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Particle motion around a static axially symmetric wormhole
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We consider the properties of a static axially symmetric wormhole described by an exact solution of
Einstein’s field equations and investigate how we can distinguish such a hypothetical object from a black
hole. To this aim, we explore the motion of test particles and photons in the equatorial plane of the
wormhole’s space-time and compare it with the particle dynamics in the well-known space-times of
Schwarzschild and Kerr black holes. We show that precise simultaneous measurement of test particle
motion and photon motion may provide the means to distinguish the wormhole geometry from that of a

black hole.
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I. INTRODUCTION

In recent years, there has been great interest in studying
and probing properties of astrophysical black holes due to
the direct detection of gravitational waves from close
binary mergers by the LIGO and Virgo collaborations
[1-7], observation of the first image of the shadow of a
supermassive black hole candidate in the center of elliptic
galaxy M87 by the Event Horizon Telescope Collaboration
[8], and the study of the motion of stars and hot spots
around the supermassive black hole Sagittarius A* (Sgr A*
for short) at the center of the Milky Way galaxy [9,10].

However, the precision of the measurements collected
thus far is still not sufficient to tell whether some other
kinds of objects with more exotic properties may also exist
in the Universe. Wormholes are unquestionably among the
most fascinating theoretical exotic objects that have been
studied [11]. Most of the known wormhole space-times,
starting with the original work by Einstein and Rosen [12]
or the well-known Ellis solution [13] and Morris-Thorne
solution [14], are spherically symmetric (see also [15-18]).
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Interestingly, in recent years the possibility that the super-
massive black hole candidates at the center of galaxies may
in fact be such wormholes has been considered by several
authors [19-25]. However, it is not widely known that
axially symmetric wormholes exist as well [26-28].
Static, axially symmetric vacuum solutions of Einstein’s
equations play an important role in our understanding of the
role played by the mass quadrupole moment in astrophysi-
cal compact objects (see [29-35]). The properties of
solutions describing the gravitational field in the exterior
of a static massive object with a quadrupole moment have
been widely studied [36—41]. Among these solutions the
most important one is arguably the Zipoy-Voorhees (ZV)
metric, also known as the y metric [42,43]. The importance
of the y metric is indicated by the fact that the line element
is continuously linked to the Schwarzschild line element
through the value of one parameter, y, describing the
departure from spherical symmetry. For this reason the
properties of the y metric, in connection with the possibility
of distinguishing the space-time from the Schwarzschild
black hole, have been extensively studied (see [44-53]).
In [54] it was shown that known axially symmetric
vacuum solutions such as the y metric may be used as the
seed to construct new solutions that describe wormholes.
These wormhole solutions present ring singularities that
can be viewed as the throat of the wormhole. The usual
matching procedures can be employed to replace the ring
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singularities with thin massive rings of negative tension,
thus allowing for geodesics to cross from one asymptotic
region to another.

In this paper we explore the observational properties of
the wormhole solution discussed in [54] by using the y
metric as the seed and investigate the trajectories of massive
particles and photons in the vicinity of the throat. By
comparing the results with known results for black holes
and the y metric, we investigate the possibility of distin-
guishing such solutions via astronomical observations.

Motion of particles in the vicinity of massive compact
objects is a well-known tool to probe the properties of the
geometry in the exterior of such compact objects. Particle
dynamics in the space-time of various gravitating compact
objects have been extensively studied in the literature; see,
for example, our recent papers [55-62]. We also refer the
reader to some valuable works devoted to the investigation
of the properties of space-time around various wormhole
solutions [63,64].

The article is organized as follows: In Sec. II we describe
the axially symmetric wormhole space-time obtained in
[54] from the y metric. Sections IIT and IV are devoted to the
study of the motion of test particles, photons, and gravi-
tational lensing in the given space-time. Finally in Sec. V
we briefly discuss the implications of the obtained results
for astrophysical compact objects.

Throughout the paper we make use of natural units
setting ¢ = G = 1.

II. WORMHOLE METRIC

The most general line element for a static axially
symmetric, vacuum solution of Einstein’s equations, in
cylindrical coordinates {t,p, z, ¢} takes the form [65-67]

ds? = —e?Vdi? 4 WU (dp? + dz?) + p*e~2Vdg?, (1)

and the field equations for the two unknown metric
functions U(p, z) and W(p, z) reduce to

v,
U,pp+ p +U, =0, (2)

W,p = p(U,zp - U,2z)v W.= sz,pU,zv (3)
where we use the notation 9X/0x = X ,. Since U does not
depend on ¢, the first equation is immediately recognized
as a Laplace equation in flat space in cylindrical coordi-
nates. Once a solution of Eq. (2) is given, the remaining
equations are immediately solved. Therefore, there is a one-
to-one correspondence between solutions of the Laplace
equation and static axially symmetric vacuum space-times
and, in principle, all metrics of this class are known.

In particular, the y metric is obtained from the solutions
of Egs. (2) and (3) given by

v, (R, +R_—m
U =TI+ — 4
(.2) 2n<R++R_+m ’ “)
2 [(Ry +R.)?>—4m?
W(p,z)231n< * R R ) (5)
+ -

with

R, =\/p*+ (z£m), (6)

and the Schwarzschild metric is recovered in the limit when
y = 1. By performing the transformation of coordinates

7 =rcoso, (7)

p=\Vr*—m?siné, (8)

we can write the y metric in the form

— 4 — e
ds? —_<:+m> dr + (r m) a2, (9)
m r+m

with
2 _ m2cos20\ -7
di = <%> [dr? + (> = m?)do”]
+ (r* — m?)sin®0d¢>. (10)

One can show that for the y metric a curvature singularity
appears at r = m when y # 1, which corresponds to the
infinite redshift surface. On the other hand, the radius r = m
corresponds to the event horizon of the Schwarzschild black
hole (BH) when y = 1. Notice that the radial coordinate r
employed here is not the Schwarzschild-like coordinate r;
that is usually employed in the description of the y metric.
This can be easily seen by taking y = 1, which must reduce to
the Schwarzschild geometry. From this we see that r is
simply a translation of the Schwarzschild-like coordinate
given by

r=r,—m, (11)

for which the singularity of the y metric is shifted from r, =
2mto r = m.

The procedure to obtain the wormhole space-time start-
ing with the y metric was already presented in [42,43], and
it involves a rotation of the parameters m and y in the
complex plane. By applying the transformation

m=ip, (12)
y = io, (13)

the field equations become complex but, remarkably, the
solutions remain real. In fact, we obtain
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U = otan™ (i) (14)

2 2 2002
Wzd—ln r+//lCOS€’
2 r? + p?

(15)
and the space-time metric that describes wormholes is then
given by the line element
_ 2 4 uPcos?d\
ds* = —e?Vdi? + 72V [(2 5 >
r+pu

X [ + (P + 1) d6] + (1 +ﬂ2>sm29d¢2} - (16)

This is the standard form of the oblate Zipoy-Voorhees
solutions that were already given in [42,43]. The metric in
this form describes a wormhole with two asymptotically
flat regions for r — oo which are connected by a throat at
r =0. Notice that the metric is Ricci flat and the
Kretschmann scalar K = R(WSR“/}” is given by

K 64u2 02 totan™ (r/n) (%yw A .
= (/42 + r2)2('u2 cos 29+ﬂ2 + 21"2)3 >

where

A= p*(c* + 56> + 1) + 6r* — 12073
+3u*(36% +2)r* = 3u’6(6® + 3)r — u? cos 20
x [ (c* — 6> + 1) + 36%r* = 3uc(c? — 1)r].

One can easily check from the form of the Kretschmann
scalar to see that on the equatorial plane (0 = z/2) the
denominator of the expression tends to zero when r — 0.
Therefore, the space-time possesses a ring singularity at
r = 0 in the equatorial plane. By a standard cut-and-paste
procedure, the ring singularity can be replaced by a massive
thin ring with negative tension that joins the two wormhole
regions [54]. Also, it is easy to notice that the metric in the
form given in Eq. (16) does not reduce to Minkowski
space-time for r — F-00; however, this may be achieved by
making a simple rescaling of the coordinates ¢ and r, and
the geometry is asymptotically flat.

One should point out that the line element (9) can also be
made a wormhole using a cut-and-paste procedure with
another identical line element at the singularity, which must
then be replaced by a matter distribution. However, this is
not as natural a construction as the one obtained in [54],
where the complex rotation of the parameters gives rise to
quadratic equations for the functions involved. Then by
taking the positive and negative roots one sees that these
can be glued continuously at the wormhole’s throat, thus
effectively allowing for the radial coordinate to run from
—oo to +oo. This makes clear that the metric functions

obtained by the complex rotation describe two separate
asymptotically flat regions connected by a throat, i.e., a
wormhole, where both portions of the geometry are
obtained from the same symmetry transformation.

From the above one can see that the structure of the
wormbhole space-time with line element (16) differs from
that of the y metric given by the expressions (9) and (10).
This can be made more clear by investigating radial photon
motion in the two space-times. We know that for the y
metric the singular surface r = m is infinitely redshifted
when y > 1, while the singularity is naked; i.e., photons
take a finite amount of time to reach any observer when
y < 1. On the other hand, a similar investigation for the ZV
wormbhole shows that the curvature throat at r = m is naked
for any value of o.

A. Komar integrals

How would distant observers measure the mass of the
ZV wormhole? In order to answer this question we employ
the Komar integrals, which are a standard tool to determine
the mass and the angular momentum as seen by a faraway
observer in a given geometry. These integrals are defined
for stationary and axially symmetric space-times, which
must be asymptotically flat. Then mass and angular
momentum of the gravitating massive object for faraway
observers are given by

1
M=— [ dr\/gPny VK",
4717/02 TVET

1
J=—— [ dr*\/gPny V'R, 18
o |4y, (18)
where n, is a timelike normal unit vector (n,n" = —1),

while y, is a spacelike normal vector (y,* = 1). Also, K*
is the timelike killing vector associated with time invariance
and RY is the Killing vector associated with rotation

invariance about the symmetry axis, and /g® is the
determinant of the metric on the two-dimensional surface
of constant ¢ and constant r at infinity. Since the space-time
is static, it is clear that one must have J = 0. To evaluate M
we use the normal vectors n, and y,, which are given by

n, = (-eY,0,0,0), (19)
~ 72 —l—u2c0529 (1+6%)/2
o <0,e U[W] 0, o), (20)
SO we get
20 tan~! (r/p) 2 20 2\ 2!
. Hoe H-cos“ 0 +r 2
ny, V'K = I ( R ) (21
H-+r H-+r

064016-3



BAKHTIYOR NARZILLOEV et al.

PHYS. REV. D 104, 064016 (2021)

The line element for the surface of constant ¢ and r is
W2+ 2 (utcostl 4 2\ ot )
- do
p2otan (r/p) /42 + 72

+ sin?0(u? + r2)e 20w (/u) g2 (22)

ap =

from which we obtain g = det(g,;) as

sin O[u*cos*0 + | (pcos*d + r? =5l
- 2otan! T3 . (23)
e2otan™ (r/p) W2t
Therefore, the Komar integral (18) reduces to
Ho 2z [z
M==— sin@dld¢ = po. (24)
477: 0 0

This is consistent with the interpretation of the active
gravitational mass of the y metric (9), which is given
by M = my.

III. TEST PARTICLE MOTION

In this section we aim to investigate whether and how a
distant observer that detects a compact object of mass M
would be able to tell if the object is a black hole (Kerr or
Schwarzschild), a deformed exotic compact object (such as
the y metric) or a wormhole (in this case the axially
symmetric one given by the ZV solution). Toward this aim
we investigate the motion of test particles in the space-time
of the wormhole with the metric given in Eq. (16) and
compare it to the other sources.

To begin with, we consider the comparison with the
Schwarzschild black hole since both are static solutions and
show that the two space-times produce different orbits for
particles. We then compare the obtained results to that in
the Kerr space-time since both space-times have one
parameter in addition to the mass and investigate the
conditions for these two metrics to mimic each other in
terms of particle dynamics. Notice that in making the
comparisons we will need to employ the coordinates used
in the line element (16) instead of the usual Boyer-
Lindquist coordinates.

For the derivation of the equations of motion for test
particles we use the well-known Hamilton-Jacobi equation
that reads

aS oS

ap i
Ox* OxP

—k, (25)

where S defines the action for the test particle, x* are the
coordinates, and k = m?, i.e., the square of the mass of the
test particle. Notice that the equation also holds for
massless particles, i.e., photons, for which k = 0. Since
the metric of the given space-time is independent from the
coordinates ¢ and ¢, the particle orbiting the wormhole has

two conserved quantities related to time translations and
rotations—namely, the energy £ and angular momentum L.
As a consequence the action for the particle can be written
in the following form:

S=—-Et+Lp+Sy+S,. (26)

Here Sy and S, are functions of r and 6 only.
The equation of motion for the test particle then reads
_e*Ycsc

e eV (0S,\2 (pPcos?l + 2\ o

98\ 2 [ u2cos?f + r¥\ —o'~!
2w [(99r _e gL (27
S

2U 29

—K

where we used the notation & = E/m,, and £ = L/m,, for
the energy and angular momentum of the particle with unit
mass, k = | for massive particles, and x = O for massless
particles.

In the following we will focus on the motion of test
particles on the equatorial plane 6 = z/2, thus setting

6 = 0. Then the equation of motion can be written in the
form % + V(r) = 0, where the effective potential Vg is

given by

&2 5 eZatan‘l (r/p)

Veff(r) =1- (28)

e2otan™ (r/u) +L M2 42

The radial behavior of the effective potential is shown in
Fig. 1 for different values of the deviation parameter ¢ in
comparison with the corresponding cases for the y metric

&=1,L=3, m=p

rlu

FIG. 1. The radial dependence of the effective potential Vg (r)
for massive test particles in the equatorial plane of the ZV
wormhole, with given energy £ and angular momentum £ per
unit mass, for a fixed ¢ and various values of the deviation
parameter o (black lines) is compared to the effective potential for
massive test particles in the equatorial plane of the y metric for a
fixed m and various values of the deformation parameter y (gray
lines). Notice that the case y = 1 corresponds to the Schwarzs-
child black hole.
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M=ou=1

M=ou=1

Schwarzschild

Schwarzschild |

..... - o=1 1

rlu

rlu

FIG.2. Top row: radial dependence of the energy (left panel) and angular momentum (right panel) for test particles moving on circular
orbits for a fixed gravitational mass M = ou = 1 in the ZV wormhole geometry with various values of ¢ compared to the Schwarzschild
space-time (solid line). Bottom row: radial dependence of the energy (left panel) and angular momentum (right panel) for test particles
moving on circular orbits in the ZV wormhole geometry compared to the y metric for fixed values of 4 = m and various values of ¢ and y
(with y = 1 corresponding to Schwarzschild). Remember that the usual Schwarzschild radial coordinate is given by r, = r + M,
therefore, the photon sphere for Schwarzschild is given by r = 2M. We notice that the energy of particles on circular orbits is always
larger for the wormhole with respect to the black hole. Correspondingly the angular momentum is always lower for the wormhole with

respect to the black hole.

and Schwarzschild (y = 1). As expected, at large distances
the behaviors tend to become increasingly similar. At the
same time, the wormhole geometry is significantly different
from the black hole and the y metric at shorter distances for
every value of the parameter o. In particular, and unlike the
case of the y metric, the case of ¢ = 1 does not reduce to a
known spherically symmetric geometry. This suggests that
from the motion of test particles around a central gravi-
tating object it is, in principle, possible to distinguish the
wormhole from a black hole or a static and axially
symmetric compact object.

We aim now at studying circular orbits, as they are well
suited to approximating the orbits of particles in accretion
disks, and, in particular, we wish to determine the value of
the innermost radius for which stable circular orbits are
allowed. For the trajectory of the particle to be circular, the
conditions 7 = # = 0 must be satisfied. These conditions

translate into the corresponding conditions for the effective
potential, namely,

Vete (r) = Vige(r) = 0, (29)

from which one can obtain expressions for the energy and
angular momentum of the test particle on a circular orbit as

[r—op _. .
E=,|—Leotan(r/n) 30
r—20'/,te (30)

2 2
J LG P} (31)

r—2ou

The radial behaviors of the energy and angular momen-
tum of the particles are plotted in Fig. 2. It is clearly seen
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that particles on circular orbits have larger energy with
respect to corresponding particles in the Schwarzschild
space-time and that increasing the deviation parameter ¢
results in an increase of the energy of the particle at any
given circular orbit. Similarly, test particles or circular
orbits in the equatorial plane of the ZV wormhole have
lower angular momentum with respect to particles orbiting
the Schwarzschild black hole, and an increase of the value
of o results in a reduction of the angular momentum of the
particle. Also, notice that, as happens for Schwarzschild,
the energy and angular momentum per unit mass of the test
particles on circular orbits diverge in the limit r — 2oy,
which corresponds to the photon capture radius (remember
that for Schwarzschild the photon capture orbit is given by
ry = 3M, which corresponds to r = 2M).

The minimum of the effective potential for given values
of £ and L corresponds to the radius of the stable circular
orbit. Then it is easy to see that circular orbits can exist only
within certain ranges of r and the smallest radius, called
the innermost stable circular orbit (ISCO), is important in
the study of astrophysical sources because it determines the
distance from the central objects where the accretion disks
end. In the case of the ZV wormhole the location of the
ISCO radius depends on the value of the parameter o. Such
behavior is similar to the case of the Kerr metric, where the
location of the ISCO depends on the angular momentum
parameter a; in the case of Kerr an increase of the rotation
parameter a for a corotating disk makes the ISCO radius
move closer to the black hole. Using the Egs. (29) to obtain
& and L for a particle in a circular orbit, the condition in
which the particle is at the ISCO is then given by

Vi (r) =0,
which gives the quadratic equation
r? — 6our + (46 — 1)u* = 0, (32)

from which we find the ISCO radius as

risco = 36,“ :l: \/ 562ﬂ2 + ,Mz. (33)

It is useful to point out here that when we make an inverse
mapping, i.e., o — ym, we obtain the expression for the
ISCO radius for the y metric that, in our coordinates, reads
risco = 3ym & /5y>m?* — m?. As shown, for example, in
[52] the y metric has two locations for the marginally stable
circular orbits, which we may call the inner and outer
ISCO. However, for certain values of y one of these radii is
not physical. For example, when y = 1 we have rigco =
Sm and rigco = m, so that the first solution gives the ISCO
radius of the Schwarzschild BH while the second one gives
the Schwarzschild horizon. In general for oblate sources
(y > 1) only the outer ISCO is physical as the inner ISCO is
located below the singularity. On the other hand, for prolate

sources the inner ISCO can become physical. In fact, for

1/V/5 <y < 1/2 there are two radii at which particles can
circularize, which suggests the occurrence of repulsive
effects in the vicinity of the singularity (see [52] for details).

As in the case of the Kerr space-time, we see that the
location of the ISCO of the ZV wormhole depends on o.
For the ZV wormhole metric (16) a decrease in the value of
the deviation parameter ¢ produces an effect similar to the
increase of the rotation parameter a of a Kerr black hole,
1.e., it makes the ISCO radius smaller.

With the use of the three conditions above one may
obtain the dependence of the ISCO from the deviation
parameter as in Eq. (33). This is shown in the left panel of
Fig. 3 in comparison to the case of the Kerr black hole,
where the ISCO depends on the angular momentum
parameter a. We notice that the ranges of radii for the
ZV wormbhole for small values of ¢ are comparable to the
radii allowed for the ISCO in the Kerr geometry with a
corotating disk. Knowing the dependence of the ISCO
radius on the rotation parameter a of the Kerr metric, one
can plot the degeneracy between the rotation parameter a
and the deviation parameter ¢ of the wormhole such that the
values of the ISCO radii coincide.

However, one needs to take into account the fact that in
general relativity the choice of coordinates is arbitrary and
has no real physical meaning. Therefore, it makes sense to
compare the results for values of scalar quantities related to
the characteristic orbits. For example, in our case one can
choose the distance of the ISCO orbit from the origin,
which is defined as the radius of a circle with the circum-

ference given by
27
l(/) = / dS(/,,
0

where ds, = */g¢¢|r:rlscod¢ is the? line element.for con-
stant r, @ = /2, and t. Since axially symmetric space-
times do not depend on the angular coordinate ¢, the ISCO
location becomes

Ly
Risco = i = VI r=rigeo- (34)

With this definition one can compare the properties of the
ZN wormhole and Kerr black hole in a manner that does not
depend on the coordinate choice. The relation between the
location of the ISCOs in the Kerr geometry and the ZV
wormhole is shown in the right panel of Fig. 3. It is
immediately clear that the effect of the deviation parameter
of the ZV wormhole can mimic the spin of the Kerr black
hole producing the same radius for the inner edge of the
accretion disk around an astrophysical compact massive
object.

Therefore, we conclude from the observation of only the
accretion disk around a compact object of known mass M
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S 0.4 4
So L 1
\\ L
~
2t . i I
AN 0.2} ,
N L
N
N
N
\\ L 4
1 o 1 1 1 1 N 0'0 C 1 1 1 1 1 -
0.0 0.2 0.4 0.6 0.8 0.3 0.4 0.5 0.6 0.7
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FIG. 3. Comparison between the ISCO in the ZV wormbhole space-time and Kerr black hole. Left panel: value of the ISCO radius (in

the rescaled coordinates) as a function of ¢ for the ZV wormhole (solid line) and a for Kerr (dashed line). Right panel: degeneracy
between the ZV wormhole and the Kerr black hole. The curve shows how the deviation parameter of the ZV wormhole can mimic the
effect of the spin of the Kerr black hole, providing the same ISCO location of test particles, which in turn defines the inner edge of the
accretion disk around the astrophysical compact object. Note that the plot is obtained for sources with the same gravitational mass M as

seen by distant observers.

that if we are able to determine the value of the ISCO
radius, we may not be able to determine with certainty that
the object must be a Kerr black hole, since there is a value
of ¢ for which the ZV wormhole would exhibit the same
radius of the ISCO.

To complicate things further, observations cannot mea-
sure the ISCO location directly but instead measure other
properties related to the intensity or spectrum of the light
emitted by the disk. For example, observations can deter-
mine the radiative efficiency of the system at the ISCO [68].
Therefore, it is worth checking to see whether the ZV
wormhole can provide the same radiative efficiency as the
Kerr black hole. The radiative efficiency of the disk around
a massive object is given by the expression

n=1-&gco.

where Egco is the specific energy of a test particle
determined at the ISCO. One can then follow a similar
procedure as before to determine the energy at the ISCO,
which is clearly independent of the coordinate system. In
Fig. 4 we show the values of the Kerr angular momentum
that produce the same radiative efficiency for the ISCO as
the ZV wormhole with a given value of ¢. Notice that the
result does not reproduce the one obtained for the matching
values of the ISCO location in the right panel of Fig. 3. This
suggests that a given value of ¢ may produce the same
location for the ISCO but different radiative efficiency for
the disk. Therefore, this feature may allow one to distin-
guish the ZV wormhole from a Kerr black hole if one is
able to make independent measurements of the location of
the inner edge of the accretion disk and the radiative
efficiency of the same source. In Fig. 4 we can also see that

the radiative efficiency of a disk surrounding the
Schwarzschild BH, i.e., a = 0, or that of a slowly spinning
Kerr black hole may not be reproduced by the ZV worm-
hole for any value of o.

For completeness we also compare the ZV wormhole
with the static and axially symmetric geometry of the y
metric. In Fig. 5 we compare the ISCO radii around the ZV
wormhole and the y metric. It is interesting to notice that,
unlike in the case of the y metric, the ISCO radius exists for
all values of ¢ > 0 and is always larger than the corre-
sponding ISCO radius for the y metric. Therefore, the
curious situation of a range of values of y with two separate
regions of allowed stable circular orbits does not occur in
the wormhole geometry.

M=op
-0.2} 7
-04) 7
©

-0.6 - .
-0.8 -
-1.01 L 1 L L L L 1 L L L L 1 L L L L T |

0.5 1.0 1.5 2.0

o

FIG. 4. Degeneracy plot between the spin of the Kerr BH and
the deviation parameter of the ZV wormhole providing the same
radiative efficiency.
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—— y spacetime
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T
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FIG. 5.

0.5 1.0 1.5

o

Comparison between the ISCO in the ZV wormhole space-time and the y metric. Left panel: value of the ISCO radius (in the

rescaled coordinates) as a function of ¢ for the ZV wormhole and y for the y metric. Right panel: degeneracy between the parameters o
and 7, i.e., the values of the two parameters that produce the same value for the ISCO.

This degeneracy may also be illustrated from the
definition of the distance of the ISCO from the center
using Eq. (34). In the right panel of Fig. 5 we can see that
the deviation parameter of the ZV wormhole can determine
an ISCO that mimics the corresponding one in the y metric
for certain values of y. However, the scenarios given by
certain values of y < 1, which produce the peculiar cases of
no ISCO radius or two regions of stable circular orbits (see
[52]) cannot be reproduced in the wormhole space-time.

As before, we can check in what range the deviation
parameter of the ZV wormhole can mimic that of the y
metric for the radiative efficiency of these two sources. In
Fig. 6 we can see that the degeneracy of the radiative

m=yu
20 7
1.8+ .
1.6 8
. L
141 4
1.2 .
I I I I
0.5 1.0 1.5 2.0

o

FIG. 6. Relation between the deviation parameters of ZV
wormhole and the y metric providing the same radiative effi-
ciency from the accretion disk surrounding the massive object.
Notice that, as happens in the comparison with the Kerr BH in
Fig. 4, the radiative efficiency of a disk surrounding the
Schwarzschild BH, i.e., y = 1, may not be reproduced for any
value of o.

efficiency produces a behavior similar to that displayed in
the case of the ISCO radius. However, it is clear that the
range of values of y for which the two geometries produce
comparable radiative efficiencies is different, as it starts at
y ~ 1.2 in this case, while in the ISCO location case it starts
at y ~0.6. As in the case of the Kerr BH, we can conclude
that the case in which y =1, or, equivalently, the
Schwarzschild case, may not be mimicked by the ZV
wormhole via observations of the radiative efficiency of the
accretion disk.

IV. PHOTON MOTION AND LENSING

We shall now deal with the motion of photons in the
wormhole space-time given by Eq. (16). Again, we use the
Hamilton-Jacobi equation (25), this time for massless
particles, thus setting k = 0. The effective potential for
photons moving on the equatorial plane then becomes

&2 L2200 tan~! (r/p)

”2_’_},2

Vet = — (35)

e tan~! (r/p)

The radial behavior of V(r) is shown in Fig. 7 relative
to the Schwarzschild black hole. It is immediately seen that
the two geometries produce very different effective poten-
tials regardless of the value of o.

Our interest in the motion of photons lies in determining
the photon capture radius ry,, at which massless particles on
the equatorial plane are circularized. From the geodesic
equation ¥ + Fgﬂjc“)'cﬂ = ( this is obtained by imposing the
conditions # =7 =60=0. In turn this reflects on the
conditions on the effective potential Vg = V. = 0.
After a straightforward calculations we obtain the photon
capture radius simply as
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FIG. 7. The radial dependence of the effective potential Vg (r)
for massless particles in the equatorial plane of the ZV wormbhole,
with given energy £ and angular momentum £, for a fixed y and
various values of the deviation parameter ¢ (black lines) is
compared with the corresponding effective potential for the y
metric for a fixed m and various values of the deformation
parameter y (gray lines). Notice that the case y = 1 corresponds
to the Schwarzschild black hole.

T'oh = 204. (36)

Remembering the relation (11) between the radial coor-
dinate used for the ZV wormhole and the Schwarzschild-
like coordinate r, and the gravitational mass of the y metric,
M = my. we see that the photon capture radius is located at
the same position, i.e., Iph = 2M, where M = ou for the
ZN wormhole and M = my for the y metric.

The dependence of the photon capture radius from the
deviation parameter is illustrated in the left panel of Fig. 8
in comparison with the corresponding radius for the Kerr

2.0F1Q !

15 ~
r ~

Wormbhole Sso

Kerr BH

black hole as a function of a. As in the case of the ISCO
radius, we can construct a definition of the photon capture
radius that describes its distance from the center as

[
_ ‘' _
Rph - o — g(/)(/)|r=rpH'

Then we can obtain the degeneracy between a and o that
provides the same value of R, as shown in the right panel
of Fig. 8.

We again see that the deviation parameter of the worm-
hole metric is able to mimic the rotation parameter of the
Kerr metric for the case of photon motion. This again leads
to the conclusion that it would not be possible to distinguish
a Kerr black hole from a ZV wormhole from a single
measurement of the photon capture radius. However, the
degeneracy of Ry, between ¢ and a, shown in the right
panel of Fig. 8, differs from that of the ISCO radius and the
radiative efficiency, suggesting that a simultaneous meas-
urement of the ISCO, radiative efficiency, and photon
sphere could allow one to distinguish the two geometries.

While estimations of the radiative efficiency of accretion
disks for supermassive black hole candidates can be
obtained from the emission spectrum of the accretion disk,
precise independent measurements of the ISCO radius and
photon capture radius are not currently available. However,
the imaging of the shadow of the supermassive black hole
candidate at the center of the galaxy M87 suggests that such
kinds of measurements, at least for one object, may become
available in the near future.

The study of the motion of massless particles is also
important for determining the gravitational lensing effects
of the object. This is another way by which an exotic source
such as the ZV wormhole may mimic the appearance of a
black hole. As mentioned, in the coordinates used for the

M=ou
1 S e S e B B B =

o
a 1.0j \\\\ 1 ®©
\\\ 4
N
N
r N
0.5 N
L N\
. ,
\
1
\
I \ I
0.0 C 1 ‘7 o-o 1 1 1 1 1 1 1 17
0.0 0.2 0.4 0.6 0.8 1.0 034 036 038 040 042 044 046 048
g, a o
FIG. 8. Dependence of the photon capture radius on the parameters a and . The degeneracy plot between a and o for the matching

photon capture radius is shown, and a comparison is made between the photon capture radius 7y, in the ZV wormhole space-time and the
Kerr black hole. Left panel: value of rp, (in the rescaled coordinates) as a function of ¢ for the ZV wormhole and a for Kerr. Right panel:
degeneracy between the parameters ¢ and a Kerr, i.e., the values of the two parameters that produce the same value for Ry,
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line element in Eq. (16) it is not immediately clear that the
geometry becomes Minkowski at spatial infinity. This issue
is easily solved by rescaling the radial and time coordinates
asr — rand t — t/&, with &€ = ¢°*/%, From the Hamilton-
Jacobi equation (25) one can then write the equations of
motion for the radial r(z) and latitudinal ¢(z) components
of the geodesics in the equatorial plane 8 = /2 as

2 2 £2\ o%+1 2 4otan™! (ré/u)
. uo+ré Le
e < Pe > (52 R r%)’ 7
. 2otan™! (ré/p)
b=" (38)

M2 + r2§2
|

The deflection angle ¢ in terms of the radial coordinate r is

then obtained from the integration of d¢p/dr = b/ By
introducing the new variable u = 1/r we get the following
expression for ¢:

d¢ _
du

bechot" (uu/€)

2,2 2,2, 52
(1+50)y/ (1 +58)
1

X .
\/4:4(1 + /lz_?z) — b2 2 ptocot™ (uu/¢)

(39)

Here b = L/€ defines the impact parameter of the
photon. The bending angle of the photon approaching
the central wormhole from infinity and going to infinity can
then be found from the following integration:

be2ocot (uu/¢)

du—x. (40)

5 /l/b
O 12+ I+ ) - prec )

If one denotes 1/b as u, then the dependence of the
bending angle from u, can be plotted based on the
numerical calculations as in Fig. 9.

In Fig. 9 we show the dependence of the bending angle &
from the inverse of the impact parameter uy = 1/b for
various values of 6. As uy — 0 (i.e., b — +o0) the bending
angle goes to zero, as expected. However, 6 is much smaller
for the wormhole case with respect to the Schwarzschild
black hole (y =1) and y metric for all values of o.
Interestingly, we also notice that the bending angle decreases
for larger values of o, while for the y metric the opposite is
true and larger values of y (corresponding to oblate objects
with a larger quadrupole moment) produce a larger bending

6 [rad]

FIG. 9. The dependence of the photons bending angle on the
inverse of impact parameter u for the ZV wormhole (black lines)
for various values of ¢ is compared to the corresponding angle in
the y metric for various values of y.

|

angle. This suggests that a simultaneous observation of
deflection of light rays (i.e., a measurement of §) and the
spectrum of the accretion disk (i.e., a measurement of the
ISCO radius) could, in principle, determine whether
the central object is a black hole, an exotic compact object
with quadrupole moment, or a ZV wormhole.

V. CONCLUSION

We explored properties of a solution of Einstein’s
equations describing a static and axially symmetric worm-
hole (ZV wormhole) and investigated whether it would be
possible to distinguish this source from a black hole (Kerr)
or a static axially symmetric compact object with quadru-
pole moment (y metric) via the standard tools of particle
motion on accretion disks and the deflection of light rays.

The solutions considered depend on two parameters that
are related to mass and quadrupole moment for the ZV
wormhole and the y metric and mass and angular momen-
tum for the Kerr black hole. The study of the motion of
massive test particles in the equatorial plane provides the
value of the innermost stable circular orbits which repre-
sents the inner edge of the accretion disk surrounding the
object. The study of the motion of massless particles in the
equatorial plane provides the radius of the photon capture
orbit, which is related to the image of the shadow of the
object and the deflection angle of light rays coming from
distant sources.

We showed that, for certain ranges of parameters, such as
corotating accretion disks around a Kerr black hole (i.e.,
a > 0) an individual measurement of the ISCO radius or
the radiative efficiency or the photon capture radius or the
deflection angle would not suffice in distinguishing
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between two sources. For example, from the test particle
motion around the wormhole space-time it has been shown
that the deviation parameter ¢ can mimic the rotation
parameter of the Kerr black hole. However, simultaneous
independent measurements of multiple quantities can, in
principle, break the degeneracy and determine the geometry
surrounding the object.

Of course, the times are not yet mature enough to
practically perform such measurements for astrophysical
sources, as the available data are currently too sparse and
often able to provide only one of the above-mentioned
quantities for each candidate. However, we are reasonably
hopeful that as more data are obtained it will soon be

possible to test the nature of the geometry of compact
gravitational objects and determine whether they are in fact
well described by the Kerr solution.
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