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New classes of exact interior nonvacuum solutions to the GR field equations
for spacetimes sourced by a rigidly rotating stationary
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A double new class of solutions to the general relativity field equations describing interior spacetimes
sourced by stationary cylindrical anisotropic fluids with principal stress directed along the symmetry axis is
displayed. These solutions are required to satisfy regularity and junction conditions so that they can be
possibly used to represent rotating astrophysical objects. Mathematical and physical properties are
analyzed. The spacetime two independent parameters are physically interpreted, and they are shown to
define two different solution classes together with stating the latters’ properties.

DOI: 10.1103/PhysRevD.104.064040

I. INTRODUCTION

Cylindrical symmetry implying two Killing vectors has
attracted much attention since the pioneering 1919 work by
Levi-Civita identifying static vacuum cylindrical space-
times [1]. Their extension to the stationary case exhibiting
three Killing vectors was obtained in 1924 by Lanczos [2]
who considered a rigidly rotating infinite dust cylinder with
and without a cosmological constant, and by Lewis in 1932
for vacuum [3]. The Lanczos solution was independently
rediscovered by van Stockum in 1937 for the zero cosmo-
logical constant case [4], and this solution is often
improperly attributed to this single author. The Lewis
solution describes a vacuum exterior gravitationally
sourced by a matter cylinder rotating around its symmetry
axis. Depending on whether the constant parameters
appearing in the metric functions are real or complex,
the solutions are said to belong to the Weyl class or to the
Lewis class, respectively. The vacuum solution outside a
cylindrical source in translation along its symmetry axis is
mathematically akin to the Lewis solution with exchanged
z and ¢ coordinates. They are however physically different
[5]. Now, cylindrically symmetric spacetimes have been
extensively investigated for a number of different purposes
[6,7]. For a recent review on cylindrical systems in general
relativity (GR), see [8].

In [9], the rigid rotation of nonvacuum stationary space-
times sourced by a cylindrical anisotropic fluid has been
considered. In [10], this study has been extended to the
nonrigid rotation case, while the rigid case analysis
proposed in [9] has been supplemented with a focuss on
its Weyl tensor gravitoelectromagnetic properties. Now, as

“marie-noelle.celerier@obspm. fr

2470-0010/2021/104(6)/064040(10)

064040-1

an existence proof for solutions to constraint equations
appearing in this study, an example of a particular rigidly
rotating metric has been incidentally proposed there.
However, it is easy to check that this solution is trivial.
A further analysis yields a constraint on the h(r) basic
building function forcing it to be constant, and this solution
to be therefore both flat and static, i.e., Minkowski; see the
Appendix in [10]. Note, however, that the other results
displayed in [10] are not precluded by this observation. In
the present work, an improved solution to the field
equations for the same fluid equation of state is exhibited
and studied. This new solution is exact and is thoroughly
examined here while a number of its mathematical and
physical features are analyzed.

The equation of state studied here is a generalization of
that considered in [9] and the same as one of those analyzed
in [10]. To the author’s knowledge, these works together
with the one displayed in the present paper constitute the
first attempt to introduce anisotropy into rigidly rotating
stationary cylindrical spacetimes. Even though the equation
of state proposed here is rather simple, as it is generally the
case when one starts a new path exploration, it might
anyhow prove possibly useful as an approximation to
improve our cosmological and astrophysical bestiary
knowledge. A couple of such proposals are displayed in
this paper. In any case, this exact solution to a new physical
setup will certainly allow us to increase our understanding
of cylindrically symmetric fluids in GR.

The paper is organized as follows: In Sec. II, the
stationary cylindrically symmetric line element which will
be used for the present purpose is set up. In Sec. 111, the new
exact solution is constructed from the field equations
pertaining to the problem, through its regularity and
junction conditions, up to its final form. Important
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mathematical and physical properties pertaining to this
solution are analyzed in Sec. IV where, in particular, two
different classes of solutions are disclosed. The conclusions
are displayed in Sec. V.

II. CYLINDRICAL SPACETIME INSIDE
THE SOURCE

Consider a rigidly rotating stationary cylindrically sym-
metric anisotropic nondissipative fluid bounded by a
cylindrical surface ¥ whose principal stresses P,, P,
and P, obey the equation of state P, =P, =0. Its
stress-energy tensor can thus be written as

Taﬂ = [)VaVﬁ + PzSaSﬂ’ (1)

where p is the fluid energy density, V,, is the timelike fluid
4-velocity, and S, is a spacelike 4-vector satisfying

VeV, = -1, S%S, =1, ves,=0.  (2)
We assume, for the inside X spacetime, the spacelike O,
Killing vector to be hypersurface orthogonal, such as to
ease its subsequent matching to the exterior Lewis Weyl
class metric. Hence, the stationary cylindrically symmetric
line element reads

s = —fd* + 2kdedgp + e#(dr? + d22) + ldg?, (3)

where f, k, u, and [ are real functions of the radial
coordinate r only. Owing to cylindrical symmetry, the
coordinates conform to the following ranges:

—o00 <t < +o0, 0<r,

0<¢ < 2nm, (4)

—00 <7 £ +00,

where the two limits of the ¢ coordinate are topologically

identified. These coordinates are numbered x° = ¢, x! = r,

x> =z, and x° = ¢.

III. THE RIGIDLY ROTATING NEW SOLUTION

For rigid rotation where a corotating frame is chosen for
the stationary fluid source [9,10], the fluid 4-velocity can
be written as

Ve = u68, (5)

where v is a function of r only. The timelike condition for
V® provided in (2) thus reads

for=1. (6)

The spacelike 4-vector used to define the stress-energy
tensor and verifying conditions (2) can be chosen as

S% = e7M253, (7)
and a calculation intermediate function D is defined as

D? = fl+ K. (8)

A. Field equations

With the above choice for the two 4-vectors defining the
stress-energy tensor, and using (5)—(8) into (1), one obtains
the stress-energy tensor components corresponding to the
five nonvanishing Einstein tensor components, and one can
thus write the following five field equations for the inside
spacetime.

With h(r) defined as h(r) = P,(r)/p(r), they read

e H r B D" f(f/l/+k/2)
—_ - |_ _f= 11 / AV
Goo 2 | fu S D +f f D2
=kpf, )
e [ D" D' 3k(fI +Kk?)
R PR, ) Sty ¥/ ¥ Rt )
Cos =5 |+ 2k =4 K 2D?
= —kpk, (10)
f/l/ k/Z
Gll - 2D 4D2 O, (1 1)
D" //D/ f/l/ k/2
Gy = D p " apr = kphet, (12)
et D’ D' 3IU(fT +K?)
Gy = — | +201——1" 4= -2
S R 2D?
k2
= Kp? ’ (13)

where the primes stand for differentiation with respect to r.

B. Stress-energy tensor conservation

Writing the stress-energy tensor conservation is analo-
gous to writing the Bianchi identity

), =0. (14)
From (1), we have
TY% = pVevF + PSSP, (15)

with V* given by (5), and the spacelike vector S* given
by (7), which can be inserted into (15). Then, using (3)
and (6), the Bianchi identity (14) reduces to

L,

", =—p
ﬁzfz

Py =0, (16)
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or, inserting the A(r) function defined above,

A

— ' =0.
ks 0 (17)

C. Solving the field equations

In [10], a partly integrated equation for a rigidly rotating
P, = Py = 0 fluid has been derived as Eq. (152) proceed-
ing solely from the field equations and the Bianchi identity.
Two solutions of this Eq. (152) have been identified there.
The second solution, Eq. (175) in [10], is considered here.

Since only five independent differential equations are
available for six unknowns, i.e., the four metric functions f,
k, ¢, and [, the energy density p, and the pressure defined
either by P, or by h—this last option will be retained here
—the equation set needs to be closed by an additional one.
The particular assumption displayed in [10] as Eq. (111) is
chosen for this purpose:

20 2N
= = 18
W=7+, (18)

which can be integrated as

Ho—
et =cy

(1=h)?’ (19)

where ¢, is an integration constant. Inserting (18) into the
Bianchi identity (17), one obtains

f/ 2h/
== , 20
f 1—=h (20)
which can be integrated as
s
= , 21
cy being another integration constant.
Now, (9) combined with (10) can be written as
k ! k/ /
<M> —0. (22)
D
which can be integrated as [9]
kf' — fk' = 2¢D, (23)

where 2c¢ is an integration constant, the factor 2 being
chosen here for further convenience. Considered as a first-
order ordinary differential equation for k(r), (23) possesses
as a general solution

- f(co _2e 120 dv), (24)

) f(v)z

where ¢, and r are new integration constants, and which,
with expression (21) for f inserted, can be written as

- th)z {60_2_; [Uru —h(v))“D(U)dv]. (25)

c

The last metric function [ thus follows from (8) as

l:<1_h)2{D2 CJ%

cs C(1—h)?
« {co—%ﬁ[{:(l —h(v))“D(v)dvr}. (26)

The field equations (9), (11), and (12), as well as,
equivalently, (10)—(12) give an expression for D'/D as a
function of 4 and of its first and second derivatives which
reads

D/ ] h// h/
e A
(1+ )N (1+ h)i3
—_— -— . 27
T TR 27)

Now, inserting (19), (21), (25)-(27) into the field
equation (11) gives

1 h (1=h) , (1-2k)
— _ h// h/2
) { Ty
¢ (1=h)>(3+h)
cATAOTN 28
* c%- lL+h ] (28)

Then inserting the same expressions into (9), or equiv-
alently into (13), one obtains

2 [200-h) ,, (I+h+4n*) ,
~ 3ke, [h2(1 + h) B3 (1 + h?)
2¢2 (1= h)°(3 + h)
& R(1+h) ] (29)

Equalizing both expressions for p given by (28) and (29)
yields a second-order ordinary differential equation for &
that reads

o (1=2h=2R) & h(1=h)’ (30)
W =n)(1+h)" ¢ 1+h

whose general solution is
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c 14u 2
¢ +r=-"1 2

h(r)
d 9
c2Jho Lz(l—M)3(—21nu+4u—u2+cﬁ,) u

(31)

where c,, ¢,, ¢g, and ¢, are integration constants and where
a & sign appearing in the calculations has been absorbed
into the ¢, definition. From (31), the /(r) first and second
derivatives can be calculated, and inserting them into either
(28) or (29), one obtains in both cases

2(1 - h)* [cah(—2 Inh + 4h — 2 + ¢p)

P e i (1+ h)? (1 +h)
C2
+25(1 —h)Z]. (32)
f

Moreover, h” given by (30) can be inserted into (27),
therefore giving

D' 4 /4

D 2(—-h) 2(1+h)

c*cz (=2Inh+4h—h?)

, 33
2¢q¢7 (=2Inh +4h — 1 4 cp) (33)
which can be integrated as
—2Inh +4h — h* + ;)%
D=, DR 3y

(=) +h)

where the integration constant combination c*c; /2c4c7 has
been renamed c4, and c; is a new integration constant.

Now, (34) inserted into (25) allows one to integrate this
equation as

=t

e [co + cx(=2Inh + 4h — h? + c)*], (35)

where ¢, is a new integration constant into which a =+ sign
has been absorbed and where another integration constant
has been added to ¢ without this constant notation being
modified. Finally, the last metric function / emerges from
inserting f, k, and D into (8), which gives

2(1—h
= —z;’ gl h)) (=2Inh + 4h = h? + c5)*
i 2Inh + 4h — h? cst3]?
—(] h)z[co+ck(— nh+4h—h* + cp)t2)".

(36)

Now, inserting the above fully integrated metric function
expressions into the field equations leads to three con-
straints upon the integration constants. The field equa-
tion (12) gives

c5 = % (37)
Then, (9) implies
2
e ;5 -1 (38)
And finally, (11), or equivalently (10), yields
1\ 2
(c5 + 5) ciep = 2¢s¢y. (39)

The last field equation (13) confirms these constraints but
does not impose new ones. Now, with (37) inserted, the two
last constraint equations (38) and (39) can be written as

o=t (40)

2.2
v
and
;= i (41)
Inserting (37), (40), and (41) into (34)—(36), one obtains

5 5 (=2Inh+4h —h* + cp)

D? = 42
CrCk (1—h)(1+h) ’ ( )
C
k= q _fh)2 [co + cx(=2Inh+4h — K +¢cp)],  (43)
1—nh
[ =cpeq <(1 —|—h)) (=2Inh + 4h = h? + c4)
c
T _fh)z [co+ ci(=2Inh+4h — k> + cp)?.  (44)

D. Regularity conditions

The regularity conditions on the symmetry axis for
metric (3) have already been displayed in [9,10].
However, since they will be needed in the following, they
are recalled briefly here.

To ensure elementary flatness in the rotation axis vicinity,
the norm X of the Killing vector 9, must satisfy [7]

g(l/}X_aX_/j .

lim?—e=f 45
04X (43)
where X = g,,. Equations (3) and (45) yield
eH]?
li =1. 46
=0 4l (46)
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The requirement that g, vanishes on the axis implies
120, (47)

where 2 means that the values are taken at » = 0.

Since there cannot be singularities along the axis, it is
imposed that, at this limit, spacetime tends to flatness;
hence, the coordinates are scaled such that, for r — 0, the
metric becomes

ds? = —df? + 2wr?dtde + dr? + dz? + r*d¢?,  (48)

from which
el k20 (49)
follow, implying
Do, (50)
and, from (46) and (48),
1'20. (51)

Then, from the above and the requirement that the Einstein
tensor components in (9)—(13) do not diverge, we have

D/
— 2o (52)

10 0 Oy
fER R K 20,

Inserting (19), (21), and (43) into (49), one obtains

e = (1=h)2, (53)

¢, 2 % (54)
co=0, (55)
cp=2Inh —4h + W2 (56)

All the other regularity conditions are verified provided
(55) and (56) are satisfied.
Notice that (56) implies ¢y # —3, otherwise it would

impose h21 and ¢y given by (53) would be forced to
vanish, which would rule out the whole solution.

E. Junction conditions

These conditions have also been displayed in [9,10] for
metric (3). For completeness, and also since they will be
partially needed further on, they are recalled here briefly.

Outside the fluid cylinder, a vacuum solution to the field
equations is needed. Since the system is stationary, the

Lewis metric [3] will be used to represent such an exterior
spacetime, and the Wey] class [11] is chosen here for a real
junction condition purpose. Its metric can be written as

ds? = —Fdf* + 2Kdtdg + e (dR* + dz?) + Ld¢p?, (57)

where
F = aR'™" — a8*R'*", (58)
K = —(1 —ab8)sR'*" — abR'™", (59)
eM = RUr-1/2, (60)
1 — abs)?
L _ (1—abd)” R — ab?R'™", (61)
a
with
C
§=—, 62
o (62)

where a, b, ¢, and n are real constants. See [9] for
comments about the respective coordinate systems inside
and outside the fluid cylinder and [11] for more details
about the Lewis metric Weyl class.

In accordance with Darmois’s junction conditions [12],
metric (3) and metric (57) coefficients and their derivatives
must be continuous across the X surface,

fZa,F, k=a K, ehZazeM, IZa,L,  (63)
f/ 5 1 52Rn + R
?:E + n52R1+n _ Rl—n ’ (64)
ksl (1 —abd)5R" — abR™ (65)
24 ,
k R~ (1—abd)6R'™ + abR'™"
2
,xn”—1
= , 66
W= (66)
I's 1 1 — abd)’R" 2b’R7"
vz ( abé) +a (67)

I~ R " (1= abs?R™" — bR
The first fundamental form continuity imposes (63) where
the a;, a,, as, and a, constants can be transformed away by
rescaling the coordinates, while (64)—(67) are produced by

the second fundamental form continuity. Hence, the above

equations inserted into [9]’s Eq. (8) imply Préo, which is
in perfect agreement with the present fluid equation of state
which imposes P, = 0 everywhere. Moreover, the integra-
tion constant ¢ appearing in (23) can be identified with the
constant ¢ displayed in (62), which arises from the source
stationarity producing the source vorticity [9,13,14]. This

064040-5



MARIE-NOELLE CELERIER

PHYS. REV. D 104, 064040 (2021)

justifies the choice of the factor 2 for the definition of this
integration constant in (23).

Comments about other spacetime properties issuing from
the above relations are displayed in [9,10]. They are not
recalled here since they will not be needed for the present
purposes.

F. Final form of the solution

Constraints (53)—(56) on the integration constants issu-
ing from the regularity conditions and inserted into the
metric functions as given in (21), (19), (43), and (44) lead to
their final form, which can be written as

= () (68)
(L) o

2In% + 4(h — ho) — (h? = )]
(1—h)? ’

k= (1 ho)es

(70)

h
= (1= hy)>c2 [2ln70 +4(h = hy) — (h* = hg)}

L=h [2In%+4(h=ho) = (h* = h})]
X{Hh— Tohy 0 } (71)

Notice that since the constant c; appears as such in
expression (70) for k, and squared in expression (71) for [, it
can be absorbed into a rescaling of the ¢ coordinate
according to the coordinate transformation ci¢p — ¢.
Now, as it has been mentioned in (4), cylindrical symmetry
imposes 0 < ¢ < 2z. Therefore, such a rescaling is equiv-
alent to setting ¢, =1 in (70) and (71), which will be
adopted henceforth.

Expression (42) for D thus becomes

21’ 4 4(h — hy) — (h* - hg)} 72)

D? = (1—hy)*
(1=ho) [ (1=h)(1+h)
The solution includes the equation for /(r) that reads

(1—ho)?

r=

h 1+u 3
X 2 39 102 T (9
hy (1 =u)’2In"0 4 4(u — hg) — (u” — hg)]

(73)

where the integration constant ¢, has been absorbed
into hy denoting the /& value on the symmetry axis,

i.e., hp =h(r=0). Then, the expression for p can be
written as

2w (1-h)
P = h Y 12(1 1 )2

5 {h[zln’;g +4(h = hy) — (h* = h3)]
(14+h)

+2(1- h)Z}.
(74)

IV. PHYSICAL PROPERTIES OF THE SOLUTION

A. Hydrodynamical scalars, vectors, and tensors

The timelike 4-vector V, can be invariantly decomposed
into three independent parts through the genuine tensor
Vep as

Vg ==VaVy+ @gp + Oop, (75)
where
Vo= VausVP, (76)
Oap = Viap) + ViaV ) (77)
ap = Viap) + ViaVp) (78)

The three above quantities are called, respectively, the
acceleration vector, the rotation or twist tensor, and the
shear tensor. For the timelike 4-vector given by (5), their
nonzero components [10] are

_1r

V= 57 (79)
which becomes, with (68) inserted,
. c (1=h) ho
V= h 2In—
ERCEE {<1 +h) [ T
Ak = hy) — (h? — h(%)] }7 (80)
and
2wy3 = —(2kv' + K'v). (81)

From (79), the acceleration vector modulus is therefore

g 1 f’2 B
1% V(X :ZFC ”, (82)
which becomes, with (68) and (69) inserted, and with (73)

differentiated with respect to r,
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h (1-h)
(1= ho)® (1 + )

Vv, =
h
x 2ln70+4(h —ho) — (2= h3)|.  (83)

The rotation scalar @ defined by

1
o = Ea)“ﬁwaﬁ (84)
follows as
2 1 ' / 2

Inserting (23) into (85), one obtains

2

C
602 = fTe:” s (86)
which becomes, after inserting (68) and (69),
272 6
5 chy  (1—-h) g
= . 7
MENTE O &)

As already stressed in [9,10], the shear tensor vanishes
for any rigidly rotating fluid.

B. Constant parameter interpretations

As usual in GR, the mathematical and therefore physical
properties of the new solution displayed here through (68)—
(74) with ¢, = 1 depend strongly on the values exhibited
by the two independent integration constants %, and c,
which can be considered as solution parameters.

The hy interpretation is actually obvious from (73). It is
the A(r) value on the r = 0 symmetry axis. It has already

been stressed in Sec. III D that the value 4y = 1, i.e., Pzgp,
is forbidden since, from regularity condition (53), it would
imply ¢y = 0 and thus rule out the entire solution.

Now, making h = hy into (87) gives w*> = ¢?. Hence, ||
is the rotation scalar amplitude on the symmetry axis. Since
this ¢ parameter is the same as the one appearing in the
Lewis exterior spacetime metric, its absolute value can be
interpreted in the vacuum framework as the amplitude of
the interior gravitational source rotation scalar on the
symmetry axis [11].

Moreover, it is obvious from (74) that the larger |c|, the
bigger p, for a given {hgy, r — h(r)} couple. And therefore,
an increased (decreased) fluid vorticity on the axis induces,
inside the X boundary surface, an increased (decreased)
energy density, and thus, an increased (decreased) pressure.

C. Metric signature and sign constraints

To obtain the proper metric signature chosen here, i.e.,
(—+ ++), every metric function as stated in (3) must be
positive definite. The metric functions f and e as given by
(68) and (69), respectively, are positive by construction.

Now, from (70) with ¢; =1, one can see that k is
positive, provided

p(h) = 2ln% +4(h—hg)— (B> —h3) > 0. (88)

As regards [ given by (71) with ¢, = 1, an analogous
constraint implies, once (88) is fulfilled,

_1—h 2%+ d(h—hy)— (K - h})

9 =175~ e

>0. (89)

The expression (72) for D? imposes, once (88) is satisfied,

1

i (90)

The weak energy condition p > 0 implies from (74)
another constraint that reads

h2In% 4 4(h — hy) — (B2 — B3)]
1+h

+2(1=h)?>0. (91)

Finally, the logarithm function occurring in several
places under the form In /,/h imposes

% -0, (92)

It is straightforward to see that (90) implies
-1<h<l. (93)

Now, from (92), once the & sign has been fixed, e.g.,
measured on the axis, 7 must keep the same sign all along.
Two cases can thus be distinguished:

(1) hy > 0, i.e., from (93), 0 < hy < 1, which implies,

by continuity, 0 < h < 1.
(i) hy < 0, 1.e., from (93), —1 < hy < 0, which implies,
by continuity, —1 < h < 0.

1. Case (i)

A straightforward mathematical analysis shows that the
constraint p(h) positive for any h value such that
0 <h <1, as stated by (88), imposes 0 < h < h, < 1,
and, by continuity, 0 < hy < h, < 1, with h, depending on
hq according to
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h
21nh—°+4(h2 — ho) — (K2 = h2) = 0. (94)
2

Then, with & and p(h) positive, which is the case here,
inequality (91) is identically verified.

Another straightforward mathematical analysis shows that
the constraint g(h) positive for any % value such that
0<h<hy<l1, as stated by (89), imposes 0 < h; <
h < h, <1, and, by continuity, 0 < h; < hg < hy < 1,
with 4, depending on A according to

h
(1—h)3=(1+hy) 21nh—‘f+4(h1—ho)—(h%—hg) =0.
(95)

To summarize: Case (i), which is valid for Ay > 0,
implies 0 < hy <hy<h, <land O < h; <h<hy <1,
with i; depending on A, through (95), and £, depending on
hq through (94).

2. Case (ii)

An analogous method applies in this case. First, a
straightforward mathematical analysis shows that p(h)
positive for any A value such that —1 < 4 < 0 imposes
hy < h.

With —1 < hy <h <0, as it is therefore the case,
inequality (91) is identically satisfied.

Finally, a last straightforward mathematical analysis
shows that g(h) positive for any & value such that —1 <
hy < h < 0imposes —1 < h < hy < 0, and, by continuity,
—1 < hy < hy <0, with k3 depending on A through

h
(1=h3)3=(1+h;y) 2lnh—2+4(h3—h0)—(h§—h(2)) —0.
(96)

To summarize: Case (ii), valid for hy < 0, implies
—1 <hg<h<hy <0, with h; depending on A through (96).

Now, the & < 0 range should be considered with caution
as regards its physical interpretation, since it implies a
negative pressure. However, such a feature, even though
regarded as unphysical when standard fluids are consid-
ered, can emerge in some circumstances such as cosmo-
logical issues when, e.g., “dark energy” comes into play.

Notice moreover that in both cases (i) and (ii), and in the
units adopted here, i.e., ¢ = 1 and 872G = «, the pressure
amplitude is smaller than that of the energy density.

D. Singularities

The solution displayed here exhibits three possible
singularities.

A first one might occur for 7 = +1 where the whole
metric function set diverges. However, this is not the case
for the density p which, from its expression (74), is merely

seen to vanish. The two Weyl scalar polynomial invariants /
and J both vanish also at this limit. It is easy to convince
oneself of this fact by inserting (68)—(72), together with the
present gauge choice Cpig; = Cpopo = 0 = Cpzpz =0,
into the expressions for / and J displayed in [10]’s
(94)—(96). Even though a more complete analysis should
be needed to conclude definitively, the question whether
this locus might happen to be a mere coordinate singularity
remains open.

For h = —1, [ is the only metric function which diverges,
and therefore, so does D. However, at this location, p also
happens to diverge and would change sign if 4 was allowed
to reach values below —1, which is not the case as it has
been shown in Sec. IV C. Anyhow, this energy density
behavior would imply a curvature singularity if such an A
value were reachable.

The third singularity might occur for 4 = 0. Here, the
density diverges and is no more defined if the % sign
happens to become different from the % sign. We should be
therefore confronted to another curvature singularity.

Now, notice that the three singularities occur for the three
h values which limit the definition intervals of 4 distin-
guishing the positive and negative cases studied as (i) and
(ii) in Sec. IV C. They can therefore be excluded from the
solution definition domain, as it has been proposed in
Sec. IV C, and thus, the solution becomes singularity-free.

In this case, the P, = 0 spacetime is itself excluded from
this solution class which therefore does not possess any
dust limit.

E. Behavior of the i(r) function

Differentiating (73) with respect to the r coordinate, one
obtains

(1= ho)?

5 {h2(1 — h32In" 4 4(h — hy) — (B - h%)}}%.

W=

L+ h
©7)

This &(r) function first derivative vanishes for & = hg. For
any other allowed value of #, as defined in Sec. IV C, the
(97) right-hand side is nonzero and exhibits the same sign
as that of the ¢ parameter. Once the ¢ sign is fixed, &’ keeps
this sign all along from r =0 to r = ry.

Now, the two solution classes have to be examined
separately since their properties differ.

1. Case (i)

In this case, where & and A are both positive, the i(r)
behavior depends on the ¢ sign. Actually,

(a) For ¢ <0, which implies &' negative, one has

h < hg for every r value, and therefore, the function

h = P_/p is monotonically decreasing from r = 0 to
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r = ry. This means that the P, amplitude decreases
with respect to that of p while going outward.

(b) For ¢ > 0, which implies /' positive, i > h for every
r value, and A(r) is monotonically increasing from
r =0 to r = ry. This means that the P, amplitude
increases with respect to that of p while going
outward.

2. Case (ii)

In this case, it has been shown that —1 < hy < h < 0,
which implies, since the sign of /' is fixed once for all, that
the h(r) function must be monotonically increasing from
hgy, i.e., from r=0, up to r=rs. Therefore, /' >0
follows, and, as a consequence, ¢ > 0. Here, of course,
the P, amplitude increases with respect to that of p while
going outward.

It is therefore interesting to notice that, in the positive
pressure case, the sign of the ¢ parameter, which can be
either positive or negative, influences the behavior of the
pressure/energy density ratio, while this is not the case
when the pressure is negative, since, then, c is forced to be
positive. Hence, for “ordinary” fluids, not only does ¢
measure the amplitude of the vorticity scalar on the
symmetry axis, but its sign prescribes an important feature
for the fluid, which might remind us of some kind of
centrifugal-centripetal behavior.

V. CONCLUSIONS

Following the stationary cylindrical anisotropic fluid
sourced interior spacetime investigations initiated in
[9,10], the rigidly rotating fluid case with particular
equation of state P, = P, = 0 has been examined deeper
here. A field equation exact solution has thus been
exhibited under the form of i(r) functions for the metric
and the density, with & defined as h(r) = P,(r)/p(r), and
an integral expression for 4 as an r function has been
displayed. Of course, as usual, this solution is valid in a
given coordinate system, which, however, has been chosen
such as to allow a direct physical interpretation. To allow
potential further uses for astrophysical purposes, it has been
forced to satisfy the regularity conditions on the symmetry
axis and has been matched to the Weyl class of the Lewis
vacuum solution on a cylindrical X hypersurface.

A number of physical and mathematical properties
pertaining to this solution have been examined here such
as the hydrodynamical scalars, vectors, and tensors which
have been obtained as functions of %(r). Singularities have
been identified and discussed. It has been shown that they
can, however, be excluded from the solution definition
intervals, yielding thus singularity-free spacetimes.

The two independent parameters exhibited by this
solution have been examined. The first one, h,, corre-
sponds to the value of the 4 function on the symmetry axis.
Its sign defines two different solution classes which have

been displayed and discussed in Sec. IV C. The second
parameter, ¢, has been shown to represent the fluid vorticity
amplitude on the axis. It corresponds to the ¢ parameter of
the exterior Lewis-Weyl vacuum which thus inherits a
precise confirmation of its previous vorticity interpretation
[11]. Moreover, in the case when the fluid pressure is
positive, its sign determines the 4(r) increasing or decreas-
ing property, while, in the negative pressure case, the ¢ sign
is forced to be positive, while i(r) is increasing from the
axis up to the boundary surface.

As to allow a glimpse at such a simple fluid spacetime
possible physical interpretations, the following results
found in the literature can be considered.

In 1992, Apostolatos and Thorne [15] have shown, using
the simple analytic example of a thin cylindrical shell made
of counterrotating dust particles, that an infinitesimal amount
of rotation can halt the relativistic gravitational collapse of a
pressure-free cylindrical body. Even though the here-
displayed solution exhibits one nonzero pressure component,
it could be put forward that since this component is axially
directed, its influence on radial collapse might be negligible.
Hence, the conjecture that such spacetimes might represent
the final stage of some collapsing fluids might be contem-
plated, even though with some caution.

In 1996, Opher et al. [16] showed that, in rigidly rotating
stationary cylindrical dust, test particle confinement occurs
in the radial direction, while motion in the axial direction is
free. They thus proposed that such a behavior might be
relevant to extragalactic jet formation. Their arguments
went as follows. The gravitational field produced by jets is
usually negligible compared with the one produced by the
matter at the galaxy centers. Thus, to first-order approxi-
mation, it is sufficient to model those jets as made of test
particles. Also, since almost all the galaxies are rotating, as
a first step, one can model a galaxy center by a rotating
cylinder. This approximation seems reasonable to these
authors as long as the gravitational field in the middle of the
rotating galaxy is concerned, though they admit that it is
indeed highly simplified. Assuming that such a model can
capture some essence of physics, they claim that the
confinement can be related to the jets.

Bringing together such a confinement property and
Apostolatos and Thorne’s result might suggest some
practical uses of a solution of the kind presented here.
Actually, fully realistic models are very seldom encoun-
tered in GR, while exact solutions have often been used as
very fruitful approximate ones. Therefore, in any case, this
simple class of anisotropic fluid source for cylindrically
symmetric spacetimes, since it is a first attempt to deal with
anisotropic pressure in such a framework, must be con-
sidered as progress for the Einstein field equation under-
standing from both a mathematical and a physical point of
view. Actually, as stressed in [6], “much can be learned
about the character of gravitation and its effects by
investigating particular idealised examples.”
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Moreover, the solution displayed here might also be
viewed as a first step toward a future generalization to less
simple anisotropic cases, possibly obtained by relaxing one
or either simplifying assumptions made here, provided such
analytic solutions happen to exist, of course.
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