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We investigate the behavior of null geodesics near future null infinity in asymptotically flat spacetimes.
In particular, we focus on the asymptotic behavior of null geodesics that correspond to worldlines of
photons initially emitted in the directions tangential to the constant radial surfaces in the Bondi coordinates.
The analysis is performed for general dimensions, and the difference between the four-dimensional cases
and the higher-dimensional cases is stressed. In four dimensions, some assumptions are required to
guarantee the null geodesics to reach future null infinity, in addition to the conditions of asymptotic
flatness. Without these assumptions, gravitational waves may prevent photons from reaching null infinity.
In higher dimensions, by contrast, such assumptions are not necessary, and gravitational waves do not

3.2

affect the asymptotic behavior of null geodesics.
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I. INTRODUCTION

In the past few years, the LIGO and Virgo collaborations
have reported many detections of the gravitational wave
events [1,2] and opened a new era of gravitational wave
astronomy. The Event Horizon Telescope Collaboration
has recently observed the black hole shadow at the center of
the galaxy M87 [3]. The observational progress motivates
us to examine the asymptotic behavior of null geodesics
near future null infinity. Since the geometric structures
in the neighborhood of infinity are close to those of
Minkowski spacetime, one may naively expect that it
would be rather simple. However, this is not the case.
Indeed, in four dimensions, it is well known that the
supertranslation, which is a part of the asymptotic sym-
metries of null infinity [4,5], gives an observational effect
through the effect of the gravitational wave memory [6—8].
It is pointed out that the signal of gravitational wave
memory could be detected statistically by accumulating
data of gravitational waves observed at ground-based
interferometers (see, e.g., Refs. [9,10]). Furthermore, the
space-based detector, the Laser Interferometer Space
Antenna (LISA), which is planned to be launched in the
2030s [11], may be able to detect it directly in the
observation of supermassive black hole mergers [12].
Moreover, the supertranslation has attracted much attention
to solve the information loss paradox [13] in the evapo-
ration of black holes due to the Hawking radiation [14].
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In this paper, we examine the behavior of the null geodesics
that correspond to worldlines of photons emitted in the
direction tangent to the constant radial surfaces in the neigh-
borhood of future null infinity. In four dimensions, we clarify
the sufficient conditions that guarantee null geodesics to reach
future null infinity. Those sufficient conditions exclude the
possibility that gravitational waves may significantly affect
the fate of emitted photons, and the relation to the supertrans-
lation is discussed. To compare with the four-dimensional
cases, we will also address the higher-dimensional cases,
where the supertranslation is absent [ 15,16]. It will be clarified
that the asymptotic behavior of null geodesics is not affected
by gravitational waves in higher dimensions.

In Minkowski spacetime, any photon emitted in a
direction tangential to the constant radial surface arrives
at future null infinity by increasing the value of the radial
coordinate r of its position unboundedly while keeping the
value of the null coordinate u finite. By contrast, in an
environment with strong gravitational field, the situation is
different. In a Schwarzschild spacetime, for example, there
exist null geodesics that are wholly included in the hyper-
surface at r = 3M. The hypersurface at r = 3M is called
the photon sphere [17] or the photon surface [18], and null
geodesics on it extend toward future timelike infinity iT,
not future null infinity Z*. Moreover, all photons emitted
to angular directions in » < 3M fall into the black hole
because of the strong gravitational attraction. If one

© 2021 American Physical Society
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restricts attention on asymptotic regions, one may expect
that the situation would be similar to that of Minkowski
spacetime; i.e., the value of the radial coordinate r is
naively expected to increase for photons emitted in angular
directions. We study whether such naive expectation is
correct or not and clarify the fact that there is a possibility
that gravitational waves pull the photon inside.

The rest of this paper is organized as follows. In Sec. II,
we give a brief introduction of asymptotically flat space-
times in terms of the Bondi coordinates and present initial
conditions for the geodesic equations. In Sec. III, we study
the asymptotic behavior of null geodesics that correspond
to photons emitted in angular directions near future null
infinity of four-dimensional spacetimes. In Sec. IV, we
examine higher-dimensional cases. Section V is devoted to
a summary and discussion. In the Appendix A, we present
the components of the Christoffel symbols in the Bondi
coordinates. In Appendix B, we give some details of our
analysis presented in the main article.

I1. BRIEF REVIEW OF NULL INFINITY AND
INITIAL CONDITIONS

A. Null infinity in the Bondi coordinate

We briefly review the essence of the asymptotic
properties of the region near future null infinity in asymp-
totically flat spacetimes based on Refs. [4,5,15] (see also
Refs. [19-21]). Let n be the dimension of a spacetime. We
will restrict our attention to the case n > 4. We adopt the
Bondi coordinates,

ds? = —AeBdu? — 2eBdudr

+ hyr*(dx' + Cldu)(dx’ + C'du), (1)

where A, B, C! and h,; are functions of u, r, and x’. Here,
x! stands for angular coordinates. In these coordinates,
future null infinity Z* is supposed to be located at r = oo

Then, we expand h;; near future null infinity as

h[./ = wjy + Zl/l k+1
k>0

~(n/2+k=1)

(2)

where w;; is the metric for the unit (n — 2)-sphere, k € Z
for even dimensions, and 2k € Z for odd dimensions. If
h;; — wy; 1s nonzero, it indicates the presence of gravita-
tional waves. We impose the gauge condition as

\/ deth” = Wy,_,

where w,_, is the volume element of the unit (n — 2)-
dimensional sphere.
By using the vacuum Einstein equations R, = 0, the

falloff behavior of A, B, and C’ can be given as [15]

3)

k<n/2-2
A=1+ Z A(k+1)r—(n/2+k—l)
k=0
= m(u,x")r= =3 4 O(r==372)), (4)
B:B(l) —(n-2) +O( (n— 3/2)) (5)
k<n/2—1
Cl = Z CUAD p=(n/2+k) _|_J1(u’xl)r—(n—l)
k=0
+O(rm 1), (6)

where A&+D B C+DI 1y and J! are functions of u and
x!. In this paper, we assume the above behavior of the
metric without using the properties of field equations.
Hence, one may be able to apply our result to modified
gravity theories, as well. In general relativity, note that
the integration of m(u,x!) over solid angle gives us the
Bondi mass [15],

M(u) = ”1;”2 /S ~ maQ. (7)

The nonzero components of the metric and of the inverse
metric behave as

Guu = —AeB + 1y, CICI 12 = =1 = AV = 0/270) = (0=3) 4 O (= (=172,

gur = —€% = =1 = B =012 - O(r=n=3/2)),

gy = hyyr* = wyr? +h1 /273 4 O( (n=3)72),

Gur = hyyC'r? = Cp=0272) 4 O(p=(1=3)/2)

g = —eB = —1 + B2 4 O(~(n-3/2)),

g7 = Ae™B =14 AV =(/27) _ ppm(03) 4 O(=(n-1)/2)

g1 = Cle=8 — =12 L O(~(n+1)/2),

g = W2 = 2 M = (n/240) | O (n43)/2), 8)
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where h' is defined by h'/h;x = ' and the capital latin
indices of the quantities appearing in the right-hand side are
raised and lowered by w;; and @'’. In particular, in four
dimensions, the behavior of the metric components is
written as

Guu = =1 +mr™ 4+ 0O(r?),

Gur = =1 =BUr2 +0O(r73),

giy = o1’ + h” r+0("),

gu =CY; +0(r7 ")

g =-1+BWr2+0(r3),

g =1-—mr ' +0O(r?),

g1 = CcOI2 £ O3,

G = @l — B3 O3, 9)

where O denotes the Landau symbol. In Appendix A, we
present the asymptotic behavior of the Christoffel symbols.

Next, we introduce the asymptotic symmetry as the
transformation which preserves the asymptotic form of the
metric. Then, the variations of the components the metric
near null infinity are restricted to

6grr = Ov 6grl = O
9”591J =0, 89 = O(r~ (n/2-1) )
8gu = O(r~/22), 5g,, = O(r~"=2),
891y = O(r~/273)), (10)
where
59/41/ = £§g/w (11)

and & is the generator of the asymptotic symmetry group
[15]. Later, the asymptotic symmetry gives us the asymp-
totic conserved quantities for geodesics.

B. Initial conditions of null geodesics

In the following sections, we examine the asymptotic
behavior of null geodesics near future null infinity. In
particular, we focus on null geodesics that correspond to
|

¥o= =T u? =20 u'r
1

— —1 O —2
o]

+ [(m; = CM

T = 2 () = 20 (ol
24+ 0(r"

)+ O (1) = 2

worldlines of photons emitted in the tangential directions to
r = constant surfaces near future null infinity, i.e., 7/ = 0,
where the prime (') denotes the derivative with respect to
the affine parameter A.

If a black hole is present, there are null geodesics that
enter the black hole region if its tangent vector is directed
in the inward radial direction. By contrast, bearing the
spherical case or so in mind, one can think that worldlines
of photons emitted in the outward radial direction would
reach future null infinity. The null geodesics with the initial
condition given as above could have a nontrivial fate.

III. ASYMPTOTIC BEHAVIOR OF NULL
GEODESICS IN FOUR DIMENSIONS

In this section, we analyze null geodesics in four-
dimensional spacetimes and figure out sufficient conditions
for spacetimes that any null geodesic corresponding to the
worldline of a photon emitted with ' = 0 at sufficiently
large r reaches future null infinity. In Sec. III A, we present
the geodesic equations near future null infinity in the Bondi
coordinates. Then, we analyze the behavior of r and u
along the null geodesics in Secs. III B-III D. The study
consists of three steps. In the first step, we show that
the geodesic has 7/ > 0 at the initial emission point
(Sec. III B). Next, we prove that the radial coordinate r
of any null geodesic with the above initial conditions will
diverge as the affine parameter A is increased to infinity
(Sec. III C). In the third step, we study the behavior of u in
the limit A — oo and prove that u remains a finite value
(Sec. I D). This explicitly indicates that the photon arrives
at future null infinity. In this proof, we must require some
conditions to the property of the metric. These conditions
are related to the presence of gravitational waves and
indicate the possibility that photons emitted with the above
initial conditions may not reach future null infinity without
these conditions. In Sec. III E, we confirm the existence of
the asymptotic conserved quantities for null geodesics.

A. Geodesic equations and the null condition

Here, we present the geodesic equations and the null
condition in four dimensions for later convenience. By
using Eqgs. (9) and Egs. (A2), we write down the geodesic
equations near future null infinity as

— T, () ()
Hu'r + 2B03 4 O] 2

L+ O ) (K

+ [(w,, —%h§}>>r+ (’)(ro)] (x!) (2, (12)
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W' = Tl = 2t () =T (1) ()

= [(=8 4 3m) 2+ 06|+ O = a0 4 06D 6Ty (3

where the dot denotes the derivative with respect to u, and we skipped the angular components of null geodesic equations
because we will not use them.
The null condition for the tangent vector of null geodesics,
—AeBu? —2eBu'y + hy, (XN + Clu'][(x") + C'uw'] = 0, (14)
gives us

u? = 22[1+mr=' + O(r v + [wyr* + (h%) + may)r + O (X1 (') + €W, + O D) (&Y. (15)

This equation can be regarded as an equation for «, and the solution with a double sign is obtained. Among them, we adopt
the positive solution of u’ because we consider a future directed null geodesic. Then, Eq. (14) is algebraically solved as

r_ —eBr + hyy Cl 2 (x) + \/[ePr — hy, CTP (x7) ]2 + (AeP — hy; CTC7 ) by 1 (xK) (1)

" AEB — hMNCMCNr2

(16)

B. Behavior around the emission point

We study the behavior of r of a geodesic in the neighborhood of the emission point. Since 7’ vanishes at the initial affine
parameter, A = 0, the behavior is characterized by r”.
For later convenience, we introduce |(x')’| as

)| = 3oy (x)' (x7)) (17)

For ¥ = 0, Eq. (16) becomes

_ PN+ VI CP )P+ (Ae? = hyy CTCT P g P () (1)

!
. AP — iy CMCV 2

= [r+ O] (18)

Here, note that initially |(x!)’| # 0, because otherwise Eq. (18) implies ' = 0, that is, the tangent vector becomes zero.
At 2 =0 (that is ¥ = 0), Eq. (12) becomes

2
= O~ (&) + Quyr(x!Y () + O6°)| () (19)

P = er-' + (’)(r‘z)] W2+ [(my — CV R+ O )l (x) + Km,, - 1h§}>> r+ (’)(ro)} (Y ()’

where we used Eq. (15) in the second equality, and €;; is defined by

L.y 1.
Q= — 5 hgl) TS My (20)

Furthermore with Eq. (18), we see that the first term of the second line in the right-hand side of Eq. (19) is next-to-leading
order and then

P = Quyr(xl) () + O] (). (21)
The second and third terms in the expression of Eq. (20) originate from the presence of gravitational waves. Thus, at leading

order, gravitational waves affect the null geodesic motion near future null infinity in four dimensions. As clarified later,
this is a fairly unique feature compared to higher-dimensional cases and would be related to the so-called supertranslation.
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Since €;; does not have two positive eigenvalues in
general, one cannot claim that r” is positive. Since h%)
and m appear with the 1/r factor in the metric, weak
gravitational waves at large r can make eigenvalues of €;;
negative. The negativity of r”’ results in the decrease in r
just after 2 = 0. Then, there remains the possibility to have
photons emitted in the angular direction near future null
infinity which do not reach future null infinity. Note that, in
order for the value of r continues to be decreased, the sign
of the eigenvalues €;; must be kept negative until the
velocity of the photon becomes directed toward the central
region. That is, gravitational waves must be sufficiently
strong or continuously give such an effect. Although such a
case might be rare, the formation of caustics of gravitational
waves at the emission point of the photon could realize
such a situation. Therefore, this result at least indicates the
importance of the effects by gravitational waves in the
dynamics of photons near future null infinity. To guarantee
that photons will arrive future null infinity, a straightfor-
ward way is to assume €2;; to be positive definite, which
means the effects by gravitational waves are not large.
Under this assumption, we have

' =Qur(x') (x) + O()|(x')F >0, (22)
where we used |(x!)’| # 0 at the initial point, which, in turn,
indicates that there exists a constant A, such that 7 > 0 for
0 < A < A,. Then, we can prove that ¥ > 0 for any positive
A using proof by contradiction. Suppose that there exists a
positive affine parameter at which ' =0. Let 1y(> 0)
denote the minimum of such affine parameters. Then,
" <0 at this point, which gives a contradiction to
Eq. (22). Therefore, we obtain 7 > 0 for arbitrary 4 > 0.

C. Asymptotic behavior of r(1)

In this subsection, we prove the existence of the lower
bound of r. This implies that r diverges as A — oo.
|

P = [

rt O )y + [Qr + O(r°)] (") (x7) —
FUCOin 4 my = €V iyt + O ()

= —mr v + [Qr + O(r°)

> —mr 'y + [Qpr + O(10)

J) )

> iy 4 [Quyr+ O] () (1) =S E 202 4 (1Y) +

> —rir 'Y 4 [Qpyr + O(F0)] (X)) (x) = Cor2r?,

Jo!) () + Oy | + 25
- Co Pl + B

This result is also used for the proof of finiteness of u
in the next subsection.

First, using Eq. (16), we estimate the order of  in terms
of |(x7)'|. In the case e®r' — h;;C’r*(x')’ > 0, on the one
hand, Eq. (16) gives us

eBr/ _ /’l”CJI”Z(XI)/
AeB - hMNCMCNr2

Ly A = hy T P PR (6t
(77 g CT PO
< hn”z(xl)/(xj)/ )
- AeB - I’lKLCKCL

where we used 1+x—1<./x for x>0 in the
second inequality. On the other hand, in the case
eBr — h;;C/r2(x!) <0, we have

u =

=[r+ 0N (23)

|eBr —h CTr (x| < hyy CTP (K = O(F)|(+)], (24)
and hence, Eq. (16) tells us
W = 00| ()| + /[ + O] P
= [r+ Ol|)'| 25)
Therefore, we find
= [r+ O)l|) (26)

for arbitrary 1 > 0 in both cases. Note that ' is positive
because the tangent vector is future directed.

By introducing positive constants C; and C,, we can
give a lower bound for 7’ as

200t + O )P () + 2B + O(r )1
3+ O
3+ O
+ 2B 4 O3] 2

(27)

where we used Eqgs. (12) and (15) in the first equality, used Eq. (26) in the second equality, gave a lower bound for the
coefficient of #/|(x’)’| in the third inequality, used the arithmetic-geometric mean inequality

1
-1, ]/<7
I < Al

in the fourth inequality, and gave a lower bound for the coefficient of r?

(=22 + ()P (28)

in the fifth inequality.
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The Einstein equation implies the monotonicity of
m(u, x") as m= —%h;yh“w <0 [15]. Since this is a
natural property for m(u, x') regardless of gravitational
theories, we assume this monotonicity for m(u, x'),

i < 0. (29)

Under the assumptions of the positive definiteness of €;;
and (29), we have

¥ > —Cor 22, (30)
from Eq. (27). Inequality (30) and the positivity of 7’ give

r” Cz
7> —7r’. (31)

By integrating out this inequality,

-
log ¥ > 72 + s (32)

is obtained, where C; is the integral constant. Thus,
we have

[y + (Y5 +mepy)r !+ O 2)) () () = r2u? 4 22

C, - .
¥ > exp <—2—|— C3) > Cy, (33)
r

where €, := ¢© > 0. Integrating this inequality again,
we obtain

r> Cy4d + Cs, (34)

where Cs is the integral constant. Thus, r diverges as
A — oo. Note that the same procedure does not work
without the assumption of Eq. (29) because the term
—rmr~'u'r in the last line of Eq. (27) gives the contribution
of O(r°)7|(x")'| through Eq. (26).

To confirm that the current null geodesics reach future
null infinity, one has to check that u(4) asymptotically
converges to a finite value. We study this issue in the next
subsection.

D. Asymptotic behavior of u(A)

We now examine the asymptotic behavior of u(4).
Equation (15) gives

+mr3 + O )y = 2CW, 172 + O )| (") !

— [F2 4+ O(r ) + 2012 + mr= + O] r + O(rY)|(K)]2, (35)

where the first equality is obtained in a simple rearrange-
ment of Eq. (15) and we used the arithmetic-geometric
mean inequality

0< r—2u1|<x1)/| —_ r‘3u’2)1/2[r_1|(x1)’|2]1/2

(
1 —3 ./ — !
Si[r‘uz—l-r (D', (36)

which implies

2 (1) = O + O (Y (37)
in the order estimate of the second equality. This means

[+ O(r D] (") ()
=2+ O Hu? + 2,2+ 00 3)u'Y.  (38)

Substituting this relation into Eq. (13), we have

' = K—Bm + %m) r2 4+ O(r‘3)} u? + O(r)u? + O(r )|(x) 2 = |wyr+ lhgy +O>r ) [ () ()

= O(2)u = [y + O (&) (')

— O(r2)u - B + (’)(r‘2)} u? - E + O(r‘2)] W'

S T N A

) ¢
< —<—C26>u’r’
ror

2
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for large r (i.e., for large 1), where we used Eq. (37) in the
first equality, used Eq. (38) in the third equality, and
excluded a nonpositive term and gave an upper bound
for the coefficient of '/’ in the fifth inequality by
introducing a positive constant Cs. Next, we define U as

C
U = r’exp (—6> 7 (40)
r
and then, the above inequality is simply written as
U <0. (41)
Integration of this inequality gives
U< (s, (42)

where C; is a positive constant. Recalling the definition of
U of Eq. (40), we have

0 < I/t/ < 67}"_2 < 67(641 + 65)_2’ (43)

where exp(—Cg/r) < 1 was used. Integrating this inequal-
ity in the domain [4, 4], we have

Cron L

u=ulyy, <= [(Caat Cs)™ = (Cod + C5)7']. (44)
4

|

(WH)V, Qe = 5 (&) (¥*) £cg

—_— N =

Therefore, u is bounded from above as

Cs . ~
u <C—7(C4/1L+C5)_l +M|1:1Ly (45)
4

and thus, u does not diverge. Therefore, the null geodesic
reaches future null infinity under the assumptions of the
positive definiteness of ;; and Eq. (29). We stress that
these assumptions are not so strong in realistic physical
processes. In addition, this conclusion holds for any null
geodesics with #/(0) > 0.

E. Asymptotic constants of motion

Since asymptotically flat spacetimes have the asymptotic
symmetry as explained at the end of Sec. Il A, we expect
that a geodesic has constants of motion in approximate
sense near future null infinity. We confirm this here.
Let £ be a generator of the asymptotic symmetry. We
define Q; by

Q¢ = (x")'&,. (46)

Recalling the definition of dg,, given in Eq. (11), the
derivative of Q with respect to the affine parameter of this
geodesic is calculated as

= E [M,Z(Sguu + 2u/r,5.qur + (xl)/<xj>/5gl.l + 2u/(x1)/59u1}

2
1

= I [WO(r ") + 24/ ¥ O(r2) + (X1 (x") O(r") + 2u/ (x") O ()]

=—[0(r3) + O(r ) + O(r73) + O(r )]

2
= 0(r?),

where we used Eq. (10) in the third equality and used
Egs. (43), (B11), and (B14) in the fourth equality. This can
be regarded as the approximate conservation law because

Q; = constant + O(r~2) (48)

holds from Egs. (34) and (B12). In the case £ =0,,
Eq. (47) corresponds to the approximate conservation of
the energy. There also exists the Killing vector & = f19,
that represents rotational symmetry, and for this choice,
Eq. (47) corresponds to the approximate conservation of
the angular momentum.

(47)

IV. ASYMPTOTIC BEHAVIOR OF NULL
GEODESICS IN HIGHER DIMENSIONS

In this section, we study null geodesics in higher
dimensions n > 5 paying attention to the difference from
the case n = 4. Although most of the analyses in this
section are parallel to that in Sec. IIl, a critical difference
arises in the power of r. In particular, it is shown that any
null geodesic with the initial condition # = 0 at sufficiently
large r reaches future null infinity without any additional
assumption. First, we show the geodesic equations near
future null infinity in Sec. IVA. Next, we discuss the
behavior of r along the null geodesics emitted with ' = 0
in Secs. IV B and IV C. Then, we prove the finiteness of u

064025-7
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along the null geodesics in Sec. IV D. Last, we confirm the existence of asymptotic conserved quantities for null geodesics

in Sec. IVE.

A. Geodesic equations and the null condition

In this subsection, we present the geodesic equations and the null condition for n > 5. The geodesic equations near null

infinity are

= [_%A(l)r—(n/Z—]) + O -1)/2)] e {HEZA( ) /2 4 O+ /2)} W+ [(n = 2)BW =0=1) 4 O(p=(n=1/2))] 2
N |:<—n;4C(I)I_A,(Il>) —(n/2-1) +O(r_<n_1>/z)} W (x) = EC( ), = (0/2=1) | (== 1/2)} (Y
Jour= gl 09|y ()
W = — [" ; 2A(l)r—n/2 4 O(r—(n+1)/2)):| W2 —2 {_” ; 4C< D=2 4 O(p=(n=1) /2)} ' (x1)!
= o =" R o 4 0oy . (50)

where we skipped the angular component of null geodesic equations because we will not use them. The null condition for
the tangent vector of null geodesics is the same as Eq. (14). For general n > 5, Eq. (14) gives

2 _ _2[1 _A( ) —(n/2-1) +O(
+ 2€W,r=(1/222) 1 O(r==372)] (k)0

The algebraic solution for u’ is the same as Eq. (16).

B. Behavior around the emission point

In this subsection, we show 7/ > 0 after the emission
by the parallel argument to Sec. III B. We focus on the
case where 7’ is initially zero and set A = 0 at the emission
point. Then, the relation u' = O(r!)|(x!)|, given in
Eq. (18), holds also for n > 5. Equation (49) at A1 =20
becomes

r=0(r"

WD)l (21 gy () ()
+O(r" |

)|l P (52)

where |(x!)'| # 0 as discussed in Sec. III B. Furthermore,
with Eq. (18), the first term in the right-hand side is of
higher order, and then,

)+ 00~

= o) (x PP >0 (53)

holds. This equation is different from Eq. (21) in the four-

dimensional case: neither hﬁp nor 7 is included in the
coefficient of r. This is because the falloff of the metric is
faster in higher dimensions, which is the same reason
why the supertranslation group and the memory effect are

DY 4wy + (hyy) = g AD) =273 1 O(r=0=5)12) (ol ) ()

(51)

absent in higher dimensions [15,16]. By the same argument
as that of Sec. III B after Eq. (22), we obtain # > 0 for
arbitrary 4 > 0.

C. Asymptotic behavior of r(4)

We now consider the asymptotic behavior of r(1) for
A — oo along the null geodesics. In a similar manner to the
study in Sec. IIIC, we relate ' to |(x')|. In the case
eBr — h;;C’r*(x")’ > 0, on the one hand, the calculation
similar to Eq (23) gives u' = [r + O(r~"/272))]|(x')'|. In
the case e®r — h;;C’r?(x')’ <0, on the other hand, we
obtain the same equation as Eq. (24) but with O(r°) of
the right-hand side being replaced by O(r~("/2=2)), and
Eq. (16) gives us

W = O(=0D) (oY 44/ [2 + O (oY
= [r+ O )] (Y. (54)

Therefore, we have u’ = [r + O(r~*/2=2))]|(x')|, the lead-
ing order being the same as that of Eq. (26), for arbitrary
A > 0 in both cases.

We now consider Eq. (49). r” is calculated as
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1 .
= [A() —(n/2-1) +(9( (n— 1/2)] u'r + [w,,r—z(A(l)w”—f—hg})) —(n/2-3) +(’)( (n— 5/2) (x )’(x/)’

-4
+ {_ <n 5 c, _|_Af11)> r=(2=0) L O

(n/2 1) +O( (n— 1/2):| (xl)/

-1 /2):|u/(xl)/—|—[(n—2)3(l) (n—1) +O( n—l/2))]

1 . .
:{mwgﬂmﬁ%hW“+a “%hﬂwwm 22|y |

+[(n = 2)B0~0) 4 Ol 1))

where we used Eqgs. (49) and (51) in the first equality and
used Eq. (26) in the second equality. In contrast to the four-
dimensional case, the condition of Eq. (29) is not necessary
because the corresponding term —rzr~("=3)u'r’ is of higher
order. For a technical reason, we introduce « that satisfies
0 < a < 1. Then, we have

7' > (wpr + O(F)) (X1 (x7) = Cyr=trte=4),2

> —Cy (et 2, (56)

where we used the arithmetic-geometric mean inequality

1
[ —(nta—4) .12 + r”|(x1)/|2]

—(n/2-2) (!
TP

(57)

in the first line, we used a < 1 in the second line, and C‘l is
a positive constant. Here, the introduction of « is
necessary for the case n =5, and we can set o = 0 for
n > 6. Equation (56) and the positivity of # implies
P > —Cyrmte4) Y and integrating this inequality,
we obtain

A

G —(n+a=5) + Cz’

n+a->5 (58)

logr >

where C, is an integral constant. Then, we have

¢,

ey éz> > et (59)

¥ > exp (

where we used @ > 0 and n > 5. Integrating this inequality
again, we obtain
r>eC2)+ G, (60)

where C; is an integral constant. Thus, r diverges to infinity
as 1 — oo.

D. Asymptotic behavior of u(A)

Here, we examine the asymptotic behavior of (1) as in a
similar manner to Sec. IV D. Equation (51) gives

(1 + (hyy) = @y AW)r=0270 £ O(r=0=0/2)](x1) ()
= 22 + 2[r_2 _ ( ) —(n/2+1) + 0( (n+3) /Z)W/r/
_ [ZC(I)Ir—n/z 4 O(r_ (n+1) /2)]( 1)/ /
= 22 + 2[r_2 _ ( ) —(n/2+1) T 0(
+ 00 + O(r )| ()P, (61)

(n+3) /2)}14/’,/

where we used the arithmetic-geometric mean inequality

0< r—n/zu/|(xl)/| — (r—3u/2)1/2[r—(n—3)|(x1)/|2]1/2

1
< [r_3u'2 + r—(n—3)|(x1)

; Pl (62)

that implies

2 (31 = O + O~

IR (63)

to estimate the order of terms in the second equality. This
indicates

[y + O 2= () ()

— [+ O()u +2[r=2 + O( )] r. - (64)

Substituting this into Eq. (50), we obtain
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Y |:n;2A( ) /2 + O( (n+1) /2))] u” + O( —2)u/2 + (’)( (n—4) )‘(xl)/|2

h}]) —(n/2-2) +(’)( n3/2)]( 1y/(x)Y

—[2r '+ O ) 'Y

B [a)ur—n_6
— (r 2)u/2 [a)lj—l—(?(r (n/2- 1))] (xl)’(xj)’
O(r2)u” = [r=! + O(r72)|u”
=+ 00U - 2

2 C
< - <———24>u’r’
ror

L O )Y

(65)

for large r (i.e., for large 1), where we used Eq. (63) in the first equality, used Eq. (64) in the third equality, and excluded
a nonpositive term and gave an upper bound for the coefficient of «'r’ in the fifth inequality by introducing a positive

constant C,. Thus, by the same argument as in Sec. III D after Eq. (39),

u' = 0O(r?)

=0(1?), (66)

and u does not diverge. Therefore, the null geodesic reaches future null infinity. Again, this conclusion is also correct for

any null geodesic with #/(0) > 0.

E. Asymptotic constants of motion

It is expected that a geodesic has constants of motion in the approximate sense near future null infinity in higher-
dimensional spacetimes as well. In this subsection, we show the approximately conserved quantities using the results in

Appendix B

In a similar manner to Eq. (47), the derivative of Q. with respect to 4 is

1
By [M/25guu + 21/!/7"/59,” + (xl),(xl

(n/2— 1)) 4 Zu/rro(r—(

(xﬂ),vﬂQé =

/20(

2[
[O(r (/23)) + O(r™) + O(r~
— (9( n/2+1))

where we used Eq. (10) in the second equality and
Egs. (43), (B11), and (B14) in the third equality. This
can be regarded as the approximate conservation law. From
Egs. (60) and (B12), we have

Q; = constant + O(r"/2). (68)

In the case £ = 0, Eq. (67) corresponds to the approximate
conservation of the energy. In the case that £ can be written
as &= f10;, Eq. (67) corresponds to the approximate
conservation of the angular momentum.

V. CONCLUSIONS

In this paper, we have analyzed null geodesics that
correspond to worldlines of photons emitted with the initial
condition ¥ = 0 (or ¥ > 0) at which r is sufficiently large

(n/241) ) + (9(

)81y + 2u (x")'8g,]

_2)) + (xl)/(xj)/o(r—(;z/2—3)) + 2u’(x1)’(9(r_("/2_2>)}

n/2+2))}

(67)

in the Bondi coordinates. We have proven that any such
geodesic reaches future null infinity under the asymptoti-
cally flat conditions in the higher-dimensional cases. In the
four-dimensional cases, the additional assumptions have
been required to be imposed. There is a nontrivial differ-
ence between the cases in four dimensions and in higher
dimensions.

The two assumptions required in the four-dimensional

cases are the positive definiteness of €;; :== w;; — %hg}) +

trwp; and m < 0. The latter condition is satisfied in
general relativity. The former condition is not trivial, and
it is satisfied if the effects of gravitational waves are
sufficiently weak near future null infinity. Although the
case where the null geodesic does not reach future null
infinity might be rare, there is a possibility that the null
geodesic may not reach future null infinity if we tune the
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gravitational wave emission (e.g., formation of caustics
just at the emission point). In the case of higher
dimensions, by contrast, these assumptions are not
necessary for any null geodesic to reach future null
infinity. In future work, it should be clarified whether
the sufficient condition in four dimensions is also the
necessary condition or not.

It should be noted that under the assumption that m <0
in four dimensions the positive definiteness of ;; is a
stronger condition than the positive definiteness of
x1 =T, =awyr —%h;yr—l- O(r°), where y;; is the
extrinsic curvature of r = constant hypersurface in the u =
constant subspace. It should be beneficial to investigate the
meaning of Q;; in more detail. The difference between the
four-dimensional cases and higher-dimensional cases moti-
vates us to investigate the relation to the memory effect,
which also provides a nontrivial difference between four
dimensions and higher dimensions due to the asymptotic
behavior of the metric. The interpretation of ;; would
serve as a key to understand the connection of our analysis
with the memory effect.

The study of this paper is the first step toward clarifying
the general properties of the global behavior of photons in
general dynamical spacetimes. One of the possible appli-

cations is to characterize the strong gravity regions by
|

extending the concepts of photon sphere from a global
point of view, while most of the existing generalizations of
the photon sphere are defined locally or in spacetimes with
symmetries, or have difficulty in specifying it by calcu-
lation [22-26]. It is also interesting to relate such study to
the observation of the black hole shadow because it might
become possible to observe the neighborhood of dynami-
cally evolving black holes in the near future.
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APPENDIX A: FALLOFF BEHAVIOR OF THE CHRISTOFFEL SYMBOLS

Here, we list the falloff properties of the Christoffel symbols. For n > 4, the components of the Christoffel symbols are

estimated as

m> n2+0( n+1/2)

pe 2 e (o 123
uu 4 2
=0, =0
r;,:_”;“cu ~w/2-1) | (=12,
—6
ry=o0, IY= w,,r——”4 hy) r (22 4 O =3)12),

1 1
FZMZEA(> —(n/2- 1)—§mr ”3_|_O(

n—2

I, =—(n—-2)BWr=D 4+ O~
1

(n— 1/2))

(n/2 1) _|_O( (n— 1/2)

1.
r;,:—w,,r+5h§'> ~(v/2-3) L O(p=(=9)/2),

F{m — C( ) /2 + O( (n+1) /2)

3
A() _”/Z—I—Tmr n=2) +O(

(n— 1/2)

(n+1) /2)

n—4 1
I, = < C(1>1+§A_<,1)>r‘("/2‘1>+ <—§m,+ ct fh,,) (=3) + O(r=(=1/2),
n
4

064025-11



AMO, IZUMI, TOMIKAWA, YOSHINO, and SHIROMIZU PHYS. REV. D 104, 064025 (2021)

n—4

. =— C( ) —(n/2+1 O (n+3)/2 | R — 0,
ur 4 + ( ) rr
1.
Fij:ih() (n/21+0( n1/2)
-2
I, =, - 2.0 /2 4 O (/)
1
i = o = [c“VwJK =5 (D g + DghV ;= DAY i) | r= 270 4 O~ =112), (A1)

where we used n > 4; (“’)F§K is the Christoffel symbol with respect to @;, that is, ('} := %a)’ oy x + okrg — osx1);
and Dy is the covariant derivative with respect to wy;.
In particular, in four dimensions, the components of the Christoffel symbols are written as follows:

. 1
e, = <B<') - 5m> 24+ O ), r, =0, IL=0  I'Y,=0(72),

1 1.
r« =0, ry, = w”r—l——hgy + O™, rr, = —Emr‘l +O(r ),

2
1
I, = Emr_z +0(r3), T, =-2B0r3 40>,
1 1 ;
rr, = <—§m,, +§C<Wh§y> I 4+ 0(r?), 7, =CcW,r '+ 0(r?),

1. .
F?J = _(wlf - §h§})> r+ O(ro)’ Fiu = C(I)Ir_z + O(r_S)’ FLr = 0(7_4), F{*r =0,
1. 1
rl, = Eh<1>’,r—' +O(). Ty =8 =S W+ 0(),
1
I =@, — [C(U’a},,{ -5 (DR + DhM, — DR ) [t + O(r72). (A2)

APPENDIX B: UPPER BOUNDS OF ¥ AND (x!)

In this Appendix, we will derive the upper bounds of 7 and (x')’ for n > 4. Using u’ = O(r~?), we give the upper bound
, |(x!)] can be estimated as

0 < |(x1)/|2 — |<x1)/ + Clu/ _ Clu"2 < 2|(x1)/ + C1u1|2 + Z‘Clu/|2
=00 2)u? + O(r2)u'r +2|C"*u? = O(r =) + O(r™)r. (B1)
Then, the geodesic equation of 7 for n > 4 is'

2

W [_lA(l)r_(n/z—n +%mr—(n—3) _|_O(r—(n—1)/2):| e [n;

5 (l)r—n/Z _ (I’l _ S)mr n—2) + O( (n+1) /2):|

—4
—I—[(n—2)B(l) (n—1) —l—O( n—l/Z))]r/2+ [(_”2 C(I)I—A,(]l)>r_(n/2_1>+(m,l Cl )Jh( )) (n-3)
+O( (n— 1/2>:| (xl)/_ |:gc() —(n/2-1) —I—O( (n— 1/2):| ( >/+ |:a)1]r——h1 r— (n/2-3) +O( (n— 5/2>:| (x )/(xj>/
1 A (1) —(n/2-1) 1. —(n-3) —(n=1)/2\|,,2 n-2 (1) —n/2 n-2) (n+1)/2
= _EA r + 5 +O(r )| u=+ TA 2 —(n=3)mr~-"2 4 O(r~ )| u'r
+O(r )2 + 00| ()
—(’)( (n/243) )+O(r_(”+4)/2)r’+O(r_(”_1))r’2+(9(r_5)+O(r_3)r’:O(r_3)+(/)(r_3)r’2, (BZ)

'For n = 4, from the definition, A1) is set to be zero because of its absence.
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where we used Eqs. (Al) in the first equality; the
arithmetic-geometric mean inequality

Ol |(x1Y] <5 [O(=0=2)u + (/Y]] (B3)

SN

and

O=2D)7|(x1) | = O(==12) PO (|

1

<5002 4 00| P

(B4)

N

in the second equality; and Eqs. (43), (66), and (B1) in the
third equality; and
O(r3)r = O(r32)O(r=32)r
1

<5 [O(r=) + O(r3)r?] (B5)
in the fourth equality. Equation (B2) means
_ 2+ Cy
r” < ClTﬁ, (B6)
with positive constants C; and C,. This gives
_ _ 7
log (" +G,) < Cy—. (B7)
r
Integrating this, we have
27 7 ~ 1
IOg (r + C2) < C3 - Cl F, (BS)
r

where Cj is the integration constant. From this inequality,
we have

_ _ _ 1 _
2+ C, <exp (C3 -C F) <expC;, (B9)
r
that is

(B10)

Here, C, should be positive. This means 7 has a positive
upper bound

¥ < y/Cy. (B11)
Integration of this gives
r << C4ﬂ + Cs, (B12)

where Cs is the integration constant.
In addition, inequalities of Eqgs. (B1) and (B11) give

0|2 = O() + O = O(*).  (BI3)
Therefore, we have

(x1) = O@7?). (B14)
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