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We compactify the ten-dimensional spacetime in heterotic supergravity leaving four-dimensional
Minkowski spacetime. We search for nonsupersymmetric, non-Ricci-flat solutions of the equations of
motion with the quadratic curvature term. By assuming that the extradimensional spaces are products of
2-manifolds, three types of solutions are found. They are S? x T2 x H?/T", S?> x H?>/T' x H?*/T, and
§? x 82 x H*/T", where H?/T" denotes a compact hyperbolic manifold. The metrics can be written
explicitly, and they can be applied to phenomenology.
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I. INTRODUCTION

There are several problems in the Standard Model of
particle physics: It does not contain gravity, and it cannot
explain the origin of gauge groups or the number of
generations. These problems would be explained by more
fundamental theories, and prominent candidates for them
are superstring theories. Superstring theories reside in ten-
dimensional spacetime. Dimensions beyond four have not
been observed [1-4], so the additional six dimensions need
to be small enough. In the context of string phenomenol-
ogy, the six-dimensional space is often assumed to be a
Calabi-Yau manifold [5] or a toroidal orbifold [6,7]. These
spaces are Ricci flat, so it is easy to show that they satisfy
the equations of motion.

The purpose of this paper is to find nonsupersymmetric,
non-Ricci-flat compactifications in the supergravity theory
as the low-energy limit of the heterotic superstring theory
[8]. Without supersymmetry, we need to solve equations of
motion. We assume that the ten-dimensional spacetime is a
direct product of Minkowski spacetime and three 2-mani-
folds. The advantage of 2-manifolds is that the condition
for Green-Schwarz anomaly cancellation mechanism [9]
can be satisfied [10] without assuming equality between
curvatures and gauge field strengths (“standard embed-
ding”). In addition, such submanifolds allow us to suppose
a Freund-Rubin-like configuration for gauge fields [11]. In
the heterotic supergravity Lagrangian, the necessity for a
quadratic curvature term was shown later in Ref. [12].
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Obtaining four-dimensional theories with non-Ricci-flat
manifolds has, of course, a long history [11,13-30]. Our
study differs from previous works for the quadratic curva-
ture term and the above Ansdtze.

To search for explicit solutions, we assume the
two-dimensional submanifolds are spaces of constant
curvature. The six-dimensional manifold solutions that
we find here are S? x T? x H?>/T", §? x H>/T" x H*/T,
and §% x S? x H?/T", where S%, T2, and H?/T are a two-
dimensional sphere, a torus, and a compact hyperbolic
manifold [14,21], respectively. By the flux quantization
condition, a finite number of solutions for the curvature of
the first S? are found.

This paper is organized as follows. In Sec. II, we describe
the Lagrangian and field equations that we solve in this
paper. In Sec. III, explicit configurations of gauge fields
and curvature tensors that satisfy the field equations are
shown. In Sec. IV, we summarize the results of this paper.

II. LAGRANGIAN AND EQUATIONS OF MOTION

We consider the bosonic part of the Lagrangian for
heterotic supergravity [12,27]

1
L = \/—g€_2¢ R + 4(v¢)2 - EHMNPHMNP
o o
+ §RMNPQRMNPQ - gtr(FMNFMN) , (1)

where ¢ is the determinant of the metric g,y and the
indices run M,N,P,Q =0, ...,9. Runpo is the Riemann
tensor, and the Ricci scalar R and the Ricci tensor R,y
are defined as R = ¢"%Ryo = ¢""g"2Rynpo. The gauge
field strength Fy is
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Fyn = OyAy — OyAy + [Ay. Ayl (2)

Fyun=FyTA,  Ay=AyT", w«(TAT?)=58, (3)
where A%, is a gauge field and T4 is a generator of gauge
groups Eg x Eg or SO(32).

The equation of motion for the three-form field H is

M (e’ Hyp) = 0. (4)
We take dilaton ¢ constant and H to vanish:

I =0, Hynp =0, (5)
and then the equation of motion for H (4) is satisfied. Such
a configuration with unbroken supersymmetry leads to
Ricci-flat compactification [5]. In this paper, we do not
assume low-energy supersymmetry. The other equations of
motion become

/ o
tr

a
R+ §RMNPQRMNPQ Y (FunFMV) =0,  (6)

o o
Ryy + ZRMPQRRNPQR - Ztr(FMPFNP) =0, (7)

Vi FMY 4 [Ay, FMV] = 0. (8)

Equation (6) can be made much simpler. By multiplying
Eq. (7) with g™V, we obtain

al

/
R + ZRMNPQRMNPQ - %tr(FMNFMN) = O (9)
Comparing with Eq. (6), we find
R =0. (10)

This is a result of the constant dilaton and vanishing H (5).
We use this equation instead of the dilaton equation (6).
Vanishing of the Ricci scalar does not mean that the ten-
dimensional manifold is Ricci-flat R,y = 0, as we will see
in the next section.

In addition to the above equations of motion, the
curvature form and the gauge field have to satisfy

/

S}

0=dH=—(tRAR—-ttF AF) (11)

- |

for the Green-Schwarz anomaly cancellation mechanism
[9]. To satisfy this condition, standard embedding R;y.;, =
FiyT4, has often been assumed. Such a relation, however,
cancels the second and the third terms of Eq. (7), and only
Ricci-flat solutions R,y = 0 are allowed. We need

Rynas # Fin T4, (12)
for some components to find nontrivial solutions.

III. COMPACTIFICATION

A. Ansitze

We are going to solve Egs. (7), (8), (10), and (11). We
assume that the ten-dimensional manifold is a product of
four manifolds:

M10:M0XM1XM2XM3, (13)

where M, is the four-dimensional Minkowski spacetime
and M; (i=1, 2, 3) are two-dimensional spaces of
constant curvature. The metric of M'? is block diagonal
and depends only on the coordinates of corresponding
manifolds g,(,i),, = gf,iL (x(i)), where the indices m and n are
tangent to M;. The nonzero Riemann tensor components
are then

Ry = 2i(gihghy — giih gy, (14)

where 4; is a constant sectional curvature. The other
components with indices of M, (like Ry3) or mixed
manifolds (like R,s45) are zero.

For the gauge field strength F4,y, we assume that it is
also block diagonal for M and N and nonzero only
for U(1) components (A = 1,2, ...,12). The range of A
is determined to leave the gauge group SU(5) in
E® x E® 5 SU(5) x U(1)". For the nonzero components,
we take Freund-Rubin-like configuration [11]

Fos = \/Gif e, (15)

where ¢g; = det(g%),,), f4 is a constant (sometimes called a

flux density [28]), and eE,iZ, is a Levi-Civita symbol for M.
Other components are set to zero. This configuration can
satisfy the nonstandard embedding condition (12).

B. Field equations and flux quantization

By the above setups, we can show that the equation of
motion for F,y (8) is satisfied. Consider that N = n is in
the direction of the manifold M;. The second term in Eq. (8)
vanishes:

[AMv FMH] _ A;\n(i)Fan(i) [TA, TB] =0, (16)

since A is nonzero only for U(l) components.
The covariant derivative term becomes also zero for the
Freund-Rubin configuration:
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1 ft
Vi Vi
Our Ansdtze Eqgs. (14) and (15) can also satisfy the

condition for the Green-Schwarz mechanism, Eq. (11).
Components of the first term are zero [10]:

VP =—_9, (\/@ emn) " =0. (17)

3
(i) rpli) _
Rl Rpp,s = 0. (18)
=1

R [MNRSRPQ]RS =

i

This is because {M, N, P, Q} cannot be all different in each
two-dimensional manifold M;. For the same reason, the
second term in Eq. (15) is also zero if M, N, P, and Q are in
the same M;. For different indexes m and n tangent to M,
and p and g tangent to M; (i # j), we need

FA FA

Ao = Z\/g,g,fAfA—O (19)

It can be satisfied if % do not overlap for A:

fif} =0 (i#j, nosum over A). (20)
The equations of motion to be solved are Eqs. (7) and
(10). They are reduced to

wr(2-Smr) =0 e

23: 2 =0. (22)

From Eq. (21), we see that 4; can be positive or negative.
This is crucial to obtain non-Ricci-flat solutions. If the
quadratic curvature term or gauge field were not, all 4; are
nonpositive or non-negative, and Eq. (22) forces them to
be zero.

The equations of motion (21) and (22) have a trivial flat
solution Ml = M2 = M3 = T2 (ﬂ] = ﬂz = ),3 = 0 with no
gauge fields, f1 = f4 = f4 =0). We are interested in
nonflat solutions here. The manifold with 4; > 0 is a two-
sphere % and 1; < 0 is a compact hyperbolic manifold
H?/T [14,21]. For M; = §?, H?/T’, gauge field strength
satisfies the flux quantization condition [10,29]

/ FA = vol(M;)f4 = 2zn?, (23)
M

i

where vol(M;) is a volume of M; and n? is an integer. On
the other hand, the Ricci scalar is also related to an integer
by the Gauss-Bonnet theorem:

/ R = VOI(M,’)Z&,’ = 4ﬂ){i7 (24)
M;

where y; is the Euler characteristic (y; = 2 for S? and a
negative even number for H?/I"). Dividing Eq. (23) by
Eq. (24), we find

=" (25)

Substituting it to the equation of motion (21), we obtain

T

L2 (¢
R 26
{oem @ (26)

izz . (27)

C. Solutions

For simplicity, we put ' = 2 below. To find solutions for
Egs. (22), (26), and (27), it is useful to derive the range of
A;. In the region ¢; < 1 and ¢; > 1, 4; is monotonically
decreasing with ¢;. By the definition, ¢; >0 and the
minimal ¢; > 1 is 2; then

{4
A <
-1

Without loss of generality, we can set 4, > 4, > 13. For
nonflat solutions, Eq. (22) implies 4; > 0 and 43 < 0. We
discuss three cases with zero, negative, and positive 4,. We
can find many discretized solutions, and two sample
solutions for each case are summarized in Table 1. We
pick up some solutions below.

(for $?),

(for H?/T). (28)

1. Case (i): M;=S*, M,=T?, and M3=H?/T

This manifold corresponds to 4, = f4 = 0. The con-
dition of vanishing Ricci scalar (22) is

1 1
Cl—l

=0. 29

It has four solutions:

-G (a0 o

corresponding to

4
/11 :—/13:4,2,5,1. (31)
One of the solutions (4;,43) = (1, —1) can be realized if

the nonzero parameters are (we choose f4 > 0)
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TABLE L

Sample solutions for the equations of motion (21) and (22), satisfying the conditions for anomaly cancellation (20) and flux

quantization (25). The sectional curvature 4; and the flux density f% are defined in Eqgs. (14) and (15), and y; is the Euler characteristic
(x1 = 2). 4; and f4 are proportional to 2/a’, and m and n are arbitrary natural numbers.

Ay % A3 X2 X3 Nonzero f4

1 0 -1 0 —-2n f{ = f% =1

4 0 -4 0 —2n fi=4 =fA=fA=1=2

2 -1 -1 —2m —2n =2, 2=11=1

! 2 2 ~2m ~2n fl=dfi=2f=f=f=r=1

2 1 -1 2 -2n fil=1=Lp3=12

! ! -8 2 4 N=f=f=4i=fi-/=2 /-6
M=m=2 fl=f1=1 (32)  fi=fi=fi=4 fi=fi=fi=2. fi=6 ()

The number of nonzero f? is two, and it is minimal for case
(i). The condition for anomaly cancellation Eq. (20) is
satisfied.

2. Case (ii): M;=S? and My=M;=H?/T
This manifold corresponds to 4, < 0. The inequality (28)
and Eq. (22) give
4211 :—12—1322. (33)
There are only two solutions for 4;:
A =42 (34)

For 4; = 2, the others are A, = 13 = —1. This case requires
three f4 to be nonzero, and we have checked that this is
minimal. For 1; = 4, other parameters 4; and f# can be
calculated as in other cases.

3. Case (iii): M{=M, =S’ and M;=H?/T

The ranges of the sectional curvatures are
420 2 (4 +4)/2=-1/221/2 (35)
Then eight values of A, are possible:

4 42
A, :4727771a7571
: 5'3

4
3 7’

. (36)

N[ =

The minimal number of nonzero f4 is three for
the case (4;,4,,43) = (%,%,—l). Another nontrivial sol-
ution (4;,4,,43) = (4,4, —8) can be realized with

5 22412 7 (3n)*+(2n)*+n?
_7+10 T . (37
4 22 <R (—4n)? (37)

Cl=Cr=

where 7 is an arbitrary natural number. The Euler character-
istic y3 = —4n is limited to a multiple of four. Nonzero flux
densities f? are calculated by Egs. (25) and (37) as

The anomaly cancellation condition Eq. (20) is satisfied.

IV. CONCLUSIONS

We found a new set of nontrivial solutions for the
equations of motion in heterotic supergravity. We have
assumed the extra six-dimensional space is a product of 2-
manifolds (13). Such a space has two advantages: The
Green-Schwarz mechanism can be realized without assum-
ing the standard embedding, and the gauge field can take
Freund-Rubin-like configuration (15). By the quadratic
curvature term in the Lagrangian and the nonstandard
embedding, the sectional curvature 4; can be positive or
negative [see Eq. (21)], leading to non-Ricci-flat solutions.
The solutions are summarized in Table 1.

In these solutions, the curvatures are fixed by the
equations of motion and discretized by the flux quantiza-
tion condition. They cannot be continuously changed, so
the solutions are expected to be stable. In contrast with
Ricci-flat cases, there is no freedom to multiply curvatures,
since the quadratic curvature term is present, and such
stability was pointed out in Ref. [27] (the stability of
compactification on the products of Einstein manifolds was
also discussed in Ref. [28] with a different action). It would
be interesting to examine whether the solutions remain
stable with the inclusion of higher-curvature terms.

Our compactifications realize  four-dimensional
Minkowski spacetime, so they can be applied for phe-
nomenology. For example, if nonzero U(1) fluxes are
suitably embedded in E® x E®, the gauge symmetry
SO(10) can be left, which is ideal for grand unification
with massive neutrinos [31,32]. We know explicit metrics
and gauge field components in our solutions. They will
enable us to calculate not only topological numbers, such
as the number of generations, but also other continuous
parameters like Yukawa couplings in four-dimensional
theories. We would further study these phenomenological
aspects in the future.
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