II.
1.0 12

ro [fm] Al [GeV!] AL [Gev] Ay [GeV] N} [GeV] s
0.1 1.89(37) —8.5(77.2) —0.308(10) —-0.267(19) 0.66
0.2 0.231(22) 0.39(1.72) —0.249(12) —0.283(23) 0.62
0.3 0.056(5) —0.055(226) —0.158(18) —0.258(31) 0.59
0.4 0.013(2) —0.061(63) —0.086(27) —-0.223(44) 0.61
0.5 —0.0006(14) —0.036(26) —0.048(43) —0.216(64) 0.64
0.6 —0.005(1) —0.019(14) —0.061(67) -0.262(91) 0.66
o —0.0054(5) —0.0089(29) 2.67

074027-10



EFFECTIVE QCD STRING AND DOUBLY HEAVY BARYONS

PHYS. REV. D 104, 074027 (2021)

TABLE VIL.  Global fitof x? = (1/2)* [ =0, 1, 2, 3 multiplets
hyperfine splittings for all the lattice data available for various

9 —0.122 GeV? from the B-meson

: (
values of ry, with A(1 )

splittings in Table Il and A{}1)). = A7), =0.

ro [fm] A [GeV] N, [GeV] ot
0.1 ~0.355(10) ~0.265(19) 0.66
0.2 ~0.368(13) ~0.264(25) 0.72
0.3 ~0.348(19) ~0.270(33) 0.69
0.4 ~0.266(27) ~0.286(44) 0.60
0.5 ~0.085(41) ~0.314(61) 0.58
0.6 0.224(75) ~0.353(102) 0.83

for which the contribution to the potentials of the terms
proportional to mq is small.

To obtain the unknown parameters in the interpolated
potentials in Egs. (68)—(70) for the case k” = (1/2)" we
minimize y> function constructed as the sum of the
hyperfine splittings of Sec. IVA taking the masses of
the doubly heavy baryons from lattice determinations. The

Vil (D[GeV]
0.20

/\

0.10f

0.15

rp=0.3 Table V

rp=0.5 Table VII

+ — r[fm]
0.5 20
Vi (0[GeV]

05 == glim!
-0.02F
-0.04F
-0.06F
-0.08F

-0.10p

1,=0.3 Table V

-0.12¢ 1p=0.5 Table VII

-0.14¢
V(II/Z)‘ ([GeV]

p=0.3 Table V

rp=0.5 Table VII
0.04r

L L L

2‘.0 r[fm]

0.5 1.5

FIG. 3.

In the case of k” = (1/2)~ we take AEO)

1/2)

list of contributions to the y? function is as follows: For the
double charm baryons 1§ splitting in Eq. (53) there are six
data points corresponding to Refs. [30-36]. For the double
bottom baryons 1S splitting there are three data points
corresponding to Refs. [32,37,38]. The rest are single data
points for double charm baryons from Ref. [35] corre-
sponding to the splittings for 25 and 3S from Eq. (53), 1P
and 2P from Eq. (55), 1D and 2D from Egs. (63)-(65), and
finally, 1F from Eq. (56). The concrete assignments of
quantum numbers to the states of Ref. [35] that we have
used are specified in Table IV. We performed several sets of

fits varying the value of ry; in Table V we present the results

0 _
(1/2)*

0.122 GeV? from the B-meson splittings in Table II and in

A0 2 (10)  _
Table VII we fix A(1/2)+ = 0.122 GeV~ and set A(1/2)+ =
AL2)

W =0 GeV*,

Several conclusions can be extracted from the fits. First
of all, when we restrict the fit to either the short-distance
form of potential (r) = oo0) or the long-distance form of it

with all parameters free, in Table VI we fix A

Viilay (0)[GeV]
008}
0.06F
p=0.3 Table V
004 1=0.5 Table VII
0.02F
' - L 1{fm]
0.5 10 15 20
Vi ()[GeV]
' : —— s t[fm]
0.5 1.0 2.0
-0.02f
—-0.04f
—-0.06f
1,=0.3 Table V
-0.08r r,=0.5 Table VII
V(II/Z)’ (n)[GeV]
0.05F
0.04F
1,=0.3 Table V
003 rp,=0.5 Table VII
0.02F
001} )
f
o t[fm]

0.5 2

Plot of the potentials in Egs. (68)—(70) for the values of the parameters of ry = 0.5 fm in Table VII and r, = 0.3 fm in Table V.

~ =0.075 GeVZand A{j7) - =0 GeV*

and the values of A, and A/, indicated in the legend. In

the potentials V*! and V*? we use the two-loop, RG improved expression of ¢, = cp(1 GeV, m,).
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(ro = 0), we see from Table V that the latter produces a
much better fit than the former. This indicates both that the

long distance form is important and that the EST provides a

good description of it. We observe that the value of Ag’/zgﬁ

changes significantly, carries large uncertainty, and in the
%
value also shows variation, however it is significantly
different from zero. Nevertheless, the inclusion of the
next-to-leading order terms in the short-distance potentials
does not improve the overall quality of the fits. Therefore, it
seems that with the current lattice data it is not possible to
constrain these next-to-leading order terms in the multipole
expansion. The values of Ay and A stay consistent across
the different sets of fits, with A’; being very stable while A,
decreasing in absolute value as r, gets larger and even
changing sign. Our preferred fit is the one with minimal
X3¢ in Table VII corresponding to ro = 0.5 fm. In Fig. 3
we plot the interpolated expressions of the potentials in
Egs. (68)—(70) for the parameter set in the entry for
ro = 0.5 fm in Table VII and ry = 0.3 fm in Table V. In
the case of the potentials for x” = (1/2)~, we plot the

best fits it is compatible with 0. In the case of AE L its

potentials with AE?%_ =0.075 GeV? from the neutral
D-meson entry in Table II, AN — AE}‘/zz))_ =0 GeV*

(1/2)”

and the values of A, and A} from the entries for rq =

0.5 fm in Table VII and ry = 0.3 fm in Table V. Although
in some cases the potentials in Fig. 3 show significant
variation depending on the parameter set used, we will
show in the following section that this is not the case for the
values of the hyperfine splittings.

C. Doubly heavy baryon spectra

Now we compute the spectrum of double charm and
bottom baryons including the hyperfine contributions using
the interpolated potentials in Egs. (68)—(70). For the states
associated to the (1/2) , static energy, we take values of the
parameters from the entry r, = 0.5 fm in Table VII and for
comparison the entry ry = 0.3 fm in Table V. The results
can be found in Tables VIII and IX for double charm

and double bottom baryons, respectively. For the states

associated to the (1/2)! static energy we set AEO)

1/2)
(1,0)  _ A(L2)
0.075 GeV? and A(l/z), = A(l/z)* = 0 GeV* and take the

values of A; and A from the r; =0.5 fm entry in

Table VII and for comparison the entry ry = 0.3 fm in
Table V. The results can be found in Tables X and XI for
double charm and bottom baryons respectively. The results
for the spectra for the two sets of parameters are very close.

TABLE VIII. Hyperfine contributions to the double charm baryons for the (1/2) o static energy for two sets of parameters of the

hyperfine potentials. All masses in GeV units.

ro = 0.5 fm Table VII

ro = 0.3 fm Table V

l n MO j MM M M M
0 1 3712 1/2 -0.059(2) 3.653 -0.058(5) 3.654
3/2 0.029(1) 3.741 0.029(2) 3.741
2 4.286 1/2 —0.020(2) 4.266 —0.029(3) 4.257
3/2 0.010(1) 4.296 0.015(1) 4.301
3 4748 1/2 -0.013(2) 4735 —0.020(2) 4728
3/2 0.007(1) 4.755 0.010(1) 4.758
1 1 4.062 1/2 —0.034(4) 4.028 —0.035(8) 4.027
3/2 0.017(2) 4.079 0.017(4) 4.079
2 4.552 1/2 —0.024(3) 4.528 —0.026(6) 4.526
3/2 0.012(1) 4.564 0.013(3) 4.565
2 1 4353 1/2 —0.020(7) 4333 —0.009(8) 4.344
3/2 —0.032(6) 4321 —0.026(6) 4327
3/2 0.015(4) 4368 0.009(5) 4362
5/2 —0.052(6) 4301 —0.053(5) 4.300
5/2 0.023(3) 4.376 0.020(4) 4.373
7/2 0.035(4) 4.388 0.035(4) 4388
2 4794 1/2 —0.017(5) 4777 —0.008(8) 4786
3/2 —0.026(4) 4768 —0.022(6) 4772
3/2 0.011(3) 4.805 0.007(4) 4.801
5/2 —0.042(4) 4.752 —0.044(4) 4.750
5/2 0.0193) 4.813 0.017(4) 4811
7/2 0.029(3) 4.823 0.030(4) 4.824
3 1 4.612 5/2 —0.043(8) 4.569 -0.037(5) 4.575
7/2 0.032(6) 4.644 0.028(4) 4.640
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TABLE IX. Hyperfine contributions to the double bottom baryons for the (1/2) , static energy for two sets of parameters of the

hyperfine potentials. All masses in GeV units.

ro = 0.5 fm Table VII

ro = 0.3 fm Table V

l n MO j M) M MY M
0 1 10.140 1/2 —0.020(1) 10.120 —0.023(1) 10.117
3/2 0.010(0) 10.150 0.011(1) 10.151
2 10.542 1/2 —0.009(1) 10.533 —0.009(1) 10.533
3/2 0.004(0) 10.546 0.005(0) 10.547
3 10.856 1/2 —0.006(1) 10.850 —0.006(0) 10.850
3/2 0.003(0) 10.859 0.003(0) 10.859
4 11.131 1/2 —0.004(0) 11.127 —0.005(1) 11.126
3/2 0.002(0) 11.133 0.003(0) 11.134
1 1 10.398 1/2 —0.012(1) 10.386 —0.016(5) 10.382
3/2 0.006(0) 10.404 0.008(3) 10.406
2 10.731 1/2 -0.010(1) 10.721 -0.011(3) 10.720
3/2 0.005(1) 10.736 0.006(1) 10.737
3 11.016 1/2 —0.008(1) 11.008 —0.009(2) 11.007
3/2 0.004(0) 11.020 0.004(1) 11.020
2 1 10.600 1/2 —0.009(2) 10.591 —0.007(7) 10.593
3/2 -0.015(2) 10.585 —0.014(5) 10.586
3/2 0.005(1) 10.605 0.004(4) 10.604
5/2 —-0.023(2) 10.577 —0.026(4) 10.574
5/2 0.010(1) 10.610 0.010(3) 10.610
7/2 0.017(1) 10.617 0.018(3) 10.618
2 10.897 1/2 -0.007(2) 10.890 —0.006(5) 10.891
3/2 —-0.011(1) 10.886 —-0.011(4) 10.886
3/2 0.004(1) 10.901 0.003(3) 10.900
5/2 —-0.017(1) 10.880 —0.020(3) 10.877
5/2 0.008(1) 10.905 0.008(2) 10.905
7/2 0.012(1) 10.909 0.015(3) 10.912
3 11.162 1/2 —0.006(1) 11.156 —0.005(4) 11.157
3/2 —0.009(1) 11.153 -0.010(3) 11.152
3/2 0.004(1) 11.166 0.003(2) 11.165
5/2 —0.014(1) 11.148 —-0.017(2) 11.145
5/2 0.007(1) 11.169 0.007(2) 11.169
7/2 0.010(1) 11.172 0.012(2) 11.174
3 1 10.777 5/2 -0.020(3) 10.757 -0.019(4) 10.758
7/2 0.015(2) 10.792 0.014(3) 10.791
2 11.051 5/2 —-0.016(2) 11.035 —-0.017(3) 11.034
7/2 0.012(2) 11.063 0.012(2) 11.063

We plot the spectra for double charm and bottom baryons
in Figs. 4 and 5, respectively, for the parameters of the entry
ro = 0.5 fm in Table VIL.

Let us discuss the uncertainties of our results. The
leading order masses, M ), have uncertainties associated
to the values of the heavy-quark masses and /_\(1 /2)+> N
Egs. (16)—(18), as well as the uncertainty in the para-
metrization of the static potentials which was estimated as
10 MeV in Ref. [7]. Adding these uncertainties in quad-

rature we obtain 5Mi¢y =39 MeV and 5M},, = 48 MeV.

Furthermore, there is in principle an uncertainty related to
the use of an unphysical light-quark mass in the lattice
determinations of the static potentials of Refs. [8,9] that we
used to obtain M in Ref. [7]. We expect the contribution

due to the unphysical light-quark mass to be almost
independent of r. This is supported by the calculations
of the charmonium spectrum (with respect to the 7. mass)
at m, ~400 MeV [52] and m, ~ 240 MeV [53], in which
almost no difference is observed for the masses of the states
below threshold.” Hence, it will just produce an overall shift
to the static energies computed on the lattice. However, in

’An increase of the charmonium masses when the light-quark
mass decreases is observed for states about 1 GeV higher than the
1. mass or beyond. If this is interpreted as due to an increase of
the string tension with decreasing light-quark masses, then it is
consistent with our findings in Appendix A, provided the mass of
our fermion on the string is an increasing function of the light-
quark mass.
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TABLE X. Hyperfine contributions to the double charm baryons for the (1/2)], static energy for two sets of parameters Ay, A} of the

) . 0 1,0 12
hyperfine potentials (AEI}2>_ = 0.075 GeV?, AEI/2>>‘ = Agl/z))-

= 0 GeV*). All masses in GeV units.

ro = 0.5 fm Table VII

ro = 0.3 fm Table V

[ n M© j MY M MO M
0 1 4.095 1/2 —0.033(9) 4.062 —0.025(6) 4.070
3/2 0.016(4) 4.111 0.012(3) 4.107
2 4.667 1/2 -0.07(5) 4.660 —-0.015(4) 4.652
3/2 0.003(2) 4.670 0.008(2) 4.675
1 1 4.443 1/2 -0.033(5) 4.410 —0.033(4) 4.410
3/2 0.016(3) 4.459 0.016(2) 4.459
2 1 4732 1/2 —0.017(9) 4715 0.000(6) 4732
3/2 —0.035(7) 4.697 —0.025(4) 4.707
3/2 0.022(5) 4.754 0.008(3) 4.740
5/2 —0.063(7) 4.669 —0.066(5) 4.666
5/2 0.029(4) 4.761 0.022(3) 4754
7/2 0.037(6) 4769 0.041(4) 4773

TABLE XI.  Hyperfine contributions to the double bottom baryons for the (1/2);, static energy for two sets of parameters Ay, A’; of the

' . o (10)  _ A (12)
hyperfine potentials (A(I/Z)‘ = 0.075 GeV?, A(l/z)- = A<l/2>_

= 0 GeV*). All masses in GeV units.

ro = 0.5 fm Table VII

ro = 0.3 fm Table V

! n MO j M) M MM M
0 1 10.527 1/2 -0.012(2) 10.515 -0.010(2) 10.517
3/2 0.006(1) 10.533 0.005(1) 10.532
2 10.924 1/2 —0.004(1) 10.920 —0.005(1) 10.919
3/2 0.002(1) 10.926 0.002(1) 10.926
1 1 10.781 1/2 -0.010(1) 10.771 —0.012(1) 10.769
3/2 0.005(1) 10.786 0.006(1) 10.787
2 11.112 1/2 —0.009(1) 11.103 —0.009(1) 11.103
3/2 0.005(1) 11.117 0.005(0) 11.117
2 1 10.981 1/2 —0.008(2) 10.973 —0.004(2) 10.977
3/2 -0.012(2) 10.969 -0.011(2) 10.970
3/2 0.005(1) 10.986 0.004(1) 10.985
5/2 —-0.020(2) 10.961 —-0.024(2) 10.957
5/2 0.009(1) 10.990 0.009(1) 10.990
7/2 0.014(2) 10.995 0.016(1) 10.997
3 1 11.157 5/2 —0.020(3) 11.137 —-0.019(2) 11.138
7/2 0.015(2) 11.172 0.014(2) 11.171

the computation of Ref. [7] the static energies were rescaled
in order for the ground state static energy to be given in the
short distance by the expression in Eq. (12). Therefore any
additive constant contribution to the static energies pro-
duces no change in our results.

The hyperfine contribution, M), has uncertainties
associated to the statistical errors of the values of the
parameters and interpolation of the potentials. The former
ones are displayed in parentheses in Tables VIII-XI and are
about a few MeV for most cases, although in some
instances larger values up to 9 MeV can also be found.

To assess the uncertainty associated to the choice of
interpolation of the potentials in Eqs. (68)—(70) we take
the difference of the hyperfine contributions computed
with the parameter sets for ry = 0.5 fm of Table VII and
ro = 0.3 fm of Table V. This uncertainty of the hyperfine
contribution amounts to 1-6 MeV for double charm
baryons and 1-4 MeV for double bottom baryons except
for a few cases in Tables VIII and X for double charm states
where the difference is larger. Finally, one should consider
the size of higher-order contributions to the doubly heavy
baryon masses. The most important is the contribution form
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FIG. 4. Spectrum of double charm baryons in terms of ;7
states. Each line represents a state. The spectrum corresponds to
the results of Tables VIII and X for states associated to the (1/2),

and (1/2)!, static energies and the results for Ref. [7] for the
mixed (3/2),\(1/2), static energies, which do not include
hyperfine contributions. The color indicates the static energies
that generate each state.

heavy-quark-spin and angular-momentum independent
1/mg suppressed potential of (’)(AZQCD/mQ), which we
estimate as ~64 MeV and ~19 MeV for double charm and
double bottom baryons, respectively. However, in the case
of the hyperfine splittings the previous contribution cancels
out and the higher-order corrections correspond to the
1/m7, suppressed potentials of O(Adcp/mg), which we
take as ~14 MeV and ~1 MeV for double charm and
double bottom baryons, respectively.

As an example, in the following we show the value of the
masses for the double charm ground state doublet, often
refereed as E..[(1/2)*] and E}.[(3/2) ], adding the differ-
ent uncertainties in quadrature,

mz = 3.653(75) GeV, (72)
and for the double bottom ground state doublet

mz,, = 10.120(52) GeV, (74)

Mass(GeV)
11

2r

11.0r

10.8 R

106

104 —

| (1/2),
| (1/2),

102k 1 (32)M(1/2),

172y (3/2)* (5/2)* (712)* (9/2)* 172y 3/2)” (5/2) (7/2)” (9/2)

FIG. 5. Spectrum of double bottom baryons in terms of ;7
states. Each line represents a state. The spectrum corresponds to
the results of Tables IX and XI for states associated to the (1/2),
and (1/2)!, static energies and the results for Ref. [7] for the
mixed (3/2),\(1/2), static energies, which do not include
hyperfine contributions. The color indicates the static energies
that generate each state.

ms, = 10.150(52) GeV. (75)

In the hyperfine splittings most of the uncertainties cancel
out and hence our results have higher precision

mE;C - mE“ = 88(14) MeV, (76)

mg: —mg, = 30(5) MeV. (77)
The figures above are compatible with all lattice determi-
nations we are aware of, see Table VI of Ref. [7] and
Table XII for doubly charmed and doubly bottom baryons
respectively.

Let us finally note that the hyperfine splittings of the
(1/2),, states are entirely predicted from the long-distance
parameters A, and A’;, obtained from fits to the hyperfine
splittings of the (1/2),, states, and the only short-distance
b
is then interesting to compare them with the lattice results
of Ref. [35]. For the (1/2)/, ground state doublet

parameter, AE = obtained from the D-meson spectrum. It
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TABLE XII. Lattice results for the hyperfine splitting 6, =
Mz — Mg .
b Zbb
References Oy (MeV]
Our value 30(5)
[32] 34.6(7.8)
(37] 26(8)
[38] 32(5)

(1/27,3/27), we obtain from Table X 49(21) MeV for the
hyperfine splitting, which agrees well with the 41(21) MeV
of [35]. This is a nontrivial test of the EST we use, since the
(1/2)* potentials differ from the (1/2)~ at long distances
in a very particular way [see Eqs. (48)—(50)]. For the
(1/2%,3/2%) first angular excitation, we obtain 49
(15) MeV, whereas there are two possible values from
[35] depending on how the state identifications are made,
25(58) or 85(35) MeV, both of them compatible with our
number within errors. State identification is plagued with
ambiguities for higher excitations, which prevent us from
making further comparisons.

V. COMPARISON WITH MODELS

There is a substantial amount of literature regarding
doubly heavy baryons in different approaches; various quark
models [54-67], Bethe-Salpeter equations [68—70], Born-
Oppenheimer approximation with model potential [71,72],
semiempirical mass formulas [73-75], QCD sum rules
[76,77], Faddeev equations [78], and bag models [79]. In
this section we compare our results with a selected
set of model computations and other approaches (see
Refs. [65,80,81] for further comparisons). In Table XIII
we have collected the masses of the ground state doublet in
the double charm baryon sector from different approaches.
The values of the E.. mass are in good agreement for
about 3/4 of the references, including our own value.
Considering the uncertainties only a few works show very
significant differences. The values for E. show more
dispersion with only half of the references being compatible
with our own value. On the other hand, the splitting between
the two masses is compatible with our value for only 1/4 of
the references. This is in contrast with lattice QCD calcu-
lations, which are compatible with our current result for the
hyperfine splitting (76) (see Table VI of ref. [7]).

The masses of the ground state doublet in the double
bottom baryon sector are shown in Table XIV. In this case
the differences are a lot more significant. For both the &,
and Ej, only Refs. [58,62,74,79] are compatible with our
results and in general there is more dispersion among the
values of the different model approaches. Although the
values of the hyperfine splittings present less variation in
absolute values, in relative terms the variation is also larger
than in the double charm baryon sector. Moreover, very few
values are compatible with ours. This is due to our small

TABLE XIII. Masses of double charm baryons from model
computations in GeV units.

References E..[(1/2)7] E:(3/2)7]
Our results 3.653(75) 3.741(75)
[54] 3.550-3.760 3.620-3.830
[71] 3.613 3.741

[73] 3.66(7) 3.74(7)

[75] 3.676 3.746

[55] 3.660 3.810

[78] 3.608 3.701

[56] 3.527 3.597

[57] 3.649(10) 3.734(10)
[59] 3.620 3.727

[79] 3.550 3.590

[68] 3.642 3.723

[60] 3.612+07) 3.7061(23)
[61] 3.676 4.029

[62] 3.510 3.548

[76] 4.26(19) 3.9(1)

[74] 3.627(12) 3.690(12)
[63] 3.685 3.754

[64] 3.615(55) 3.747(55)
[65] 3.511 3.687

[67] 3.606 3.675

[66] 3.633 3.696

[77] 3'630+((§(()))> 3.750(70)
[70] 3.601 3.703

Exp. [82] 3.6216(4)

TABLE XIV. Masses of double bottom baryons from model
computations in GeV units.

References Eppl(1/2)7] E,13/2)%]
Our results 10.120(52) 10.150(52)
(73] 10.34(10) 10.37(10)
[55] 10.23 10.28

[78] 10.198 10.236
[58] 10.093 10.133
[59] 10.202 10.237
[79] 10.10 10.11

[60] 10.197°19) 1023677
[61] 10.340 10.367
[62] 10.130 10.144
[76] 9.78(7) 10.28(5)
[74] 10.162(12) 10.184(12)
[63] 10.314 10.339
[65] 10.312 10.335
[70] 10.182 10.214
[66] 10.169 10.189
[67] 10.138 10.169
[77] 10.220(70) 10.270(70)

074027-16



EFFECTIVE QCD STRING AND DOUBLY HEAVY BARYONS

PHYS. REV. D 104, 074027 (2021)

Mass(GeV) Mass(GeV)
461 110 R
] T — T — = AL Threshold
| e — —
a4l = — —
—_— — 10.8F — R
—_— [ N —
421 — —
T .. — S — ——_ 10.6F —
— A2D? Threshold — — B —
— S ee— —
40r | — —
10.4 . ——
38k W Our results M Our results
W Ref. [59] I Ref. [59]
— W Ref. [63] | Ref. [63]
10.2 =
I I Ref. [67] [ Ref. [67]
36 L L L L L L L L L L L L L L L L
(172t 3/2)* 52t 72)* 172y 372y (5/2)° a2yt @yt G2y Jr2)* A2 @32y G2y 127 92y
(@) (b)

FIG. 6. Comparison of our results with those of Refs. [59,63,67] (green, red, orange) for double charm and bottom baryons in (a) and
(b), respectively. Our results (blue) correspond to the entries ry = 0.5 fm in Tables VIII-XI.

uncertainty for the splitting produced by the cancellation of
uncertainties associated to various parameters remaining
only the uncertainty on higher order contributions, which
are small for double bottom baryons. We note that no
reference has compatible results with ours for both for the
Epp and Ef, masses and the hyperfine splitting. This is in
contrast with the good agreement we get with the available
lattice results (see Table XII).

The spectrum of doubly heavy baryons beyond
the ground state doublet has also been studied in
Refs. [58,59,63,65,67,70]. In Fig. 6 we compare our
spectra with the ones in Refs. [59,63,67] obtained with a
quark model with a relativistic light quark, a nonrelativistic
quark model, and a relativistic quark model with a diquark
core respectively. The spectra of Ref. [58] is derived from a
similar quark model as in Ref. [59], but the values are
shifted down by about a 100 MeV. Reference [70] uses the
Bethe-Salpeter equation in a diquark picture and presents a
limited number of states in the spin-symmetry limit. The
results of Ref. [65] do not include the Pauli principle for the
heavy-quark wave functions and we do not consider it
beyond the ground state. From Fig. 6(a) we can see that for
double charm baryons the pattern of states beyond the
ground state doublet does not agree with ours in none of the

cases or among the quark model approaches themselves.
For all displayed model spectra the excited states lie (much)
lower than ours. This is in contrast to the overall agreement
found with Ilattice calculations in Ref. [1]. For double
bottom baryons [see Fig. 6(b)] the discrepancies reach the
ground state doublet, as the results of Ref. [59], and to a
lesser extend the ones of Ref. [63], lie higher than ours.
However, there is agreement for the first excited (odd-
parity) doublet, except for Ref. [59]. For higher states the
discrepancies persist, except for the odd-parity states of
Ref. [67], which are compatible with ours.

VI. CONCLUSIONS

An EFT describing doubly heavy hadrons was put
forward in Ref. [1]. It is built upon the nonrelativistic
expansion of the heavy quarks and the adiabatic expansion
between the dynamics of the heavy quarks and the light
degrees of freedom corresponding to the gluons and
light quarks. The EFT was constructed in the single hadron
sector up to the heavy-quark spin and angular momentum
terms suppressed by 1/m. Expressions of the potentials as
operator insertions in the Wilson loop were obtained by
matching the EFT to NRQCD. The computation of the
Wilson loop with operator insertions cannot be done
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using perturbative techniques and should be carried
out (ideally) in lattice QCD or other nonperturbative
approaches (see for instance Ref. [83] for an AdS/CFT
inspired proposal).

In Ref. [7] this EFT framework was applied to doubly
heavy baryons. Using the lattice data of Refs. [8,9] for the
static energies the leading-order spectrum of doubly charm
and bottom baryons was computed for the four lowest lying
static states. However, since there are no available lattice
determinations of the potentials of the heavy-quark spin
and angular-momentum operators, the computation of the
hyperfine contributions to the doubly heavy baryon masses
was not possible.

In this paper we presented a parametrization of the 1/m,
suppressed heavy-quark spin and angular-momentum oper-
ators with a minimal amount of modeling, the general idea
of which can be extended to other potentials for doubly
heavy hadrons, such as double charm tetraquark, T/,
recently discovered by the LHCb Collaboration [84].
This parametrization of the potentials is based in their
description in short- and long-distance regimes. In the
short-distance regime, defined as r << 1/Aqcp, the Wilson-
loop expressions of the potentials can be expanded in the
multipole expansion. This can be done using weakly-
coupled pNRQCD, which is the EFT that incorporates
the multipole expansion systematically, for two heavy
quarks [12]. This produces short-distance expressions of
the potentials as an expansion in powers of r?> with
coefficients that encode the nonperturbative dynamics of
the light degrees of freedom,” which we show in Sec. II B
and Appendix B. At leading order in the multipole
expansion only one coefficient is necessary and it can be
determined in a model-independent way using the heavy
quark-diquark duality from the heavy-meson masses.

The long-distance regime is characterized by
r > 1/Aqcp. In the case of a heavy-quark-antiquark pair
it is known from lattice QCD that in this regime a gluonic
flux tube connecting the two heavy quarks emerges. It is
well-known that an Effective String Theory (EST) [17-19]
reproduces accurately the lattice determinations [24,26]. In
Sec. I we propose an extension of the EST to include the
presence of a fermion constrained to move on the string. We
obtain a mapping of the NRQCD operators inserted in the
Wilson loop to operators in the EST based on imposing the
same transformation properties under D, and flavor.
Using this mapping we can translate the Wilson-loop
expressions for the potentials to EST correlators and
evaluate them. This procedure yields long-distance

’In general the potentials can have a nonanalytical term in r
originating from the perturbative integration of the heavy-quark
momentum, i.e., when the potential can be generated without
interacting with the light degrees of freedom. However, this is not
the case for the potentials of the 1/m, suppressed heavy-quark
spin and angular-momentum operators.

expressions of the potentials depending on two unknown
coefficients of the EST. Additionally, we compute the
vacuum energy in the EST with fermions in Appendix A
and show that (i) the string tension runs with the square of
the mass of the fermion and (ii) the sign of the Liischer term
changes. These features can in principle be checked by
lattice calculations of the ground state energy of two static
quarks separated at a large distance with an additional light
qualrk.4

The final parametrization of the potentials is obtained by
interpolating between the short- and long-distance descrip-
tions. We choose the most simple interpolation that ensures
that the correct short- and long-distance behavior are
recovered in the corresponding limits. Nevertheless, an
extra parameter is introduced in the definition of the
interpolation. The hyperfine contributions to doubly heavy
baryons can be computed using these parametrizations of
the heavy-quark spin and angular-momentum dependent
potentials. The values of the remaining unknown param-
eters are determined by fitting the hyperfine splittings
obtained in lattice QCD in Refs. [30-38] for several S-,
P- and, D-wave multiplets. This guarantees that all our
inputs are from QCD, and the modeling is reduced to the
choice of interpolation, provided that the EST we use is
the correct effective theory at long distances. Using the
parameters thus determined, we make predictions for the
spectrum of double charm and bottom baryons including
the hyperfine contributions. Our results are summarized in
Tables VIII-XI and in Figs. 4 and 5.

Finally in Sec. V we compared our results with previous
model approaches and sum rules determinations. We
observe a huge dispersion of results. In the absence of
lattice calculations for many states, specially for double
bottom baryons, our EFT approach offers a framework in
which modeling is minimal and errors can be reliably
quantified, unlike in most models. Since lattice determi-
nations of the potentials for doubly heavy hadrons are
difficult, in particular when unquenched simulations are
required, the procedure outlined in the paper and in
Ref. [29], to obtain reliable parametrizations of the poten-
tials can be of significant utility in future studies of doubly
heavy hadrons. In turn, this motivates further development
of the EST to cases with multiple light quarks.
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APPENDIX A: THE CASIMIR ENERGY

The Hamiltonian associated to the leading-order string
action with fermionic degrees of freedom in Egs. (27) and
(26) is

r/2 g
H = dz E(aoflaofl + 0:E'05¢) + iWTaOW:|’ (A1)
-r/2
|

<0|H|0 fmonzil ( > +mlq—mlq<5(o)+;<

T \? 1/ =
. .}"> él(_z)_8<ml.qf

mlq

where we have used the equation of motion of the fermion
field to simplify the fermionic term.

Now, let us compute the expected value of the
Hamiltonian in the vacuum

(0]H|0) =

(1) - 2nfz ( >+qu.. (A2)

We have obtained the standard Liischer term for the bosonic
string plus a new contribution from the fermion field.
The new contribution is ill defined in an analogous way as
the Liischer term is. The latter can easily be defined
through the analytic continuation of the Riemann zeta
function but the nonvanishing m, 4 in the former requires
extra care.

In the nonrelativistic case (which implies a cutoff
in the sum so that “* <m,) there are no quantum
fluctuation contributions of the fermion to the vacuum
energy,

>4§(—4)+ ) = —%ml,q,. (A3)

In the general case, we will use dimensional regularization. Let us first write
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We regulate the divergent terms in dimensional regularization as follows: (d =1 + 2¢, € — 0)
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Note that the 1/¢ pole can be absorbed in a redefinition
of the string tension

ny o
0 = 0o(p) =5 iy, (A8)
u-independence leads to
do(w) _ns ,
H d,bt = ;qu.’ (Ag)

which implies that the string tension runs in such a way that it
decreases at large distances. For this to be consistent within

an EFT framework, we need qu. < o(u), so that the

replacement in Eq. (A8) generates higher-order terms else-

where. Since o(u) ~ AéCD, we need m; g < Agcp, Which
|

oo 2
mi,r 1

may be achieved by implementing chiral symmetry linearly
in the fermion fields on the world sheet. Numerically, we
find m}, ~0.051 GeV?* whereas o(u) ~0.21 GeV>.

Note that the first term in Eq. (A7) is the Liischer term.
When the fermionic contribution is added to the bosonic
one, the sign of the (total) Liischer term is reversed with
respect to the purely bosonic contribution.

The finite piece in Eq. (A6) can be evaluated numeri-
cally. In the my 4 r — O limit it reads as

1 . m myg. ¥
_E <0|H|O>ﬁmte- _ Lq. Lq.

= — A10
fermion 4 < T ( )

>3g(3)+....

In the large m o r limit the sum Eq. (A6) tends to an
integral

myq.r—0co

1 A
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Adding up all the contributions

2

my g r—co

1 a
- 5 <O|H|0>fermion -

where we have minimally subtracted the 1/¢ pole. We see
that in this limit we get additional contributions to the string
tension, a constant term, and 1/r corrections to the Liischer
term, the leading one being O(1/r?) rather than O(1/r3)
like in the bosonic part. The additional contribution to the
string tension is particularly interesting. If we identify
the standard string tension ¢ = o(u ~ Agcp), then for
myq. < Aqcp, this additional contribution makes the string
tension diminish with m7_ .

APPENDIX B: SHORT-DISTANCE
EXPANSION COEFFICIENTS

In this appendix we provide the expressions of the short-
distance expansion of the potentials in terms of weakly-
coupled pNRQCD correlators. Let us define 3 and 6 tensor
invariants as in Ref. [12]

1
T} = =€ i,j.1=1273 (B1)
Lij \/f ijo ) )
E?j i’j:17273 5:1,...,6
Z}l 22322223:1,
1
= = =5 == = (B2)
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12 mg.r ( )

|
where all other entries are zero. Both TZ and 2" are real;
T L is totally antisymmetric and X7, symmetrlc in the iand j

1nd1(:es They satisfy the orthogonahty and normalization
relations

> 1o > 150

Zz;;z;; =577, (B3)

The Wilson lines associated to the propagation of the
heavy-quark pair in an antitriplet and sextet color states are

—ig f, 2 4 2Te[T! Ay (¢ R)TH]
1
9

Ftr.t) =e (B4)

—ig f, 2 4P 2Tr[Z Ay (¢ R)Z |
e l .

Y (1. 1)) = (BS)

Notice that the antitriplet and sextet representation gen-

erators can be written as T¢ = =2Tr[TT*T] = (T*)* and
T¢ = 2Tr[XT°Z]. Let us also define
Xi%.(1) = gTe[T°X (1)), (B6)
Xg (1) = gTe[Z7X(1)T"], (B7)
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!
XIK(1) = gTr[T'X (1)TH], (BS) Qe (1:2) = TH{L'Qu e (1.x)]. (B10)
Xg (1) = gTr[ZX ()Z7], (B9)

The nonperturbative constants up to next-to-leading
with X = E, B and order in the multipole expansion for the static potential are
_ o
Ay = tlirglo;log Tr[(01Q; )+ (t/2>¢TQz|/2>i (=/2)|0)], (B11)

i/_\ 4+t
e un t/ 1
Aéiiz)i = lim 6ir Tr[(0|g(1/2)i(t/2){/ df1¢r(——>D Es(t, ¢T+//2dt2/ dt\¢prErs(t:)psEsr(t))r }
13

t—oo —t/2

x 9, /2>i(—t/2)|0>} : (B12)

The Wilson lines should be understood as starting on the time of the operator immediately on the right and ending on the
time of the operator immediately on the left.

For the heavy-quark spin or angular-momentum dependent potentials the nonperturbative constants correspond to the
following correlators

0 2™t 172
Ay = lim = — / L AUTElS 12 019, 2 (1/2)rB1 (1)1 0 ) (~1/2) ) (B13)
—t
_ 2ieupe!
8 = i T @18

1/2)*’

1.2 . 3ie'
AL = lim 2 TH(S,2 - T) - A (B15)

with
[/2 13 153 . ~ A A N i
A= <O|2(1/2)i(f/2){/ /2 df3//2 dfz//2 dtipr[By(13)prF - Ers(t2)sf - Exy(ty) + F- Ers(3) st - Ex(12)prBy (1)
-t —t -t

+ 7 Ers(t3)psBS (1) pst - Exr (1) ¢T+/t/2dt2/ dt1¢T[ (MMDIE} () 7By (1)) + B (1) pri i*D/EY (1))

—t/2

1 . .
—E(i"DBsz(bsz"EzT(ll) +f'ET2(12)¢zf“DBlzT(f1))] dr
/t/z L iskninknpi
+ _t/zdtl¢T|:_§erDBT(tl):|¢T} (1/2)* - (=1/2)0). (B16)

Notice that we have omitted the dependence of all the operators on R and that the traces in Eqgs. (B11)—-(B15) act both on
the light-quark spin and color indices.
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