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We derive a master equation for the reduced density matrix of a uniformly accelerating quantum detector
in arbitrary dimensions, generically coupled to a field initially in its vacuum state, and analyze its late time
regime. We find that such density matrix asymptotically reaches a Gibbs state. The particularities of its
evolution towards this state are encoded in the response function, which depends on the dimension, the
properties of the fields, and the specific coupling to them. We also compare this situation with the
thermalization of a static detector immersed in a thermal field state, pinpointing the differences between
both scenarios. In particular, we analyze the role of the response function and its effect on the evolution of
the detector towards equilibrium. Furthermore, we explore the consequences of the well-known statistics
inversion of the response function of an Unruh-DeWitt detector linearly coupled to a free scalar field in odd
spacetime dimensions. This allows us to specify in which sense accelerated detectors in Minkowski
vacuum behave as static detectors in a thermal bath and in which sense they do not.
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I. INTRODUCTION

It is often stated that the Unruh effect consists in the
perception of the Minkowski vacuum as a thermal bath by
an accelerated observer [1]. This conclusion can be reached
through various approaches. Foremost, the comparison
between Fock quantizations with respect to Rindler and
Minkowski modes for free theories exemplifies this.
Although unitary inequivalent, it can be seen that, in
arbitrary dimensions, the Minkowski vacuum is related
with a state in the Rindler quantization by a Bogoliubov
transformation whose coefficients reveal a Planckian pop-
ulation, with thermality appearing because of the tracing
over the unobservable Rindler wedge. The Rindler quan-
tization has a free parameter, describing the acceleration of
the observer whose proper coordinates are the ones of the
Rindler spacetime. The temperature of this thermal pop-
ulation is therefore proportional to the acceleration of this
privileged observer [1–3]. Another formal derivation of this
result, which actually holds for arbitrary interacting theo-
ries described by a Lagrangian, is via path integral
methods. Albeit this derivation assumes a factorization
of the Hilbert space which, strictly speaking, cannot be
performed [4], it succeeds in proving the following
result: Expectation values in the Minkowski vacuum of

observables supported on one of the Rindler wedges with
respect to the Minkowski Hamiltonian can equally be
computed as thermal expectation values with respect to
the Rindler Hamiltonian. This result is often referred to as
thermalization theorem [5,6]. Furthermore, for every space-
time possessing a bifurcate Killing horizon, there exists a
generalization of the Unruh effect [7–9]. From a more
axiomatic approach to quantum field theory, the Unruh
effect is a direct consequence of the Bisognano-Wichmann
theorem [10]. For a recent review on the Unruh effect and
some of its applications see, for instance, [11].
Beyond formal analyses relating Minkowski and Rindler

quantizations, in an effort to endow the observer with a
more definite physical meaning, models of detectors have
also been studied in the literature. The simplest one is the
Unruh-DeWitt detector model [1] consisting of a pointlike
two-level system that responds to vacuum fluctuations of
fields. The detector is then allowed to follow an accelerated
trajectory, its interaction being turned on and off by a
suitable switching function. This type of calculation leads
to the definition of the detector response function (propor-
tional to its probability of excitation per unit of time), which
depends only on the trajectory of the detector, the state of
the field and the coupling between the field and the
detector. Consider for instance a free massless real scalar
field linearly coupled to the monopole of the detector. In 4
spacetime dimensions, the response function for a uni-
formly accelerated detector in the Minkowski vacuum
exhibits a Planckian shape: the same that it would exhibit
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when it follows a static trajectory with the field in a thermal
state. A puzzle appears, however, when considering dimen-
sions different than 4: the response function of the
accelerated detector in vacuum strongly depends on the
number of spacetime dimensions. Throughout this work we
will restrict ourselves to study cases of dimension greater
than 2 since, for the massless field, there are infrared
divergences that require a special treatment. Dimension 3 is
special for this model of detector since the Planckian
distribution is exactly replaced by a Fermi-Dirac one.
Considering dimensions greater than 4 we obtain, for even
dimensions, a Planckian distribution modulated by dimen-
sion-dependent polynomial factors in the frequency while,
for odd dimensions, we obtain a Fermi-Dirac one modu-
lated by dimension-dependent polynomial factors.
The situation is worsened when we consider couplings to

an arbitrary integer power of the field. Particularly, for
detectors coupled to a free massless real scalar field ϕ
through an even power of the field, the response function
has, for every dimension, a Planckian form modulated by
dimension and coupling dependent polynomial factors in
the frequency. If the coupling to the detector is done
through an odd power of the field, the response function
switches between the Planckian and Fermi-Dirac functional
forms depending on whether we are in even or odd
dimensions, respectively; appearing in both cases modu-
lated by a dimension and coupling dependent polynomial
factor in the frequency again.
The phenomenon of statistics inversion was originally

noticed by Takagi [12,13] and it was presented as an
obstruction to the thermal interpretation of the Unruh
effect. To further complicate the matter, the response
function for massive fields was also observed to deviate
from a Planckian-like form. For a review and further
generalizations where similar phenomena are observed,
like an analogous result for fermion fields, see [14]. Later
pinpointed by Unruh [15] without much ado, he claimed
that there was no contradiction between the standard
interpretation and Takagi’s results: the relevant feature
was the Boltzmann factor relating the populations of each
of the field modes.
In a subsequent work, Ooguri [16] identified the formal

reasons for the dependence of this phenomenon on the
spacetime dimension. Owing to the Kubo-Martin-
Schwinger (KMS) condition [17,18], the response function
is fixed to be a Planck distribution multiplied by the Fourier
transform of the pullback of the commutator to the
trajectory of the field [16]. If the propagator has support
only on the light cone, as the Huygens principle guarantees
in even spacetime dimensions, the Fourier transform of the
commutator necessarily has to be a polynomial. In odd
dimensions, the commutator has support also inside the
light cone, i.e., there is propagation of signals at speeds
lower than the speed of light. This leads to nonpolynomial
functions of the frequency (i.e., quotients of exponentials)

that compensate the Planckian factor and transform it into a
Fermi-Dirac factor. In consequence, the response function
is non-Planckian-like in odd dimensions. Notice that these
features have nothing to do with the quantum nature of the
Unruh effect: the commutator is completely determined by
the classical dynamical evolution for the field.
More recent works [19,20] allude to the statistics

inversion being a mere feature of the detector but not
clarifying the concerns put forward by Takagi. The addi-
tional polynomial dimension-dependent factors that
enter the response function have been argued to represent
the effective density of states seen by an accelerated
observer [21].
It is our aim to shed light into this subject and to fill the

gap in comprehension that appears to still be present in
the literature. We will argue that the thermal nature of the
Unruh effect is, indeed, correct. The commented particu-
larities of the response function have nothing to do with the
thermal nature of the Unruh effect. As we will show, this
thermal nature is encoded within the Boltzmann factor
relating positive and negative frequency response func-
tions, as it is implied by the KMS condition, which all the
relevant Wightman functions obey. However, we will also
argue that the thermal nature of the Unruh effect does not
mean that the same detector accelerating in vacuum and
immersed in a static thermal bath will behave exactly in the
same way: This is only true in four dimensional spacetime
and for detectors linearly coupled to massless free fields,
any change in these characteristics leading to huge room for
variability in the response function. The Unruh effect is a
thermal effect in the sense that a physical detector subjected
to uniform acceleration reaches asymptotically a thermal
(Gibbs) state, and this is independent from having a strictly
Planckian response function. We will derive this universal
property by treating a standard Unruh-DeWitt detector as
an open quantum system and obtaining its asymptotic time
evolution at first order in perturbation theory for times
much longer than the thermalization time. As long as the
pullback of the Wightman functions obeys the KMS
condition, which is the case for the uniformly accelerated
trajectory, we will show that the detector thermalizes.
Furthermore, we find out that the response function
encodes the information about the path that the detector
follows within its space of states to reach thermal equilib-
rium. Although for simplicity we will work with a generic
real scalar field coupled to a monopolar detector, the
method and results presented in this paper are straightfor-
wardly extendable to other fields, like the fermionic fields
considered by Takagi [14], where similar arguments apply.
This paper is structured as follows: Section II summa-

rizes computations and results scattered through the liter-
ature related to this apparent inversion of statistics.
Additionally, we emphasize some generalities related to
thermal baths relevant to understand the puzzle that
this phenomenon has raised. In Sec. III we obtain the
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asymptotic evolution for the density matrix of the detector
and analyze the resulting master equation. Section IV
contains the analysis of some specific models and we
highlight the differences between the Unruh effect and a
static thermal bath. Finally, we summarize our conclusions
in Sec. V. Throughout the work we use units ℏ ¼ c ¼
kB ¼ 1 and consider the signature diagð−;þ; � � � ;þÞ for
the Minkowski metric.

II. UNRUH-DEWITT DETECTORS: THERMAL VS
PLANCK VS UNRUH

Our departure point is an arbitrary real scalar field theory,
i.e., a field theory obeying Wightman axioms [22]. This
means that we can consider either a massive or massless,
interacting or noninteracting field, as long as it defines a
quantum field theory in the sense of Wightman. Under such
conditions, reconstruction theorems ensure that all the
properties of the theory are encoded in the n-point
functions, commonly referred to as Wightman functions.
Thus, we will assume that the whole theory is defined in
terms of its Wightman functions, which we take as input
data. Furthermore, we model the Unruh-DeWitt detector as
a pointlike two-level system whose free Hamiltonian is
given by Hd ¼ ωσz=2, with σz being the diagonal Pauli
matrix and ω the energy gap between the ground and
excited states of the detector, which we represent as
fjgi; jeig, respectively. We will consider an interaction
Hamiltonian between the two-level system and the field
ϕðxÞ which, written in the interaction picture and para-
metrized by the proper time of the detector τ, reads

HIðτÞ ¼ λχðτ=ΔÞmðτÞ ⊗ ϕn½xðτÞ�: ð1Þ

Here, λ is the coupling constant in terms of which we
perform a perturbative expansion; χðτ=ΔÞ is the switching
function: a square-integrable, smooth function ðχðyÞ ∈
C∞ðRÞÞ controlling the on-and-off switching of the inter-
action, as well as its duration (Δ is the width of the
interaction window); mðτÞ is the monopole moment of the
detector which, written in terms of the SUð2Þ ladder
operators, reads mðτÞ ¼ eiωτσþ þ e−iωτσ−. For powers
n > 1, physical observables (like the vacuum excitation
probability) diverge and need to be tamed by introducing a
suitable renormalization scheme. This is a generic feature
of interaction Hamiltonians containing arbitrary polyno-
mials of fields. A rigorous treatment [23] of these diver-
gences for n ¼ 2 reveals that they are analogous to the
tadpole diagrams from quantum electrodynamics. Such
divergences can be suitably eliminated by applying the
normal order prescription to the ϕ2 operator appearing in
the Hamiltonian. Extending the same prescription to
arbitrary n involves the replacement of ϕn½xðτÞ� by its
normal-ordered counterpart in (1).

Our aim in this work is to study the thermalization of
the detector in different situations. Since thermalization
requires that the detector settles with the myriad of
interactions in its surroundings, we will need the window
of time during which the detector interacts with the field to
be greater than any other timescale involved in the problem
under consideration (for instance, the thermalization time,
which is roughly the inverse of the temperature). For this
purpose, it is convenient to consider the so-called infinite
adiabatic limit in which the window of time for which the
interaction is switched on becomes infinite. This is done by
choosing χðτ=ΔÞ within an appropriate family of square-
integrable functions (such as Gaussian functions) so that, in
the limit Δ → ∞, it becomes a constant function. This
procedure is compulsory in order to manipulate well-
defined objects in our construction: the field operators
by themselves are distribution-valued operators. We need to
smear them with suitable smooth functions to build a
meaningful operator acting on the Hilbert space of states.
Thus, for all practical purposes, we can set the function
χðsÞ ¼ 1 in our computations.
Let us particularize, for a scalar field in D spacetime

dimensions, to stationary states and trajectories. Then, the
pullback of the 2n-point Wightman functions to the trajec-
tory of the detector depends only on the differences between
proper times of the detector along its trajectory, and it will
hence be denoted byWð2nÞ

D ðτ − τ0Þ. The detector probability
of excitation per unit time computed to the lowest nontrivial
order in perturbation theory turns out to be [14]

RþðωÞ ¼ λ2jhejmð0Þjgij2F ðnÞ
D ðωÞ: ð2Þ

Here, the function F ðnÞ
D ðωÞ is the response function defined

as the Fourier transform of the Wightman function

F ðnÞ
D ðωÞ ¼

Z
∞

−∞
duWð2nÞ

D ðuÞe−iωu: ð3Þ

Notice that the response function only depends on properties
of the field, on its pullback to the trajectory of the detector,
and on the power n of the coupling. As mentioned before,
these response functions for free fields in more than 4
dimensions exhibit departures from Planckianity (details are
in Sec. IV) and can even show statistic inversion [14].
In this context, apart from the transition to the excited

state ðjgi → jeiÞ one needs to consider also the decay rate
ðjei → jgiÞ per unit time [14,15]. The probability of decay
per unit time is given by

R−ðωÞ ¼ λ2jhgjmð0Þjeij2F ðnÞ
D ð−ωÞ: ð4Þ

The expressions Rþ and R− derived for uniform accel-
eration are relevant also for nonuniform accelerations,
whenever the change in acceleration is adiabatic.
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The two stationary states and trajectories wewill consider
are: a static detector immersed in a thermal state for the field,
i.e., a state whose Wightman functions obey the KMS
condition with respect to an inertial time parameter, and
an uniformly accelerated detector in Minkowski spacetime,
where the Wightman functions obey the KMS condition
with respect to the Rindler time. The detector thermalizes if
the quotient between the populations of the excited and
ground states of its reduced density matrix is related by a
Boltzmann factor. For a two-level system, it is straightfor-
ward to see that the quotient between populations neces-
sarily agrees with the quotient between excitation and decay
ratios, since only two states are available. However, let us
stress that proving that this quotient between ratios is related
by a Boltzmann factor does not correspond to a direct
computation of the quotient between populations. In Sec. III
we will derive this relation explicitly. For the moment,
consider the quotient between excitation and decay ratios

RþðωÞ
R−ðωÞ

¼ F ðnÞ
D ðωÞ

F ðnÞ
D ð−ωÞ

¼ e−βω; ð5Þ

where β is the inverse of the KMS temperature T. Relation
(5) is guaranteed for the trajectories under consideration
since it is implied by the Fourier transform of the KMS
condition [24]

Wð2nÞ
D ðu − iβÞ ¼ Wð2nÞ

D ð−uÞ: ð6Þ

Thus, we refer to the second equality in Eq. (5) as the
Fourier-transformed KMS condition.
The specific profile (Planckian-like or not) of the response

function is not directly related to the thermalization of the
detector at sufficiently long times [notice that the number of
response functions that obey Eq. (5) is actually infinite]. A
Planckian response is characteristic of free field theories in a
thermal state. Turning on self-interactions of the field makes
the response function non-Planckian. This is a general
feature of thermal baths and, as such, is independent of
the Unruh effect. Indeed, if we devise a system comprised of
a detector immersed in the thermal bath of a field with
involved interactions, the response function will show a
substantial dependence on the couplings to the field.
Nonetheless, the asymptotic quotient of ratios will still be
of the form (5). It is the information about the coupling
between the field and the detector the one that becomes
reflected in the particular form of the response function, and
disappears from the quotient (5). Thus, the standard inter-
pretation of the Unruh effect as a thermal bath is not
contradictory with the particularities of the response func-
tions found by Takagi [14].
In the next section we will explore the effect of the

response function on determining the path that the detector
follows towards thermal equilibrium. This discussion
requires additional information besides the ratios here

exposed. This additional information is precisely the time
evolution of the earlier mentioned populations of the
reduced density matrix for the detector.

III. UNRUH-DEWITT DETECTOR
AS AN OPEN SYSTEM

In this section we will treat the Unruh-DeWitt detector as
an open quantum system in which the quantum field plays
the role of the environment. We will obtain and study an
asymptotic expansion for the density matrix of the detector
under the interaction Hamiltonian (1). The components of
this density matrix ρ are fρgg; ρee; ρge ¼ ρ�egg, correspond-
ing to the populations of the ground and excited states and
the quantum coherences, respectively.
Let us advance some aspects concerning the approx-

imations involved in deriving the evolution equation for the
density matrix of the detector subsystem. The equation will
be obtained under the Born-Markov approximation [25],
which involves two approximations intertwined to some
extent. First, we focus on the regime of weak coupling,
which requires λ to be small. This weak coupling guaran-
tees that our perturbative expansion captures the relevant
effects coming from the interaction between both subsys-
tems. Furthermore, it is also crucial in ensuring that the
evolution of the detector is Markovian, i.e., that its reduced
density matrix can be described by a differential equation
that is local in time and its evolution operators constitute a
dynamical semigroup [25]. This second aspect corresponds
to the so-called Markov approximation and it is achieved at
the expense of obtaining a “coarse-grained” reduced
density matrix for the detector [26]. This coarse graining
implies that the solutions to the master equation will be
unable to capture fast oscillations of the density matrix at
short timescales compared to the typical timescale of
correlations of the field theory under consideration.
Furthermore, we recall that the regime which we are
working and the approximation that we are making exclude
the possibility of analyzing transient effects like the anti-
Unruh effect [27,28].
Now, we proceed to derive the master equation describ-

ing the evolution of the reduced density matrix ρ for the
detector subsystem. We work out the first nontrivial order
in perturbation theory, that is, Oðλ2Þ. The field state
acquires corrections at order Oðλ2Þ, and thus, these mod-
ifications influence the density matrix of the detector at
higher orders in perturbation theory. Thereby, for the
purpose of analyzing Oðλ2Þ corrections to the reduced
density matrix of the detector, it is safe to consider that the
field remains in its vacuum state. By itself, it is usually
called Born approximation

ρtotðτÞ ¼ ρðτÞ ⊗ ρϕð0Þ þOðλ4Þ: ð7Þ
Under the Born approximation, the evolution of the density
matrix is described by the following integro-differential
equation in the interaction picture [29,30]:
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_ρ ¼ λ2
Z

τ

0

dτ0½mðτ0Þρðτ0ÞmðτÞ −mðτÞmðτ0Þρðτ0Þ�

×Wð2nÞ
D ðτ − τ0Þ

þ λ2
Z

τ

0

dτ0½mðτÞρðτ0Þmðτ0Þ − ρðτ0Þmðτ0ÞmðτÞ�

×Wð2nÞ
D ðτ0 − τÞ þOðλ4Þ: ð8Þ

The ρgg and the ρee components of the density matrix are
coupled through the equations of motion, but the off-
diagonal component is decoupled from diagonal elements
and obeys a single closed differential equation. For the
purpose of analyzing the populations of the detector, it
suffices to consider the evolution of the diagonal compo-
nents

_ρeeðτÞ ¼ −λ2
Z

τ

0

dτ0½AðnÞ
D ðτ − τ0Þρeeðτ0Þ

−BðnÞ
D ðτ − τ0Þρggðτ0Þ�;

_ρggðτÞ ¼ −λ2
Z

τ

0

dτ0½BðnÞ
D ðτ − τ0Þρggðτ0Þ

−AðnÞ
D ðτ − τ0Þρeeðτ0Þ�; ð9Þ

with the functions AðnÞ
D ðsÞ; BðnÞ

D ðsÞ defined as

AðnÞ
D ðsÞ ¼ 2ReðWð2nÞ

D ðsÞeiωsÞ;
BðnÞ
D ðsÞ ¼ 2ReðWð2nÞ

D ðsÞe−iωsÞ; ð10Þ

where Re denotes the real part of the function.
We can now make one last approximation relying on the

fact that the Wightman function is highly peaked around
τ − τ0 ¼ 0 (for D ≥ 3) and that it decays fast to zero, being
β (the KMS parameter, i.e., the inverse of the temperature)
the characteristic size of the region where the function is
non-negligible.
Although it is a well-known fact that the pullback of the

thermal Wightman function to a static trajectory shows an
exponential fall off with decay constant ∼β−1, it is not clear
whether this property extends to accelerated trajectories in
vacuum without further assumptions. It is convenient to
pause at this point to discuss why the pullback of the
Wightman function obeys such a fast decay property for the
accelerated trajectory in vacuum. Notice that, for a rela-
tivistic quantum field theory in flat space, Poincaré invari-
ance ensures that the two-point Wightman function
depends on the Minkowski spacetime interval between
the two pointsWð2Þ

D ðjΔxjÞ. Let us now assume that we have
a Wightman function that decays at least polynomially as
jΔxj → ∞, which is a fairly reasonable assumption. For
spacelike separation, this is just the clustering property
typically asked for the Wightman functions to define
a meaningful theory. For timelike separation it is an

additional assumption, but it is obeyed by all of the
Wightman functions we know of, for instance the ones
corresponding to a free theory. Actually, particularizing to
the pullback of the Wightman function to a trajectory with
acceleration a, for which jΔxj2 ¼ 4 sinh2 ðaΔτ=2Þ=a2, the
polynomial fall off implies that the Wightman function is
bounded by an exponential

jWð2Þ
Dþ1ðuÞj ≤ K exp ð−AuÞ; ð11Þ

with A;K > 0, and A ∼ β.
This discussion serves to put forward the following

point: The characteristic timescale for which the pullback
of the Wightman functions decays is OðβÞ. Besides, the
characteristic timescale for which the reduced density
matrix of the detector varies appreciably will be clearly
determined by the coupling constant λ. Actually, since the
first nontrivial order in the master equations (9) is Oðλ2Þ,
we expect this time to be of order Oðλ−2Þ. From these
expressions, we know that _ρ itself is of order Oðλ2Þ, so
keeping only the second order in λ in the differential
equation means that we can safely replace ρðτ0Þ by ρðτÞ in
the integrals (9) without introducing further errors [25,26].
Together with a manipulation of the integrals to remove the
variable τ from the integrand, this substitution transforms
the integro-differential equations of motion (9) into the
differential equations

_ρeeðτÞ ¼ −λ2IþðτÞρeeðτÞ þ λ2I−ðτÞρggðτÞ;
_ρggðτÞ ¼ −λ2I−ðτÞρggðτÞ þ λ2IþðτÞρeeðτÞ; ð12Þ

which are now local in the components of the reduced
density matrix. The functions I�ðτÞ can be easily seen to be

I�ðτÞ ¼
Z

τ

−τ
due�iωuWð2nÞ

D ðuÞ: ð13Þ

This substitution has lead to the so-called Redfield equation
[31] for each of the diagonal components of the density
matrix, which is a local differential equation. However, we
do not yet have a Markovian master equation in the strict
sense of being a differential equation whose dynamics is
described by a dynamical semigroup [25,26]. This is
because it still depends on a preferred choice of time at
which we imposed initial conditions for the detector and the
field, τ ¼ 0.
We can now make one last approximation to transform

equations (12) into a Markovian equation by focusing in
the physics at large τ. Noticing that, in general, the
integrand in (13) decays very fast at infinity [as the fall
off properties of the Wightman function (11) ensure], we
can take the integration limits to infinity in Eq. (13) without
introducing a substantial error at long times. In the limit
τ → ∞, the integrals (13) become the response func-
tions with negative and positive frequency, respectively.
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Therefore, we can substitute the I�ðτÞ integrals in Eq. (12)
by the associated response functions, obtaining the follow-
ing differential equations with constant coefficients:

_ρeeðτÞ ¼ −λ2F ðnÞ
D ðωÞρeeðτÞ þ λ2F ðnÞ

D ð−ωÞρggðτÞ;
_ρggðτÞ ¼ −λ2F ðnÞ

D ð−ωÞρggðτÞ þ λ2F ðnÞ
D ðωÞρeeðτÞ: ð14Þ

Solutions to the differential equations (14) exhibit a fixed
point at infinite τ to which all physical solutions flow. This
is a robust feature of the system of equations which persists
even if we leave the I� integrals from Eq. (12) intact.
Actually, Eq. (12) can also be exactly solved, although the
solution to (14) is much more simple and will better serve
the upcoming discussion. Indeed, qualitative differences
between the solutions to Eq. (12) and Eq. (14) are restricted
to small deviations among the integral curves of the
equations at finite times, whereas at late times solutions
converge asymptotically towards the same fixed point.
In order to solve (14), it is useful to introduce the

function HðnÞ
D ðωÞ as

HðnÞ
D ðωÞ ¼ F ðnÞ

D ðωÞ þ F ðnÞ
D ð−ωÞ; ð15Þ

in terms of which the general solution to the equations (14)
reads

ρeeðτÞ ¼
F ðnÞ

D ð−ωÞ
HðnÞ

D ðωÞ
þ
�
ρeeð0Þ −

F ðnÞ
D ð−ωÞ

HðnÞ
D ðωÞ

�

× exp ð−λ2HðnÞ
D ðωÞτÞ; ð16Þ

with ρggðτÞ ¼ 1 − ρeeðτÞ. In view of (16) we observe that
time-dependent terms decay exponentially fast, leading to
constant values for the components of the density matrix.
These asymptotic values will reveal a thermal (Gibbs) state
for the detector as we see in the following.
The fixed point at infinity is characterized by the quotient

between positive and negative response functions, since
they fix the ratio between the populations of the detector

lim
τ→∞

ρeeðτÞ
ρggðτÞ

¼ F ðnÞ
D ðωÞ

F ðnÞ
D ð−ωÞ

: ð17Þ

We can prove that such fixed point is reached even keeping
the functions I�ðτÞ from Eq. (12). Let us illustrate this
aspect in detail. We make use of the normalization con-
dition ρggðτÞ þ ρeeðτÞ ¼ 1, which holds at all times due to
the trace-preserving character of the equations, to rewrite
(12) as a pair of decoupled differential equations.
Additionally, in virtue of the normalization condition, it
is sufficient to prove that one of the components of the
density matrix reaches its corresponding asymptotic ther-
mal value. Let us particularize for the ρee component
obeying equation

_ρeeðτÞ ¼ −λ2½ISðτÞρeeðτÞ þ I−ðτÞ�; ð18Þ

where we have made the substitution

ISðτÞ ¼ IþðτÞ þ I−ðτÞ: ð19Þ

Integrating Eq. (18) we have

ρeeðτÞ ¼ ρeeð0Þe−λ
2
R

τ

0
duISðuÞ þ e−λ

2
R

τ

0
duISðuÞ

× λ2
Z

τ

0

duI−ðuÞeλ
2
R

u

0
dvISðvÞ: ð20Þ

At this point, the assumption made for the fall off of the
Wightman functions in Eq. (11) becomes relevant: The
functions I�ðτÞ are bounded by an exponential

I�ðτÞ − F ðnÞ
Dþ1ð�ωÞ < α�e−γ�τ; ð21Þ

where α�; γ� > 0. Using this bound for the functions I�ðτÞ
in Eq. (20), we conclude that

lim
τ→∞

����ρeeðτÞ − F ðnÞ
D ð−ωÞ

HðnÞ
D ðωÞ

���� ¼ 0; ð22Þ

hence, we have proved that the fixed point characterized by
(17) is reached asymptotically independently of the sub-
stitution made in (14). This proof holds under reasonable
assumptions for the Wightman functions that are verified in
all the cases of interest.
In view of this, the role of the response function becomes

evident from the solution (16). We clearly see that the
stationary state is reached asymptotically via the exponen-
tial decay of the τ-dependent term in (16). The character-
istic time scale Γ−1 at which the non stationary features
become negligible is given by

Γ ¼ λ2HðnÞ
D ðωÞ: ð23Þ

Thus, the role of the response functions (15) is to modulate
how fast the detector reaches the stationary state, i.e., an
equilibrium state. This rate depends on the magnitude of
the coupling parameter λ, which modulates the strength of
the interaction. For large values of λ (as long as they remain
within the weak coupling regime) the system thermalizes
more quickly, whereas, conversely, the thermalization time
can be made arbitrarily long by taking a sufficiently small λ.
Notice that the infinite number of degrees of freedom that
characterize the field are crucial for the system to approach
a fixed point. Had the role of the field in our model been
played by a system with a finite number of degrees of
freedom, then the state would have never reached a fixed
point. In such scenario, Poincaré pseudorecurrences are
unavoidable [32]. Actually, a full, nonperturbative treat-
ment of the problem would result in a qualitatively different
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behavior of the reduced density matrix for the detector
subsystem. We expect that, although the solution would
approach the fixed point, it would fluctuate around it.
However, we also expect such fluctuations to average to be
zero, making them an extremely tiny contribution.
Notice that, up to this stage, we have considered generic

fields, couplings and masses, and have restricted ourselves
just to stationary trajectories. We have not invoked yet the
KMS condition obeyed by the Wightman functions. Let us
now focus on the two cases we are interested in comparing:
A uniformly accelerating detector in vacuum and an inertial
detector which is comoving with a thermal bath (a static
detector with respect to the time parameter for which the
Wightman functions are periodic in imaginary time). For
such trajectories, the quotient between response functions
is characterized by a Boltzmann factor (5) and the asymp-
totic quotient between populations reads

lim
τ→∞

ρeeðτÞ
ρggðτÞ

¼ e−βω; ð24Þ

with β being the KMS parameter (β ¼ 2π=a for the former
and β ¼ 1=T for the latter). Thus, the asymptotic stationary
state of the detector in the two cases of interest is a thermal
state. This same exponentially convergent behavior of the
density matrix towards the Gibbs state was found in [33].
These results are also robust in the following sense: Even if
the Wightman functions are perturbatively deformed in a
Lorentz-invariance-breaking way such that they no longer
obey the KMS condition, the Fourier-transformed KMS
condition, which is commonly written as (17), is still
verified perturbatively [34]. Thus, the thermalization of
particle detectors is also a stable phenomenon under small
deformations of the relativistic quantum field theory under
consideration.
In summary, the thermalization of the detector is robust

under generally reasonable approximations, which essen-
tially involve weak coupling between the detector and the
fields, an interaction that lasts long enough to thermalize,
and evolution scales well separated for the detector and the
interactions. The fine details of how the system approaches
the thermal state are strongly dependent on the dimension,
the properties of the field (self-interactions and mass of the
field) and the coupling between the field and the detector.
The universality of the asymptotic thermal state for the
detector is independent of these features and it is respon-
sible for the standard interpretation of the Unruh effect. The
response function for a static detector in a thermal state for
the field and the response function for an accelerated
detector in vacuum only agree for the particular case of
a noninteracting massless scalar field in four spacetime
dimensions (D ¼ 4). Thus, the concrete evolution of the
density matrix will be different for both cases if we change
some of the characteristics of the field: the dimension in
which it propagates, the mass, or the interactions. It is clear

then that the thermal nature of the Unruh effect does not
imply that an accelerating detector in vacuum will expe-
rience the same evolution towards equilibrium that it would
experience in a thermal bath, it just means that the
asymptotic state reached by the detector is thermal. We
hope that this work completely settles the issue of the
thermal nature of the Unruh effect, i.e., in which sense it
behaves as a thermal bath and in which sense it differs
from it.

IV. ANALYSIS OF PARTICULAR CASES

In this section we will explore particular cases in order to
make explicit the differences between the Unruh effect and
a thermal bath. We will restrict ourselves to free fields since
explicit analytic expressions are available for their response
functions. In the following, we will consider couplings with
parameter n ¼ 1, for the sake of better illustrating the
differences.
We will begin by writing the response function for a real

scalar field in a thermal state at temperature T (this means
β ¼ 1=T, in this case) for a static detector. The explicit
expression of the response function can be written [14] as

F̃ ð1Þ
D ðωÞ ¼ π

ω

g̃DðωÞ
eβω − 1

; ð25Þ

where gDðωÞ represents the density of states in Minkowski
spacetime

g̃DðωÞ ¼
22−Dπð1−DÞ=2

Γ½ðD − 1Þ=2� jωjðω
2 −m2ÞD−3

2 Θðjωj −mÞ; ð26Þ

with m denoting the mass of the field. In the above
expression, ΘðxÞ represents the Heaviside theta step
function and ΓðxÞ represents Euler’s gamma function.
The response function (25) clearly fulfills the Fourier-
transformed KMS condition (5). This becomes evident
after noticing that g̃DðωÞ is an even function in ω and, as
such, it does not contribute in any way to the quotient
between excitation and decay ratios. Consequently, it is
straightforward to check that relation (5) is satisfied, since
the only nontrivial contribution comes from the Planckian
factor times 1=ω in (25).
Let us compare this thermal response function with the

one obtained for the Unruh effect. This means, let us
consider a detector following an eternal trajectory of
uniform acceleration a, being β ¼ 2π=a the KMS param-
eter in this case. Let us begin with a massless scalar field.
The response function reads [14]

F ð1Þ
D ðωÞ ¼ π

ω

gDðωÞ
eβω − ð−1ÞD dDðω=aÞ; ð27Þ

where the functions dDðω=aÞ are even polynomials in ω
and gDðωÞ is even in ω for even D and odd in ω for odd D.
Its explicit expression is
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gDðωÞ ¼
22−Dπð1−DÞ=2

Γ½ðD − 1Þ=2� jωj
D−2½signðωÞ�D: ð28Þ

Notice that, for odd spacetime dimension D, the response
function has its profile switched to a Fermi-Dirac-like
distribution, instead of a Bose-Einstein-like, as originally
noticed in [12]. Our definition of the functions dDðω=aÞ
differs from the one in [14] due to the factor ½signðωÞ�D that
we have absorbed for convenience in gDðωÞ. From the odd
nature of the terms multiplying the Bose-Einstein factor in
even D, we conclude that the function (27) produces a
quotient between response functions of positive and neg-
ative frequency which is characterized by a Boltzmann
factor (this discussion is completely parallel to the previous
case). For odd D, however, the factors multiplying the
Fermi-Dirac distribution factor are even, and thus, irrel-
evant once we take the quotient between positive and
negative frequency response functions. The Fermi-Dirac
factor alone produces a Boltzmann factor when plugged in
(5) and, in consequence, Eq. (27) verifies such property for
arbitrary odd D.
As we already know, the Fermi-Dirac response function

appearing in odd spacetime dimension for a bosonic field
does not enter into conflict with the thermal interpretation
of the Unruh effect, since it just tells us how fast the
detector thermalizes. Indeed, for accelerated detectors, the
response function is probing properties of the field which
have an influence on the path followed towards thermal-
ization. Notice that just in the particular case D ¼ 4
(where the response functions for the massless real scalar
field in a thermal state for a static detector and in vacuum
for an accelerated detector agree) would the detector
display exactly the same evolution in both situations.
Indeed, from the comparison of (25) and (27), it is
straightforward to notice that the decay rate towards
equilibrium (23) is different in both cases, except for
D ¼ 4, since d4ðω=aÞ ¼ 1 [14].
If we consider the Unruh effect for the free massive

scalar field, although the response function does not admit a
simple analytic expression in general, in four spacetime
dimensions an analytic expression in terms of K-Bessel
functions can be found [35,36]. Applying similar contour
deformation arguments to those explained in Appendix B
of [36] in four spacetime dimensions for arbitrary dimen-
sions, one finds that an explicit expression in terms of
K-Bessel functions and their primitives can be given [37].
For even spacetime dimensions an expression in terms of
K-Bessel functions involving binomial coefficients can be
found, whereas for odd spacetime dimensions one finds a
sum of antiderivatives of a K-Bessel [37]. In fact, it was
subject to controversy whether the response function was
independent of the mass of the field until Takagi settled the
question, affirming that it did depend on the mass [14].
Actually, an asymptotic expansion for m ≫ a is available
producing the following response function:

F ð1Þ
D ðωÞ ≈ e−2m=a a

8π

�
ma
4π

�
D=2−2

e−ωπ=a; ð29Þ

where the Boltzmann factor appearing in the right-hand
side of (5) is obvious given the exponential functional form
of (29). In this case, the differences among the evolution
that the detector would follow in a thermal bath (25) and
from the Unruh effect (29) characterized by the decay rate Γ
in (23) are even more striking: Whereas in the former
situation the response rate has sudden vanishing of the
response ratio for frequencies ω < m, the latter displays a
response rate suppressed by an exponential factor of the
mass. This case exemplifies a scenario where a stationary
detector with ω < m cannot reach equilibrium with a
thermal bath, while its accelerated counterpart is able to
attain it (although it takes a very long time). We conclude
with this last example the discussion of particular cases. We
hope that these well-known examples discussed within our
formulation of the problem help in making explicit the
similarities and differences between the Unruh effect
and an ordinary thermal state from the perspective of
detectors.

V. CONCLUSIONS

In this work, we have revisited a well-known result in the
literature whose interpretation remained obscure: the ap-
parent inversion of statistics for a massless scalar field with
odd couplings in odd spacetime dimensions. Although it
was suggested that this feature implied a breakdown of the
thermal interpretation of the Unruh effect, we have exposed
why the content of the functional form of response function
does not characterize whether the detector thermalizes or
not. It is just the ratio between the response function with
positive and negative frequency (the excitation to decay
ratio) that characterizes whether the system reaches thermal
equilibrium. Other characteristics such as dimensionality,
couplings, and self-interactions of the fields, which affect
the concrete form of the response function, only reflect the
particular way the detector approaches equilibrium. To
prove the central statement of this work, aside from Born-
Markov approximation, we have assumed a polynomial fall
off condition for the Wightman functions of our theory as
we take the spacetime distance between points to infinity.
Exploring the limitations of this assumption could be a
promising future line of research.
Although generally nonanalytic for interacting theories,

the quotient between positive and negative response func-
tions is fixed to be a Boltzmann factor for an accelerated
trajectory in virtue of classical arguments like the
Bisognano-Wichmann theorem [10]. In that sense, only
a continuous or periodic monitorization of the detector
would allow us to distinguish the specific form of the
response functions. On the other hand, an asymptotic
measurement of the populations of the detector will be
oblivious to these distinctive features of the field under
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consideration and the dimensionality of the spacetime in
which the detector is moving. Furthermore, it would not be
able to distinguish between the Unruh effect and a standard
thermal bath. We hope this work finally settles the possible
doubts that might remain concerning the thermal nature of
the Unruh effect in arbitrary dimensions and specifies in
which sense it behaves as a thermal bath.
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