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We parametrize the second post-Newtonian (2PN) metric for a gravitating system of fluids in the
generalized harmonic gauge, and find that there are only three independent 2PN parameters (i.e., ω, δ and
δ2) for satisfying some conservation laws including the conservations of energy, momentum, angular
momentum and the uniform motion of the center-of-mass.
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I. INTRODUCTION

Was Einstein right? Put general relativity (GR) to the test
[1]! The experimental tests prevail in every gravitational
observation predicted by GR in different scales. For
instance, the solar system provides a terrific weak-field
regime [2,3] where the tests like light deflection and
perihelion advance of Mercury are conducted, and the
binary-pulsar as a strong-gravity astrophysical system [4]
gives access to the comparison between the decrease in its
orbital period and gravitational-wave energy loss. In recent
years, the thrilling detection of gravitational waves origi-
nated from binary black holes [5] and the image of black
holes [6,7], through possible direct reflection of the strong
field of black holes, mark the advent of a new era for
gravitational tests.
GR has passed all the gravitational tests so far with flying

colors, but due to the nonrenormalizability of the theory itself
and the interpretation puzzle for the cosmological constant
problem, the efforts to seek its alternatives have never ceased.
However, from an observational point of view, in order to
incorporate the possible deviation from GR systematically
rather than focus on a certain modified gravitational theory,
parametrizing gravitational theory from different aspects
according to the application range of experiments is an
effective method. For instance, the parametrized post-
Newtonian (PPN) framework, parametrized post-Keplerian
(PPK) framework [8] and parametrized post-Einsteinian

(PPE) framework [9] have been constructed. Among them,
the PPN formalism is a powerful tool governing the realm of
weak-field tests. The idea of the PPN framework was
originated from Eddington. He parametrized the first post-
Newtonian (1PN) limit1 of a Schwarzschild metric with two
arbitrary parameters (namely, γ and β) in 1922 [10], where γ
and β can be regarded to separately measure the spatial
curvature and nonlinearity produced by gravity. Will and
Nordtvedt extended the approach during 1968–1972 by
introducing another eight arbitrary parameters in addition
to γ and β in front of the independent 1PN potentials to
develop the modern version of the PPN framework [11–15],
where the newparameters are classified according towhether
there exists preferred-location/frame effects and conserved
total momentum. The PPN framework encompasses a large
amount of alternative metric theories [2,16–18] and provides
a broad range of testable phenomena. Up to now, the
experimental tests performed in the solar system put rela-
tively strong constraints on the PPNparameters and therefore
on the modified gravitational theories [2].
After the success of the PPN framework, the attempts to

generalize the parametrization to the second post-
Newtonian (2PN) order were made from different direc-
tions. For example, the Schwarzschild metric is directly
expanded to the 2PN order and then is parametrized in the
spatial-spatial component gij to account for a future more
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1In order to avoid ambiguity, we use “1PN (order)” to refer to
“the first post-Newtonian (order),” and “PN (theory)” to refer to
“post-Newtonian (theory) of all orders.” However, the traditional
notation “PPN (metric)” specially refers to parametrized post-
Newtonian (metric) at the first order.
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accurate measurement of the light deflection [19,20]. A
more ambitious effort from Nordtvedt and Benacquista
tried to include any possible metric theory at this order and
has obtained the independent parameters on the require-
ment of Lorentz invariance of the Lagrangian [21–23]. But
Demour pointed out that these parameters are not indeed
constants and introduced a field-theory-based framework to
find out that only two independent 2PN parameters are
needed in the “tensor-multiscalar” theories [24]. Thereafter,
several specific modified theories have also been calculated
to their 2PN approximation [25,26], but a parametrized
second post-Newtonian (P2PN) theory parallel to PPN
theory has not been actually constructed.
On one hand, the traditional weak-field tests are expected

to obtain unprecedented precision with present and future
astrometric missions, such as Gaia [27] and the Laser
Astrometric Test of Relativity [28], to Oð10−9 ∼ 10−7Þ of
the size of relativistic effects, which is beyond the level of
1PN effects, ðGM⊙=ðR⊙c2Þ ∼Oð10−6ÞÞ, and requires tak-
ing the 2PN effects into account. On the other hand, the
information of a 2PN parameter also resides in the strong
field in a parametrized Kerr metric [29], and can be
extracted with present and future gravitational-wave tests
[30] and the horizon-scale images of black holes [31]. The
reason is that the n-th post-Newtonian approximation acts
as the asymptotic form of a black hole metric. Actually, the
parametrized Kerr metrics in [29,32] match with the PPN
metric in the weak-field region [29,32]. If we require a
higher order accuracy, in order to keep the compatibility of
parametrization in the weak-field and strong-field regions, a
reasonable P2PN formalism is also necessary.
In this paper, we will mainly follow Will’s approach to

construct a reasonable P2PN framework. However, it is
rather difficult to seek out all the possible 2PN potentials,
especially the ones absent in the 2PN limit of GR. Through
a brief analysis on the PPN framework, we find a com-
promise to simplify the P2PN structure and concentrate on
searching the independent P2PN parameters under fairly
stringent constraints on the metric theory; that is, the theory
should contain no preferred-location/frame effects and
satisfy the conservation laws. Our paper is organized as
follows. We give a brief review on the PPN framework in
Sec. II. In Sec. III, we construct a primitive P2PN metric
and establish the gravitational stress-energy pseudotensor
with the help of some transformation tricks and obtain the
parameter constraints. The gauge that the metric with the
constraints satisfies is also discussed. Finally, we give a
summary and a brief discussion in Sec. IV. Some details are
added in Appendixes A and B.
We adopt the following conventions and notations in the

paper. The signature of metric takes ð−;þ;þ;þÞ. Greek
indices take the values from 0 to 3, while Latin indices take
the values from 1 to 3. Einstein’s summation rule over
repeated indices is used, even when we only have spatial
indices and are not careful about raising and lowering the

indices. Parentheses around the indices indicate the indices
being symmetrized and square brackets indicate antisym-
metrization; for example, AðiBjÞ ¼ 1

2
ðAiBj þ AjBiÞ and

A½iBj� ¼ 1
2
ðAiBj − AjBiÞ. Bold letters v ¼ vi denote spatial

vectors. Since the post-Newtonian expressions of GR are
essentially the retarded solutions to wave equations
expanded in the near-zone field and involve Poisson-like
potentials and their generalizations, here we take the
definitions of the Poisson potential, superpotential and
superduperpotential for a soure f following Will’s notation
in [33],

PðfÞ≡ 1

4π

Z
fðt;x0Þ
jx−x0jd

3x0; ∇2PðfÞ¼−f;

SðfÞ≡ 1

4π

Z
fðt;x0Þjx−x0jd3x0; ∇2SðfÞ¼ 2PðfÞ;

SDðfÞ≡ 1

4π

Z
fðt;x0Þjx−x0j3d3x0; ∇2SDðfÞ¼ 12SðfÞ:

ð1Þ
We also set G ¼ 1 throughout the paper, where G the
gravitational constant.

II. A BRIEF REVIEW OF THE PARAMETRIZED
POST-NEWTONIAN FRAMEWORK

Before constructing the P2PN formalism, we give a brief
review on the PPN framework and delineate the method for
parametrization of the metric.
For a self-gravitating fluid system with the energy-

momentum tensor expressed by the proper mass density
ρ, the internal energy per unit mass Π, the pressure P and
the four-velocity field uα as follows:

Tαβ ¼ ðρð1þ Π=c2Þ þ P=c2Þuαuβ þ Pgαβ; ð2Þ
the PPN metric in the generalized standard gauge is

g00 ¼ −1þ 2

c2
U

þ 1

c4
ð−2βU2 þ 3β1Φ1 − 2β2Φ2 þ 2β3Φ3 þ 6β4Φ4Þ

þ 1

c4
ðβ6Φ6 þ ξΦW þΦPFÞ þOðc−6Þ;

g0j ¼ −
4

c3
ΔVj −

1

2c3
Δ1∂tjX þ 1

c3
ΦPF

j þOðc−5Þ;

gjk ¼
�
1þ 2

c2
γU

�
δjk þOðc−4Þ: ð3Þ

Here U is the Newtonian gravitational potential given by

U ¼ Uðx; tÞ≡
Z

ρ�ðt;x0Þ
jx − x0j d

3x0 ¼
Z

ρ�0
jx − x0j d

3x0

¼ Pð4πρ�Þ; ð4Þ
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where ρ� is the rescaled mass density related to the proper
mass density ρ by ρ� ¼ ffiffiffiffiffiffi−gp

ρu0=c. The rescaled mass
density is also called the conserved mass density because it
satisfies the continuity equation, [34],

∂tρ
� þ ∂jðρ�vjÞ ¼ 0; ð5Þ

where vj is a three-velocity field in uα, namely
uα ¼ ðu0=cÞðc; vÞ. Some other potentials in Eq. (3) are

Φ1 ≡ Pð4πρ�v2Þ; Φ2 ≡ Pð4πρ�UÞ;
Φ3 ≡ Pð4πρ�ΠÞ; Φ4 ≡ Pð4πPÞ;

Vj ≡ Pð4πρ�vjÞ; X ≡
Z

ρ�0jx − x0jd3x0 ¼ Sð4πρ�Þ;

Φ6 ≡
Z

ρ�0v0jv
0
kðx − x0Þjðx − x0Þk
jx − x0j3 d3x0;

ΦW ≡
Z

ρ�0ρ�00ðx − x0Þj
jx − x0j3

�ðx0 − x00Þj
jx − x00j −

ðx − x00Þj
jx0 − x00j

�
d3x0d3x00;

ð6Þ
and the rest are preferred-frame potentials,

ΦPF ¼ α1w2U þ α2wjwk∂jkX þ α3wjVj;

ΦPF
j ¼ α4wjU þ α5wk∂jkX; ð7Þ

where wj is the velocity of the PPN coordinate system
relative to the universal preferred frame. We make some
clarifications in regard to the metric in Eq. (3):
(1) When β ¼ β1 ¼ β2 ¼ β3 ¼ β4 ¼ Δ ¼ Δ1 ¼ γ ¼ 1

and all other parameters vanish, the metric reduces
to the 1PN metric in GR.

(2) The additional potentials absent in GR, i.e., Φ6, ΦW ,
ΦPF and ΦPF

j , are related to preferred-location/frame
effects. Φ6 and ΦW appear in theories with preferred-
location effects caused by, for example, a galaxy-
inducedanisotropy [2],whileΦPF andΦPF

j are involved
in some well-motivated vector-tensor [35] and tensor-
vector-scalar [36] theories that include a dynamical
timelike vector field, such as Einstein-Æther theory.

(3) Ametric theory based on an invariant action principle
automatically admits a conservation law for total
momentum and is called “semi-conservative”.
Furthermore, if the theory also admits a conserved
angular momentum and a center-of-mass with a
uniform motion (which means the existence of a
preferred frame is impossible due to the break of local
Lorentz invariance), it is called “fully conservative”.
For a fully conservative metric theory without
preferred-location effects, only two independent
parameters, β, γ, retain, and the other nonvanishing
parameters, including β1, β2, β3, β4, Δ, Δ1, are all
determined by β, γ. Scalar-tensor theories [37],
such as Brans-Dicke theory, fall into this category.

So we conclude that in a fully conservative PPN theory
without preferred effects (β6 ¼ ξ ¼ α1 ¼ α2 ¼ α3 ¼ α4 ¼
α5 ¼ 0), the potentials are just the same as those in GR but
with the coefficients in front of them replaced by the 1PN
parameters; furthermore, we can extract the independent
ones, γ and β, from all these 1PN parameters.

III. THE PARAMETRIZED SECOND
POST-NEWTONIAN FORMALISM

We expand the metric components to the following
orders [33]:

g00 to Oðc−6Þ; g0j to Oðc−5Þ; gjk to Oðc−4Þ: ð8Þ

In principle, the general P2PN framework can be con-
structed parallel to that of PPN in the original paper [13]
through listing all the possible 2PN potentials and para-
metrizing them with arbitrary parameters, and then choos-
ing a gauge to get rid of the redundant degrees of freedom
(nonindependent potentials). However, difficulties also
reside in the two sides correspondingly: one is to find
potentials absent in GR, similar to ΦW in the PPN [see
Eq. (6)], that need elaborate construction; the other is to
choose a suitable gauge that is compatible from the 1PN
order to the 2PN order since the gauge-fixing process
involves both orders.
Therefore, instead of trying to build the general P2PN

framework once and for all, we focus on seeking the
independent P2PN parameters in a fully conservative theory
without preferred-location/frame effects first. From the dis-
cussion in Sec. II, this can be achieved by first parametrizing
the 2PN metric in GR in a specific gauge, and then figuring
out the constraints on these parameters by considering some
conservation laws. Such a method of parametrization will
certainly break the gauge that stands in GR, but we may find
the corresponding gauge for the parametrized metric that
meets the parameter constraints hopefully.

A. The P2PN metric

We need to note that the choice of generalized standard
gauge of the PPN metric in Eq. (3) is only a reflection of
historical development based on Chandrasekhar’s work
[38] on the classic approach to post-Newtonian theory. By
contrast, the harmonic gauge prevails in the modern
approach to post-Newtonian (PN) theory, and hence we
choose to parametrize the 2PN metric in the harmonic
gauge [33,39],2

2A systematic method to calculate the post-Newtonian
approximation to 3.5 order for unspecified matter fields is given
in [33], and the matter fields are only consisting of baryons in
[39]. Here, we need to generalize the calculation to perfect fluid
to 2PN order in Appendix A.
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g00 ¼ −1þ 2

c2
U þ 1

c4
ð−2βU2 þ Ψ1Þ þ

1

c6

�
4

3
δU3 þ UΨ2 þ 8λV2 þ E þ X þ GþH

�
;

g0j ¼ −
4

c3
ΔVj þ 1

c5
ðχUVj þ VjÞ;

gjk ¼
�
1þ 2

c2
γU þ 1

c4
ð2ωU2 þΨ3Þ

�
δjk þ

1

c4
Mjk; ð9Þ

in which

Ψ1 ≡ 3β1Φ1 − 2β2Φ2 þ 2β3Φ3 þ 6β4Φ4 þ β0Ẍ;

Ψ2 ≡ −6δ1Φ1 þ 4δ2Φ2 − 4δ3Φ3 − 12δ4Φ4 − 2δ0Ẍ;

E ≡ 3κΣðU2Þ − 3κ1ΣðΦ1Þ − 2κ2ΣðΦ2Þ − 2κ3ΣðΦ3Þ þ 2κ4ΣðΦ4Þ − κ0ΣðẌÞ

þ 7

4
σ1Σðv4Þ þ 9σ2Σðv2UÞ − 8σ3ΣðvjVjÞ þ 3σ4Ωðv2Þ þ 4σ5Tðv2Þ − 2σ6ΩðUÞ þ 12σ7TðUÞ;

X ≡ 3

2
μ1Ẍ1 − μ2Ẍ2 þ μ3Ẍ3 þ 3μ4Ẍ4 þ

1

12
μ0Y

ð4Þ
;

G≡ −12ξ1G1 − 8ξ2G2 þ 16ξ3G3 þ 16ξ4G4 þ ξ5G5;

H≡ −8η1H1 − 8η2H2;

Vj ≡ −2χ1V
j
1 − 4χ2V

j
2 − 4χ3V

j
3 − 4χ4V

j
4 þ 8χ5ϕ

j
2 − 2χ0Ẍj − 16ι1K

j
1 − 12ι2K

j
2;

Ψ3 ≡ −ω1Φ1 − 2ω2Φ2 þ 2ω3Φ3 − 2ω4Φ4 þ ω0Ẍ;

Mjk ≡ 4θ1Φ
jk
1 þ 4θ2P

jk
2 ; ð10Þ

where the overdot denotes the derivative with respect to the time coordinate and Y
ð4Þ

¼ ∂ð4Þ
t Y. Here most of the potentials in

Eqs. (9) and (10) can be conveniently classified into several particular classes given in Eq. (1), namely

ΣðfÞ≡
Z

ρ�0f0

jx − x0j d
3x0 ¼ Pð4πρ�fÞ; ΣjðfÞ≡

Z
ρ�0v0jf0

jx − x0j d
3x0 ¼ Pð4πρ�vjfÞ;

ΣijðfÞ≡
Z

ρ�0v0iv0jf0

jx − x0j d3x0 ¼ Pð4πρ�v0ivjfÞ;

XðfÞ≡
Z

ρ�0f0jx − x0jd3x0 ¼ Sð4πρ�fÞ; XjðfÞ≡
Z

ρ�0v0jf0jx − x0jd3x0 ¼ Sð4πρ�v0jfÞ;

YðfÞ≡
Z

ρ�0f0jx − x0j3d3x0 ¼ SDð4πρ�fÞ; ð11Þ

and then the unspecified potentials can be defined by

Vj
1 ≡ Σjðv2Þ; Vj

2 ≡ ΣjðUÞ; Vj
3 ≡ ΣjðΠÞ; Vj

4 ≡ ΣjðP=ρ�Þ;
ϕj
2 ≡ ΣðVjÞ; Xj ≡ Xjð1Þ; Kj

1 ≡ PðU;kVk;jÞ; Kj
2 ≡ PðU;j _UÞ;

Φij
1 ≡ Σijð1Þ; Pij

2 ≡ PðU;iU;jÞ; P2 ≡ Pii
2 ¼ Φ2 −

1

2
U2;

Ωðv2Þ≡ ΣðΠv2Þ; Tðv2Þ≡ ΣðP=ρ�v2Þ; ΩðUÞ≡ ΣðΠUÞ; TðUÞ≡ ΣðP=ρ�UÞ;
X1 ≡ Xðv2Þ; X2 ≡ XðUÞ; X3 ≡ XðΠÞ; X4 ≡ XðP=ρ�Þ; Y ≡ Yð1Þ;
G1 ≡ Pð _U2Þ; G2 ≡ PðUÜÞ; G3 ≡ −Pð _U;kVkÞ; G4 ≡ PðVi;jVj;iÞ; G5 ≡ −Pð _VkU;kÞ
H1 ≡ PðΦij

1 U
;ijÞ; H2 ≡ PðPij

2U
;ijÞ; ð12Þ
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where the commas in the definition denote the partial
derivatives with respect to the chosen coordinates. Note that
terms of half-odd-integer PN order, i.e., 1.5 PN order
exactly in g00, representing the dissipative radiation-reac-
tion, are not taken into account. Equation (9) recovers the
2PNmetric in GR if χ ¼ ξ5 ¼ 0 and the other parameters in
Eqs. (9) and (10) are all equal to 1.

B. The conservation laws and parameter constraints

Even though a large number of parameters are intro-
duced in the general metric Eq. (9), many of them are not
actually independent once the metric is required to satisfy
some conservation laws.
It is well known, for example in [40], that the usual

version of energy-momentum conservation expressed by
the vanishing of convariant divergence of Tαβ,

∇βTαβ ¼ 0; ð13Þ

cannot afford the global conserved quantities since it is a
direct consequence of local conservation of energy momen-
tum (Tαβ) and the contribution from gravitational fields is
implicit. On the other hand, another version compatible
with Eq. (13), expressed by the vanishing of ordinary
divergence of a pseudotensor Θαβ, namely

∂βΘαβ ¼ 0; ð14Þ

can be exploited to determine the conserved quantities.
Here an appropriate Θαβ should follow two rules: (1) it
should contain contributions from both the matter fields
and the gravitational fields; and (2) it should reduce to Tαβ

in the flat spacetime. For example, in GR, the exact version
of Θαβ takes Θαβ ¼ ð−g̃ÞðTαβ þ tαβLLÞ, where g̃ is the
determinant of the metric, and tαβLL, the famous Landau-
Lifshitz pseudotensor, acts as the contribution from the
gravitational fields [40]. Then, the total momentum over a
region V can be formally defined by the three-dimensional
integral [34],

Pα ≔
1

c

Z
V
Θα0d3x: ð15Þ

When we take the limit of V to include all of the three-
dimensional space of an asymptotically flat spacetime, Pα

can be proven to be invariant over time by use of Eq. (14).
Similarly, the total angular momentum can be formally
defined by

Jαβ ≔
2

c

Z
V
x½αΘβ�0d3x; ð16Þ

which is conserved over all of the three-dimensional space
only when Θαβ is also symmetric. More specifically, the

limit of Pα and Jαβ of an asymptotically flat spacetime are
identified: P0 is the total energy, Pi the total three-
momentum, Jij the total angular-momentum three-tensor
and J0j determines the motion of the center-of-mass.
From now on, the metric in Eq. (9) is considered to be

fully conservative, or equivalently we need to find the
corresponding symmetric Θαβ satisfying Eq. (14). In the
PPN formalism, such a Θαβ assumed to be ð1þ
c−2AUÞðTαβ þ tαβÞ has been found by determining the
constant A and the symmetric gravitational stress-energy
pseudotensor tαβ with the use of Eqs. (13) and (14) in [14].
When we extend to the P2PN case and follow the rules for
an appropriate Θαβ, without loss of generality, we assume

Θαβ ¼
�
1þ 1

c2
AU þ 1

c4
ðBU2 þ Ψ4Þ

�
ðTαβ þ tαβÞ; ð17Þ

with

Ψ4 ¼ B1Φ1 þ B2Φ2 þ B3Φ3 þ B4Φ4 þ B0Ẍ; ð18Þ

where A, B and Bk (k ¼ 0; 1;…; 4) are constants. We need
to point out that tαβ acting as the contribution from
gravitational fields should be constructed from various
gravitational potentials [e.g., U, Vj and potentials con-
tained in Eq. (10)] and their derivatives, but should not
contain any of the fluid variables (ρ�, vj, Π and P)
explicitly.
Substituting Eq. (17) into Eq. (14) and utilizing Eq. (13),

which can be rewritten by

0 ¼ ∇βTαβ ¼ ∂βTαβ þ Γα
μβT

μβ þ Γβ
μβT

αμ; ð19Þ

we convert Eq. (14) for Θαβ to the equation for tαβ,

∂β

��
1þ 1

c2
AU þ 1

c4
ðBU2 þΨ4Þ

�
tαβ

�

¼
�
1þ 1

c2
AU þ 1

c4
ðBU2 þ Ψ4Þ

�
ðΓα

μβT
μβ þ Γβ

μβT
αμÞ

−
�
1

c2
A∂βU þ 1

c4
∂βðBU2 þ Ψ4Þ

�
Tαβ; ð20Þ

where the energy-momentum tensors to the required order
are given by
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c−2T00 ¼ ρ�
�
1þ 1

c2

�
1

2
v2 þ ð2 − 3γÞU þ Π

�
þ 1

c4

�
3

8
v4 þ

�
2 −

1

2
γ

�
Uv2 þ 1

2
Πv2 þ P=ρ�v2 − 4ΔvjVj

þ
�
4 − 2β − 6γ þ 15

2
γ2 − 3ω

�
U2 þ ð2 − 3γÞUΠþ Ψ1 −

3

2
Ψ3 −

1

2
M

��
;

c−1T0j ¼ ρ�vj
�
1þ 1

c2

�
1

2
v2 þ ð2 − 3γÞU þ Πþ P=ρ�

�
þ 1

c4

�
3

8
v4 þ

�
2 −

1

2
γ

�
Uv2 þ 1

2
Πv2 þ P=ρ�v2 − 4ΔvjVj

þ
�
4 − 2β − 6γ þ 15

2
γ2 − 3ω

�
U2 þ ð2 − 3γÞUΠþ 2UP=ρ� þΨ1 −

3

2
Ψ3 −

1

2
M

��
−

4

c4
ΔPVj;

Tjk ¼ ρ�vjvk
�
1þ 1

c2

�
1

2
v2 þ ð2 − 3γÞU þ Πþ P=ρ�

�
þ 1

c4

�
3

8
v4 þ

�
2 −

1

2
γ

�
Uv2 þ 1

2
Πv2 þ P=ρ�v2 − 4ΔvjVj

þ
�
4 − 2β − 6γ þ 15

2
γ2 − 3ω

�
U2 þ ð2 − 3γÞUΠþ 2UP=ρ� þΨ1 −

3

2
Ψ3 −

1

2
M

��

þ P

�
1 −

2

c2
γU þ 1

c4
½ð4γ2 − 2ωÞU2 − Ψ3�

�
δjk −

1

c4
PMjk; ð21Þ

with M≡Mll, and the Christoffel symbols are given by

Γ0
00 ¼ −

1

c3
∂tU þ 1

c5

�
ð−2þ 2βÞU∂tU −

1

2
∂tΨ1 þ 4ΔVl∂lU

�
;

Γ0
0j ¼ −

1

c2
∂jU þ 1

c4

�
ð−2þ 2βÞU∂jU −

1

2
∂jΨ1

�
;

Γ0
jk ¼

4

c3
Δ∂ðjVkÞ þ

1

c5

�
1

2
∂tMjk þ ð−8γΔ − χÞVðj∂kÞU þ ð8Δ − χÞU∂ðjVkÞ − ∂ðjVkÞ

�

þ
�
1

c3
γ∂tU þ 1

c5

�
ð2γ þ 2ωÞU∂tU þ 1

2
∂tΨ3 þ 4γΔVl∂lU

��
δjk;

Γj
00 ¼ −

1

c2
∂jU þ 1

c4

�
−4Δ∂tVj þ ð2β þ 2γÞU∂jU −

1

2
∂jΨ1

�

þ 1

c6

�
ð−4Δþ χÞVj∂tU þ ð8γΔþ χÞU∂tVj þ ∂tVj − 8λVk∂jVk þ ð−4βγ − 4γ2 − 2δþ 2ωÞU2∂jU

þ
�
−
1

2
Ψ2 þΨ3

�
∂jU þMjk∂kU þ U∂j

�
γΨ1 −

1

2
Ψ2

�
−
1

2
∂jðE þ X þ GþHÞ

�
;

Γj
0k ¼

4

c3
Δ∂ ½jVk� þ

1

c5

�
1

2
∂tMjk − 4ΔVj∂kU þ χV ½j∂k�U þ ð−8γΔ − χÞU∂ ½jVk� − ∂ ½jVk�

�

þ
�
1

c3
γ∂tU þ 1

c5

�
ð−2γ2 þ 2ωÞU∂tU þ 1

2
∂tΨ3

��
δjk;

Γj
kn ¼

1

c2
γðδjn∂kU þ δjk∂nU − δkn∂jUÞ þ 1

c4

�
1

2
∂kMjn þ

1

2
∂nMjk −

1

2
∂jMkn

þ δjn∂k

�
ð−γ2 þ ωÞU2 þ 1

2
Ψ3

�
þ δjk∂n

�
ð−γ2 þ ωÞU2 þ 1

2
Ψ3

�
− δkn∂j

�
ð−γ2 þ ωÞU2 þ 1

2
Ψ3

��
: ð22Þ

In principle, the form of a symmetric tαβ and the constants A, B and Bk (k ¼ 0; 1;…; 4) can be obtained by solving Eq. (20).
In the following part of this subsection, we only work out the constraints on the parameters by taking into account the
conservation laws, but not the explicit form of tαβ.
We notice that Eq. (20) is to turn the quantities involving the fluid variables on the right-hand side into a combination of

gradients and time derivatives of gravitational fields on the left-hand side. In order to solve Eq. (20), several transformation
tricks could be used. For example, we take advantage of Eq. (1) and also Eq. (11) in a reverse direction to convert the various
source into field quantities,
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−f¼∇2PðfÞ¼ ∂k∂kPðfÞ; −4πρ�f¼ ∂k∂kΣðfÞ; −4πρ�vjf¼ ∂k∂kΣjðfÞ; −4πρ�vivjf¼ ∂k∂kΣijðfÞ; ð23Þ

and use the following transformation identity, valid for any potential Φ:

−f∂αΦ ¼ −∂α½∂kΦ∂kPðfÞ� þ ∂k½∂αΦ∂kPðfÞ� þ ∂kΦ∂k∂αPðfÞ;
or − f∂αΦ ¼ −∂α½∂kΦ∂kPðfÞ� þ 2∂k½∂ðαΦ∂kÞPðfÞ� − ∂αPðfÞ∇2Φ: ð24Þ

Some identities between potentials,

∂tU þ ∂jVj ¼ 0; ð25Þ

∂tU2 þ ∂jðUVj þ Vj
2 − ϕj

2 þ 2Kj
1 þ 2Kj

2Þ ¼ 0; ð26Þ

∂tð7U2þ2Φ1−2Φ2þ4Φ3þ2ẌÞþ∂jð8UVjþ2Vj
1þ4Vj

2þ4Vj
3þ4Vj

4−8ϕj
2þ2Ẍjþ16Kj

1þ12Kj
2Þ¼Oðc−2Þ; ð27Þ

∂tVj þ ∂i½4Φij
1 þ 4Pij

2 − δijðU2 − 2Φ2 − 4Φ4Þ� ¼ Oðc−2Þ; ð28Þ

are also useful. The identities in Eqs. (25) and (26) are actually the results of the continuity equation, Eq. (5), because the
continuity equation (5) leads to ∂tF ¼ R

ρ�0ð∂thþ v0k∂k0hÞd3x0 for any function Fðt; xÞ ¼ R
ρ�0hðt;x;x0Þd3x0 defined by

ρ�. The third identity in Eq. (27) and the fourth in Eq. (28) are equivalent to the conservation equation of Newtonian total
energy (the sum of kinetic, gravitational and internal energies) [14] and Euler’s equation, respectively,

ρ�∂t

�
1

2
v2 þ Π

�
þ ρ�vj∂j

�
1

2
v2 þ Π

�
þ ∂jðPvjÞ − ρ�vj∂jU ¼ Oðc−2Þ;

ρ�
dvj

dt
¼ ρ�∂jU − ∂jPþOðc−2Þ; ð29Þ

which can be directly derived from Eq. (19) for α ¼ 0 and α ¼ j to corresponding order after inserting the continuity
equation, Eq. (5). Equipped with the transformation relations in Eqs. (23)–(28), we are ready to solve Eq. (20) and obtain
the corresponding parameter constraints.
Substituting Eqs. (21) and (22) into Eq. (20) and taking advantage of Eqs. (23)–(28), for α ¼ 0, we have

∂β

��
1þ 1

c2
AUþ 1

c4
ðBU2 þΨ4Þ

�
t0β

�

¼ 1

c
1

4π
∂t

�
1

2
ð6γ − 2A− 5Þ∂jU∂jU

�
þ 1

c
1

4π
∂jf−ð3γ − A− 2Þ∂jU∂tUþ 2ð3γ − A− 3Þ∂kU∂ ½kVj�g

þ 1

c3
1

4π
∂t

��
−
23

2
− 5A− 2Bþ 5βþ 1

2
β2 þ 15γ þ 6Aγ − 15γ2 þ 6ω

�
U∂jU∂jU þ ∂j

��
−Ψ1 þ

3

2
Ψ3 −Ψ4 þ

1

2
M

�

−
1

2
ð3þ A− 3γÞΦ1 þ

1

2
ðAþ 3− 3γÞΦ2 − ð3þ A− 3γÞΦ3 −

1

2
ð3þ A− 3γÞẌ

�
∂jU

− ð3þ A− 3γÞ
�
∂jU∂tVj −

1

2
∂jVk∂kVj

�
þ 2Δð∂kVj∂kVjÞ− 1

2
ð3þ A− 3γ − β0Þð∂tUÞ2

�

þ 1

c3
1

4π
∂j

�
−
1

2
ð3þ A− 3γÞ∂ ½k

�
8ðð1− τÞVj�UÞ þ 2V1j� þ 4ð1− 2τÞV2j� þ 4V3j� þ 4V4j� − 8ð1− τÞϕ2j� þ 2Ẍj�

þ16ð1− τÞK1j� þ 12

�
1−

4

3
τ

�
K2j�

�
∂kUþ 2∂ ½kVj�∂k

�
−
3

2
Ψ1 þ

3

2
Ψ3 −Ψ4 þ

1

2
M

�
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−Δ∂kVj∂kð−U2 þ 2Φ2 − 4Φ4Þ þ 8Δ∂kVl∂ ½kðΦ1j�l þ P2j�lÞ − 4Δ
�
Vk∂jU∂kU −

1

2
Vj∂kU∂kU

�

þ 2ð−3− 2Bþ 6βþ 6γ − 15γ2 − 2Aþ 6Aγ þ 6ω− 4ð3þ A− 3γÞτÞU∂kU∂ ½kVj�

− ð3þ A− 3γÞ∂kVj∂tVk þ
�
19

2
þ 2B− 4β − β2 −

27

2
γ þ 15γ2 þ 9

2
A− 6γAþ 2Δ− 6ω

�
U∂tU∂jU

− ∂t

�
−Ψ1 þ

3

2
Ψ3 −Ψ4 þ

1

2
M

�
∂jUþ ∂j

�
1

2
ð3þ A− 3γ − 3β1ÞΦ1 þ

1

2
ð3γ − 4Δþ 2β2 − A− 3ÞΦ2

þ ð3þ A− 3γ − β3ÞΦ3 þ ð4Δ− 3β4ÞΦ4 þ
1

2
ð3þ A− 3γ − β0ÞẌ

�
∂tU

�
þ 1

c3
Q1; ð30Þ

where τ is a new free parameter introduced during transformation for the full use of the identities in Eq. (26) and Eq. (27),
and

Q1 ¼ ∂tU

�
1

2
ð−3β1 þ 2γ þ 1Þρ�v2 − ð8πÞ−1ð−1þ 2β − β2Þ∂kU∂kU þ ð1 − β3Þρ�Πþ ð−3β4 þ 3γÞP

�
: ð31Þ

Note that apart from the terms in Q1, the solution has been arranged into a combination of time derivatives and gradients of
gravitational fields with the use of transformation tricks [the representative examples are given in Appendix B; in particular,
τ is introduced in Eq. (B5)]. Therefore, in order to keep the result compatible with the expression
∂β½ð1þ c−2AU þ c−4ðBU2 þΨ4ÞÞt0β�, Q1 must vanish, or equivalently, all the coefficients in Q1 must vanish, namely

β1 ¼
1

3
ð2γ þ 1Þ; β2 ¼ 2β − 1; β3 ¼ 1; β4 ¼ γ: ð32Þ

For α ¼ j in Eq. (20), we first solve the equation to the 1PN order, i.e., to Oðc−2Þ,

∂β

��
1þ 1

c2
AUþ 1

c4
ðBU2þΨ4Þ

�
tjβ

�

¼ 1

4π
∂k

�
∂jU∂kU− δjk

�
1

2
∂lU∂lU

��

þ 1

c2
1

4π
∂tfð8Δþ 2ðA− 5γþ 1ÞÞ∂kU∂ ½jVk� þ ð4Δ− β0þA− 5γþ 1Þð∂tU∂jUÞg

þ 1

c2
1

4π
∂k

�
4Δ½∂kVl∂lVjþ ∂jVl∂lVk− ∂jVl∂kVl− ∂lVj∂lVkþ ∂tVj∂kUþ ∂tVk∂jUþ δjk∂lVm∂ ½lVm�− δjk∂tVl∂lU�

−
1

2
ð4Δ− β0þA− 5γþ 1Þδjkð∂tU∂tUÞþ 1

4
∂ðjU∂kÞΨ1 −

1

2
δjk∂lU∂lΨ1

þð2β−A−2þ 5γ− β2Þ
�
−ðU∂kU∂jUÞþ 1

2
δjkðU∂lU∂lUÞ

�

þðA− 5γþ 1Þ
�
∂jVl∂lVkþ ∂tVk∂jUþ ∂kVj∂tU− δjk

�
1

2
∂lVm∂mVlþ ∂tVl∂lU

��

þðA− 5γþ 1Þ
�
1

4
∂jU∂kð−2Φ2þU2þ 4Φ4Þ−

1

4
δjk∂lU∂lð−Φ2þU2þ 2Φ4Þ

�

þðA− 5γþ 1Þ½∂kðΦjl
1 þPjl

2 Þ∂lU− ∂lðΦjk
1 þPjk

2 Þ∂lU�
�
þ 1

c2
Qj

2þOðc−4Þ; ð33Þ

where

Qj
2 ¼ ∂jU

��
−
1

2
− γ þ 3

2
β1

�
ρ�v2 þ ð8πÞ−1ð2β − β2 − 1Þ∂kU∂kU þ ð−1þ β3Þρ�Πþ ð−3γ þ 3β4ÞP

�
: ð34Þ
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Similarly, requiring that all the coefficients inQ2 vanish leads
to the same constraints on parameters as those in Eq. (32).
However, the symmetry of tjk has not been fully considered
in the above transformation. For example, the symmetric
counterpart of the term ∂kðΦjl

1 þ Pjl
2 Þ∂lU, namely

∂jðΦkl
1 þ Pkl

2 Þ∂lU, is not contained in Eq. (33). Here tjk is
required to be symmetric, and hence the coefficients of such
nonsymmetric terms should vanish, which leads to a con-
straint on the constant A introduced in Eq. (17), i.e.,

A ¼ 5γ − 1: ð35Þ

In addition, tj0 should also be symmetric. Comparing the
time derivative part of Eq. (33) and the gradient part

of Eq. (30) at the 1PN order, we get another two
constraints,

Δ ¼ 1

2
ðγ þ 1Þ; β0 ¼ 1: ð36Þ

As a matter of fact, the solution for α ¼ j to the 1PN order
and the consequent parameter constraints have been obtained
in the fundamental work for the PPN formalism by Will in
[14], despite some different arguments.
For α ¼ j, at the 2PN order, substituting Eqs. (21) and

(22) and inserting the PPN parameter constraints in
Eqs. (32), (35) and (36) into Eq. (20), we obtain

∂β

��
1þ 1

c2
AUþ 1

c4
ðBU2þΨ4Þ

�
tjβ

�

⊃
1

c4

�
ð−1−2Bþ2β−10γþ15γ2þ10ωÞρ�vjvkU∂kUþð−8ΔþχÞρ�vkVj∂kUþρ�vlvk∂kMjlþP∂kMjkþρ�Mjk∂kU

þρ�vjvk∂k

�
−
1

2
Ψ1þ

5

2
Ψ3−Ψ4þ

1

2
M

�
þρ�vk½−2Δv2−ð4Δ−χÞU−4ΔΠ−4ΔP�∂kVjþρ�vk∂kVj

−
1

2
ρ�∂jðGþHþXþEÞþð−1−2Bþ2β−7γþ12γ2þ4ωÞPU∂jUþð−1þ2βÞρ�ΠU∂jU

þ
�
−2−Bþ4β−5γþ15

2
γ2−2δþ5ω

�
ρ�U2∂jUþρ�

�
−Ψ1−

1

2
Ψ2þ

5

2
Ψ3−Ψ4þ

1

2
M

�
∂jU

þρ�v2
��

−
3

8
−
γ

2

�
v2þ

�
−
3

2
þβ−2γ−2ω

�
Uþ

�
−
1

2
−γ

�
Πþð−1−γÞP=ρ�

�
∂jUþð4Δ−χÞρ�vkVk∂jU

þρ�v2∂j

�
−
1

4
Ψ1−

1

2
Ψ3

�
þρ�U∂j

�
−
1

2
Ψ1−

1

2
Ψ2

�
þρ�Π∂j

�
−
1

2
Ψ1

�
þP∂j

�
−
1

2
Ψ1þΨ3−Ψ4

�

−8λρ�Vk∂jVkþρ�vk½2Δv2þð4Δ−χÞUþ4ΔΠþ4ΔP�∂jVk−ρ�vk∂jVk−
1

2
ρ�vkvl∂jMkl

þð−1−2Bþ2β−10γþ15γ2þ10ωÞρ�Uvj∂tUþð−4ΔþχÞρ�Vj∂tUþρ�vj∂t

�
−
1

2
Ψ1þ

5

2
Ψ3−Ψ4þ

1

2
M

�

þρ�vk∂tMjkþρ�½−2Δv2−ð4Δ−χÞU−4ΔΠ�∂tVjþρ�∂tVj

�
: ð37Þ

Here ⊃ denotes that only the terms at 2PN order are
included. To make the transformation procedure easier, we
can first determine several 2PN parameter constraints by
requiring the symmetry of t0j at the 2PN order. For
example, ∂j½ð1þc−2AUþc−4ðBU2þΨ4ÞÞt0j� in Eq. (30)
contains the terms ð4πc3Þ−1∂jf−1=2ð3þ A − 3γÞ×
∂ ½k½2V1j� þ 4ð1 − 2τÞV2j� þ 4V3j� þ 4V4j� − 8ð1 − τÞϕ2j� þ
2Ẍj� þ 16ð1 − τÞK1j� þ 12ð1 − 4=3τÞK2j��∂kUg and
ð4πc3Þ−1∂jf8Δ∂kVl∂ ½kðΦ1j�l þ P2j�lÞg, and then the solu-
tion of ∂0½ð1þ c−2AU þ c−4ðBU2 þ Ψ4ÞÞtj0� in Eq. (37)
should correspondingly contain ð4πc4Þ−1∂tf−1=2ð3þA−
3γÞ∂ ½k½2V1j�þ4ð1−2τÞV2j�þ4V3j�þ4V4j�−8ð1−τÞϕ2j� þ

2Ẍj�þ16ð1−τÞK1j�þ12ð1−4=3τÞK2j��∂kUg and
ð4πc4Þ−1∂tf8Δ∂kVl∂ ½kðΦ1j�l þ P2j�lÞg, which can be ob-
tained respectively from ρ�∂tVj and ρ�vk∂tMjk in Eq. (37).
Specifically, we take the transformations as follows:

ρ�∂tVj ¼ 1

2π
∂tð∂kU∂ ½kVj�Þ

þ 1

4π
∂k½−∂kU∂tVj−∂jU∂tVkþδjkð∂lU∂tVlÞ�

þ 1

4π
ð−∂t∂kU∂kVjþ∂t∂kU∂jVkþ∂jU∂k∂tVkÞ;

ð38Þ
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ρ�vk∂tMjk ¼ 1

2π
∂tð∂kVl∂ ½kMj�lÞ þ

1

4π
∂k½−∂kVl∂tMjl − ∂jVl∂tMkl þ δjkð∂lVm∂tMlmÞ�

þ 1

4π
ð−∂k∂tVl∂kMjl þ ∂t∂kVl∂jMkl þ ∂jVl∂k∂tMklÞ; ð39Þ

and then the match between t0j and tj0 provides constraints on the parameters in Vj and Mjk,

χ1 ¼ χ3 ¼ χ4 ¼ χ0 ¼
1

2
ðγ þ 1Þ; χ2 ¼

1

2
ðγ þ 1Þð1 − 2τÞ; χ5 ¼

1

2
ðγ þ 1Þð1 − τÞ; ι1 ¼

1

2
ðγ þ 1Þð1 − τÞ;

ι2 ¼
1

2
ðγ þ 1Þ

�
1 −

4

3
τ

�
; θ1 ¼ θ2 ¼ Δ ¼ 1

2
ðγ þ 1Þ: ð40Þ

Since ð4πÞ−1∂jU∂k∂tVk and ð4πÞ−1∂jVl∂k∂tMkl on the right-hand sides of Eq. (38) and Eq. (39) satisfying the above
constraints can be related to the identities of potentials in Eqs. (26), (27) and (28), for convenience, we introduce two new
expressions, V̄j and M̄jk, as follows:

V̄j ≡ −8ð1 − τÞUVj − 2Vj
1 − 4ð1 − 2τÞVj

2 − 4Vj
3 − 4Vj

4 þ 8ð1 − τÞϕj
2 − 2Ẍj − 16ð1 − τÞKj

1 − 12

�
1 −

4

3
τ

�
Kj

2;

M̄jk ≡ 4Φjk
1 þ 4Pjk

2 : ð41Þ

Using Eq. (40) and V̄j and M̄jk, after a tedious calculation, we obtain

∂β

��
1þ 1

c2
AUþ 1

c4
ðBU2þΨ4Þ

�
tjβ

�

⊃
1

c4
1

4π
∂t

�
Δ
�
2∂kðð7−8τÞU2þ2Φ1−2Φ2þ4Φ3þ2ẌÞ∂ ½jVk� þ2∂ðtðð7−8τÞU2þ2Φ1−2Φ2þ4Φ3þ2ẌÞ∂jÞU

þ2∂kU∂ ½kV̄j� þ32ð1− τÞU∂kU∂ ½kVj� þ4

�
−Vk∂kU∂jUþ1

2
Vj∂kU∂kU−∂tVk∂kVj

�

−∂kVj∂kð2Φ2−U2−4Φ4Þ−∂tU∂jð2Φ2−U2−4Φ4Þ−20

�
1−

4

5
τ

�
U∂tU∂jUþ2∂kVl∂ ½kM̄j�l

�

þ4∂ðtU∂jÞ

�
−
3

4
μ1Φ1þ

1

2
μ2Φ2−

1

2
μ3Φ3−

3

2
μ4Φ4−

1

4
μ0Ẍ

��

þ 1

c4
1

4π
∂k

�
Δ
�
−ð∂kVl∂lV̄jþ∂jVl∂lV̄kþ∂kV̄l∂lVjþ∂jV̄l∂lVk−2∂ðkVl∂jÞV̄l−2∂lVðk∂lV̄jÞ þ∂kU∂tV̄jþ∂jU∂tV̄kÞ

þ2∂ðkðð7−8τÞU2þ2Φ1−2Φ2þ4Φ3þ2ẌÞ∂tVjÞ þ
1

4

�
∂mM̄kl∂mM̄jl−∂kM̄ml∂mM̄jl−∂jM̄ml∂mM̄kl

þ1

2
∂kM̄ml∂jM̄mlþ2M̄jk∂lU∂lU−4M̄jm∂kU∂mU−4M̄km∂mU∂jU

�
−∂kVl∂tM̄jl−∂jVl∂tM̄kl

þ1

2
ð∂ðjM̄kÞl−∂lM̄jkÞ∂lð2Φ2−U2−4Φ4Þþ2∂ðkVjÞ∂tð2Φ2−U2þ4Φ4Þ−2∂tVðk∂jÞð2Φ2−U2−4Φ4Þ

þ2ð2Φ2−U2−4Φ4Þ∂kU∂jU−
1

8
∂jð2Φ2−U2−4Φ4Þ∂kð2Φ2−U2−4Φ4Þþ

1

4
∂ðkU2∂jÞ

�
2Φ2−

1

2
U2−4Φ4

�
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þ 16

�
−
1

2
Vðk∂jÞU∂tU − 2ð1 − τÞU∂ðkVl∂lVjÞ þ ð1 − τÞU∂kVl∂jVl þ ð1 − τÞU∂lVk∂lVj

−2ð1 − τÞU∂ðkU∂tVjÞ þ ð1 − τÞVl∂ðkVl∂jÞU þ 1

4
∂tVk∂tVj

��

þ ∂ðkU∂jÞðGþHþ E þ XÞ − 2∂ðkẌ∂jÞ

�
−
3

4
μ1Φ1 þ

1

2
μ2Φ2 −

1

2
μ3Φ3 −

3

2
μ4Φ4 −

1

8
μ0Ẍ

�

− 2∂ðkΦ1∂jÞ

�
1

2

�
−
1

4
−
1

2
γ þ 1

2
ω1

�
Φ1 þ

�
−
1

2
þ β þ ω2

�
Φ2 þ

�
−
1

2
− ω3

�
Φ3 þ

�
−
3

2
γ þ ω4

�
Φ4

�

− 2∂ðkΦ3∂jÞ

�
ð−1þ 2βÞΦ2 −

1

2
Φ3 − 3γΦ4

�
− 2∂ðkΦ2∂jÞ

�
1

2

�
−1þ 2β − 2δ2 þ

1

2
Δ
�
Φ2 þ ð−3γ þ 6δ4 − ΔÞΦ4

�

−2∂ðkΦ4∂jÞ

�
1

2
ð−B4 − 3γ − 2ω4 − 6ΔÞΦ4

��

þ 1

c4
1

4π
∂j

�
Δ
�
−ð∂lVm∂lV̄m − ∂lVm∂mV̄l − ∂lU∂tV̄lÞ − ∂lðð7 − 8τÞU2 þ 2Φ1 − 2Φ2 þ 4Φ3 þ 2ẌÞ∂tVl

− ∂tðð7 − 8τÞU2 þ 2Φ1 − 2Φ2 þ 4Φ3 þ 2ẌÞ∂tU þ 10

�
1 −

4

5
τ

�
U∂tU∂tU þ ∂tU∂tð2Φ2 − U2 þ 4Φ4Þ

þ 1

4

�
1

2
∂mM̄ln∂nM̄ml −

1

4
∂mM̄nl∂mM̄nl þ 2M̄ml∂mU∂lU þ 4∂lVm∂tM̄lm

�
−
1

8
∂lU2∂l

�
2Φ2 −

1

2
U2 − 4Φ4

�

þ 16

�
ð1 − τÞU∂lU∂tVl þ 1

4
Vl∂lU∂tU −

1

2
ð1 − τÞVl∂mVl∂mU −

1

2
ð1 − τÞU∂lVm∂lVm þ 1

2
ð1 − τÞU∂lVm∂mVl

�

þ∂tVl∂lð2Φ2 −U2 − 4Φ4Þ − ð2Φ2 −U2 − 4Φ4Þ∂lU∂lU þ 3

16
∂lð2Φ2 −U2 − 4Φ4Þ∂lð2Φ2 − U2 − 4Φ4Þ

�

−
1

2
∂lU∂lðGþHþ E þ XÞ − 2∂tU∂t

�
−
3

4
μ1Φ1 þ

1

2
μ2Φ2 −

1

2
μ3Φ3 −

3

2
μ4Φ4 −

1

4
μ0Ẍ

�

þ ∂lẌ∂l

�
−
3

4
μ1Φ1 þ

1

2
μ2Φ2 −

1

2
μ3Φ3 −

3

2
μ4Φ4 −

1

8
μ0Ẍ

�

þ ∂lΦ1∂l

�
1

2

�
−
1

4
−
1

2
γ þ 1

2
ω1

�
Φ1 þ

�
−
1

2
þ β þ ω2

�
Φ2 þ

�
−
1

2
− ω3

�
Φ3 þ

�
−
3

2
γ þ ω4

�
Φ4

�

þ∂lΦ3∂l

�
ð−1þ 2βÞΦ2 −

1

2
Φ3 − 3γΦ4

�
þ ∂lΦ2∂l

�
1

2

�
−1þ 2β − 2δ2 þ

1

2
Δ
�
Φ2 þ ð−3γ þ 6δ4 − ΔÞΦ4

�

þ∂lΦ4∂l

�
1

2
ð−B4 − 3γ − 2ω4 − 6ΔÞΦ4

��
þ 1

c4
Qj

3; ð42Þ

where

Qj
3 ¼

1

4π
∂jU

�
6

�
Δ
�
1 −

4

3
τ

�
− ξ1

�
∂tU∂tU þ 4ðΔ − ξ2ÞU∂t∂tU þ 8ðΔ − ξ3ÞVk∂k∂tU − 8ðΔð1 − τÞ − ξ4Þ∂kVl∂lVk

þ 1

2
ξ5∂tVk∂kU þ 4ðΔ − η1ÞΦkl∂k∂lU þ 4ðΔ − η2ÞPkl

2 ∂k∂lU

�
þ 8ðΔð1 − τÞ − λÞρ�Vk∂jVk

þ ðχ − 8ΔτÞ½−ρ�vkUð∂jVk − ∂kVjÞ þ ρ�Vj∂tU þ ρ�U∂tVj þ ρ�vkVj∂kU�

þ ρ�vjvk∂k

�
−
1

2
Ψ1 þ

5

2
Ψ3 −Ψ4 þ

1

2
M̄þ Δð2Φ2 − U2 − 4Φ4Þ þ

1

2
ð−1 − 2Bþ 2β − 10γ þ 15γ2 þ 10ωÞU2

�

þ ρ�vj∂t

�
−
1

2
Ψ1 þ

5

2
Ψ3 − Ψ4 þ

1

2
M̄þ Δð2Φ2 − U2 − 4Φ4Þ þ

1

2
ð−1 − 2Bþ 2β − 10γ þ 15γ2 þ 10ωÞU2

�
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þ ∂jU

�
ρ�
��

−1− B1 − 2γ þ 3δ1 −
5

2
ω1 þ 2Δ−

3

2
κ1

�
Φ1 þ ð−2− B2 þ 4β − 2δ2 − 5ω2 þ 6Δ− κ2ÞΦ2

þ ð−2− B3 þ 2δ3 þ 5ω3 − κ3ÞΦ3 þ ð−B4 − 6γ þ 6δ4 − 5ω4 þ κ4 − 8ΔÞΦ4 þ
�
−B0 − 1þ δ0 þ

5

2
ω0 −

1

2
κ0

�
Ẍ

�

× ρ�v2
��

−
3

8
−
1

2
γ þ 7

8
σ1

�
v2 þ

�
−
3

2
þ β − 2γ − 2ωþ 9

2
σ2

�
U þ

�
−
1

2
− γ þ 3

2
σ4

�
Πþ ð−1− γ þ 2σ5ÞP=ρ�

�

þ ρ�U
��

−2− Bþ 4β − 5γ þ 15

2
γ2 − 2δþ 5ω− 3Δþ 3

2
κ

�
U þ ð−1þ 2β − σ6ÞΠ

þ ð−1− 2Bþ 2β − 7γ þ 12γ2 þ 4ωþ 6σ7 − 4ΔÞP=ρ�
�
þ ð4Δ− χ − 4σ3Þρ�vlVl

�

þ ρ�v2∂j

��
−
1

4
−
1

2
ω0 þ

3

4
μ1

�
Ẍ

�
þ ρ�Π∂j

�
ð−γ þω3ÞΦ1 þ

�
−
1

2
þ 1

2
μ3

�
Ẍ

�

þ ρ�U∂j

�
ð−γ þ 3δ1 − β −ω2ÞΦ1 þ ð2δ3 − 2βÞΦ3 þ

�
−
1

2
þ δ0 −

1

2
μ2

�
Ẍ

�

þP∂j

��
−
1

2
− B1 − γ −ω1 þ

3

2
γ −ω4

�
Φ1 þ ð−1− B2 þ 2β − 2ω2 þ 4Δþ 3γ − 6δ4ÞΦ2 þ ð−1− B3 þ 2ω3 þ 3γÞΦ3

þ
�
−
1

2
− B0 þω0 þ

3

2
μ4

�
Ẍ

�
: ð43Þ

Here⊃ also denotes that only the terms at 2PNorder are included, andweguarantee the symmetry of tjk during transformation.
Similarly, requiring that all of the coefficients inQj

3 vanish, and matching the time derivative part of Eq. (42) with the spatial
derivative part of Eq. (30) at the 2PN order, we finally obtain

χ ¼ 4ð1þ γÞτ;
ω0 ¼ γ; ω¼−2ðγþ1Þτþβ; ω1 ¼ γ; ω2 ¼ ð−2βþ2Þþ γ; ω3 ¼ γ; ω4 ¼ 2γ−1;

μ0 ¼ 1; μ1 ¼
1

3
ð2γþ1Þ; μ2 ¼ 2β−1; μ3 ¼ 1; μ4 ¼ γ;

δ0 ¼ β; δ1 ¼
1

3
ð2γ−βþ2Þ; δ3 ¼ β; δ4 ¼ γ−βþ1; λ¼ 1

2
ðγþ1Þð1− τÞ;

σ1 ¼
1

7
ð4γþ3Þ; σ2 ¼

1

9
ð4γ−8ð1þ γÞτþ2βþ3Þ; σ3 ¼

1

2
ðγþ1Þð1−2τÞ; σ4 ¼

1

3
ð2γþ1Þ;

σ5 ¼
1

2
ðγþ1Þ; σ6 ¼ 2β−1; σ7 ¼

1

2
ðγ2− γ−4ðγþ1Þτþ2βÞ;

κ0 ¼ 2β−1; κ¼ 1

3
ðγ−6βþ4δþ4Þ; κ1 ¼

1

3
ð2γ−2βþ3Þ; κ2 ¼ γþ2β−2δ2; κ3 ¼ 2β−1; κ4 ¼−γþ6β−4;

ξ1 ¼
1

2
ðγþ1Þ

�
1−

4

3
τ

�
; ξ2 ¼ ξ3 ¼

1

2
ðγþ1Þ; ξ4 ¼

1

2
ðγþ1Þð1− τÞ; ξ5 ¼ 0; η1 ¼ η2 ¼

1

2
ðγþ1Þ; ð44Þ

and

B0 ¼
1

2
ð5γ − 1Þ; B ¼ 1

2
ð15γ2 þ 12β − 12γ − 20ðγ þ 1Þτ − 3Þ; B1 ¼ −

1

2
ð5γ − 1Þ;

B2 ¼ 3ð−γ þ 4β − 3Þ; B3 ¼ 5γ − 1; B4 ¼ −3ð5γ − 1Þ: ð45Þ

After taking all of the constraints, there remain three independent 2PN parameters which are chosen as δ, δ2 and ω.
To summarize, there are two independent 1PN parameters (γ and β) and three independent 2PN parameters (δ, δ2 and ω)

in the P2PN metric Eq. (9) with conservation laws. Here we make a list of all the other parameters in Eq. (9) in terms of the
independent parameters:
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β1 ¼
1

3
ð2γ þ 1Þ; β2 ¼ 2β − 1; β3 ¼ 1; β4 ¼ γ; β0 ¼ 1; Δ ¼ 1

2
ðγ þ 1Þ;

δ1 ¼
1

3
ð2γ − β þ 2Þ; δ3 ¼ β; δ4 ¼ γ − β þ 1; δ0 ¼ β; λ ¼ 1

4
ð2γ − β þ ωþ 2Þ;

κ ¼ 1

3
ðγ − 6β þ 4δþ 4Þ; κ1 ¼

1

3
ð2γ − 2β þ 3Þ; κ2 ¼ γ þ 2β − 2δ2; κ3 ¼ 2β − 1; κ4 ¼ −γ þ 6β − 4;

κ0 ¼ 2β − 1; σ1 ¼
1

7
ð4γ þ 3Þ; σ2 ¼

1

9
ð4γ − 2β þ 4ωþ 3Þ; σ3 ¼

1

2
ðγ − β þ ωþ 1Þ; σ4 ¼

1

3
ð2γ þ 1Þ;

σ5 ¼
1

2
ðγ þ 1Þ; σ6 ¼ 2β − 1; σ7 ¼

1

2
ðγ2 − γ þ 2ωÞ;

μ1 ¼
1

3
ð2γ þ 1Þ; μ2 ¼ 2β − 1; μ3 ¼ 1; μ4 ¼ γ; μ0 ¼ 1;

ξ1 ¼
1

6
ð3γ − 2β þ 2ωþ 3Þ; ξ2 ¼

1

2
ðγ þ 1Þ; ξ3 ¼

1

2
ðγ þ 1Þ; ξ4 ¼

1

4
ð2γ − β þ ωþ 2Þ; ξ5 ¼ 0;

η1 ¼
1

2
ðγ þ 1Þ; η2 ¼

1

2
ðγ þ 1Þ;

χ ¼ 2ðβ − ωÞ; χ1 ¼
1

2
ðγ þ 1Þ; χ2 ¼

1

2
ðγ − β þ ωþ 1Þ; χ3 ¼

1

2
ðγ þ 1Þ; χ4 ¼

1

2
ðγ þ 1Þ;

χ5 ¼
1

4
ð2γ − β þ ωþ 2Þ; χ0 ¼

1

2
ðγ þ 1Þ; ι1 ¼

1

4
ð2γ − β þ ωþ 2Þ; ι2 ¼

1

6
ð3γ − 2β þ 2ωþ 3Þ;

ω1 ¼ γ; ω2 ¼ ð−2β þ 2Þ þ γ; ω3 ¼ γ; ω4 ¼ 2γ − 1; ω0 ¼ γ;

θ1 ¼
1

2
ðγ þ 1Þ; θ2 ¼

1

2
ðγ þ 1Þ; ð46Þ

and all the constants in the total energy-momentum pseudotensor Θαβ in Eq. (17) read

A ¼ 5γ − 1;

B ¼ 1

2
ð15γ2 þ 2β − 12γ þ 10ω − 3Þ; B1 ¼ −

1

2
ð5γ − 1Þ; B2 ¼ 3ð−γ þ 4β − 3Þ;

B3 ¼ 5γ − 1; B4 ¼ −3ð5γ − 1Þ; B0 ¼
1

2
ð5γ − 1Þ: ð47Þ

Before closing this subsection, we take some concrete examples into account:
(1) In GR, we have γ ¼ β ¼ ω ¼ δ ¼ δ2 ¼ 1, and the solution for ð1þ 1

c2 AU þ 1
c4 ðBU2 þΨ4ÞÞtαβ in Eqs. (30), (33)

and (42) is exactly ð−g̃ÞtαβLL to the 2PN order given in [33].
(2) In the scalar-tensor theories [41], the action is given by

S ¼ ð16πÞ−1
Z

½ϕR̂ − ϕ−1ω̂ðϕÞĝμν∂μϕ∂νϕ�
ffiffiffiffiffiffi
−ĝ

p
d4xþ Smðm; ĝμνÞ; ð48Þ

where R̂ is the Ricci scalar of the spacetime metric ĝμν, where ω̂ðϕÞ is an arbitrary function of the scalar field ϕ,
where Sm only involves the matter fields m and the metric, and where ϕ does not couple to the matter directly.
We introduce the notation ϕ ¼ ϕ0ð1þ c−2fÞ, where ϕ0 is asymptotic value of the scalar field far away from
the system and f measures the variation in ϕ from ϕ0. Then ω̂ðϕÞ can be expanded as ω̂ðϕÞ ¼
ω̂0 þ 1

c2 ϕ0ðdω̂dϕÞ0f þ 1
2
1
c4 ϕ

2
0ðd

2ω̂
dϕ2Þ

0
f2, where the subscript “0” denotes that the variable takes value at ϕ0. With other

notations defined by

ζ̂ ≡ 1

4þ 2ω̂0

; λ̂1 ≡ ðdω̂=dϕÞ0ϕ0

ð3þ 2ω̂0Þð4þ 2ω̂0Þ
; λ̂2 ≡ ðd2ω̂=dϕ2Þ0ϕ2

0

ð3þ 2ω̂0Þð4þ 2ω̂0Þ2
; ð49Þ

PARAMETRIZED SECOND POST-NEWTONIAN FRAMEWORK WITH … PHYS. REV. D 104, 064050 (2021)

064050-13



we find that the independent parameters given in this paper are

γ ¼ 1 − 2ζ̂; β ¼ 1þ ζ̂λ̂1;

ω ¼ 1þ ζ̂ð−4þ 4ζ̂ þ λ̂1Þ; δ ¼ 1 − ζ̂ð−3λ̂1 þ ζ̂λ̂1 − 4λ̂21 þ λ̂2Þ; δ2 ¼ 1þ λ̂1ζ̂ð3þ 2λ̂1Þ: ð50Þ

(3) In the tensor-multiscalar theories [24], Damour and Esposito-Farèse found there are two independent 2PN
parameters labeled as ϵ and ζ via a field-theory approach, and the 2PN deviations from GR caused by two of our new
parameters, δ and δ2, and their related potentials, U3, UΦ2, ΣðU2Þ and ΣðΦ2Þ, are given by

Δg00 ¼
1

c6

�
4ðδ − 1Þ

3
U3 þ 4ðδ − 1ÞΣðU2Þ

�
þ 1

c6
½4ðδ2 − 1ÞUΦ2 þ 4ðδ2 − 1ÞΣðΦ2Þ� þO

�
γ − 1

c6
;
β − 1

c6
;
ω − 1

c6

�
;

Δg0j ¼ O
�
γ − 1

c5
;
β − 1

c5
;
ω − 1

c5

�
;

Δgjk ¼ O
�
γ − 1

c4
;
β − 1

c4
;
ω − 1

c4

�
; ð51Þ

then the parameters ϵ and ζ adopted in [24] are related to δ and δ2 by 4ðδ − 1Þ ¼ ϵ and 2ðδ2 − 1Þ ¼ ζ.

C. Generalized harmonic gauge

After introducing these PN parameters, the harmonic gauge used in GR is no longer valid. However, Will proposed a
generalized harmonic gauge matched with his PPN metric in [3], and we suppose such a gauge can be similarly extended to
our P2PN metric in Eq. (9) with all the parameter constraints in Eq. (46).
We assume that the generalized harmonic gauge to the 2PN order takes the form

∂μ

��
1þ 1

c2
CU þ 1

c4
ðDU2 þD1Φ1 þD2Φ2 þD3Φ3 þD4Φ4 þD0ẌÞ

�
ð ffiffiffiffiffiffi

−g
p

gμνÞ
�

¼ 0; ð52Þ

where C, D and Dk (k ¼ 0; 1;…; 4) are constants to be determined. With the help of identities of potentials in Eqs. (26),
(27) and (28), we find that Eq. (52) automatically vanishes if these constants satisfy

C ¼ −γ þ 1;

D ¼ 1

2
ð3γ2 − 2γ − 2β − 2ωþ 3Þ; D1 ¼

1

2
ðγ − 1Þ; D2 ¼ 3 − 4β þ γ;

D3 ¼ −γ þ 1; D4 ¼ 3ðγ − 1Þ; D0 ¼
1

2
ð−γ þ 1Þ: ð53Þ

For γ ¼ β ¼ ω ¼ 1, all the above constants are equal to
zero and Eq. (52) goes back to the genuine harmonic gauge.

IV. SUMMARY AND DISCUSSION

In this paper, going along with the way in which Will
parametrized the 1PN metric and obtained the parameter
constraints by requiring some conservation laws, we
extended to parametrize the 2PN metric and obtain the
corresponding parameter constraints. We chose to para-
metrize the 2PN metric in the harmonic gauge, and the final
metric meeting the constraints has proven to be in a
generalized harmonic gauge. It turns out that three 2PN
parameters, ω, δ and δ2, appear independently under the

restriction of conservation laws, which enabled our frame-
work to encompass, for example, the scalar-tensor theories
properly. In addition, our calculations were also in con-
sistency with the tensor-multiscalar theories when consid-
ering the deviation from GR caused by δ and δ2.
Another important issue we need to note is about the

gravitational tests. Within the PPN framework, the solar
system tests put tight bounds on parameters γ and β:
jγ − 1j ≤ Oð10−5Þ (by time delay) and jβ − 1j ≤ Oð10−5Þ
(by perihelion shift of Mercury) [2]. When it comes to the
2PN order, Damour and Esposito-Farèse investigated the
experimental tests for the only two independent parameters
(ϵ and ζ) in the tensor-multiscalar theories. Since these two
parameters only appear in g00 at Oðc−6Þ, they concluded
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that the light-deflection and time-delay experiments to
second order cannot probe any 2PN deviation from GR
[24]. However, the appearance of another 2PN parameter ω
in our present framework makes the problem more com-
plicated, because ω is involved in gij at Oðc−4Þ and
possibly enters into the equation of motion of light
[19,42]. Reference [24] also pointed out that other weak-
field tests, like perihelion shift and Nordtvedt effect, are
difficult to give effective access to 2PN parameters because
the 2PN contribution blends in with the high-precision of
1PN parameters. On the other hand, the binary-pulsar
experiments [24] lead to significant limits, ϵ ≤ Oð10−2Þ
and ζ ≤ Oð10−3Þ, in the tensor-multiscalar theories, and
other tests in the strong-field regime, like the gravitational-
wave [30] and black-hole-shadow [31] experiments, can
also provide bounds on the 2PN parameters for a para-
metrized Kerr metric. It is likely that the combination of
gravitational tests from different scales would eventually
reveal to us the nature of the gravitational theory.
Moreover, the present P2PN metric meeting the con-

straints is constructed under fairly stringent conservation
conditions; for a broader P2PN framework that permits the
preferred-reference frames, we need other new 2PN param-
eters and potentials to describe the effects when the
coordinates transform from the universal rest-frame to
the moving frames relative to it. From an intuitive angle,
there will be more than 49 2PN parameters [see Eqs. (9) and
(10)] in a more general P2PN framework. Compared to the

1PN potentials, the 2PN potentials are bigger in quantity
but smaller in magnitude, and the individual or joint effects
of the corresponding parameters remain to be investigated.
We will leave this for future work.
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APPENDIX A: THE METRIC TO 2PN ORDER IN
GR WITH REGARD TO PERFECT FLUID

Pati and Will calculate the near-zone metric to 3.5 PN
order via direct integration of the relaxed Einstein equations
in [33]. Here we summarize the main results for the metric
to 2PN order (see [33] for details):

g̃00 ¼ −
�
1 −

1

2
N þ 3

8
N2 −

5

16
N3

�
þ 1

2
B

�
1 −

1

2
N

�
þ 1

2
KjKj þOðc−7Þ;

g̃0j ¼ −Kj

�
1 −

1

2
N

�
þOðc−6Þ;

g̃ij ¼ δij
�
1þ 1

2
N −

1

8
N2

�
þ Bij −

1

2
Bδij þOðc−5Þ;

−g̃ ¼ 1þ N − BþOðc−5Þ; ðA1Þ

in which

N ¼ 4

c2
Uσ þ

1

c4
ð7U2

σ − 4Φ1σ þ 2Φ2σ þ 2ẌσÞ þ
1

c6

�
−16UσΦ1σ þ 8UσΦ2σ þ 7UσẌσ þ

20

3
U3

σ − 4Vj
σV

j
σ − 16ΣσðΦ1σÞ

þΣσðẌσÞ þ 8Σj
σðVj

σÞ − 2Ẍ1σ þ Ẍ2σ þ
1

6
Yσ

ð4Þ
− 4G1σ − 16G2σ þ 32G3σ þ 24G4σ − 16G5σ − 16H1σ − 16H2σ

�
;

B ¼ 1

c4
ðU2

σ þ 4Φ1σ − 2Φ2σÞ þ
1

c6
ðUσẌσ þ 4Vj

σV
j
σ − ΣσðẌσÞ − 8Σj

σðVj
σÞ þ 16Σii

σ ðUσÞ þ 2Ẍ1σ − Ẍ2σ − 20G1σ

þ 8G4σ þ 16G5σÞ;

Kj ¼ 4

c3
Vj
σ þ 1

c5
ð8Vj

2σ − 8ϕj
2σ þ 8UσV

j
σ þ 16Kj

1σ þ 12Kj
2σ þ 2Ẍj

σÞ;

Bij ¼ 1

c4
½4Φij

1σ þ 4Pij
2σ − δijð2Φ2σ −U2

σÞ�: ðA2Þ
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Here the potentials with the subscript “σ” are defined by the provisional “densities” for unspecified matter fields T̃αβ,
namely

σ ≡ c−2ðT̃00 þ T̃kkÞ; σj ≡ c−1T̃0j; σij ≡ T̃ij; ðA3Þ

through the integrals

ΣσðfÞ≡
Z

σ0f0

jx − x0j d
3x0 ¼ Pð4πσfÞ; Σj

σðfÞ≡
Z

σj0f0

jx − x0j d
3x0 ¼ Pð4πσjfÞ;

Σij
σ ðfÞ≡

Z
σij0f0

jx − x0j d
3x0 ¼ Pð4πσijfÞ;

XσðfÞ≡
Z

σ0f0jx − x0jd3x0 ¼ Sð4πσfÞ; Xj
σðfÞ≡

Z
σj0f0jx − x0jd3x0 ¼ Sð4πσjfÞ;

Xij
σ ðfÞ≡

Z
σij0f0jx − x0jd3x0 ¼ Sð4πσijfÞ;

YσðfÞ≡
Z

σ0f0jx − x0j3d3x0 ¼ SDð4πσfÞ; ðA4Þ

specifically, they are given by

Uσ≡Σσð1Þ;
Vj
σ≡Σj

σð1Þ; Φ1σ≡Σii
σ ð1Þ; Φ2σ≡ΣσðUσÞ; Xσ≡Xσð1Þ;

Vj
2σ≡Σj

σðUÞ; ϕj
2σ≡ΣσðVj

σÞ; Kj
1σ≡PðU;k

σ V
k;j
σ Þ; Kj

2σ≡PðU;j
σ _UσÞ; Xj

σ≡Xj
σð1Þ; Φij

1σ≡Σij
σ ð1Þ; Pij

2σ≡PðU;i
σU

;j
σ Þ;

X1σ≡Xii
σ ð1Þ; X2σ≡XðUÞ; Yσ≡Yσð1Þ; G1σ≡Pð _U2

σÞ; G2σ≡PðUσÜσÞ; G3σ≡−Pð _U;k
σ Vk

σÞ;
G4σ≡PðVi;j

σ Vj;i
σ Þ; G5σ≡−Pð _Vk

σU
;k
σ Þ; H1σ≡PðΦij

1σU
;ij
σ Þ; H2σ≡PðPij

2U
;ij
σ Þ: ðA5Þ

When the matter field is specified to be perfect fluid with the energy-momentum tensor in Eq. (2), we usually convert the
potentials from integrals over σ, σj and σij to integrals over the conventional conserved mass density ρ� ¼ ffiffiffiffiffiffi

−g̃
p

ρu0=c. In
terms of ρ�, the energy-momentum tensor takes the form

T̃αβ ¼ ρ�ð1þ Π=c2Þð
ffiffiffiffiffiffi
−g̃

p
Þ−1ðu0=cÞvαvβ þ Pðu0=cÞ2=c2vαvβ þ Pg̃αβ; ðA6Þ

where vα ¼ ðc; vÞ and u0=c ¼ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−g̃00 − 2g̃0jvj=c − g̃ijvivj=c2

q
Þ−1. Combining Eqs. (A3) and (A6), as well as the metric

Eq. (A1) and the functions in Eq. (A2), we express the provisional “densities” in terms of ρ� to the required order,

σ ¼ ρ�
�
1þ 1

c2

�
3

2
v2 −Uσ þ Πþ 3P=ρ�

�
þ 1

c4

�
7

8
v4 þ 1

2
Uσv2 þ

3

2
Πv2 þ 2P=ρ�v2 − 4viVi

σ þ
3

2
U2

σ − UσΠ

−6UσP=ρ� þ 4Φ1σ − 2Φ2σ −
1

2
Ẍσ

��
;

σj ¼ ρ�vj
�
1þ 1

c2

�
1

2
v2 −Uσ þ Πþ P=ρ�

��
;

σij ¼ ρ�vivj þ δijP;

σii ¼ ρ�v2 þ 3Pþ 1

c2

�
ρ�v2

�
1

2
v2 −Uσ þ Πþ P=ρ�

�
− 6UσP

�
: ðA7Þ

Substituting these formulas into the definitions in Eq. (A5) and iterating successively, we obtain the conversion
relationships between the old potentials defined by σ, σj and σij and the new potentials defined by ρ� to required order: for
the Newtonian potential and 1PN potentials,
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Uσ ¼ U þ 1

c2

�
3

2
Φ1 −Φ2 þΦ3 þ 3Φ4

�
þ 1

c4

�
7

8
Σðv4Þ þ 1

2
Σðv2UÞ − 4ΣðviViÞ þ 3

2
ΣðU2Þ þ 5

2
ΣðΦ1Þ − ΣðΦ2Þ

− ΣðΦ3Þ þ 9ΣðΦ4Þ −
1

2
ΣðẌÞ þ 3

2
Ωðv2Þ þ 2Tðv2Þ −ΩðUÞ − 6TðUÞ

�
;

Vj
σ ¼ Vj þ 1

c2

�
1

2
Vj
1 − Vj

2 þ Vj
3 þ Vj

4

�
;

Φ1σ ¼ Φ1 þ 3Φ4 þ
1

c2

�
1

2
Σðv4Þ − Σðv2UÞ þ Ωðv2Þ þ Tðv2Þ − 6TðUÞ

�
;

Φ2σ ¼ Φ2 þ
1

c2

�
3

2
ΣðΦ1Þ − ΣðΦ2Þ þ ΣðΦ3Þ þ 3ΣðΦ4Þ þ

3

2
Σðv2UÞ − ΣðU2Þ þΩðUÞ þ 3TðUÞ

�
;

Xσ ¼ X þ 1

c2

�
3

2
X1 − X2 þ X3 þ 3X4

�
; ðA8Þ

for some 2PN potentials,

Φij
1σ ¼ Φij

1 þ δijΦ4; UσΦ1σ ¼ UΦ1 þ 3UΦ4; ΣσðΦ1σÞ ¼ ΣðΦ1Þ þ 3ΣðΦ4Þ;
X1σ ¼ X1 þ 3X4; H1σ ¼ H1 − ΣðΦ4Þ; Σii

σ ðUÞ ¼ Σðv2UÞ þ 3TðUÞ; ðA9Þ

and the remaining 2PN potentials in Eq. (A5) keep their forms when they are defined by ρ�, for example, ϕj
2σ ¼ ϕj

2,
X2σ ¼ X2. Substituting the conversions into Eq. (A5) for the metric Eq. (A1), we finally obtain the 2PN metric with regard
to perfect fluid, i.e., Eq. (9) with χ ¼ ξ5 ¼ 0 and the other unspecified parameters are all equal to 1.

APPENDIX B: TRANSFORMATION TRICKS

Some skillful transformations are needed in solving Eq. (20), and we list representative examples with regard to the
equation for α ¼ 0 in Eq. (30):
(1) the transformation most frequently used:

−4πρ�∂tΦ1 ¼ ∇2U∂tΦ1 ¼ −∂tð∂jΦ1∂jUÞ þ 2∂jð∂ðtΦ∂jÞUÞ þ 4πρ�v2∂tU; ðB1Þ

(2) different transformations for the same component:

�−4πρ�U∂tU ¼ ∇2Φ2∂tU ¼ −∂tð∂jΦ2∂jUÞ þ ∂jð∂tU∂jΦ2Þ þ ∂jU∂j∂tΦ2;

−4πρ�U∂tU ¼ 1
2
∇2U∂tU2 ¼ −∂tðU∂jU∂jUÞ þ ∂jðU∂tU∂jUÞ þU∂jU∂j∂tU;

ðB2Þ

�−4πρ�Vj∂jU ¼ ∇2Φj
2∂jU ¼ −∂jð∂kU∂ ½kϕ2j�Þ þ ∂kU∂k∂jϕ

j
2

−4πρ�Vj∂jU ¼ Vj∇2U∂jU ¼ ∂kðVj∂kU∂jUÞ − 1
2
∂jðVj∂kU∂kUÞ − 1

2
∂tU∂kU∂kU − ∂kVj∂kU∂jU;

ðB3Þ
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(3) synthetical transformation by use of identities of potentials:

− 4πρ�Vj∂jU − 4πρ�vjvk∂kVj

¼
�
∂kðVj∂kU∂jUÞ − 1

2
∂jðVj∂kU∂kUÞ − 1

2
∂tU∂kU∂kU

�
þ ∂l∂lP

jk
2 ∂kVj þ ∂l∂lΦ

jk
1 ∂kVj

¼
�
∂kðVj∂kU∂jUÞ − 1

2
∂jðVj∂kU∂kUÞ − 1

2
∂tU∂kU∂kU

�
− 2∂l½∂kVj∂ ½kðP2l�j þΦ1l�jÞ� þ ∂lVj∂l∂kðΦjk

1 þ Pjk
2 Þ

¼
�
∂kðVj∂kU∂jUÞ − 1

2
∂jðVj∂kU∂kUÞ − 1

2
∂tU∂kU∂kU

�
− 2∂l½∂kVj∂ ½kðP2l�j þΦ1l�jÞ�

− ∂lVj∂l∂tVj þ 1

4
∂lVj∂l∂jð2Φ2 −U2 − 4Φ4Þ

¼
�
∂kðVj∂kU∂jUÞ − 1

2
∂jðVj∂kU∂kUÞ − 1

2
∂tU∂kU∂kU

�
− 2∂l½∂kVj∂ ½kðP2l�j þΦ1l�jÞ�

−
1

2
∂tð∂lVj∂lVjÞ þ 1

4
∂j½∂lVj∂lð2Φ2 −U2 − 4Φ4Þ� þ

1

4
∂l∂tU∂lð2Φ2 −U2 − 4Φ4Þ; ðB4Þ

−4π½ð2v2þ4Uþ4Πþ4P=ρ�Þρ�vj∂jU−8ρ�Vj∂jUþ8ρ�Vj∂jUþ8ρ�vjU∂jU�
¼−4π½ð2v2þ4ð1−2τÞUþ4Πþ4P=ρ�Þρ�vj∂jU−8ð1−τÞρ�Vj∂jUþ8ð1−τÞρ�Vj∂jUþ8ð1−τÞρ�vjU∂jU�
−64πτρ�vjU∂jU

¼∇2

�
2Vj

1þ4ð1−2τÞVj
2þ4Vj

3þ4Vj
4−8ð1−τÞϕj

2þ8ð1−τÞðUVÞjþ16ð1−τÞKj
1þ12

�
1−

4

3
τ

�
Kj

2þ2Ẍj

�
∂jU

þ12

�
1−

4

3
τ

�
∂kU∂kU∂tU−4∂t∂tVj∂jU−16τ½2∂jðU∂kU∂ ½kVj�ÞþU∂kU∂k∂tU�

¼−2∂j

�
∂ ½k

�
2V1j� þ4ð1−2τÞV2j� þ4V3j� þ4V4j�−8ð1−τÞϕ2j� þ8ð1−τÞðVj�UÞþ16ð1−τÞK1j�

þ12

�
1−

4

3
τ

�
K2j� þ2Ẍj�

�
∂kU

�

þ∂k∂j

�
2Vj

1þ4ð1−2τÞVj
2þ4Vj

3þ4Vj
4−8ð1−τÞϕj

2þ8ð1−τÞðUVjÞþ16ð1−τÞKj
1þ12

�
1−

4

3
τ

�
Kj

2þ2Ẍj

�
∂kU

þ12

�
1−

4

3
τ

�
∂kU∂kU∂tU−4∂t∂tVj∂jU−16τ½2∂jðU∂kU∂ ½kVj�ÞþU∂kU∂k∂tU�

¼−2∂j

�
∂ ½k

�
2V1j� þ4ð1−2τÞV2j� þ4V3j� þ4V4j�−8ð1−τÞϕ2j� þ8ð1−τÞðVj�UÞþ16ð1−τÞK1j�

þ12

�
1−

4

3
τ

�
K2j� þ2Ẍj�

�
∂kU

�

−∂k∂tðð7−8τÞU2þ2Φ1−2Φ2þ4Φ3þ2ẌÞ∂kUþ12

�
1−

4

3
τ

�
∂kU∂kU∂tU−4∂tð∂tVj∂jUÞþ2∂tð∂jVk∂kVjÞ

−4∂jð∂kVj∂tVkÞ−32τ∂jðU∂kU∂ ½kVj�Þ−16τU∂kU∂k∂tU

¼−2∂j

�
∂ ½k

�
2V1j� þ4ð1−2τÞV2j� þ4V3j� þ4V4j�−8ð1−τÞϕ2j� þ8ð1−τÞðVj�UÞþ16ð1−τÞK1j�

þ12

�
1−

4

3
τ

�
K2j� þ2Ẍj�

�
∂kU

�

−4∂tð∂tVj∂jUÞþ2∂tð∂jVk∂kVjÞ−4∂jð∂kVj∂tVkÞ−32τ∂jðU∂kU∂ ½kVj�Þ
−∂k∂tð7U2þ2Φ1−2Φ2þ4Φ3þ2ẌÞ∂kUþ12∂kU∂kU∂tU ðB5Þ
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