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We discuss unpolarized neutrino- and anti-neutrino-nucleon deep inelastic scattering using a chiral
doublet of baryonic sources with explicit symmetry breaking, in a slice of AdS5 with both a hard and soft
wall. We explicitly derive the direct and transition form factors for the vector and axial-vector currents for
the holographic dual of a proton and neutron. We use them to derive the s-channel structure functions for
neutrino and antineutrino scattering on a proton and neutron in bulk. The t-channel contributions stemming
from the Pomeron and Reggeon exchanges are also evaluated explicitly. The pertinent even and odd
structure functions in the limit of large and small parton momentum fraction x are given. The results allow
for the extraction of the nonperturbative parton distribution functions carried by the sea and valence quarks
both at large-x and small-x regimes. Our holographic parton distribution function (PDF) sets compare well
with the Les Houches accord PDF (LHAPDF) and the coordinated theoretical-experiment project on QCD
(CTEQ) PDF sets in the large-x and small-x regimes in the intermediate range of Q2 < 10 GeV2.
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I. INTRODUCTION

At extremely low x, the measured nucleon structure func-
tions on unpolarized nucleon targets, show a rapid growth
of sea quarks and gluons at low x [1,2]. Phenomenological
arguments suggest that the growth saturates [3], a point
supported by perturbative QCD arguments [4]. A central
question is then this: what is the primary mechanism for the
growth of the sea quarks at low x?
Deep inelastic scattering (DIS) in holography at mod-

erate x is different from weak coupling as it involves
hadronic and not partonic constituents [5]. The large gauge
coupling at the low renormalization point, causes the color
charges to rapidly deplete their energy and momentum,
making them visible to hard probes only through double
trace operators. However, because the holographic limit
enjoys approximate conformal symmetry, the structure
functions and form factors exhibit various scaling laws
including the parton-counting rules [6]. DIS scattering at

low x is partonic and fully saturated [7]. Recently, we have
extended the notion of DIS scattering to nuclei as extremal
Reisner-Nordstrom (RN)-AdS (anti–de Sitter) black holes
with an emerging Fermi surface [8].
In this paper we consider neutrino and antineutrino DIS

scattering on an unpolarized nucleon described by a Dirac
chiral doublet using holographic QCD. The scattering is
chiefly due to neutral and charge exchanges. In QCD the
charge exchange currents discriminate between partons and
antipartons. When combined with antineutrino DIS scatter-
ing, it allows for the separation between sea and valence
partons. In holography, the partonic description holds only
for very large x and very small x in the Regge limit. The
purpose of the present study is to construct the even and odd
parity leptonic structure functions for neutrino and anti-
neutrino scattering, and use them to extract the sea parton
distribution of the nucleon as a Dirac fermion in bulk.
The organization of the paper is as follows: in Sec. II we

briefly review the setting for the model with bulk chiral
gauge fields and a doublet of Dirac fermions in a slice of
AdS5, for both the soft and hard wall. The explicit breaking
of chiral symmetry is enforced by the boundary value of a
scalar bulk field in the bifundamental representation. In
Sec. III we derive the direct and transition form factors for
the vector and axial-vector form factors for both the proton
and neutron. In Sec. IV, we briefly review the essentials of
neutrino and antineutrino DIS scattering on unpolarized
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nucleon targets, and show how the valence and sea up and
down parton distribution functions are related to the struc-
ture functions ofW� exchanges. The s-channel contributions
to these structure functions are derived using the direct and
transition form factors in holographic QCD. The t-channel
contributions are also derived using the Pomeron and
Reggeon exchanges in bulk. In Sec. V, all the results are com-
bined to extract the valence and sea partonic distributions at
large and small x, with a detailed comparison to theLHAPDF
andCTEQPDFs.Our conclusions are in Sec.V.A number of
Appendixes are added to support some of the derivations.

II. HOLOGRAPHIC MODEL

AdS=CFT duality maps a conformal and strongly coupled
gauge theory in 1þ 3 dimensions at the boundary to a
weakly coupled type-II supergravity in 1þ 9 dimensions in
bulk, with a dilaton, an antisymmetric tensor field, and
additional odd (IIA) or even (IIB) forms. AdS5 × S5 geom-
etry emerges from solitonic and Bogomolnyi-Prasad-
Sommerfield (BPS) charged D-brane supergravity solutions

in bulk with the graviton and dilaton excitations dual to
glueballs. The dual of the flavor excitations at the boundary,
are obtained through probe Dp-branes and described by DBI
and Chern-Simons effective actions.
A simple way to capture AdS=CFT duality in the non-

conformal limit is to model it using a slice of AdS5 with
various bulk fields with assigned anomalous dimensions and
pertinent boundary values, in the so-called bottom-up
approach which we will follow here. We consider AdS5
both with a soft and hard wall, with a background metric
gMN ¼ ðημν;−1ÞR2=z2 with the flat metric ημν ¼
ð1;−1;−1;−1Þ at the boundary. Confinement will be
described by a background dilaton ϕ ¼ κ2z2 for mesons
and ϕ ¼ κ̃2z2 for nucleons in the soft wall model. In the hard
wall model, ϕ ¼ 0 and confinement is enforced at z ¼ z0.

A. Bulk vector mesons

The vector mesons fields in bulk are denoted by
Lμ, Rμ. They are U(2) valued and described by the effective
action [9,10]

SM ¼ −
1

4g25

Z
d5xe−ϕðzÞ

ffiffiffi
g

p
gMPgNQTrðFL

MNF
L
PQ þ FR

MNF
R
PQÞ þ

Z
d5xðωL

5 ðAÞ − ωR
5 ðAÞÞ; ð2:1Þ

with F ¼ dA − iA2 in form notations andA ¼ AaTa with T0 ¼ 3
2
12 and Ti ¼ 1

2
τi. Note that the generators Ta are fixed in

such a way that the electromagnetic charge of the proton is 1, while that of the neutron is 0. The bulk U(2) vector field
V ¼ ðRþ LÞ=2 and axial-vector field A ¼ ðR − LÞ=2 reduce to the QCD flavor source fields at the boundary. The Chern-
Simons contributions in (2.1) are

ω5ðAÞ ¼ Nc

24π2

Z
d5xTr

�
AF2 þ 1

2
A3F −

1

10
A5

�
¼ Nc

24π2

Z
d5xTr

�
AðdAÞ2 − 3i

2
A3dA −

3

5
A5

�
: ð2:2Þ

The equation of motions for the bulk gauge fields follow by variation (D ¼ d − iA)

1ffiffiffi
g

p ½DM; ð
ffiffiffi
g

p
e−ϕAMNÞ� ¼ 0: ð2:3Þ

The coupling g5 in (2.1) is fixed by the brane embeddings in bulk, with 1=g25 ≡ 3Nc=ð12π2Þ (D7-branes), and 1=g25 ≡
ð3 ffiffiffi

λ
p

=25=2πÞNc=ð12π2Þ (D9-branes). When ignoring these embedding, the standard assignment is 1=g25 ≡ Nc=ð12π2Þ to
match the vector 2-point correlation functions of QCD in the UV [11].

B. Bulk fermionic doublet

The bulk Dirac fermion action in curved AdS5 with minimal coupling to the left U(2) gauge fields is

SF ¼ 1

2g25

Z
d5xe−ϕðzÞ

ffiffiffi
g

p ðLF1 þ LF2Þ þ
1

2g25

Z
d4x

ffiffiffiffiffiffiffiffiffiffi
−gð4Þ

q
ðLUV1 þ LUV2Þ; ð2:4Þ

with LUV1;2 ¼ ðΨ̄1;2Ψ1;2Þz¼ε. This extra UV contribution is needed to maintain the bulk to boundary correspondence. The
Dirac and Pauli fermionic contributions LF1;2 ¼ LDirac1;2 þ LPauli1;2 are explicitly

LDirac1;2 ¼
�
i
2
Ψ̄1;2eNAΓAðD⃗L;R

N − D⃖L;R
N ÞΨ1;2 − ð�M þ VðzÞÞΨ̄1;2Ψ1;2

�
;

LPauli1;2 ¼ �2g25 × ηΨ̄1;2eMA e
N
Bσ

ABFL;R
MNΨ1;2; ð2:5Þ
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with σAB ¼ i
2
½ΓA;ΓB�, and the left and right covariant derivatives

D⃗L
N ¼ ∂⃗N þ 1

8
ωN AB½ΓA;ΓB� − iLa

NT
a ≡ D⃗N − iLa

NT
a;

D⃖L
N ¼ ∂⃖N þ 1

8
ωN AB½ΓA;ΓB� þ iLa

NT
a ≡ D⃖N þ iLa

NT
a;

D⃗R
N ¼ ∂⃗N þ 1

8
ωN AB½ΓA;ΓB� − iRa

NT
a ≡ D⃗N − iRa

NT
a;

D⃖R
N ¼ ∂⃖N þ 1

8
ωN AB½ΓA;ΓB� þ iRa

NT
a ≡ D⃖N þ iRa

NT
a: ð2:6Þ

The left and right flavor field strengths are set to
AL

MN ¼ LMN , AR
MN ¼ RMN . The Dirac or minimal fer-

mionic coupling is standard, but the Pauli coupling is not.
It can be shown to follow from the Supergravity (SUGRA)
action by reduction from the top-down approach. Without
it, the neutron form factor vanishes. The nucleon doublet
refers to

Ψ1;2 ≡
�Ψp1;2

Ψn1;2

�
: ð2:7Þ

The nucleon fields in bulk form an isodoublet p, n with 1,2
referring to their � ¼ R, L chirality at the boundary [12].
They are dual to a boundary chiral doublet of baryonic
sources withΨp1;2 ↔ Op;� andΨn1;2 ↔ On;� with anoma-
lous dimensions �M ¼ �ðΔ − 2Þ ¼ �ðτ − 3=2Þ. They
map onto a non-normalizable solution or source, plus a
normalizable or expectation value of the corresponding
source at the boundary. This doubling is best seen in the
top-down approach using a left and a right bulk filling
brane.
The fermionic potential VðzÞ ¼ κ̃2z2 will be used for

both the soft and hard wall. Here eNA ¼ zδNA is the inverse
vielbein. The components of the spin connection are
ωμzν ¼ −ωμνz ¼ 1

z ημν, the Dirac gamma matrices ΓA ¼
ðγμ;−iγ5Þ are chosen in the chiral representation, and satisfy
the flat anticommutation relation fΓA;ΓBg ¼ 2ηAB. The
equation of motions for the bulk Dirac chiral doublet follows
by variation�
ieNAΓADL;R

N −
i
2
ð∂NϕÞeNAΓA − ð�M þ VðzÞÞ

�
Ψ1;2 ¼ 0;

ð2:8Þ

with 1; 2 ¼ R;L ¼ �. The inclusion of a fermionic potential
which is set to the dilaton profile for simplicity, breaks con-
formal symmetry and guarantees the Reggeization of the
nucleon spectrum in bulk. Equation (2.8) is supplemented
with confining boundary conditions for the hard wall,
and vanishing fields asymptotically for the soft wall. The
solutions to (2.8) are briefly discussed in Appendix B. In
short, for the soft wall and in the absence of a tachyon

coupling in bulk, the spectrum Reggeizes with M2
n ¼

4κ̃2ðnþ τ − 1Þ and the ground state proton, neutron states
with n ¼ 0 are degenerate. They follow from the mixed
representation

Ψ1ðp; zÞ ¼ ψRðzÞΨ0
RðpÞ þ ψLðzÞΨ0

LðpÞ ð2:9Þ

for n ¼ 0, with ψRðz ≈ 0Þ ≈ zτþ1=2 and ψLðz ≈ 0Þ ≈ zτþ3=2

for the positive parity states 1≡þ at the boundary. Similar
relations follow for the negative parity states 2≡ − at the
boundary through the substitution ψR;L ↔∓ ψL;R by parity.
Note that the canonical dimension for the QCD baryonic

sources is Δ ¼ 9=2 which would suggest a twist τ ¼ 4.
However, we expect nonvanishing anomalous dimensions
to develop at strong coupling. We do not know of any
reliable calculational scheme to assess them. We will
assume Δ and thus τ as a parameter with a twist τ ¼ 3
to recover the hard scattering rules. The inclusion of
additional twist contributions is discussed in [13].

C. Fermionic currents

For later use, it will be useful to define the bulk U(2)
Dirac 1-form currents

JaNL ¼ ∂LDirac1

∂La
N

¼ Ψ̄1eNAΓATaΨ1;

JaNR ¼ ∂LDirac2

∂Ra
N

¼ Ψ̄2eNAΓATaΨ2; ð2:10Þ

and the bulk U(2) Pauli 2-form currents

JaMN
L ¼ ∂LPauli1

∂La
MN

¼ þ2g25 × ηΨ̄1eMA e
N
Bσ

ABTaΨ1;

JaMN
R ¼ ∂LPauli2

∂Ra
MN

¼ −2g25 × ηΨ̄2eMA e
N
Bσ

ABTaΨ2; ð2:11Þ

in terms of which the pertinent 1- and 2-form charged
currents read, respectively,

JþN
L;R ¼ J1NL;R − iJ2NL;R ¼ Ψ̄n1;2eNAΓAΨp1;2;

J−NL;R ¼ J1NL;R þ iJ2NL;R ¼ Ψ̄p1;2eNAΓAΨn1;2; ð2:12Þ
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and

JþMN
L ¼ J1MN

L − iJ2MN
L ¼ þ2g25 × ηΨ̄n1eMA e

N
Bσ

ABΨp1;

J−MN
L ¼ J1MN

L þ iJ2MN
L ¼ þ2g25 × ηΨ̄p1eMA e

N
Bσ

ABΨn1;

JþMN
R ¼ J1MN

R − iJ2MN
R ¼ −2g25 × ηΨ̄n2eMA e

N
Bσ

ABΨp2;

J−MN
R ¼ J1MN

R þ iJ2MN
R ¼ −2g25 × ηΨ̄p2eMA e

N
Bσ

ABΨn2: ð2:13Þ

D. Bulk effective action

In terms of the charged and left 1-form gauge fields L�
N ≡ 1ffiffi

2
p ðL1

N ∓ iL2
NÞ, the bulk meson effective action (2.1) can be

recast in the following form

SM ⊃
1

g25

Z
d5xe−ϕðzÞ

ffiffiffi
g

p �
−∂ML−N∂ML

þ
N þ ∂ML−N∂NL

þ
M −

1

4
L0MNL0

MN −
1

4
L3MNL3

MN þ L → R

�

þ Nc

48π2

Z
d5xϵμνρσðLCS

μνρσðLÞ − LCS
μνρσðRÞÞ; ð2:14Þ

with the Chern-Simons contribution restricted to the charged left currents through a neutral

LCS
μνρσðLÞ ¼ ∂zLþ

μ ∂νL0
ρL−

σ þ ∂zL−
μ ∂νL0

ρLþ
σ − ∂zLþ

μ L0
ρ∂νL−

σ − ∂zL−
μL0

ρ∂νLþ
σ þ ∂zL0

μ∂νL−
ρLþ

σ þ ∂zL0
μ∂νLþ

ρ L−
σ ; ð2:15Þ

where we made use of the Abelian field strengths

L�
MN ¼ ∂ML�

N − ∂NL�
M;

L0;3
MN ¼ ∂ML

0;3
N − ∂NL

0;3
M : ð2:16Þ

In terms of the 1- and 2-form currents, the bulk fermion effective action (2.5) now reads

LF1 þ LF2 ⊃
i
2
Ψ̄1eNAΓAðD⃗N − D⃖NÞΨ1 − ðM þ VðzÞÞΨ̄1Ψ1 þ

1ffiffiffi
2

p Lþ
NJ

−N
L þ 1ffiffiffi

2
p L−

NJ
þN
L þ L0

NJ
0N
L þ L3

NJ
3N
L

þ Lþ
MNJ

−MN
L þ L−

MNJ
þMN
L þ L0

MNJ
0MN
L þ L3

MNJ
3MN
L þ ð1 ↔ 2; L ↔ R;M ↔ −MÞ

¼ i
2
Ψ̄1eNAΓAðD⃗N − D⃖NÞΨ1 − ðM þ VðzÞÞΨ̄1Ψ1 þ

i
2
Ψ̄2eNAΓAðD⃗N − D⃖NÞΨ2 − ð−M þ VðzÞÞΨ̄2Ψ2

þ 1ffiffiffi
2

p Vþ
NJ

−N
V þ 1ffiffiffi

2
p Aþ

NJ
−N
A þ 1ffiffiffi

2
p V−

NJ
þN
V þ 1ffiffiffi

2
p A−

NJ
þN
A þ V0

NJ
0N
V þ A0

NJ
0N
A þ V3

NJ
3N
V þ A3

NJ
3N
A

þ 1ffiffiffi
2

p Vþ
MNJ

−MN
V þ 1ffiffiffi

2
p Aþ

MNJ
−MN
A þ 1ffiffiffi

2
p V−

MNJ
þMN
V þ 1ffiffiffi

2
p A−

MNJ
þMN
A

þ V0
MNJ

0MN
V þ A0

MNJ
0MN
A þ V3

MNJ
3MN
V þ A3

MNJ
3MN
A ; ð2:17Þ

where we defined

JᾱNV;A ¼ JᾱNL � JᾱNR ; JᾱMN
V;A ¼ JᾱMN

L ∓ JᾱMN
R ; ð2:18Þ

with ᾱ≡ −;þ; 0; 3, and VN; AN ≡ ðLN � RNÞ=2.

E. Hard and soft wall models

We now detail the specifics of the hard and soft wall model with chiral symmetry breaking through the use of a flavor
scalar in the bifundamental representation in a slab of AdS spacetime. These well motivated bottom-up models capture the
essentials of the top-down approaches and make more transparent the essential aspects of holography. Their parameters are
fixed by the brane embeddings and reduction in higher dimensions.
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1. Hard wall with bifundamentals

To distinguish vector and axial-vector spectra and
introduce a scalar X̃ in the bifundamental representation
of UðNfÞL × UðNfÞR with a scaling dimension Δ ¼ 3 and
bulk action

S½X̃� ¼ 1

2g25

Z
d5x

ffiffiffi
g

p
TrðjDX̃j2 þ 3jX̃j2Þ ð2:19Þ

using the 1-form DX̃ ¼ dX̃ − iALX̃ þ iX̃AR. Note by

replacing X →
ffiffiffiffiffiffiffi
2g25

q
× X̃, we can rewrite (2.19), in a form

similar to [14], as

S½X� ¼
Z

d5x
ffiffiffi
g

p
TrðjDXj2 þ 3jXj2Þ: ð2:20Þ

The equation of motion derived from the above action
(2.20), for A ¼ 0, has a background solution for the
bifundamental scalar near the UV boundary (z → 0)
given by

X0ðx; z → 0Þ ≈ 1ffiffiffiffiffiffiffi
2g25

q �
1

2
Mqzþ

1

2
Σz3

�
≡ 1ffiffiffiffiffiffiffi

2g25

q vðzÞ:

ð2:21Þ
Both the current mass matrix and the quark bilinear are
diagonal, Mq ¼ mq1 and Σ ¼ σ1, with Σij ¼ 2g25hq̄iRqjLi
where i; j ¼ 1; 2…Nf are the flavor indices. For the hard
wall, the boundary condition for the UðNfÞ gauge fields
is FR;Lðx; z0Þ ¼ 0.
Vectors.—The bulk vector field VM ¼ ðVμ; V5Þ splits

into a μ transverse, μ longitudinal, and 5-contribution. The
5-longitudinal components of the vector field mix through a
Higgs-type effect. They can be decoupled by a pertinent
choice of gauge. The transverse part of the vector field
decouples, and its mode decomposition in terms of ψnðzÞ
yields the bulk equation

∂z

�
1

z
∂zψnðzÞ

�
þ 1

z
m2

nψnðzÞ ¼ 0 ð2:22Þ

subject to the confining conditions ψnð0Þ ¼ ψ 0
nðz0Þ ¼ 0.

The solutions are readily found as ψnðzÞ ∼ zJ1ðmnzÞ with
the vector spectrum mn fixed by the zeros γ0;n of the Bessel
function J0ðγ0;nÞ ¼ 0, with normalization

Z
z0

0

dz
ffiffiffiffiffiffi
gxx

p
ψnðzÞψmðzÞ ¼ δnm ð2:23Þ

and the completeness relation

X∞
n¼1

ψnðzÞψnðz0Þ ¼
ffiffiffiffiffiffi
gxx

p
δðz − z0Þ: ð2:24Þ

The first zero of J0 or γ0;1 ¼ 2.40483, is identified with the
rho meson state m1¼ρ ¼ γ0;1=z0 ¼ 0.775 GeV which fixes
the IR scale z0 ¼ 3.103=GeV. Note that asymptotically
γ0;n ≈ nπ with mn ≈ nπ=z0.
The bulk-to-boundary vector propagator follows from

(2.22) through the substitution m2
n → −Q2 with the boun-

dary conditions VðQ; 0Þ ¼ 1 and ∂zVðQ; z0Þ ¼ 0 (confin-
ing). The solution can be obtained in closed form

VðQ; zÞ ¼
X
n

g5FnψnðzÞ
Q2 þm2

n
;

¼ Qz

�
K1ðQzÞ þ K0ðQz0Þ

I0ðQz0Þ
I1ðQzÞ

�
; ð2:25Þ

where we have also shown its mode decomposition with the
decay constants g5Fn ¼ ð−∂zψnðzÞ=zÞ0.
Axials.—Similarly the bulk axial-vector field AM ¼

ðAμ; A5Þ splits into a μ transverse, μ longitudinal, and 5-
contribution. The 5-longitudinal components of the axial-
vector field, mix through a Higgs-type effect. They can be
decoupled by a pertinent choice of gauge, at the expense of
more coupling of the A5 field with the tachyon field. For
instance in the R gauge, the A5 field is identified with the
pion field. These contributions will not be followed except
when discussing the pion contribution to the direct and
transitional axial-vector form factors below.
The μ-transverse part of Aμ is always decoupled. Its

mode decomposition in terms of ψ̃nðzÞ yields the bulk
equation

∂z

�
1

z
∂zψ̃nðzÞ

�
−
1

2

v2ðzÞ
z3

ψ̃nðzÞ þ
1

z
m̃2

nψ̃nðzÞ ¼ 0:

ð2:26Þ

Upon taking the chiral limit before the near-boundary limit
(i.e., mq → 0 before z → 0), (2.26) reduces to

∂z

�
1

z
∂zψ̃nðzÞ

�
−
1

2
σ2z3ψ̃nðzÞ þ

1

z
m̃2

nψ̃nðzÞ ¼ 0 ð2:27Þ

with the same confining boundary conditions ψ̃nð0Þ ¼
ψ̃ 0
nðz0Þ ¼ 0 and a similar normalization (2.23) and com-

pleteness relation (2.24). Note that (2.27) can only be
solved numerically.
However, we can find an equation that can be solved

analytically, if we take the near-boundary limit first without
taking the chiral limit (i.e., z → 0 with mq ≠ 0) of (2.26)
which reduces to

∂z

�
1

z
∂zψ̃nðzÞ

�
−

1

2z
m2

qψ̃nðzÞ þ
1

z
m̃2

nψ̃nðzÞ ¼ 0: ð2:28Þ

Defining m̃2
n ¼ m2

n þ 1
2
m2

q, we can recast (2.28) in the form
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∂z

�
1

z
∂zψ̃nðzÞ

�
þ 1

z
m2

nψ̃nðzÞ ¼ 0; ð2:29Þ

which maps onto the vector equation (2.22) with the
replacement of ψ̃nðzÞ ↔ ψnðzÞ, and m̃n ↔ mn.
In the near boundary or UV limit, the differences

between the axial-vector and vector masses are only due
to the explicit symmetry breaking effect with mq ≠ 0, and
vanishes in the chiral limit. In general however, the
difference is largely due to the spontaneous breaking of
chiral symmetry through Σ ¼ σ1, as a numerical solution to
(2.27) shows. For σz30 ≪ 1, a simple parametric estimate
can be obtained using first order perturbation theory in
(2.27)

m̃2
n ≈m2

n þ
1

2

Z
z0

0

dz
ffiffiffiffiffiffi
gxx

p jψnðzÞj2ðσz2 þmqÞ2; ð2:30Þ

which reduces to the near boundary or UV limit result for
σz30 → 0. In the chiral limit (2.30) yields a chiral splitting
between the axials and vectors

m̃2
n ≈m2

n þ 0.38

�
1

2
σ2z40

�
ð2:31Þ

solely due to the chiral condensate. Note that asymptoti-
cally, the linear mass splitting in the hard wall model
vanishes, i.e., m̃n −mn ≈ σ2z50=n → 0 for n ≫ 1. Below
and for simplicity, we will carry the analytical analysis
using the near boundary limit, using the substitution

1

2
m2

q → m̃2
n −m2

n: ð2:32Þ

The bulk-to-boundary axial-vector propagator follows
from (2.29) through the substitutionm2

n → −Q̃2 ¼ −ðQ2 þ
1
2
m2

qÞ with the boundary conditions AðQ; 0Þ ¼ 1 and
∂zAðQ; z0Þ ¼ 0 (confining). Note that AðQ; 0Þ ≠ Að0; zÞ
since Að0; zÞ ≠ 1. The solution can be obtained in closed
form as

ṼðQ; zÞ ≈
X
n

g5F̃nψ̃nðzÞ
Q̃2 þm2

n
¼

X
n

g5F̃nψ̃nðzÞ
Q2 þ m̃2

n
;

¼ Q̃z

�
K1ðQ̃zÞ þ K0ðQ̃z0Þ

I0ðQ̃z0Þ
I1ðQ̃zÞ

�
; ð2:33Þ

where we have also shown its mode decomposition with the
decay constants g5F̃n ¼ ð−∂zψ̃nðzÞ=zÞz¼0.

2. Hard wall without bifundamentals

Both the bulk-to-boundary vector and axial-vector
propagators can be obtained in closed form in a variant
of the Sakai-Sugimoto construction [15] using a hard wall

model without the use of the bifundamental scalar field in
bulk but with modified boundary conditions.
Vectors.—The vector fields are still given with the same

hard wall boundary conditions ψnð0Þ ¼ ψ 0
nðz0Þ ¼ 0, but

the axial-vector fields satisfy ψ̃nð0Þ ¼ ψ̃nðz0Þ ¼ 0 and
ψ̃ 0
nðz0Þ ≠ 0. The solutions are again readily found in the

form ψnðzÞ ∼ zJ1ðmnzÞ with mn ¼ γ0;n=z0.
Axials.—Similarly, the axial vector spectrum follows

with ψ̃nðzÞ ∼ zJ1ðm̃nzÞ with m̃n ¼ γ1;n=z0. If z0 is fixed
by the rho mass then the ratio of the axial-to-rho meson
mass is m̃1=M1 ¼ γ1;1=γ0;1 ¼ 1.593, which is consistent
with the empirical ratio mA=mρ ¼ 1.587 as in the Sakai-
Sugimoto construction. The higher excited modes fare less
better empirically in both formulations.
The bulk-to-boundary axial-vector propagator follows a

similar reasoning as the vector analog, through the sub-
stitution m̃2

n → −Q2 with the boundary conditions
ṼðQ; 0Þ ¼ Ṽð0; zÞ ¼ 1 and ṼðQ; z0Þ ¼ 0 (confining).
The solution follows as

ṼðQ; zÞ ≈
X
n

g5F̃nψ̃nðzÞ
Q2 þ m̃2

n

¼ Q̃z

�
K1ðQ̃zÞ − K1ðQ̃z0Þ

I1ðQ̃z0Þ
I1ðQ̃zÞ

�
: ð2:34Þ

3. Soft wall with bifundamentals

In the soft wall model with scalar bifundamentals, we
replace (2.20) by [14]

S½X� ¼
Z

d5xe−ϕðzÞ
ffiffiffi
g

p
TrðjDXj2 þ 3jXj2Þ ð2:35Þ

with again the same background solution and boundary
identification for the bifundamentals.
Vectors.—In this model, the bulk vector gauge field in

terms of ψnðzÞ yields the bulk equation

∂z

�
e−ϕðzÞ

z
∂zψnðzÞ

�
þ e−ϕðzÞ

z
m2

nψnðzÞ ¼ 0: ð2:36Þ

The solutions are readily found as ψnðzÞ ¼
cnκ̃2z2L1

nðκ̃2z2Þ, and m2
n ¼ 4κ̃2ðnþ 1Þ for n ¼ 0; 1;…

with normalization coefficients cn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=nþ 1

p
deter-

mined from the normalization condition (for the soft wall
model with background dilaton ϕ ¼ κ̃2z2)

Z
dz

ffiffiffi
g

p
e−ϕðgxxÞ2ψnðzÞψmðzÞ ¼ δnm: ð2:37Þ

For the soft wall model, the bulk-to-boundary vector
propagator follows from (2.36) through the substitution
m2

n → −Q2 with the boundary conditions VðQ; 0Þ ¼ 1. The
solution can be obtained in closed form as
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VðQ; zÞ ¼
X
n

g5FnψnðzÞ
Q2 þm2

n
;

¼ κ̃2z2Γ
�
1þ Q2

4κ̃2

�
U
�
1þ Q2

4κ̃2
; 2; κ̃2z2

�
;

¼ κ̃2z2
Z

1

0

dx
ð1 − xÞ2 x

a exp

�
−

x
1 − x

κ̃2z2
�
; ð2:38Þ

where we have also shown its mode decomposition with
the decay constants g5Fn ¼ ð−∂zψnðzÞ=zÞ0, and defined
a≡Q2=4κ̃2.
Axials.—For the soft wall model, the mode decomposi-

tion of the axial-vector gauge field in terms of ψ̃nðzÞ yields
the bulk equation

∂z

�
e−ϕðzÞ

z
∂zψ̃nðzÞ

�
−
e−ϕðzÞ 1

2
vðzÞ2

z3
ψ̃nðzÞ

þ e−ϕðzÞ

z
m̃2

nψ̃nðzÞ ¼ 0; ð2:39Þ

which, upon taking the chiral limit before the near-
the-boundary one (i.e., taking mq → 0 before z → 0),
reduces to

∂z

�
e−ϕðzÞ

z
∂zψ̃nðzÞ

�
− e−ϕðzÞ

1

2
σ2z3ψ̃nðzÞ

þ e−ϕðzÞ

z
m̃2

nψ̃nðzÞ ¼ 0; ð2:40Þ

with a similar normalization (2.37). Again, note that (2.40)
can only be solved numerically.
But, similar to the hard wall case, we can find an

equation that can be solved analytically, for the soft wall
model, if we take the near-boundary limit first without
taking the chiral one (i.e., z → 0 with mq ≠ 0) of (2.39)
which reduces to

∂z

�
e−ϕðzÞ

z
∂zψ̃nðzÞ

�
−
e−ϕðzÞ

z
1

2
m2

qψ̃nðzÞ

þ e−ϕðzÞ

z
m̃2

nψ̃nðzÞ ¼ 0: ð2:41Þ

Defining m2
n ¼ m̃2

n − 1
2
m2

q, we can rewrite (2.41) as

∂z

�
e−ϕðzÞ

z
∂zψ̃nðzÞ

�
þ e−ϕðzÞ

z
m2

nψ̃nðzÞ ¼ 0; ð2:42Þ

which is essentially the same equation as the vector
one (2.36) with the replacement of ψ̃nðzÞ ↔ ψnðzÞ, and
Mn ↔ mn.
For the soft wall model, the bulk-to-boundary axial-vector

propagator follows from (2.42) through the substitution
m2

n → −Q̃2 ¼ −ðQ2 þ 1
2
m2

qÞ with the boundary conditions
ṼðQ; 0Þ ¼ 1. Note that ṼðQ; 0Þ ≠ Ṽð0; zÞ since Ṽð0; zÞ ≠ 1.
The approximate solution follows as

ṼðQ; zÞ ≈
X
n

g5F̃nψ̃nðzÞ
Q̃2 þm2

n
¼

X
n

g5F̃nψ̃nðzÞ
Q2 þ m̃2

n

¼ κ̃2z2Γ
�
1þ Q̃2

4κ̃2

�
U
�
1þ Q̃2

4κ̃2
; 2; κ̃2z2

�
¼ κ̃2z2

Z
1

0

dx
ð1 − xÞ2 x

ã exp

�
−

x
1 − x

κ̃2z2
�

ð2:43Þ

where we have also shown its mode decomposition with
the decay constants g5F̃n¼ð−∂zψ̃nðzÞ=zÞ0, and defined
ã≡Q̃2=4κ̃2.
We emphasize that the exact form of (2.43) requires

solving numerically (2.39) for the normalizable modes and
using the mode decomposition (first line). Alternatively,
one can solve (2.39) also numerically for the non-
normalizable modes, after the substitution m̃2

n → −Q2.
However, for DIS scattering which is the main thrust of
this paper, this is not needed. Indeed, in the DIS regime with
Qz0 ≫ 1, the near-boundary approximation giving (2.43)
(second line) is sufficient. This will be assumed throughout.

III. DIRECT AND TRANSITION FORM FACTORS

The vector and axial-vector couplings to the Dirac
fermion in bulk follow from the Witten diagrams.

They involve both the Dirac and Pauli form factors. We
note that neutrino scattering through the charged currents
involve solely the charged left currents. Here we construct
both the direct and transition form factors needed for the
vector and axial-vector currents and compare the direct
ones to the most current data on the proton and neutron. We
will use these form factors to construct the s-channel
contributions for neutrino DIS scattering on nucleon
targets.

A. Direct vector and axial
form factors

The direct vector and axial form factors for the proton
and neutron V; Aþ NðpÞ → Nðp0Þ, can be extracted from
the boundary to bulk three point functions with pertinent
Lehmann-Symanzic-Zimmermann (LSZ) reduction using
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Cð0;3ÞNN ðp; p0; qÞ ¼ lim
p02;p2→m2

N

ðp02 −m2
NÞðp2 −m2

NÞ
Z

d4xd4yeiðp0·x−p·y−q·zÞh0jTðONðxÞJ̃ð0;3ÞμV;A ðzÞONðyÞÞj0i ð3:1Þ

through the ratio

Wð0;3Þμ
V;A ðQ2Þ ¼ hNðp0ÞjJ̃ð0;3ÞμV;A ð0ÞjNðpÞi ¼ Cð0;3ÞNN ðp; p0; qÞ

FNðp0ÞFNðpÞ
ð3:2Þ

for the chargeless form factor, and similarly for the charged currents

W�μ
V;AðQ2Þ ¼ hNðp0Þj 1ffiffiffi

2
p J̃�μ

V;Að0ÞjNðpÞi ð3:3Þ

and the electomagnetic currents

Wμ
EMðQ2Þ ¼ hNðp0ÞjJ̃μEMð0ÞjNðpÞi ¼ hNðp0Þj 1

3
J̃0μV ð0Þ þ J̃3μV ð0ÞjNðpÞi; ð3:4Þ

with q2 ¼ ðp0 − pÞ2 ¼ −Q2. Here NðpÞ refers to the U(2) proton-neutron doublet

NðpÞ≡
�
NpðpÞ
NnðpÞ

�
; ð3:5Þ

and the baryonic decay constant FNðpÞ is canonically defined as the

h0jONðxÞjNðpÞi ¼ FNðpÞe−ip·x ð3:6Þ

modulo the spin-flavor structure of the nucleon source ON .
These definitions are commensurate with the lattice defi-
nitions for the three point functions and form factors [16],
with the baryonic decay constants defined and evaluated in
[17] (and references therein). In our case they are tied to the
bulk wave functions and given in (B14)–(B15).
The chargeless currents J̃ð0;3ÞμV;A at the boundary are

identified with the quark (partonic) currents, with the
quarks in the fundamental representation of UðNf ¼ 2Þ.
They are sourced by the dual bulk vector fields V0

μðQ; z →
0Þ and V3

μðQ; z → 0Þ at the boundary, respectively.

Similarly, the dual bulk axial vector fields Að0;3Þ
μ ðQ; z →

0Þ and 1
2
× 1ffiffi

2
p × A�

μ ðQ; z → 0Þ at the boundary, are the dual
of the quark currents J̃ð0;3ÞμA ð0Þ and 2J̃�μ

A ð0Þ, respectively.

We now proceed to evaluate the Abelian part,
Uð1Þα̃V;A ⊂ Uð2Þ of the Dirac and Pauli contributions
to the direct vector or axial form factors of the proton
and neutron (3.2). We will give a detailed account of the
Dirac contribution to the direct parts of the ectromag-
netic and axial-vector currents, setting up this way the
various definitions and normalizations. The Pauli con-
tributions will follow a similar reasoning and will be
only quoted.

1. Direct vector form factor: Dirac

The Dirac contribution to the direct part of the electro-
magnetic current can be extracted from the bulk Dirac part
of the action in (2.17) in the soft wall model

SEMDirac½i; X� ¼
1

2g25

Z
dzd4y

ffiffiffi
g

p
e−κ̃

2z2
�
1

3
V0
NJ

0N
V þ V3

NJ
3N
V

�
ð3:7Þ

or more explicitly

SEMDirac½i; X� ¼
1

2g25

Z
dzd4y

ffiffiffi
g

p
e−κ̃

2z2 z
R

�
Ψ̄1Xγ

N

�
1

3
V0
NT

0 þ V3
NT

3

�
Ψ1i þ Ψ̄2Xγ

N

�
1

3
V0
NT

0 þ V3
NT

3

�
Ψ2i

�
;

¼ ð2πÞ4δ4ðPX − p − qÞ × FXðPXÞ × FNðpÞ
1

2g25
× 2g25 × enucleon × ūsXðPXÞ=ϵðqÞusiðpÞ

×
1

2
½ILðnX;Q2Þ þ IRðnX;Q2Þ�; ð3:8Þ
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following the conventions for the interaction action used in [18]. Here ϵμðqÞ is the polarization of the EM probe. In the last
equality in (3.8) we substituted the bulk gauge fields by (A4), and the bulk fermionic currents in terms of the fermionic
fields (B15). The charge assignments are enucleon ¼ 1 for the proton, and enucleon ¼ 0 for the neutron. We have also defined

ILðnX;Q2Þ≡ IðM þ 5=2; nX;Q2Þ; IRðnx;Q2Þ≡ IðM þ 3=2; nX;Q2Þ; ð3:9Þ

with (w ¼ κ̃2z2)

Iðm̄; nX;Q2Þ ¼ Cðm̄; nXÞΓ
�
1þ Q2

4κ̃2

�Z
∞

0

dwwm̄−1e−wU
�
1þ Q2

4κ̃2
; 2;w

�
Lm̄−2
nX ðwÞ;

¼
Γðm̄ÞðΓðm̄−1ÞΓðnXþm̄−1Þ

ΓðnXþ1Þ Þ12
Γðm̄ − 1Þ

Q2

4κ̃2
ΓðQ2

4κ̃2
þ nXÞ

ΓðQ2

4κ̃2
þ nX þ m̄Þ

ð3:10Þ

and the normalization

Cðm̄; nXÞ ¼
�

ΓðnX þ 1Þ
Γðm̄ − 1ÞΓðnX þ m̄ − 1ÞÞ

1
2: ð3:11Þ

Here we have set Q2 ¼ −q2 (spacelike), and used the final state mass shell condition

P2
X ¼ ðpþ qÞ2 ¼ M2

0 þQ2

�
1

x
− 1

�
≡M2

X ¼ 4κ̃2
�
nX þM þ 1

2

�
ð3:12Þ

to identify nX ¼ Q2ð1=x − 1Þ=4κ̃2, with p2 ¼ M2
0 ¼ 4κ̃2ðM þ 1

2
Þ ¼ 8κ̃2 for the initial nucleon state.

The Dirac part of the electromagnetic current (3.4) can be extracted from (3.8) using

Wμ
EMðDiracÞðQ2Þ ¼ ūs0 ðp0ÞγμusðpÞ × FEMðDiracÞ

1 ðQÞ≡ 1

FNðp0ÞFNðpÞ
δSEMDirac
δϵμðqÞ

þOðN−2
c Þ; ð3:13Þ

which amounts to the Dirac or minimal contribution to the electromagnetic form factor (Q2 < 0)

FEMðDiracÞ
1 ðQ2Þ ¼ 1

2g25
× 2g25 × enucleon ×

1

2
½ILðnX ¼ 0; Q2Þ þ IRðnX ¼ 0; Q2Þ� þOðN−2

c Þ; ð3:14Þ

or more explicitly in the soft wall model

FEMðDiracÞ
1 ðQÞ ¼ enucleon

�
1

ðQ2

4κ̃2
þ 1ÞðQ2

4κ̃2
þ 2Þ

þ 3

ðQ2

4κ̃2
þ 1ÞðQ2

4κ̃2
þ 2ÞðQ2

4κ̃2
þ 3Þ

�
þOðN−2

c Þ;

¼ enucleon

�
m4

0

ðQ2 þm2
0ÞðQ2 þm2

1Þ
þ 3m6

0

ðQ2 þm2
0ÞðQ2 þm2

1ÞðQ2 þm2
2Þ
�
þOðN−2

c Þ; ð3:15Þ

using the soft wall rho meson trajectory m2
n ¼ 4κ̃2ðnþ 1Þ. Note that normalizing FEMðDiracÞ

1 ð0Þ ¼ 1 for the proton, fixes
1þOðN−2

c Þ ¼ 1. In other words, the 1=Nc corrections to the EM form factors must vanish atQ ¼ 0 due to the conservation
of the electromagnetic current. Also note that (3.15) asymptotes a dipole form ∼1=Q4 which is consistent with the hard
scattering rules [5].

2. Direct axial form factor: Dirac

The direct axial form factors are derived using the same reasoning, with Wα̃μ
A ðQ2Þ (3.2) following from the pertinent

variation of the bulk Dirac action
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066010-9



Sð0;3ÞAxialDirac ½i; X� ¼ 1

2g25

Z
dzd4y

ffiffiffi
g

p
e−κ̃

2z2Að0;3Þ
N Jð0;3ÞNA ;

S�Axial
Dirac ½i; X� ¼ 1

2g25

1ffiffiffi
2

p
Z

dzd4y
ffiffiffi
g

p
e−κ̃

2z2A�
NJ

∓N
A ; ð3:16Þ

or more explicitly for the chargeless component,

Sð0;3ÞAxialDirac ½i; X� ¼ 1

2g25

Z
dzd4y

ffiffiffi
g

p
e−κ̃

2z2 z
R
ðΨ̄1Xγ

NAð0;3Þ
N Tð0;3ÞΨ1i − Ψ̄2Xγ

NAð0;3Þ
N Tð0;3ÞΨ2iÞ

≈ ð2πÞ4δ4ðPX − p − qÞ × FXðPXÞ × FNðpÞ

×
1

2g25
× 2g25 × gð0;3ÞAnucleon × ūsXðPXÞ=ϵðqÞγ5usiðpÞ ×

1

2
½IRðnX; Q̃2Þ − ILðnX; Q̃2Þ�; ð3:17Þ

where the substitution (2.32) was used in the second line, i.e.,

Q̃2 ¼ Q2 þ 1

2
m2

q → Q2 þ m̃2
0 −m2

0: ð3:18Þ

Similarly, for the charged components

S�Axial
Dirac ½i; X�≡ 1

2g25
×

1ffiffiffi
2

p
Z

dzd4y
ffiffiffi
g

p
e−κ

2z2 z
R
ðΨ̄p=n

1X γNA�
NΨ

n=p
1i − Ψ̄p=n

2X γNA�
NΨ

n=p
2i Þ;

¼ ð2πÞ4δ4ðPX − p − qÞ × FXðPXÞ × FNðpÞ

×
1

2g25
× 2g25 ×

1ffiffiffi
2

p × e�Wnucleon × ūsXðPXÞ=ϵ�ðqÞγ5usiðpÞ ×
1

2
½IRðnX; Q̃2Þ − ILðnX; Q̃2Þ�: ð3:19Þ

Here ϵ�μ ðqÞ is the polarization of the charged vectors. Following the normalization of the flavor generators Ta in (2.1), the
axial and electroweak charges are

g0Anucleon ¼ g0Aproton ¼ g0Aneutron ¼
3

2
;

g3Anucleon ¼ g3Aproton ¼
1

2
;

g3Anucleon ¼ g3Aneutron ¼ −
1

2
;

e�Wnucleon ¼ e�Wproton ¼ e�Wneutron ¼ 1; ð3:20Þ

Finally, the isoscalar axial form factor can be extracted from (3.17) using

Wμ
AðDiracÞðQ2Þ≡W0μ

A ðQ2Þ ¼ ūs0 ðp0Þγμγ5usðpÞ × F0AðDiracÞ
1 ðQÞ ¼ 1

FNðp0ÞFNðpÞ
δS0AxialDirac

δϵμðqÞ
þOðN−2

c Þ; ð3:21Þ

which yields the minimal Dirac contribution to the isoscalar axial form factor as

F0AðDiracÞ
1 ðQÞ ≈ 1

2g25
× 2g25 × g0Anucleon ×

1

2
½IRðnX ¼ 0; Q̃2Þ − ILðnX ¼ 0; Q̃2Þ� þOðN−2

c Þ: ð3:22Þ

More explicitly, in the soft wall model we have

F0AðDiracÞ
1 ðQÞ ≈ g0Anucleon

�
1

ðQ2þm̃2
0

4κ̃2
ÞðQ2þm̃2

0

4κ̃2
þ 1Þ

−
3

ðQ2þm̃2
0

4κ̃2
ÞðQ2þm̃2

0

4κ̃2
þ 1ÞðQ2þm̃2

0

4κ̃2
þ 2Þ

�
þOðN−2

c Þ ð3:23Þ
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following (3.15). Equation (3.23) reduces to a dipole form factor asymptotically ∼1=Q4, which is consistent with the hard
scattering rules [5]. Recall that the substitution (3.18) in the bulk-to-boundary axial-vector propagator is justified for
Qz0 ≫ 1, as we noted in (2.43). For Qz0 → 0, (3.22)–(3.23) give

g3ðDiracÞA ¼ 1

3
g0ðDiracÞA ≈

�
m̃2

0

m2
0

− 1

���
m̃2

0

m2
0

��
m̃2

0

m2
0

þ 1

��
m̃2

0

m2
0

þ 2

��
−1

→
1

6

�
m̃2

0

m2
0

− 1

�
þOððσz30Þ3Þ; ð3:24Þ

with the rightmost result corresponding to the leading perturbative correction as in (2.30) for σz30 ≪ 1. Using the soft wall
parameters in [14] (model A) yieldsm0 ¼ 0.775 GeV and m̃0 ¼ 1.363 GeV, resulting in a large Dirac leading perturbative

contribution to the isovector axial charge of the nucleon g3ðDiracÞA ≈ 1=3. The near-boundary approximation is not justified in
this limit, with the exact but numerical bulk-to-boundary axial-vector propagator required.

3. Pion pole

Finally, we note that the axial-vector form factor is characterized by two invariant form factors FAðq2Þ and HAðq2Þ in
general, which are defined as

hp1jJμaA ð0Þjp2i ¼ ūðp1Þðγμγ5FAðq2Þ þ qμγ5HAðq2ÞÞTauðp1Þ; ð3:25Þ

with q ¼ p2 − p1. In the chiral limit, the two form fac-
tors are tied by the conservation of the axial-vector
current HAðq2Þ ¼ −2mNFAðq2Þ=q2 with HAðq2 ≈ 0Þ ≈
−2mNgA=q2 exhibiting the pion pole. The absence of this
contribution in (3.32) can be traced back to the A5 field
which we have ignored. As we noted above, the A5

mixes with the tachyon X. When taken into proper
consideration, this mixing after gauge fixing locks A5

with the phase Π of the tachyon, i.e., X ¼ X0eiΠ, which
is identified with the pion field. Careful considerations in
bulk yield precisely HAðq2Þ as expected from current
conservation in the chiral limit [19]. Here we can just
reinstate this contribution by inspection, with the full
pion pole q2 → q2 −m2

π .

B. Transition form factors

In DIS scattering of neutrinos off nucleons, we will need
the transition form factors of the left chargeless and charged
currents. For that, we define the left vector transition form
factor for the process V; Lþ p → X

Wμ
V;LðQ2Þ ¼ hXjJ̃μV;Lð0Þjpi ð3:26Þ

with Q2 ¼ ðPX − pÞ2. We first evaluate the Uð1ÞL Dirac
and Pauli contributions to the transition vector form factor
(3.26) and then generalize them to the corresponding
Uð1ÞEMV ;Uð1Þ�L ⊂ Uð2ÞL contributions.

1. Uð1ÞL contributions

The minimal Dirac interaction term between the bulk
Uð1ÞL gauge field LN and the bulk fermionic fieldΨ1 in the
action is

SLDirac½i; X� ¼
1

2g25

Z
dzd4y

ffiffiffi
g

p
e−κ̃

2z2 z
R
LNΨ̄1Xγ

NΨ1i;

ð3:27Þ

following the canonical normalizations

Ψ →
ffiffiffiffiffiffiffi
2g25

q
Ψ LN → g5LN; ð3:28Þ

which makes the couplings and power counting manifest in
Witten diagrams. The explicit form of (3.27) in terms of the
bulk fermions is

S̃LDirac½i; X� ¼ ð2πÞ4δ4ðPX − p − qÞ × FXðPXÞ × FNðpÞ

×
1

2g25
× 2g25

�
ūsXðPXÞ=ϵðqÞ

�
1 − γ5

2

�
usiðpÞILðnx;Q2Þ þ ūsXðPXÞ=ϵðqÞ

�
1þ γ5

2

�
usiðpÞIRðnx;Q2Þ

�
: ð3:29Þ
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The Dirac contribution to the Uð1ÞL transition form factor reads explicitly

Wμ
L;Diracðq2Þ ¼

1

FXðPXÞFNðpÞ
δSLDirac
δϵμðqÞ

þOðN−2
c Þ;

¼ 1

FXðPXÞFNðpÞ
×

1

2g25
×

1

g5
×
δS̃LDirac
δϵμðqÞ

þOðN−2
c Þ;

¼ 1

2g25
× 2g25 ×

�
ūsXðPXÞγμ

�
1 − γ5

2

�
usiðpÞILðnx;Q2Þ þ ūsXðPXÞγμ

�
1þ γ5

2

�
usiðpÞIRðnx;Q2Þ

�
þOðN−2

c Þ:

ð3:30Þ

2. Uð1Þ�L contributions

For neutrino and antineuutrino scattering, the pertinent left-handed hadronic transition form factor is

Wμ
�ðQ2Þ ¼ hNðPXÞjJ̃�μ

L ð0ÞjNðpÞi; ð3:31Þ

which can be evaluated using the Dirac and Pauli contributions to the fermionic action. To illustrate the normalizations,
consider for simplicity the contribution due to the Dirac part, which yields the interaction vertex

S�L
Dirac½i;X� ¼

1

2g25
×

1ffiffiffi
2

p
Z

dzd4y
ffiffiffi
g

p
e−κ̃

2z2L�
NJ

∓N
L ¼ 1

2g25
×

1ffiffiffi
2

p
Z

dzd4y
ffiffiffi
g

p
e−κ̃

2z2 z
R
Ψ̄p=n

1X γNL�
NΨ

n=p
1i

¼ ð2πÞ4δ4ðPX −p− qÞ× 1

2g25
× 2g25 ×FXðPXÞFp=nðpÞ

×
1ffiffiffi
2

p × e�Wnucleon ×
�
ūsXðPXÞ=ϵ�ðqÞ

�
1− γ5

2

�
usiðpÞILðnx;Q2

LÞ þ ūsXðPXÞ=ϵ�ðqÞ
�
1þ γ5

2

�
usiðpÞIRðnx;Q2

LÞ
�
;

ð3:32Þ

with the corresponding transition form factor

W�μ
LðDiracÞðQ2Þ ¼ 1

FXðPXÞFp=nðpÞ
1
1

2
ffiffi
2

p
δS�L

Dirac

δϵ�μ ðqÞ
þOðN−2

c Þ

¼ 1

2g25
× 2g25 × e�Wnucleon

× 2

�
ūsXðPXÞγμ

�
1 − γ5

2

�
usiðpÞILðnx;Q2

LÞ þ ūsXðPXÞγμ
�
1þ γ5

2

�
usiðpÞIRðnx;Q2

LÞ
�
þOðN−2

c Þ;

¼ 1

2g25
× 2g25 × e�Wnucleon

× ðūsXðPXÞγμusiðpÞ½IRðnx;Q2
LÞ þ ILðnx;Q2

LÞ� þ ūsXðPXÞγμγ5usiðpÞ½IRðnx;Q2
LÞ − ILðnx;Q2

LÞ�Þ
þOðN−2

c Þ: ð3:33Þ

3. Charged transition form factor: Pauli

The minimal Dirac bulk interaction does not contribute to the neutron transition form factor. This contribution arises from
the Uð1ÞL part of the Pauli interaction in bulk [20]

SL;RPauli½i; X� ¼
η

2g25

Z
dzd4y

ffiffiffi
g

p
e−κ̃

2z2 z
2

R2
ðΨ̄1Xσ

MNLMNΨ1i − Ψ̄2Xσ
MNRMNΨ2iÞ: ð3:34Þ

KIMINAD A. MAMO and ISMAIL ZAHED PHYS. REV. D 104, 066010 (2021)

066010-12



The inclusion of this interaction is straightforward but tedious, with the final result for the charged currents

W�μ
L ðQ2Þ ¼ e�Wnucleon

× ðūsXðPXÞγμusiðpÞ½IRðnx;Q2
LÞ þ ILðnx;Q2

LÞ�
þ ūsXðPXÞγμγ5usiðpÞ½IRðnx;Q2

LÞ − ILðnx;Q2
L�Þ

þ η�ðūsXðPXÞγμusiðpÞ½J Rðnx;Q2
LÞ þ J Lðnx;Q2

L�
þ ūsXðPXÞγμγ5usiðpÞ½J Rðnx;Q2

LÞ − J Lðnx;Q2
LÞ�Þ

þ 2η�ðūsXðPXÞσμνiqνusiðpÞ½ILRðnx;Q2
LÞ þ IRLðnx;Q2

LÞ�
þ ūsXðPXÞσμνiqνγ5usiðpÞ½ILRðnx;Q2

LÞ − IRLðnx;Q2
LÞ�Þ

− η�ðūsXðPXÞqμ=qusiðpÞ½KRðnx;Q2
LÞ þKLðnx;Q2

LÞ�
þ ūsXðPXÞqμ=qγ5usiðpÞ½KRðnx;Q2

LÞ −KLðnx;Q2
LÞ�Þ þOðN−2

c Þ; ð3:35Þ

with

σμν ¼ 2Sμν ¼ i
2
½γμ; γν� ¼ iðγμγν − ημνÞ; ð3:36Þ

and manifest current conservation, i.e., qμW�μν ¼ 0 for on shell spinors. The integrals

J L;KLðnX;Q2Þ≡ J ; KðM þ 5=2; nX;Q2Þ; J R;KRðnX;Q2Þ≡ J ; KðM þ 3=2; nX;Q2Þ ð3:37Þ

are related to the general integrals of the type (3.10), namely

J ðm̄; nX;Q2Þ ¼ Cðm̄; nXÞΓð1þ aÞ
Z

∞

0

dwwm̄−1e−wðwUð1þ a; 2;wÞÞ0Lm̄−2
nX ðwÞ;

¼ Cðm̄; nXÞΓð1þ aÞ
Z

∞

0

dwwm̄−1e−wð−aUð1þ a; 1;wÞÞLm̄−2
nX ðwÞ;

¼ Cðm̄; nXÞ
Γðm̄ÞΓðm̄þ nX − 1ÞðnX − aðm̄ − 1ÞÞaΓðaþ nXÞ

ΓðnX þ 1ÞΓðaþ m̄þ nX þ 1Þ ;

¼ −aðm̄ − 1Þ þ nX
aþ m̄þ nX

× Iðm̄; nX;Q2Þ;

Kðm̄; nX;Q2Þ ¼ 1

κ̃2
× J ðm̄; nX;Q2Þ;ð3:38Þ

with a ¼ Q2=4κ̃2, and

ILRðnX;Q2Þ ¼ 1

κ̃
× Cðmþ 5=2; nXÞΓð1þ aÞ

Z
∞

0

dwwmþ1e−wU
�
1þ Q2

4κ̃2
; 2;w

�
L
mþ1

2
nX ðwÞ;

IRLðnX;Q2Þ ¼ 1

κ̃
× Cðmþ 3=2; nXÞΓð1þ aÞ

Z
∞

0

dwwmþ2e−wU
�
1þ Q2

4κ̃2
; 2;w

�
L
m−1

2
nX ðwÞ: ð3:39Þ

We have made use of the recursive relation between the confluent hypergeometric functions

w∂wUða; b; wÞ ¼ ð1 − bÞUða; b; wÞ − ð1þ a − bÞUða; b − 1; wÞ; ð3:40Þ

together with their integral representation

Uða; b; wÞ ¼ 1

ΓðaÞ
Z

∞

0

dtta−1ðtþ 1Þ−aþb−1e−tw; ð3:41Þ
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and the property of the Laguerre polynomials

La
nðwÞ ¼

Γðaþ 1þ nÞ
Γðaþ 1ÞΓðnþ 1Þ 1F1ð−n; aþ 1; wÞ ð3:42Þ

to evaluate the integrals.

4. Uð1ÞEMV ⊂ Uð2ÞV contributions

The electromagnetic transition vector form factor Wμ
EMðQ2Þ as defined through

Wμ
EMðQ2Þ ¼ hNðPXÞjJ̃μEMð0ÞjNðpÞi ¼ hNðPXÞj

1

3
J̃0μV ð0Þ þ J̃3μV ð0ÞjNðpÞi ð3:43Þ

can be extracted from (3.8) with the inclusion of the Pauli contribution (3.34), using

Wμ
EMðDiracÞðQ2Þ ¼ 1

FXðPXÞFNðpÞ
δSEMDiracþPauli

δϵμðqÞ
þOðN−2

c Þ: ð3:44Þ

The result is

ϵμW
μ
EMðQ2Þ ¼ ϵμ

�
enucleon × ūsXðPXÞγμusiðpÞ

1

2
½IRðnx;Q2Þ þ ILðnx;Q2Þ�

þ ηp=nūsXðPXÞγμusiðpÞ
1

2
½J Rðnx;Q2Þ − J Lðnx;Q2Þ�

þ ηp=nūsXðPXÞσμνiqνusiðpÞ½ILRðnx;Q2Þ − IRLðnx;Q2Þ�
�
þOðN−2

c Þ: ð3:45Þ

5. Uð1ÞA ⊂ Uð2ÞA contributions

The chargeless axial transition form factor Wμ
0;3ðQ2Þ as defined through

Wð0;3Þμ
A ðQ2Þ ¼ hNðPXÞjJ̃ð0;3ÞμA ð0ÞjNðpÞi ð3:46Þ

follows the same reasoning, with the full result including the Dirac and Pauli contributions:

ϵð0;3Þμ Wð0;3Þμ
A ðQ2Þ ¼ ϵð0;3Þμ

�
gð0;3ÞAnucleon × ūsXðPXÞγμγ5usiðpÞ

1

2
½IRðnx; Q̃2Þ − ILðnx; Q̃2Þ�

þ ηð0;3ÞūsXðPXÞγμγ5usiðpÞ
1

2
½J Rðnx; Q̃2Þ þ J Lðnx; Q̃2Þ�

þ ηð0;3ÞūsXðPXÞσμνiqνγ5usiðpÞ½ILRðnx; Q̃2Þ þ IRLðnx; Q̃2Þ�
�
þOðN−2

c Þ: ð3:47Þ

IV. NEUTRINO AND ANTINEUTRINO DIS SCATTERING IN QCD

In QCD lepton nucleon scattering follows from the contraction of the leptonic tensor and hadronic tensor through the
exchange of neutral currents carried by γ, Z and charged currents carried byW�. Some useful insights on standard neutrino
DIS scattering on a nucleon can be found in [21]. In this section we briefly review the key definitions and characteristics of
this scattering as a prelude to the holographic analysis, which will make use of the transition form factors established above
for the s-wave contributions to DIS.
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A. Structure functions for ν;ν̄ scattering

An overall review of neutrino DIS scattering can be found in [21], so we will be brief in our presentation of the results
for our ensuing analysis. For unpolarized nucleons, the hadronic tensor for neutrino (antineutrino) scattering can be
organized under the strictures of Lorentz symmetry, parity, and current conservation in terms of three invariant structure
functions

Wν;ν̄
μν ¼ 1

4π

Z
d4xeiq·xhPj½J∓μ ðxÞ; J�ν ð0Þ�jPi;

¼
�
−ημν þ

qμqν
q2

�
FW�
1 ðx; q2Þ þ

�
Pμ þ

qμ
2x

��
Pν þ

qν
2x

�
2x
q2

FW�
2 ðx; q2Þ ∓ iϵμναβqαPβ x

q2
FW�
3 ðx; q2Þ; ð4:1Þ

where qμ, Pμ, are the 4-momenta of the virtual current and nucleon, respectively. x ¼ −q2=2P · q is the Bjorken parameter
which is kinematically bounded 0 ≤ x ≤ 1. F1;2 refers to the symmetric structure functions, while F3 refers to the
antisymmetric one. The formers are parity preserving, while the latter is not for neutrino and antineutrino probes. In the DIS
limit with Q2 ¼ −q2 ≫ P2 and x fixed, the structure functions in QCD obey Bjorken scaling. In this limit, the parity even
structure functions satisfy the Callan-Gross relation F2 ¼ 2xF1. We note that analyticity allows to relate the hadronic DIS
tensor (4.1) to the discontinuity of the forward Compton amplitude of a lepton on a nucleon

4πWν;ν̄
μν ¼ 2πImTν;ν̄

μν ≡ 2πImi
Z

d4xeiq·xhPjT�ðJ∓μ ðxÞJ�ν ð0ÞÞjPi ð4:2Þ

To calculate the hadronic tensor (4.1) we use the completeness of the hadronic spectrum f

Wν;ν̄
μν ¼ 1

2

X
s;sX

X
MX

δðM2
X − ðPþ qÞ2ÞWν;ν̄�

μ Wν;ν̄
ν ≡Wν;ν̄S

μν þ iWν;ν̄A
μν ð4:3Þ

with the transition current matrix element (3.26), for excited states of squared mass M2
X ¼ Q2ð1=x − 1Þ þm2

N , and
P2 ¼ M2

0 ¼ m2
N . For neutrino scattering the explicit form of the QCD quark (partonic) currents in (4.2) are given by

eJ̃μEM ¼ eq̄Qγμq;

eW × 2J̃�μ
L ¼ eWq̄T�γμ

1

2
ð1 − γ5Þq;

eWJ̃
μ
Z ¼ eWJ̃

μ
L − 2eWsin2θWJ̃

μ
EM ¼ eWq̄γμ

1

2
ð1 − γ5Þq − 2eW sin 2θWq̄Qγμq; ð4:4Þ

with e; eW the electric and electroweak charges, and sin θW ¼ e
eW

with the Weinberg angle θW ≈ π
6
.

Q ¼
� 2

3
0

0 − 1
3

�
; Tþ ¼ ðT−Þ† ¼

�
0 2

0 0

�
: ð4:5Þ

The imaginary part in (4.2) receives contribution from the
neutral γγ, ZZ, γZ as they mix, and the charged W∓W� as
they are conjugate.

B. Unpolarized parton distributions
through charged currents

Neutrino and antineutrino scattering on a hadron through
the charged currents yield very important information on
the parton content of a hadron in the DIS limit. At weak
coupling, the parton model gives a very simple descriptive
of the structure functions in terms of the partonic

distribution functions of the hadron. Assuming two flavors
for simplicity and isospin symmetry, the partonic model for
νp → l−X through Wþ exchange gives

FWþp
1 ðx;QÞ ¼ dðx;QÞ þ ūðx;QÞ;

FWþp
2 ðx;QÞ ¼ 2xðdðx;QÞ þ ūðx;QÞÞ;

FWþp
3 ðx;QÞ ¼ 2ðdðx;QÞ − ūðx;QÞÞ; ð4:6Þ

while for ν̄p → lþX through W− exchange it gives

NEUTRINO-NUCLEON DIS FROM HOLOGRAPHIC QCD: PDFS … PHYS. REV. D 104, 066010 (2021)

066010-15



FW−p
1 ðx;QÞ ¼ uðx;QÞ þ d̄ðx;QÞ;

FW−p
2 ðx;QÞ ¼ 2xðuðx;QÞ þ d̄ðx;QÞÞ;

FW−p
3 ðx;QÞ ¼ 2ðuðx;QÞ − d̄ðx;QÞÞ; ð4:7Þ

with modulo e2W . The corresponding neutron structure
functions follow by isospin symmetry. Equations (4.6)–
(4.7) can be inverted to give the unpolarized valence and
sea parton distributions in the proton. We now proceed to
evaluate these unpolarized partonic distributions using the
holographic dual of neutrino scattering.

V. NEUTRINO AND ANTINEUTRINO
DIS IN HOLOGRAPHY

We now consider neutrino DIS scattering on a nucleon as
a Dirac fermion in bulk using holography, in the double
limit of a large number of colors and strong gauge coupling
λ ¼ g2Nc. Antineutrino DIS scattering follows from perti-
nent rearrangements. DIS scattering on a nucleon as a bulk

dilatino using holography was first addressed in [5] and
later by others [18,22–24]. At large x, DIS scattering using
Uð1ÞV probes follows from the direct and crossed Witten
diagrams in bulk, and at small x it follows from Pomeron
exchange in the form of a Reggeized and warped close
string exchange in bulk. We now review the analysis for a
Uð1ÞV current and then extend it to the electromagnetic
vector Uð1ÞEMV ⊂ Uð2ÞV, and the left-handed Uð1Þ�L ⊂
Uð2ÞL currents.

A. Structure functions: Baryonic exchange
in the s channel

For unpolarized Uð1ÞL scattering, the hadronic tensor is

Wμν
L ¼ 1

4π

X
s

Z
d4yeiq·yhP; sj½JμLðyÞ; JνLð0Þ�jP; si; ð5:1Þ

with the spectral decomposition for the s-channel
contributions

Wμν
L;s ¼

1

4π

X
s;sX

X
MX

Z
d4PX

ð2πÞ4 θðP
0
XÞð2πÞδðP2

X −M2
XÞð2πÞ4δ4ðPþ q − PXÞhP; sjJμLð0ÞjPX; sXihPX; sXjJνLð0ÞjP; si;

¼ 1

2

X
s;sX

X
MX

δðM2
X − ðPþ qÞ2ÞhP; sjJμLð0ÞjPþ q; sXihPþ q; sXjJνLð0ÞjP; si;

¼ 1

2

X
s;sX

X
MX

δðM2
X − ðPþ qÞ2ÞWμ

LW
ν �
L : ð5:2Þ

The t-channel Reggeized contributions will be addressed below.

B. Dirac contribution

Using the relations

ϵμhPXjJ̃μL;DiracðqÞjPi ¼ ð2πÞ4δ4ðPX − P − qÞϵμhPþ qjJμL;Diracð0ÞjPi ¼ N L ×
1

g5
× S̃Lint;Dirac½i; X�;

ϵμhPjJ̃μL;DiracðqÞjPXi ¼ ð2πÞ4δ4ðPX − P − qÞϵμhPjJμL;Diracð0ÞjPþ qi ¼ N L ×
1

g5
× S̃Lint;Dirac½X; i�; ð5:3Þ

we can make explicit the contracted hadronic tensor

Wμν
L;s;Dirac ¼

1

2

X
MX

δðM2
X − ðpþ qÞ2ÞN 2

L

×
X
si

X
sX

ðILIRðūsXγμPLusi ūsiγ
νPRusX þ ūsXγ

μPRusi ūsiγ
νPLusXÞ

þ I2
LūsXγ

μPLusi ūsiγ
νPLusX þ I2

RūsXγ
μPRusi ūsiγ

νPRusXÞ: ð5:4Þ

The additional normalization constant N L ¼ ð1=2g25Þ × 2g25 × Ñ L compensates for the missing higher spin-j and Oðg05Þ
corrections in the s channel. Since

P
sðusÞðpÞðūsÞðpÞ ¼ =pþM, then the contracted hadronic tensor contributions from the

s channel are
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ϵμϵνW
μν
L;s;Dirac ¼

X
MX

δðM2
X − ðpþ qÞ2ÞN 2

L

× 2

�
IRðnxÞILðnxÞMXM0ϵ · ϵþ ðI2

RðnxÞ þ I2
LðnxÞÞ

�
ðp · ϵÞ2 − 1

2
ðp2 þ p · qÞϵ · ϵ

�

þ 1

2
ðI2

RðnxÞ − I2
LðnxÞÞðiϵμναβPXαpβÞ

�
: ð5:5Þ

By approximating the sum by an integral in a continuous state, i.e.,

X
MX

δðM2
X − ðpþ qÞ2Þ ≈ 1

4κ̃2

Z
dnδ

�
s
4κ̃2

−
M2

n

4κ̃2

�
¼ 1

4κ̃2
; ð5:6Þ

we have

ϵμϵνW
μν
L;s;Dirac ≈

N 2
L

4κ̃2
× ð2ILðnxÞIRðnxÞMXM0ϵ · ϵþ ðI2

RðnxÞ þ I2
LðnxÞÞð2ðp · ϵÞ2 − ðp2 þ p · qÞϵ · ϵÞ

þ ðI2
RðnxÞ − I2

LðnxÞÞðiϵμναβPXαpβÞÞ: ð5:7Þ

The same contraction applied to the canonical hadronic tensor decomposition (4.1), for a neutrino, with a transverse
polarization ϵ · q ¼ 0 [which we have already used in deriving (5.7)], yields

ϵμϵνW
μν
L ¼ −ϵ2FL

1 þ 2x
q2

ðϵ · pÞ2FL
2 − iϵμϵνϵμναβqαpβ

x
q2

FL
3 ðx; q2Þ: ð5:8Þ

A comparison of (5.8) to (5.7) allows for the extraction of the s-channel baryonic contributions to the DIS structure
functions

FL
1s;Dirac ¼

N 2
L

2κ̃2

�
ðI2

RðnxÞ þ I2
LðnxÞÞ

�
M2

0

2
þQ2

4x

�
− IRðnxÞILðnxÞM0

�
M2

0 þQ2

�
1

x
− 1

��1
2

�
;

FL
2s;Dirac ¼

N 2
L

4κ̃2
ðI2

RðnxÞ þ I2
LðnxÞÞ

Q2

x
;

FL
3s;Dirac ¼

N 2
L

4κ̃2
ðI2

RðnxÞ − I2
LðnxÞÞ

Q2

x
; ð5:9Þ

with the DIS kinematics (3.12) subsumed. Similarly, using the transition form factor (3.44), we find

FEM
1s;Dirac ¼ e2nucleon × FL

1s;Dirac;

FEM
2s;Dirac ¼ e2nucleon × FL

2s;Dirac;

FEM
3s;Dirac ¼ 0; ð5:10Þ

while using the transition form factor (3.33), we find

FW�
1s;Dirac ¼ 4ðe�WnucleonÞ2 × FL

1s;Dirac ¼
4ðe�WnucleonÞ2

e2nucleon
× FEM

1s;Dirac;

FW�
2s;Dirac ¼ 4ðe�WnucleonÞ2 × FL

2s;Dirac ¼
4ðe�WnucleonÞ2

e2nucleon
× FEM

2s;Dirac;

FW�
3s;Dirac ¼ 4ðe�WnucleonÞ2 × FL

3s;Dirac: ð5:11Þ
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C. Dirac plus Pauli contributions

The full left current vertex with the Pauli contribution is given in (3.35). A rerun of the preceding arguments yields the
hadronic tensor for ν scattering in the untraced form (ν̄ scattering follows from ν ↔ μ)

Wþμν
L ¼ 1

16πκ̃2

�
2M0MXðα2Rgμν þ ðβ2R þ 2αRβRÞqμqν þ λ2Rðgμνq2 − qμqνÞÞ

þ 2M0λRðαRgμνq · ðPX þ pÞ þ βRqμqνq · ðPX þ pÞ − iαRϵνμαβqαðPX þ pÞβÞ
þ 2ðαRgμμ̄ þ βRqμqμ̄ÞðαRgνν̄ þ βRqνqν̄Þðpμ̄Pν̄

X þ pν̄Pμ̄
X − gμ̄ ν̄p · PX − iϵν̄αμ̄βPXαpβÞ

−
1

2
λ2Rð3gμνð2q · pq · PX − q2p · PXÞ

þ 4ðq2ðpμPν
X þ pνPμ

XÞ þ qμqνp · PX − ðqνpμ þ qμpνÞq · PX − ðqνPμ
X þ qμPν

XÞq · pÞÞ

þ ðR → L;−i → þiÞ
�
; ð5:12Þ

with PX ¼ qþ p, M2
X ¼ M2

0 þ q2ð1 − 1=xÞ, and

αR ¼ 2ðeþWIR þ ηJ RÞ; βR ¼ 4ηILR; λR ¼ −2ηKR; ð5:13Þ

ϵþμ ϵþ�
ν Wþμν

L;s ¼ 1

2

X
s;sX

X
MX

δðM2
X − ðPþ qÞ2Þϵþμ Wþμ

L ϵþ�
ν Wþ�ν

L

¼ ðN þ
L Þ2

8κ̃2
ϵþμ ϵþ�

ν × 8½2ĨLRðnxÞM0MXη
μν þ Ĩ2þðnxÞðpμPν

X þ pνPμ
X − ημνp · PXÞ þ Ĩ2

−ðnxÞðiϵμναβPXαpβÞ�
ð5:14Þ

where we have defined

ĨLRðnxÞ≡ IηLðnxÞIηRðnxÞ þ 4η2q2IRLðnxÞILRðnxÞ;
Ĩ2þðnxÞ≡ I2

ηRðnxÞ þ I2
ηLðnxÞ − 4η2q2ðI2

LRðnxÞ þ I2
RLðnxÞÞ;

Ĩ2
−ðnxÞ≡ I2

ηRðnxÞ − I2
ηLðnxÞ;

IηRðnxÞ≡ eþWnucleonIRðnxÞ þ ηJ RðnxÞ;
IηLðnxÞ≡ eþWnucleonILðnxÞ þ ηJ LðnxÞ; ð5:15Þ

and we have used ϵþ · q ¼ 0, ϵþ� · q ¼ 0, qν̃qμ̃ϵν̃βμ̃ν ¼ 0, and qν̃qμ̃ϵμ̃αμν̃ ¼ 0.
Comparing (5.14) with the contraction of (4.1), for neutrino ν, i.e.,

ϵþμ ϵþ�
ν Wþμν

L ¼ ϵþμ ϵþ�
ν Wν;μν ¼ −ϵþ · ϵþ�FWþ

1 þ 2x
q2

ϵþ · pϵþ� · pFWþ
2 − iϵþμ ϵþ�

ν ϵμναβqαpβ
x
q2

FWþ
3 ðx; q2Þ; ð5:16Þ

allows for the extraction of the structure functions

FWþ
1s ¼ 2ðN þ

L Þ2
κ̃2

�
Ĩ2þðnxÞ

�
M2

0

2
þQ2

4x

�
− ĨLRðnxÞM0

�
M2

0 þQ2

�
1

x
− 1

��1
2

�
;

FWþ
2s ¼ ðN þ

L Þ2
κ̃2

Ĩ2þðnxÞ
Q2

x
;

FWþ
3s ¼ ðN þ

L Þ2
κ̃2

Ĩ2
−ðnxÞ

Q2

x
; ð5:17Þ
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where we have used PXα
¼ pα þ qα, pαpβϵ

μναβ ¼ 0, ϵþ · q ¼ 0, ϵþ� · q ¼ 0, andM2
X ¼ M2

0 þ q2ð1 − 1=xÞ. Strict bulk-to-
boundary correspondence implies N þ

L ¼ 1 in the double limit of a large number of colors Nc and strong gauge ’t Hooft
gauge coupling. Here we follow [18] and assume proportionality between the bulk and boundary structure functions with
N þ

L an overall parameter that captures parts of the finite corrections to the strict double limit. It will be fixed by a point in the
data. Similarly, we can find the structure functions for antineutrino ν̃ scattering through W− exchange as

FW−

1s ¼ FWþ
1s ðeþWnucleon → e−Wnucleon;N

þ
L → N −

LÞ;
FW−

2s ¼ FWþ
2s ðeþWnucleon → e−Wnucleon;N

þ
L → N −

LÞ;
FW−

3s ¼ FWþ
3s ðeþWnucleon → e−Wnucleon;N

þ
L → N −

LÞ: ð5:18Þ

D. Structure functions: Pomeron exchange in the t channel

DIS scattering at small x is dominated by Reggeon and Pomeron exchanges. In this section, we first consider DIS
scattering using Uð1ÞL currents in the Pomeron regime and then generalize our results to the electromagnetic vector
Uð1ÞEMV ⊂ Uð2ÞV , and the left-handedUð1Þ�L ⊂ Uð2ÞL currents. The Pomeron is dual to a close string exchange or graviton
in the t channel [22,23,25–27]. This is best obtained by recalling that the hadronic tensor ties to the forward scattering
amplitude of a Uð1ÞL current through

Wμν
L ¼ 1

4π

X
s

Z
d4yeiq·yhP; sj½JμLðyÞ; JνLð0Þ�jP; si ¼ 2πImTμν

L ; ð5:19Þ

where the Compton scattering amplitude Tμν
L is given by

ϵμϵνT
μν
L;t ≡Ah

Lp→Lpðs; tÞ; ð5:20Þ

for massive graviton or glueball hμν exchange in the t channel, with the explicit result given in (D18). The Pomeron
contribution as a graviton exchange to the t-channel structure functions FL

1t;2tðx;QÞ follow from

ϵμϵνW
μν
L;t ¼ ϵ2FL

1t þ
2x
q2

ðϵ · pÞ2FL
2t ¼ 2πImAtot

Lp→Lpðs; t ¼ −K2 ¼ 0Þ; ð5:21Þ

for ϵ · q ¼ 0. Inserting (D28) into (5.21) we obtain

2xFL
1t ¼

2κ2

g25
×

πffiffiffi
λ

p ×
�
Q
κ̃

�
2−2=

ffiffi
λ

p

×
�
1

x

�
1−2=

ffiffi
λ

p

× exp

�
−
ξ̃2

2

ffiffiffi
λ

p

log½Q2=κ̃2� þ log½1=x�
�
×

� ffiffiffi
λ

p

log½Q2=κ̃2� þ log½1=x�
�

3=2

× ð2πÞ1=2ξ̃
�
1þO

� ffiffiffi
λ

p

log½Q2=κ̃2� þ log½1=x�
��

× F ðj0; K ¼ 0Þ × ITξ ðj0; Q ¼ Q0Þ;

FL
2t ¼

2κ2

g25
×

πffiffiffi
λ

p ×

�
Q
κ̃

�
2−2=

ffiffi
λ

p

×

�
1

x

�
1−2=

ffiffi
λ

p

× exp

�
−
ξ̃2

2

ffiffiffi
λ

p

log½Q2=κ̃2� þ log½1=x�
�
×

� ffiffiffi
λ

p

log½Q2=κ̃2� þ log½1=x�
�

3=2

× ð2πÞ1=2ξ̃
�
1þO

� ffiffiffi
λ

p

log½Q2=κ̃2� þ log½1=x�
��

× F ðj0; K ¼ 0Þ × ðITξ ðj0; Q ¼ Q0Þ þ ILξ ðj0; Q ¼ Q0ÞÞ; ð5:22Þ

with ξ̃ ¼ γ þ π=2. The preexponents in (5.22) are commensurate with the expected Pomeron behavior sαPð0Þ−1 with the
intercept αPð0Þ − 1 ¼ 1–2=

ffiffiffi
λ

p
after the identification s ∼Q2=x in the DIS limit. The additional overall factor of Q is the

left over (longitudinal) polarization from the overlaping incoming-outgoing Uð1ÞL wave functions. The exponents reflect
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on the warped Gribov diffusion in D⊥ ¼ 3, for 2⊥ spatial dimensions and 1⊥ holographic dimension. The result (5.22)
extends to the SU(2) currents by introducing a normalization factor N a¼�

L . More specifically, for the charged currents
we have

2xFW�
1t ¼ ðN �

LtÞ2
2κ2

g25
×

πffiffiffi
λ

p ×

�
Q
κ̃

�
2−2=

ffiffi
λ

p

×

�
1

x

�
1−2=

ffiffi
λ

p

× exp

�
−
ξ̃2

2

ffiffiffi
λ

p

log½Q2=κ̃2� þ log½1=x�
�
×

� ffiffiffi
λ

p

log½Q2=κ̃2� þ log½1=x�
�

3=2

× ð2πÞ1=2ξ̃
�
1þO

� ffiffiffi
λ

p

log½Q2=κ̃2� þ log½1=x�
��

× F ðj0; K ¼ 0Þ × ITξ ðj0; Q ¼ Q0Þ;

FW�
2t ¼ ðN �

LtÞ2
2κ2

g25
×

πffiffiffi
λ

p ×

�
Q
κ̃

�
2−2=

ffiffi
λ

p

×

�
1

x

�
1−2=

ffiffi
λ

p

× exp
�
−
ξ̃2

2

ffiffiffi
λ

p

log½Q2=κ̃2� þ log½1=x�
�
×
� ffiffiffi

λ
p

log½Q2=κ̃2� þ log½1=x�
�

3=2

× ð2πÞ1=2ξ̃
�
1þO

� ffiffiffi
λ

p

log½Q2=κ̃2� þ log½1=x�
��

× F ðj0; K ¼ 0Þ × ðITξ ðj0; Q ¼ Q0Þ þ ILξ ðj0; Q ¼ Q0ÞÞ: ð5:23Þ

E. FW�
3t structure functions: Reggeon exchange in the t channel

Reggeon exchange is also a t-channel contribution stemming from a spin-1 exchange induced by the Chern-Simons
contribution in (4.1). The latter allows for the anomalous coupling ofW−Wþω in bulk with ωμ a spin-1 flavor singlet U(1)
gauge field in bulk (the analog of the omega meson). In principle, the Reggeized spin-1 exchange in bulk contributes to the
unpolarized and parity odd structure function F3. A similar contribution was observed for the spin structure function in [23],
following an earlier analysis in [22]. More specifically, the U(1) exchange of L0

μ in bulk stems from (2.17) and (2.15), with
the vertices

LΨ̄Ψ∶
Z

d4p2d4p1d4k
ð2πÞ12 ð2πÞ4δ4ðp2 − k − p1ÞSkLΨ̄Ψ;

LLL∶
Z

d4q0d4qd4k
ð2πÞ12 ð2πÞ4δ4ðq − k − q0ÞSkLLL; ð5:24Þ

where we have defined

Sk
LΨ̄Ψ ¼ g35κCS

Z
dz½ϵμσνρϵþμ ðqÞϵ−σ ðq0Þ∂zLþðq; zÞð−ikνÞϵ0ρðkÞL0ðk; zÞL−ðq0; zÞ

− ϵσμνρϵþσ ðqÞϵ−μ ðq0Þ∂zL−ðq0; zÞð−ikνÞϵ0ρðkÞL0ðk; zÞLþðq; zÞ
þ ϵμσρνϵþμ ðqÞϵ−σ ðq0Þ∂zLþðq; zÞϵ0ρðkÞL0ðk; zÞð−iq0νÞL−ðq0; zÞ
− ϵσμρνϵþσ ðqÞϵ−μ ðq0Þ∂zL−ðq0; zÞϵ0ρðkÞL0ðk; zÞðiqνÞLþðq; zÞ
− ϵσρμνϵþσ ðqÞϵ−ρ ðq0Þϵ0μðkÞ∂zL0ðk; zÞð−iq0νÞL−ðq0; zÞLþðq; zÞ
þ ϵρσμνϵþρ ðqÞϵ−σ ðq0Þϵ0μðkÞ∂zL0ðk; zÞðiqνÞLþðq; zÞL−ðq0; zÞ�;

¼ g35κCSð−iÞϵμσνρϵþμ ðqÞϵ−σ ðq0Þðq0ν þ qνÞϵ0ρðkÞ

×
Z

dzð∂zL0ðk; zÞLðq0; zÞLðq; zÞ − ∂zLðq; zÞL0ðk; zÞLðq0; zÞ; ð5:25Þ

with
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Lþ
μ ðx; zÞ ¼ ϵþμ ðqÞLþðq; zÞeiq·x; L−

μ ðx; zÞ ¼ ϵ−μ ðq0ÞL−ðq0; zÞe−iq0·x; L0
μðx; zÞ ¼ ϵ0μðkÞLþðk; zÞe−ik·x: ð5:26Þ

In the last line in (5.25), we have used the fact that Lþðq; zÞ ¼ L−ðq; zÞ ¼ Lðq; zÞ.
Using the relation

ImAtot
Lp→Lpðs; t ¼ 0Þ ¼ ϵþμϵ−νWν

μν ð5:27Þ

with Wν
μν given by (4.1), and Atot

Lp→Lpðs; tÞ given by (C32), we can extract the structure function FW�
3 ðx;Q2Þ in the t

channel as

FW�
3t ¼ 4 × 4 × g5 ×

1

g25
× g35κCS ×

�
Q
κ̃

�
2−j0−Δðj0Þ

×

�
s
κ̃2

�
j0
×
e−

ffiffi
λ

p
ξ̃2=2 log½s=κ̃2�

ðlog½s=κ̃2�Þ3=2

× ð
ffiffiffi
λ

p
=2πÞ1=2ξ̃

�
1þO

� ffiffiffi
λ

p

log½s=κ̃2�
��

× Iξðj0; Q;Q0 ¼ QÞ × F ðLNÞ
1 ðj0; K ¼ 0Þ;

¼ 16 × g25κCS ×

�
Q
κ̃

�
1− 1ffiffi

λ
p
×

�
1

x

�
1− 1ffiffi

λ
p
×

e−
ffiffi
λ

p
ξ̃2=2ðlog½Q2=κ̃2�þlog½1=x�Þ

ðlog½Q2=κ̃2� þ log½1=x�Þ3=2

× ð
ffiffiffi
λ

p
=2πÞ1=2ξ̃

�
1þO

� ffiffiffi
λ

p

log½Q2=κ̃2� þ log½1=x�
��

× Iξðj0; Q;Q0 ¼ QÞ × F ðLNÞ
1 ðj0; K ¼ 0Þ: ð5:28Þ

Here s ≈ Q2

x , j0 ¼ 1 − 1=
ffiffiffi
λ

p
, Δðj0Þ ¼ 2, and ξ̃ − π=2 ¼ γ ¼ 0.55772::… is Euler-Mascheroni constant.

VI. HOLOGRAPHIC RESULTS AND COMPARISON TO DATA

Equations (4.6)–(4.7) can be inverted to give the unpolarized valence and sea parton distributions in the proton, in terms
of the pertinent holographic structure functions. The ones for the neutron follow by isospin symmetry. More specifically, we
have for the unpolarized sea of the proton

xūðx;QÞ ¼ 1

4
ðFWþp

2 ðx;QÞ − xFWþp
3 ðx;QÞÞ;

xd̄ðx;QÞ ¼ 1

4
ðFW−p

2 ðx;QÞ − xFW−p
3 ðx;QÞÞ; ð6:1Þ

and for the unpolarized valence contribution of the proton

xuVðx;QÞ ¼ xðuðx;QÞ − ūðx;QÞÞ ¼ 1

4
xðFW−p

3 ðx;QÞ þ FWþp
3 ðx;QÞÞ

þ 1

4
ðFW−p

2 ðx;QÞ − FWþp
2 ðx;QÞÞ;

xdVðx;QÞ ¼ xðdðx;QÞ − d̄ðx;QÞÞ ¼ 1

4
xðFW−p

3 ðx;QÞ þ FWþp
3 ðx;QÞÞ

−
1

4
ðFW−p

2 ðx;QÞ − FWþp
2 ðx;QÞÞ; ð6:2Þ

with the structure functions receiving contributions from the s and t channels

FW�p
2 ðx;QÞ ¼ FW�p

2s ðx;QÞ þ FW�p
2t ðx;QÞ;

FW�p
3 ðx;QÞ ¼ FW�p

3s ðx;QÞ þ FW�p
3t ðx;QÞ: ð6:3Þ

The charged s-channel even-parity structure functions FW�p
2s ðx;QÞ are given in (5.17) and (5.18), respectively, and the

t-channel structure functions FW�p
2t ðx;QÞ are given in (5.23). The charged s-channel odd-parity structure functions

FW�p
3s ðx;QÞ are given in (5.17) and (5.18), respectively. The charged t-channel odd parity structure functions FW�p

3t ðx;QÞ
are given in (5.28).
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A. Results in the small-x regime

In the small-x regime, the results for the sea ū and d̄
distributions are solely due to the t-channel Pomeron
exchange

lim
x→0

xūðx;QÞ ¼ 1

4
FWþp
2t ðx;QÞ;

lim
x→0

xd̄ðx;QÞ ¼ 1

4
FW−p
2t ðx;QÞ; ð6:4Þ

with no Pomeron contribution to the tail of the valence
distributions

lim
x→0

xuVðx;QÞ ¼ 0;

lim
x→0

xdVðx;QÞ ¼ 0: ð6:5Þ

Figure 1 shows the holographic Pomeron contribution at
small x for the xu and xd distributions of the proton at a
resolution Q2 ¼ 6.5 GeV2, following from (6.4) and (6.5).
The ’t Hooft coupling is λ ¼ g2YMNc ¼ 9.533, the twist of
proton is set to τ ¼ 3 (fixed by the scaling of the

electromagnetic form factor of proton in [20]), and the
soft-wall IR scale is fixed to κ̃ ¼ 0.350 GeV (to reproduce
the mass of the proton and ρ meson as in [20]). The green
curve uses the normalization coefficient N�

Lt ¼ 0.309. The
blue-band corresponds to the normalization coefficients
fixed between N �

Lt ¼ 0.274 and N �
Lt ¼ 0.375.

B. Fixing the charged normalization N �
Lt parameters

Throughout we will use the same ’t Hooft coupling
λ ¼ g2YMNc ¼ 9.533, which is within the standard choice in
the most holographic constructions. The charged normal-
izationsN �

Lt are fixed between 0.274 and 0.375 and will be
shown as a blue band in all results to follow. These
normalizations are chosen for a best fit to the reduced
noncharged (r, NC) and unpolarized deep inelastic e�p
scattering cross section σ�r;NC at low x. We recall, that σ�r;NC

is given by a linear combination of the generalised structure
functions

σ�r;NC ¼ d2σe
�p
NC

dxBjdQ2
·
Q4xBj
2πα2Yþ

¼ F̃2 ∓ Y−

Yþ
xF̃3 −

y2

Yþ
F̃L;

ð6:6Þ

with Y� ¼ 1� ð1 − yÞ2. The overall structure functions,
F̃2, F̃L, and xF̃3, are sums of structure functions, FX, F

γZ
X ,

and FZ
X, relating to photon exchange, photon-Z interfer-

ence, and Z exchange, respectively, and depend on the
electroweak parameters as

F̃2 ¼ F2 − κZve · F
γZ
2 þ κ2Zðv2e þ a2eÞ · FZ

2 ;

F̃L ¼ FL − κZve · F
γZ
L þ κ2Zðv2e þ a2eÞ · FZ

L;

xF̃3 ¼ −κZae · xF
γZ
3 þ κ2Z · 2veae · xFZ

3 :

Here ve and ae are the vector and axial-vector weak
couplings of the electron to the Z boson, and
κZðQ2Þ ¼ Q2=½ðQ2 þM2

ZÞð4 sin2 θW cos2 θWÞ�. The values
of sin2 θW ¼ 0.23127 and MZ ¼ 91.1876 GeV were used
for the electroweak mixing angle and the Z-boson mass. In
the quark-parton model where the kinematic variable xBj is
equal to the fractional momentum of the struck quark, x, the
structure functions are given in terms of the PDFs as

ðF2ðx;QÞ; FγZ
2 ðx;QÞ; FZ

2 ðx;QÞÞ ≈ ½ðe2u; 2euvu; v2u þ a2uÞðxuðx;QÞ þ xūðx;QÞÞ
þ ðe2d; 2edvd; v2d þ a2dÞðxdðx;QÞ þ xd̄ðx;QÞÞ�;

ðxFγZ
3 ðx;QÞ; xFZ

3 ðx;QÞÞ ≈ 2½ðeuau; vuauÞðxuðx;QÞ − xūðx;QÞÞ
þ ðedad; vdadÞðxdðx;QÞ − xd̄ðx;QÞÞ�;

ðFLðx;QÞ; FγZ
L ðx;QÞ; FZ

Lðx;QÞÞ ≈ ð0; 0; 0Þ; ð6:7Þ

1. 10 5 5. 10 5 1. 10 4 5. 10 4 0.001 0.005 0.010

0.5

1.0

1.5

2.0

2.5

3.0

3.5

FIG. 1. Small-x holographic PDFs as given in (6.4) and (6.5)
for: the normalization coefficientN �

Lt ¼ 0.309 (the green curve),
the normalization coefficient fixed between N �

Lt ¼ 0.274 and
N �

Lt ¼ 0.375 (the blue band), ’t Hooft coupling λ ¼ g2YMNc ¼
9.533, the twist of proton τ ¼ 3 (fixed by the scaling of the
electromagnetic form factor of proton in [20]), and soft-wall IR
scale κ̃ ¼ 0.350 GeV (fixed by the mass of proton and ρ meson
in [20]).
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FIG. 2. The reduced noncharged and unpolarized deep inelastic e�p scattering cross section σ�r;NCðx;Q; sÞ at low-x versusQ2 as given
in (6.6) for increasing x, at

ffiffiffi
s

p ¼ 318 GeV. The middle green curve and the blue band are the holographic results for different charge
normalizations N �

Lt. The red points are the H1 and ZEUS data [28], and the orange points at low Q2 are the data from E665 [29].
See text.

NEUTRINO-NUCLEON DIS FROM HOLOGRAPHIC QCD: PDFS … PHYS. REV. D 104, 066010 (2021)

066010-23



with eu and ed denoting the electric charge of up- and
down-type quarks, while vu;d and au;d are the vector and
axial-vector weak couplings of the up- and down-type
quarks to the Z boson.
In Fig. 2 we show the measured σ�r;NCðx;Q; sÞ versus Q2

in GeV2 at
ffiffiffi
s

p ¼ 318 GeV with increasing x resolution.
Figure 2(a) follows from (6.6) for x ¼ 0.000016 using the
small-x holographic PDF shown in Fig. 1. Figure 2(b)
shows the same for x ¼ 0.00005. The middle green curve
corresponds toN �

Lt ¼ 0.309. Figure 2(c) follows also from
(6.6) for x ¼ 0.00008, with the middle green curve refer-
ring to N �

Lt ¼ 0.314. Figure 2(d) refers to x ¼ 0.00013
with the middle green curve referring to N �

Lt ¼ 0.313.
Figure 2(e) follows again from (6.6) at x ¼ 0.0002 with
the middle green curve N �

Lt ¼ 0.329. Figure 2(f) refers to
x ¼ 0.00032 with the middle green curve referring to
N �

Lt ¼ 0.313. Figure 2(f) refers to x ¼ 0.0008 with the
middle green curve referring to N �

Lt ¼ 0.335. Figure 2(f)

refers to x ¼ 0.0013 with the middle green curve referring
to N �

Lt ¼ 0.359. The data from the H1 and ZEUS col-
laboration [28] are shown in red. The data shown in orange
at very low Q2 are from the E665 collaboration [29]. Note
that we have reconstructed the orange data points for the
cross section σ�r;NCðx;Q; sÞ at

ffiffiffi
s

p ¼ 318 GeV from the
E665 dataset for the structure function F2ðx;QÞ at
0.0008 ≤ x ≤ 0.001 using [30]

Rðx;QÞ ¼ F2

2xF1

�
1þ 4M2

px2

Q2

�
− 1 ¼ R1990ðx:QÞ: ð6:8Þ

As noted above, the blue-band follows from the normali-
zation range fixed by N �

Lt ¼ 0.274 and N �
Lt ¼ 0.375. In

Fig. 3, we show the structure functions constructed from
our small-x holographic PDFs shown in Fig. 1.
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FIG. 3. (a) F2ðx;QÞ as given in (6.7) using the small-x holographic PDFs shown in Fig. 1. The red data points are from combined H1
and ZEUS collaborations [28] [reconstructed from their data for the cross section σ�r;NCðx;Q; sÞ using our small-x holographic PDFs
(6.4) and (6.5) shown in Fig. 1]. (b) F̃2ðx;QÞ − F2ðx;QÞ as given in (6.7) using the small-x holographic PDFs shown in Fig. 1.
(c) FγZ

2 ðx;QÞ as given in (6.7) using the small-x holographic PDFs shown in Fig. 1. d) FZ
2 ðx;QÞ as given in (6.7) using the small-x

holographic PDFs shown in Fig. 1.
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C. Results in the large-x regime

As we noted in the introduction, DIS scattering in
holographic QCD at moderate values of partonic-x involves
hadronic and not partonic constituents [5]. Indeed, in the
large Nc limit, the leading single trace twist contributions
acquire large anomalous dimensions and are suppressed.
The dominant contributions stem from double-trace oper-
ators with mesonic quantum numbers. Another way to see
this is to note that the large gauge coupling at the low
renormalization point causes the color charges to undergo a
rapid depletion into a cascade of even weaker charges,
making them visible to hard probes only through double
trace operators.
At large x, DIS scattering is almost off the entire hadron

making the holographic approach pertinent. In this

regime, the holographic limit enjoys approximate conformal
symmetry, with the structure functions and form factors
exhibiting various scaling laws including the parton-
counting rules [5,6]. More specifically, we have for the
sea contribution

lim
x→1

lim
κ2

Q2→0

xūðx;QÞ ¼ 1

4
ðFWþp

2s ðx;QÞ − xFWþp
3s ðx;QÞÞ;

lim
x→1

lim
κ2

Q2→0

xd̄ðx;QÞ ¼ 1

4
ðFW−p

2s ðx;QÞ − xFW−p
3s ðx;QÞÞ; ð6:9Þ

and for the valence contribution

lim
x→1

lim
κ2

Q2→0

xuVðx;QÞ ¼ 1

4
xðFW−p

3s ðx;QÞ þ FWþp
3s ðx;QÞÞ þ 1

4
ðFW−p

2s ðx;QÞ − FWþp
2s ðx;QÞÞ;

lim
x→1

lim
κ2

Q2→0

xdVðx;QÞ ¼ 1

4
xðFW−p

3s ðx;QÞ þ FWþp
3s ðx;QÞÞ − 1

4
ðFW−p

2s ðx;QÞ − FWþp
2s ðx;QÞÞ; ð6:10Þ

with the even and odd structure functions given, respectively, by

FW�p
2s ðx;QÞ ¼ FW�p

2s;Diracðx;QÞ þ FW�p
2s;Pauliðx;QÞ þ FW�p

2s;mixedðx;QÞ;
FW�p
3s ðx;QÞ ¼ FW�p

3s;Diracðx;QÞ þ FW�p
3s;Pauliðx;QÞ þ FW�p

3s;mixedðx;QÞ; ð6:11Þ
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FIG. 4. (a) Large-x holographic PDFs of the valence quarks in the proton as given in (6.10). (b) Large-x holographic PDFs of the sea

quarks in the proton as given in (6.9). The bands follow from fixing ð ˜̃N þ
L ;

˜̃N
−
LÞ ¼ ð17.715; 30.667Þ (green light band), and ð ˜̃N þ

L ;
˜̃N
−
LÞ ¼

ð35.431; 61.335Þ (blue dark band). See text.
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The large-x asymptotic of the Diracþ PauliþMixed structure functions following from (5.17), can be worked out in
closed form. For the even-parity structure functions we have

FW�p
2s;Diracðx;QÞ ¼ ðÑ �

L Þ2 × ðe�WnucleonÞ2 ×
�
κ̃2

Q2

�
τ−1

xτþ1ð1 − xÞτ−2;

FW�p
2s;Pauliðx;QÞ ¼ ðÑ �

L Þ2 × η2 × 4ðτ − 1Þ2 ×
�
κ̃2

Q2

�
τ−1

xτþ1ð1 − xÞτ−2;

FW�p
2s;mixedðx;QÞ ¼ ðÑ �

L Þ2 × e�Wnucleon × η × 4ðτ − 1Þ ×
�
κ̃2

Q2

�
τ−1

xτþ1ð1 − xÞτ−2; ð6:12Þ

in agreement with a recent analysis in [31] [see their Eqs. (88), (105), and (132)] and with the hard scattering rules [5].
For the odd-parity structure functions we also have

FW�p
3s;Diracðx;QÞ ¼ ðÑ �

L Þ2 × ðe�WnucleonÞ2 ×
�
κ̃2

Q2

�
τ−1

xτþ1ð1 − xÞτ−2;

FW�p
3s;Pauliðx;QÞ ¼ ðÑ �

L Þ2 × η2 × 4ðτ − 1Þ2 ×
�
κ̃2

Q2

�
τ−1

xτþ1ð1 − xÞτ−2;

FW�p
3s;mixedðx;QÞ ¼ ðÑ �

L Þ2 × e�Wnucleon × η × 4ðτ − 1Þ ×
�
κ̃2

Q2

�
τ−1

xτþ1ð1 − xÞτ−2; ð6:13Þ

also in agreement with the recent results in [31] [see their Eqs. (88), (104), and (131)] and with the hard scattering rules [5].
Note that even though the Pauli vertex contribution involves an additional vierbein in comparison to the Dirac one, hence an
a priori extra suppression with the z parameter and therefore Q2 by duality, it is balanced by the extra z derivative in the
magneticlike coupling Fμz, causing both contributions to scale identically with large Q2 at large x.

Here Ñ �
L ≡ cðτÞ ×N �

L with cðτÞ are undetermined coefficients, that can in principle be fixed rigorously in a specific
model. As we noted earlier, strict bulk-to-boundary correspondence impliesN �

L ¼ 1 in the double and dual limit. Here we
are assuming proportionality between the bulk and boundary structure functions, with N �

L as overall parameters [18], that
capture partially the finite corrections to the double limit. In the numerical analysis at large x to follow, we fit only the two

parameters ˜̃N
�
L , which are defined as

˜̃N
�
L ≡ ðÑ �

L Þ2 × ðe�WnucleonÞ2 þ ðÑ �
L Þ2 × η2 × 4ðτ − 1Þ2 þ ðÑ �

L Þ2 × e�Wnucleon × η × 4ðτ − 1Þ: ð6:14Þ
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FIG. 5. (a) σ�r;NCðx;Q; sÞ as given in (6.6) for x ¼ 0.93, using the large-x holographic PDFs shown in Fig. 4, with the orange data
points from JLAB [33]. (b) Same as in a for x ¼ 0.85, with the red data points from the combined SLAC and BCDMS collaborations
[30]. See text.
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FIG. 6. (a)F2ðx;QÞ as given in (6.7) using the large-x holographic PDFs shown in Fig. 4. The red data points are from combined
SLAC and BCDMS collaborations [30] for x ¼ 0.65, x ¼ 0.75, and x ¼ 0.85. (b) F̃2ðx;QÞ − F2ðx;QÞ as given in (6.7) using the large-
x holographic PDFs shown in Fig. 4. (c) FγZ

2 ðx;QÞ as given in (6.7) using the large-x holographic PDFs shown in Fig. 4. (d) FZ
2 ðx;QÞ as

given in (6.7) using the large-x holographic PDFs shown in Fig. 4. (e) FγZ
3 ðx;QÞ as given in (6.7) using the large-x holographic PDFs

shown in Fig. 4. (g) FZ
3 ðx;QÞ as given in (6.7) using the large-x holographic PDFs shown in Fig. 4.

NEUTRINO-NUCLEON DIS FROM HOLOGRAPHIC QCD: PDFS … PHYS. REV. D 104, 066010 (2021)

066010-27



In terms of (6.14), the structure functions (6.11) simplify

FW�p
2s ðx;QÞ ¼ FW�p

3s ðx;QÞ ¼ ð ˜̃N �
L Þ2 ×

�
κ̃2

Q2

�
τ−1

xτþ1ð1 − xÞτ−2; ð6:15Þ

with κ̃ ¼ 0.350 GeV as fixed by the mass of the proton and
ρ meson in [20].
Equation (6.15) scales as ð1=Q2Þτ−1 asymptotically in

agreement with the hard scaling laws expected from strong
coupling [5], but vanishes as ð1 − xÞτ−2 at large x in
contrast to ð1 − xÞ2τ−3 suggested in [32]. The large-x
behavior at strong coupling follows from the observation
that for the virtual photon with amplitude 1=Q to scatter off
the nucleon as a Dirac fermion, the latter has to shrink to a
size ð1=QÞτ, with a scattering probability ð1=Q2Þτ−1. As a
result, the structure function at large Q2 but fixed s ∼
Q2ð1 − xÞ scales as

F2ðx;QÞ ∼Q2

����
�

1

Q2

�
τ−1

����2ðs ¼ Q2ð1 − xÞÞα: ð6:16Þ

To reproduce the hard scaling law asymptotically requires
2αþ 6 − 4τ ¼ 2 − 2τ or α ¼ τ − 2, which is the large-x
scaling in (6.15). To recover Bjorken scaling for the
structure function requires 2αþ 6− 4τ¼ 0 or α ¼ 2τ − 3,
which is the large-x scaling law suggested in [32]. We
expect the latter to set in at very large Q2.
In Fig. 4(a) we show the behavior the valence

distributions xuVðx;QÞ in the upper blue dark band,
and xdVðx;QÞ in the lower green light band at
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FIG. 7. (a),(b) Our holographic PDF sets (shown in blue band) compared to 292 PDF sets (shown in multiple solid lines) from CTEQ
and LHAPDF projects incorporated within the ManeParse Mathematica package [35]. (c),(d) Our holographic PDF sets (shown in the
green band) compared to 292 PDF sets (shown in multiple solid lines) from CTEQ and LHAPDF projects incorporated within the
ManeParse Mathematica package [35].
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Q2 ¼ 6.5 GeV2, following from (6.10). In Fig. 4(b) we
show the behavior of the sea distributions xūðx;QÞ in the
lower blue dark band, and xd̄ðx;QÞ in the upper green

light band at the same Q2 ¼ 6.5 GeV2, following from
(6.9). The normalization coefficients delimiting the bands
are fixed to

ð ˜̃N þ
L ;

˜̃N
−
LÞ ¼ ð17.715; 30.667Þ ðgreen light band∶ d quarkÞ;

ð ˜̃N þ
L ;

˜̃N
−
LÞ ¼ ð35.431; 61.335Þ ðblue dark band∶ u quarkÞ: ð6:17Þ

To assess the range of validity in parton x of the
holographic results at large x, we reassess the reduced
neutral charge σ�r;NCðx;Q; sÞ as given in (6.6) solely in
terms of the large-x holographic PDFs. The results are
shown in Fig. 4 at low Q2 for

ffiffiffi
s

p ¼ 5.565 GeV. The
orange data points are from JLAB [33]. The red data points
are from the combined SLAC and BCDMS collaborations

[30] (see Fig. 5.14 in [30]). Note that the F2ðx;QÞ data of
[30] to σ�r;NCðx;Q; sÞ where converted using (6.8). These
results show that the range of validity of the holographic
results at large x is limited to 0.75 ≤ x ≤ 1 (see also below).
Our results for the reported DIS e�p in Fig. 5 are consistent
with the recent holographic results reported in [34] in the
large-x regime (see Fig. 5 in [34]).
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FIG. 8. (a),(b) Our holographic PDF sets (shown in blue band) compared to 292 PDF sets (shown in multiple solid lines) from CTEQ
and LHAPDF projects incorporated within the ManeParseMathematica package [35]. (c),(d) Our holographic PDF sets (shown in green
band) compared to 292 PDF sets (shown in multiple solid lines) from CTEQ and LHAPDF projects incorporated within the ManeParse
Mathematica package [35].
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D. Structure functions at intermediate Q2

To investigate further the range of validity of the holo-
graphic PDFs at intermediate Q2 and large x, we show in
Fig. 6(a) the holographic structure function F2ðxÞ in (6.7)
versus x at Q2 ¼ 6.5 GeV2, evaluated using the results for
the valence distributions shown in Fig. 4(a). The red data
points are from the combined SLAC and BCDMS collab-
orations in [30] for x ¼ 0.65, x ¼ 0.75, and x ¼ 0.85. In
Fig. 6(b) we show the difference F̃2ðx;QÞ − F2ðx;QÞversus
x as given in (6.7) forQ2 ¼ 6.5 GeV2 using also the large-x
holographic PDFs shown in Fig. 4. In Figs. 4(c)–4(f) we
show, respectively, FγZ

2 ðx;QÞ, FZ
2 ðx;QÞ, FγZ

3 ðx;QÞ, and
FZ
3 ðx;QÞ versus large x for Q2 ¼ 6.5 GeV2 using also the

large-x holographic PDFs in Fig. 4. Figure 6(a) shows that
the holographic results are compatible with the SLAC and
BCDMS data [30] in the range 0.75 ≤ x ≤ 1 for

Q2 ¼ 6.5 GeV2. Again, the normalization coefficients for
the holographic valence PDFs setting the blue dark band are
given in (6.17).

E. Comparison to the empirical CTEQ, LHAPDF,
and NNPDF datasets

We have also compared our holographic PDF sets
both for the small-x and large-x regimes for the valence
and sea distributions, to 292 PDF sets from the CTEQ
and LHAPDF projects incorporated within the
ManeParseMathematica package [35]. The global compari-
son is displayed in Figs. 7 and 8 for Q2 ¼ 6.5 GeV2.
Figures 8(a) and 8(c) show the 292 PDF sets in multiple
solid lines from CTEQ and LHAPDF dataset [35], in
comparison to our holographic PDF sets shown in blue light
band for the up distributions, and in green light band for the
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FIG. 9. (a),(b) Our holographic PDF sets (shown in blue band) compared to NNPDF collaboration PDF sets with error bars (shown in
red band) from LHAPDF projects incorporated within the ManeParse Mathematica package [35]. (c),(d) Our holographic PDF sets
(shown in green band) compared to NNPDF collaboration PDF sets with error bars (shown in red band) from LHAPDF projects
incorporated within the ManeParse Mathematica package [35].
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down distributions. The holographic growth at intermediate-
x overcomes these datasets, but joins with a smaller subset
of these data at very low x. Figures 8(b) and 8(d) show
that the holographic sea at large x is relatively small but
consistent overall with all the datasets in the expected
applicability of our approach. A similar comparison
for the holographic valence distributions is shown in
Figs. 7(a) and 7(c) at low x and Figs. 8(b) and 8(d) at
large x with consistency in both limits with the CTEQ and
LHAPDF dataset [35].
In Fig. 9 we compare the holographic results for the sea

distributions to the NNPDF collaboration PDF sets with
error bars (shown in the red band) from the LHAPDF
projects incorporated within the ManeParse Mathematica
package [35]. Figures 9(a) and 9(c) show our results in blue
dark band for the sea of up quarks, and in green light band
for the sea of down quarks. Figures 9(b) and 9(d) show also

our results for the sea of up and down quarks at large x. The
growth of the holographic sea at low x is larger in the
intermediate range but slower at very low x. At large x, our
holographic results for the sea are relatively small but
consistent with the reported dataset. In Fig. 10 the
valence up and down distributions are compared to the
same dataset with the same notations as for the sea. At
low x, the holographic results are consistent with zero for
the valence up and down quark distributions. At larger x,
the holographic results are consistently larger for the up
quark valence distribution in the region of validity of the
holographic construction.

VII. CONCLUSIONS

We presented a comprehensive holographic derivation of
DIS neutrino-nucleon scattering process using AdS=CFT
duality formulated in a slice of AdS5 with bulk U(2) valued
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FIG. 10. (a),(b) Our holographic PDF sets (shown in green band) compared to NNPDF collaboration PDF sets with error bars (shown
in red band) from LHAPDF projects incorporated within the ManeParse Mathematica package [35]. (c),(d) Our holographic PDF sets
(shown in blue band) compared to NNPDF collaboration PDF sets with error bars (shown in red band) from LHAPDF projects
incorporated within the ManeParse Mathematica package [35].
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vector mesons to describe a tower of isovector and isoaxial
particles, and a fermionic isodoublet to account for the
even- and odd-parity proton and neutron excitations. To
distinguish the vectors from the axials, chiral symmetry is
broken either through a tachyon in the bifundamental
representation both for the hard or soft wall model, or
though boundary conditions for the hard wall. The Yukawa
coupling of the bifundamental tachyon field between the
even-odd bulk fermionic fields was ignored, since the DIS
regime is mostly sensitive to the high lying part of the
nuclon spectrum for which the effect is negligible.
Using Witten diagrams, we have derived the pertinent

Dirac and Pauli form factors for both the direct or diagonal
currents and the transition or off-diagonal currents. The
results for the direct vector form factors are consistent with
those in [20], and for the transition form factors they are
consistent with those in [18]. To our knowledge, the results
for the direct and transition axial form factors are new. We
use them for a holographic estimate of the axial coupling
gA, which is directly sensitive to the explicit and implicit
breaking of chiral symmetry.
We have used the transition form factors for the left

currents to explicitly construct the s-channel contributions
to neutrino and antineutrino DIS scattering through the
pertinent Witten diagram. This has led to the explicit
identification of the s-channel holographic contributions
to the even- and odd-parity structure functions for bothW�
charged currents. The t-channel contributions stemming
from the Reggeized Pomeron exchange is explicitly con-
structed and shown to dominate at low x the even-parity
structure functions. The Reggeon exchange through the
bulk Chern-Simons interaction is shown to dominate the
low-x odd-parity structure function.
For intermediate values of Bjorken x, DIS scattering in

holography is very different from QCD. The leading twist-2
operator in the operator product expansion (OPE) of the
current-current (JJ) correlators acquire large anomalous
dimension and are dwarfed by the double trace operators,
which carry higher twists but are protected. In this regime,
DIS scattering is off a poinlike hadron which is similar to
scattering for x ∼ 1. When x ≪ 1, DIS scattering in QCD is
dominated by Reggeon exchange and is dual to spin-2 or
spin-1 Reggeized exchange in bulk. So lepton-nucleon
scattering in holography allows us to probe the partonic
content of the nucleon in the two regimes of x ∼ 1
and x ≪ 1.
We have carried explicit calculations and comparison to

the available data both for the structure functions and
PDFs from LHAPDF and CTEQ, in both of these regimes.
Our results show consistency for large x for the inter-
mediate range of Q2 < 10 GeV2 where scaling violations
are still substantial. At low x our results show a somehow
larger growth at intermediate but low x. The results at
higher Q2 resolution can be obtained through standard
QCD evolution.
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APPENDIX A: UVð1Þ GAUGE FIELDS

The UVð1Þ gauge fields solves the equations of motion in
bulk

□Vμ þ zeκ̃
2z2∂z

�
e−κ̃

2z2 1

z
∂zVμ

�
¼ 0;

□Vz − ∂zð∂μVμÞ ¼ 0; ðA1Þ
subject to the gauge condition

∂μVμ þ zeκ
2z2∂z

�
e−κ

2z2 1

z
Vz

�
¼ 0; ðA2Þ

and the boundary condition

Vμðz; yÞjz→0 ¼ ϵμðqÞe−iq·y; ðA3Þ
with polarization ϵμðqÞ. The normalizable solutions in
Kaluza-Klein (KK) modes are

Vμðz;yÞ¼ϵμðqÞe−iq·yΓ
�
1þQ2

4κ̃2

�
κ̃2z2U

�
1þQ2

4κ̃2
;2; κ̃2z2

�
;

Vzðz;yÞ¼
i
2
ϵðqÞ ·qe−iq·yΓ

�
1þQ2

4κ̃2

�
zU

�
1þQ2

4κ̃2
;1;κ̃2z2

�
;

ðA4Þ

for q2 ¼ Q2 > 0, where Uða; b;wÞ are the confluent
hypergeometric functions of the second kind.

1. Bulk to boundary propagator

The non-normalizable wave function for the virtual
photon is of the form Vμðz; yÞ ¼ VðQ; zÞϵμe−iq·y, with
q2 ¼ −Q2 < 0 and

VðQ; zÞ ¼ g5
X
n

FnϕnðzÞ
Q2 þm2

n
: ðA5Þ

For the soft wall

ϕnðzÞ ¼ cnκ̃2z2L1
nðκ̃2z2Þ≡ JAðmn; zÞ; ðA6Þ

with cn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=nþ 1

p
fixed by the normalization conditionZ

dz
ffiffiffi
g

p
e−ϕðgxxÞ2ϕnðzÞϕmðzÞ ¼ δnm: ðA7Þ
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Also recall that VðQ; zÞ ¼ 1
z0 ∂z0Gðz; z0Þjz0¼ϵ, ties to the bulk to boundary propagator with

VðQ; zÞ ¼ κ̃2z2Γ
�
1þ Q2

4κ̃2

�
U
�
1þ Q2

4κ̃2
; 2; κ̃2z2

�
¼ κ̃2z2

Z
1

0

dx
ð1 − xÞ2 x

a exp

�
−

x
1 − x

κ̃2z2
�
; ðA8Þ

and satisfies Vð0; zÞ ¼ VðQ; 0Þ ¼ 1.

2. Bulk to bulk propagator

The bulk-to-bulk propagator for the massive mesons, for spacelike momenta (q2 ¼ −Q2), can be written as

Gμνðz; z0Þ ¼ iT μνGðz; z0Þ ¼ i

�
−ημν þ

qμqν
m2

n

�
Gðz; z0Þ ¼

X
n

JVðmn; zÞG̃μνðQ;mnÞJVðmn; z0Þ; ðA9Þ

with

Gðz; z0Þ ¼ −
X
n

ϕnðzÞϕnðz0Þ
Q2 þm2

n
; ðA10Þ

and

JVðmn; zÞ ¼ ϕnðzÞ; G̃μνðQ;mnÞ ¼
�
−ημν þ

qμqν
m2

n

�
−i

Q2 þm2
n
: ðA11Þ

Note that the bulk to boundary propagator follows by taking z → 0, which simplifies (A10) as

Gðz → 0; z0Þ ≈
�
−
ϕnðz → 0Þ
−g5Fn

�X
n

−g5Fnϕnðz0Þ
Q2 þm2

n
¼ z2

2

X
n

g5Fnϕnðz0Þ
Q2 þm2

n
¼ z2

2
VðQ; z0Þ; ðA12Þ

where we used the fact that

Fn ¼
1

g5

�
−e−ϕ

1

z0
∂z0ϕnðz0Þ

�
z0¼ϵ

¼ −
2

g5
cnðnþ 1Þκ̃2; ðA13Þ

with ϕnðz → 0Þ ≈ cnκ̃2z2ðnþ 1Þ. Note that the ratio in the bracket in (A12) is n independent! If we define the meson decay
constant as fn ¼ −Fn=mn, then we have

ϕnðzÞ ¼
fn
mn

× 2g5κ̃2z2L1
nðκ̃2z2Þ; ðA14Þ

which is in line with vector meson dominance.

APPENDIX B: FERMIONIC FIELDS

We start by considering a general fermionic field in bulk AdS that solves the free Dirac equation in the presence of a soft
wall. For that, we remove the dilaton field by rescaling

Ψðy; zÞ ¼ eþκ̃2z2=2ψ̃ðy; zÞ; ðB1Þ

with the reduced field solving �
i=∂ þ γ5∂z −

2

z
γ5 −

1

z
ðM þ κ̃2z2Þ

�
ψ̃ðy; zÞ ¼ 0; ðB2Þ

where =∂ ¼ γμ∂μ. We now decompose the reduced field into two chiral copies
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ψ̃ðy; zÞ ¼ ψ̃Lðy; zÞ þ ψ̃Rðy; zÞ; ψ̃L=R ¼ PL=Rψ̃ ; ðB3Þ

with ðγ5Þ2 ¼ 1, and PL=R ¼ P∓ ¼ 1∓γ5

2
. The solution to (B2) follows by further reduction into L=R KK modes using

ψ̃L=Rðy; zÞ ¼ e−iP·y
1

2
ð1 ∓ γ5ÞusðPÞ

z2

R2
f̃L=RðzÞ; ðB4Þ

with usðPÞ a free Dirac spinor in four dimensions, and the L=R KK modes f̃L=RðzÞ now satisfying

�
−∂2

z þ κ̃4z2 þ 2κ̃2
�
M ∓ 1

2

�
þMðM � 1Þ

z2

�
f̃L=RðzÞ ¼ P2f̃L=RðzÞ: ðB5Þ

1. Spectrum and modes

The equation of motion (B5) has normalizable solutions only when P2 has

P2
n ¼ M2

n ¼ 4κ̃2
�
nþM þ 1

2

�
; ðB6Þ

with n ¼ 0; 1; 2;…, which are

f̃nLðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Γðnþ 1Þ
ΓðnþM þ 3=2Þ

s
κ̃Mþ3=2zMþ1e−κ̃

2z2=2LMþ1=2
n ðκ̃2z2Þ;

f̃nRðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Γðnþ 1Þ
ΓðnþM þ 1=2Þ

s
κ̃Mþ1=2zMe−κ̃

2z2=2LM−1=2
n ðκ̃2z2Þ ðB7Þ

with the normalization condition

Z
∞

0

dzf̃n
0

L=RðzÞf̃nL=RðzÞ ¼ δn0n: ðB8Þ

We can rewrite the normalized wave functions for the bulk Dirac fermion (or proton and neutron which correspond to the
n ¼ 0 states) as

Ψðp; zÞ ¼ ψRðzÞΨ0
RðpÞ þ ψLðzÞΨ0

LðpÞ;
Ψ̄ðp; zÞ ¼ ψRðzÞΨ̄0

RðpÞ þ ψLðzÞΨ̄0
LðpÞ; ðB9Þ

where for the soft wall

ψRðzÞ ¼
ñR
κ̃τ−2

z
5
2ξ

τ−2
2 Lðτ−2Þ

0 ðξÞ;

ψLðzÞ ¼
ñL
κ̃τ−1

z
5
2ξ

τ−1
2 Lðτ−1Þ

0 ðξÞ; ðB10Þ

with ξ ¼ κ̃2z2 and the generalized Laguerre polynomials LðαÞ
n ðξÞ, ñR ¼ ñLκ̃−1

ffiffiffiffiffiffiffiffiffiffi
τ − 1

p
, and ñL ¼ κ̃τ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=ΓðτÞp

. The
normalization of the bulk wave functions can also be rewritten as

Z
∞

0

dz
ffiffiffi
g

p
e−ϕeμaψ2

R=LðzÞ ¼ δμa; ðB11Þ
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with ϕ ¼ κ̃2z2, and the inverse vielbein eμa ¼
ffiffiffiffiffiffiffiffiffijgμμjp

δμa (no summation intended in μ). The leading twist parameter is τ ¼ 3,
and the free Weyl spinors Ψ0

R=LðpÞ ¼ P�uðpÞ and Ψ̄0
R=LðpÞ ¼ ūðpÞP∓ are tied to the free spinor normalization at the

boundary

ūðpÞuðpÞ ¼ 2mN; 2mN × ūðp0ÞγμuðpÞ ¼ ūðp0Þðp0 þ pÞμuðpÞ: ðB12Þ

2. Bulk to boundary propagator

The bulk to boundary propagator (or the nonrenormalizable mode) of the bulk Dirac fermion is given by

Ψðp; zÞ ¼
X
n

ffiffiffiffiffiffiffi
2g25

q
FR
n ðpÞψR

n ðzÞ
p2 −M2

n
×Ψ0

RðpÞ þ
X
n

ffiffiffiffiffiffiffi
2g25

q
FL
n ðpÞψL

n ðzÞ
p2 −M2

n
× Ψ0

LðpÞ; ðB13Þ

where the fermionic decay functions are defined as

FR
n ðpÞ ¼

1ffiffiffiffiffiffiffi
2g25

q × pκ̃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Γðτ − 1þ nÞ

Γðτ − 1ÞΓðnþ 1Þ

s
;

FL
n ðpÞ ¼

1ffiffiffiffiffiffiffi
2g25

q ×Mnκ̃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Γðτ − 1þ nÞ

Γðτ − 1ÞΓðnþ 1Þ

s
: ðB14Þ

Note that the on shell bulk Dirac fermions are just the residues at the poles p2 −m2
n in (B13). The in-out baryonic states

used in our DIS analysis throughout are

Ψi ¼ e−ip·yeþκ̃2z2=2 z
2

R2

��
1 − γ5

2

�
usiðpÞf̃0LðzÞ þ

�
1þ γ5

2

�
usiðpÞf̃0RðzÞ

�
×

ffiffiffiffiffiffiffi
2g25

q
× FNðpÞ;

ΨX ¼ e−iPX ·yeþκ̃2z2=2 z
2

R2

��
1 − γ5

2

�
usXðPXÞf̃nXL ðzÞ þ

�
1þ γ5

2

�
usXðPXÞf̃nXR ðzÞ

�
×

ffiffiffiffiffiffiffi
2g25

q
× FXðPXÞ; ðB15Þ

where si and sX label the in-out spin, and identified FR
0 ¼ FL

0 ¼ FNðpÞ (ground state) and FR
n ¼ FL

n ¼ FXðPXÞ
(excited state).

3. Yukawa coupling through the tachyon

The inclusion of a bi-fundamental tachyon field Xðx; zÞ in bulk to lift the degeneracy between the vector and axial-vector
mesons, would also imply a Yukawa coupling between the even-odd bulk fermionic fields Ψ1;2 which we have not
considered here. More specifically [12]

S12;X ¼ 1

2g25

gX
2

Z
d5x

ffiffiffi
g

p ðΨ̄1ðx; zÞXðx; zÞΨ2ðx; zÞ þ Ψ̄2ðx; zÞX†ðx; zÞΨ1ðx; zÞÞ; ðB16Þ

which would mix 1,2 and lifts the degeneracy of the low-lying even and odd parity states in the nucleon sector,
ðΨ1 � Ψ2Þ=

ffiffiffi
2

p
. A first order estimate in perturbation theory gives for the nucleon ground state with n ¼ 0

ΔM� ¼∓ gX
4

Z
dz
z
X0ðzÞðjf̃0LðzÞj2 − jf̃0RðzÞj2Þ ¼∓ gXσ

8κ̃2
; ðB17Þ

with X0ðzÞ given in (2.21). (B16) through the expansion around the vev, Xðx; zÞ ≈ X0ðzÞeiΠðx;zÞ, would also generate a
contribution to the pion-nucleon coupling and also the axial charge of the direct and transition axial form factors [12]. Since
our central interest is neutrino DIS scattering we can neglect this coupling and its effects on our results, as most of our
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analysis involves the behavior near the UV boundary where the effects of σ is negligible both in the nucleonic wave
functions and the spectrum.

APPENDIX C: DETAILS OF THE REGGEON EXCHANGE

The bulk gauge field L0
μðk; zÞ exchange contribution to the diffractive Compton scattering amplitude in the t channel is

given by

iAL
Lp→Lpðs; tÞ ¼

X
n

iÃL
Lp→Lpðmn; s; tÞ;

iÃL
Lp→Lpðmn; s; tÞ ¼ ð−iÞVμ

LLLðq; q0; k; mnÞ × G̃μνðmn; tÞ × ð−iÞVν
LΨ̄Ψðp1; p2; k; mnÞ; ðC1Þ

with the bulk vertices (k ¼ p2 − p1 ¼ q − q0)

Vμ
LLLðq; q0; k; mnÞ≡

�
δSkLLL

δðϵ0μ∂zL0ðk; zÞÞ
�
JLðmn; zÞ þ

�
δSkLLL

δðϵ0μL0ðk; zÞÞ
�
JLðmn; zÞ;

¼ g35κCSB
μðq; q0; ϵ�Þ

Z
dzðVðQ; zÞVðQ0; zÞ∂zJLðmn; zÞ − ∂zVðQ; zÞVðQ0; zÞJLðmn; zÞÞ;

Vν
LΨ̄Ψðp1; p2; k; mnÞ≡

�
δSk

LΨ̄Ψ
δðϵ0νL0ðk; zÞÞ

�
JLðmn; zÞ ¼ g5

Z
dz

ffiffiffi
g

p
e−ϕzΨ̄ðp2; zÞγνΨðp1; zÞJLðmn; zÞ: ðC2Þ

We have defined p ¼ ðp1 þ p2Þ=2, t ¼ −K2, VðQ; zÞ≡ Lðq ¼
ffiffiffiffiffiffiffiffiffi
−Q2

p
; zÞ as given in (A8), and used the bulk-to-bulk

gauge field propagator (A9) with the substitutions q → k,Q → K, and V → L. We have also used the vertices in (5.24), and
defined

Bμðq; q0; ϵ�Þ≡ ð−iÞϵρσνμϵþρ ðqÞϵ−σ ðq0Þðq0ν þ qνÞ: ðC3Þ

For z0 → 0, we can use (A12) and simplify (C1) as

iAL
Lp→Lpðs; tÞ ≈ ð−iÞVμ

LLLðq1; q2; kzÞ × ð−iημνÞ × ð−iÞVν
LΨ̄Ψðp1; p2; kzÞ; ðC4Þ

with

Vμ
LLLðq1; q2; kzÞ ¼ g35κCSB

μðq; q0; ϵ�Þ
Z

dz

�
VðQ; zÞVðQ0; zÞz − ∂zVðQ; zÞVðQ0; zÞ z

2

2

�
;

Vν
LΨ̄Ψðp1; p2; kzÞ ¼ g5 ×

3

2
×
Z

dz
ffiffiffi
g

p
e−ϕzΨ̄ðp2; zÞγνΨðp1; zÞVðK; zÞ ¼ g5F

ðLNÞ
1 ðKÞ; ðC5Þ

where VðK; zÞ≡ L0ðk ¼
ffiffiffiffiffiffiffiffiffi
−K2

p
; zÞ, and FðLNÞ

1 ðKÞ is the form factor of the nucleon due to L0
μ.

The Reggeization of the bulk spin-1 gauge field L0
μðk; zÞ exchange can be obtained, in a similar way to the Reggezation of

the spin-2 graviton exchange, through the substitution

JLðmnðjÞ; zÞ → z−ðj−1Þϕnðj; zÞ ¼ z−ðj−1Þ
ϕ̃nðj; zÞ

z
ðC6Þ

followed by the summation over all spin-j meson exchanges using the Sommerfeld-Watson formula

1

2

X
j≥1

ðsj−1 þ ð−sÞj−1Þ → −
π

2

Z
C

dj
2πi

�
sj−1 þ ð−sÞj−1

sin πj

�
: ðC7Þ

The contourC is to the left of all odd poles j ¼ 1; 3;… (in contrast to the Reggeized graviton where the contour is chosen to
the left of the even poles), and requires the analytical continuation of the exchanged amplitudes to the complex j plane.
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The spin-j normalized meson wave functions JLðmnðjÞ; zÞ (C6) are expressed in terms of the wave functions of massive
scalar fields ϕ̃nðj; zÞ which are given, for the soft wall model, in terms of the generalized Laguerre polynomials as

ϕ̃nðj; zÞ ¼ cnðjÞzΔðjÞLΔðjÞ−2
n ðwÞ; ðC8Þ

with w ¼ κ̃2z2. The normalization coefficients are

cnðjÞ ¼
�
2κ̃2ðΔðjÞ−1ÞΓðnþ 1Þ
Γðnþ ΔðjÞ − 1Þ

�1
2

; ðC9Þ

and the dimension of the massive scalar fields (with an additional mass coming from the massive open string states attached
to the D9- or D7-branes) ΔðjÞ is given by

ΔðjÞ ¼ 2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þm2R2 þ R2

α0
ðj − 1Þ

r
;

¼ 2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ

p
ðj − j0Þ

q
; ðC10Þ

where, in the last line, we have used the fact that m2R2 ¼ −3. The spin-1 transverse bulk gauge field defined as zL0
μðmn; zÞ

obeys the same bulk equation of motion as a bulk massive scalar field ϕ̃nðj ¼ 1; zÞ with m2R2 ¼ −3 which is manifest in
(E10). We have also used the open string quantized mass spectrum m2

jR
2 ¼ ðj − 1ÞðR2=α0Þ ¼ ffiffiffi

λ
p ðj − 1Þ for open strings

attached to the D9- or D7-branes in bulk, and we have defined j0 ¼ 1 − 1=
ffiffiffi
λ

p
.

We now recall that the non-normalized bulk-to-boundary propagators of massive scalar fields are given in terms of
Kummer’s (confluent hypergeometric) function of the second kind, and their integral representations are (for spacelike
momenta k2 ¼ −K2)

Ṽðj; K; zÞ ¼ zΔðjÞU
�
aK þ ΔðjÞ

2
;ΔðjÞ − 1;w

�
¼ zΔðjÞw2−ΔðjÞUðãðjÞ; b̃ðjÞ;wÞ;

¼ zΔðjÞw2−ΔðjÞ 1

ΓðãðjÞÞ
Z

1

0

dxxãðjÞ−1ð1 − xÞ−b̃ðjÞ exp
�
−

x
1 − x

w
�
; ðC11Þ

with w ¼ κ̃2z2

aK ¼ a ¼ K2

4κ̃2
; ãðjÞ ¼ aK þ 2 −

ΔðjÞ
2

; b̃ðjÞ ¼ 3 − ΔðjÞ; ðC12Þ

after using the identity Uðm; n; yÞ ¼ y1−nUð1þm − n; 2 − n; yÞ. Therefore, the bulk-to-bulk propagator of spin-j mesons

JLðmnðjÞ; zÞGðj; z; z0ÞJLðmnðjÞ; z0Þ ¼ z−ðj−1ÞGðj; z; z0Þz0−ðj−1Þ ðC13Þ

can be approximated at the boundary as (for spacelike momenta k2 ¼ −K2)

Gðj; z → 0; z0Þ ≈ −
�
ϕnðj; z → 0Þ
−g5F nðjÞ

�
×
X
n

−g5F nðjÞϕnðj; z0Þ
K2 þm2

nðjÞ
;

¼ ðκ̃2ÞΔðjÞ−2 zΔðjÞ−1

ΔðjÞ − 1

ΓðΔðjÞ − 2þ aÞ
ΓðΔðjÞ − 2Þ Vðj; K; z0Þ; ðC14Þ

where ϕnðj; z → 0Þ ¼ 1
z ϕ̃nðj; z → 0Þ. We have defined the non-normalized bulk-to-boundary propagator of spin-j mesons

Vðj; K; z0Þ ¼
X
n

−g5F nðjÞϕnðj; z0Þ
K2 þm2

nðjÞ
¼ 1

z
Ṽðj; K; z0Þ

����
aþΔðjÞ

2
→aþ1þðΔðjÞ−3Þ

; ðC15Þ
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with the shift aþ ΔðjÞ
2

→ aþ 1þ ðΔðjÞ − 3Þ defined in such a way that the mass spectrum of massive scalar fields

m2
n ¼ 4κ̃2ðnþ Δðj¼1Þ

2
Þ and the mass spectrum of spin-1 gauge fields m2

n ¼ 4κ̃2ðnþ 1Þ match, i.e., we shift

nþ Δðj¼1Þ
2

→ nþ 1þ ðΔðj ¼ 1Þ − 3Þ, giving the mass spectrum of spin-j mesons

m2
nðjÞ ¼ 4κ̃2ðnþ 1þ ðΔðjÞ − 3ÞÞ: ðC16Þ

We have also used

F nðjÞ ¼
Cðj; K; ϵÞ

g5
ð− ffiffiffi

g
p

e−ϕðgxxÞ2∂z0ϕnðj; z0ÞÞz0¼ϵ;

Cðj; K; ϵÞ ¼ Vðj; K; ϵÞ; ðC17Þ

and the substitution ϕnðj; z → 0Þ ¼ 1
z ϕ̃nðj; z → 0Þ ≈ cnðjÞzΔðjÞ−1LΔðjÞ−2

n ð0Þ for the soft wall model.
After the Reggeization, the scattering amplitude for the spin-j meson exchange becomes

iAL
Lp→Lpðj; s; tÞ ≈ ð−iÞVμ

LLLðj; q1; q2; kzÞ × ð−iημνÞ × ð−iÞVν
LΨ̄Ψðj; p1; p2; kzÞ; ðC18Þ

with

Vμ
LLLðj; q1; q2; kzÞ ¼

1

g25
× g35κCSB

μðq; q0; ϵ�Þ
Z

dzz2ðj−1Þ

×

�
VðQ; zÞVðQ0; zÞ × ðΔðjÞ − 1 − ðj − 1ÞÞzΔðjÞ−1−ðj−1Þ−1

ΔðjÞ − 1

− ∂zVðQ; zÞVðQ0; zÞ × zΔðjÞ−1−ðj−1Þ

ΔðjÞ − 1

�
× ðκ̃2ÞΔðjÞ−2 ΓðΔðjÞ − 2þ aÞ

ΓðΔðjÞ − 2Þ ;

¼ VLLLðj;Q;Q0Þ × Bμðq; q0; ϵ�Þ;

Vν
LΨ̄Ψðp1; p2; kzÞ ¼ g5 ×

3

2
×
Z

dz
ffiffiffi
g

p
e−ϕz1þ2ðj−1ÞΨ̄ðp2; zÞγνΨðp1; zÞz−ðj−1ÞVðj; K; zÞ;

¼ g5F
ðLNÞ
1 ðj; KÞ × ūðp2Þγνuðp1Þ: ðC19Þ

We have defined

VLLLðj; Q;Q0Þ ¼ 1

g25
× g35κCS

Z
dz z2ðj−1Þ

×
�
VðQ; zÞVðQ0; zÞ × ðΔðjÞ − 1 − ðj − 1ÞÞzΔðjÞ−1−ðj−1Þ−1

ΔðjÞ − 1

− ∂zVðQ; zÞVðQ0; zÞ × zΔðjÞ−1−ðj−1Þ

ΔðjÞ − 1

�
ðκ̃2ÞΔðjÞ−2 ΓðΔðjÞ − 2þ aÞ

ΓðΔðjÞ − 2Þ ;

¼ 1

g25
× g35κCS ×Q2−j−ΔðjÞ × Iξðj; Q;Q0Þ × κ̃2ΔðjÞ−4 ×

ΓðΔðjÞ − 2þ aÞ
ΓðΔðjÞ − 2Þ ×

1

ΔðjÞ − 1
; ðC20Þ

with
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Iξðj; Q;Q0Þ ¼
Z

dξξj−2þΔðjÞðVðξÞVðξQ0=QÞ × ðΔðjÞ − 1 − ðj − 1ÞÞξ−1 − ∂ξVðξÞVðξQ0=QÞÞ;

≈ ðΔðjÞ − 1 − ðj − 1ÞÞ × 2ΔðjÞþj−3Q
0

Q
G2;2

2;2

�
Q2

Q02

�����
1
2
; 3
2

1
2
ðjþ ΔðjÞ − 1Þ; 1

2
ðjþ ΔðjÞ þ 1Þ

�

þ 2ΔðjÞþj−2Q
0

Q
G2;2

2;2

�
Q2

Q02

�����
1
2
; 3
2

1
2
ðjþ ΔðjÞ þ 1Þ; 1

2
ðjþ ΔðjÞ þ 1Þ

�
; ðC21Þ

where Gm;n
p;q ðzj a1;…;ap

b1;…;bq Þ is the Meijer G function. We have used the identities

lim
Q
κ̃→∞

VðξÞ ¼ ξK1ðξÞ and ∂ξðξνKνðξÞÞ ¼ −ξνKν−1ðξÞ ðC22Þ

to evaluate the integrals with ξ ¼ Qz. The function FðLNÞ
1 ðj; KÞ in (C19) admits the integral representation

FðLNÞ
1 ðj; KÞ ¼ 3

2
×
1

2

κ̃−ðj−1Þ−ΔðjÞ−1

ΓðaÞ
Z

1

0

dx xa−1ð1 − xÞ−b̃ðjÞ

×

��
ñR
κ̃τ−1

�
2

× ΓðcðjÞÞ
�

1

1 − x

�
−cðjÞ

þ
�
ñL
κ̃τ

�
2

× ΓðcðjÞ þ 1Þ
�

1

1 − x

�
−ðcðjÞþ1Þ�

;

¼ 3

2
×
1

2
κ̃−ðj−1Þ−ΔðjÞ−1

×

��
ñR
κ̃τ−1

�
2

×
ΓðcðjÞÞΓð1 − b̃ðjÞ þ cðjÞÞ
Γð1 − b̃ðjÞ þ cðjÞ þ aÞ þ

�
ñL
κ̃τ

�
2

×
ΓðcðjÞ þ 1ÞΓð2 − b̃ðjÞ þ cðjÞÞ

Γð2 − b̃ðjÞ þ cðjÞ þ aÞ

�
; ðC23Þ

where

b̃ðjÞ ¼ 3 − ΔðjÞ; cðjÞ ¼ ðτ þ 1Þ þ j − 1

2
−
ΔðjÞ
2

−
1

2
: ðC24Þ

After summing over all contributions from the spin-j mesons, the total amplitude Atot
Lp→Lpðs; tÞ is given by

Atot
Lp→Lpðs; tÞ ¼ −

Z
C

dj
2πi

�
sj−1 þ ð−sÞj−1

sin πj

�
AL

Lp→Lpðj; s; tÞ;

AL
Lp→Lpðj; s; tÞ ¼ VLLLðj;Q;Q0Þ × Bμðq; q0; ϵ�Þ × g5F

ðLNÞ
1 ðj; KÞ × ūðp2Þγμuðp1Þ; ðC25Þ

The contour C is at the rightmost of the branch point of FLN
1 ðj; KÞ and the leftmost of j ¼ 1; 3;…. From (C25), we

determine the single Reggeon amplitude (total amplitude) in momentum space, after wrapping the j-plane contour C to the
left,

Atot
Lp→Lpðs; tÞ ¼ −sj0−1

Z
j0

−∞

dj
π

�
1þ e−iπ

sin πj

�
sj−j0Im½AL

Lp→Lpðj; s; tÞ�: ðC26Þ

The imaginary part follows from the discontinuity of the Γ function

Im½AL
Lp→Lpðj; s; tÞ� ≈ ðΓðΔðjÞ − 2ÞVLLLðj; Q;Q0Þ × Bμðq; q0; ϵ�Þ × g5F

ðLNÞ
1 ðj; KÞ × ūðp2Þγμuðp1ÞÞjj→j0;ΔðjÞ→2

× Im

�
1

ΓðΔ̃ðjÞÞ

�
; ðC27Þ

with the complex argument
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Δ̃ðjÞ ¼ ΔðjÞ − 2 ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ

p
ðj0 − jÞ

q
≡ iy ðC28Þ

and j0 ¼ 1 − 1=
ffiffiffi
λ

p
. For y → 0, we may approximate 1=ΓðiyÞ ≈ iyeiγy, with the Euler-Mascheroni constant γ ¼ 0.55772….

The single Reggeon amplitude (total amplitude) in momentum space (C25) can now be cast in block form

Atot
Lp→Lpðs; tÞ ¼ Iðj0; sÞ ×G5ðj0; s; tÞ; ðC29Þ

with

Iðj0; sÞ ¼ −s̃j0
Z

j0

−∞

dj
π

�
1þ e−iπ

sin πj

�
s̃j−j0 sin

h
ξ̃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ

p
ðj0 − jÞ

q i
;

G5ðj0; s; tÞ ¼
1

s̃
ðκ̃2ðj−1ÞΓðΔðjÞ − 2ÞVLLLðj; Q;Q0Þ × Bμðq; q0; ϵ�Þ × g5F

ðLNÞ
1 ðj; KÞ × ūðp2Þγμuðp1ÞÞjj→j0;ΔðjÞ→2; ðC30Þ

We have set s̃≡ s=κ̃2, and ξ̃ − π=2 ¼ γ ¼ 0.55772::… is Euler-Mascheroni constant. We note that the apparent pole in
the Gamma function at the Reggeon intercept, cancels out in the combination ΓðΔðj0Þ − 2ÞVLLLðj0; Q;Q0Þ.
In the block form (C29), the spin-j integral Iðj0; sÞ is similar to the spin-j integral in [27] [see Eq. (4.19)], with the

identifications Kðs; b⊥; z; z0Þ ↔ Atot
Lp→Lpðs; tÞ, ðzz0=R4ÞG3ðj0; vÞ ↔ G5ðj0; s; tÞ, ξðvÞ ↔ ξ̃, and ŝ ↔ s̃. We then follow

[27] to evaluate the spin-j integral by closing the j-contour appropriately. In the high energy limit
ffiffiffi
λ

p
=τ̃ → 0 (τ̃≡ log s̃), the

single Reggeon contribution to the amplitude is

Atot
Lp→Lpðs; tÞ ≃ ej0 τ̃½ð

ffiffiffi
λ

p
=πÞ þ i�ð

ffiffiffi
λ

p
=2πÞ1=2ξ̃ e

−
ffiffi
λ

p
ξ̃2=2τ̃

τ̃3=2

�
1þO

� ffiffiffi
λ

p

τ̃

��
× G5ðj0; s; tÞ: ðC31Þ

We can rewrite the amplitude (C31) as

Atot
Lp→Lpðs; tÞ ≃ 4 × 4 × g5 ×

1

g25
× g35κCS ×

�
Q
κ̃

�
2−j0−Δðj0Þ

×

�
s
κ̃2

�
j0
×
e−

ffiffi
λ

p
ξ̃2=2 log½s=κ̃2�

ðlog½s=κ̃2�Þ3=2

× ½ð
ffiffiffi
λ

p
=πÞ þ i� × ð

ffiffiffi
λ

p
=2πÞ1=2ξ̃

�
1þO

� ffiffiffi
λ

p

log½s=κ̃2�
��

× G̃5ðj0; t; Q;Q0Þ; ðC32Þ

where

G̃5ðj0; s; tÞ≡ 1

4
×
1

4
×

1

g5
×

1
1
g2
5

× g35κCS
×

1

κ̃2
×

1

Q2−j−ΔðjÞ ×
1

κ2ΔðjÞ−4
×

1

κ̃−ðj−1Þ−ΔðjÞ−1
×

1

κ̃2ðj−1Þ
× G5ðj0; s; tÞ;

¼ Iξðj0; Q;Q0Þ × F ðLNÞ
1 ðj0; KÞ × s−1 ×

1

4
× Bμðq; q0; ϵ�Þ × 1

4
× ūðp2Þγμuðp1Þ; ðC33Þ

with

F ðLNÞ
1 ðj0; KÞ≡ ΓðΔðj0Þ − 2þ aÞ

Δðj0Þ − 1
×

1

κ̃−ðj0−1Þ−Δðj0Þ−1
× FðLNÞ

1 ðj0; KÞ: ðC34Þ

APPENDIX D: DETAILS OF THE POMERON EXCHANGE

The transverse and traceless part of the graviton (ημν → ημν þ hμν) follows from the quadratic part of the Einstein-Hilbert
action in de Donder gauge,
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S ¼
Z

d5x
ffiffiffi
g

p
e−2ϕLh;

Lh ¼ −
1

4g̃25
gμνηλρηστ∂μhλσ∂νhρτ; ðD1Þ

with Newton constant 16πGN ¼ 8π2=N2
c ¼ g̃25 ¼ 2κ2. The massive glueball spectrum is determined by solving the equation

of motion for hμν following from (D1), with for spin-2 glueballs

m2
n ¼ 8κ̃2Nðnþ 1Þ; g̃5fn ¼ 2κ̃N ðD2Þ

1. Graviton coupling in bulk

For the graviton in the axial gauge hμz ¼ hzz ¼ 0. Using ημν → ημν þ hμν in the linearized bulk action gives

hΨ̄Ψ∶ −
ffiffiffiffiffiffiffi
2κ2

p

2

Z
d5x

ffiffiffi
g

p
hμνT

μν
F ;

hLL∶ −
ffiffiffiffiffiffiffi
2κ2

p

2

Z
d5x

ffiffiffi
g

p
hμνT

μν
L ; ðD3Þ

with the energy-momentum tensors for the fermions and left gauge fields

Tμν
F ¼ e−ϕ

i
2
zΨ̄γμ∂ν

↔
Ψ − ημνLF;

Tμν
L ¼ −e−ϕðz4ηρσημβηνγFL

βρF
L
γσ − z4ημβηνγFL

βzF
L
γzÞ − ημνLL; ðD4Þ

and the rescaling

Ψ →
ffiffiffiffiffiffiffi
2g25

q
Ψ; LN → g5LN; hμν →

ffiffiffiffiffiffiffi
2κ2

p
hμν: ðD5Þ

Evaluating the couplings or the vertices (D3) on the solutions, Fourier transforming the fields to momentum space, and
integrating by part the trace-full part for the fermions, we find for the couplings to the fermions (hΨ̄Ψ) to the left gauge
fields (hLL)

hΨ̄Ψ∶
Z

d4p2d4p1d4k
ð2πÞ12 ð2πÞ4δ4ðp2 − k − p1ÞðSkhΨ̄ΨÞ;

hLL∶
Z

d4q0d4qd4k
ð2πÞ12 ð2πÞ4δ4ðq − k − q0ÞðSkhLLÞ; ðD6Þ

with

Sk
hΨ̄Ψ ¼ −

ffiffiffiffiffiffiffi
2κ2

p

2

Z
dz

ffiffiffi
g

p
e−ϕzϵTTμν hðk; zÞΨ̄ðp2; zÞγμpνΨðp1; zÞ;

SkhLL ¼
ffiffiffiffiffiffiffi
2κ2

p Z
dz

ffiffiffi
g

p
e−ϕz4ϵTTμν hðk; zÞKμνðq; q0; ϵ; ϵ0; zÞ: ðD7Þ

We have set hμν ¼ ϵTTμν hðk; zÞ (where ϵTTμν is transverse and traceless polarization tensor), q2 ¼ −Q2, q02 ¼ −Q02 for
spacelike momenta, and defined
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Kμνðq; q0; ϵ; ϵ0; zÞ≡ Bμν
1 VðQ; zÞVðQ0; zÞ − Bμν

0 ∂zVðQ; zÞ∂zVðQ0; zÞ;
Bμν
0 ðϵ; ϵ0Þ≡ ϵμϵ0ν;

Bμν
1 ðq; q0; ϵ; ϵ0Þ≡ ϵ · ϵ0qμq0ν − q · ϵ0ϵμq0ν − q0 · ϵqμϵ0ν þ q · q0ϵμϵ0ν; ðD8Þ

with B1;0 ¼ ημνB
μν
1;0, K ¼ ημνKμν, and the non-normalizable wave function for the virtual photon VðQ; zÞ given in (A4).

2. Scattering amplitude

The t channel Compton exchange of a spin-2 glueball of mass mn in AdS reads

iAh
Lp→Lpðs; tÞ ¼

X
n

iÃh
Lp→Lpðmn; s; tÞ;

iÃh
Lp→Lpðmn; s; tÞ ¼ ð−iÞVμνðTTÞ

hLL ðq; q0; k; mnÞ × G̃TT
μναβðmn; tÞ × ð−iÞVαβðTTÞ

hΨ̄Ψ ðp1; p2; k; mnÞ; ðD9Þ

with the bulk vertices (k ¼ p2 − p1 ¼ q − q0)

VμνðTTÞ
hLL ðq; q0; k; mnÞ≡

�
δSkhLL

δðϵTTμν hðk; zÞÞ
�
Jhðmn; zÞ ¼

ffiffiffiffiffiffiffi
2κ2

p
×
1

2

Z
dz

ffiffiffi
g

p
e−ϕz4Kμνðq; q0; ϵ; ϵ0; zÞJhðmn; zÞ;

VαβðTTÞ
hΨ̄Ψ ðp1; p2; k; mnÞ≡

�
δSk

hΨ̄Ψ
δðϵTTαβ hðk; zÞÞ

�
Jhðmn; zÞ ¼ −

ffiffiffiffiffiffiffi
2κ2

p
×
Z

dz
ffiffiffi
g

p
e−ϕzΨ̄ðp2; zÞγαpβΨðp1; zÞJhðmn; zÞ; ðD10Þ

with p ¼ ðp1 þ p2Þ=2. The bulk-to-bulk transverse and traceless graviton propagatorGμναβ ¼ GTT
μναβ for the 2

þþ glueball is
[36,37]

GTT
μναβðmn; t; z; z0Þ ¼ Jhðmn; zÞG̃TT

μναβðmn; tÞJhðmn; z0Þ;

G̃TT
μναβðmn; tÞ ¼

1

2

�
T μαT νβ þ T μβT να −

2

3
T μνT αβ

�
i

t −m2
n þ iϵ

;

with

T μν ¼ −ημν þ kμkν=m2
n;

Jhðmn; zÞ≡ ψnðzÞ ¼ cnz4L
ΔðjÞ−2
n ð2ξÞ; ðD11Þ

and

cn ¼
�
24κ̃6NΓðnþ 1Þ
Γðnþ 3Þ

�1
2

; ðD12Þ

normalized according to

Z
dz

ffiffiffi
g

p
e−ϕjgxxjψnðzÞψmðzÞ ¼ δnm: ðD13Þ

For z0 → 0, we can simplify (D9) as (t ¼ −K2),

iAh
Lp→Lpðs; tÞ ≈ ð−iÞVμνðTTÞ

hLL ðq1; q2; kzÞ ×
�
i
2
ημαηνβ

�
× ð−iÞVαβðTTÞ

hΨ̄Ψ ðp1; p2; kzÞ; ðD14Þ

with
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VμνðTTÞ
hLL ðq1; q2; kzÞ ¼

ffiffiffiffiffiffiffi
2κ2

p
×
1

2

Z
dz

ffiffiffi
g

p
e−ϕz4Kμνðq; q0; ϵ; ϵ0; zÞ z

4

4
;

VαβðTTÞ
hΨ̄Ψ ðp1; p2; kzÞ ¼ −

ffiffiffiffiffiffiffi
2κ2

p
×
Z

dz
ffiffiffi
g

p
e−ϕzΨ̄ðp2; zÞγμpνΨðp1; zÞHðK; zÞ; ðD15Þ

where

HðK; zÞ ¼
X
n

ffiffiffi
2

p
κFnψnðz0Þ
K2 þm2

n
;

¼ 4z4ΓðaK þ 2ÞUðaK þ 2; 3; 2ξÞ ¼ ΓðaK þ 2ÞUðaK;−1; 2ξÞ;

¼ ΓðaK þ 2Þ
ΓðaKÞ

Z
1

0

dx xaK−1ð1 − xÞ exp
�
−

x
1 − x

ð2ξÞ
�
; ðD16Þ

with aK ¼ a=2 ¼ K2=8κ̃2N ,

Fn ¼
1ffiffiffi
2

p
κ

�
−

1

z03
∂z0ψnðz0Þ

�
z0¼ϵ

¼ −
4ffiffiffi
2

p
κ
cnL2

nð0Þ; ðD17Þ

We have used the transformation Uðm; n; yÞ ¼ y1−nUð1þm − n; 2 − n; yÞ in the second line of (D16).

3. High energy limit

In the high energy limit
ffiffiffi
λ

p
=τ̃ → 0 with τ̃≡ log s̃ ¼ log½s=κ̃2N �, the single Pomeron (or spin-j glueballs) contribution to

the Compton scattering amplitude has been evaluated in [24], with the result

Atot
Lp→Lpðs; tÞ ≃ ej0 τ̃½ð

ffiffiffi
λ

p
=πÞ þ i�ð

ffiffiffi
λ

p
=2πÞ1=2ξ̃ e

−
ffiffi
λ

p
ξ̃2=2τ̃

τ̃3=2

�
1þO

� ffiffiffi
λ

p

τ̃

��
×G5ðj0; s; t; QÞ ðD18Þ

with ξ̃ − π=2 ¼ γ ¼ 0.55772::… is Euler-Mascheroni constant, and

G5ðj0; s; t; QÞ ¼
�κ̃N
κ̃V

	
4−ΔðjÞþj−2

×
1

s2

�
1

2
κ̃4−ΔðjÞþj−2
V ΓðΔðjÞ − 2ÞðVT

hLLðj; Q;Q0Þ × Bαβ
1 − VL

hLLðj; Q;Q0Þ × Bαβ
0 Þ

×

ffiffiffiffiffiffiffi
2κ2

p

g25
× κ̃j−2þΔðjÞ

N Aðj; KÞūðp2Þγαpβuðp1Þ
�����

j→j0;ΔðjÞ→2

; ðD19Þ

with, Qz ¼ ξ,

VT
hLLðj;Q;Q0Þ ¼

ffiffiffiffiffiffiffi
2κ2

p

2

Z
∞

0

dz
ffiffiffi
g

p
e−z

2 κ̃2V z4þ2ðj−2Þ × VðQ; zÞ × VðQ0; zÞ × CðjÞ × zΔðjÞ−ðj−2Þ;

¼ Q4−ðjþΔðjÞÞ ×

ffiffiffiffiffiffiffi
2κ2

p

2

Z
∞

0

dξe
−ξ2

κ̃2
V

Q2ξ4þ2ðj−2Þ × VðξÞ × VðξQ0=QÞ × CðjÞ × ξΔðjÞ−ðj−2Þ;

VL
hLLðj;Q;Q0Þ ¼

ffiffiffiffiffiffiffi
2κ2

p

2

Z
∞

0

dz
ffiffiffi
g

p
e−z

2 κ̃2V z4þ2ðj−2Þ × ∂zVðQ; zÞ × ∂zVðQ0; zÞ × CðjÞ × zΔðjÞ−ðj−2Þ;

¼ Q6−ðjþΔðjÞÞ ×

ffiffiffiffiffiffiffi
2κ2

p

2

Z
∞

0

dξe
−ξ2

κ̃2
V

Q2ξ4þ2ðj−2Þ × ∂ξVðξÞ × ∂ξVðξQ0=QÞ × CðjÞ × ξΔðjÞ−ðj−2Þ; ðD20Þ

and

NEUTRINO-NUCLEON DIS FROM HOLOGRAPHIC QCD: PDFS … PHYS. REV. D 104, 066010 (2021)

066010-43



Aðj; KÞ ¼ κ̃−ðj−2Þ−ΔðjÞN

2

ΓðcÞΓð1 − b̃þ cÞ
Γð1 − b̃þ cþ ãÞ

×

��
ñR
κ̃τ−1N

�
2

2F1ðã; cþ 1; 1 − b̃þ cþ ã;−1Þ þ
�
ñL
κ̃τN

�
2 cð1 − b̃þ cÞ
1 − b̃þ cþ ã 2F1ðãþ 1; cþ 1; 2 − b̃þ cþ ã;−1Þ

�
:

ðD21Þ

The parameters are fixed as

1 − b̃þ c ¼ ðτ − 1Þ þ j − 2

2
þ ΔðjÞ

2
;

1 − b̃þ cþ ã ¼ ðτ þ 1Þ þ j − 2

2
þ aK;

c ¼ ðτ þ 1Þ þ j − 2

2
−
ΔðjÞ
2

;

ñR ¼ ñLκ̃−1N
ffiffiffiffiffiffiffiffiffiffi
τ − 1

p
; ñL ¼ κ̃τN

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=ΓðτÞ

p
; ðD22Þ

and

CðjÞ ¼ κ̃2ΔðjÞ−4V ×
1

ΔðjÞ
2ΔðjÞ−2ΓðaK þ ΔðjÞ

2
Þ

ΓðΔðjÞ − 2Þ ;

ΔðjÞ ¼ 2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
λ

p
ðj − j0Þ

q
and aK ¼ a

2
¼ K2

8κ̃2
and j0 ¼ 2 −

2ffiffiffi
λ

p : ðD23Þ

We can rewrite G5ðj0; s; t; Q;Q0Þ of (D19) more compactly as

G5ðj0; s; t; Q;Q0Þ ¼ 2κ2

g25
×

�
Q
κ̃

�
2−ðjþΔðjÞÞ

×
1

s2
F ðj; KÞðITξ ðj; Q;Q0Þ × Bαβ

1 pαpβ − ILξ ðj; Q;Q0Þ × Bαβ
0 pαpβQ2Þjj→j0;ΔðjÞ→2; ðD24Þ

where we have set κ̃V ¼ κ̃N ¼ κ̃, and defined the dimensionless functions

F ðj; KÞ≡ κ̃jþ2−ΔðjÞ × ΓðΔðjÞ − 2Þ × Cðj; KÞ × Aðj; KÞ;

ITξ ðj; Q;Q0Þ≡ 1

2

Z
∞

0

dξ e
−ξ2

κ̃2
V

Q2ξΔðjÞþjþ2 × VðξÞ × VðξQ0=QÞ;

≈
1

2
× 2ΔðjÞþjþ2

Q0

Q
G2;2

2;2

�
Q2

Q02

����
1
2
; 3
2

1
2
ðjþ ΔðjÞ þ 4Þ; 1

2
ðjþ ΔðjÞ þ 6Þ

�
;

ILξ ðj; Q;Q0Þ≡ 1

2

Z
∞

0

dξe
−ξ2

κ̃2
V

Q2ξΔðjÞþjþ2 × ∂ξVðξÞ × ∂ξVðξQ0=QÞ;

≈
1

2
× 2ΔðjÞþjþ2

Q02

Q2
G2;2

2;2

�
Q2

Q02

���� 1; 1
1
2
ðjþ ΔðjÞ þ 5Þ; 1

2
ðjþ ΔðjÞ þ 5Þ

�
; ðD25Þ

using the identities (C22).
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We can also rewrite the amplitude (D18) as

Atot
Lp→Lpðs; tÞ ≃

2κ2

g25
×

�
Q
κ̃

�
2þ2=

ffiffi
λ

p

×

�
s
κ̃2

�
−2=

ffiffi
λ

p

×
e−

ffiffi
λ

p
ξ̃2=2 log½s=κ̃2�

ðlog½s=κ̃2�Þ3=2

× ½ð
ffiffiffi
λ

p
=πÞ þ i� × ð

ffiffiffi
λ

p
=2πÞ1=2ξ̃

�
1þO

� ffiffiffi
λ

p

log½s=κ̃2�
��

× G̃5ðj0; t; Q;Q0Þ ðD26Þ

where we have explicitly used τ̃ ¼ log½s=κ̃2�, j0 ¼ 2 − 2ffiffi
λ

p , Δðj0Þ ¼ 2, ξ̃ − π=2 ¼ γ ¼ 0.55772…:: is a Euler-Mascheroni

constant, and defined

G̃5ðj0; s; t; Q;Q0Þ≡ 1

Q4
×

g25
2κ2

×

�
κ̃

Q

�
2−ðj0þΔðj0ÞÞ

× s2 ×G5ðj0; s; t; Q;Q0Þ ðD27Þ

For small x, we have s ≃Q2=x, we can rewrite the amplitude (D26) in terms of x as

Atot
Lp→Lpðx;Q; tÞ ≃ 1

2
×
2κ2

g25
×

�
Q
κ̃

�
2−2=

ffiffi
λ

p

×

�
1

x

�
1−2=

ffiffi
λ

p

×
e−

ffiffi
λ

p
ξ̃2=2ðlog½Q2=κ̃2�þlog½1=x�Þ

ðlog½Q2=κ̃2� þ log½1=x�Þ3=2

× ½ð
ffiffiffi
λ

p
=πÞ þ i� × ð

ffiffiffi
λ

p
=2πÞ1=2ξ̃

�
1þO

� ffiffiffi
λ

p

log½Q2=κ̃2� þ log½1=x�
��

× ˜̃G5ðj0; x; t; Q;Q0Þ; ðD28Þ

where we have defined ˜̃G5ðj0; x; t; Q;Q0Þ≡ 2xG̃5ðj0; s; t; Q;Q0Þ with (ϵ · q ¼ 0)

˜̃G5ðj0; x; t; Q;Q0Þ ¼ F ðj; KÞ
�
ITξ ðj; Q;Q0Þ ×

�
1

2x
ϵ2 −

2x
Q2

ðϵ · pÞ2
�
− ILξ ðj; Q;Q0Þ × 2x

Q2
ðϵ · pÞ2

�����
j→j0;ΔðjÞ→2

; ðD29Þ

APPENDIX E: OPERATOR PRODUCT EXPANSION

The parton model emerges in QCD through a leading twist contribution to the structure functions. The twist expansion
follows from the OPE of the JJ currents. We now illustrate this expansion to leading order for the charged current
contributions in T-ordered product in (4.2). Specifically, we have as x → 0

T�ðJW−
μ ðxÞJWþ

ν ð0ÞÞ≈ e2W

�
q̄ðxÞT−Tþγμ

1

2
ð1− γ5ÞSðxÞγν

1

2
ð1− γ5Þqð0Þ þ q̄ð0ÞTþT−γν

1

2
ð1− γ5ÞSð−xÞγμ

1

2
ð1− γ5ÞqðxÞ

�
;

ðE1Þ

with SðxÞ ¼ 2iγ · x=ð2πx2Þ2. With the help of the identity

γμγ · xγν ¼ ðSμναβ þ iϵμναβγ5Þxαγβ; ðE2Þ

with the symmetric tensor

Sμναβ ¼ ημαηνβ þ ημβηνα − ημνηαβ; ðE3Þ

in (E1), the short distance contribution to the T-ordered product in (4.2) is

T−þ
μν ≈ 2e2W

qα

q2
hPjðSμναβq̄ð0Þτ3γβð1 − γ5Þqð0Þ − iϵμναβq̄ð0Þγβð1 − γ5Þqð0ÞÞjPi: ðE4Þ

For unpolarized scattering, a comparison of (E4) to (4.2) suggests that the parity odd structure function F3 can be identified
with the antisymmetric tensor contribution,
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F3ðx;Q2ÞPβ ≈ ð2eWÞ2Im
�
1

x
hPjq̄γβð1 − γ5ÞqjPi

�
; ðE5Þ

(E5) is suggestive of a j ¼ 1 exchange through the left singlet current, since sj¼1 ↔ 1=x.
Although the twist-2 contribution to the OPE is real, it provides the relevant starting point for the Reggeization by

summing over higher spin-j states in holography [22]. For that, we first note that the holographic dual of the singlet current
form factor is

hPXjq̄γβð1 − γ5ÞqjPi ¼ ½eNūNðPXÞγβð1 − γ5ÞuNðPÞ�

×
Z

dz
ffiffiffi
g

p
e−ϕVðQ; zÞ z

R

�
1

2

�
z2

R2

�
2

f̃nxL ðzÞf̃0LðzÞ þ
1

2

�
z2

R2

�
2

f̃nxR ðzÞf̃0RðzÞ
�
: ðE6Þ

The bulk-to-boundary propagator VðQ; z0Þ relates to the bulk-to-bulk propagator GðQ; z; z0Þ through

lim
z→0

2

z02
G1ðQ; z0; zÞ ¼ VðQ; zÞ: ðE7Þ

Using (E7) into (E6) gives

hPXjq̄γβð1 − γ5ÞqjPi ¼ ½eNūNðPXÞγβð1 − γ5ÞuNðPÞ�

× lim
z0→0

2

z02

Z
dz

ffiffiffi
g

p
e−ϕG1ðQ; z0; zÞ

×
z
R

�
1

2

�
z2

R2

�
2

f̃nxL ðzÞf̃0LðzÞ þ
1

2

�
z2

R2

�
2

f̃nxR ðzÞf̃0RðzÞ
�
: ðE8Þ

1. Hard wall

For the hard wall model with ϕ ¼ 0, the bulk-to-bulk propagator can be readily constructed

G1ðQ; z0; zÞ ¼ zz0ðI0ðQz0ÞK1ðQz>Þ þ K0ðQz0ÞI1ðQz>ÞÞ
I1ðQz<Þ
I0ðQz0Þ

ðE9Þ

and (E7) explicitly checked. However, for the Reggeization it is more useful to recall that the bulk-to-bulk propagator for the
ULð1Þ vector field, obeys the Green’s equation in warped space (Q2 ¼ −q2)

ððΔj¼1 − z2Q2 þm2
j¼1Þ ¼ ð−z2ð∂2

z þQ2Þ þ z∂zÞÞGj¼1ðQ; z0; zÞ ¼ δðz − z0Þffiffiffi
g

p ; ðE10Þ

with m2
j¼1 ¼ −3. Using the open-string Regge trajectory

j ¼ 1þ α0ðm2
j −m2

1Þ with α0 ¼ l2s ¼ 1=
ffiffiffi
λ

p
ðE11Þ

(E10) generalizes to spin j

ðΔj − z2Q2 þm2
jÞGjðQ; z0; zÞ ¼ δðz − z0Þffiffiffi

g
p ðE12Þ

with the recursive relation for the warped Laplacian-like

Δj ¼ z1−jΔ1zj−1: ðE13Þ

Equation (E12) can be formally inverted
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ffiffiffi
g

p
GjðQ; z0; zÞ ¼ 1

ðΔj − z2Q2 þm2
jÞ
δðz − z0Þ ¼ z2−j

1

ðΔ2 − z2Q2 þm2
jÞ
zj−2δðz − z0Þ: ðE14Þ

Changing to the conformal variable z2 ¼ e−ρ, noting that Δ2 ¼ −4∂2
ρ þ 4 and using the plane-wave identity

z0δðz − z0Þ ¼
�
z0

z

�
j−2 Z dν

π
eiνðρ−ρ0Þ; ðE15Þ

we can recast (E14) in the form

ffiffiffi
g

p
Gjð0; z0; zÞ ¼

ffiffiffiffi
g0

p
ðg0xxÞjðzz0Þ2−j

Z
dν
π

1

4ν2 þ 4þm2
j
eiνðρ−ρ0Þ ðE16Þ

for Q ¼ 0. The Reggeized form of the spin-j and twist-2 extension of (E8) is

X
j

1

xj
hPjq̄γβ∂j−1ð1 − γ5ÞqjPi ¼

Z
C

dj
4i

1 − e−iπj

sin πj
1

xj
½eNūNðPÞγβ∂j−1ð1 − γ5ÞuNðPÞ�

× lim
z0→0

2

z02

Z
dz

ffiffiffiffi
g0

p
ðg0xxÞjðzz0Þ2−j

Z
dν
π

1

4ν2 þ 1þ ffiffiffi
λ

p ðj − 1Þ e
iνðρ−ρ0Þ z

R

×

�
1

2
ψ2
LðzÞ þ

1

2
ψ2
RðzÞ

�
ðE17Þ

using the open string Regge trajectory (E11) in the forward limit (Q ¼ 0). Here ψLðzÞ is the lowest left-chirality bulk
fermionic wave function for the hard wall. The contour C is to the leftmost of the poles j ¼ 1; 3;… and to the right of the
pole j0 ¼ 1 − 1=

ffiffiffi
λ

p
. Undoing the contour integration C by closing to the left and picking the single pole j0, and then

performing the ν integration yield

Im
Xodd
j

1

xj
hPjq̄γβ∂j−1ð1 − γ5ÞqjPi ¼

1

xj0
½eNūNðPÞγβ∂j0−1ð1 − γ5ÞuNðPÞ�

×
π

2
ffiffiffi
λ

p lim
z0→0

2

z02

Z
dz

ffiffiffiffi
g0

p
ðg0xxÞjLðzz0Þ2−j0 e

−ðρ−ρ0Þ=4Dχffiffiffiffiffiffiffiffiffi
πDχ

p z
R

�
1

2
ψ2
LðzÞ þ

1

2
ψ2
RðzÞ

�
: ðE18Þ

The Gribov time is χ ¼ lnð1=xÞ and the diffusion constant of the Reggeon is D ¼ 4=
ffiffiffi
λ

p
. Equation (E18) fixes the odd

structure function in (E5) in the forward direction using this semiquantitative OPE argument,

F3ð0; xÞ ≈
1

xj0
≈

1

x1−1=
ffiffi
λ

p : ðE19Þ

2. Soft wall

For the soft-wall model, the Reggeized current form factor is given by

Xodd
j

1

xj
hPjq̄γβ∂j−1ð1 − γ5ÞqjPi

¼ −xj0
Z

j0

−∞

dj
π

�
1þ e−iπ

sin πj

�
xj−j0Im

�
2 ×

2

3
× κ̃ðj−1ÞþΔðjÞþ1 ×

ΓðΔðjÞ − 2þ aÞ
ΓðΔðjÞ − 2Þ ×

1

g5
× Vβ

LΨ̄Ψðp1 ¼ p2 ¼ p; kz ¼ 0Þ
�

¼ −xj0
Z

j0

−∞

dj
π

�
1þ e−iπ

sin πj

�
xj−j0Im

�
2 ×

2

3
× κ̃ðj−1ÞþΔðjÞþ1 ×

ΓðΔðjÞ − 2þ aÞ
ΓðΔðjÞ − 2Þ ×

1

g5
× g5F

ðLNÞ
1 ðj; K ¼ 0Þ × ūðpÞγβuðpÞ

�
;

ðE20Þ

NEUTRINO-NUCLEON DIS FROM HOLOGRAPHIC QCD: PDFS … PHYS. REV. D 104, 066010 (2021)

066010-47



where Vβ
LΨ̄Ψðp1; p2; kzÞ is given by (C19), and FðLNÞ

1 ðj; KÞ is given by (C23). Note that the bracket

�
2 ×

2

3
× κ̃ðj−1ÞþΔðjÞþ1 ×

ΓðΔðjÞ − 2þ aÞ
ΓðΔðjÞ − 2Þ ×

1

g5
× g5F

ðLNÞ
1 ðj; KÞ

�
ðE21Þ

is the spin-j form factor which reduces to the spin-1 form factor for j ¼ 1, for the current operator 2 × J̃βLð0Þ ¼
q̄γβð1 − γ5Þq sourced by 1

2
× 3

2
× L0

βðK; z → 0Þ at the boundary. Also note that the momentum transfer is kz ≡ qz and that
−k2 ¼ K2 ≡Q2 with a ¼ K2=4κ̃2 ≡Q2=4κ̃2. The momentum of the incoming nucleon is p1 ¼ p, and the momentum of
the outgoing nucleon is p2 ¼ p, with k ¼ p2 − p1 ≡ q.
Following the reasoning in Appendix C, we can evaluate the integral in (E20) with the result

Im
Xodd
j

1

xj
hPjq̄γβ∂j−1ð1 − γ5ÞqjPi ≃ ej0τx ½0 × ð

ffiffiffi
λ

p
=πÞ þ i=i�ð

ffiffiffi
λ

p
=2πÞ1=2ξ̃ e

−
ffiffi
λ

p
ξ̃2=2τx

τ3=2x

�
1þO

� ffiffiffi
λ

p

τx

��
× G5ðj0; x; Q ¼ 0Þ;

ðE22Þ

with

G5ðj0; x;Q¼ 0Þ ¼
�
ΓðΔðjÞ− 2Þ× 2×

2

3
× κ̃ðj−1ÞþΔðjÞþ1 ×

ΓðΔðjÞ− 2þ aÞ
ΓðΔðjÞ− 2Þ ×

1

g5
× g5F

ðLNÞ
1 ðj;QÞ× 2Pβ

�����
j→j0;ΔðjÞ→2;Q→0

:

ðE23Þ

Again, j0 ¼ 1 − 1ffiffi
λ

p , τx ¼ log½1=x�, ūðpÞγβuðpÞ ¼ 2pβ ¼ 2Pβ, and ξ̃ − π=2 ¼ γ ¼ 0.55772…:: is the Euler-Mascheroni

constant. Finally, comparing (E22) to (E5), we find

F3ð0; xÞ ≈
1

x1−1=
ffiffi
λ

p × ð
ffiffiffi
λ

p
=2πÞ1=2ξ̃ e

−
ffiffi
λ

p
ξ̃2=2τx

τ3=2x

�
1þO

� ffiffiffi
λ

p

τx

��
× G̃5ðj0; x; 0Þ; ðE24Þ

with

G̃5ðj0; x; 0Þ ¼
�
ΓðΔðjÞ − 2Þ × 2 ×

2

3
× κ̃ðj−1ÞþΔðjÞþ1 ×

ΓðΔðjÞ − 2þ aÞ
ΓðΔðjÞ − 2Þ ×

1

g5
× g5F

ðLNÞ
1 ðj; QÞ

�����
j→j0;ΔðjÞ→2;Q→0

: ðE25Þ

APPENDIX F: TRACE OF GAMMA MATRICES

Note that the Dirac traces do not depend on the specific form of the γ0, γ1, γ2, γ3 matrices but are completely determined
by the Clifford algebra

fγμ; γνg≡ γμγν þ γνγμ ¼ 2ημν; ðF1Þ

and some useful identities for carrying some of the Dirac traces of gamma matrices above, are given by (note that
γ5 ¼ iγ0γ1γ2γ3 and it satisfies γ5γμ ¼ −γμγ5)

trðγμγνÞ ¼ 4ημν; ðF2Þ

trðγμγνγ5Þ ¼ 0; ðF3Þ

trðγαγμγβγνÞ ¼ 4ηαμηβν − 4ηαβημν þ 4ηανημβ; ðF4Þ

trðγαγμγβγνγ5Þ ¼ −4iϵαμβν; ðF5Þ
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trðγαγμγν̃γβγμ̃γνÞ ¼ 4ηαμ × ðην̃βημ̃ν − ην̃ μ̃ηβν þ ην̃νηβμ̃Þ − 4ηαν̃ × ðημβημ̃ν − ημμ̃ηβν þ ημνηβμ̃Þ
þ 4ηαβ × ðημν̃ημ̃ν − ημμ̃ην̃ν þ ημνην̃ μ̃Þ − 4ηαμ̃ × ðημν̃ηβν − ημβην̃ν þ ημνην̃βÞ
þ 4ηαν × ðημν̃ηβμ̃ − ημβην̃ μ̃ þ ημμ̃ην̃βÞ; ðF6Þ

trðγαγμγν̃γβγμ̃γνγ5Þ ¼ −4iðηαμϵν̃βμ̃ν − ηαν̃ϵμβμ̃ν þ ην̃μϵαβμ̃ν − ημ̃νϵβαμν̃ þ ηβνϵμ̃αμν̃ − ηβμ̃ϵναμν̃Þ; ðF7Þ

and

trðγν1 � � � γνnγ5Þ ¼ 0 ∀ odd n;

trðγν1 � � � γνnÞ ¼ 0 ∀ odd n: ðF8Þ

[1] C. Adloff et al. (H1 Collaboration), Eur. Phys. J. C 13, 609
(2000); Phys. Lett. B 520, 183 (2001); Eur. Phys. J. C 21, 33
(2001).

[2] S. Chekanov et al. (ZEUS Collaboration), Eur. Phys. J. C
21, 443 (2001).

[3] K. J. Golec-Biernat and M. Wusthoff, Phys. Rev. D 59,
014017 (1998).

[4] I. Balitsky, Nucl. Phys. B463, 99 (1996); Y. V. Kovchegov,
Phys. Rev. D 60, 034008 (1999).

[5] J. Polchinski and M. J. Strassler, J. High Energy Phys. 05
(2003) 012.

[6] S. J. Brodsky and G. R. Farrar, Phys. Rev. Lett. 31, 1153
(1973).

[7] Y. Hatta, E. Iancu, and A. H. Mueller, J. High Energy Phys.
01 (2008) 063.

[8] K. A. Mamo and I. Zahed, Phys. Rev. D 100, 046015
(2019); 101, 066014 (2020).

[9] J. Hirn and V. Sanz, J. High Energy Phys. 12 (2005) 030.
[10] S. K. Domokos, H. R. Grigoryan, and J. A. Harvey, Phys.

Rev. D 80, 115018 (2009).
[11] A. Cherman, T. D. Cohen, and E. S. Werbos, Phys. Rev. C

79, 045203 (2009).
[12] D. K. Hong, T. Inami, and H. U. Yee, Phys. Lett. B 646, 165

(2007).
[13] T. Gutsche, V. E. Lyubovitskij, I. Schmidt, and A. Vega,

Phys. Rev. D 86, 036007 (2012).
[14] J. Erlich, E. Katz, D. T. Son, and M. A. Stephanov, Phys.

Rev. Lett. 95, 261602 (2005).
[15] T. Sakai and S. Sugimoto, Prog. Theor. Phys. 113, 843

(2005).
[16] C. Alexandrou, M. Constantinou, K. Hadjiyiannakou, K.

Jansen, C. Kallidonis, G. Koutsou, and A. V. Aviles-Casco,
Phys. Rev. D 96, 054507 (2017).

[17] N. Tsutsui et al. (CP-PACS and JLQCD Collaborations),
Phys. Rev. D 70, 111501 (2004).

[18] N. R. F. Braga and A. Vega, Eur. Phys. J. C 72, 2236 (2012);
C. A. Ballon Bayona, H. Boschi-Filho, and N. R. F. Braga,
J. High Energy Phys. 03 (2008) 064.

[19] Z. Abidin and P. T. P. Hutauruk, Phys. Rev. D 100, 054026
(2019).

[20] Z. Abidin and C. E. Carlson, Phys. Rev. D 79, 115003
(2009).

[21] J. M. Conrad, M. H. Shaevitz, and T. Bolton, Rev. Mod.
Phys. 70, 1341 (1998).

[22] Y. Hatta, T. Ueda, and B.W. Xiao, J. High Energy Phys. 08
(2009) 007.

[23] N. Kovensky, G. Michalski, and M. Schvellinger, J. High
Energy Phys. 10 (2018) 084.

[24] K. A. Mamo and I. Zahed, Phys. Rev. D 101, 086003
(2020).

[25] M. Rho, S. J. Sin, and I. Zahed, Phys. Lett. B 466, 199
(1999); G. Basar, D. E. Kharzeev, H. U. Yee, and I. Zahed,
Phys. Rev. D 85, 105005 (2012); A. Stoffers and I. Zahed,
Phys. Rev. D 87, 075023 (2013); arXiv:1210.3724; Phys.
Rev. D 88, 025038 (2013).

[26] R. A. Janik and R. B. Peschanski, Nucl. Phys. B586, 163
(2000).

[27] R. C. Brower, J. Polchinski, M. J. Strassler, and C. I. Tan, J.
High Energy Phys. 12 (2007) 005; R. C. Brower, M. J.
Strassler, and C. I. Tan, J. High Energy Phys. 03 (2009) 092;
R. C. Brower, M. S. Costa, M. Djuric, T. Raben, and C. I.
Tan, J. High Energy Phys. 02 (2015) 104; A. Ballon-
Bayona, R. C. Quevedo, M. S. Costa, and M. Djuric, Phys.
Rev. D 93, 035005 (2016).

[28] H. Abramowicz et al. (H1 and ZEUS Collaborations), Eur.
Phys. J. C 75, 580 (2015).

[29] M. R. Adams et al. (E665 Collaboration), Phys. Rev. D 54,
3006 (1996).

[30] L.W. Whitlow, Deep inelastic structure functions from
electron scattering on hydrogen, deuterium, and iron at
0.6-GeV2 ≤ Q2 ≤ 30-GeV2, Report No. SLAC-0357.

NEUTRINO-NUCLEON DIS FROM HOLOGRAPHIC QCD: PDFS … PHYS. REV. D 104, 066010 (2021)

066010-49

https://doi.org/10.1007/s100520000316
https://doi.org/10.1007/s100520000316
https://doi.org/10.1016/S0370-2693(01)01074-7
https://doi.org/10.1007/s100520100720
https://doi.org/10.1007/s100520100720
https://doi.org/10.1007/s100520100749
https://doi.org/10.1007/s100520100749
https://doi.org/10.1103/PhysRevD.59.014017
https://doi.org/10.1103/PhysRevD.59.014017
https://doi.org/10.1016/0550-3213(95)00638-9
https://doi.org/10.1103/PhysRevD.60.034008
https://doi.org/10.1088/1126-6708/2003/05/012
https://doi.org/10.1088/1126-6708/2003/05/012
https://doi.org/10.1103/PhysRevLett.31.1153
https://doi.org/10.1103/PhysRevLett.31.1153
https://doi.org/10.1088/1126-6708/2008/01/063
https://doi.org/10.1088/1126-6708/2008/01/063
https://doi.org/10.1103/PhysRevD.100.046015
https://doi.org/10.1103/PhysRevD.100.046015
https://doi.org/10.1103/PhysRevD.101.066014
https://doi.org/10.1088/1126-6708/2005/12/030
https://doi.org/10.1103/PhysRevD.80.115018
https://doi.org/10.1103/PhysRevD.80.115018
https://doi.org/10.1103/PhysRevC.79.045203
https://doi.org/10.1103/PhysRevC.79.045203
https://doi.org/10.1016/j.physletb.2007.01.030
https://doi.org/10.1016/j.physletb.2007.01.030
https://doi.org/10.1103/PhysRevD.86.036007
https://doi.org/10.1103/PhysRevLett.95.261602
https://doi.org/10.1103/PhysRevLett.95.261602
https://doi.org/10.1143/PTP.113.843
https://doi.org/10.1143/PTP.113.843
https://doi.org/10.1103/PhysRevD.96.054507
https://doi.org/10.1103/PhysRevD.70.111501
https://doi.org/10.1140/epjc/s10052-012-2236-2
https://doi.org/10.1088/1126-6708/2008/03/064
https://doi.org/10.1103/PhysRevD.100.054026
https://doi.org/10.1103/PhysRevD.100.054026
https://doi.org/10.1103/PhysRevD.79.115003
https://doi.org/10.1103/PhysRevD.79.115003
https://doi.org/10.1103/RevModPhys.70.1341
https://doi.org/10.1103/RevModPhys.70.1341
https://doi.org/10.1088/1126-6708/2009/08/007
https://doi.org/10.1088/1126-6708/2009/08/007
https://doi.org/10.1007/JHEP10(2018)084
https://doi.org/10.1007/JHEP10(2018)084
https://doi.org/10.1103/PhysRevD.101.086003
https://doi.org/10.1103/PhysRevD.101.086003
https://doi.org/10.1016/S0370-2693(99)01118-1
https://doi.org/10.1016/S0370-2693(99)01118-1
https://doi.org/10.1103/PhysRevD.85.105005
https://doi.org/10.1103/PhysRevD.87.075023
https://arXiv.org/abs/1210.3724
https://doi.org/10.1103/PhysRevD.88.025038
https://doi.org/10.1103/PhysRevD.88.025038
https://doi.org/10.1016/S0550-3213(00)00405-3
https://doi.org/10.1016/S0550-3213(00)00405-3
https://doi.org/10.1088/1126-6708/2007/12/005
https://doi.org/10.1088/1126-6708/2007/12/005
https://doi.org/10.1088/1126-6708/2009/03/092
https://doi.org/10.1007/JHEP02(2015)104
https://doi.org/10.1103/PhysRevD.93.035005
https://doi.org/10.1103/PhysRevD.93.035005
https://doi.org/10.1140/epjc/s10052-015-3710-4
https://doi.org/10.1140/epjc/s10052-015-3710-4
https://doi.org/10.1103/PhysRevD.54.3006
https://doi.org/10.1103/PhysRevD.54.3006


[31] D. Jorrin, G. Michalski, and M. Schvellinger, J. High
Energy Phys. 06 (2020) 063.

[32] S. D. Drell and T. Yan, Phys. Rev. Lett. 24, 181
(1970).

[33] S. P. Malace et al. (Jefferson Lab E00-115 Collaboration),
Phys. Rev. C 80, 035207 (2009).

[34] E. F. Capossoli, M. A. M. Contreras, D. Li, A. Vega, and H.
Boschi-Filho, Phys. Rev. D 102, 086004 (2020).

[35] D. B. Clark, E. Godat, and F. I. Olness, Comput. Phys.
Commun. 216, 126 (2017).

[36] S. Raju, Phys. Rev. D 83, 126002 (2011).
[37] E. D’Hoker, D. Z. Freedman, S. D. Mathur, A. Matusis, and

L. Rastelli, Nucl. Phys. B562, 330 (1999).

KIMINAD A. MAMO and ISMAIL ZAHED PHYS. REV. D 104, 066010 (2021)

066010-50

https://doi.org/10.1007/JHEP06(2020)063
https://doi.org/10.1007/JHEP06(2020)063
https://doi.org/10.1103/PhysRevLett.24.181
https://doi.org/10.1103/PhysRevLett.24.181
https://doi.org/10.1103/PhysRevC.80.035207
https://doi.org/10.1103/PhysRevD.102.086004
https://doi.org/10.1016/j.cpc.2017.03.004
https://doi.org/10.1016/j.cpc.2017.03.004
https://doi.org/10.1103/PhysRevD.83.126002
https://doi.org/10.1016/S0550-3213(99)00524-6

