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Treating divergence in quark matter by using energy projectors
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We calculate the gluon self-energy using quark energy projectors in a general quark-gluon plasma. By
separating the quark field into positive- and a negative-energy modes, the quark loop constructed with the
same mode is always convergent, and the divergence appears only in the mixed loop with different modes
and is medium independent. After removing the divergence in vacuum, we obtain the one-loop gluon self-
energy at finite temperature, chemical potential, and quark mass without approximation. With the method
of quark-loop resummation, we calculate nonperturbatively the gluon Debye mass and thermodynamic
potential. In the limit of small gluon momentum in comparison with temperature, chemical potential, and
quark mass, our calculation comes back to the known HTL/HDL results in literature.
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I. INTRODUCTION

The properties of QCD matter at finite temperature and
chemical potential, especially the deconfinement and chiral
symmetry phase transitions [1-26] and their realization in
high-energy nuclear collisions [27-39] and compact stars
[40-54], have been widely studied for decades. As an often
used method in theoretical calculations, one introduces
energy projectors to divide the quark field into positive- and
negative-energy modes, and therefore any Feynman dia-
gram is separated into two groups: the pure fraction
constructed from the same modes, and the mixed fraction
contructed from the two modes [55-61]. The energy-
projector method is widely used in the study of color
superconductivity at extremely high baryon density [60-
64]. In the nonrelativistic limit with heavy quark mass
(NRQCD), the positive- and negative-energy modes
become, respectively, the relevant and irrelevant modes,
and by integrating out the irrelevant mode, the relevant
mode becomes the dominant one and controls the behavior
of heavy quark systems [65-82].

The one-loop diagram plays a crucial role in nonpertur-
bative calculations of QCD, like the approaches of hard
thermal loop resummation (HTL) [83—88] and hard dense
loop resummation (HDL) [89]. A key problem in these
calculations is how to treat the divergence at the one-loop
level. In some limits, like extremely high temperature or
high baryon density, the divergence is properly removed in
HTL and HDL [90-92]. In this paper we focus on the
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divergence problem in the calculation of the in-medium
one-loop gluon self-energy at finite temperature, chemical
potential, and quark mass, using the quark energy-projector
method. We will see that the divergence appears only in the
mixed loop and is medium independent. Therefore, it does
not change the thermodynamic properties relative to the
vacuum and can be directly removed.

The paper is organized as follows. We rewrite the quark
sector of the QCD Lagrangian density in terms of energy
projectors in Nambu-Gorkov space in Sec. II, and then
calculate the gluon self-energy at the one-loop level by
separating the quark loop into a pure loop without
divergence and a mixed loop with vacuum divergence in
Sec. III. After taking the often used loop resummation, in
Sec. IV we calculate the thermodynamic properties of the
quark matter, like the gluon Debye mass and gluon
thermodynamic potential, and compare our calculations
under some extreme conditions with the known results in
the literature. We finally summarize in Sec. V.

II. ENERGY-PROJECTOR METHOD

We first consider particle-antiparticle symmetry of the
strong interaction. By taking the charge-conjugation oper-
ator C which changes quark fields y(x) and w(x) to
we(x) = CpT(x) and ye(x) =yl (x)C, one introduces
the Nambu-Gorkov space [93,94]

v= (V) - 1)

Yc

To make the fields in momentum space dimensionless, the
normalization factors in the Fourier transformation from
coordinate space to momentum space for the quark field ¥
and gluon field Aj are chosen as
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WY(x) = % > ek (k)

a X \/_Z —thAa (2)

where V and T are the volume and temperature of the
thermal system, k) = —i(2n + 1)zT and q, = —i2n,xT
with ny,n, =0,+1,42,... appearing in k-x=kot—k-x
and g - x = got — q - X are the quark and gluon frequencies
in the imaginary time formalism of finite-temperature field
theory, and the summations ), and )  denote the
frequency summation and momentum integration.

The quark sector of the QCD Lagrangian density in
coordinate space,

L =g(ir'0, + gr'AiTa + uro—mey,  (3)
with quark mass my, quark chemical potential p/, Gell-

Mann matrices 7, (a = 0,1, ...,8), and quark-gluon cou-
pling constant g, can be expressed as

Z‘I‘

in momentum space and Nambu-Gorkov space, where the
full quark propagator

G (k. p)¥(p) (4)

G'=Gy'+gA (5)

contains the free propagator

(G~ (k) 0
Gittkr =7 () g )k
(G517 (k) = y#k, & pyyo — my (6)
and the modified gauge field

1
A(k’p):\/ﬁ a ﬂ(k_p)’
‘o T, O
I's =y <O _T£>' (7)

We further separate the quark fields into two parts with
positive and negative energy. The energy projectors onto
states of positive and negative energy for free massive
quarks are defined as [59,95-98]

ziek[ekiyou-k +my)) (8)

Ai(’}) =
with the quark energy ¢, = m)zc + k2. Note that k =
(€, k) is an on-shell four-momentum which is different
from the general four-momentum k = (kq, k). Taking into
account the orthogonal and complete properties

Ay +A_=1 9)
and the relations
Al = Ay, A% = As, (10)

it is easy to check that the states

W (k) = AL (k)P (k) (11)
satisfy the Dirac equation
HY (k) = e, Y. (k), (12)

with the free Hamiltonian H = y,(y - k + my). This is the
reason why we call W, the positive- and negative-energy
states. Using the energy projectors, the Lagrangian density
(4) can be rewritten as

=3 Z > W, ()G (k. p)¥,(p),  (13)

mmn==+ p

with the matrix elements of the full quark propagator in
energy space

Gun(k. p) = (GG | (k. P) + g A (k. p).
[Gal}mn(k’ p) = yOAm(l’%)yOGal (k7 p)An(i))’
Amn (k, p) = 70Am (]})70“4(](7 p)An (f)) (14)

The matrix elements of the free propagator can be explicitly
expressed as

B 1 kot —e 0
[Go ]++(k,p)—T( 0 ko_/‘f_ek>
x ro (k)8(k = p),
| ko + py + € 0
(Gy'l__(k,p) = T ( 0 ko —ps + €k>
x roA_(k)3(k = p).
G5~k ) = G5 (k. p) = . 1)

While the free quark propagator is diagonal in energy
space, the full propagator has off-diagonal elements due to
the coupling between quark/quark hole and antiquark hole/
antiquark.

Since heavy quarks are so heavy, they can be treated
nonrelativistically. To go from a relativistic theory with
positive- and negative-energy modes to a nonrelativistic
theory with only positive-energy modes, one obtains
the nonrelativistic Lagrangian density by integrating out
the negative-energy mode (the irrelevant mode). This is
usually used in NRQCD [99]. For light flavors, both the
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positive- and negative-energy modes are relevant and
should be explicitly included in the Lagrangian density.

We now extract, from the Lagrangian density (13), the
Feynman rules for the positive- and negative-energy quark
fields in Nambu-Gorkov space, which will be used in the
calculation of the gluon self-energy later. Considering the
diagonal property (15) of the free propagator G in energy
space, the Lagrangian density becomes

QZ{ZT
+gZ\P

m,n==+

Gy (ks )W, (P)
A (k, p)¥,(p) |- (16)

By taking into account the relations (7), (14), and (15) for
the quark and gauge fields and the projection properties

Ailpi - lPi, A:':Ti = 0, (17)
the two free propagators for the positive- and negative-
energy quarks can be expressed as

% 0
@ak)—T(k“*”’“ ) (18)

0 ko—pyFex

which satisfy the completeness condition

{ZL:G(’)‘An] Yo = Go, (19)

and the four kinds of coupling vertices among gluon and
positive- and negative-energy quarks can be generally
represented as

I AL (R)TEAL(P).  (20)

Vin(kP) = 7

III. ONE-LOOP GLUON SELF-ENERGY

In this section we calculate the gluon self-energy, using
the quark propagators (18) and coupling vertices (20).
Since a quark loop can be constructed from two positive-
energy quarks, two negative-energy quarks, and one
positive- and one negative-energy quark, the quark con-
tribution TT},” “(¢) to the gluon self-energy I1% () at the
one-loop level contains three parts (see Fig. 1):

e e e

FIG. 1. Gluon self-energy at the one quark loop level. The
double lines indicate quark modes with positive (one arrow) and
negative (double arrows) energies.

H/AQu.ab :l—[/w.ab+l—[,w_.uh+21—[/jru;ab’
uv,ab ( 1)2 m
" (q) = — 350 2-1) ZTrG

><\/ﬁiﬁ(k+vk—)Gﬁ(k—)\/ﬁﬁ(k—,h)], (21)

with the two quark momenta K = (ko, k +q/2), k* =
(ko — g,k —q/2), on-shell momenta k. = (e, ,k + q/2),

and energies €, = \/ m} + (k £ q/2)%. The first coeffi-

cient 1/2 in I¥s:?(g) is from the normalization in Nambu-
Gorkov space, and the second coefficient (—1)"(n — 1)!/n!
(n =2) is from the topological number of the Feynman

diagram. Here we have used the symmetry H’f_’ab = H’i”jrab
in energy space.
Taking into account the projection properties
GiA, = N,Gj (22)
and A2 = A,, there is
b g 7
v,a
" (4) = = gy 2 THIBH (k) Au ()7 TG
x G (k_) A, (k_)y°Ty). (23)

A. T4 (g)

We now take T2 as an example to show the calculation
and simplification of the gluon self-energy. After considering
the trace in color space Tr(T,T) = Tr(TIT?) = 5,,,/2, the
self-energy in color and spin spaces at the one-loop level can
be factorized into two parts:

1 6,
H,ul/,ab — __ Zabymw
T
e =97 3 Tr[A_(k )y r"A-(k_)r°r"]
AV e (K s e ) (K sy tel)’

(24)

where the summation ), is over the quark and antiquark
in Nambu-Gorkov space. By considering the trace in spin
space,

where the two new on-shell quark momenta k.. are defined
as ky = (—ey,k +£q/2), and summarizing the quark
frequencies
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1
k;i (kg +spyp+ €+)(k9 + spuy + e_)
_ dos—slfrler +spp) — frle- +spy)
T(‘]O +ep— €_)
e e,
=37 F(qo.€,.€_), (26)

with the Fermi-Dirac distribution f(x) = 1/(e¥/T + 1),
where we have used the relation tanh(x + in,z) =

tanh(x), the gluon self-energy in spin space l'[’i”_(q) can
be further separated into two parts:
M = g*I__ + 1™, (27)

with the scalar function I1__(g) and tensor function [1**_(g),

d3k - -
/ 2 = BT F(go. €4 €.).

v __ d3 H v v
Hﬁ-‘?/(zﬂ) (R + ) F(go,erncl), (28)

where we have taken the continuous integration [ @°k/(27)3
over the quark three-momentum Kk, instead of the discrete
summation »_, /V. Note that the function F(gg,€,,€_)
defined in Eq. (26) contains only the Fermi-Dirac distribution,
and therefore any ultraviolet divergence of the integral will be
suppressed by the exponential function e~+/T in the dis-
tribution and the integral is always convergent.

A key question for the calculation of the gluon self-
energy is the divergence analysis. If there exists any
infrared or ultraviolet divergence, a renormalization pro-
cedure is required. To see this clearly, we further simplify
the three-momentum integration in Eq. (28). We take the
component k, of the quark momentum k along the gluon
momentum (,

k = |k|cos0q + [Kk|sin O cos gk, + |K|sin O sin gk,
(29)

where k, and Kk, are perpendicular to the gluon momentum
q. Taking into account the symmetry in the transverse
plane, IT*“_(g) is independent of the choice of the directions
ﬁx and lA(y. The integration over the azimuth angle ¢ is

easy. Considering that the quark energies e, =

\/mj% + |k[> + |q|*>/4 £ |Kk||q| cos @ and in turn the func-

tion F(qy, €, €_) are independent of the angle ¢, the scalar
and tensor functions I__(q) and T1*“(g) can be easily
written as

Il -

n__= PR d|k|d cos O]k |*(m} — K k) F(qo, €4, €-),
— gz
fi = 2 2/d|k|dcos€|k|2H"”(q,k)F(qO,e+,e_),

JT

HY =2¢_ e_,
i0 |q| Al
=H —_E €n |k|cos€—n

H = <2k2 cos? @ ——|q|2> §'q) + k2sin? 0(87 — §'g),
(30)
with the function F(q, €, ,e_) defined in Eq. (26).
Then we perform a variable substitution from (|k|, cos 0)

to (e_, e, ). From the relations

k2= (e +€2)/2— mjzc —q%/4,

€2 —¢?
cosf = —— (31)
2|q|[K|

and the corresponding Jacobian determinant

¥
9(c_. 1)

)‘ _ee )

we finally obtain the scalar and tensor parts of the one-loop
gluon self-energy in terms of the integration overe_and e,

2 2_ 2
s 9 ee (e-—e€;) —q
IN__=—— [ de_d F LEL,E_),
3272 Jp €_daey Iq| 3 s(qo.€4.€-)
2
_ g €_€,
" =—— [ de_de H" (qg,e.,e_)F L€, E_),
32”2 R + |q| (C] + ) S(CIO + )
HY =2¢ e_,
. . +e )’ —-q* .
HOl:H10:(€+ q ql’
2|q] ’
1 [(e2=€e2)? )
Hi=Z 7_(12 élq]
2( q°
1 1 /(€2 —e%)?
+ —<€Z+€2 —2m2.)——<—+—|—q2
[2 AN
x (67 -4'q’), (33)

where the integration region R is controlled by the require-
ment that the three momenta q,k + q/2 and k —q/2
should form a triangle, which leads to the constraints on the
quark energies,

Ve —mi+ e - 2 lal
2 2 2 2
e - = el -] <

(34)
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and the function Fg defined as

1
Fs(qo.€4,6) = 5 [F(qo.€4.€-) + F(qp.e_.€.)] (35)

satisfies the symmetry when exchanging the quark energies
e_and €.

The exchange symmetry of the gluon self-energy helps
us a lot for its divergence analysis. The lower limit of the
integration in Eq. (33) is e_ = €, = m and the upper limit
is e_ = €, = co. Considering that (e_ — e, )? — q? in TI__
and H"(q, e, ,e_) in [I*“ are finite at the lower limit and
only finite polynomials at the upper limit, the problem of
divergence is controlled by the factor

frley iﬂf) — fr(e_ iﬂf)

+4S
QO €+ €_

(36)

which is finite at the lower limit for any ¢, and goes to zero
exponentially at the upper limit. Therefore, there are no
infrared (for massless quarks) or ultraviolet divergences for
the self-energy I+~

B. H’é”’“b (q)

We now consider the contribution of the first loop in
Fig. 1 constructed from two positive-energy quarks to the
gluon self-energy. Similar to Eq. (24), we first separate the
trivial color part from the spin- and momentum-dependent
part, and then perform the variable substitutions k — —k
and k — —k. Considering the relations €_; ;> = €42 =
€_,€_j_q/2 = €kyqp = €4 for the quark energies and
A, (=k.ms) = A_(k.—m;) for the projectors, and taking
into account the property that the trace (25) in spin space is
symmetric under the exchange of u and v and the
replacement of m; by —my, we have

Tr[A (—=k + q/2)7°y Ay (=k — q/2)y"r"]

= Tr[A_ (k= )"y A_ (k)] (37)

which leads to the result that the two loops constructed
from positive- or negative-energy quarks have exactly the
same contribution to the gluon self-energy,

I (q) = 14 (g). (38)

The third loop in Fig. 1 contains vacuum divergence,
arising from the mixing between the positive- and negative-
energy quarks. Excluding the same color factor, its con-
tribution to the gluon self-energy is represented as

H/w _ gzl Tr[A-‘r(]}—&-)yoyﬂA— (]}_)J/O},u]
T4y S (K + spp— e ) (K2 + spup+€-)

(39)

We take the trace in spin space

= [ (m3 — Kk ) + REk” + k4 k) (40)

and the summation over quark frequencies
> 1
ko.s=% (kg— + Sy — €+>(k9 + Sy + 6—)

Y os—ilfrleq +sup) + frle- + sup)] =2
T(qo+ €, +e)

)

€_€, 4
= J(gp, €. ,€_) — s 41
o avene) | @
where IT%"_(g) can again be separated into two parts:
. = g, + 1" (42)

Integrating out the azimuth angle ¢, performing a variable
substitution from (|k|,cos@) to (e_,e, ), and considering
the exchange symmetry between e_ and €, the scalar and
tensor functions IT,_ and IT_ are written as

2 2 2
= 9 €€, q° —(e_+e)
H+__@Ad€_d€+ |q| ) JS(CIQ,€+,€_),

2

_ g €_e
Hﬁf—:@ Rde—d€+ |q|+1””(61,€+,€-)Js(610,€+,€-),
IOO:HOO,
o 2 (e, —e€)* .
IOlzltO:q + - q Ql’
2lq ’
1 = i, (43)

where the function Jg is defined as

Js(qo,€4,€6-) = 5[J(qo €1, 6-) +I(=qo. €1, e_)],  (44)

N —

with the function J (g, €, , €_) defined in Eq. (41). Like the
function F, J contains only the Fermi-Dirac distribution,
and therefore the integral is convergent at any temperature.
However, here we have neglected the second term in the
square brackets of Eq. (41) which is temperature indepen-
dent but leads to the divergence of I1,_ and IT}"_ when
doing the energy integral. Since this term is medium
independent, the divergence can be removed through a
renormalization procedure in vacuum (see, for instance,
Ref. [100]). The temperature-dependent part is always
convergent, due to the Boltzmann factor e~/T in the
particle distribution function. Considering that all thermo-
dynamic functions are relative to the vacuum, the
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divergence treatment in vacuum will not affect the thermo-
dynamic properties of the system.

It can be checked that the total quark contribution to the
gluon self-energy at the one-loop level,

16,
a H/u/
725 (9),

Iy (q) = 21122 (q) + 21T (q) =

My (q) = -
M (a). (45)

satisfies the Ward-identity [101] at any temperature 7,
chemical potential iy, and quark mass m £

4,1y (q) = 0. (46)

The total quark loop II{; can be separated into the
longitudinal and transverse parts by using the tensor
projectors P;* and P% [90],

Iy (q) = T (q) Py + T (q) P
. . B iq)
PP =Py = PP =0, 5i+ 4L
q
P =g -TLpr. (47
q
Using the relations [T = (1 —¢3/¢*)I; and

1Ty, = 2107, + 11§, the transverse and longitudinal self-
energles I15,(¢) and TI{;(g) are expressed as
€_+se,

de_d
5 = 4ﬂ'2|(I|/ - €+§s (e_ + se.)?

X {mj% +4—qz H [(e~ + ss'e,)? — s’qz]}
=+

X fr(es e,
_ P &
I :—gm/de_de+;s(€_+se+)
(e = se. ) -
(e, e_),
g3 — (e_ + se,)? rles.e)
fF_stifFe + 5'us) + sfr(es +s'up)]. (48)

C. Gluon loop and ghost loop

We now calculate the contribution from the gluon loop
and ghost loop to the gluon self-energy; see the diagrams in
Fig. 2. Similar to the treatment in Sec. III B for the quark
loop, we separate the temperature-independent part from
the medium part, and then take renormalization process
[100,102] to remove the vacuum divergence. After the
renormalization, the convergent medium part satisfies the
Ward identity and can be represented by the projectors P*
and P%,

FIG. 2. Contribution from the gluon loop and ghost loop to the
gluon self-energy.

% (q) = TG (q) Py + TI&(q) Py, (49)

with the transverse and longitudinal self-energies

= —F=3 €_de S €_ N3
¢ 82 al’ Jr Ty i

(e = se)? + ) +20%((e +5e,)’ — @)
@ — (e +se,)?

x fileq.eo),
_ 3 2
ML = —4—22'(6;?/’ de_d€+2s(€_ + se,)

—t
_ - 2
e

1

fB= 5[ sle-) + sfaey)]- (50)

As is often used in the literature [102], we have chosen
the £ = 1 covariant gauge in the calculation (for reviews on
covariant gauge, see Refs. [103—-105]). While the calcu-
lation process is very similar to that in Sec. III B, there are
important differences in the results. 1) The gluon and ghost
, and the
integration region R’ is the massless limit of the region R. 2)
The gluon and ghost fields are not separated into positive-
and negative-energy modes. Note that the subscript &+ in €
throughout the paper (not only here) does not mean positive
and negative modes. k +q/2 are the two quark/gluon/
ghost momenta of the loop. 3) Quarks satisfy the Fermi-
Dirac distribution fr but gluons and ghosts satisfy the
Bose-Einstein distribution fg.

With the total gluon self-energy,

M (q) = 1 (q) + 1 (q). (51)

the gluon propagator under the covariant gauge condition at
the one-loop level has the well-known form [90,106]

P P £
N S S Y
¢+ (q) ¢ +1H(q) ¢

with B = g#q* /¢*, TI" =TI, + 11, and TI* = T1§ + T1§.

074001-6



TREATING DIVERGENCE IN QUARK MATTER BY USING ...

PHYS. REV. D 104, 074001 (2021)

IV. APPLICATION

A. Debye mass

In the HTL and HDL approaches, the ring diagram
resummation technique in QED and QCD [107,108] is
employed to consider nonperturbative effects. With the
resummed gluon propagator, the Debye screening mass i,
is defined as [2,91,109]

= —Tlyo(g0 = 0.]q| - 0). (53)

In extremely hot and dense QCD for massless quarks
(T, uy > my), it is represented as [90,110]

wy =2 (4 ) 222, (54)

with the number of colors N, and number of flavors N.

We now take our obtained total gluon self-energy I1(q)
to calculate the Debye screening mass in the general case at
finite temperature and density. We consider first the
contribution from the loop constructed from two nega-
tive-energy quarks to the Debye mass,

m2_=—g"Tl__(qo = 0,|q| = 0) —T1% (¢ = 0,|g| - 0).

(55)
In the massless case with m; = 0 the integration region R
for the quark energies ¢, and e_ is reduced to R'. For a

function A(q, €., €_) with exchange symmetry between €,
and e_, the integration can be written as

/de de A(q,e.,¢€)

/ de/ de A(g,e,.€_)

x O(e_ + e, —1q)O(|q] - e~ — e, )

—2/ de/ de A(q,e,,€_)

xO(e_ + e, —|a))0(lq| - (e~ —ei)). (56

Taking a Taylor expansion for the two step functions
around |q| =0,

Oe- + ey —a))O(|q| — (e~ —€y))
=0(e. —€_)O(e, +¢€.)

+ L ©O(e_ +e€,)6(e,

d e )= Oe; —e)(e, +e )],

(57)

and considering the restriction e_ > e, and e_ +€, >0,
only the second term with §(e, — e_) contributes. From the
limits

1
lim [5 (e —e)* + 2€_€+:| =2¢2,

€, —e_

lim Fg(qo =0,¢e,,¢_)

€, —€_

:_%&2]%(6_4-5/4)(1—fF(e—"‘S/‘f))’ (58)

we finally derive the expression for the Debye mass,

m?_ = 32ﬂ " de_ d€+€ €. 6(eL —¢€_)
x[(e- _€+) +4€ €.]Fs(qo=0.€e;.¢6_)
g (T K
= 59
2 <6 +2n’) (59)

Taking into account the positive-energy quark loop IT",
which contributes the same to the Debye mass, the mixed
quark loop IT""_ which makes no contribution due to the
fact that the trace (40) in spin space disappears in the limit
lq| = Oat u = v = 0, the gluon and ghost loops IT; which
contribute

Ne
mg = —T1¥ (qo = 0)==g’T*  (60)

and the summation over all quark flavors, we obtain

mp, = my + mg = Z(2m§_) + m3, (61)
f

which is exactly the same as that shown in Eq. (54).

In the general case with nonzero quark mass, the
contribution from the negative-energy quark loop to the
gluon self-energy at g, = 0 becomes

= O<|‘l|/mf),

O((lal/ms)*)q',
_ Fm3 [
% = _87z27f"/ dxxvV x> =1

x ZfF )(1=2f7(x,)) + Olql/my),

m3 o —1)3/2

= f X 1
Imv_ = T[ dx———

foFx (1 =2fp(x >)+0<|q|/mf> (62)

with x; = mgx + su;. Considering the similar contribution
from the other quark loops and gluon and ghost loops, we
derive the total Debye mass in the limit |q| = 0,
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2,3
m [e%)
m%:mé+§ g—f/l dxx\/x* -1
f

47T

X ZfF(xs)(l = 2fF(x,)). (63)

which reduces to the familiar result (61) for massless
quarks.

B. High-density limit

Quark matter at low temperature and high baryon density
can be realized in compact stars and nuclear collisions at
intermediate energy. In the limit of zero temperature, the
Bose-Einstein distribution fp disappears and the Fermi-
Dirac distribution f becomes a step function of the baryon
chemical potential u;. Therefore, the gluon self-energy
comes only from the quark loops. For massless quarks, with
the symmetric quark distributions

Oy —c ) £ O —c,)). (64

M| —

f%(ﬂr’e—) =

and the continuation from Matsubara frequency summation
to the Wick rotation integral Ty — [*2dw,/(2x)
(g9 = —iw,), the integration over the quark momentum k
can be done easily, and the total transverse and longitudinal
parts of the gluon self-energy can be explicitly expressed as

2,2
N
1222 \ ¢?

g2

ASoa 011 f 5 B )
+384ﬂ2|q|3 MZZi r(nqo, |q| Sﬂf)

2,2
ﬁLigﬂf %
=37 ?_

2
g
— oA o3 E F1(nqo,
1927%|q)? ot

ql.spup).  (65)

with the functions Fr(nqy. |q, sus) and F (nqo. |q|. sps)
defined as

Fr = (g5 + nqola| + 44> + 4sprqo + 2suslq] + 4u7)
x (g5 — 4*)(nqo — |a| + 2spy)
(ngo — |q| + 2spy)?
(ngo — lql)?
Fr = (nqo +2la| + 2sus)(q5 - 4°)
(nqo — lq| + 2spy)?
(ngo — lal)?

X In

x (ngo — |q| + 2s,uf)2 In . (66)

Under the condition that gy, |q| <y, at extremely high
baryon density, which is usually considered in the HDL

approach, the above transverse and longitudinal self-ener-
gies are reduced to the well-known result [5,90]

v g d() )
2 |q| q lal/) Iq
2
HL——m2<1—@>{l—@H(@>], 67
) e (7)

where the effective gluon mass my and function H(x) are

2,2
m2 :g”f"
ET o2
1 I+x
H(x) =<1 .
0 =3m(127) (68)

One can also check the gluon screening mass and
dynamical mass in quark matter at high density by
calculating the following limits of the gluon self-energies:

~11"(g0 = 0,|q| = 0) =0,
2,2
_ gH
i (g0 = 0.Ja| > 0) = 5.
T
2,2
_ gH
~I17(qy = 0.]a] = 0) =
T
2,2
_ gy
T (g0~ 0.]a| = 0) = (69)

C. Thermodynamic potential

We now close the resummed gluon propagator to see the
gluon contribution to the thermodynamic potential which
controls the global behavior of the hot and dense quark-
gluon plasma. The gluon contribution with ring diagrams
can be written as [111]

Q = Qp + Q + Qypg, (70)

where Q is the free gluon contribution. To use the standard
definition of €,,, we have separated Q; with only one
self-energy on the ring from €;,,. Taking into account the
separation of a general gluon propagator into transverse and
longitudinal parts [see Eq. (52)], €24, can be divided into
two parts [85]:

Qing = —(N2—1) (RT —l—%RL). (71)

Calculations using HTL/HDL approximations can be
found in Refs. [86,112,113]. Here we calculate R; and Ry
with the derived gluon self-energy without any restriction
on the medium temperature 7 and quark chemical potential
. To simplify the calculation we consider the massless
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FIG. 3. Scaled longitudinal and transverse thermodynamic
potentials R, /(4}g%) and Ry/(u}g?) as functions of the coupling
constant g for cold quark matter with temperature 7= 0 and
different gluon momentum cutoffs A.

limit. In this case, the thermodynamic potential is propor-
tional to ,u;‘». After integrating out the azimuth angles ¢ and
0 of the gluon momentum q, the temperature, chemical
potential, and coupling constant dependence of the trans-
verse and longitudinal thermodynamic potentials
Ry (T, py.g) and Ry (T, s, g) can be explicitly expressed as

dw,
Ry = /2/d|‘l|
JT

n’ (-iw,,
X[In(l— (m)q

4nq?
(27)*

ql)) +HT(—iwq, qI)}

w; + q* wl +q*

dw 4rq?
R,=[=2]d

L /2”/ |q|(2ﬂ,’)3

It (—iw,, nt (—iw,,

x |In{1- Ciwg. 4] + Cie,. |a) . (72)
2 2 2 2
Wy +q wy; +q

Considering IT ~ g7, the Taylor expansion of the logarithm
function leads to Ry, R; ~ g* in the weak coupling region
with g < 1. In the intermediate coupling region 1 < g <5, a
detailed calculation shows an approximate dependence
Ry, R, ~ g*> + Ag’. Figure 3 shows the scaled thermody-
namic potentials at different gluon momentum cutoffs
lq] < A. Note that Ry and R; are convergent and it is not
necessary to take a cutoff; Fig. 3 just shows that the coupling
dependence is independent of the gluon momentum.

V. SUMMARY

In this paper we focused on the gluon self-energy at finite
temperature, chemical potential, and quark mass in the
frame of QCD. With the method of quark energy projectors,
the divergence of the self-energy 1"/ (g) appears only in the
mixed loop constructed from the positive- and negative-
energy modes and is medium independent. Therefore, the
divergence can be removed through a renormalization
procedure in vacuum. After a resummation of the gluon
self-energy which is often used in literature, we calculated
nonperturbatively the gluon Debye mass and thermody-
namic potential. Since the Debye mass is irrelevant to the
mixed quark loop, it is renormalization independent. In the
limits of massless quarks and extremely high temperature
and high density, our calculations come back to the
well-known results from HTL and HDL. The quark
energy-projector method used in this paper can be straight-
forwardly extended to treat the divergence of other QCD
diagrams with more quark loops.
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