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We make a detailed study of the three-body decays BðsÞ → χc1hh0, where hð
0Þ is either a pion or kaon, by

taking into account the S-wave states in the hh0 invariant mass distribution within the perturbative QCD
approach. The two meson distribution amplitudes are introduced to capture the strong interaction related to
the production of the hh0 system. We calculate the branching ratios for the S-wave components and observe
large values of order 10−4 for some Cabibbo-favored decays, which are accessible to the LHCb and Belle II
experiments. The obtained branching ratio BðB → χc1K�

0ð1430Þð→ Kþπ−ÞÞ ¼ ð5.1þ0.6
−0.8 Þ × 10−5 consistent

with the data from Belle within errors. Moreover, we also predict the differential distributions in the hh0

invariant mass for the decays under consideration, which await the future experimental test. In addition, the
corresponding χc1ð2PÞ channels are also investigated, which are helpful to clarify the nature of the Xð3872Þ
state.

DOI: 10.1103/PhysRevD.104.073001

I. INTRODUCTION

B meson decays to final states containing a charmonium
meson have played a crucial role in the observation of CP
violation in the weak interactions of quarks and provided
powerful probes of the strong interaction in a heavy meson
system. In particular, the χc1 modes, which are allowed
under the factorization hypothesis, are found to be a
comparison of production rates with respect to the similar
J=ψ processes [1]. Studying the production of the χc1
meson and its radial excited states in B meson decays will
help to shed light on the production mechanisms in the
exclusive charmonium B decays.
Two-body decays of B → χc1π [2,3] and B → χc1Kð�Þ

[4–6] have been observed and well measured by several
collaborations. Also, some multibody decay modes, such as
B0 → χc1Kþπ− [7], Bs → χcJKþK− [8], and B → χc1ππK
[9], were observed, for which one can search for
charmonium or charmoniumlike exotic states in the
pion-charmonium invariant mass distribution. For example,
the narrow exotic resonance Xð3872Þ was discovered
in the J=ψπþπ− invariant mass spectrum produced in
B → J=ψπþπ−K decays by the Belle experiment [10],
and later confirmed by multiple other experiments [11–14].
In addition, the Xð3872Þ state was also observed in

B → Xð3872ÞKπ decays [15]. Its quantum number assign-
ment has been identified to be JPC ¼ 1þþ [16–18],
suggesting it may be the typical χc1ð2PÞ charmonium
state in the quark model scenario. However, its mass
(3871.69� 0.17 MeV), narrow width (Γ < 1.2 MeV)
[1], and the isospin violating decay chain Xð3872Þ →
J=ψρ0 → J=ψπþπ− [16–22] imply that it may not be a
simple cc̄ charmonium state. Results from recent LHCb
studies [23–25] also support it may have further mystery
substructure beyond the conventional charmonium model.
Popular interpretations, including χc1ð2PÞ state, tetraquark,
molecular state, admixture state, cc̄g hybrid state, and
vector glueball, have been proposed [26–43], which means
the question of its internal structure remains open. A more
detailed discussion of the current knowledge of the
Xð3872Þ properties can be found in Ref. [44] and refer-
ences therein.
B meson decays into final states containing the

χc1ð1P; 2PÞ state have generated many theoretical discus-
sions [45–54]. In particular, the authors of Ref. [52]
analyzed the two-body B → χc1ð1P; 2PÞ decays in QCD
factorization by treating charmonia as nonrelativistic bound
states. They found that the B → χc1ð2PÞK decay rate can
be comparable to that of the χc1ð1PÞ mode and argued that
Xð3872Þ may be dominated by the χc1ð2PÞ charmonium
but mixed with a D0D̄�0=D�0D̄0 molecule state. In
Ref. [53], the branching ratio of the B → Xð3872ÞK was
calculated in the perturbative QCD (PQCD) approach, by
assuming Xð3872Þ to be a regular χc1ð2PÞ charmonium
state. The obtained number is larger than the current upper
bound set by Belle [55] within the error bar, which indicate
a pure charmonium assignment for Xð3872Þ is not suitable.
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Further studies should be carried out in other exclusive
decays to clarify its inner structure, especially in the three-
body B → χc1ð2PÞhh0 decays, which are still lacking in the
literature to date.
In this consideration, we study the three-body decays

B → χc1hh0 with h; h0 ¼ π, K within the framework of
PQCD, where χc1 is used to denote the χc1ð1PÞ and
χc1ð2PÞ collectively. The latter could help to clarify the
nature of the Xð3872Þ since χc1ð2PÞ may be one of the
possible assignments for Xð3872Þ as mentioned above.
Here we put the focus on the hh0 pair originating from an
S-wave configuration, while the subjects related to the
crossed channel such as χc1hð

0Þ and other higher partial
wave are outside the ambit of the present analysis. For
recent works applying triangle singularities to inter-
preting several charmoniumlike structures in the Xccπ

þ

invariant mass distributions of B̄0 → XccK−πþ with Xcc ¼
J=ψ ;ψð2SÞ; χc1, we refer the reader to Refs. [56–58].
The PQCD approach has been successfully applied to

various three-body charmonium decays of B meson to
investigate the contributions of the resonances involved
[59–66]. The method has also been extended to the four-
body charmless hadronic B meson decays very recently
[67,68]. Within the quasi-two-body approximation, we
assume two light final-state mesons h and h0 move almost
in parallel for producing a resonance. The associated final-
state interactions inside hh0 pair are parametrized into the
nonperturbative two meson distribution amplitudes (DAs)
[69–75]. That is, three-body processes are assumed to
proceed predominantly via one intermediate state which
strongly decays into two light mesons. The corresponding
decay amplitude can be conceptually written as the con-
volution of all the perturbative and nonperturbative objects:

A ¼ ΦB ⊗ H ⊗ Φhh0 ⊗ Φχc1 ; ð1Þ

where ΦB and Φχc1 are the nonperturbative B meson and
charmonium DAs, respectively. The two meson DA Φhh0

absorbs the nonperturbative dynamics of the hadronization
processes in the hh0 system. The hard kernel H, similar to
the case of two-body decays, includes the leading-order
contributions plus the vertex corrections. As pointed out in

Refs. [49,52], the infrared divergences arising from vertex
corrections cancel in the B → χc1 decay as in the case of
B → J=ψ . Therefore, the vertex corrections obtained in
QCDF can be applied to PQCD without introducing any
extra parton transverse momenta [61].
The paper is organized as follows. After the Introduction,

we present our model kinematics and describe the S-wave
DAs in ππ, Kπ, and KK pairs, respectively. In Sec. III, we
make predictions of the branching ratio and the differential
distribution for each S-wave component in the considered
three-body decays. In the final section, we give discussions
and the conclusion. Some technical details are relegated to
the Appendix.

II. KINEMATICS AND THE S-WAVE TWO
MESON DISTRIBUTION AMPLITUDES

Consider the quasi-two-body process BðsÞ →
χc1Rð→ hh0Þ, whose leading order diagrams are shown
in Fig. 1. In the rest frame of the BðsÞ meson, we assume the
final state charmonium is moving along the direction of
v ¼ ð0; 1; 0TÞ while the meson pair is along n ¼ ð1; 0; 0TÞ,
where n and v are two lightlike vectors in the light-cone
coordinates. Then the BðsÞ meson momentum pB, the χc1
meson momentum p3, and the meson pair momentum p
can be parametrized as [76]

pB ¼ Mffiffiffi
2

p ð1; 1; 0TÞ; p3 ¼
Mffiffiffi
2

p ðg−; gþ; 0TÞ;

p ¼ Mffiffiffi
2

p ðfþ; f−; 0TÞ; ð2Þ

where the variables

f� ¼ 1

2
ð1þ η − r2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞ2 − 2r2ð1þ ηÞ þ r4

q
Þ;

g� ¼ 1

2
ð1 − ηþ r2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ηÞ2 − 2r2ð1þ ηÞ þ r4

q
Þ; ð3Þ

with the mass ratio r ¼ m=M and mðMÞ is the mass of the
charmonium (B meson). The factor η is defined as η ¼
ω2=M2 with ω being the invariant mass of the meson pair
satisfying p2 ¼ ω2. The meson momenta p1 and p2 inside

(a) (b) (c) (d)

FIG. 1. Feynman diagrams for the BðsÞ → χc1Rð→ hh0Þ decays at the leading-order approximation, where the symbol (black filled
circle) denotes the insertion of effective weak interaction.
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meson pair, obeying momentum conservation p ¼ p1 þ p2

and the on-shell conditions p2
1;2 ¼ m2

1;2, one can derive
them:

p1¼
�
Mffiffiffi
2

p
�
ζþr1−r2

2η

�
fþ;

Mffiffiffi
2

p
�
1−ζþr1−r2

2η

�
f−;pT

�
;

p2¼
�
Mffiffiffi
2

p
�
1−ζ−

r1−r2
2η

�
fþ;

Mffiffiffi
2

p
�
ζ−

r1−r2
2η

�
f−;−pT

�
;

ð4Þ

with the mass ratios r1;2 ¼ m2
1;2=M

2. ζ is the meson
momentum fraction up to corrections from the meson
masses [67]. By use of the on-shell conditions p2

1;2 ¼
m2

1;2, the transverse momentum pT can be written as

jpT j2 ¼ ω2

�
ζð1 − ζÞ þ ðr1 − r2Þ2

4η2
−
r1 þ r2
2η

�
: ð5Þ

In the hh0 rest frame, the three-momenta of the final states h
and charmonium are written as

jp⃗1j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðω2; m2

1; m
2
2Þ

p
2ω

; jp⃗3j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðM2; m2;ω2Þ

p
2ω

; ð6Þ

respectively, with the Källén function λða; b; cÞ ¼ a2 þ
b2 þ c2 − 2ðabþ acþ bcÞ. To evaluate the hard kernels,
the following parametrization for the valence quark
momenta labeled by kB, k3, and k in Fig. 1 is useful:

kB ¼
�
0;

Mffiffiffi
2

p xB;kBT

�
; k3 ¼

�
Mffiffiffi
2

p g−x3;
Mffiffiffi
2

p gþx3;k3T

�
;

k ¼
�
Mffiffiffi
2

p fþz;0;kT

�
; ð7Þ

with the parton momentum fractions xB, x3, z and the
corresponding transverse momenta kBT , k3T , kT .
The light-cone hadronic matrix element for a BðsÞ meson

is decomposed as [77]

ΦBðsÞ ðx; bÞ ¼
iffiffiffiffiffiffiffiffi
2Nc

p ½ð=pB þMÞγ5ϕBðsÞ ðx; bÞ�; ð8Þ

with b being the conjugate variable of the parton transverse
momentum kT , and Nc denoting the number of colors. We
here only consider the leading Lorentz structure, while
other subleading contributions [78,79] are negligible
within the accuracy of the current work. For the BðsÞ
meson DAs, we adopt the conventional form [77,80],

ϕBðsÞ ðx;bÞ ¼NBðsÞx
2ð1− xÞ2 exp

�
−
x2M2

2ω2
BðsÞ

−
ω2
BðsÞb

2

2

�
; ð9Þ

with the shape parameter ωB ¼ 0.40� 0.04 GeV for Bu;d

mesons and ωBs
¼ 0.48� 0.05 GeV for a Bs meson [81].

The normalization constant NBðsÞ is related to the BðsÞ
meson decay constant fBðsÞ via the normalization

Z
1

0

ϕBðsÞ ðx; b ¼ 0Þdx ¼ fBðsÞ

2
ffiffiffiffiffiffiffiffi
2Nc

p : ð10Þ

For more alternative models of B meson DA, one can
refer to [82–84].
The distribution amplitudes of χc1, defined via the

nonlocal matrix element, have been derived in Ref. [85].
The longitudinal polarization component is given by

Φχc1 ¼
1ffiffiffiffiffiffiffiffi
2Nc

p γ5=ϵLðmχLðxÞ þ χtðxÞ=p3Þ; ð11Þ

with the longitudinal polarization vector ϵL ¼ 1ffiffi
2

p
η
×

ð−g−; gþ; 0TÞ. The twist-2 and twist-3 DAs are collected
as follows:

χLðxÞ ¼
fχc1
2

ffiffiffi
6

p NLxð1 − xÞT ðxÞ;

χtðxÞ ¼
f⊥χc1
2

ffiffiffi
6

p NT

6
ð2x − 1Þ½1 − 6xþ 6x2�T ðxÞ; ð12Þ

where fð⊥Þ
χc1 is the vector (tensor) decay constants. The

coefficients NL;T satisfy the normalization conditions
[85,86]

Z
1

0

NLxð1 − xÞT ðxÞdx ¼ 1;Z
1

0

NTxð1 − xÞð2x − 1Þ2T ðxÞdx ¼ 1: ð13Þ

The function T ðxÞ can be extracted from P-wave
Schrödinger states for a Coulomb potential. The explicit
expression for 1P state can be found in Refs. [85,87], while
that of the 2P state will be derived in the Appendix.
The light-cone matrix element for an S-wave meson pair

is decomposed, up to the twist 3, into [59,88]

ΦS−wave
hh0 ¼ 1ffiffiffiffiffiffiffiffi

2Nc
p ½=Pϕ0

Sðz;ωÞ þ ωϕs
Sðz;ωÞ

þ ωð=n=v − 1Þϕt
Sðz;ωÞ�Plð2ζ − 1Þ; ð14Þ

where the Legendre polynomials Plð2ζ − 1Þ ¼ 1 for the
S-wave component. The two-meson DAs are parame-
trized as
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ϕ0
Sðz;ωÞ ¼

8>><
>>:

9Fhh0 ðωÞffiffiffiffiffiffi
2Nc

p ahh0zð1 − zÞð1 − 2zÞ; hh0 ¼ ππ; KK;

3Fhh0 ðωÞffiffiffiffiffiffi
2Nc

p zð1 − zÞ½ 1μS þ B13ð1 − 2zÞ þ B3
5
2
ð1 − 2zÞð7ð1 − 2zÞ2 − 3Þ�; hh0 ¼ Kπ;

ϕs
Sðz;ωÞ ¼

Fhh0 ðωÞ
2

ffiffiffiffiffiffiffiffi
2Nc

p ;

ϕt
Sðz;ωÞ ¼

Fhh0 ðωÞ
2

ffiffiffiffiffiffiffiffi
2Nc

p ð1 − 2zÞ; ð15Þ

with the Gegenbauer moments aππ ¼ 0.2� 0.2 [59],
aKK ¼ 0.80� 0.16 [63], B1 ¼ −0.57� 0.13 and B3 ¼
−0.42� 0.22 [89,90]. Except for the twist-2 DA of the
Kπ pair, others are set to the asymptotic forms since the
coefficients in the Gegenbauer expansion of the two meson
DAs are poorly known at the moment.
The timelike scalar form factors Fhh0 ðωÞ, which

absorbs the elastic rescattering effects in a final-state
meson pair, are parametrized in different forms according
to different meson pairs. Let us begin with the pion pair
first. There are two intriguing light scalar resonances
f0ð500Þ and f0ð980Þ below or near 1 GeV, which can
couple to πþπ−. Their internal structures were quite
controversial [91–94]. The LHCb collaboration observed
a peak for the f0ð980Þ in the B0

s → J=ψπþπ− decay,
while that of f0ð500Þ is not seen [95]. On the contrary, in
the corresponding Bs decay, a signal is seen for the
f0ð500Þ production, but no visible trace for f0ð980Þ
production. Therefore, in this work, we assume the
f0ð500Þ and f0ð980Þ enter into the nonstrange and
strange scalar form factors, respectively. The former
contribute dominantly in the B0 decay, while the latter
should feature mainly in the B0

s mode.
Including higher resonances, the strange scalar form

factor can be described as the coherent sum of three scalar
resonances f0ð980Þ, f0ð1500Þ, and f0ð1790Þ, which have
been widely employed in the PQCD studies of the Bs →
ðJ=ψ ;ψð2SÞ; ηc; ηcð2SÞÞππ decays [59,96–98]. Explicitly,
we have [59]

Fss̄
ππðωÞ ¼

c1m2
f0ð980Þe

iθ1

m2
f0ð980Þ − ω2 − imf0ð980Þðgππρππ þ gKKρKKÞ

þ
c2m2

f0ð1500Þe
iθ2

m2
f0ð1500Þ − ω2 − imf0ð1500ÞΓf0ð1500Þðω2Þ

þ
c3m2

f0ð1790Þe
iθ3

m2
f0ð1790Þ − ω2 − imf0ð1790ÞΓf0ð1790Þðω2Þ ;

ð16Þ

where ci and θi, i ¼ 1, 2, 3, are the corresponding weight
coefficients and phases of the resonances with the

parameter values of Ref. [59]. mf0 is the nominal mass
of the resonance. Γf0ðωÞ, the mass-dependent width, is
defined as in the case of a scalar resonance

Γf0ðωÞ ¼ Γf0

mf0

ω

�
ω2 − 4m2

π

m2
f0
− 4m2

π

�1
2

; ð17Þ

where Γf0 is the partial width of the resonance. Different
from f0ð1500Þ and f0ð1790Þ resonances described usually
by the Breit-Wigner (BW) model, f0ð980Þ is parametrized
as the Flatté model [99] since its mass is close to the KK̄
threshold. The constants gππ and gKK are the f0ð980Þ
couplings to πþπ− and KþK− final states, respectively. The
ρππðKKÞ factors are given by the Lorentz-invariant phase
space

ρππ ¼
2

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
π�

ω2

s
þ 1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
π0

ω2

s
;

ρKK ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
K�

ω2

s
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
K0

ω2

s
: ð18Þ

For the nonstrange case, only the resonance f0ð500Þ is
included here, which can be modeled using two alternative
approaches, the BW function [59] and the Bugg formula
[100]. The BW model read as

Fdd̄
ππðωÞ ¼

cBWm2
f0ð500Þ

m2
f0ð500Þ − ω2 − imf0ð500ÞΓf0ð500Þðω2Þ ; ð19Þ

with cBW ¼ 3.5 [59]. The Bugg resonant line shape
[100], with more theoretically motivated shape para-
meters, has been used by several recent analyses, e.g.,
Refs. [96,97,101,102],

Fdd̄
ππðωÞ ¼ cBuggmrΓ1ðω2Þ

�
m2

r − ω2 − g21
ω2 − sA
m2

r − sA
zðω2Þ

− imr

X4
i¼1

Γiðω2Þ
�
−1
; ð20Þ
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with cBugg being a tunable parameter. Its value is set to 1.6 so
that the corresponding PQCD prediction of BðB̄0 →
J=ψf0ð500Þð→ πþπ−ÞÞ ¼ 8.5 × 10−6 is consistent with
the LHCb data ð8.8� 0.5þ1.1

−1.5Þ × 10−6 in Ref. [103].
Variables and parameters in the above equation are not
shown here for readability, which can be found in [100]. We
also note that the f0ð500Þ can be represented as a simple pole
[104–107], parametrized as

AσðωÞ ¼
1

ω2 − sσ
; ð21Þ

where sσ is the square of the pole position
ffiffiffiffiffi
sσ

p ¼ mσ − iΓσ,
extracted from the data. However, Eq. (21) carries a dimen-
sion and is not normalized to the unity as ω → 0. Thus it is
not appropriate to be taken as a form factor in the PQCD
approach in the current form. The exact form factor corre-
sponding to the pole model in PQCD should be taken into
account in the future.
For the scalar form factor of theKπ system,we employ the

LASS line shape [108], which consists of theK�
0ð1430Þ reso-

nance as well as an effective-range nonresonant component,

FKπðωÞ ¼
ω

jp⃗1j
·

1

cot δB − i
þ e2iδB

m2
0Γ0=jp⃗0j

m2
0 − ω2 − im2

0
Γ0

ω
jp⃗1j
jp⃗0j

;

cot δB ¼ 1

ajp⃗1j
þ 1

2
bjp⃗1j: ð22Þ

m0 and Γ0 are the pole mass and width of the K�
0ð1430Þ,

while the scattering lengths a and b effective range are
parameters that describe the shape, whose numbers are taken
frommeasurements at the LASS experiment and tabulated in
the next section. p⃗0 is the value of p⃗1 calculated using the
nominal resonance mass, m0. The phase factor δB is needed
for the conservation of unitarity. It is worth noting that the
LASS parametrization has a range of applicability up to
about the charm hadron mass [109,110] in the Kπ invariant
mass, which is just approaching the upper bound of M −m
for the charmonium B decays. Therefore, it is not necessary
to introduce a nonphysical cutoff here and theLASSmodel is
appropriate to describe the Kπ S-wave in the decays
under study.
As for the case of the KK̄ system, we follow Ref. [63] to

take the form as

FKKðωÞ ¼
� m2

f0ð980Þ
m2

f0ð980Þ − ω2 − imf0ð980Þðgππρππ þ gKKρKKF2
KKÞ

þ
cf0ð1370Þm

2
f0ð1370Þ

m2
f0ð1370Þ − ω2 − imf0ð1370ÞΓf0ð1370Þðω2Þ

�
ð1þ cf0ð1370ÞÞ−1; ð23Þ

with cf0ð1370Þ ¼ 0.12e−iπ=2 [63], which yields the branching ratios of the f0ð980Þ and f0ð1370Þ components in Bs →
J=ψKþK− are consistent with the data, simultaneously. The exponential term FKK ¼ e−αq

2
K is introduced above the KK

threshold to reduce the ρKK factor as ω increases, where qk is the momentum of the kaon in the KK rest frame and
α ¼ 2.0� 0.25 GeV−2 [95,111].
Now we will present the formulas of amplitude for the quasi-two-body decay mediated by scalar resonances. Performing

the calculations to the factorizable and nonfactorizable diagrams in Fig. 1, one gets the following expressions:

FLL ¼ −8πCFfχc1M
3

Z
1

0

dxBdz
Z

∞

0

bBdbBbdbϕBðxB; bBÞ

× f½ωϕs
Sð−2fþgþz − g− þ gþÞ þ ωϕt

Sð−2fþgþzþ g− þ gþÞ þMϕ0
Sðfþgþðfþzþ 1Þ − f−g−Þ�

× αsðtaÞe−SabðtaÞhðαe; βa; bB; b1ÞStðx3Þ þ ½Mϕ0
Sððf− þ 1Þfþgþ − g−ðf− þ fþðf− − xBÞÞÞ − 2ωϕs

S

× ðg−ð−f− þ xB − 1Þ þ ðfþ þ 1ÞgþÞ�αsðtbÞe−SabðtbÞhðαe; βb; b1; bBÞStðxBÞg; ð24Þ

MLL ¼ 16
ffiffiffi
2

p
πCFM3

Z
1

0

dxBdzdx3

Z
∞

0

bBdbBb3db3ϕBðxB; bBÞ

× ½MrχLðx3Þϕ0
Sð2fþðgþÞ2x3 þ g−ðfþxB þ f−ð−2fþz − 2g−x3 þ xBÞÞ þ fþgþððf− þ fþÞz − 2xBÞÞ

− 2rχLðx3Þωϕs
Sðfþgþzþ g−xBÞ þ 4g−gþrcχtðx3Þωϕt

S�αsðtdÞe−ScdðtdÞhðβd; αe; b; bBÞ; ð25Þ

FLR ¼ −FLL; MSP ¼ MLL; ð26Þ
with rc ¼ mc=M and mc is the charm quark mass;
Cf ¼ 4=3 is a color factor. The superscripts LL,

LR, and SP refer to the contributions from
ðV − AÞ ⊗ ðV − AÞ, ðV − AÞ ⊗ ðV þ AÞ and ðS − PÞ ⊗
ðSþ PÞ operators, respectively. The hard functions h
and the threshold resummation factor StðxÞ are adopted
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from Ref. [112]. α and βi with i ¼ a, b, d denote the
virtuality of the internal gluon and quark, respectively,
expressed as

α ¼ zxBfþM2;

βa ¼ zfþM2;

βb ¼ −fþðf− − xBÞM2;

βd ¼ −ðfþzþ g−x3Þðgþx3 − xBÞM2 þm2
c: ð27Þ

The hard scale ti is chosen as the largest scale of the
virtualities of the internal particles in the hard amplitudes:

ta ¼ maxð ffiffiffi
α

p
;

ffiffiffiffiffi
βa

p
; 1=b; 1=bBÞ;

tb ¼ maxð ffiffiffi
α

p
;

ffiffiffiffiffi
βb

p
; 1=b; 1=bBÞ;

td ¼ maxð ffiffiffi
α

p
;

ffiffiffiffiffi
βd

p
; 1=b3; 1=bBÞ: ð28Þ

The Sudakov factors derived with the leading-logarithm kT
resummation are given by

SabðtÞ ¼ s
�
Mffiffiffi
2

p xB; bB

�
þ s

�
Mffiffiffi
2

p fþz; b
�
þ s

�
Mffiffiffi
2

p fþð1 − zÞ; b
�
þ 5

3

Z
t

1=bB

dμ
μ
γqðμÞ þ 2

Z
t

1=b

dμ
μ
γqðμÞ;

ScdðtÞ ¼ s

�
Mffiffiffi
2

p xB; bB

�
þ s

�
Mffiffiffi
2

p fþz; bB

�
þ s

�
Mffiffiffi
2

p fþð1 − zÞ; bB
�
þ s

�
Mffiffiffi
2

p gþx3; b3

�
þ s

�
Mffiffiffi
2

p gþð1 − x3Þ; b3
�

þ 11

3

Z
t

1=bB

dμ
μ
γqðμÞ þ 2

Z
t

1=b3

dμ
μ
γqðμÞ; ð29Þ

where γq ¼ −αs=π is the quark anomalous dimension, and
the explicit expression of the function sðQ; bÞ can be found
in [113]. We note that the complete next-to-leading-
logarithm (NLL) kT resummation for the J=ψ meson wave
function has been developed recently [114], which could be
applicable to the B → χc1 decays. However, it is found that
its effect on the branching ratio is numerically small, less
than 20% [114]; thus its contribution is neglected in
subsequent calculations.
By combining the contributions from different diagrams

with the corresponding Wilson coefficients, the full decay
amplitude can be recast to

A ¼ GFffiffiffi
2

p fλc½a2FLL þ C2MLL� − λt½ða3 þ a9ÞFLL

þ ða5 þ a7ÞFLR þ ðC4 þ C10ÞMLL

þ ðC6 þ C8ÞMSP�g; ð30Þ

with

a2 ¼ C1 þ
1

3
C2; a3 ¼ C3 þ

1

3
C4;

a9 ¼ C9 þ
1

3
C10; a5 ¼ C5 þ

1

3
C6; a7 ¼ C7 þ

1

3
C8:

ð31Þ

The quantities λp ≡ V�
pbVpq with p ¼ c, t and q ¼ d,

s encode the Cabibbo–Kobayashi–Maskawa (CKM)
factors. We also consider the vertex corrections, whose
effects can be combined into the coefficients ai in Eq. (31)
as [115–117]

a2 → a2 þ
αs
4π

Cf

Nc
C2

�
−18 − 12 ln

�
t
mb

�
þ fI

�
;

a3 þ a9 → a3 þ a9 þ
αs
4π

Cf

Nc
ðC4 þ C10Þ

×

�
−18 − 12 ln

�
t
mb

�
þ fI

�
;

a5 þ a7 → a5 þ a7 −
αs
4π

Cf

Nc
ðC6 þ C8Þ

×

�
−6 − 12 ln

�
t
mb

�
þ fI

�
; ð32Þ

where the detail calculations for fI refer to Refs. [49,52].
Finally, the differential branching ratio for the B →

χc1hh0 process reads as

dB
dω

¼ τωjp⃗1jjp⃗3j
32π3M3

jAj2: ð33Þ

III. RESULTS AND DISCUSSIONS

This section serves to summarize all parameter values
required for numerical calculations. The meson and heavy
quark masses (GeV), lifetimes (ps), and the Wolfenstein
parameters are taken from Particle Data Group [1],

MBs
¼5.37; MB¼5.28; mK¼0.494; mπ ¼0.14;

mχc1ð1PÞ ¼3.51067; mχc1ð2PÞ ¼3.87169;

mb¼4.8; m̄cðm̄cÞ¼1.275;

τBþ ¼1.638; τBs
¼1.51; τB0 ¼1.51;

λ¼0.22650; A¼0.790; ρ̄¼0.141; η̄¼0.357:

ð34Þ
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The B decay constants are set to the values fB ¼ 0.19 GeV
and fBs

¼ 0.24 GeV [67]. Since there is no measurement

for fχc1ð2PÞ, we assume fð⊥Þ
χc1ð2PÞ ¼ fð⊥Þ

χc1ð1PÞ ¼ 0.335 GeV

[50,51,53] and do not distinguish the vector and tensor
decay constants in subsequent calculations. The relevant
resonance parameters are listed in Table I. Other parameters
appearing in the two meson DAs have been specified
before.
Using the above parameters, we calculate theCP average

branching ratios of various S-wave components for the
neutral B0 and B0

s decays by integrating the differential
branching ratio in Eq. (33) with respect to ω. The
corresponding numbers for the charge analogous Bþ decay
processes can be obtained by multiplying the B0 ones with
a factor of τBþ=τB0 in the limit of isospin symmetry. The
theoretical errors correspond to the uncertainties due to the

shape parameters ωBðsÞ ¼ 0.40� 0.04ð0.48� 0.05Þ GeV
for the BðsÞ meson wave function, the hard scales t defined
in Eq. (28), which vary from 0.75t to 1.25t, and the
Gegenbauer moments aππ ¼ 0.2� 0.2 [59], aKK ¼ 0.80�
0.16 [63], B1 ¼ −0.57� 0.13 and B3 ¼ −0.42� 0.22
[89,90] associated with the twist-2 DAs as shown in
Eq. (15), respectively. It is necessary to stress that the
twist-3 DAs of the meson pair in this work are taken as the
asymptotic forms for lack of better results from non-
perturbative methods, which may give significant uncer-
tainties. In the following, we will discuss the relevant
numerical results in turn.

A. B0
s → χ c1π +π −

As mentioned in the previous section, three reso-
nances were considered in the B0

s → χc1π
þπ− decay,

TABLE I. A summary of the relevant resonance parameters.

Resonance Model Parameters

f0ð500Þ BW mR ¼ 0.50 GeV, ΓR ¼ 0.40 GeV [59]
Bugg See Ref. [100]

f0ð980Þ Flatté mR ¼ 0.99 GeV [1], gππ ¼ 0.167 GeV, gKK=gππ ¼ 3.47 [103]
f0ð1370Þ BW mR ¼ 1.475 GeV, ΓR ¼ 0.113 GeV [95]
f0ð1500Þ BW mR ¼ 1.50 GeV, ΓR ¼ 0.12 GeV [95]
f0ð1790Þ BW mR ¼ 1.81 GeV, ΓR ¼ 0.32 GeV [59]
ðKπÞS−wave LASS mR ¼ 1.435 GeV, ΓR ¼ 0.279 GeV, a ¼ 1.94 GeV−1, b ¼ 1.76 GeV−1 [118]

TABLE II. Branching ratios of S-wave resonant contributions to the B0
s → χc1ð1P; 2PÞπþπ− decays. The theoretical errors correspond

to the uncertainties due to the shape parameters ωBs
, the hard scale t, and the Gegenbauer moment aππ , respectively.

Modes BðR ¼ f0ð980ÞÞ BðR ¼ f0ð1500ÞÞ BðR ¼ f0ð1790ÞÞ BðS − waveÞ
B0
s → χc1ð1PÞπþπ− ð7.6þ3.4þ0.5þ0.9

−2.0−0.5−0.6 Þ × 10−5 ð7.8þ0.7þ0.6þ0.2
−0.9−0.4−0.3 Þ × 10−6 ð6.4þ1.5þ0.0þ0.5

−1.2−0.2−0.5 Þ × 10−7 ð1.1þ0.3þ0.0þ0.1
−0.3−0.1−0.1 Þ × 10−4

B0
s → χc1ð2PÞπþπ− ð7.1þ2.4þ0.2þ0.6

−1.8−0.5−0.4 Þ × 10−5 ð1.8þ0.5þ0.0þ0.2
−0.3−0.0−0.1 Þ × 10−6 ð1.9þ0.5þ0.1þ0.1

−0.3−0.1−0.1 Þ × 10−7 ð8.6þ2.4þ0.2þ0.6
−2.1−0.7−0.5 Þ × 10−5

(a) (b)

FIG. 2. The ω dependence of the differential decay branching ratios dB=dω for the decay modes (a) B0
s → χc1ð1PÞπþπ− and

(b) B0
s → χc1ð2PÞπþπ−. The contributions from f0ð980Þ, f0ð1500Þ and f0ð1790Þ components are shown by the dotted gray, dashed

khaki and solid blue curves, respectively, while the solid red curves represent the total S-wave contributions.
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namely, f0ð980Þ, f0ð1500Þ, and f0ð1790Þ. The calculated
branching ratios of concerned resonances are collected in
Table II. The last column corresponds to the total S-wave
branching ratios. It is evident that the largest contribution
comes from the f0ð980Þ component, which accounts for
69% (83%) of the χc1ð1Pð2PÞÞ mode. The contributions
from high resonances suffer serious suppression since the
pole masses are approaching the upper bound of the two
pion invariant mass spectra. In particular, the nominal mass
of f0ð1790Þ falls outside the kinematically allowed mass
range for the χc1ð2PÞmode and the residual contribution in
the tail region of the BW function, also known as virtual
contribution, is expected to be fairly small. The corre-
sponding branching ratio is predicted to be of order 10−7,
much smaller than that of Bs → χc1f0ð1790Þð→ πþπ−Þ.
The total S-wave branching ratios for the two channels can
reach the 10−4 level, to be compared with those of J=ψ
modes [59,98], which is large enough to permit a
measurement.
In Fig. 2, we track the differential branching ratios for

various resonances as a function of the πþπ− invariant
mass, which we vary from 2mπ up to M −m. The dotted
gray, dashed khaki and solid blue curves correspond to the
f0ð980Þ, f0ð1500Þ, and f0ð1790Þ resonances, respectively,
while the solid red curves represent the total S-wave
contributions. Note that the mass difference between
χc1ð1PÞ and χc1ð2PÞ causes significant differences in the

range spanned in the respective decay modes. One can see a
clear signal from the f0ð980Þ resonance, accompanied by
f0ð1500Þ, while the amount of f0ð1790Þ is less than 1% of
the total S-wave contributions. A dip in Fig. 2(a) in the
invariant mass region of 1.2–1.4 GeV is ascribed to the
interference between the f0ð980Þ and f0ð1500Þ channels.
However, such a dip is not observed in Fig. 2(b) because the
f0ð1500Þ component suffers strong phase space suppres-
sion for the χc1ð2PÞ mode.

B. B0 → χ c1π +π −

The branching ratios of B0 → χc1ð1P; 2PÞf0ð500Þð→
πþπ−Þ decays, calculated for both BW and Bugg models,
are presented for comparison in Table III. The dependence of
differential branching ratios as a function of the invariant
mass is also shown in Fig. 3 for the aforementioned two line
shapes, where the solid pink and dashed blue lines corre-
spond to the BW and Bugg models, respectively. The two
curves have a broad bump with different behaviors in shape.
In the BWmodel, the peak at the resonance is usually highly
dominating and the majority of the resonant contribution
focuses naturally on the mass range of f0ð500Þ. Although
f0ð500Þ is very broad, the predominated mass region still far
away from the upper bound of allowed phase space,M −m.
However, the strength of the Buggmodel is slightly small, as
seen in Fig. 3, the spectrum bump is located above the pole
mass of f0ð500Þ because the substantial coupling of f0ð500Þ

TABLE III. Branching ratios of S-wave resonant contributions to the B0 → χc1ð1P; 2PÞf0ð500Þð→ ππÞ decays.
The theoretical errors correspond to the uncertainties due to the shape parameters ωB, the hard scale t, and the
Gegenbauer moment aππ , respectively.

Modes BðBWÞ BðBuggÞ
B0 → χc1ð1PÞf0ð500Þð→ πþπ−Þ ð2.9þ1.0þ0.1þ1.1

−0.7−0.1−0.5 Þ × 10−6 ð2.8þ0.6þ0.0þ0.4
−0.6−0.0−0.3 Þ × 10−6

B0 → χc1ð2PÞf0ð500Þð→ πþπ−Þ ð2.8þ0.9þ0.0þ0.5
−0.7−0.1−0.0 Þ × 10−6 ð1.7þ0.4þ0.0þ0.1

−0.3−0.0−0.0 Þ × 10−6

(a) (b)

FIG. 3. (a) dB=dω invariant-mass distribution for the B0 → χc1ð1PÞf0ð500Þð→ πþπ−Þ decay with two different descriptions for the
f0ð500Þ resonance. Similar curves are shown in (b) but for the B0 → χc1ð2PÞf0ð500Þð→ πþπ−Þ mode. The BW and Bugg models are
shown by the solid pink and dashed blue lines, respectively.
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to KK and ηη are included. As a consequence, the contri-
bution from the high-mass regions can not be ignored. From
Table III, we find BðB0 → χc1ð1PÞf0ð500Þð→ πþπ−ÞÞ and
BðB0 → χc1ð2PÞf0ð500Þð→ πþπ−ÞÞ are of comparable size
for the BW model, but the latter is relatively small owing to
the phase space suppression for the Bugg one.

C. B0
ðsÞ → χ c1Kπ

Since the LASS description for theKπ S-wave contained
both resonant and nonresonant components as shown in

Eq. (22), we summarize the branching ratios of K�
0ð1430Þ

resonant and nonresonant component as well as the total
S-wave contribution in Table IV separately. The invariant
mass dependence of the differential decay rates for the
two components is shown in Fig. 4. Analogous to the
pattern of the BðsÞ → J=ψKπ decays in our previous
analysis [60], the contributions from the resonant and
nonresonant components in this work are comparable in
size. Hence, the nonresonant contributions also play an
essential role in BðsÞ → χc1Kπ decays. The constructive

TABLE IV. Branching ratios of various S-wave components to the BðsÞ → χc1ð1P; 2PÞKπ decays. The theoretical
errors correspond to the uncertainties due to the shape parameters ωBðsÞ , the hard scale t, and the Gegenbauer
moments B1;3, respectively.

Modes BðR ¼ K�
0ð1430ÞÞ BðLASSNRÞ BðS-waveÞ

B0
s → χc1ð1PÞK−πþ ð3.8þ0.7þ0.3þ0.5

−0.6−0.2−0.4 Þ × 10−6 ð3.4þ0.9þ0.3þ0.4
−0.7−0.2−0.4 Þ × 10−6 ð6.9þ1.9þ0.5þ0.9

−1.6−0.5−0.8 Þ × 10−6

B0
s → χc1ð2PÞK−πþ ð1.5þ0.2þ0.0þ0.1

−0.3−0.1−0.2 Þ × 10−6 ð1.8þ0.6þ0.1þ0.4
−0.3−0.1−0.1 Þ × 10−6 ð4.4þ1.2þ0.2þ0.6

−0.9−0.3−0.5 Þ × 10−6

B0 → χc1ð1PÞKþπ− ð5.1þ0.3þ0.1þ0.5
−0.6−0.2−0.6 Þ × 10−5 ð5.3þ1.0þ0.1þ0.5

−1.0−0.2−0.5 Þ × 10−5 ð1.1þ0.2þ0.1þ0.2
−0.2−0.0−0.1 Þ × 10−4

B0 → χc1ð2PÞKþπ− ð1.6þ0.2þ0.0þ0.1
−0.3−0.1−0.2 Þ × 10−5 ð2.8þ0.5þ0.0þ0.4

−0.6−0.1−0.4 Þ × 10−5 ð6.4þ1.2þ0.0þ0.7
−1.2−0.1−0.7 Þ × 10−5

(a) (b)

(d)(c)

FIG. 4. S-wave contributions to the differential branching ratios of the modes (a) B0 → χc1ð1PÞKþπ−, (b) B0 → χc1ð2PÞKþπ−,
(c) B0

s → χc1ð1PÞK−πþ, and (d) B0
s → χc1ð2PÞK−πþ. The dotted blue, dashed violet, and solid red show the contributions from

resonances K�
0ð1430Þ, LASS NR and their combinatorial, respectively.
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interference between the resonant and nonresonant con-
tributions lead to large S-wave branching ratios as shown in
Fig. 4, especially the B0 → χc1ð1PÞKþπ− mode has a large
branching ratio of order 10−4. The corresponding Bs

channels have relatively small branching ratios ð10−6Þ
comparing with the B0 modes due to the CKM suppression
jVcd=Vcsj ∼ λ.
From the fit fraction of the K�

0ð1430Þ component in
B̄0 → χc1K−πþ decay analyzed in the isobar model [7]
and the three-body branching ratio BðB̄0 → χc1K−πþÞ ¼
ð3.83� 0.10� 0.39Þ × 10−4 measured by Belle [7], we
obtain

BðB0 → χc1K�
0ð1430Þð→ Kþπ−ÞÞexpt

¼
� ð8.6� 2.4Þ × 10−5 S1;

ð7.1� 2.1Þ × 10−5 S2;

where S1 and S2 denote the two solutions from single-
and double-Zþ resonance scenarios in the χc1π

þ invari-
ant mass distribution, respectively. One can see from
Table IV that the predicted branching ratio BðB̄0 →
χc1K�

0ð1430Þð→ K−πþÞÞ ¼ ð5.1þ0.6
−0.8Þ × 10−5 is compatible

with the above two solutions within errors.
The BABAR collaboration measured the three-body

branching ratio, BðB̄0 → χc1K−πþÞ ¼ ð5.11� 0.14�
0.28Þ × 10−4 [119]. Meanwhile, the S-, P-, and D-wave
fractions are fitted from the analysis of theKπ mass spectra.

It is found that the S-wave fraction in B̄0 → χc1K−πþ is
larger than the corresponding J=ψ and ψð2SÞ modes.
Multiplying the three-body branching ratio quoted above
by the S-wave fraction fS ¼ ð40.4� 2.2Þ%, we obtained
the S-wave branching ratio

BðB̄0 → χc1ðK−πþÞSÞ ¼ BðB̄0 → χc1K−πþÞ × fS

¼ 2.1þ0.1
−0.2 × 10−4; ð35Þ

which is twice our prediction in Table IV. We note that
the three-body branching ratio measured by BABAR is
typically larger than the previous measurement by Belle [7]
and also larger than the updated measurement of BðB̄0→
χc1K−πþÞ¼ð4.97�0.12�0.28Þ×10−4 in [9]. As an aside,
the quoted uncertainty for the fitted S-wave fraction is
statistical only, thereby improving precision on both the
theoretical and experimental values would be highly
desirable.

D. B0
s → χ c1K +K −

We next turn to the B0
s → χc1KþK− decay which

receives two resonant contributions from f0ð980Þ and
f0ð1370Þ in the KþK− invariant mass spectrum. The
predicted branching ratios are depicted in Table V, while
the corresponding differential distributions over ω are
plotted in Fig. 5. The red (solid) curves denote the total
contribution, while individual terms are given by the gray
(dotted) lines for f0ð980Þ and green (dashed) lines for

TABLE V. Branching ratios of S-wave resonant contributions to the B0
s → χc1ð1P; 2PÞKþK− decays. The theoretical errors

correspond to the uncertainties due to the shape parameter ωBs
, the hard scale t, and the Gegenbauer moment aKK , respectively.

Modes BðR ¼ f0ð980ÞÞ BðR ¼ f0ð1370ÞÞ BðS-waveÞ
B0
s → χc1ð1PÞKþK− ð3.5þ1.1þ0.5þ0.3

−0.8−0.3−0.2 Þ × 10−5 ð9.2þ0.7þ0.8þ0.3
−1.1−0.7−0.3 Þ × 10−6 ð3.9þ1.0þ0.5þ0.2

−0.8−0.3−0.2 Þ × 10−5

B0
s → χc1ð2PÞKþK− ð2.7þ0.7þ0.2þ0.2

−0.6−0.3−0.2 Þ × 10−5 ð2.4þ0.5þ0.0þ0.1
−0.5−0.2−0.2 Þ × 10−6 ð2.4þ0.7þ0.2þ0.2

−0.6−0.2−0.2 Þ × 10−5

(a) (b)

FIG. 5. Various resonance contributions to the differential branching ratios of the modes (a) B0
s → χc1ð1PÞKþK− and

(b) B0
s → χc1ð2PÞKþK−. The dotted gray, dashed green and solid red curves show the resonances f0ð980Þ, f0ð1370Þ, and their

combinatorial contributions, respectively.
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f0ð1370Þ. It is clear that the S-wave contributions are
dominated by f0ð980Þ, while the f0ð1370Þ component is
several times smaller. The total S-wave branching ratios
reach the order of 10−5, which are comparable with those of
ππ modes in Table II. Since f0ð980Þ can decay into a kaon
or a pion pair, we can estimate the relative branching ratios:

R ¼ BðB0
s → χc1f0ð980Þð→ KþK−ÞÞ

BðB0
s → χc1f0ð980Þð→ πþπ−ÞÞ : ð36Þ

Combining Tables II and V, the ratio R is predicted to be
0.46þ0.24

−0.19ð0.37þ0.18
−0.14Þ for the 1Pð2PÞ state mode, which is

comparable with our previous prediction for that of J=ψ
with RðJ=ψÞ ¼ 0.37þ0.23

−0.13 [63]. In the narrow-width limit,
Eq. (36) simplifies to

R ≈
Bðf0ð980Þ → KþK−Þ
Bðf0ð980Þ → πþπ−Þ ; ð37Þ

where the common term BðB0
s → χc1f0ð980ÞÞ in the

numerator and denominator cancel out. The weighted
average of R from BABAR [120] and BES [121] measure-
ments yields Rexpt ¼ 0.35þ0.15

−0.14 [103]. Our estimates turn
out to be consistent with this average value.
From Tables II–V, one can see that the branching ratios

of the lower mass resonances between χc1ð1PÞ and χc1ð2PÞ
modes are comparable, whereas in the case of the higher
mass resonances, the corresponding branching ratios for
the latter are typically smaller due to the phase space
suppression. Since the χc1ð2PÞ modes received less theo-
retical and experimental attention, we wait for future
comparison, which may help us to further clarify the
structure of Xð3872Þ.

IV. CONCLUSION

We have analyzed the three-body decays BðsÞ → χc1hh0

in the hh0 invariant mass spectrum with S-wave configu-
ration in the perturbative QCD approach. The final-state
pseudoscalar meson hð0Þ is restricted to be a kaon or a
pion. The S-wave contributions are parametrized into the
timelike form factors involved in the two meson DAs,
which have been well established in the corresponding J=ψ
decays.
The strange scalar form factor for the ππ pair is described

by the coherent sum of three scalar resonances f0ð980Þ,
f0ð1500Þ, and f0ð1790Þ. Except for f0ð980Þ, parametrized
by a Flatté line shape, the latter two resonances are modeled
by the Breit-Wigner function. The nonstrange scalar
form factor contains only the f0ð500Þ resonance, which
is modeled with two alternative shapes, the BW and Bugg
formulas. Although the resultant invariant mass distribu-
tions for the two models show a different behavior, the
integrated branching ratios over the entire phase space are
comparable. The Kπ timelike form factor is described by

the conventional LASS parametrization, which consists
of K�

0ð1430Þ resonance together with an effective range
nonresonant component. It is found that the contribu-
tions from the two pieces are of comparable size. In the
KK sector, the corresponding timelike form factor is
parametrized by a linear combination of the f0ð980Þ and
f0ð1370Þ resonances, where the latter is also modeled by
the BW line shape.
By using the well established two-meson DAs, we

have calculated the branching ratios together with the
differential distributions of various components in the
processes under consideration. The branching ratio of B →
χc1K�

0ð1430Þð→ Kþπ−Þ is predicted to be ð5.1þ0.6
−0.8Þ × 10−5,

which is in agreement with the Belle measurement, while
the obtained S-wave branching ratio is smaller than the
BABAR data by a factor of 2. The branching ratios for some
Cabibbo-favored decays are large of order 10−4, whereas
those of the Cabibbo-suppressed ones are at least lower by
an order of magnitude because of the smaller CKM matrix
elements. The obtained distribution for the various com-
ponents contributions to the considered decays can be
tested by future experimental measurements. Additionally,
our predictions on the χc1ð2PÞ modes could help to
understand the Xð3872Þ properties.
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APPENDIX: DETAILS FOR DERIVING χ c1ð2PÞ
CHARMONIUM DAS

We begin with the momentum-space radial wave func-
tion which can be written as a Fourier transform of the
position-space expression Ψnlmðr⃗Þ,

ΨðkÞ ¼
Z

∞

−∞
Ψnlmðr⃗Þe−k⃗·r⃗dr⃗; ðA1Þ

where n, l, and m stand for main, orbital, and magnetic
quantum numbers, respectively. In the spherical coordi-

nates ðr; θ;φÞ, the two terms Ψnlmðr⃗Þ and e−k⃗·r⃗ in Eq. (A1)
can be written as

Ψnlmðr⃗Þ ¼ RnlðrÞYlmðθ;φÞ;
e−k⃗·r⃗ ¼ e−ikr cos θ

¼
X∞
l0¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πð2l0 þ 1Þ

p
ð−iÞl0jl0 ðkrÞYl00ðθ; 0Þ; ðA2Þ

where jl0 ðkrÞ is the spherical Bessel function. Substituting
the results of Eq. (A2) in Eq. (A1), we obtain
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ΨðkÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πð2l0 þ 1Þ

p
ð−iÞl

Z
∞

0

jlðkrÞRnlr2dr; ðA3Þ

where the orthogonality property
R
π
0

R
2π
0 YlmYl00 ×

sin θdθdφ ¼ δll0δm0 has been employed. For the χc1ð2PÞ
state with quantum numbers n ¼ 3 and l ¼ 1, employing
the spherical Bessel function j1ðkrÞ ¼ sinðkrÞ−kr cosðkrÞ

ðkrÞ2 and

the radial wave function for a Coulomb potential R31ðrÞ ∝
rð1 − qBr

6
Þe−1

3
qBr with qB being the Bohr momentum. The

integral of Eq. (A3) evaluates to

ΨðkÞ ∝ kð9k2 − q2BÞ
ðq2B þ 9k2Þ4 : ðA4Þ

Following the similar strategy proposed in Refs. [50,122],
we obtain the heavy quarkonium DAwhich is dependent on
the charm quark momentum fraction x after integrating the
transverse momentum kT ,

ΦðxÞ ∼
Z

d2kTΨðx; kTÞ ∝ xð1 − xÞ

×

� ðð1 − 2xÞ2ð1 − xÞxÞ3=2
ð1 − 4

9
ðv2 − 9Þðx − 1ÞxÞ3

�
; ðA5Þ

where v ¼ qB=mc is the charm quark velocity. Similar to
the DAs of χc1ð1PÞ [85], we can propose that of χc1ð2PÞ as
ΨðxÞ ∝ ΦasyðxÞT ðxÞ with

T ðxÞ ¼
� ðð1 − 2xÞ2ð1 − xÞxÞ3=2
ð1 − 4

9
ðv2 − 9Þðx − 1ÞxÞ3

�
1−v2

; ðA6Þ

where the power 1 − v2 denotes the small relativistic
corrections to the Coulomb wave functions. In the numeri-
cal calculation, we take v2 ¼ 0.3 for charmonium [122].
The asymptotic forms of ΦasyðxÞ depend on the corre-
sponding twists for χc1ð2PÞ.
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