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Gravitational lensing by two photon spheres in a black-bounce spacetime
in strong deflection limits
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We investigate gravitational lensing by a primary photon sphere which is a sphere filled with unstable
circular light orbits, and by a secondary photon sphere on a wormhole throat in a black-bounce spacetime,
which is suggested in [F. S. N. Lobo et al., Phys. Rev. D 103, 084052 (2021)] in strong deflection limits.
There is an antiphoton sphere between the primary photon sphere and the secondary photon sphere. If a
light source and an observer are on the same side of the wormhole throat, in addition to an infinite number
of images slightly outside of both the primary and secondary photon spheres, an infinite number of images
formed by light rays reflected by the potential barrier near the antiphoton sphere, slightly inside the primary

photon sphere, might be observed.
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I. INTRODUCTION

Recently, gravitational waves from binary black holes
have been reported by the LIGO and Virgo Collaborations
[1], and the shadow of a supermassive black hole candidate
at the center of the giant elliptical galaxy M87 has been
reported by the Event Horizon Telescope Collaboration [2].
Phenomena in strong gravitational fields will be more
important in general relativity and astrophysics than before.
Black holes and the other compact objects such as worm-
holes have a sphere filled with unstable (stable) circular
light orbits called a photon sphere (an antiphoton sphere)
[3-5] because of their strong gravitational fields. There is
much research on both the theoretical and observational
aspects of (anti)photon spheres [6—12] and their generalized
surfaces [4,13]. Stable circular light orbits may lead to
instability of ultracompact objects because of the slow
decay of linear waves [14-16].

Gravitational lensing is a useful phenomenon for survey-
ing compact objects [17,18], and the gravitational lensing
of light rays reflected by the photon sphere of compact
objects has been investigated eagerly. In 1931, Hagihara
considered the images of light rays deflected by the
photon sphere in the Schwarzschild spacetime [19], and
Darwin pointed out that the images are faint in 1959 [20].
The dim images by photon spheres in the Schwarzschild
spacetime and in other spacetimes were revived by many
researchers [21-38].

In Ref. [28], Bozza has investigated gravitationally
lensed images slightly inside a photon sphere in a general
asymptotically flat, static, and spherically symmetric
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spacetime in a strong deflection limit & — b, + 0, where
b is the impact parameter of the light rays and b, is a
critical impact parameter. The deflection angle of a light in
the strong deflection limit is expressed by

a = —alog (%—1) +b
+O<<%— 1>log (%— 1>> (1.1)

where @ and b are described by the parameters of the
spacetime.1 The strong deflection limit analysis and its
alternatives have been suggested [33-56].

Wormholes are hypothetical objects with nontrivial
topology described by general relativity [57,58], and their
observational properties have been studied as a black hole
mimicker [59-67]. Recently, Simpson and Visser [68] have
suggested a black-bounce metric which describes a (regu-
lar) black hole metric and a wormhole metric. Gravitational
lensing [69-72] and shadows [73,74] in the Simpson-
Visser spacetime have been investigated. The generaliza-
tion or alternatives [75—78] and the rotating case [79] of the
Simpson-Visser spacetime have also been suggested.

Recently, Shaikh et al. have investigated gravitational
lensing by light rays which fall inside a photon sphere, and
which are reflected near a potential barrier of the antiphoton
sphere of a general asymptotically flat, static, and spheri-
cally symmetric ultracompact object without an event

'In Ref. [28], the order of the vanishing term is O(b — by,).
However, it should be read as O((b/by,, — 1)log (b/by, — 1)), as
discussed in Refs. [39-41].
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horizon [35]. In a strong deflection limit b — b, — 0, the
deflection angle of the light rays is given by

b _
a:—élog(;—l> +d

co((B- V(%)) a2

where ¢ and d are parameters, and the images with the
deflection angle appear slightly inside the photon sphere.

Shaikh et al. have suggested gravitational lensing by a
photon sphere on a throat and by another photon sphere off
the throat in reflection-symmetric wormhole spacetimes
[34,80,81], and Gan et al. have investigated the shadow
images of a hairy black hole with two photon spheres
[82,83]. Reflection-asymmetric thin-shell wormholes with
two photon spheres of differing size, which could form
shadow images with light rings, have been suggested in
Refs. [84-88].

Since shadow images and gravitational lensing by
multiple photon spheres in strong deflection limits have
been developed recently, they have not received much
research in whole parameter regions in a specific space-
time. To distinguish the shadow images or gravitationally
lensed images by multiple photon spheres of ultracompact
objects from the shadow image or lensed images by a
photon sphere of a black hole, the deflection angle in the
strong deflection limits (1.1) and (1.2) in the wide param-
eter regions of spacetimes should be studied.

In this paper, we investigate gravitational lensing in
the strong deflection limits in a black-bounce spacetime
suggested by Lobo et al. [76]. The spacetime has a mass
parameter m and a parameter a which makes a scalar
curvature regular everywhere. The metric corresponds
to a Schwarzschild metric for « =0 and m # 0, it has
two event horizons and two Cauchy horizons for

0 <a/m<43/9, it has two degenerate horizons for
a/m =44/3/9, it is a traversable wormhole metric for

a/m > 41/3/9, and it corresponds to an Ellis-Bronnikov
wormhole metric for a # 0 and m = 0. The gravitationally
lensed images by two photon spheres can be formed
for 4v/3/9 < a/m < 2v/5/5.

This paper is organized as follows: In Sec. II, we
investigate the deflection angle of a light ray in the
black-bounce spacetime. We investigate the deflection
angle and observables of gravitation lensing in strong
deflection limits in Secs. III and IV, respectively. We
shortly review gravitational lensing in a weak gravitational
field in Sec. V, and we discuss and conclude our results in
Sec. VI. In the Appendix, we consider a variable z and its
alternatives in a strong deflection limit analysis. We assume
that a source and an observer are on the same side of a
throat if a lens is a wormhole. We also assume that the
source and the observer are far away from the photon

spheres. In this paper, we use units in which the light speed
and Newton’s constant are unity.

II. DEFLECTION ANGLE OF A LIGHT RAY
IN A BLACK-BOUNCE SPACETIME

Lobo et al. have suggested a black-bounce spacetime
[76] given by, in Buchdahl coordinates [89,90] with a
signature (—, 4, +, +),

2
ds> = —A(r)dr? +f% + 22(r)(d9? + sin® 9dg?), (2.1)
r

where A(r) and X(r) are given by

A(F) =1 - 224(5; )_ - —(rZNi’";;)% (22)
and
2(r) =V r*+a?, (2.3)
respectively, and where M(r) is given by
M(r) = =t (2.4)

(’,ZN + aZN)% ’

and m and a are nonnegative constants. Both a time-
translational Killing vector #d, = 0, and an axial Killing
vector @0, = 0, are present because of the stationarity
and axial symmetry of the spacetime. We assume 9 = /2
without loss of generality. By using a wave number
vector k# = x, where the overdot denotes a differentiation
with respect to an affine parameter, we can define the
conserved energy E = —g,, k" = At and angular momen-
tum L = g, ¢'k" = >2¢ of alight which are constant along
its trajectory. From Kk, = 0, we obtain the trajectory of the
light ray as

%)
CAP 4 % + 325 =0, (2.5)
We assume that a light ray comes from a spatial infinity
r = oo, reaches a closest distance r = ry > 0, and returns
to the same spatial infinity r = co. From Egq. (2.5),
we obtain

Aoty = X5 (2.6)
Here and hereafter, functions with the subscript “0” denote

the functions at the closest distance r = r,. We define the
impact parameter of the light ray

_ X9

L
b(ry) = E Aoiy” (2.7)
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By using Eq. (2.6), the impact parameter can be expressed by

22
b=+
Ag

From the definitions of the conserved energy E, angular
momentum L, and impact parameter b, the equation of the
trajectory [Eq. (2.5)] is rewritten by

(2.8)

?+V(r)=0, (2.9)
where V is an effective potential defined by
Ab?

Light rays can move only in a region of V(r) < 0. From the
equation of the trajectory [Eq. (2.5)], the deflection angle
of the light ray is given by

a=1(ry) —r, (2.11)

where I(ry) is defined by

© d
I(r0)52/ S —
noEy/E-A

When K =0 and N = 1, the metric (2.1) recovers a
Simpson-Visser geometry [68]. Lobo et al. pointed out that
a geometry with K = 0 and N > 2 has the same properties
as the Simpson-Visser geometry. Thus, its gravitational
lensing in the strong deflection limit with K = 0 and N > 2
will be very similar to the lensing in the Simpson-Visser
geometry investigated in Refs. [69,71].

(2.12)

III. DEFLECTION ANGLE IN A STRONG
DEFLECTION LIMIT

In this section, we obtain the deflection angles (1.1)
and (1.2) in the strong deflection limits. Hereinafter, we
concentrate on a novel black-bounce spacetime with
K =2 and N = 1 which is suggested by Lobo et al. [76].
In this case, A(r) becomes

2mr?

Ar)=1—-————,
") (r* +a*):

(3.1)

and an equation A(r) = 0 has a positive solution r = 2m
for a =0, two positive and two negative solutions for
0 < a/m < 4+/3/9, a positive solution (r = 41/6m/9) and
a negative one (r = —41/6m/9) for a/m = 4+/3/9, and no
real solutions for a/m > 41/3/9. We concentrate on non-
negative radial coordinates » > 0. An event horizon which
is the largest positive solution r» = ry for given a is shown
in Fig. 1.
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FIG. 1. The reduced radial coordinates of a primary photon

sphere r,,/m, a secondary photon sphere ry/m, an antiphoton
sphere r,,,/m, and an event horizon ry/m. A (red) dot-dashed
curve at 4v/5/5 < rp,/m < 3 for 0 < a/m < 2+/5/5 and a (red)
dot-dashed line at r,,/m =0 for 2v/5/5 < a/m denote the
primary photon sphere, a (black) solid line at r../m =0 for
4y/3/9 < a/m < 2+/5/5 denotes the secondary photon sphere, a
(green) dashed curve at 41/6/9 < Faps/M < 4v/5/5 for 4y/3/9 <
a/m < 2+/5/5 denotes the antiphoton sphere, and a (blue) dotted
curve at 4/6/9 < ry/m < 2 for 0 < a/m < 4/3/9 denotes the
event horizon.

There is a traversable wormhole throat at r = 0 for

a/m > 4\/5/9. For a # 0 and m = 0, the metric corre-
sponds to the Ellis-Bronnikov wormhole metric without
Arnowitt-Deser-Misner (ADM) masses [91,92]. The Ellis-
Bronnikov wormhole is known as the earliest passable
wormhole solution of the FEinstein equations with a
phantom scalar field [93], which was obtained by Ellis
and Bronnikov independently in 1973. The metric is often
included by several wormhole solutions in the vanishing
ADM masses case; see Ref. [94] and references therein. We
note that the Ellis-Bronnikov solution is unstable [95].
However, we might find a stable wormhole solution with
the same metric as the Ellis-Bronnikov wormhole metric
with the vanishing ADM masses, since the stability
depends not only on the metric but also on a gravitational
theory and matter source [96,97].

The effective potential for a light ray and its derivatives

are given by
1 2mr?
- -1 (32)
a+r- (a>+r)p

v - v
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2b%r|(2a* = 3r*)m + (a® + rz)%}

V'(r) = - , 3.3
(r) R (3.3)
2h?
V'(r) = —————[(2a* = 21a*r? + 12r"Ym
( ) (a2 + rz)% [( )
+ (a* = 2a% = 3r*) (a® + 7)1, (3.4)
6b*
v =27 5(d4a* — 1321 + 4r*)m
(a*+r?)>
+4(a? - r?)(a® + ), (3.5)

where the prime denotes a differentiation with respect to the
Buchdahl radial coordinate r. Light rays with a critical
impact parameter b(ry) = b(r,,) form a sphere filled with
unstable circular photon orbits called a photon sphere,
which holds V(ry,) =V'(r,) =0 and V’(r,) <0, for
a/m # 2v/5/5. Light rays with an impact parameter
b(rg) = b(ry) form a sphere of stable circular
photon orbits called an antiphoton sphere, which holds
V(raps) = V'(raps) =0 and V"(ryy) >0, for 4v/3/9 <
a/m < 2v/5/5. For a/m =2+/5/5, the light ray with
the critical impact parameter b(ry) = b(r,) forms a mar-
ginally unstable photon sphere, which holds V(r,) =
V'(rm) =V"(rm) =0 and V" (ry,) <0. The wormhole
throat at r =0 for a/m > 4y/3/9 works as a photon
sphere. Thus, for 41/3/9 < a/m < 2+/5/5, both the pri-
mary photon sphere at r = r,, and the secondary photon
sphere at r =r, =0 are present.2 We notice that the
specific radius of the primary photon sphere r,,/m
decreases monotonically, and it changes discontinuously
at a/m = 2+/5/5 as a/m increases. The reduced radii of
the photon spheres r,,/m and ry./m and the antiphoton
sphere r,,,/m are shown in Fig. 1.

A. Case of a/m < 4\/3/9

In the case of a/m < 44/3/9, an infinite number of
images are formed slightly outside of the photon
sphere. There are no light rays coming from inside the
photon sphere because of the existence of the event
horizon. The effective potential of a light ray which
forms an image slightly outside the photon sphere is
shown in Fig. 2. As shown in the Appendix, we cannot
apply Bozza’s formula in Ref. [28] directly for the
spacetime in the Buchdahl coordinates. We define a
variable

o
7=1-2 3.6
r’ ( )

*Note that there is a photon sphere at r = —r, for 4y/3/9 <
a/m < 2+/5/5 also.

L - e e e e e B e LA S B B B B B p

0.2+

. hlm

r/m

FIG. 2. Effective potentials V for images slightly outside the
photon sphere with a/m = 0.4. Solid (red) and dashed (green)
curves denote the effective potentials V with b/m =
1.01b,,/m = 5.15 and with b/m = b,,/m = 5.10, respectively.
The reduced radial coordinates of the photon sphere, the closest
distance, and the event horizon are given by r,/m = 2.88,
ro/m = 3.15, and ry/m = 1.87, respectively. E is unity.

which is suggested in Ref. [41]. In the case of

a/m < 2+/5/5, by using the variable z, we can rewrite
Eq. (2.12) in

1
1) = [ Rem)femdz 67
where R(z,rg) and f(z,rq) are given by
R(z. o) 2 (3.8)
7, ry) = :
0 r5+a*(l —z)?
and
fler) =——— (39)
2,1g) = . :
RRV/IENTY
where h(z,rg) is defined by
1 [r2+d*(1-2z)
h(zorg)=— |04V T2 (1 _ )2
) = [P - -9
2mry(1 - z)? }
+ , 3.10
7§+ a?(1 = 2)? (310

where b(r;) can be expressed by

064022-4



GRAVITATIONAL LENSING BY TWO PHOTON SPHERES IN A ...

PHYS. REV. D 104, 064022 (2021)

(r§+ )i

b(ry) =+ .
T (R a2 - omi)

(3.11)

Note that we obtain h(0, ry) = 0. Since we are interested
in z ~ 0, we expand h(z,rg) in the power of z as

h(z,ro) = ¢1(ro)z + ea(ro)z” + O(2%),  (3.12)
where ¢;(rg) and ¢,(ry) are given by
2((2a% = 3r2)m + (a® + r2)
i) =24 ? 22 o] (3.13)
(a® + )
=2a* = 11a*r2 + 6rm — (a® + r? 3
cs(ro) = ( 0 ‘2’)1 ( ) (3.14)
(a* + rg):
From ¢y, = ¢ (ry,) = 0 and
3 2 (.2 —4 2
e = o) = SrmUm = da)m

(a® 4 %)z
the term I(ry) diverges logarithmically in the strong
deflection limit ry — r,, + 0. Here and hereinafter, func-
tions with the subscript “m” denote the functions at the
photon sphere ry = r,,. We expand ¢,(ry) and b in the
power of rg —r, > 0 as

c1(ro) = chm(ro = rm) + O((ro — rm)?) (3.16)

and

1
b(rO) = bm+_b;‘:l(r0_rm)2 + 0((}’0— rm)3)’

: (3.17)

respectively, where ¢/, by, and by, are given by

;o 6rm(r2 —4a*)m

: (3.18)

T (@R
(rh + a?)}
by =+ — 3.19
(r2 = 2a2)imz (3.19)
and
11
by = & m(m @) (3.20)

respectively. Notice that b, = 0 because »’ is obtained as

b=+

ro(rd + az)%cl

T ou 3 (3.21)
2[(rg + a*)2 — 2mrg)?
From now on, we concentrate on the positive impact

parameter b unless we explicitly state that we are paying
attention to the negative one.

We separate I(r) into a divergent part I, and a regular
part Ix. In the case of a/m < 2v/5/5, we define I, as

1
o= [ ROmoGd (322
0
where fp(z,ro) is defined as
folz.ro) 1 (3.23)
p\Z,Ty) = .
Vei(ro)z + ea(rg)2?
and R(0, r,) is obtained as
2
RO, ry) = ——=. (3.24)
i+ a?
As shown by Bozza [28], we can integrate I as
Iy = 2R(0, rin) log Vea(ro) +v/ei1(ro) + ea(ro) . (3.25)
c2(ro) ci(ro)

By using Egs. (3.15)—-(3.20) and (3.24), Iy in the
strong deflection limit ry — r, +0 or b — b, +0 is
expressed by

6rh(r2, — 4a?)
@+ RV =2

b

(3.26)
where a is given by
24 208
PR Gt s Vi (3.27)
rm\/ 3(rh, — 4a*)m
The regular part Iy is defined by
1
(o) = [ otz o)tz (3.28)
where ¢(z, ry) is given by
9(z.r0) = R(z,r0)f(z. 1) = R(0, rin) fp (2. 70),  (3.29)
and it can be expanded in the power of rq — r, as
=1 . [10g
o)=Y 5 o=y [ (S8 d (330
,Z:;J! o Orgl, .
and we are only interested in the first term:
1
Iy = / oz, r)dz. (331)
0

Usually, Iy is calculated numerically, and b is obtained as
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FIG. 3. Parameters @ and b of the deflection angle [Eq. (1.1)] in

the strong deflection limit for the images slightly outside of the
photon sphere in the case of a/m < 4v/3/9. Solid (red) and
dashed (green) curves denote @ and b, respectively.

- 6rh(r2 — 4a?)
N T

+Ii—n. (332

The parameters a and b of the deflection angle [Eq. (1.1)] in
the strong deflection limit are plotted in Fig. 3.
In the Schwarzschild spacetime case—i.e., a = 0—we

get b, = 3v3m, ry, = 3m,

b

m

and

IR:/1 <# 2>dz:210g[6(2—\/§)]. (3.34)
0 \zy/1-%

2z X
Thus, we obtain a = 1 and

b =10g[216(7 —4V/3)] — z ~—0.40,  (3.35)

which recovers the known results of the Schwarzschild
spacetime in Refs. [20,27,28,39].

B. Case of 4/3/9 < a/m < 2\/5/5

For 4v/3/9 < a/m < 2v/5/5, a wormhole has the pri-
mary photon sphere off a throat and the secondary photon
sphere on the throat, and an antiphoton sphere between
them. Three sets of infinite numbers of images are formed,
as shown below.

1. Images slightly outside of the
primary photon sphere (ISOP)

Figure 4 shows the effective potential of a light ray which
makes an image slightly outside of the primary photon
sphere. We can use the formulas in Sec. III A. Parameters a
and b in the deflection angle [Eq. (1.1)] for the images
slightly outside of the primary photon sphere in the strong
deflection limit are shown in Fig. 5.

2. Images slightly inside the primary photon sphere (ISIP)

Light rays which are reflected near the antiphoton sphere
form images slightly inside the primary photon sphere. The
effective potential of such a light ray is shown in Fig. 6. We

introduce a variable “z,” which is suggested in Ref. [35]:

,
=1--2, 3.36
r=1-"2 (336)

The smaller positive root of the effective potential caused
by the antiphoton sphere with b = b, is denoted by r = r..
Note that b, = b(r.) = by,. Here and hereinafter, functions
with the subscript “c” denote the function at ry = r.. By

€, 9

using “z,” we rewrite Eq. (2.12) in

r/m

FIG. 4. Effective potentials V for images slightly outside of the
primary photon sphere with a/m = 0.8. Solid (red) and dashed
(green) curves denote the effective potentials V with b/m =
1.01b,,/m = 4.71 and with b/m = b,,/m = 4.76, respectively.
The reduced radial coordinates of the primary photon sphere,
the antiphoton sphere, the closest distance of a light with
b =1.01b,, and the smaller positive root of the effective
potential with b= b,, are given by ry,/m=2.35, ry,/m=1.18,
ro/m = 2.63, and r./m = 0.917, respectively. E is unity.
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0.78 0.8 0.82 0.84 0.86 0.88

a/m

FIG. 5. Parameters @, b, ¢, and d in the deflection angles (1.1)
and (1.2) in the strong deflection limits for 41/3/9 < a/m <
2V/5 /5. Solid red and dashed green curves denote @ and b for the
images slightly outside of the primary photon sphere (ISOP),
respectively. Long-dashed cyan and dotted magenta curves
denote @ and b for the images slightly outside of the secondary
photon sphere (ISOS), respectively. Dot-dashed black and long-
dash—short-dashed blue curves denote ¢ and d for the images
slightly inside the primary photon sphere (ISIP), respectively.

r/m

FIG. 6. Effective potentials V for images slightly inside the
primary photon sphere with a/m = 0.8. Solid (red) and
dashed (green) curves denote the effective potentials V with
b/m =0.99b,,/m = 4.66 and with b/m = b,,/m = 4.76, re-
spectively. The reduced radial coordinates of the primary photon
sphere, the antiphoton sphere, the closest distance of the light
with b = 0.99b,,, and the smaller positive root of the effective
potential with b = by, are given by ry,/m = 2.35, ryps/m = 1.18,
ro/m = 0.913, and r./m = 0.917, respectively. E is unity.

1
1(ro) = / F(z ro)dz. (3.37)
Blro)
where f(rg) and F(z, ry) are given by
p=1-m (3.38)
ro
and
F(z, 1) 2 (3.39)
7,1)) = —F——, :
’ H(Zv 7"())
where H(z, ry) is defined by
rz 4+ a*(1=2)% [r2 +a*(1 —z)?
H(z,ry) = 2( ) 5 ( )
T'm b (}"0)
2mrd (1 —z)3
C(1 =g 4 2mrm(1=2) ] (3.40)
[ri + a*(1 = 2)*:
We expand H(z, rq) around z = 0 as
H(z. 1) = c3(ro) + ca(ro)z + c5(r0)z* + O(2°),  (3.41)
where ¢3(rg), c4(rp), and c5(ry) are given by
_Ghta? (5
C3(F0) = r[znbrzn ? -1, (342)
4a°(rk + a®) (b
c4(r0) __W<ﬁ_ 1>, (343)
2a*(rk +3a®) (b
et =225 ()
2 (2 _ 42
3mr(ry, — 4a*) (3.44)

(rm+a?):

Note that we obtain, in a strong deflection limit ry — r, — 0
orb—b,—0=>b, -0,

C3(r0) - 40, (345)
c4(ro) = =0, (3.46)
Bro) = 1= <0, (3.47)
es(ro) = Smrn(rn =40 (3.48)

(r2 +a*)?

Thus, the term /(ry) diverges logarithmically in the strong
deflection limit ry — r. — 0. We expand c3(ry) and b(r,)
in the power of ry —r. < 0 as

064022-7
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c3(ro) = che(ro = re) + O((ro = re)?) - (3.49)
and
b(rO) :bc+blc(r0_rc)+0(<r0_rc)2)7 (350)
respectively, where ¢, b., and b are given by
2(r2, + a*)?b..
Cgc = —W, (351)
2 22
be = by = AN (3.52)
(r2, — 2a%)2m>
and
1 3
bé = rC(rg + a2>4[(_3r% +32a2>m +} (r% + az)z] , (353)
(2 + @)} = 2mr}
respectively. Therefore, we obtain
2(r2, + a®)? b
=———(1-——). 3.54
C3¢ r[znbrzn bm ( )
We define the divergent term I by
1
Ip E/ Fp(z,ry)dz, (3.55)
Blro)
where Fp(z,ry) is defined as
2
Fp(z,rg) = = (3.56)
Ves(ro) + ealro)z+ es(ry)z
We can integrate I as [35]
2 C4+2C5+2\/C5(C3+C4+05)
Ip = log .
VG ey +2c5p +2v/cs(es + caf + csp?)
(3.57)

In the strong deflection limit ry—r.—0 or
b — b.—0= b, —0, by using the approximations

Cc3. t ¢
\/C50<c3c + C4cﬂc + CScﬂg) ~ _CSCﬂC (1 + ?’Czcigzcﬂc>
ScFc
(3.58)

and

b2 b

by o122 3.59

o 12(1- ) (359

and by using c¢3, [Eq. (3.54)], we obtain

4
Iy = ¢log (— —CCS:'HC>
JC

b
- —z1  ——
”’g( bm)

40,2 2
vt (R (1)) oo
where ¢ is given by
2 233
= 2(362r§1+_rn;>6;‘2)m _2a. (3.61)
The regular part I is defined by
Ix(rg) = /l G(z, ry)dz, (3.62)
B(ro)
where G(z, ry) is given by
G(z,ry) = F(z,1r9) — Fp(z, rg). (3.63)
We expand Ix(rg) in the power of ry — r. as
In(ro) = ;%(ro Y ﬂ(lrc) ‘Z_’g e @
and the first term
I = /ﬁ(l ) G(z,r.)dz (3.65)

is calculated numerically. The term d is expressed as

- 6rt (12, —4a?) r
d==¢l m\m Im _ 4 In — 7.
€0 <<r%1+a2>2<rﬁl—za2><rc >>+ RTE

(3.66)

Parameters ¢ and d in the deflection angle [Eq. (1.2)] for
the images slightly inside the primary photon sphere in the
strong deflection limit b — b, — 0 are shown in Fig. 5.

3. Images slightly outside of the secondary
photon sphere (ISOS)

For 4v/3/9 < a/m <2+/5/5, the wormhole throat
works as the secondary photon sphere at r = r,, =0,
and it reflects light rays to form images slightly outside
of the throat. The effective potential of the light ray which is
reflected by the secondary photon sphere is shown in Fig. 7.

The variable z [Eq. (3.6)] in a strong deflection limit
ro = ¢ + 0 = +0 would not work well, since the variable

064022-8
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02— 1T

0.0

-0.2+

12+

r/m

FIG. 7. Effective potentials V for images slightly outside of the
secondary photon sphere with a/m = 0.8. Solid (red) and dashed
(green) curves denote the effective potentials V with b/m =
1.01b,./m = 0.808 and with b/m = b, /m = 0.8, respectively.
The reduced radial coordinates of the secondary photon sphere
and the closest distance of the light with b = 1.01b are given by
re./m =0 and ry/m = 0.0604, respectively. E is unity.

z does not depend on r in the limit. Thus, we use not the
Buchdahl radial coordinate r but a standard radial coor-

dinate p = V7> + a*. Under the standard radial coordinate,

the line element is expressed as

2m(p* — a?)
e
dp?

_ 2m(p>—a?*) _ &

{1 ’ } (=5

P

dszz—[l— }dt2

+

Notice that the radius of the secondary photon sphere is
given by p = p,. = a. Here and hereinafter, functions with
the subscript “sc” denote the function at ry = r,.. By using

the alternative variable 7 defined by

-2

P

Z

the term / [Eq. (2.12)] can be rewritten by
1 - —
100) = [ k(z.p0)ez

where k(Z, pg) is given by

+ p*(d9? + sin?>9dg?).

(3.67)

(3.68)

(3.69)

where J(Z, pg) is defined by

J(Z,po) = [1 - M] {(2 -2)z

P}

(3.70)

2m _ _
221 = 4 (1 =2 -1 -2
0

and we expand J(Z,pg) around Z = 0 as

J(Z.po) = c6(po)Z + c7(po)Z* + O(2),

where c4(pg) and c;(p,) are given by

2(p3 — a?) m(5a* - 3p})
C6(PO) = Opz 1+ p3 2 )
0 0
2 2 4 2.2 4
—p5 +5a°  m(6p; — 38pza + 40a
c1(po) = Opz + (605 p? )
0 0
From
Cosc = 0,
4(a +2m)
Clse = —a

(3.71)

(3.73)

(3.74)

(3.75)

(3.76)

I(p) diverges logarithmically in the strong deflection limit
Po = Psc + 0. We separate I(p) as a divergent part I, and a

regular part /. We define I as

1
IDEA kD(Z,ﬂo)dZ,

where kp(Z, pg) is

2
V ¢6(p0)Z + c1(po)Z ’

kp(Z.po) =

and we obtain Ip as

. 4 log\/c—7-+\/c6+07

Ip =

NG V¢
By using
dC6 )
CG(,DO) = (,00 _psc) + 0((/00 _psc) )7

de Po=Psc

where

064022-9
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deg _4(a+2m)
d/)() Po=Psc a2
and
db
b= bsc + d_ (pO _psc) + 0((,00 _psc>2)7
P01 po=pyc

where by, = a and

db

_a+2m
dpy

’

Po=Psc a

we obtain the divergent part I as
b 4 2
Ip = —alog <— 1> + Zzlogm,
by, a
where

a
a+2m

Zl:

The regular part I is defined by

1
Ig EA kz(z, po)dz,
where kr(Z.po) is given by

kz(Z, po) = k(Z, po) — kp(Z, po)-

We expand I (pg) around py = pg. as

*. 1 (1 kg
Ir(po) = ) = (Po— P ’/ - dz,
'R( 0) ;]‘( 0 sc) 0 8,0{)

PO=Psc

and we are only interested in the first term,

1
IR:/ kR<Z7psc)dZ’
0

where kx(Z, psc) is given by

kR<Z7 psc) =z

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)

(3.88)

(3.89)

2 a 1 a
z2-2)Va+2m(1-27° z\Va+2m

(3.90)

The regular part I is calculated numerically, and b is

obtained as

- 4 2
b:alogM+1R—ﬂ.
a

(3.91)

Parameters a and b of the deflection angle [Eq. (1.1)] for
the images slightly outside of the secondary photon sphere
in the strong deflection limit b - b, +0=a+ 0 are
shown in Fig. 5.

C. Case of a/m > 2\/5/5

In the case of a/m > 2V/5 /5, the wormhole throat works
as the primary photon sphere. By reading ry in the
formulas of Sec. Il B3 as r,, we can use them. The
effective potential of a light ray to form slightly outside of
the primary image is shown in Fig. 8. Note that r,, = 0 and
b,, = a in this case. Parameters @ and b in the deflection
angle [Eq. (1.1)] for the image slightly outside of the
photon sphere or the wormhole throat in the strong
deflection limit ry —» r, +0 =40 or b—=>b,+0=a+0
are shown in Fig. 9.

When m = 0,

(3.92)

m

b
Ip = —log <b—— 1) + 2log?2,

and

(3.93)

02—

0.0 PanV ¢

-061

-0.8+

ol

I S S SO S S RSS!
-05 0.0 05 1.0

r’'m

FIG. 8. Effective potentials V for images slightly outside of the
photon sphere with a/m = 1. Solid (red) and dashed (green)
curves denote the effective potentials V with b/m =
1.01b,,/m = 1.01 and with b/m = b,/m =1, respectively.
The reduced radial coordinates of the photon sphere and the
closest distance of the light with b = 1.01b,, are given by
r/m =0 and ry/m = 0.0816, respectively. E is unity.
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a and b
(s

1 1.5 2 2.5 3

FIG.9. Parameters @ and b in the deflection angle [Eq. (1.1)] in
the strong deflection limit b — b, + 0 for the images slightly
outside of the photon sphere for a/m > 2v/5/5. Long-dashed
cyan and dotted magenta curves denote @ and b, respectively.

Thus, we obtain a = 1 and

b=3log2—x~—1.06, (3.94)

and we recover the deflection angle by the Ellis-Bronnikov
wormhole without the ADM masses in the strong
deflection limit obtained in Refs. [34,40,41]. See
Refs. [29,30,33,34,40,41,98] for the details of the gravita-
tional lensing in the strong gravitational field.

IV. GRAVITATIONAL LENSING IN THE STRONG
DEFLECTION LIMIT

We consider a lens configuration shown as Fig. 10. A
light ray with an impact parameter b emitted by a source S
with a source angle ¢ is deflected by a lens L with a
deflection angle a, and an observer O observes the image |
of the light ray with an image angle . We assume that S
and O are on the same side of a throat if the lensing object
is a wormhole. We also assume small angles a <1,
0=0b/Dy <1, and ¢ < 1, where D, is the distance
between the observer O and the lens L, and & is the effective
deflection angle of the light ray defined by

a=a mod 2x. (4.1)

Note that O and S are far away from the photon spheres.
The deflection angle is expressed by

a=a+2an, (4.2)

where 7 is the winding number of the light ray.

S I

)

FIG. 10. Lens configuration. A light with an impact parameter
b which is emitted by a source S with a source angle ¢, and which
is deflected by a lens L with an effective deflection angle a,
reaches an observer O. The observer O sees an image I with an
image angle 6. Distances between the observer O and the source
S, between the lens L and the source S, and between the observer
O and the lens L, are given by D, D), and D, respectively.

A small-angle lens equation [99] is expressed by

Dya = Dos(e_gb)’ (43)
where Dy, is a distance between the lens L and the source S,
and D,, = D + Dy is a distance between the observer O
and the source S. We define #9 by

a(60) = 2zn, (4.4)

and we expand the deflection angle a(6) around 6 = €9 as

a(0) = a(6°) + da

0—6%) +0((0-0%3).
0|, , O~ )+ 0(O=

(4.5)

We do not consider the primary and marginally unstable
photon sphere in the case of a/m = 2v/5/5.

A. Images slightly outside of the primary
and secondary photon spheres

We consider images slightly outside of the primary and
secondary photon spheres. In this case, we can follow
calculations in Ref. [28]. The deflection angle a in the
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strong deflection limit b — b, +0 (b — by +0) is
expressed by

a(0) = —alog (91— 1> +b

[So]

+0<(£— 1) log (%—1)), (4.6)

where 0, = b,/ D, (05 = by./D,)) is the image angle of
the primary (secondary) photon sphere. From Eqs. (4.4)
and (4.6), 6" is rewritten by

0 — (1 + e—) 0., (4.7)
From
da a
— = 4.8

and Egs. (4.2), (4.4), (4.5), and (4.7), the effective
deflection angle a(0,) for 6 = 0,, which is the positive
solution of the lens equation with the winding number n, is
obtained as

a

(3!(9”) = b-2m (02 - 9,,) (49)

Oe a

By substituting Eq. (4.9) into the lens equation (4.3), we
obtain

b=2an

eooeTDOS(e(r)L - ¢)
aD '

0u() ~ 0 — (4.10)

For ¢ = 0, this gives the image angles 6, of relativistic
Einstein rings,
O e "

7“1)&“)92. (4.11)

O, =60,0)~(1-
En n() < aD]S

The difference of image angles between the photon sphere
and the outermost image among those slightly outside of
the photon sphere is given by

S=0, — 0 ~ 00 — 07 =0, (4.12)

The magnification of the image angle with the winding
number 7 is obtained as

b=2an b=2an

02 Dys(1 +e7)e =
¢6_1D15

0, do,
¢ d¢

Note that the outermost image with n = 1 is the brightest
one among them. The sum of the magnifications of all the

Hn (4.13)

images and the sum of the magnification of images
excluding the outermost image are given by

0 02D (1 + % + bt
! ¢6_1D15(€47ﬂ - 1)

L (414)

n=1

2 4r b\ b-4z
= 0% Dys(e7 + €7 + ei)e s
~
n

H Z i
n=2 ¢aDls(84’7 -1)

. (4.15)

and the ratio of the magnifications of the brightest image to
the sum of the other images is obtained as

m (=1 )

00 21 4 b
n=2Hn €a +ea + ea

r=

(4.16)

B. Images slightly inside the primary photon sphere
We consider the case of the images slightly inside the
primary photon sphere, as well as Ref. [35]. The deflection
angle a in the strong deflection limit b — b, —0 is
given by

a(f) = —¢log (1 —9i> +d

[es]

vo(1-g e (1-55)). @

where 6, = b,,/D, is the image angle of the primary
photon sphere. From Egs. (4.4) and (4.17), 69 is rewritten by

0 — (1 - e@)ew. (4.18)
By using
da c
— = 4.19

and Egs. (4.2), (4.4), (4.5), and (4.18), we can express the
effective deflection angle @(@,) as

c

€ ¢

a(0,) = (4.20)

By substituting Eq. (4.20) into the lens equation (4.3), we
obtain the positive position

d=2mn
O ¢

Dos(e(r)t - ¢)
cD '

0u() ~ 0 + (4.21)

The image angles of relativistic Einstein rings are given by
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d=2an

O.e ¢ D
Opy ~ (1 4ol L os °S> 0.

4.22
cDy ( )

The difference of image angles between the photon sphere
and the innermost image among those slightly outside the
photon sphere is given by

d=2n

$5=0,—0,~0 —0% = —0e= . (4.23)
The magnification of the image angle given by
2D, (1 — ) e
/,[n ~ — (&) OS( e )e (4.24)

¢ED15

We notice that the innermost image with n =1 is the
brightest one among them. The sum of the magnifications
of all the images and the sum of the magnification of images
excluding the innermost image are given by

J 02D (1 + ¢ — ef) et

Sy = I=PeslL BT Z ety o)
n=1 ¢CDls(e? - 1)

S 62,Do (¢ + o — o)
Sy BPlE ST ()
n=2 ¢CD1s(eE - 1)

and the ratio of the magnification of the brightest image to
the sum of the other images is obtained as

N G Gl

D v Hn ¢

21 4 d
e: +ec — et

(4.27)

r=

V. GRAVITATIONAL LENSING UNDER
WEAK-FIELD APPROXIMATION

Under a weak-field approximation p > m and p > a,
the line element is given, in the usual radial coordinate p, by

2 2 2
ds* = —<1 ——m>dt2 + (1 +—m> (1 +a—2)dp2
p P P

+ p*(d9* + sin* 9dep?), (5.1)
which is the same as the Simpson-Visser spacetime with
K =0 and N =1 [71]. In this section, we consider both
positive and negative impact parameters.

A.m#0

When the ADM mass is nonzero, m # 0, the deflection
angle is given by [69-71]

4m
a~—.
b

(5.2)

By using Egs. (4.2), (4.3), and (5.2), and § = b/D,;, the
reduced image angles 0= 910 with the winding number
n = 0 are obtained as

~ ~ 1 /A ~
0.0(¢) =§<¢i \/ ¢2+4>,

where we define 8 = 0/0g, and ¢ = /0, where Oy, is
the image angle of the Einstein ring given by

4mDi
Opo = 0,0(0) = \/D Dll'
0s 0.

Here and hereinafter, the upper (lower) sign is chosen for
the positive (negative) impact parameter. The magnifica-
tions of the images are given by

(5.3)

(5.4)

Miofgdéio
¢ do
1 ) P +4
Va0
an

TP T D@L 53)

The total magnification of the two images is obtained as

Howot = |ﬂ+0| + |/"—O|

1( & r?>2+4>
= ).
2\ +a 0

B.m=0

For the vanishing ADM mass m =0, the metric
corresponds to the Ellis-Bronnikov wormhole, and the
deflection angles of light rays are given by [100]

2

~r I
4

(5.7)

By using Egs. (4.2), (4.3), and (5.7), and 0 = b/D,
and

ma*Dy, \ 3
Og= | — | 5.8
o= (702%) (5:5)
the lens equation is expressed by
& — 0P = +1. (5.9)
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The lens equation has a positive solution & = 9+0 and a

negative solution 0= 9_0. The magnifications of the
images are given by

0%
@ F 1)@ £2)°

Hio = (5.10)

The details of the gravitational lensing by the Ellis-
Bronnikov wormhole with vanishing ADM mass under
the weak gravitational field were investigated in
Refs. [100].

VI. DISCUSSION AND CONCLUSION

A black-bounce spacetime suggested by Lobo et al. [76]
forms two photon spheres which can be observed by an
observer in the parameter region 4v/3/9 < a/m < 2v/5/5.
We apply the formula in the strong deflection limits to a
supermassive black hole candidate at the center of our
Galaxy. As shown in Table I, the images slightly inside the
primary photon sphere are several dozen times brighter
than the ones slightly outside of the primary photon sphere.

TABLE L

The images slightly outside of the secondary photon sphere
are quite fainter than the other images.

For simplicity, we concentrate on only positive impact
parameters or image angles in the strong deflection limits.
Notice that the lens equation (4.3) with the winding number
n > 1 has a negative solution @ ~ —6, foreach n > 1, and it
makes a pair together with the positive image angle 6,,. The
diameter of the pair of the images is given by 20,. The
magnification of the negative image angle is given by —pu,,
approximately. The total magnification of the pair of
images is obtained as o ~ 2|p,]-

We also note that the observation of the center of galaxy
MS87 by the Event Horizon Telescope Collaboration
[2,101,102] implies that a large deviation from the
Schwarzschild metric and Kerr metric is excluded. If we
assume that the observed shadow size is the same as the
size of the primary photon sphere, the critical impact
parameter must be within 4.31 < b,,/m < 6.08 at 68%
confidence levels. Figure 11 shows that a Schwarzschild
black hole for 0= a/m, a regular black hole for

0 < a/m < 4+/3/9, a wormhole with two photon spheres
for 4v/3/9 <a/m <2v/5/5, and a wormhole with a

Observables in the strong deflection limits for given a and m. Parameters @, b, ¢, and d in the deflection angles [Eqgs. (1.1)

and (1.2)], the diameter of the photon sphere 26, the diameter of the brightest image 26, the difference of the radii of the brightest

image and the photon sphere S = 6

shown for the case of D, = 16 kpc,
a, = 4(2/7)"*(DyDy/ Doy) Vi =

Dol = Dls =8 kpC

— 0, the magnification of the pair of the brightest images . (¢)
angle ¢ =1 arcsecond, and the ratio of the magnification of the brightest image to the other images T = y;/
Here,

~2|uy| for the source

>® o, are
m, and a, are defined as m,=4x10° My and

7.2 x 10° km, respectively. Both the Ellis-Bronnikov wormhole with m =0 and a = a,,

and the black hole and wormhole spacetimes with m = m,, have the same diameter of Einstein ring, 26y, = 2.86 arcsecond. ISOP,
ISOS, and ISIP denote the images slightly outside of the primary photon sphere, the images slightly outside of the secondary photon

sphere, and the images slightly inside of the primary photon sphere, respectively. Note that 6, (ISIP) = 6, (ISOP).

a 0 0.5m, 0.75m, 0.77m, 0.8m, 0.83m, 0.86m, 0.9m, 3m, 10m, a,

m m, m, m, m, m, m, m, m, m, m, 0

a(ISOP) 1.00  1.08 1.28 1.31 1.39 1.50 1.72 0.56 0.78 0.91 1.00

a(ISOS) e e E 0.53 054 054 0.55 E e e e

¢(ISIP) . .. o 2.6 2.77 3.00 3.43 o .. . ..

b(ISOP) -040 -046 -0.73 -0.79 -095 -122 -1.87 -0.52 —0.65 —-0.88 —1.06

b(1SOS) e -0.52 052 -052 -0.52

ZZ(ISIP) 4.18 3.86 3.30 1.97
0., (ISOP) [pas] 51.58 50.02 47.53 47.23 46.74 46.16 4548 8.934 29.78 99.27 1.203 x 10*
0 (ISOS) [pas] e e e 7.644 7941 8239  8.537 e e e e

29E1 (ISOP) [uas] 51.65 50.12 47773 4745 46.99 4647 4587 8.934 29.78 99.31 1.204 x 10*

20g (ISOS) [pas] 7.644 7941 8239  8.537

20g; (ISIP) [pas] e e e 26.07 2724 29.08 3251 e e e e

5(ISOP) [pas] 0.032 0.048 0.098 0.11 0.13 0.16 020 22x107 1.9x1073 0.020 3.9

§x 10%(ISOS) [uas] 9.5 12 14 18

S(ISIP) [uas] - R - -10.6 -9.75 -8.54 —6.49 e .- - e

(@) x 1017(ISOP) 1.6 2.2 3.6 3.8 42 4.7 51  35x10%  0.072 21 45x10*

(@) x 1021 (ISOS) - e e 13 1.7 2.1 2.7 ..

let((ﬁ) X 1017(ISIP) 102 93 80 60

£(ISOP) 535 344 137 119 922 652 38.1 791 x10* 3.33x10® 975 535

f x 1074(ISOS) 15.0 12.7 10.9 9.47 e

£(ISIP) 570 524 4.67 3.89

064022-14



GRAVITATIONAL LENSING BY TWO PHOTON SPHERES IN A ...

PHYS. REV. D 104, 064022 (2021)

b/

FIG. 11. The impact parameters for photon spheres. Solid (red)
curve denotes the specific impact parameter b, /m of the primary
photon sphere as a function of a/m. The specific impact
parameter by./m of the secondary photon sphere is also shown
as a dashed (green) line. Dotted lines show the upper and the
lower bounds 4.31 < b,,/m < 6.08 for the observed shadow at
the center of M87.

photon sphere for 4.31 <a/m < 6.08 could survive.
However, the effects of the throat on the shadow may
have subtle problems, and we would need simulations to
treat them.

As shown in this paper, in the spacetime suggested by
Lobo et al. [76], the wormhole throat acts as a photon
sphere when another photon sphere is outside of the throat.
This is not a general property for static and spherical
symmetric wormholes with reflection symmetry. The
throats of a Damour-Solodukhin wormhole [67] and a
wormhole in the Simpson-Visser spacetime [68] act as an
antiphoton sphere when there is a photon sphere outside of
the throat. Thus, the shadow images and gravitational
lensing by multiple photon spheres in strong deflection
limits are not universal properties for reflection-symmetric
wormholes. Moreover, while we have focused on the
photon spheres, we should remember that shadow and
light ring images can be formed in spacetimes without
photon spheres [38,103,104].

We mention that our work does not calculate all the lens
configurations in the spacetime. If a light source is on a
different side of the wormhole throat, images are formed
inside the throat. In this case, one may use an exact lens
equation investigated by Perlick [29,33], or one may use an
approximate lens equation with the deflection angle in a
strong deflection limit [34]. However, the errors caused by
the approximation under the lens configuration has not
been studied.

We do not consider the gravitational lensing by a
marginally unstable photon sphere for a/m = 2+/5/5. In
this case, we cannot use Eqs. (1.1) and (1.2), since the
deflection angles do not logarithmically diverge in the

strong deflection limit. We can use formulas in Ref. [37] for
the lensed images slightly outside of the marginally
unstable photon sphere, but we cannot use them for images
slightly inside the marginally unstable photon sphere. The
latter case is left as one for future works.

APPENDIX: VARIABLE z AND ITS
ALTERNATIVES

Bozza [28] introduced a variable to formalize the
deflection angle of light in a strong deflection limit
b — b, + 0 in a general static and spherical spacetime,
in the signature (+,—, —, —):

9u(r) = gu(ro)

1= g,(ro) ’ (A1)

R8)(+mmm) =

which is correspondent with the following, in the signature
(= +. 4. +):

o _gn(r) + gtt(rO) )

() T T + g,(ro) 2

For the line element (2.1), we obtain
A—-A, . rN +a?N 57 r\K
2[28](= 4,4 t) = 1 —Ao - 72N + a2V P~ .
(A3)
The derivative of z5g)_ 4 4 +) With respect to r is given by

(r(Z)N + a2N)% rK—l(KaZN _ er)
(N + azN)%H ’

(A4)

dZ[zs](—,+.,+,+)

K
dr ry

The variable zpg(— 4 4 4) for K # 0 is not suitable for a
strong deflection limit analysis, since it is not a monotonic
variable when r runs across r = Ka. Thus, we cannot
apply Bozza’s formula directly for the spacetime with
K # 0 in the Buchdahl coordinates.

Nascimento et al. [69] have investigated gravitational
lensing in the strong deflection limit in the Simpson-Visser
spacetime in a signature (—, +, +,+) with K =0, N = 1,
and m > 3a by using an alternative variable

o

z=1—-——,
.

(AS)

which is suggested by Tsukamoto in Ref. [41]. This
variable works in the Simpson-Visser spacetime, as shown
in Ref. [69].

In Ref. [71], Tsukamoto has investigated the strong
deflection limit analysis in the Simpson-Visser spacetime in

064022-15
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a signature (—,+,+,+) with K =0, N=1, and any
non-negative parameters m and a. We notice that the
definition of the variable in Ref. [71] has a typo which
does not affect the other equations. We should read
Eq. (3.1) in Ref. [71]

i(r) = gu(ro) Vo +a
N e

as

_gn(r) + gtt(rO) _

r5 + a?
1+gtt<ro) .

NeEs

z (A7)

By inserting K =0 and N =1 into Eq. (A3), we can
recover Eq. (A7). In the Simpson-Visser spacetime, the
variable (A7) also works well in the strong deflection limit
analysis, as shown in Ref. [71]. Notice that the variable z
[Eq. (A7)] in Ref. [71] corresponds with Z [Eq. (3.68)] in
this paper.
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