
 

Particle scattering in a sonic analogue of special relativity
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We investigate a simple toy model of particle scattering in the flat spacetime limit of an analogue-gravity
model. The analogue-gravity medium is treated as a scalar field of phonons that obeys the Klein–Gordon
equation and thus admits a Lorentz symmetry with respect to cs, the speed of sound in the medium. The
particle from which the phonons are scattered is external to the system and does not obey the sonic Lorentz
symmetry that the phonon field obeys. In-universe observers who use the exchange of sound to
operationally measure distance and duration find that the external particle appears to be a sonically
Lorentz-violating particle. By performing a sonic analogue to Compton scattering, in-universe observers
can determine if they are in motion with respect to their medium. If in-universe observers were then to
correctly postulate the dispersion relation of the external particle, their velocity with respect to the medium
could be found.
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I. INTRODUCTION

Analogue-gravity models provide an indirect way to
probe the physics of gravitational systems for which the
actual (i.e., nonanalogue) experiments are currently inac-
cessible. Perhaps most well known are the acoustic
analogues to black holes (also called dumb holes1), origi-
nally proposed by Unruh [1] to provide a theoretical and
experimental testbed for the study of Hawking radiation
[2,3] in a system where the microscopic physics is under-
stood. Subsequently, analogue models for a variety of
general relativistic and semiclassical gravitational phenom-
ena have been discovered, and many such models are now
being experimentally realized—notably, acoustic ana-
logues for Hawking radiation [4–7], optical-media ana-
logues for Hawking radiation [8], and analogues for
cosmological expansion and particle production [9] have
all successfully seen experimental realization to date. A
comprehensive list of analogue-gravity models and the
research into them as of 2011 can be found in the extensive
review article by Barceló, Liberati, and Visser and the
references therein [10], while references to some note-
worthy experimental results in the interim can be found in a
short article by Jacquet, Weinfurtner, and König [11],
which discusses both the history and future of experiments
within the analogue gravity research endeavor. The afore-
mentioned article by Jacquet et al. brings attention to
experimental work on superradiant scattering by Torres
et al. [12,13], as well as to developments on modeling

gravitational phenomena within superconducting circuits
[14] (see Tian et al. [15,16] and Lang and Schützhold [17]
for additional work on superconducting circuits within the
context of analogue gravity). While by no means extensive,
a selection of noteworthy theoretical results since 2011
include [18–23].
Studying relativistic phenomena with analogue models

is, of course, only a valid approach provided that the
analogue system can be faithfully mapped back to the
actual physical system of interest. One obvious—and
seemingly detrimental—way in which the mapping
between analogue models and real physical systems of
interest seems to fail is that analogue models are not truly
relativistic. In the most obvious case, there exists a
preferred reference frame: the rest frame of the ana-
logue-gravity medium itself. Previous work by Barceló
and Jannes [24] has highlighted that the natural way to
consider analogue-gravity systems as genuine relativistic
analogues is to use devices and observers that are internal
to the analogue medium (e.g., they can be constructed from
quasiparticle excitations of the medium itself) to make
internal measurements of phenomena within the analogue
universe. Phenomena like the Lorentz-FitzGerald contrac-
tion can be operationally shown to appear in a relativis-
tically reciprocal manner by utilizing this notion of internal
devices and observers: internal observers who are at rest
with respect to the medium will measure moving observ-
ers’ devices to be length contracted (they are), and internal
observers who are moving with respect to the medium will
measure stationary observers’ devices to be length con-
tracted (even though they are not) [25]. We call such
observers in-universe observers.

*scott@todd.science
1“Dumb,” in this case, being a synonym for “mute.”
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One way to understand the operational emergence of
relativity from an analogue-gravity model is to consider the
flat-spacetime limit: for an acoustic system, the flat-
spacetime limit is exactly a sonic analogue to Lorentz
ether theory,2 and it is known that Lorentz ether theory and
special relativity are observationally equivalent [26,27].
Therefore, from the operational viewpoint that considers
only the measurements made by in-universe observers [25],
the sonic analogue to Lorentz ether theory can be seen to
faithfully map to a sonic analogue of special relativity,
which we call sonic relativity. For the purposes of this
paper, our considerations will be restricted to such sonically
relativistic analogues of special relativity.
In attempting to utilize analogue-gravity models as a

means to study phenomena within the overlap of relativistic
physics and quantum physics, it would prove useful to
understand how operational measurements of quantum
mechanical phenomena can be performed in such systems.
In the real world, quantum field theory (QFT) is the most
well-developed theory incorporating the effects of special
relativity and quantum mechanics, and within the context
of QFT, scattering experiments are one of our most valuable
experimental tools for probing the dynamical interactions
of physical phenomena.3 To this end—and as the title of
this paper suggests—our focus within this paper shall be on
scattering experiments rather than on other types of experi-
ments that can be conducted within the framework of QFT.
If we are to attempt to utilize analogue-gravity models to

their full potential (i.e., as a method by which to carry out
actual experiments), then we should—as a first step—seek
to describe and understand those detector models that can
conceivably be experimentally realized and that can be used
in conjunction with analogue-gravity systems. This leads to
several questions. For example, what constitutes an appro-
priate model of a particle detector within an analogue-
gravity model? How much of our understanding of quan-
tum detectors from actually relativistic theories can we
apply to analogue-gravity systems? If we consider devia-
tions away from the idealized case in which we only
consider that which is internal to an analogue-gravity
model, how is our understanding of detector models
impacted?4 In particular, this last question provides the
basis of the work presented in this paper.
We will herein consider scattering experiments within

analogue-gravity models. We do so in keeping with the
philosophy of a previous paper that was published by two
of the present authors [25]: we consider the measurements

made by in-universe observers within an analogue-gravity
system, andwe restrict these observers tomeasuring duration
and distance solely through the exchange of sound pulses.
This ensures their measuring devices obey sonic Lorentz
symmetry.We assume that in-universe observers have access
to the apparatus required to do scattering experiments with
phonons. That is, they can produce phonons, and they can
detect recoiling phonons through a “click” of a particular
detector within an array of such detectors. We neglect the
detailed questions of how such items are constructed, under-
standing that our assumptions are enough to meaningfully
discuss scattering experiments in this setting.5 We seek to
determine the results that in-universe observers measure of
phonon scattering experiments, specifically in the case that
phonons are scattered from an external particle—that is, one
whose dispersion relation is nonrelativistic.
The contents of this paper are as follows: in Sec. II we

review the notion of in-universe observers [25]. In Sec. III
we elucidate further on our aims, provide a sketch of the
approach that is used throughout this paper, state the
conventions that we shall use, and give a schematic of
the scattering events experiments that we consider. In
Sec. IV we determine the kinematic expressions of a toy
model of phonon scattering from two types of particles: one
type of particle is sonically Lorentz obeying (internal
particle), and the other is sonically Lorentz violating
(external particle). In both cases, we first obtain the
kinematic description of scattering in the laboratory frame
and then in the frame of an in-universe observer who is
comoving with the particle from which the phonons scatter.
(This is the approach laid in out in Sec. III.) In Sec. V we
consider phonon scattering from a first-quantized particle
with a Newtonian dispersion relation (an external particle)
and present the results that demonstrate that these scattering
experiments reveal information about the existence of a
preferred rest frame to in-universe observers. In Sec. VI we
explicitly explain in what way the results presented in the
previous section reveal information about the existence of a
preferred rest frame. In Sec. VII we summarize our results
and demonstrate that the Standard-Model extension might
provide a way to model phonon scattering from external
particles as described by in-universe observers.

II. IN-UNIVERSE OBSERVERS

Assume that there are in-universe observers in an
analogue-gravity universe who believe in the principle of

2Provided that one only considers the motion of sound waves
belonging to the linear part of the medium’s dispersion relation.

3See almost any textbook on QFT for a discussion on
scattering and its relevance to experiments, e.g., [28–31]. For
a more in-depth discussion on the nature of detectors themselves,
see [32,33].

4Where the notion of internal is as per the discussions of
Barceló and Jannes [24].

5For the reader who is nevertheless curious about the pos-
sibility of actually realizing in-universe detectors, a sensible-
seeming starting point would be to consider devices whose
operation utilizes optomechanical interactions. To this end, recent
work involving Brillouin scattering [34–37] and recent work
involving surface acoustic waves (SAWs) coupled to qubits (to
yield qubit-SAW devices) [38,39] may provide useful food for
thought. Graphene and topological semimetals are yet another
possibility [20,40].

TODD, PANTALEONI, BACCETTI, and MENICUCCI PHYS. REV. D 104, 064035 (2021)

064035-2



special relativity, with the exception that sound takes the
place of light [25]. So defined, in-universe observers can be
constructed using classical (nonquantum) rulers and clocks,
as in [25].6 Taking the coordinates x, y, z, and t to be
measured operationally by some in-universe observer via
the exchange of sound, and defining x ¼ ðx; y; zÞ as a
notational shorthand, we can construct the following four-
vector

Xμ ≔
�
cst

x

�
: ð2:1Þ

This four-vector is a sonically Lorentz covariant object, and
in keeping with special relativity we denote this the sonic
four-position. Of course, there is nothing special about
Cartesian coordinates: the sonically Lorentz covariant nature
of the sonic four-position is true for any set of orthogonal
coordinates. We have merely made the choice to pick
Cartesian coordinates for the purposes of demonstration.
Consider now two sets of in-universe observers who are

initially traveling in the same direction, which we shall call
the z direction, by convention, with respect to their sound-
carrying medium. The first set of observers are traveling
with velocity v1 ¼ ð0; 0; v1Þ with respect to the medium,
and the second set of observers are traveling with a velocity
of v2 ¼ ð0; 0; v2Þ with respect to the medium. Note that the
operational measurements of distance and duration allow
for in-universe observers to operationally calculate veloc-
ities [25]. In the particular case that we are considering, the
operationally determined sonic fractional velocity of the
second set of observers as measured by the first set of
observers will be given (in terms of the laboratory-frame
values of quantities) by the following expression:

β ¼ β2 − β1
1 − β2β1

; ð2:2Þ

where β1 ¼ v1=cs and β2 ¼ v2=cs. The quantity β is the
boost parameter of the second frame with respect to the
first frame.
Each set of observers can describe the sonic four-

position from their own operational measurements of
distance and duration, as discussed above. Denote Xμ to
be the components of the sonic four-position as operation-
ally determined by the first set of observers, and X0ν to be
the components of the sonic four-position as operationally

determined by the second set of observers. The first set of
observers can relate the components X0ν to Xμ with the
following familiar equation:

X0ν ¼ Λν
μXμ: ð2:3Þ

For the particular case that we have been discussing Λν
μ is

given by7

Λν
μ ¼

0
BBB@

γ 0 0 −βγ
0 1 0 0

0 0 1 0

−βγ 0 0 γ

1
CCCA; ð2:4Þ

where β is the operationally determined sonic fractional
velocity of the second set of observers with respect
to the first set of observers, given by Eq. (2.2), and
γ ≔ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
.

Another way to see that measurements of duration and
distance made using only the exchange of sound signals
can be grouped together into a Lorentz covariant object, Xμ,
is that the object being used to define spatial and temporal
measurements (the phonon) obeys, in our simplified toy
model, the Klein–Gordon equation [25]. The Klein–
Gordon equation admits a Lorentz symmetry, and as a
consequence of this, any measurements that are made using
phonons inherit the Lorentz symmetry that the phonons
themselves obey.
A consequence of the existence of the sonic four-position

vector and its associated Lorentz transformation is that all
physical quantities whose values can be determined geo-
metrically—that is to say, from the components of the sonic
four-position—transform exactly as expected from special
relativity. For our purposes, we note that measurements of
spatial and/or temporal coordinates (i.e., the components
Xμ or X0ν) can be used by in-universe observers to
operationally determine the wavelength and frequency of
sound waves, and also as a way to operationally determine
angles: as a result, between any pair of in-universe observer
reference frames the wavelengths and frequencies of sound
waves obey the relativistic Doppler shift formula, and the
angle of propagation of an acoustic ray will change via
the relativistic aberration formula (where, in both cases, the
speed of sound replaces the speed of light). The relativistic
Doppler shift formula and the relativistic aberration for-
mula are given, respectively, by

6In-universe observers could also be constructed from quasi-
particle excitations of the medium itself, as proposed in [24].
However, by their nature, quasiparticle excitations are not, in
general, well localized in energy, momentum, or space. This
implies that considering a classical rest frame for in-universe
observers may not be correct. If one were to consider in-universe
observers made from quasiparticle excitations, the correct pro-
cedure would be to use the framework of quantum reference
fames, as formulated in [41]. In order to avoid this additional
layer of complexity we choose to work with classical in-universe
observers as defined in [25].

7Note that this definition is not simply some vacuous one that
we merely assert to be true axiomatically. While we do not offer a
derivation within this paper, it is indeed possible to take the
content of [25] and formulate a proper four-vector description of
coordinates from the operational measurements made by in-
universe observers. In doing so, the Lorentz transformation
matrix naturally arises as the transformation relating the four-
position between different in-universe observer frames.

PARTICLE SCATTERING IN A SONIC ANALOGUE TO … PHYS. REV. D 104, 064035 (2021)

064035-3



ω ¼ γð1þ β cos θ0Þω0; ð2:5Þ

cos θ ¼ cos θ0 þ β

1þ β cos θ0
; ð2:6Þ

where the last relation leads to the following useful
expression,

ð1 − cos θÞ ¼ 1 − β

1þ β cos θ0
ð1 − cos θ0Þ; ð2:7Þ

and where in all cases β is the boost parameter of the second
frame with respect to the first [given by Eq. (2.2)], an
unprimed symbol denotes the in-universe observer mea-
sured value of some physical quantity in the first frame, and
a primed symbol denotes the value of that same physical
quantity as measured by in-universe observers in the
second frame. Note that in the specific case that we are
considering, the angle θ is measured relative to the z axis
and the angle θ0 is measured relative to the z0 axis.
For notational brevity in what follows, define the

Doppler factor to be

D ≔

ffiffiffiffiffiffiffiffiffiffiffi
1þ β

1 − β

s
: ð2:8Þ

In the particular case that θ0 ¼ 0, the Doppler factor can be
used to simplify Eq. (2.5) to ω ¼ Dω0.

III. AIM AND APPROACH

A. Aim

Our purpose is to investigate a particular type of
scattering experiment within the context of analogue-
gravity models. In particular, we choose to investigate a
scattering process that is in some sense analogous to
Compton scattering. In true Compton scattering [28,42],
a photon is scattered from a charged particle. By analogy
we choose to analyze the scattering of phonons within an
analogue-gravity system. We consider phonon scattering
from two different types of particle, which we label as
either sonically Lorentz-obeying or sonically Lorentz-vio-
lating based on their dispersion relation.
Our aim is the following: characterize the in-universe

observer perspective of these scattering experiments, with
the specific goal of determining what in-universe observers
can learn from the results of scattering experiments
involving sonically Lorentz-violating particles, including
what they can learn about their state of motion with respect
to the medium.

B. Sketch of our approach

In a typical derivation of scattering within quantum field
theory, one often makes use of relativistic arguments to
simplify the derivation by, for example, moving into the

center-of-mass frame of the system [28]. While such an
approach indeed simplifies the derivation for phonon
scattering from sonically Lorentz-obeying particles [24],
this is certainly not the case for phonon scattering from
sonically Lorentz-violating particles. In this paper we take
the following approach to our derivations:
(1) We anchor ourselves to the laboratory frame, which

is the frame in which the analogue-gravity medium
is assumed to be at rest. In this particular frame, we
know the actual dynamics, and we know that energy
and momentum must be conserved.

(2) We identify, in the laboratory frame, the dispersion
relations that apply to the phonon and to the particle
from which the phonon will scatter.

(3) Utilizing the relevant dispersion relations, we obtain
the laboratory-frame kinematic expression for scat-
tering by insisting on energy and momentum con-
servation.

(4) With the laboratory-frame kinematics determined,
we utilize the appropriate transformation rules to
obtain the kinematic description of scattering from
the perspective of the in-universe observer frame that
is comoving with respect to the particle prior to
phonon scattering.

This procedure grounds our calculation in the frame for
which we know the dynamics: the laboratory frame. We do
all of our dynamical calculations from this frame. The final
step then determines how this behavior would appear to an
in-universe observer who perceives the particle to be
initially at rest in their own frame (even though both the
observer and the particle may in fact be moving with
respect to the medium). This allows us to tease out the
differences between experiments that look the same to in-
universe observers—particle initially at rest in the observ-
er’s frame—but that actually differ in their initial velocity
with respect to the analogue-gravity medium—i.e., with
respect to the sonic ether.
As a sanity check, we first utilize this approach to

demonstrate that the kinematic description of phonon
scattering from a sonically Lorentz-obeying particle shows
no dependence on the initial motion with respect to the
medium, as would be the case for ordinary scattering in a
fully Lorentz-obeying model [24] and in ordinary QFT
[28]. We then proceed to use the same approach to arrive at
a kinematic description for phonon scattering from a
sonically Lorentz-violating particle.
A mathematical sketch of this approach is the following.

The energy and momentum conservation in the laboratory
frame is simply8:

Ei þ ℏωi ¼ Ef þ ℏωf ; ð3:1Þ

8Note that we have restricted our considerations to the linear
part of the medium’s dispersion relation through our particular
choices for the phonon’s energy (ℏω) and momentum (ℏk).
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pi þ ℏki ¼ pf þ ℏkf ; ð3:2Þ

where the notation, which is used throughout, is defined in
Table I. The dispersion (energy-momentum) relations allow
us to express energies as functions of momenta:

E ¼ EðpÞ; ℏω ¼ ℏωðkÞ; ð3:3Þ

from which we can rewrite the conservation of energy and
momentum like

EiðpiÞ þ ℏωiðkiÞ ¼ EfðpfÞ þ ℏωfðkfÞ; ð3:4Þ

pf ¼ pi − ℏðkf − kiÞ: ð3:5Þ

From here, we explicitly substitute our dispersion relations
into Eq. (3.4), using the conservation of momentum
[Eq. (3.5)] in the explicit functional form of EfðpfÞ.
(The specific functional forms that we will use will be
given in subsequent sections.) Finally, we perform any
valid algebraic steps that are required to obtain the desired
kinematic expression for the Compton-like scattering of
phonons. The resulting expression, by construction, obeys
energy and momentum conservation, and is written entirely
in terms of the initial parameters of our system—which, in
principle, we are free to control—and the final state of the
phonon—which we can envisage experimentally detecting
using some appropriate apparatus, e.g., a detector array
comprised of some sonic analogue to photomulti-
plier tubes.
Our final step is to utilize the laboratory-frame kinematic

description of scattering—along with our understanding of
how the values of physical quantities as measured by in-
universe observers change between different reference
frames—to determine the in-universe observer description
of the kinematics. Specifically, we choose to obtain the
kinematic description of scattering in the frame of an in-
universe observer who is initially comoving with the
particle from which the phonon will scatter—i.e., we are
interested in the kinematic description as seen by the
observer who initially believes the particle to be at rest.
Before we can explicitly list the transformation rules for the
values of physical quantities, it is important to recall a few
key facts and to have a schematic of the scattering
experiment in mind.

C. Schematic of our scattering experiment

Recall that the specific form of the transformation
equations that we established in Sec. II were predicated
on the assumption that pairs of in-universe observer
reference frames had coordinate axes that were aligned,
and that the relative motion between pairs of in-universe
observer reference frames was constrained to be in the z
direction. For the purposes of this paper, we choose only to
consider experiments for which these assumption hold true.
Also note that—as explicitly demonstrated in [25]—opera-
tional measurements of distance and duration that are made
by in-universe observers who are stationary with respect to
the analogue-gravity medium coincide with the equivalent
measurements as made in the laboratory frame (up to unit
conversions). That is to say, the laboratory frame is an in-
universe observer reference frame; it simply happens to be
the in-universe observer reference frame corresponding to
observers who are stationary with respect to the medium.
With all of this in mind, we present in Fig. 1 a schematic

of the scattering experiments that we will consider through-
out the remainder of this paper. We note that our scattering
experiments are initialized such that the trajectories of our
particles are parallel with respect to the incoming phonons;
we define these trajectories to point in the positive z
direction. Denoting velocities v ¼ ðvx; vy; vzÞ, we can
write the initial velocity of our particle vi ¼ ð0; 0; viÞ,
where vi ≥ 0 by fiat of our assumptions; consequently, we
have jvij ¼ vi. Denoting sonic fractional velocities to be

TABLE I. Notation for momenta of the phonon and particle.
We restrict our initial setup to the case where ki and pi are in the
positive-z direction.

Phonon Particle Meaning

ℏki pi Initial three-momentum (lab frame)
ℏkf pf Final three-momentum (lab frame)
k ¼ jkj p ¼ jpj three-vector magnitude (lab frame)

(a) (b)

FIG. 1. A scattering event as seen in (a) the laboratory frame
and (b) the comoving in-universe observer frame. All quantities
labeled in the figure are measured operationally with sound-based
clocks and rulers [25] and thus their values as measured by in-
universe observers transform with respect to a sonic Lorentz
transformation. We envisage the particle from which scattering
occurs to be centered with respect to a hollow shell of detectors
that can detect phonons incident upon them. To in-universe
observers in the comoving frame (b), the detector array appears to
form a spherical shell defined by constant spatial coordinates; in
the laboratory frame (a), the array of detectors appears to be
Lorentz contracted in the direction of motion and the spatial
coordinates defining this shell change between the scattering
event and the detection event. The relativistic Doppler formula
and the relativistic aberration formula relate the operationally
measured values of wavelengths and angles between reference
frames, respectively. The operationally measured value of the
final velocity of the particle in different reference frames is related
by the general form of the relativistic velocity composition
formula [43] (see [44] for an English translation).
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β ≔ v=cs, we can write βi ≔ jβij ¼ vi=cs. Restricting
ourselves to cases in which the particle’s initial and final
speeds are slower than cs, we always have that jβj < 1; taken
in combination with vi ≥ 0, we have then that 0 ≤ βi < 1.
The final velocity of the particle βf is allowed to have
components in any direction, provided that jβfj < 1. As it
turns out, though, we will ultimately be able to remove any
reference to the final state of the particle (and thus to βf) from
the kinematic expressions that we obtain.
We previously provided equations for the relativistic

Doppler shift of sound waves [Eq. (2.5)], and for the
relativistic aberration formula [Eq. (2.6)]. As we have
emphasized, in our particular scattering experiments we
wish to consider the operational measurements made in the
comoving in-universe observer frame. In the laboratory
frame, we therefore have that β ¼ βi—that is, the boost
parameter of the comoving in-universe observer frame is
numerically equal to the initial velocity of the particle, and
thus the values of quantities in the laboratory frame
(unprimed symbols) are related to the values of quantities
in the comoving in-universe observer frame (primed
symbols) in the following specific ways:

ωi ¼ γið1þ βiÞω0
i ¼ Diω

0
i; ð3:6Þ

ωf ¼ γið1þ βi cos θ0Þω0
f ; ð3:7Þ

cos θ ¼ cos θ0 þ βi
1þ βi cos θ0

; ð3:8Þ

ð1 − cos θÞ ¼ 1 − βi
1þ βi cos θ0

ð1 − cos θ0Þ; ð3:9Þ

where Eqs. (3.7)–(3.9) follow directly from Eqs. (2.5)–
(2.7), respectively, and Eq. (3.6) follows from Eq. (2.5)
with θ ¼ θ0 ¼ 0 because the phonon is always initially
traveling in the positive z direction.

IV. PHONON SCATTERING KINEMATICS

We now proceed to derive the kinematic expressions of
Compton-like phonon scattering within an analogue-grav-
ity model. As we stated in Sec. III, we first obtain the
kinematic expression for phonon scattering for the case of
sonically Lorentz-obeying particles (internal particles).
Once we have obtained both the laboratory frame and
comoving in-universe observer frame kinematics for pho-
non scattering from internal particles, we will then proceed
to do the same for sonically Lorentz-violating particles
(external particles).

A. Phonon scattering from internal particles

1. The laboratory frame kinematics of phonon
scattering from internal particles

To provide some context, we imagine that, following
Ref. [24], internal particles are collective-excitation quasi-
particles whose dynamical description is covariant with
respect to the same sonic Lorentz symmetry that in-
universe observer reference frames transform under. In
other words, these quasiparticles are relativistic with
respect to the speed of sound cs of the analogue-gravity
medium.Most obviously, one might imagine these particles
to arise from the analogue-gravity medium itself (hence the
use of the word “internal”). However, there is no particular
reason that these particles could not also arise in a separate
medium with the same speed of sound, and to which the
analogue-gravity medium is somehow coupled.
For the purposes of this paper, we choose the following

simple and familiar energy-momentum relations for our
internal particles:

E ¼ γmc2s ; p ¼ γmv; ð4:1Þ

where here v is the velocity of the particle as measured in
the laboratory frame, γ ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
, β ¼ v=cs, and

β2 ≔ β · β. The parameter m is the mass of the particle,
and since the expressions for E and p can be collected into
the Lorentz-covariant object Pμ, the quantity m behaves as
a Lorentz scalar from the perspective of in-universe
observers.
In order to be able to cleanly substitute all of our

quantities into Eq. (3.4), we desire to be able to write
E ¼ EðpÞ. Noting that both p and γ are functions of v, we
can perform some simple algebra to obtain the following
familiar expression for γ ¼ γðpÞ:

γðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2

m2c2s

s
; ð4:2Þ

where p2 ¼ p · p. Substituting this expression for γ into
our expression for energy in Eq. (4.1), we obtain E ¼ EðpÞ.
It proves more useful for our purposes to consider E2ðpÞ,
however (the form of which should also be quite familiar):

E2ðpÞ ¼ p2c2s þm2c4s : ð4:3Þ

Now that we have E ¼ EðpÞ, we can proceed precisely as
we described in Sec. III. Rather than performing all of our
substitutions and then algebraically simplifying afterwards,
we choose to perform the reverse process. Square the
energy and momentum conservation equations [Eqs. (3.4)
and (3.5)] to obtain the following:
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E2
f ðpfÞ ¼ fEiðpiÞ − ℏ½ωfðkfÞ − ωiðkiÞ�g2;

¼ E2
i − 2ℏEiðωf − ωiÞ þ ℏ2ðω2

f − 2ωiωf þ ω2
i Þ;
ð4:4Þ

p2
f ¼ ½pi − ℏðkf − kiÞ�2;
¼ p2

i − 2ℏpikf cos θ þ 2ℏpiki

þ ℏ2ðk2f þ k2i Þ − 2ℏ2kfki cos θ: ð4:5Þ

Note that the cos θ terms in Eq. (4.5) arise as a result of the
experimental scenario that we are considering as per Fig. 1.
In Eq. (4.4) we have suppressed the explicit functional
dependency on momentum for notational brevity: this
dependency still applies, of course. From here, we can
directly substitute Eq. (4.3) into Eq. (4.4) wherever the
square of the particle’s energy appears. Doing so, and
utilizing the square of the conservation of momentum
[Eq. (4.5)], we obtain the following expression:

cspiℏωi − ℏEiωi

¼ ℏωfðcspi þ ℏωiÞ cos θ − Eiℏωf − ℏ2ωiωf ; ð4:6Þ

where we have made use of the fact that ω ¼ csjkj. From
here, it is a simple matter to isolate kf . Doing so yields the
following expression:

kf ¼
ðEi − cspiÞki

Ei − cspi þ ð1 − cos θÞðℏωi þ cspiÞ
: ð4:7Þ

Some simple algebraic manipulations also allow us to
phrase this in the following way:

ωf

ωi
¼

�
1þ

�
ℏωi þ cspi

Ei − cspi

�
ð1 − cos θÞ

�
−1
: ð4:8Þ

Using the explicit forms of E and p as given in Eq. (4.1),
and recalling that our experiment is initialized such that
jβij ¼ βi (with βi > 0), we can further rewrite Eq. (4.8)
entirely in terms of dimensionless quantities:

ωf

ωi
¼

�
1þ

�
ℏωi

γimc2s
þ βi

��
1 − cos θ
1 − βi

��
−1
: ð4:9Þ

This is just the kinematic relationship for ordinary
Compton scattering [42] as viewed from a boosted frame,
except the boost is with respect to the speed of sound cs
rather than the speed of light. In other words, this is the
kinematic description of a sonic analogue to Compton
scattering.

2. The comoving in-universe observer frame kinematics
of phonon scattering from internal particles

We now possess an unambiguous kinematic description
of phonon scattering from an internal particle in the
laboratory frame. Here we reexpress this from the per-
spective of an in-universe observer who is in the frame that
is comoving with the particle prior to scattering. We use
Eqs. (3.6) and (3.7) to write

ω0
f

ω0
i
¼

�
1þ βi

1þ βi cos θ0

�
ωf

ωi
: ð4:10Þ

Plugging in Eq. (4.9) and using Eqs. (3.6)–(3.9) to rewrite
all quantities from the comoving frame, this becomes

ω0
f

ω0
i
¼

�
1þ βi

1þ βi cos θ0

�

×

�
1þ

�
ℏω0

i

mc2s
ð1þ βiÞ þ βi

��
1 − cos θ0

1þ βi cos θ0

��
−1
:

ð4:11Þ

Straightforward algebra simplifies this to

ω0
f

ω0
i
¼

�
1þ

�
ℏω0

i

mc2s

�
ð1 − cos θ0Þ

�
−1
: ð4:12Þ

Notice that all dependence on βi has disappeared in the final
form, as it must since both types of particle respect the
sonic Lorentz symmetry.
While Eq. (4.12) may not be in its most familiar form,

this is precisely the kinematic description of Compton
scattering in the rest frame of a particle prior to scattering
(with, of course, the understanding that all references to c
are replaced by cs). Recalling that our dispersion relation
for phonons is taken to be linear, this expression can be
easily cast into perhaps its most well known form:

λ0f − λ0i ¼
h

mcs
ð1 − cos θ0Þ: ð4:13Þ

Note that the comoving in-universe observer frame’s
kinematic description of phonon scattering from internal
particles makes no explicit reference to any velocity. This
should not be too surprising, given the relativistic form of
the energy-momentum relation that we chose for internal
particles. It is important to note that we did not manually set
βi ¼ 0 to obtain this result, though: all instances of βi and γi
were removed from the kinematic expression purely via the
use of valid algebraic manipulations. The resulting expres-
sion, however, is entirely equivalent to taking Eq. (4.9),
setting βi ¼ 0 (and hence, γi ¼ 1), and then appending
primes to the remaining operationally determined quan-
tities—a method that should be familiar to any student of
special relativity.
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At this point, readersmay find themselveswonderingwhy
we seem to be rederiving results that are well known in QFT
[28]. While the naïve method of setting βi ¼ 0 in Eq. (4.9)
does indeed provide a shortcut to the comoving in-universe
description of scattering [i.e., without explicitly needing to
consider the transformation equations Eqs. (3.6)–(3.9)], this
only works for scattering from particles that are sonically
Lorentz obeying in nature. Specifically, the equivalence of
these two methods is a result of the fact that the energy-
momentum relation for internal particles transforms cova-
riantly under the same sonic Lorentz transformation that
applies to in-universe observer reference frames.9 External
particles, however, are not sonically Lorentz obeying in
nature—their energy-momentum relations do not transform
covariantly under the sonic Lorentz transformation—and so
the shortcut that happened to work with internal particles
does not apply when we are considering external particles.
Reobtaining the familiar expression for Compton scat-

tering by utilizing the simple approach that we first detailed
in Sec. III provides a sanity check for our approach, and it
provides a familiar example through which to elucidate
some important details regarding the derivation.

B. Phonon scattering from external particles

1. The laboratory frame kinematics of phonon scattering
from external particles

As we have stated before, external particles are particles
that are not sonically Lorentz obeying. That is to say, the
dynamical description of external particles is not covariant
with respect to the sonic Lorentz symmetry of the ana-
logue-gravity medium. This, of course, leaves a wide range
of possibilities in terms of selecting energy-momentum
relations for external particles. For our purposes here, we
choose specifically to consider our external particle to be an
ordinary quantum-mechanical particle with the usual
Newtonian energy-momentum relation:

E ¼ p2

2m
; p ¼ mv: ð4:14Þ

Following the approach described in Sec. III, we directly
substitute our expression for energy into Eq. (3.4) and
utilize the conservation of momentum [Eq. (3.5)] to
eliminate any reference to kf . This leads to an equation
that is quadratic in kf :

ℏ2k2f
2m

− ℏkf

�ðℏki þ piÞ cos θ
m

− cs

�

þ ℏki

�
ℏki þ 2pi

2m
− cs

�
¼ 0: ð4:15Þ

In the fully sonically Lorentz obeying case (that is, phonon
scattering from internal particles) the conservation of
energy and momentum lead to a linear equation in kf ,
and thus for a given set of initial experimental parameters
and for a given scattering angle θ there existed only one
possible value of kf . In this case, however, we have a
quadratic equation, and so for a given set of initial
experimental parameters and for a fixed scattering angle
of θ, there are two possible values that kf can take. We can
solve Eq. (4.15) for ℏkf and multiply the solutions by cs to
obtain solutions of the following form for the final energy
of the phonon:

csℏkf;ð1;2Þ ¼ ℏωf;ð1;2Þ ¼ csB̄� cs
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B̄2 − C̄

p
; ð4:16Þ

where csℏkf;ð1Þ (or equivalently, ℏωf;ð1Þ) is taken to be the
solution with the positive sign, csℏkf;ð2Þ (or equivalently,
ℏωf;ð2Þ) is taken to be the solution with the negative sign,
and

B̄ ¼ ðℏki þ piÞ cos θ −mcs; ð4:17aÞ

C̄ ¼ ℏkiðℏki þ 2pi − 2mcsÞ: ð4:17bÞ

Note that the bar (̄ ) serves only as a notational label; it has
no particular physical or mathematical meaning. The
quantity B̄ has units of a three-momentum, whereas the
quantity C̄ has units of the square of a three-momentum.
The term csB̄ in Eq. (4.16) expands to produce terms of

the form csℏki,mc2s , and cspi. The first of these three terms
is precisely the initial energy of the phonon, ℏωi. The
remaining two terms have the structure of relativistic terms:
by analogy to actual relativity, the second term appears to
have the structure of a sonic analogue to rest mass energy,
and the third term has the structure of the initial (relativ-
istic) kinetic energy of the particle. With that said, these
final two terms are not actually descriptions of the external
particle’s energy because the external particle is not
sonically relativistic. Nonetheless, it is interesting to note
that terms of a relativistic form appear naturally in the
description of our nonrelativistic external particle.
As for the case of phonon scattering from internal

particles, we also express the kinematic description of
phonon scattering from external particles in terms of the
ratio ωf=ωi:

ωf;ð1;2Þ
ωi

¼ B�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 − C

p
; ð4:18Þ

where, as per above, ωf;ð1Þ is taken to be the positive
solution and ωf;ð2Þ is taken to be the negative solution. The
quantities B and C are related to their barred versions and
are given as follows:

9As noted in passing earlier, the internal particle’s energy and
momentum can be collected into the four-momentum Pμ. With
Pμ ≔ ðE=cs;pÞ, one can use Eq. (4.1) (E ¼ γmc2s and p ¼ γmv)
to verify that Pμ is indeed a Lorentz-covariant object.
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B ¼ csB̄
ℏωi

¼
�
1þ cspi

ℏωi

�
cos θ −

mc2s
ℏωi

; ð4:19aÞ

C ¼ c2s C̄
ðℏωiÞ2

¼ 1þ 2cspi

ℏωi
−
2mc2s
ℏωi

: ð4:19bÞ

The expressions B and C will prove useful when we
move into the comoving in-universe observer reference
frame. Before proceeding to determine the description of
kinematics from that frame, we shall take a moment to
address the nature of the two solutions for the kinematic
description of phonon scattering from external particles.

2. Physical meaning of the two solutions

We will now focus on understanding the physical
meaning of the two solutions given by Eq. (4.16).
Scattering from either type of particle should always yield
a real and positive value of the ratio of the final-to-initial
phonon energies. In the case of scattering from the external
particle, the requirement that the ratio of phonon energies
be real puts restrictions on the allowed values of θ for given
initial pi and ℏωi ¼ csℏki since the discriminant of the
square-root in Eq. (4.16) must be non-negative. From
Eq. (4.18) we see that this leads to two conditions:

Condition 1.—Solutions 1 and 2 are both guaranteed to be
real and positive when the following conditions are both
satisfied:

C̄ ≥ 0 and B̄ ≥
ffiffiffiffi
C̄

p
: ð4:20Þ

This condition directly translates into an inequality in cos θ,
restricting the scattering angle range as follows:

1 ≥ cos θ ≥
mcs þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏkiðℏki þ 2pi − 2mcsÞ

p
ðℏki þ piÞ

; ð4:21Þ

with

ℏkiðℏki þ 2pi − 2mcsÞ ≥ 0 ⇒ mcs ≤
ℏki þ 2pi

2
: ð4:22Þ

Condition 2.—If C̄ ≤ 0 then solution 1 is always real and
positive (note that B̄2 is always positive). This means that
there aren’t any restrictions on the scattering angle, and so
cos θ can take the usual range of values:

1 ≥ cos θ ≥ −1: ð4:23Þ

Restrictions are however placed on the absolute values of
the three-momenta ℏki and pi such that

ℏkiðℏki þ 2pi − 2mcsÞ ≤ 0 ⇒ mcs ≥
ℏki þ 2pi

2
: ð4:24Þ

These conditions will play a very important role in the
calculation of the scattering cross section in Sec. V.

3. The comoving in-universe observer frame kinematics
of phonon scattering from external particles

As we have discussed previously, the kinematic descrip-
tion of phonon scattering from external particles in the
comoving in-universe observer frame is not simply given
by taking the laboratory frame description and setting
βi ¼ 0. The observers’ geometric measurements constitute
a Lorentz-covariant object (Xμ), but the energy and
momentum of the external particle cannot be collected
into a sonically Lorentz-covariant object. As a result of this
mismatch in symmetry groups between the dynamically
relevant physical quantities (energy and momentum) and
the reference frames of observers, the kinematic description
of phonon scattering from external particles is not Lorentz
covariant. We take then the approach that we discussed in
Sec. III (and which we previously applied to the kinematics
for phonon scattering from internal particles in Sec. IVA 2)
and use the relations given by Eqs. (3.6)–(3.9) to replace
the value of all laboratory frame quantities with their
comoving in-universe observer frame values.
Substituting these formulas into Eq. (4.16), some basic

algebraic manipulations lead to the following description of
phonon scattering from external particles in the comoving
in-universe observer frame:

csℏk0f;ð1;2Þ ¼ ℏω0
f;ð1;2Þ;

¼ cs
γið1þ βi cos θ0Þ

ðB̄0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B̄02 − C̄0

p
Þ; ð4:25Þ

where

B̄0 ¼ ðDℏk0i þmcsβiÞ
�

cos θ0 þ βi
1þ βi cos θ0

�
−mcs; ð4:26aÞ

C̄0 ¼ Dℏk0iðDℏk0i þ 2mcsβi − 2mcsÞ: ð4:26bÞ

B̄0 and C̄0 are just B̄ and C̄, respectively, written in the
comoving ( 0) coordinates using Eqs. (3.6)–(3.9). Note that
we have used the Doppler factor D as defined in Eq. (2.8),
with β ¼ βi, for notational brevity in these expressions.
In the in-universe observer frame, the dimensionless

ratio of the final to initial frequencies of the phonon can be
given by the following relation:

ω0
f;ð1;2Þ
ω0
i

¼ ð1þ βiÞ
ð1þ βi cos θ0Þ

ðB0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B02 − C0

p
Þ; ð4:27Þ

where here B0 and C0 are

B0 ¼ cos θ0 þ βi
1þ βi cos θ0

−
mc2s ð1 − β2i Þ

Dℏω0
ið1þ βi cos θ0Þ

; ð4:28aÞ
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C0 ¼ 1 −
2mc2s
Dℏω0

i
ð1 − βiÞ: ð4:28bÞ

In fact, the reader can verify, using Eqs. (3.6)–(3.9), that
B0 and C0 are just B and C expressed in comoving ( 0)
coordinates. The kinematic description of phonon scatter-
ing from an internal particle and the comoving in-universe
observer frame [Eq. (4.12)] made no reference to the
velocity of the particle (and hence the comoving observer),
whereas the kinematic description of phonon scattering
from an external particle [Eq. (4.27)] does retain reference
to the velocity of the particle (and hence the comoving
observer). The presence of velocity dependency in the
comoving in-universe observer’s description of phonon
scattering from external particles means that, in principle,
an in-universe observer could use such scattering experi-
ments to identify their state of motion with respect to
their analogue universe. We shall come back to this point in
Sec. V E 5.
The forbidden scattering angles and three-momenta that

arise in the laboratory frame description of phonon scatter-
ing from external particles take on the following forms in
the comoving in-universe observer frame:

Condition 1.—Solutions 1 and 2 are both guaranteed to be
real and positive when the following conditions are both
satisfied:

C̄0 ≥ 0 and B̄0 ≥
ffiffiffiffiffi
C̄0

p
: ð4:29Þ

This condition translates into the following restrictions on
the scattering angle cos θ0:

1 ≥ cos θ0 ≥
mcsð1 − β2i Þ − βiDℏk0i þ

ffiffiffiffiffi
C̄0p

Dℏk0i − βi
ffiffiffiffiffi
C̄0p ; ð4:30Þ

with

mc2s ≤
Dℏω0

i

2ð1 − βiÞ
: ð4:31Þ

Condition 2.—If C̄0 ≤ 0 then solution 1 is always real and
positive [note that ðB̄0Þ2 is always positive]. In this case,
there are no restrictions on the scattering angles, but the
absolute values of the three-momenta are constrained:

1 ≥ cos θ0 ≥ −1; ð4:32Þ

with

mc2s ≥
Dℏω0

i

2ð1 − βiÞ
: ð4:33Þ

V. SCATTERING CROSS SECTIONS

We now have an understanding of the kinematics of
scattering for both the case of a phonon scattering from an
internal particle (obeying sonic Lorentz symmetry), and the
case of a phonon scattering from an external particle (not
obeying sonic Lorentz symmetry). Our goal now is to
understand whether, by analyzing the cross sections for
phonons scattering on external particles, in-universe
observers can infer anything about their velocity with
respect to the laboratory reference frame.
In pursuit of this, we need to devise some appropriate

quantum toy model for sonic particle scattering that
captures the important features of actual particle scattering,
such as Compton scattering [28,42]. The physics in the
laboratory frame is unambiguous when we have such a
model, and the method by which we determine the
comoving in-universe observer description of events is
by transforming observable quantities appropriately. We
also continue to define all measurements operationally: we
imagine that in-universe observers take an operational
approach to detecting scattered phonons by using arrays
of detectors that are, in their own frame, seen to be spherical
and seen to be centered on the scattering event. Figure 2
highlights what this looks like in the laboratory frame. By
performing several scattering events to create a statistical
distribution and counting how many times any single
detector clicks, we can obtain the reaction rate R—i.e.,
the number of scattering events per unit of volume per unit
of time in a particular direction—to obtain the differential
cross section.
In the following, we will start by carefully deriving the

scattering cross section equations for external particles. Our
system is a “hybrid” one, composed of three parts: the
reference frames that we use to operationally perform
measurements, the phonon, and the external particles.
Only two of the three—the phonon and the reference
frames—are always fully sonically relativistic, hence we
cannot simply apply the QFT definition of the cross section
since Lorentz covariance is deeply embedded in the
derivation [28]. On the other hand, we have to upgrade
the ordinary (nonrelativistic) quantum-mechanical scatter-
ing theory as this is usually derived only in the laboratory
reference frame [45], while we want to be able to transform
between Lorentz-obeying reference frames.10

A. General cross section definition

In quantum physics, the cross section measures the
transition probability for a specific process to happen in

10The operational method of using arrays of detectors for the
derivation of scattering cross section is a useful tool in our hybrid
system, as we can easily transform the position of the detectors
(with the transformation rules derived in Sec. IV) and use them to
easily redefine a reaction rate in the new reference frame.
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the scattering of two or more particles [46]. The total cross
section is defined as

σ ¼ R
Φ
; ð5:1Þ

whereR is the reaction rate (transition probability per unit
time per unit volume), and Φ is the incident flux of
particles. The cross section σ has units of area and
qualitatively represents the effective cross sectional area
(hence the name) that the particle presents to the incoming
beam of particles to be scattered, and it will depend on the
momentum of the incoming particles.
The cross section as defined in Eq. (5.1) can be

expressed more explicitly as

σ½Sji� ¼ 1

Φ

X
f∈S

wi→f

L3
¼ 1

Φ

X
kf

X
pf

wi→f

L3
; ð5:2Þ

where jii and jfi represent the initial and final states,
respectively (often shown with ket symbols omitted), and
where S is the subset of all final states that are different
from i (in order to exclude the case of no scattering). We use
box normalization (volume L3) for our particles, so that the
reaction rate R, which is a transition rate per unit volume,
becomes wi→f=L3, with

wi→f ¼
2π

ℏ
jhfjĤintjiij2δðEfiÞ; ð5:3Þ

being the transition rate from an initial state jii at t ¼ −∞
to a final state jfi at time t ¼ T, given some interaction
Hamiltonian Ĥint. The symbol Efi represents the change in
total energy of the system (as measured in the lab), and the
states and the interaction Hamiltonian are all defined in a
Schrödinger picture. For more details on how to derive
Eq. (5.3), please see Ref. [45].
The notation σ½Sji� represents the cross section for

scattering to any final state jfi ∈ S (different from the
initial one) given the particular initial state jii. The last form
of Eq. (5.2) is the one we will use for our calculation.

B. Cross section in the in-universe
observers’ reference frame

Before going into the details of the cross section
derivation, we want to clarify the behavior of the cross
section σ when viewed from the frame of an in-universe
observer in motion with respect to the laboratory frame.
Since our model lacks full (sonic) Lorentz invariance, we

must reexamine some of the basic assumptions about cross
sections—most especially, how it behaves when viewed
from a moving frame. In ordinary QFT, which has full
Lorentz invariance, the cross section behaves exactly like a
cross sectional area: it is invariant under boosts in the
direction of motion of the incoming particle to be scattered
(assuming a stationary target particle) but not generally in
other directions [28]. We cannot rely on this being true in
our model. To examine how the cross section behaves in
this hybrid model in which some pieces obey sonic Lorentz
symmetry, we return to its basic form, Eq. (5.1), which is a
ratio of the reaction rateR to the incoming flux Φ. We will
examine how each of these would be perceived by an in-
universe observer comoving with the external particle.

1. Reaction rate

The reaction rate R is a transition rate per unit volume.
This can be reexpressed as the total transition probability
per unit spacetime volume.
A spacetime volume element is invariant under a Lorentz

transformation, and thus it remains invariant when mea-
sured by in-universe observers. Thus, the denominator ofR
is invariant.
Now let us examine the numerator. The probability of

some particular event happening also remains invariant,

FIG. 2. Phonon scattering from an external particle as viewed in
the laboratory frame. The large circle centered on the scattering
event (clipped at the top and bottom) represents a 2D slice of a
spherical array of detectors that is stationary with respect to the
laboratory frame. The two ellipses represent 2D slices of a single
array of detectors (comoving with the particle prior to scattering)
at two different moments in time. Ticks on the circumference of
both detector arrays are separated by 15° in the frame of that
detector array. The scattering event occurs at the moment in time
for which the geometric centers of both detector arrays are
coincident. At some later point in time, the scattered phonon is
again coincident with both detector arrays: the laboratory frame
detector array detects the phonon at the detector located at an
angle θ above the z axis (here ∼17.8°), which in the comoving
frame corresponds to the detector located at the angle θ0 above the
z0 axis (here 45°, indicated by the shaded wedge in the moving
detector array). In this particular example βi ¼ 0.75, correspond-
ing to γi ¼ 4=

ffiffiffi
7

p
≈ 1.5 (which is the factor by which the moving

detector array is contracted in its direction of motion). Figure 1(a)
shows the same scattering event indicated here, whereas Fig. 1(b)
shows this scattering event in the frame of the moving
detector array.
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even though the different observers may disagree on the
particular descriptors used to specify the event (e.g.,
direction, duration, etc.). If a given detector clicks, then
all observers will agree that the detector clicked. At the end
of a given set of experiments, all observers—regardless of
state of motion—will therefore agree on the list of detectors
that clicked, and how many times each detector clicked.
Thus, the probability of a physical detector clicking must
also be independent of an observer’s state of motion.
This means that the transition probability for any given

event i → f must be invariant. A moving observer would
interpret this as the probability for the transition i0 → f 0,
where i0 and f 0 are the initial and final states as interpreted
by the moving observer, but the numerical value of this
probability would be the same for both observers. The total
transition probability is just the sum of all relevant
individual transition probabilities of this form. Since this
sum includes all possible final states (except the initial one),
all observers must agree on this value. Thus the total
transition probability (numerator of R) is invariant.
Combining the above two results, we see that the

reaction rate R is itself invariant, being the ratio of two
invariant quantities: total transition probability and amount
of spacetime volume.

2. Flux

The behavior of the flux Φ under a Lorentz trans-
formation is the subject of much discussion, even in a
fully relativistic theory such as QFT. A recent article [46]
explains clearly the subtleties of this topic and provides the
definitive resolution. The key results of that work also
apply to our setup, and we repeat them here, along with a
discussion of how our particular setup modifies them
(or not).
The approach will be to write the flux in a manifestly

Lorentz-invariant form based on the sonic analogue to the
four-current, which we denote as

Jμ ≔
�
ncs
nv

�
; ð5:4Þ

with n being the number density of particles (in some
frame) and v the three-velocity of the particle (as measured
from the same frame). Jμ has units of speed times number
density (or speed per unit volume), which has the intuitive
interpretation of number of particles passing through a unit
of area per unit of time. Jμ is a sonic Lorentz-covariant
four-vector and will transform as such when changing from
one in-universe observer’s frame to that of another.
Crucially, notice that this is a kinematical quantity, not a
dynamical one. It is based on a description of the motion of
the particle and makes no reference to its particular
dispersion relation.
The crucial observation from Ref. [46] is that the flux for

a two-particle scattering experiment can be written in an

invariant form using the four-currents Jμ1 and J
μ
2 for the two

particles11:

Φ ¼ c−1s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ1 · J2Þ2 − ðJ1Þ2ðJ2Þ2

q
; ð5:5Þ

where 1 and 2 are the two scattering particles, the dot (·) is
the four-vector dot product (in our case, using cs instead of
c), and ðJÞ2 ¼ J · J. Importantly, every in-universe
observer will agree on the numerical value of this quantity,
so we only need to calculate it in one frame: the labora-
tory frame.
In the laboratory frame, the four-currents for the phonon

and the external particle, respectively, are

Jμs ¼ ns

0
BBB@

cs
0

0

cs

1
CCCA; Jμp ¼ np

0
BBB@

cs
0

0

vi

1
CCCA; ð5:6Þ

where ns and np are the initial number density of the
phonon and of the particle. Then,

Js · Jp ¼ nsnpc2s ð1 − βiÞ; ð5:7Þ

ðJsÞ2 ¼ 0; ð5:8Þ

ðJpÞ2 ¼ n2pc2s ð1 − β2i Þ: ð5:9Þ

Plugging these into Eq. (5.5) gives the formula for the flux
in the laboratory frame:

Φ ¼ nsnpjcs − vij; ð5:10Þ

For our choice of normalization,12 the number densities are
np ¼ 1=L3 and ns ¼ 1=L3, so the flux in the laboratory
frame is

Φ ¼ jcs − vij
L6

¼ cs
j1 − βij
L6

: ð5:11Þ

This is the value of Φ in all frames.
Nevertheless, a quick confirmation shows that this is

indeed what in-universe observers comoving with the
particle would calculate. Simply apply the appropriate

11Reference [46] uses natural units. We have included the
prefactor c−1s to get the units right in our case.

12There is much discussion about choosing a Lorentz-invariant
normalization in QFT textbooks (e.g., Ref. [28]), but this is
merely a convention that has some calculational and conceptual
utility in a fully relativistic setting. Importantly, it is not required
for obtaining physically valid results—even in a fully relativistic
setting. Any normalization will do as long as it is treated
consistently throughout the calculation. And that is what we do.
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Lorentz transformation to the currents, giving Jμ0s ¼
D−1nsðcs; 0; 0; csÞT and Jμp 0 ¼ γ−1i npðcs; 0; 0; 0ÞT, and plug
into Eq. (5.5). The result for Φ is unchanged.

3. Total cross section

The total cross section σ is the ratio of two sonic Lorentz
scalars: R and Φ. The numerical value of each of these
quantities is therefore agreed upon by all in-universe
observers, and so, therefore, is their ratio σ ¼ R=Φ. The
total cross section is a sonic Lorentz scalar with respect to
all in-universe observer frames moving in the z direction.
Importantly, however, note that we have taken care to

only assert that these quantities are invariant with respect to
different states of motion of the observers. The fact that the
external particle violates the sonic Lorentz symmetry of the
system means that the quantities in question are not
necessarily invariant with respect to simultaneous boosts
of all objects with respect to the medium. In fact, as we will
discover in the coming pages, experiments that appear to
in-universe observers to have the same initial conditions—
assuming the observers in each case are comoving with the
particle—will nevertheless lead to different outcomes
depending on their initial velocity with respect to the
medium. In the language of Lorentz-violating extensions
to the Standard Model [47], the cross section is invariant
with respect to observer boosts but not necessarily so with
respect to particle boosts.

4. Differential cross section

While we have shown above that the numerical value of
the total cross section σ is agreed upon by all observers, we
are actually interested in the differential cross section
dσ=d cos θ with respect to the scattering angle θ in the
laboratory frame and dσ=d cos θ0 with respect to scattering
angle θ0 in the comoving frame.
We can illustrate this situation as follows. We imagine a

large spherical array of detectors that is stationary with
respect to the laboratory frame and centered on a phonon
scattering event, as illustrated in Fig. 2. Each detector
subtends a small solid angle dΩðθ;ϕÞ at a given orientation
ðθ;ϕÞ as measured in the laboratory frame. Whether a
particular detector has clicked or not is manifestly invariant,
as is the probability of any physical detector clicking, as
discussed above. So too would this reasoning apply to a
spherical array of detectors comoving with the particle, as
illustrated in Fig. 2. Each of these detectors would subtend
a solid angle dΩ0ðθ0;ϕ0Þ at a given orientation ðθ0;ϕ0Þ as
measured in the comoving frame.
The total cross section can be split up into infinitesimal

pieces dσ, corresponding to scattering (in the laboratory
frame) at angle θ into a narrow ring of detectors for all
azimuthal angles ϕ. We can reassemble these pieces into
the total cross section:

σ ¼
Z

dσ ¼
Z

d cos θ
dσ½θji�
d cos θ

; ð5:12Þ

where we make explicit the final scattering angle θ and
initial state i. Since the probability that some detector in that
ring clicks is agreed upon by all observers, it is merely a
question of kinematics as to how that ring appears to in-
universe observers in a different state of motion. To find
this, we first find θ0 and i0 using Eqs. (3.8) and (3.6), and
then we note that

dσ½θji� ¼ dσ½θ0ji0� ð5:13Þ

by the scalar nature of σ and the argument above about the
invariance of probabilities.
The comoving frame description of the scattering event

is therefore obtained solely by appropriately transforming
the laboratory-frame kinematic quantities into the comov-
ing frame of the particle. From Eq. (5.13) we get the
differential cross section in the comoving reference frame
from the laboratory one [48]:

dσ½θ0ji0�
d cos θ0

¼ dσ½θji�
d cos θ

J½θ; θ0�; ð5:14Þ

where J½θ; θ0� is the Jacobian of the coordinate trans-
formations between reference frames,

J½θ; θ0� ¼ d cos θ
d cos θ0

¼ 1 − β2i
ð1þ βi cos θ0Þ2

; ð5:15Þ

obtained using the transformation Eq. (3.8). With these
tools in hand, our approach is to calculate the differential
cross section in the laboratory frame (since that is the frame
in which we know the dynamics) and then use Eq. (5.14) to
express it from the comoving observers’ perspective.

C. Phonons, quantized external particles, and the
interaction Hamiltonian in the laboratory frame

In the laboratory frame, we assume that phonons are
excitations of the analogue-gravity medium; for simplicity,
we treat the phonon field as a scalar field.13

We use standard quantum mechanics to describe external
particles, as this suffices to capture all of their relevant
quantummechanical degrees of freedom. Note that the only
degree of freedom that we endowed our external particle
with (see Sec. IV B) is its center-of-mass energy/momen-
tum—we have not endowed the external particle with any
additional degrees of freedom such as angular momentum.

13Treating phonons as a scalar field is appropriate in systems
that are isotropic. For systems that exhibit anisotropies, e.g., any
system with a crystal structure, a vector field description must be
used to fully capture all appropriate degrees of freedom [49].
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So in summary, our recipe for a quantum-mechanical
interaction Hamiltonian includes the following:
(1) First-quantized matter that describes the external

particle.
(2) A single excitation of a second-quantized phonon

field that describes the scattering phonon.
(3) An interaction Hamiltonian depending on the pho-

non’s field amplitude at the (quantized) position of
the external particle.

We define the phonon field as

ϕ̂ðxÞ ¼ 1

L3=2

X
k

ffiffiffiffiffiffiffi
ℏcs
2k

r
ðâkeik·x þ â†ke

−ik·xÞ: ð5:16Þ

Its units are
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðenergyÞ=ðlengthÞp

.

1. Interaction Hamiltonian

We want to build a toy model for phononic interaction
with external particles. The Hamiltonian we will consider is

Ĥint ¼
g
2
ϕ̂2ðx̂Þ; ð5:17Þ

where g is the “charge” of the interaction with units of
length that we can, with foresight, use to define a
dimensionless coupling constant

αs ≔
g
ƛp

; ð5:18Þ

in terms of a reduced sonic Compton wavelength of the
external particle14

ƛp ≔
ℏ

mcs
: ð5:19Þ

The cross section is evaluated by standard perturbation
theory with the quantized interaction term

Ĥint ¼
g
2

1

L3

X
k;k0

ℏcs
2

ffiffiffiffiffiffi
kk0

p ðâkeik·x̂ þ â†ke
−ik·x̂Þ

× ðâk0eik
0·x̂ þ â†k0e−ik

0·x̂Þ: ð5:20Þ

The Hamiltonian is discrete as we are considering quan-
tization in a finite “sonic universe” of volume L3.
Important to notice is that the interaction Hamiltonian in

Eq. (5.20) is not Lorentz invariant—neither with respect to
light, nor sound—as the operator x̂ cannot be applied in a
relativistic scenario. Hence, it is valid only for external
particles. We will elaborate more in the next subsection,
Sec. V D.

D. Internal particle cross section

We are now equipped with the relevant mathematical
machinery and physical understanding to compute scatter-
ing cross sections for phonon scattering experiments
involving external particles. Before we proceed to do so,
we will discuss the nature of the scattering cross section for
phonon scattering experiments involving internal particles,
as we will make qualitative comparisons between these two
types of scattering experiments in what follows.
In Sec. IVAwe demonstrated that the kinematic descrip-

tion of phonon scattering from internal particles takes on
the same mathematical form in both the laboratory frame
and the comoving in-universe observer frame. In other
words, we can refer to the kinematic description of phonon
scattering from internal particles as being sonically Lorentz
covariant. The types of particles that we would expect to
behave in this manner would be collective excitation
quasiparticles [50,51] belonging either to the analogue
gravity medium itself (in addition to the phonons, which
are also collective excitation quasiparticles) or to some
other analogue gravity medium with the same characteristic
speed of sound to which the phonon bearing medium is
coupled.
Condensed-matter quantum field theory [31] is the

appropriate way to study collective excitation quasipar-
ticles, and so it is a reasonable hypothesis that the
appropriate quantum description of sonically relativistic
particles would therefore be given by a sonically relativistic
condensed matter field theory, analogous to quantum field
theory but with the speed of sound taking the place of the
speed of light. There is in fact evidence to support this
hypothesis: for example, both Volovik [50] and Barceló
et al. [51]15 have demonstrated the emergence of quantum
electrodynamics as an effective dynamical description of
certain collective excitation quasiparticles within con-
densed matter systems. We will therefore assume that this
hypothesis is correct, and so—in analogy to quantum field
theory—the dynamical equations of motion governing the
scattering of phonons from internal particles will be
sonically Lorentz covariant. In-universe observers’ mea-
surements of kinematics are also sonically Lorentz covar-
iant, and so the differential cross section for phonon
scattering from internal particles will trivially be sonically
Lorentz invariant from the perspective of in-universe
observers, akin to how the differential cross section for
actual Compton scattering (described by the Klein–Nishina
formula [28,52]) is actually Lorentz invariant.
When considering the differential cross section of

phonon scattering from external particles we are not
afforded the same convenience. We imagine our external
particle to be some regular particle free of any inherent
association to the analogue gravity medium: its classical
description is merely that of a Newtonian particle, and its

14Note that we are free to define the numerical quantity ƛp
despite the fact that the external particle is not a field excitation. 15The latter work being based, in part, on the former.
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corresponding quantum description is given by regular
quantum mechanics. We must therefore take a careful and
considered approach in calculating the differential cross
section of phonon scattering from external particles, and to
this end we apply the same general procedure that we
applied in calculating the comoving in-universe observer
frame description of the kinematics.

E. External particle cross section

To compute the differential cross section of phonon
scattering from external particles, we apply Eqs. (5.2) and
(5.3) to the specific experimental scenario that we have in
mind, which is discussed in Sec. III and shown in Fig. 1.

1. Initial and final states

The quantum toy model we are considering is composed
of two independent systems: the phonon and the external
particle. Hence the initial and final states of the system can
be written as follows:

jii ¼ jpii ⊗ jℏkii; jfi ¼ jpfi ⊗ jℏkfi: ð5:21Þ

jpi=fi are the initial/final states of the external particle, and
jℏki=fi are the initial/final states of the phonon. In Table II
we illustrate the details of the states, where we have use the
subscript j ¼ i; f for the final and initial states.
In line with the interaction Hamiltonian Eq. (5.20), states

are discrete as they are defined in a finite “universe” of
volume L3, and the delta functions are Kronecker deltas.
Note that we are using a different normalization than what
is usually used in literature, for example in Peskin [28].
However, this does not have any effects on measured
quantities (see footnote 12.)

2. Cross section derivation

We now have all the general tools we need to calculate
the differential and the total cross section in the laboratory
frame and in the in-universe observers’ reference frame. We
will start with calculating the transition rate for
Hamiltonian Eq. (5.20), and the initial and final states in
Table II:

hfjĤintjii: ð5:22Þ

If we plug in the expressions for the interaction
Hamiltonian Eq. (5.20), and initial and final states we
obtain

hfjĤintjii ¼
g
2
hpf j⊗ sh0jâkf

×
1

L3

X
k;k0

ℏcs
2

ffiffiffiffiffiffi
kk0

p ðâkeik·x̂ þ â†ke
−ik·x̂Þ

× ðâk0eik
0·x̂ þ â†k0e−ik

0·x̂Þjpii⊗ â†ki
j0is: ð5:23Þ

By considering the commutation relations in Table II, the
orthogonality of the particle states, and well-known quan-
tum mechanics relations,16 the transition amplitude can be
rewritten as

hfjĤjii ¼ g
2

ℏcs
L3

1ffiffiffiffiffiffiffiffi
kikf

p δpf ;pi;þℏki−ℏkf
: ð5:24Þ

Given the expression Eq. (5.3) we can rewrite the transition
rate as

wi→f ¼
2π

ℏ

����g2ℏcsL3

1ffiffiffiffiffiffiffiffi
kikf

p δpf ;piþℏki−ℏpf

����2δðEfiÞ;

¼ 2π

ℏ
g2

4

ðℏcsÞ2
L6

1

EkiEkf

ðδpf ;piþℏki−kf
Þ2δðEfiÞ;

¼ 2π

ℏ
g2

4

ðℏcsÞ2
L6

1

kikf
δpf ;piþℏki−kf

δðEfiÞ; ð5:25Þ

where

Efi ¼ Ef þ ℏωf − Ei − ℏωi;

¼ Efðkf ; ki; piÞ þ ℏcskf − Ei − ℏcski: ð5:26Þ

If we want to reexpress the cross section Eq. (5.2) in terms
of continuous variables for the final state of the phonon, we
can use the relation

TABLE II. Representation of single-particle states of the phonon and external particle. The phonon is treated as
single excitations (second quantized) of a sonically relativistic field—i.e., one with a dispersion relation ω ¼ csk.
The external particle is treated as an ordinary quantum-mechanical particle (first quantized). Our choice of
normalization allows all types of particle to have the same form of the inner product and resolution of the (one-
particle) identity operator. Our choice of normalization for the phonon differs from that of the usual one in quantum
field theory [28]. This has no effect on observable quantities, including cross sections—see footnote 12.

Particle type One-Particle state Commutation relations Inner product One-Particle identity

Phonon jℏki ¼ â†kj0is ½âk; â†k0 � ¼ δk;k0 hℏkjℏk0i ¼ δk;k0 I ¼ P
k jℏkihℏkj

External N=A hpjp0i ¼ δp;p0 I ¼ P
p jpihpj

16For the full derivation see the Appendix.
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X
kf

¼ 1

ðℏΔkfÞ3
X
kf

ðℏΔkfÞ3;

≈
1

ðΔkfÞ3
Z
R3

d3kf ¼
L3

ð2πÞ3
Z
R3

d3kf ; ð5:27Þ

so that the total cross section is

σ½Sji� ¼ 1

Φ
L3

ð2πÞ3
Z
R3

d3kf
X
pf

wi→f

L3
: ð5:28Þ

Equation (5.28) is very useful to deduce the differential
cross section with respect to the scattering angle cos θ

dσ
d cos θ

¼ 1

Φ
L3

ð2πÞ3
Z þ∞

0

dkfk2f

Z
2π

0

dϕ
X
pf

wi→f

L3
: ð5:29Þ

Since we have assumed that the scattering processing we
are considering is coplanar and colinear, we know that the
quantity wi→f does not depend on the angle ϕ. Hence we
can solve the integral in ϕ straightaway

dσ
d cos θ

¼ 2π

Φ
L3

ð2πÞ3
Z þ∞

0

dkfk2f
X
pf

wi→f

L3
: ð5:30Þ

Therefore the differential cross section Eq. (5.30)
becomes

dσ½Sji�
d cos θ

¼ 2π

Φ
L3

ð2πÞ3
Z þ∞

0

dkfk2f

×
X
pf

1

L3

2π

ℏ
g2

4

ðℏcsÞ2
L6

1

kikf
δpf ;piþℏki−ℏkf

δðEfiÞ;

¼ 2π
L6

jcs − vij
L3

ð2πÞ3
Z þ∞

0

dkfk2f

×
X
pf

1

L3

2π

ℏ
g2

4

ðℏcsÞ2
L6

1

kikf
δpf ;piþℏki−ℏkf

δðEfiÞ;

¼ 1

j1 − βij
ℏcs
2π

α2sƛ2p
4

×
Z þ∞

0

dkfk2f
1

kikf
δðEfiÞ

����
pf¼piþℏki−ℏkf

: ð5:31Þ

Equation (5.31) can be further simplified by rewriting the
Dirac delta as

δðEfiÞ ¼
X

k0∈kerðEfiÞ

δðkf − k0Þ
jðdEfi=dkfÞkf¼k0 j

; ð5:32Þ

where kerðEfiÞ ≔ fk0∶Efiðk0Þ ¼ 0g, and, as before, Efi is
the analytic expression for the change in the total energy of
the system (i.e., the difference between the final and the

initial energies of the system). The differential cross section
Eq. (5.30) is

dσ
d cos θ

¼ 1

j1 − βij
ℏcs
ð2πÞ

α2sƛ2p
4

Z
∞

0

dkfk2f

×
1

kikf

X
k0∈kerðEfiÞ

δðkf − k0Þ
jðdEfi=dkfÞkf¼k0 j

����
pf¼piþℏki−ℏkf

:

ð5:33Þ
3. Scattering cross sections in the laboratory frame

We can now proceed to derive the differential cross
section for phonon scattering from external particles in
the laboratory frame. From the kinematic derivation in
Sec. IV B 1 we know that we have two solutions ℏkf;1 and
ℏkf;2, see Eq. (4.16), that satisfy the condition
Efi ¼ Etot

f − Etot
i ¼ 0, see Eq. (4.15). The differential cross

section Eq. (5.33) becomes

dσ½Sji�
d cos θ

¼ 1

j1 − βij
ℏcs
ð2πÞ

α2sƛ2p
4

1

ki

×
Z þ∞

0

dkfkf
X

k0∈fkf;1;kf;2g

δðkf − k0Þ
jðdEfi=dkfÞkf¼k0 j

:

ð5:34Þ

The denominator is easily calculated from Eq. (4.15)

dEfi

dkf
¼ ℏ

m
½ℏkf − ðℏki þ piÞ cos θ þmcs�: ð5:35Þ

By expanding the sum and considering the two solutions of
kerðEfiÞ the differential cross section becomes

dσ½Sji�
d cos θ

¼ 1

j1 − βij
ℏcs
ð2πÞ

α2sƛ2p
4

1

ki

Z þ∞

0

dkfkf

×

�
δðkf − kf;1Þ

j 1mℏ½ℏkf;1 − ðℏki þ piÞ cos θ þmcs�j

þ δðkf − kf;2Þ
j 1mℏ½ℏkf;2 − ðℏki þ piÞ cos θ þmcs�j

�
:

ð5:36Þ

When we perform the integral in kf we find

dσ½Sji�
d cos θ

¼ 1

j1 − βij
ℏcs
ð2πÞ

α2sƛ2p
4

1

ki

m
ℏ

×
ðkf;1H½kf;1� þ kf;2H½kf;2�Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi

B̄2 − C̄
p ; ð5:37Þ

where B̄ and C̄ are defined in Eq. (4.17). The functions
H½kf;1� and H½kf;2� are the Heaviside step functions that
ensure that the two solutions kf;1 and kf;2 are real and
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positive, as we have already seen in the kinematic
Sec. IV B 1. By inserting the two solutions from
Eq. (4.16) into Eq. (5.37), the explicit expression for the
differential cross section is

dσ½Sji�
d cos θ

¼ 1

j1 − βij
ℏcs
ð2πÞ

g2

4

1

ki

m
ℏ2

× ½2AH½B̄ −
ffiffiffiffi
C̄

p
�H½C̄� þ ðAþ 1ÞHð−C̄Þ�;

ð5:38Þ

where we have defined

A ≔
B̄ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

B̄2 − C̄
p : ð5:39Þ

The three conditions specified by the three Heaviside step
functions HðB̄ −

ffiffiffiffi
C̄

p
Þ, HðC̄Þ, and Hð−C̄Þ are the same as

those in Eqs. (4.20). The differential cross section has units
of area, as it must, since the quantity ℏcs

ki
m
ℏ2 is dimensionless.

4. Scattering cross sections in the comoving in-universe
observer frame

As we have seen multiple times throughout this paper,
the comoving in-universe observer frame description of the
scattering event is obtained by appropriately transforming
the laboratory frame kinematic quantities into the comov-
ing frame of the particle. We have already performed all of
the heavy lifting required to obtain the differential cross
section in the frame of the comoving in-universe observer.
Our final task is to transform the kinematic quantities in
Eq. (5.37) [or, alternatively, Eq. (5.38)] according to the
transformations specified in Eqs. (3.6)–(3.8). Substituting
ki ¼ Dk0i, where D is the Doppler factor [Eq. (2.8)], and
applying Eq. (5.14), the differential cross section becomes

dσ½S0ji0�
d cos θ0

¼ 1þ βi
ð1þ βi cos θ0Þ2

g2ℏcs
4ð2πÞ

m
ℏ2

1

Dk0i

× ½2A0HðB̄0 −
ffiffiffiffiffi
C̄0

p
ÞHðC̄0Þ þ ðA0 þ 1ÞHð−C̄0Þ�;

ð5:40Þ

where B̄0 and C̄0 are just B̄ and C̄ reexpressed in the
comoving frame, as shown in Eq. (4.26), and A0 is

A0 ¼ B̄0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B̄02 − C̄0p : ð5:41Þ

5. Using Lorentz-violating sonic Compton scattering to
determine absolute motion

The differential cross section written in terms of the
values of quantities as measured by comoving in-universe

observers is given by Eq. (5.40). In principle, in-universe
observers could use this expression to make qualitative
statements regarding their state of motion by performing
several scattering experiments on external particles with
different initial velocities vi ¼ βics, using phonons with
different initial energies ℏω0

i (or equivalently ℏcsk0i). To
facilitate the comparison between different energy and
velocity regimes, we introduce the dimensionless quantity

ζ0 ¼ ℏω0
i

mc2s
¼ ℏk0i

mcs
¼ ƛpk0i; ð5:42Þ

that represents the ratio of the initial energy of the phonon
to the “sonic rest-mass energy” that in-universe observers
would think to associate to the particle.
The ratio ζ0 is directly analogous to a ratio that appears in

the description of actual Compton scattering, which we
shall here explicitly denote17 ξ, the value of which has
particular physical implications. The limit ξ ≪ 1 corre-
sponds to Thomson scattering [53], which describes the
classical and nonrelativistic scattering of electromagnetic
waves from charged particles, whereas the limit ξ≳ 1
corresponds to scenarios in which both relativistic and
quantum theoretic effects are prominent: as a result, a full
quantum field theoretic description is necessary in the limit
ξ≳ 1 [54].
In the following we demonstrate what in-universe

observers will measure if they were to perform several
scattering experiments for the same value of ζ0 and several
values of βi and vice versa. We provide the differential

FIG. 3. Polar plot of the differential cross section for an external
particle in the in-universe comoving frame for ζ0 ¼ 0.001 and
various values of β.

17The expression for ξ is identical in form to that of ζ0 except
all references to sound are replaced by their corresponding
references to light. That is to say, c takes the place of cs, and
the frequencies ω0

i and ω0
f correspond to frequencies of light, not

sound.
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cross sections as viewed from the comoving frame for two
types of experiments: in one type of experiment, the value
of ζ0 is held constant while βi is varied; in the other type of
experiment, βi is held constant while ζ0 is varied.

Fixed ζ0, varying βi.—For this case we present the scatter-
ing cross sections for ζ0 ¼ f0.001; 1; 1.5g. In Fig. 3 we can
already see that, even for a very small value of ζ0, the cross
section shows a marked dependence on different values of
βi. We can qualitatively compare this result with the Klein–
Nishima differential cross section formula [52,55] for
unpolarized photons, where it is easy—and expected—to
see that there is no dependency of the cross section on the
state of motion of the rest frame of the particle (for in actual

relativity, there is no meaningful notion in which different
inertial states of motion differ). For higher values of ζ0,
another noteworthy feature becomes apparent: in Figs. 4
and 5 we can see that, as the initial velocity of the particle
increases, the range of the scattering angle becomes
smaller, eventually leading to a scenario in which the
particle is prohibited from scattering outside of some given
angular window. This effect is due to the conditions in
Eq. (4.29), which place restrictions on the allowed angles of
scattering as per Eq. (4.30).

Fixed βi, varying ζ0.—The dependency of the scattering
angle on the initial energy of the phonon ζ0 becomes clearer
when we consider the in-universe differential cross section
for two values of βi ¼ f0; 0.5g and several values of ζ0. In
Figs. 6 and 7 we can see that as ζ0 increases, the scattering
angle becomes more forward, tending towards the direction

FIG. 6. Polar plot of the differential cross section for an external
particle in the in-universe comoving frame for βi ¼ 0 and various
values of ζ.

FIG. 5. Polar plot of the differential cross section for an external
particle in the in-universe comoving frame for ζ0 ¼ 1.5 and
various values of β.

FIG. 7. Polar plot of the differential cross section for an external
particle in the in-universe comoving frame for β ¼ 0.5 and
various values of ζ0.

FIG. 4. Polar plot of the differential cross section for an external
particle in the in-universe comoving frame for ζ0 ¼ 1 and various
values of β.
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of motion of the particle in the laboratory frame. This effect
becomes more pronounced with increasing βi, as one can
see by comparing Figs. 6 and 7.

VI. DISCUSSION

In considering phonon scattering from external particles
we have restricted our considerations to that of nonrela-
tivistic quantum mechanics for all values of ζ0 because, by
construction, our external particle is a non-relativistic
quantum mechanical object. By analogy to true
Compton scattering, phonon scattering from internal par-
ticles requires a full quantum field theoretic description18

because relativistic effects (with respect to sound) are
important, and relativistic quantum mechanics is inappli-
cable because it is a fundamentally inconsistent theory [54].
We can however make qualitative comparisons between
phonon scattering from internal particles and external
particles in the limit ζ0 ≪ 1, as in this limit relativistic
effects become unimportant for internal particles. Strictly
speaking, any comparisons of this type should be made in
the specific case for which both types of particle are
initially traveling very slowly in the laboratory frame
(βi ≪ 1) as it is in this limit that the energy-momentum
relations for internal and external particles coincide and
thus the limit in which a quantum field theoretic description
should coincide with an ordinary quantum mechanical
description. With this in mind, Fig. 3 shows the differential
cross sections for phonon scattering from external particles
characterized by ζ0 ¼ 10−3: the limit ζ0 ≪ 1 is respected
here, and while the total amount of scattering is a function
of βi, the overall form of the differential scattering cross
section (i.e., its angular dependency) is not. That the
angular dependency of the differential scattering cross
section is insensitive to βi in this case is what we expect
from the expected equivalence between phonon scattering
from internal and external particles for low ζ0.
Any qualitative similarities between phonon scattering

from internal and external particles vanishes for higher
values of ζ0. In Figs. 4 and 5 the differential scattering cross
sections for various values of βi are plotted for ζ0 ¼ 1 and
ζ0 ¼ 1.5, respectively. In both cases not only does the
amount of scattering vary with initial βi, but the overall
form of the differential scattering cross sections is sensitive
to changes in βi too: this is in stark contrast to what would
occur for scattering from internal particles which, again,
must be insensitive to the value of βi due to sonic Lorentz
covariance that is inbuilt into internal particles.
The effect of varying ζ0 for constant values of βi should

be expected to alter the angular distribution of scattering,
even for internal particles. In real Compton scattering,
forward scattering becomes preferentially favored as the
initial photon energy is increased (see, for example, [56]).

The fact that there exists angular dependency in the
differential scattering cross section of phonons from
external particles for fixed βi in Figs. 6 and 7 is therefore
not in and of itself surprising or unexpected. With that said,
for phonon scattering from external particles, increasing ζ0
for fixed βi eventually reveals the presence of forbidden
scattering angles: this has no qualitative similarity to
Compton scattering, and thus no qualitative similarity to
phonon scattering from internal particles.

VII. CONCLUSION

Provided that in-universe observers in an analogue-
gravity universe are allowed to interact with Newtonian
particles external to their own medium, then the sonic
analogue to Compton scattering—in which phonons scatter
from these external particles—can be used by in-universe
observers to infer that there must exist some preferred rest
frame. In all but the most restrictive cases (i.e., unless β ≈ 0
and ζ0 ≪ 1), external particles result in qualitatively differ-
ent scattering profiles than occur in fully relativistic
scattering, such as Compton scattering. In the most
dramatic cases, scattering from external particles results
in differential scattering cross sections with forbidden
angles, and as the energy of the phonon increases relative
to the “sonic rest-mass energy” of the particle (ζ0 increases)
the window of allowed scattering angles becomes more
tightly concentrated in the direction of the trajectory of the
particle prior to scattering. Even in the cases for which
scattering occurs at all angles, scattering for fixed values of
ζ0 shows a preference towards forward scattering for
increasing βi.
In principle, in-universe observers could conceivably

utilize phonon scattering experiments from external par-
ticles to identify not only that a preferred rest frame must
exist, but specifically which frame is the rest frame of their
analogue universe. The ability to resolve which frame is
actually the laboratory frame is fundamentally constrained
by the mass of external particles and the energies of
phonons that in-universe observers have access to. If in-
universe observers are only able to probe the parts of
parameter space corresponding to ζ0 ≪ 1 then the angular
distribution of scattering will not be considerably affected
by their state of velocity (see Fig. 3) and thus they will only
be able to detect their state of motion provided that they
correctly deduce the relationship between βi and the
magnitude of the differential scattering cross section (that
is, lower magnitudes correspond to lower βi, as per Fig. 3).
If, on the contrary, in-universe observers are able to probe
regions of parameter space corresponding to ζ0 ≳ 1, then
the presence of forbidden scattering angles could be
utilized to locate the medium’s rest frame. In order for
in-universe observers to utilize forbidden scattering angles
to their advantage, they would either have to reverse
engineer the energy-momentum relation for external par-
ticles, or postulate the correct energy-momentum relation

18As previously discussed, a condensed matter quantum field
theory.
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and confirm it experimentally. Given that the correct
energy-momentum relation for external particles corre-
sponds to the βi ≪ 1 limit of internal particles, it is not
unreasonable to think that they would eventually postulate
the correct relation.
Scattering experiments performed from internal par-

ticles must ultimately be equivalent to scattering experi-
ments performed within a truly relativistic theory due to
the fact that a Lorentz symmetry (with respect to cs) is
inbuilt into both internal particles themselves and the
reference frames of in-universe observers. The interpre-
tation here is that when internal particles are used, every
part of the system is sonically Lorentz covariant, and
when this is true the whole analogue-gravity system can
be treated as being a sonic analogue to something like
Lorentz ether theory, which is operationally indistinguish-
able from special relativity. Thus, when in-universe
observers are only allowed to interact with internal
particles, they cannot determine the presence of a pre-
ferred rest frame. It is only when the symmetry groups
obeyed by the particle and the phonons are different that
the analogy between our model and a Lorentz ether theory
(and hence a relativistic theory) breaks down and the
presence of the medium can be detected.
As a final note, to in-universe observers the sonic

analogue to Compton scattering from external particles
constitutes a breaking of the sonic Lorentz symmetry that
they would otherwise believe in without access to external
objects. From this point of view, the Standard Model
extension [47] might provide a natural way to further
investigate such scenarios from the perspective of in-
universe observers who want to believe that the sonic
Lorentz symmetry of their universe is fundamental. To
highlight this point, consider that an excitation of a truly
relativistic field (that is, relativistic with respect to the speed
of light) would also constitute an example of an external
particle from the perspective of in-universe observers. The
Lagrangian density Ll describing a real scalar field that is
actually relativistic (the subscript l denotes that the
Lagrangian is invariant under Lorentz transformations with
respect to c the speed of light) can be written in terms of
some sonically relativistic Lagrangian Ls (the subscript s
denotes that the Lagrangian is invariant under Lorentz
transformations with respect to cs the speed of sound) with
some additional term K to account for the difference:

Ll ¼ Ls þK: ð7:1Þ

Viewed this way, in-universe observers might be able to
describe certain external particles as though they were
external particles that were coupled to some background
vector field defining a preferred frame (the rest frame of the

medium). This is precisely the type of scenario that the
standard model extension deals with, though in the standard
model extension the Lorentz symmetry is taken to be
fundamental at high energies and spontaneously broken at
low energies, whereas the sonic Lorentz symmetry is
emergent rather than fundamental.
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APPENDIX: GENERAL TRANSITION
PROBABILITY DERIVATION

From the definition of cross section in Eq. (5.2), or
equivalently from Eq. (5.28), we see that we need to
evaluate the amplitude

hfjĤintjii; ðA1Þ

where the initial and final states are, respectively,

jii ¼ jpii ⊗ jℏkii; jfi ¼ jpfi ⊗ jℏkfi; ðA2Þ

and where the states for external particles are defined
in Table II. We consider the states represented in momen-
tum space, so the phonon initial and final states can be
written as

jℏkii ¼ â†ki
j0is; jℏkfi ¼ â†kf

j0is; ðA3Þ

where j0is is the phonon ground state. The amplitude
Eq. (A1) then becomes
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hfjĤintjii ¼
g
2

1

L3

X
k;k0

ℏcs
2

ffiffiffiffiffiffi
kk0

p hpf j ⊗ sh0jâkf
ðâkeik·x̂ þ â†ke

−ik·x̂Þðâk0eik
0·x̂ þ â†k0e−ik

0·x̂Þjpii ⊗ â†ki
j0is;

¼ g
2

1

L3

X
k;k0

ℏcs
2

ffiffiffiffiffiffi
kk0

p hpf j ⊗ sh0jâkf
ðâkâ†k0eiðk−k

0Þ·x̂ þ â†kâk0e−iðk−k0Þ·x̂Þjpii ⊗ â†ki
j0is;

¼ g
2

ℏcs
L3

X
k;k0

1

2
ffiffiffiffiffiffi
kk0

p hpf j ⊗ sh0jâkf
ðâkâ†k0eiðk−k

0Þ·x̂ þ â†k0 âke−iðk
0−kÞ·x̂|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

ð�Þ

Þjpii ⊗ â†ki
j0is: ðA4Þ

In the term ð�Þ we have swapped k and k0 as these are dummies variables. Using the commutation relations mentioned in
Table II we obtain

hfjĤintjii ¼
g
2

ℏcs
L3

X
k;k0

1

2
ffiffiffiffiffiffi
kk0

p hpf j ⊗ sh0jâkf
ð2â†k0 âk þ δk;k0 Þeiðk−k0Þ·x̂jpii ⊗ â†ki

j0is;

¼ g
2

ℏcs
L3

X
k;k0

1

2
ffiffiffiffiffiffi
kk0

p
�
hpf j ⊗ sh0jâkf

2â†k0 âkeiðk−k
0Þ·x̂jpii ⊗ â†ki

j0is|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ð��Þ

þ hpf j ⊗ sh0jâkf
δk;k0eiðk−k0Þ·x̂jpii ⊗ â†ki

j0is|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ð���Þ

�
:

ðA5Þ

We evaluate (��) first:

ð��Þ ¼ 2hpf jeiðk−k0Þ·x̂jpii sh0jâkf
â†k0 âkâ

†
ki
j0is: ðA6Þ

Considering that âkâ
†
k0 ¼ â†k0 âk þ δk;k0 , and that eik·x̂jpi ¼ jpþ ℏki, (��) becomes

ð��Þ ¼ 2hpf jpi þ ℏk − ℏk0i sh0jðâ†k0 âkf
þ δkf ;k0 Þðâ†ki

âk þ δk;ki
Þj0is;

¼ 2δpf ;piþℏk−ℏk0δkf ;k0δk;ki
; ðA7Þ

and ð� � �Þ becomes

ð� � �Þ ¼ hpf jpii sh0jâkf
â†ki

j0isδk;k0 ;

¼ δpf ;pi
δkf ;ki

δk;k0 : ðA8Þ

The amplitude Eq. (A1) is therefore

hfjĤintjii ¼
g
2

ℏcs
L3

X
k;k0

1

2
ffiffiffiffiffiffi
kk0

p
�
2δpf ;piþℏk−ℏk0δkf ;k0δk;ki|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ð1Þ

þ δpf ;pi
δkf ;ki

δk;k0|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
ð2Þ

�
: ðA9Þ

Evaluating (2) first we obtain

ð2Þ ¼ g
2

ℏcs
L3

δpf ;pi
δkf ;ki

X
k;k0

1

2
ffiffiffiffiffiffi
kk0

p δk;k0 ;

¼ g
2

ℏcs
L3

δpf ;pi
δkf ;ki

X
k

1

2k
: ðA10Þ

This divergent term represents the case of no scattering. Since we are only interested in the set S of final states that do not
contain the initial states (i.e., we are excluding the case of no scattering), we will not consider this term. Term (1) instead is
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ð1Þ ¼ g
2

ℏcs
L3

X
k;k0

1

2
ffiffiffiffiffiffi
kk0

p 2δpf ;piþℏk−ℏk0δkf ;k0δk;ki
;

¼ g
2

ℏcs
L3

1ffiffiffiffiffiffiffiffi
kikf

p δpf ;piþℏki−ℏkf
: ðA11Þ

The amplitude is therefore

hfjĤintjii ¼
g
2

ℏcs
L3

1ffiffiffiffiffiffiffiffi
kikf

p δpf ;piþℏki−ℏkf
: ðA12Þ

The transition rate [45] for an initial state jii at time −∞
and a final state jfi at time T is

wi→f ¼
2π

ℏ
jhfjĤintjiij2δðEfiÞ; ðA13Þ

where the states and the interaction Hamiltonian are
defined in Schrödinger picture. Substituting Eq. (A12)
into Eq. (A13) gives the explicit form of the transition
rate:

wi→f ¼
2π

ℏ

����g2ℏcsL3

1ffiffiffiffiffiffiffiffi
kikf

p δpf ;piþℏkiℏkf

����2δðEfiÞ;

¼ 2π

ℏ
g2

4

ðℏcsÞ2
L6

1

kikf
ðδpf ;piþℏki−ℏkf

Þ2δðEfiÞ;

¼ 2π

ℏ
g2

4

ðℏcsÞ2
L6

1

kikf
δpf ;piþℏki−ℏkf

δðEfiÞ: ðA14Þ
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