PHYSICAL REVIEW D 104, 064012 (2021)

Calculation of multipole moments of axistationary
electrovacuum spacetimes

Gyula Fodor ,l Etevaldo dos Santos Costa Filho ,2 and Betti Hartmann

2,34

1Wigner Research Centre for Physics, 1525 Budapest 114, P.O. Box 49, Hungary
Instituto de Fisica de Sdo Carlos, Universidade de Sao Paulo, Sdo Carlos, Sdo Paulo 13560-970, Brazil
3Institut fiir Physik, Carl-von-Ossietzky Universitdt Oldenburg, 26111 Oldenburg, Germany
4Department of Physics and Earth Sciences, Jacobs University Bremen, 28759 Bremen, Germany

® (Received 23 May 2021; accepted 30 July 2021; published 7 September 2021)

The multipole moments of stationary axially symmetric vacuum or electrovacuum spacetimes can be
expressed in terms of the power series expansion coefficients of the Ernst potential on the axis. In this paper
we present a simpler, more efficient calculation of the multipole moments, applying methods introduced by
Bickdahl and Herberthson. For the nonvacuum electromagnetic case, our results for the octupole and
higher moments differ from the results already published in the literature. The reason for this difference is
that we correct an earlier unnoticed mistake in the power series solution of the Ernst equations. We also
apply the presented method to directly calculate the multipole moments of a five-parameter charged
magnetized generalization of the Kerr and Tomimatsu-Sato exact solutions.
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I. INTRODUCTION

The purpose of this paper is the presentation of an
improved, more efficient method for the calculation of the
multipole moments of stationary axially symmetric space-
times, when the moments are expressed in terms of the
power series expansion coefficients of the Ernst potential
on the symmetry axis. For the case when electromagnetic
fields are also allowed, we give the correct expressions
for the octupole and higher moments, correcting a mistake
in the literature. As an application of the method, we
calculate the multipole moments of a charged magnetized
generalization of the Kerr and Tomimatsu-Sato solutions.

Multipole moment tensors for asymptotically flat static
vacuum spacetimes were introduced in 1970 by Geroch, in
a coordinate system independent way [1]. The generaliza-
tion of the definition for stationary spacetimes has been
given by Hansen [2]. In the stationary case there are two
sets of multipole tensors, the mass moments and the
angular momentum (or mass-current) moments, which
can be unified into a set of complex valued quantities.
Alternative but equivalent definitions in terms of specific
coordinate systems have been proposed by Thorne [3,4],
and also by Simon and Beig [5]. A good review of early
results on the topic can be found in [6].

The concrete physical applications of multipole
moments in general relativity have been pioneered by
the work of Fintan D. Ryan [7]. The gravitational radiation
emitted by a compact object orbiting around a much larger
central object can be used to determine the multipole
moments of the central body. In case of extreme-mass-
ratio inspirals, one is expected to be able to determine the
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first few gravitational multipole moments by the proposed
space-based gravitational wave detector LISA [8-11].
Since the multipole moments of the Kerr black hole are
uniquely determined by the mass and the angular momen-
tum, this should provide a practical way of testing the no-
hair theorem [12-14]. The multipole moments of so-called
bumpy black holes and the gravitational radiation of test
bodies orbiting around them have been studied in [15-17].
We expect that astrophysical observations will provide a
way in the near future to test general relativity in the strong
field regime [18-20]. In addition to gravitational waves, the
observation of large compact objects and their multipole
moments may be achieved by other methods, such as
measuring the motion of stars or pulsars around them, study
of accretion disks, or the observation black hole shadows
by the event horizon telescope [21-24].

Further, highly relativistic physical systems where multi-
pole moments are important are neutron stars. In that case,
the observation of the spacetime structure outside the star is
expected to give information about the equation of state of
the matter in the interior [25,26]. The innermost stable
circular orbit marks the inner edge of accretion disks. Its
properties, in terms of the multipole moments, has been
calculated in [27-29]. It is possible to find certain universal
relations between the multipole moments of a neutron star,
establishing a no-hair property for these objects. The three-
hair relations determine the higher multipole moments by
the mass, angular momentum, and quadrupole moment,
in an approximately equation of state independent way
[30-32]. Exact solutions for the vacuum exterior region
have played important role in the establishment of these
universal relations [33-39].
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Multipole moments can also be defined in various
alternative gravitational theories. The motion of compact
bodies around massive black holes has been studied in
dynamical Chern-Simons gravity, applying a generalization
of Thorne’s moments [40]. The universality properties of
black holes and neutron stars have been investigated in the
case of dilatonic Einstein-Gauss-Bonet theory [41,42]. In
case of scalar-tensor theory of gravity, an additional set of
real moments is associated to the massless scalar field
[43,44]. Universal relations between multipole moments of
scalarized neutron stars have been considered in [45].
Multipole moments for an arbitrary theory of gravity have
been defined in terms of canonical Noether charges in [46].
Six sets of real multipole moment tensors are expected to
arise in a generic theory, in contrast to the two sets in
vacuum general relativity [46].

The above physical applications have been made pos-
sible by strict mathematical results establishing the theory
of multipole moments for the nonlinear Einstein equations
in the stationary case. Multipole moments are defined for
any asymptotically flat stationary spacetime, and if two
vacuum spacetimes have the same multipole moments, then
they agree at least in a neighborhood of conformal infinity
[47-50].

Most astrophysically relevant nonradiating spacetimes
are expected to be axially symmetric. In the axisymmetric
case the multipole moment tensor of order n can be
represented by a single scalar moment, called P, by
Hansen [2]. These scalar moments can be expressed in
terms of the power series expansion coefficients of the
Ernst potential on the symmetry axis [51]. An algorithm for
this calculation has been published in 1989 by Fodor,
Hoenselaers, and Perjés [52]. Since the calculation of the
Ernst potential on the axis is relatively easy, the results
presented in [52] became a standard tool for obtaining the
multipole moments. The method has been applied not only
for exact solutions, but also for gravitational radiation [7],
innermost circular orbits [27], and neutron stars [31].
Multipole moments of a rigidly rotating disk of dust have
been calculated in [53]. If the axistationary spacetime is
reflection symmetric with respect to the equatorial plane,
then for even n the moments P,, are real, while for odd n
they are purely imaginary [54,55].

Further important developments on the mathematical
theory of gravitational multipole moments in the vacuum
case can be found in a series of papers published by
Bickdahl and Herberthson [56—61]. A major aim in their
considerations is the proof of a long-standing conjecture by
Geroch [1]. This conjecture claims that if one chooses any
set of multipole moments that satisfy some appropriate
convergence conditions, then there always exists a space-
time having precisely those moments. This has been proven
first for the static axially symmetric case [56,57], and then
for stationary axially symmetric spacetimes [58,59]. The
stationary case without the assumption of axisymmetry has

been considered in [60], with a proof of the necessary part
of the conjecture. Finally, a proof for the general static case
has been given in [61].

Biéckdahl and Herberthson also introduce some very
useful tools that make the calculation of multipole moments
considerably simpler. They define a complex null vector
field, which makes the operation of taking the symmetric
and trace-free part of tensors simple and trivial. They also
introduce the concept of the leading order part of functions,
which allows the use of functions depending on only one
variable instead of two. As far as we know, these tools have
not been used yet for the calculation of multipole moments
of exact solutions, apart from the Kerr case. In this paper
we will recalculate the results given in [52], where the
moments are given in terms of the Ernst potential on the
axis, using the methods of Bickdahl and Herberthson. We
will also look at the electromagnetic generalization of this
procedure.

Multipole moments for stationary Einstein-Maxwell
fields have been defined by Simon [62]. In this case there
are two sets of complex multipole moment tensors, and
there are also two complex Ernst potentials. Conditions on
equatorial symmetry or antisymmetry for stationary axi-
symmetric electrovacuum spacetimes have been discussed
in [63,64].

For the axially symmetric electrovacuum case, the
procedure for calculating the multipoles in terms of the
axis coefficients of the Ernst potentials have been published
first by Hoenselaers and Perjés [65]. Unfortunately, there
have been two mistakes in that paper, which also affected
the end results for the multipole moments. The first mistake
has been found and corrected by Sotiriou and Apostolatos
[66]. However, a second mistake was pointed out by Perjés
one year earlier in a conference proceedings article [67],
without giving the resulting change in the multipole
moments. Unfortunately, this remained unnoticed in all
subsequent papers. The article [66] still contains expres-
sions for the moments which are incorrect in the electro-
vacuum case. In the present paper we again calculate the
moments, now using a simpler, more efficient method
based on the results of Bickdahl and Herberthson. We give
the correct expressions for the scalar gravitational multipole
moments P, and electromagnetic moments Q,, up to order
n = 6. Long expressions for higher order moments (even
up to n = 18) can be easily obtained by the Mathematica or
Maple files provided as Supplemental Material [68].

Denoting the expansion coefficients along the axis of the
gravitational and electromagnetic Ernst potentials by m,,
and g, respectively, for the first three moments we obtain
the expected result:

P,=m,, 0,=q, forn=0,1,2. (1)
For the vacuum case it is known that P; = ms, but if there
are electromagnetic fields, then we obtain that generally, for
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the octupole moments P3 # m3 and Q3 # ¢3. This is a clear
difference from earlier results published in [65,66], where
the differences started only from n =4. Actually, the
mistake, realized first in [67], has not been in the calcu-
lation of the moments, which is the same procedure for the
vacuum and electrovacuum case, but in the power series
solution of the Ernst equations.

We find it important to publish the correct expressions
for the power series solution and for the moments in the
electromagnetic case, since these results have been used in
several subsequent papers. The most important application
is the calculation of the gravitational waves emitted by a
small body orbiting around a massive compact object [69].
The incorrect expressions for the power series solution of
the field equations have been reprinted in some papers
[28,70,71], unaware of the mistake pointed out in [67].
Fixing the error may be useful, since in the not too far
future, astrophysical observations may become precise
enough to make the octupole moment a measurable
quantity. Another application of the results in [65,66] is
the characterization of new exact solutions in an invariant
way by multipole moments. More than a dozen papers
present the values of octupole or even higher moments for
electrovacuum solutions, which are necessarily affected by
our corrections, and we list just a few here [33,72-77].

In the last section of the paper we apply the earlier
discussed methods for the calculation of the multipole
moments of a five-parameter exact solution presented in
[35], which is a charged magnetized generalization of both
the Kerr and the 6 =2 Tomimatsu-Sato solutions. The
solution is general enough to describe both subextreme and
hyperextreme configurations, and the expressions that we
obtain for the multipole moments are valid for both cases.
We print the moments up to order n = 5, but we provide
algebraic manipulation software code as Supplemental
Material [68], to allow higher order calculations. We stress
that this metric is not a useless exact solution without
physical applications. The five real parameters correspond
to the mass, angular momentum, quadrupole moment,
charge, and magnetic dipole moment of the solution,
and by appropriate choice of the parameters these can be
set to any required values.

The structure of the paper is the following. In Sec. II we
first present the field equations for general stationary
spacetimes when electromagnetic fields are present, and
review the definition of multipole moments. In Sec. III we
specialize to axially symmetric solutions, and present the
theory needed for the definition of the scalar multipole
moments using Weyl coordinates. Here we also discuss
those tools and methods introduced by Bickdahl and
Herberthson which are useful for the calculation of the
moments of exact solutions. In Sec. IV we calculate the
gravitational and electromagnetic multipole moments in
terms of the expansion coefficients of the Ernst potentials
on the axis. By listing the results, we correct a mistake that

remained unnoticed in the literature for quite many years.
Finally, in Sec. V we directly apply the Béckdahl-
Herberthson method to calculate the multipole moments
of an exact solution, which is general enough to approxi-
mate well the exterior region of rotating neutron stars
[34,35,78].

II. STATIONARY ELECTROVACUUM
SPACETIMES

A. Ernst equations

Since we consider stationary spacetimes, we use tenso-
rial quantities defined on the three-manifold M of the
trajectories of the timelike Killing vector & [79]. Denoting
the spacetime metric by g,,, and the norm of the Killing
vector by f ==&, >0, on the trajectories of & we
define the rescaled induced metric as h,, = fg,, + £,&,.
For the three-dimensional tensors we use Latin indices,
which are raised and lowered by the metric h,,. The
derivative operator belonging to ,, is denoted by V,.
Using a coordinate system adapted to the timelike Killing
vector, the spacetime metric can be written as

1
ds? = —f(dt + w,dx®)? + ; hapdxadx?,  (2)

where f, w,, and h,, are independent of . For stationary
electromagnetic fields the complex electromagnetic Ernst
potential ® can be defined in terms of the four-dimensional
vector potential A, = (A,,A,) as [62,80]

D =A,+iA, (3)
where the real scalar A’ is determined by
VHA, = feabc (vbAL + a)thA[)’ (4)

€ape = Vheyp, is the three-dimensional Levi-Civita tensor,
and the spatial indices of A, have been raised by he?.
For the electromagnetic case the complex Ernst potential is

defined as [62,80]
E=f+iy— oD, (5)
where
Vo = fPep V0 + i(®dV,0 — OV D), (6)
and the overline denotes complex conjugation.

As alternatives for £ and ®, we introduce the complex
potentials
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Then the Einstein and Maxwell equations are equivalent to
the following equations [80-82]:

OAL =2(EVE - qViq) VL, (8)

OAg =2(EVIE-qVq)V,q, )
®2Rah = ZRC(vaévi - vaqvh‘_] + sugb)’ (10)

where A = V?V,, is the Laplacian, R, is the Ricci tensor
belonging to three-dimensional metric 4, and

6:55_6151_1’ (11)

Sa = évaq - qva§ (12)

B. Asymptotic flatness

According to the definition of Penrose and Geroch
[1,83], a three-dimensional manifold M with positive
definite metric h,;, is asymptotically flat if the following
conditions hold:

(1) There exists a manifold M with metric &,; and a
diffeomorphismy : M — M\A, where A is a single
point in M, such that y is a conformal isometry with
conformal factor ©, i.e., i, ; = Q2(yw*h),;.'

(2) The function Q can be extended as a C? scalar to the
point A corresponding to spatial infinity, such that

Q[ =0, vZ4Q|A =0, WNI;QIA = 271&;, A>

(13)
where va is the derivative operator on M belonging
to ljl&;]

We use a tilde on the coordinate indices to indicate that

these are tensors on M, and the coordinate system used on
that manifold is generally different from the mapped
version of the original coordinates on M.

C. Multipole moments

Let us choose a scalar field ¢ on M and assume that
¢ = Q'/2¢ can be smoothly extended to the point A. We
define a set of tensor fields recursively [1,2,62],

p(0)

(14)

<

9.
P = v, PO, (15)

"This can be alternatively written as (y,/),; = Q2h,;, as an
equation on M. The important point is that the factor Q2
multiplies the physical metric h;;, in order to allow the
unphysical metric be regular at A.

,P(nJrl)

ay...a,

—C|V-

Ant1

n 1 % n—1
Pt(il?..&,, - En(zn - I)Rfllﬁzpz('l )

ool |2

(16)

where R, is the Ricci tensor belonging to /,;, and C
denotes the operation of taking the symmetric trace-free
part. For details on how to perform the operation C see, e.g.,
[3.84] or the Appendix of [52]. The multipole moment
tensors are defined as the values of these tensor fields at
infinity,

M

ay...a,

— 735.1’]'> ]

...y,

A- (17)

The choice ¢ = & gives the gravitational moment tensors
P(jl) = M(”)

ay..a, a,..a,» while the choice ¢ =g yields the
electromagnetic moments Qé’:?”an EMO? s~ The real

(n)

and imaginary parts of P~ , are the mass and angular

momentum moments, respectively, while Qg? a, provides
the electric and magnetic moments. The imaginary parts of
P(a'?) a, are called current or mass-current moments in
papers related to gravitational radiation [3,7,69], and this
became the standard in recent literature.

III. AXISYMMETRIC ELECTROVACUUM

A. Spacetime metric

In the axially symmetric case, specializing in (2), we
write the metric into the Weyl-Lewis-Papapetrou form,

1
ds? = =f(dt = wdp)® + 2 (e (dp? +42) +pdg?]. (18)

where f, @, and y are functions of the coordinates p and z.
In terms of the spatial coordinates x* = (p, z, ¢) the metric
on M is

e 0 0
hgy,=1 0 € 0 |. (19)
0 0 p?

The only nonvanishing component of @, in (2) is now
w, = —w. At the rotation axis p = 0 is necessarily y = 0,
because of the absence of conical singularity.

In axistationary spacetimes the vector potential has only
two components, A, and A, which depend on the coor-
dinates p and z. The potential ® is defined by (3), and
Eq. (4) for A’ can be written as [85]

9,A = j—: (0.4, + 00.A,), f

DA == (DA, +@0,A,)

P

(20)
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The Ernst potential £ is defined by (5), where now (6) takes
the form

Oy = —%fzaza) + i(P9,® — ©I,D),
Oy = %fzapa) +i(®9,® — ©I, D). (21)
For arbitrary axially symmetric functions f and g
Af:e‘27<3%f+%8pf+8§f>. (22)

Vafv,g = e‘27(8/,f8,,g +0.f0.9). (23)

This shows that the factor e=> drops out from the Ernst
equations, (8) and (9), giving a coupled system of equations
for £ and ¢g. The components of the Ricci tensor in Eq. (10)
are now

~05y + 10,y — 0y 0.y 0
Rap = 50:y —05y =30,y =02y 0
0 0 0

(24)

B. Asymptotic coordinates

In order to describe the region near infinity, on the
manifold M we introduce the coordinates

7= (25)

~ P
P="73

Z
2

where 72 = p?> +z2. In terms of the coordinates X% =
(P, Z, @) the three-dimensional metric becomes

. e 0 0
hyp, = = 0 e 0|, (26)
0 0 p?

where 7 = p? 4 7> = r~2. The field equations, (8)-(10),
are still valid in this coordinate system, where now

Afre‘27<6%f+%8ﬁf+8§f—gaf = zf)
(27)
VafVag = Fe 2 (0;f059 + 0:f0:9). (28)

The nonvanishing components of the Ricci tensor are

/’ P

1
- —82)/ +58/~,y - 9%y - p(? n + 2 azy, (29)

1 p 22

—2pa (31)

Since 8ﬁ7’ = é and 07 = % the Laplacian (27) can also be
written as

Af—?%‘”( §£+ 8~—+82f> (32)
PP

C. Conformal mapping

We use a specific conformal factor Q = 7 to define the
metric A =Q2h.; 45+ Using the @ = (p, Z, ) coordinates
this metric has the form

e 0 0
ha=1 0 ¢ 0], (33)
0o 0 p?

which obviously can be smoothly extended to the point
p =7 =0, so0itis ametric on M. This point, denoted by A,
corresponds to spatial conformal infinity. Since on the axis
y = 0, the choice Q = 7 obviously satisfies the conditions
of asymptotic flatness given in (13).

The metric in (33) has the same structure as in (19).
Hence, the Laplacian Af and the product Ve f ﬁa g belong-
ing to this new metric have the same form as in (22) and
(23), respectively, in terms of the tilded coordinates. We
define the rescaled potentials as

o q
G=Qq==. (34

We introduce the operators D; defined in [65,66], such
that

Using (28) and (32), the Ernst equations, (8) and (9), can be
written formally into the same structure as earlier,

AE=2(EDE - §Dg)D,E, (37)
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®A g = 2(EDE - §D4) D54, (38)

where © = 72E& —72§ § —1, and the indices are raised and
lowered using the metric /1, ;. These equations can be used
to solve for & and g even if y is not known yet.

The Ricci tensor R, ; belonging to the new unphysical
metric /1, ; has the same form as in (24),

~0%y + 1057 = 0%y Loy 0
Rip = 10y ~0y — 30y =% 0
0 0 0

(39)

However, the Einstein equation (10) is only valid for the
physical metric hj, with Ricci tensor components given in
(29)—(31). From the linear combination of the equations
containing R;; 4 R;z, we can express d5y + dZy in terms
of £ and ¢. Similarly, using the equations containing R;; —
R:: and R;: we can solve for the first derivatives 95y and
0:y. Although the resulting expressions are rather long in
terms of £ and §, using the operator D given in (35)—(36)
and defining

Sa = 7(5Daq - ébag) (40)

as in [66], the field equation containing the Ricci tensor can
be written into the form

O’R;; = 2Re(DaED};Z - D.gD;q +3,5;),  (41)

which has formally the same structure as the original
equation (10). We note that in [65] the factor 7 was missed
in the definition (40) of 5, which caused some errors in the
final expressions of the multipole moments.

D. Multipole moments

In the axially symmetric case each M\")

4,..a, multipole
moment tensor is necessarily proportional to the tensor
C(ng,...n; ), where n“ is the unit vector at A parallel to the
rotational axis [1,2]. Since this has been claimed without
proof in the literature, we provide a proof in Appendix. It
follows that each moment tensor is determined by a single

scalar, i.e.,
Mgn) a. = Mnc(nal"'nau”/\ (42)

for some constants M,. Since at the point A necessarily
y = 0, the components of the vector are n% = (0,1,0) and
n; = (0, 1,0). The scalar moments for axial symmetry are
defined as [2]

M :iM(fl) _ . pfn

n n' dap...d,

A= in>z (43)

In particular, the scalar gravitational moments are

P, = Pg).z /n!, and the scalar electromagnetic moments

are Q, = Qgi).z /n!. The mass and electric charge of the

system has to be real, and given by Py = M and Q, = Q,

respectively. Setting a center of mass reference system, the

gravitational dipole moment is pure imaginary, and gives

the angular momentum of the configuration by P, = iJ.
It can be shown that (see, e.g., Appendix of [52])

A g n! 2"(n!)?
n“..n“C(ng, ...ng )|p = T = 2 (44)
Hence, by substituting (42) into (43) we obtain that
1 N 2'n! .
M, = M, = M,. 45
To@2n-1)0 " 2" (43)

Some authors define the scalar moments as M, instead of
M, [58,59].

In the general stationary case, the transformation formula
for the multipole moments under a change of the conformal
factor Q = @ has been obtained by Beig in [86]. For axial
symmetry, the scalar multipole moments transform as [87]

i, = ,;G) <_% (aza))A> “me (46)

This transformation depends only on the single number
(0:@) », which corresponds to a translation of the configu-
ration along the axis direction.

E. Complex null vector

Using the coordinates X% = (p,%,¢), Bickdahl and
Herberthson [58,59] define the complex vector

1= ig (@)
which has the components 7% = (—i, 1, 0). From the metric
form (33) it is easy to see that it is a null vector,
h, Bnani’ = 0. For the covariant derivative in the direction
1 we use the notation v,, =5t %. The following important
property can be checked by direct calculation:

Vi = 2n"9,y. (48)

If we multiply the recursion definition (16) at all indices
by #n%, we obviously do not have to symmetrize.
Furthermore, since 5% is a null vector, the terms that must
be added to make the tensor trace-free do not contribute
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either. The use of the complex null vector 7% completely
eliminates the problem of taking the symmetric trace-free
part. Introducing

Fu=non®™ P o (49)
the first term on the right-hand side of (16) can be written as

’7(31 . ""“V P ]’}D vr]fn — Pt({]l?..&nvﬂ(nal ”.’72111)

= nfn - 2nfnav17/’ (50)

where (48) has been used to get the second line. This way,
(14)—(16) provide the recursion formula for f,, which has
been given first in [58],

f() :<~b9 (51)
fl = 8,,f0, (52)

fn+1 = 8nfn - 2nfnan7/ - %n<2n - 1)’7a’7bR&Efn—l‘ (53)
We note that our function y has been denoted by f in
[58,59]. In those papers there is also a further conformal
transformation, specified by a function k. Our choice (33)
of the three-metric corresponds to k = f there.

Multiplying (42) at all indices by 5%, since n%n; = 1, we
get M, = fuls- From (45) it can be seen that the scalar
moments can be obtained by calculating the values of the
functions f, at conformal infinity,

1 2"n!
Mn:(zn_l)”fnl/\ ( )

Using the form (39) of the Ricci tensor, it is easy to see
that

fn|A (54)

"R, = = O (55)

F. Leading order function

Since the tensors PE{:) sz are symmetric in their indices,
ceetn

they have, in general, (n + 1)(n + 2)/2 independent com-
ponents. Adding trace terms, the quantities SE{” for 0 <
a < n have been introduced in [52], which decreased the
necessary components to n 4 1. The introduction of the
functions f, in [58] reduces the number of components to

one at each order n, which significantly simplifies the
calculation of the moments.

A further big simplification arises from the fact that all
derivatives are taken in the # direction. Hence, for each f,
we can define an associated function that depends only on a
single variable instead of two. In order to make use of this
idea, the concept of leading order functions has been
introduced in [58,59]. The naming comes from the leading
order terms of Legendre polynomials used initially for the
static case in [56,57].

Let us assume that f is a complex valued axially
symmetric analytic function of the coordinates (X =
pcosg,y = psing,7) in a neighborhood of A, the point
corresponding to conformal infinity. [We note that f is a
general function here, not related to the norm of the Killing
vector in (2)]. In this paper we only use analyticity in the
“real” sense, for functions that depend on real variables and
are locally given by convergent power series.

We can also consider f as an analytic function f(p, Z) on
the plane R?, satisfying f(—p,%) = f(p,%). The power
series expansion of f can be written as

o o© N
Z auprz = Z Z anP VR (57)

0 [=0 N=0 k=0

o0
f(p.2) =

k=
where a;; are complex constants. Consider then the
function g, depending on two real variables 9 and ¢,

defined by

co N
9(9.¢) = ZZ ) a -, ENE, (58)
N=0 k=0

where ay; are the same as in Eq. (57). The function g can be
considered as a transformed version of f under 7 — é’ and
p — —i8. Notice that if f converges for p> + 72 < rO, then
g converges for 9% + ¢ < r}. Moreover, this map defines a
bijection between g and f. Now, we can define the leading
order part of f as the function f;({) = g({,¢), which
depends only on a single real variable. From (58) it follows
that

0 N
= Z&NCN, ay = Z(—

N=0 k=0

i)kak,N—Ia (59)

which obviously converges for {v/2 < r,, showing that
fr(£) is real analytic. In other words, although f(p,7) is
not complex analytic as a function depending on the
complex variables p and Z, effectively we just substitute
Z = (¢ and p = —i{ to obtain

fu(§) = f(=i.0). (60)

(Note that we do not claim or use that any of f, g, or f, are
analytic functions of the complex variables p + iZ
or p —iz.)
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It can be easily checked that for any function f

(V) () = fL(0). (61)

where the prime denotes differentiation with respect to (.
We do not write out the argument ({) of the leading order
parts from now on.

If f represents an axially symmetric function on the
spacetime which is regular on the axis, then f(—p,Z) =
f(p,Z) and ay; = 0 for odd k. For this type of function,
complex conjugation has the property (f), = (f.). In this
case we also have

(vnf)L = (vnf)y ]7 = ]_CL,- (62)

This also shows that the leading order part of regular real
functions is real, in particular, y; and y;/ are real.

The leading order part of sums, products or quotients of
functions is equal to the sum, product or quotient of the
leading order parts, respectively. Introducing the notation

= (’7&’751?& E)L’ (63)

from (55) we get
.
yu = ERL‘ (64)

This shows that R, also has to be real. Since the leading
order part of 7 is zero, and © = F2EE —72§ g —1, it follows
that ®; = —1. In order to calculate the leading order part of
(56) we can first check that

(n"Daf), =20f1 + fr = 2\/5(\/&%)/- (65)

Furthermore, since there is a factor 7 in the definition (40)
of 55, it follows that (7%5;), = 0. Hence, the leading order
part of (56) can be written as

R, = Z‘ZCEL/ + ZfL|2

As we have seen in (54), the multipole moments are
given by the values of the functions f, at the point A.
To simplify the appearance of the expressions we introduce
the notation

—2020G0 +q.l>. (66)

Yn = (fn)Lv (67)

where y, are functions of {. Then the scalar moments for
the axially symmetric case can be calculated as

2"n!
= Yn
o (2n)!

From (51)-(53) we get the recursive definition of y,, [58],

(68)

M =—
" 2n—1)n" o

Yo = &Lv (69)

Y1 = Yo/, (70)

1 -
Yt = Yol = 2ny,y1) =5 n(2n = DRpy,. (71)
If £ and § is known, then &, and §; corresponding to ¢; can
be calculated easily by (59) or (60). Then R, is given by
(66) and y; 7 by (64). Using (68), the gravitational moments
P, =M, are obtained from the choice ¢ = &, and the
electromagnetic moments Q,, = M,, from ¢ = §.

IV. EXPANSION AND MULTIPOLE MOMENTS
A. Expansion along the axis

The conformally rescaled potentials & and § have been
defined in (34). If the value of these potentials on the
rotation axis is known, then the Ernst equations determine
them on the whole space. Because of the asymptotic
flatness, the functions & and § must be smooth at the point
A. Hence, we specify their axis values by the series
expansion coefficients m,, and g,

&= Z mnzn’ q = Z qnzn' (72)

n=0 n=0

According to (25), on the axis 7 = 1/z, where z is the
axial coordinate in (18). Since we use the conformal factor
Q = 7, and along the axis 7 = |Z| = 1/|z], it follows that
the expansions of the original Ernst potentials on the
axis are

1 Gm, 1 g,
-\ -\, 73
: IZIZZ” 1 IZIZZ” 73)

n=0

We note that this definition of the coefficients m,, and g,
is not as coordinate system specific as it may appear at first
sight. In (73) the coordinate z acts as a parametrization
along the line representing the symmetry axis, and its value
is unimportant elsewhere. This parametrization satisfies
hap ((%)“(a%)b = 1 on the axis where y = 0, and h,, is given
by (19). Generally, it is easy to find such parametrization
even if the metric is not given in the Weyl-Lewis-
Papapetrou form.

However, a freedom of constant shift remains in z.
Setting z = Z — z9, where z; is a constant, the potentials
can be also expanded in terms of Z,

. = 74
where
R " /n\ R " /n
my, = <k> ZS kmk’ qn = <k> 20 4k (75)
k=0 k=0
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This shows that the coefficients m,, and ¢,, transform in the
same way as the scalar multipole moments in (46). In order
to make m, and ¢, unique, we use this transformation to
make the real part of the gravitational dipole moment 1
zero, choosing a center of mass system.

The potentials & and § have to be smooth and regular on the
rotation axis, which implies that the expansion contains
only even powers of p. Hence, for odd k necessarily
[ bkl =0. ObViOUSly, ag = my and b()] =dq-. We
intend to calculate the coefficients ay; and by, in terms

of the expansion coefficients m; and ;.

Since there has been a mistake in the equations for ay;
and by, published in the literature, we give a more detailed
presentation here. Expanding out Eq. (37), we keep the
linear terms on the left-hand side, and on the other side in
curly brackets we group those terms together which have
the same behavior in powers of p and Z,

B. Expansion of the Ernst equations

We look for the solution of the Ernst equations, (37) and
(38), in the power series form

+{p*(EE-q 3)E:: — 278 (EE: - Gq2)} (77)
Substituting the expansions of & and g, the right-hand side is a sum of terms

(aklamn - bklémn)apq{(p2 + 612 - 2pk - qu - 2p - 3q —2k=2l- 2)ﬁk+m+pzl+n+q
+ p(p _ Zk)ﬁk+m+p—221+n+q+2 + C](t] N 2l)ﬁk+m+p+2zl+n+q—2} (78)
for all k, [, m, n, p, g non-negative integers. The three kinds of terms correspond to the three curly brackets in (77). The
integer ¢ here is obviously different from the Ernst potential ¢ in (73); however, we keep this notation to make comparisons

with earlier papers easier. Equating the p"Z° terms for non-negative integers r and s, we obtain the recursion relation for the
components of &,

(r + 2)2ar+2,s = _(S + 2)(S + l)ar.s+2 + Z (aklamn - bkll;mn)

k+m+p=r
I+n+qg=s
x [a,,(p* + q* —=2p —3q — 2k — 21— 2pk —2q] — 2
pg(P°+q°—=2p—3q p gl -2)
+api2g2(p+2)(p+2=2k) +ap4402(q+2)(qg+1-20)]. (79)

Equation (38) can be obtained from (37) by exchanging & and §, followed by reversing the signature of the cubic terms
(including those coming from multiplication with ®). The recursion for the components of § can be written as

(r + 2)2br+2,s = —(S + 2)(S + l)br,erZ + Z (aklamn - bkl[;mn)

k+m+p=r
l+n+q=s

X [byg(p* +¢* = 2p —3q — 2k — 21 — 2pk — 2q1 — 2)
+b,002(p+2)(p+2-2k)+ by 40(q+2)(qg+1-21)). (80)
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In papers [65,66] in the third line of the equations
corresponding to (79) and (80) we can find —4p — 5¢q
instead of the correct —2p —3g — 2k — 2/ terms. The
mistake has been corrected in the proceedings paper
[67], but this remained unnoticed in all subsequent papers.
For the purely gravitational case, when by; = 0, the two
expressions are equivalent because of the symmetry of the
aya,, product. This shows that the corresponding expres-
sion in [52] is still correct. Calculating a,, and b, up to
some order in r + s, forming € and , then substituting back
to (37) and (38), we have checked that the equations are

|

(r + 2)2ar+2.s = —(S + 2) (S + 1)ar,s+2
N S—q

r r—p
+ Z zo: ; (aklamn

p=0 g=0 k=

even even

vo(PP+ 4% —2p—3q—

zizz

p s—
0]
even

q
(aklamn

=0
even

r—p s—q

+ Z Z Z Z (aklamn - blemn)ap—2.q+2(q + 2)<q +1- 21)7

p=2 g=—2 k=0 [=0

even even

and similarly for (80). In each term we have to substitute
m=r—p—k and n =s—¢g—1[. Obviously, r can be
assumed to be even, and we have to include only even
values of p and k in the sums. Because of the p + 2 factor,
it would not be really necessary to include the terms with

p = —2 in the second sum. However, the third sum would
give an incorrect value if we started the summation from
g =0, since the terms corresponding to ¢ = —1 and

nonzero [ are nonvanishing.

Our aim with (79) and (80) is to express all a;; and by,
coefficients in terms of ay; = m; and by; = g;. While the two
linear terms contain coefficients with k + 1 =r -+ s + 2,
the cubic summation terms only have coefficients with
k+1<r+s. Denoting r+s =N, we can proceed by
increasing the order in N one by one. First, for N = 0 we
calculate a,, then for N = 1 we get a,;. Continuing with
N = 2, first for r = 0 we get a,, and then for » = 2 we obtain
ayg. Proceeding further in this way, parallel for both a;; and
by;, we can express the new coefficients by those that have
been already calculated earlier. As Supplemental Material
[68], we attach a Mathematica and an equivalent Maple file
(named “moments-general”), where we implement this sol-
ution procedure, and validate it by substituting back into the
Emst equations.

C. Expressions for the scalar moments

Using (57) and (59), the expansion of the leading order
functions can be calculated as

satisfied up to order r 4+ s — 2. The same procedure with the
originally published recursion formula fails, showing that
the two expressions are clearly not equivalent. As we will
see, the values of the multipole moments P, and Q,
expressed in terms of m; and g; will also be influenced.
The sums in (79) and (80) are essentially sums for four
integer variables instead of six, since two integers are
determined by the given value of s and r. We have to be
careful with the start of the summations in p and ¢, because
of the shift by +2 of the indices in the second and third term
of (78). A natural way to calculate the sums in (79) is

- bkll_?mn)

2k — 21— 2pk —2q1 —2)

- bkll_)nzil)ap+2.q—2(p + 2)(p +2 - 2k)

(81)

00 N

&L = ZéNCN7 ay =) a2 (82)
N=0 <=0
© B N

Gr=> byeM. by => bya(-DV2 (83)

even

In order to calculate the multipole moments up to order
N max> We need to obtain first the values of a;; and by; up to
order k 4+ [ = N, Then by (82) and (83) we can get the
leading order parts &, and §;, also up to order N, in .
After this, R, can be calculated by (66), and y,/ by (64).
Since they will be used only from the second multipole
moment, it is enough to calculate them up to order
Npax — 2. Then we can use the recursive formula, (69)-
(71), to calculate the functions y,,. For the electromagnetic
case we need to calculate two sets of moments, and hence
two sets of y, functions for n < N,,,.. The gravitational
moments P, = M, are obtained by choosing ¢ = , and
the electromagnetic moments Q, = M,, by setting ¢ = 7.
Each y, has to be calculated up to order N,,,, — n in the
variable . The two sets of scalar moments can be obtained
by taking the values at { = 0, according to (68).

In order to make the final expressions for the multipole
moments simpler, we use the following notations intro-
duced in [52,65,66]:
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M;; = mim; —m;_ym;, . Sij=miq; —m;_1q;1,

Qij =4i9; —4i-19j+1> Hij =4qim; —qg;1Mmji,

for i > j > 0 integers. For the first seven gravitational moments we obtain the results

Pozmo,
Plzml,
P2:m2,

1_
Py =mj +§610510,

1_ 3 _ 1_
- 7m0M20 +gQ1510 +7QO(3520 - 2H,y),

1 1 1 1
Ps =ms — o1 MMy —§m0M30 +i612510 +ﬁ‘11(4520 —3Hy)

1 _
+ X 30(G0q0S10 — MomgS1o + 1483 + 1385 — TH3),

5 4

1
231 T MaMoy — 33m1M30 +55

33
25850 — 20H,0) +

gmoMag — == 110 (18Myg + 8M3,)

33
35550 + 378, — 21Hs)

Pézmﬁ

1 _
+ 543510+

33 23—1%( 23—1111(

1
~ 1155 ——== (37,7 + 13Gom; )mS, + §q0(5q0520 — 4myQs0 + 34, S10)

10

2
+ 557 231 419090510 + 55 33

1
33 CI()(3OS4O + 32S';1 - 24H';1 - 12H40)

The electromagnetic moments are

0m0(2m0H20 3qgoMyy — 2’711510)

Qo = qo»
01 = qi1,
0> = q»,

1 _

03 =q3 _ngHIO’
1_ 3 1
04 =q4 +§C]0Q20 gmlHlo —5’"0(31‘120 2520),
1 1 1 1
Os = gs 51 fIleo +3 610Q30 1 myH o — im1(4H20 —38y)

1 _
+ ﬁmo(mOmOHl() GoqoH 0 — 14H3y — 13H,; + 7530)’
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Q6 = g6 + %ézon +%(_11Q30 + ;—3Q(Z)CIOQ20 + %‘_]0(18Q4o +8Q31)
- %%Hlo - B%MZ(ZSHZO —208y) — leﬁ“ (35H30 + 37H,; — 2183)
1155 (37mgo + 13m0G1)q0H 10 + %’”_ﬂ%@mono —4qoMyy + 3mH))
+ E’711’710’"017’10 + 2 MoGo(2q0S20 — 3mo Qa0 — 2,1 H o)
231 33
- 31—3;7L0<3OH40 +32Hs, — 2455, — 128y). (99)

These expressions can be checked and higher order results
can be obtained by the Mathematica or Maple file (named
“moments-general”) attached as Supplemental Material
[68].

For n >3 the expressions for P, and Q, are clearly
different from the results published earlier in the literature
[65,66]. The reason for the difference from the more recent
result is the application of the proper version of Egs. (79)
and (80). If in our calculations we use the incorrect version
of (79) and (80), then we obtain exactly the expressions
published for the multipole moments in [66], which makes
us confident in the correctness of our results.

The most striking difference from the earlier results is
that in the correct expressions generally P; # m3 and Q5 #
g5 in the electromagnetic case. Although the multipole
moments shown above have been calculated by the simpler

method using the leading order functions, we have checked
(n)

that the earlier method using the quantities S’ introduced
in [52] lead to identical results.

The structure of the expressions for P, and Q, are very
similar. In fact, it is easy to obtain the result for Q, by
taking the expression for P,, and make the exchanges m,, <
q, and m, < —g,, with a minus sign in the conjugated
quantities. This also implies that we have to exchange
M;; <> Q;; and S;; <> H,;. This property follows from an
analogous formal symmetry of the Ernst equations, (8) and

(9), for the exchanges & <> g and & <> —3.

V. MULTIPOLE MOMENTS
OF EXACT SOLUTIONS

In this last section of the paper we will consider a five-
parameter stationary axially symmetric exact solution
published in 2000 by Manko et al. [35]. These are part
of a wider class of two-soliton [33] and N-soliton solutions
[88], having the special property that they can be written in
terms of prolate or oblate spheroidal coordinates. As special
cases, this five-parameter solution includes the Kerr-
Newman and the charged 6 = 2 Tomimatsu-Sato solutions.

The Tomimatsu-Sato solutions [89,90] are families of
stationary axially symmetric vacuum solutions labeled by a
positive integer parameter 6. The 6 = 1 family corresponds

|
to the Kerr solution. The electrically charged generaliza-
tions have been constructed by Ernst [91] and Yamazaki
[92]. A further generalization of the 6 =2 solution by
adding a magnetic dipole parameter has been published by
Manko ef al. in 1998 [72,93]. This solution has been
generalized further in [35] by adding a fifth parameter,
allowing the specification of the quadrupole moment and
the inclusion of the Kerr-Newman solution. The results for
the moments of the 6 = 2, 3, 4 vacuum Tomimatsu-Sato
solutions have been presented up to order Pj, in [87].
The five-parameter solution of Manko er al. [35] has
important physical applications. This solution and its direct
generalizations have been used for the description of the
exterior region of neutron stars [29,38,78,94,95], black holes
[96,97], and has been cited in several reviews [25,98,99].

A. Prolate and oblate spheroidal coordinates

The metric functions of the Tomimatsu-Sato solutions
and their generalizations have been presented in [35,89,90]
using prolate spheroidal coordinates x and y, which are
related to the Weyl-Lewis-Papapetrou coordinates in

(18) by
p=kVx>—11/1-y%

where « is a positive constant. The range of the coordinates
isx>1and 1 >y>-1. A simple form of the inverse

relation is [100]
ro=1\/p*+ (ztK)%

(101)

z==xxy, (100)

ry—r_

x_r+—|—r_
2k

2k

y:

The metric in the prolate spheroidal case is
ds? = —f(dt — wdg)?

K> 5 dx? dy?
- V(+v2 _ 2
7 [ (x y)<x2—1+1—y2>

+ (2 =11 —yz)d(p2]. (102)

064012-12



CALCULATION OF MULTIPOLE MOMENTS OF AXISTATIONARY ...

PHYS. REV. D 104, 064012 (2021)

The value of the constant x is fixed by the freely
specifiable parameters of the solution. If the angular
momentum, charge, or dipole moment is large enough,
the solution may become hyperextreme, and x? turns out to
be negative. It has been already realized by Tomimatsu and
Sato in [90] that the hyperextreme extension of their
solutions can be obtained by the complex transformation
Kk — —ik, x — ix. The same is true for the electromagnetic
generalizations. This corresponds to using oblate spheroi-
dal coordinates

p=xVxt+1y/1-y% z=xKxy  (103)
with real k > 0. The spacetime metric is then
ds? = —f(dt — wdg)?
T, dx? dy?
- Y (x2 2
—I—f [e (x> +y )<x2+1+1—y2)
+ (?+1)(1- yz)dtpz]. (104)

Hyperextreme Tomimatsu-Sato solutions have been
already discussed in [101-104]. Although hyperextreme
solutions always contain naked singularities, these solu-
tions can still describe well the exterior region of rotating
bodies. Actually, it is known that the exterior region of
relatively small mass rotating objects often correspond to
hyperextreme spacetimes. Defining the angular momentum
per unit mass as a = %, in the absence of electromagnetic
fields the configuration is hyperextreme if 57 > 1. For
example, for the Earth 7 ~ 740, and for a vinyl LP record
spinning on a turntable &~ 10'® [105,106]. The exterior
region of a rotating disk of dust can also be hyperextreme
[107,108]. For main sequence stars, < may be as large as
100, which has to decrease to 57 < 1 if they evolve into
neutron stars [109]. The ; ratio can also be as large as 500
for the bulge of spiral galaxies [110].

B. Five-parameter solution

The solution introduced by Manko et al. [35] depends on
five parameters: m, g, a, u, and b. We use a hat on the
constant ¢ to distinguish it from the potential in (7). In the
absence of NUT (Newman, Unti and Tamburino) charges
and magnetic monopoles, m and g are real and correspond
to the mass and electric charge, respectively. By shifting
to a center of mass system, the mass dipole moment can be
made zero. Then the parameter a is real and gives
the angular momentum per unit mass of the solution.
The parameters u and b are related, but not equal, to the
magnetic dipole moment and mass-quadrupole moment.

We define the constants ¢ and v by
(105)

c=a->b, u=qu,

and will use them at most places instead of a and y in the
following. To simplify the equations, Manko et al. have
introduced the following combinations of the constants:

22 2 272
gv- —m*b 1 .
i L

The parameters b, u, and consequently ¢ = a — b may be
complex, but the solution in x, y spheroidal coordinates
only exists if the combination d + §isreal. If d +0 > 0O is
real, then the solution is subextreme, and the spacetime
metric is described by (102). In the hyperextreme case d +
0 < Oisreal, and the metric is given by (104). In both cases,
we have a solution of the Einstein equations if

k=+/|d+6|

The complex Ernst potentials are given in [35] by the
expressions

(107)

A-2mB 2C

= = 108
A+2mB A+ 2mB (108)

where in the subextreme case
A = 4[(K2x* = 6y*)? — d® — i xyc(x? = 1))
—(1=y?)[e(d = 8) =m*b+ ] [c(y* + 1) + diKxy],
(109)
B=xkx[2*(x* = 1) + (bc +25)(1 — y?)]
+iy[2K*b(x? = 1) = (K*c —m?b + §*v —2a8) (1 — y?)],

(110)
C = 2k24(x* = 1) (kx + ivy)
+ §(1 = y*){kx(26 + vc) — iy[c(d — 8) — m*b
+ §%v — 2ud)}. (111)

The expressions for A, B, and C in the hyperextreme case
can be obtained by the substitution kx — —ik, x — ix.

C. Axis expansion

Along the upper part of the rotation axis y = 1, and the
axial Weyl coordinate can be given there by z = xx. The
factor x ensures that z is a parametrization satisfying

hap(&)*(£)” = 1, as required in Sec. IVA. The complex

potentials £ and ¢ are defined according to (7). To shorten
the resulting expressions we introduce one more notation
for the following combination of the constants:

v=d-2o. (112)
For both the subextreme and the hyperextreme cases, on the
upper part of the axis we obtain
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gz +iv)

m(z + ib)
&= =5 .
- —licz+v

=" 7 113
2 —icz+ v ( )

According to (73), the first few expansion coefficients turn
out to be

my = m, (114)

m, = im(c + b), (115)

m, = —m(c®> + v + bc), (116)

my = —im[c® + 2cv + b(c? + v)], (117)

my = m[c* +3c*v + > + b(c* +2cv)],  (118)

ms = im[c® + 4c3v + 3cv? + b(c* + 3cPv +0?)], (119)
and

90 = 4. (120)

q1 =ig(c +v), (121)

g = —q(c* + v+ ve), (122)

g3 = —ig[c® +2cv +v(c? + v)], (123)

qs = qlc* +3cv + v +u(c +2cv)],  (124)

gs = ig[c® + 430 + 3cv® +v(c* + 3w + ). (125)

It is possible to give the general expression for the
coefficients. Defining

+k

i
s =\ + 4, fi :—2k+1s[(c+s)k+1 — (c =),

(126)
for all k£ > 0 integers we have

my = m(fy +ibfi_y), qx = q(fr +ivfiz).  (127)

D. Lower order moments

At this stage we can use the general expressions, (86)—
(99), to calculate the multipole moments P, and Q,, up to
order 6. Clearly P,, = m, and Q,, = ¢,, only forn =0, 1, 2.
It can be seen that for the five-parameter solution generally
P3 ;é ms and Q3 Sé qs, since SlO = _HIO = lm@(b - l/).
From the general expression of multipole moments, it
follows that the magnetic dipole moment is

mg=—iP;y =§g(a—b+v), and the mass-quadrupole
moment is P, = —m(d — § + a* — ab).

According to the results worked out in the papers
[54,55,63,64], if the solution is reflection symmetric with
respect to the equatorial plane, then m,, is real for even n,
and purely imaginary for odd n. The behavior of the
constants g, is either the same as that of m,, or just the
opposite, g, is purely imaginary for even n, and real for odd
n. Assuming that ¢ is nonzero, the expression of the
magnetic dipole moment shows that v — b must be real
for reflection symmetry. Using (106), the quadrupole
moment can be written into the alternative form
Py =2%(m*+a* — §* — b* = 2k*). From this it follows
that reflection symmetry is possible only if b is either real
or pure imaginary.

The multipole moments of the Kerr-Newman metric have
been already presented in [66] as P, = m, = m(ia)" and
0, = q, = q(ia)". From the expression (121) for ¢, it
follows that the five-parameter solution can reduce to the
Kerr-Newman metric only if v = b. Furthermore, comparing
with the quadrupole moment m, it follows that the solution
becomes the Kerr-Newman metric only if 5% = a? +
§* — m?. This shows that for the subextreme Kerr-Newman
solution the parameters b = v are purely imaginary.

Setting b = 0, we obtain the charged magnetized gen-
eralization of the 6 = 2 Tomimatsu-Sato solution published
in [72,93]. The original vacuum 6 = 2 Tomimatsu-Sato
solution can be obtained by setting » =0, g =0, and
1 = 0. The two parameters in the vacuum Tomimatsu-Sato
solution, satisfying p2 + ¢2 = 1, are related to the con-
stants in the five-parameter solution by ¢, = a/m.
Furthermore, xk = mp, /2.

Instead of giving here the expressions for the first few
multipole moments applying (86)—(99), we continue by a
direct calculation of the multipole moments, using a
generalization of the method used in [2,58] to calculate
the moments of the Kerr metric. That way we obtain a fast
and efficient method by which one can obtain the multipole
moments of the five-parameter solution up to any desired
order by a relatively simple algorithm. Since the expansion
coefficients m, and ¢, have the same form for the
subextreme and the hyperextreme cases, it follows that
the multipole moments are also the same for the two cases.
For this reason it is sufficient to consider the subextreme
case in the following.

E. Conformal mapping

The first step is the introduction of asymptotic coor-
dinates %% = (R, 0, ¢) by
(128)

and y = cos 6. In this case R = 0 corresponds to conformal
infinity A, and the nonzero components of the metric are
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2y
hpp = ﬁ (16 + K*R* — 8«2R?cos(20)].  (129)
e
hgg = ——5 [16 + k*R* — 8k?R? cos(26)], (130)
16R
1 .
hyy = 2 (4 — K*R?)? sin? 6. (131)

It follows that an appropriate choice of conformal factor is

4R?
Q=———. 132
4 — k*R? ( )
Introducing cylindrical coordinates ¥ = (p, Z, ¢) by
R =+ 2, 0059:%, (133)
the metric takes the familiar form
e’ 0 0
hay=1 0 ¢ 0], (134)
0 0 p?
where
i 16x2p?
o — ezy{l 4 } 135
R A

Comparing with (33), it might be surprising at first sight
that a transformed version of the function y appears in the
metric. The reason for this is that the coordinates p and 7 are
clearly different now from the Weyl coordinates used
in (25).

The metric function y for the five-parameter solution is
given in [35] as

T e
where
E= (402 = 1) + 801 - )P
+ cle(d = 8) = m?b + @*v](1 — y?)?}?
— 166 (x? = 1)(1 = y}){c[x*(x* = y?) + 256y?]
+ (m?b — g%v)y*}>. (137)

F. Calculation of the multipole moments

We intend to calculate the necessary leading order
functions and use the recursive formulas, (69)—(71) to
calculate the multipole moments. We calculate the Ernst
potentials £ and ¢ using their definition (7), from the

complex potentials £ and @ given by (108)—(111). Here we
need to substitute x from (128) and y = Z/R, where

R = +/p* + 7% Since we will take the leading order
part, and since R; =0, for the coordinate x we can
substitute the simpler expression x = 1/(kR) without
influencing the final result. According to (60), the leading
order part of a function can be obtained by substituting
Z={¢and p=-iC.

In order to start the recursion (69)—(71), for the gravi-
tational moments we need to calculate the leading order
part of &= Q~1/2¢ and for the electromagnetic moments
we need the leading order part of § = Q~'/2g. Here we
have to use the conformal factor given in (132). However,
since we will take the leading order part, we can drop the
k’R? term from the denominator of Q, and simply use
Q = R? instead. The result for the leading order part of the
conformally transformed complex potentials turns out to be

;&L:% QL_%, (138)

where
a=2m[2+ (2i — c{)bl —265% +if*(w — 2b5)],  (139)
B=w(cl+4i) —4icC +4(1 - 8£2)%,  (140)
A =242+ (2i — cOWE =262 + i3 (w—2w6)],  (141)

and

w = vc + §*v —m?b, v=d-5. (142)
Since the leading order part of (135) is simply

e’ = 21 (1 —k%{?), using (136) and (137) we obtain

_ 16(c¢ —w&)? + (ewl* + 4(1 = 6£2)%)?
e = 16[1 — (26 + )% - 19

We are now ready to define the functions y,, according to
(69)—(71). For the gravitational moments we need to take
Yo = EL, and for the electromagnetic moments y, = g, .
The function y; can be obtained by taking the ¢ derivative
of y, i.e., y; = y¢/. For the further y, functions we need to
replace y by 7 in (71),

Yn+1 :yn,_znyn7L/_%n(2n_ 1)RLYn—l- (144)
The ¢ derivative of 7; can be obtained from (143). Since it
only depends on the structure of the three-metric, Eq. (64)
is valid now in terms of 7, giving R, = %77,4/. The multipole
moments can be obtained by taking the values of the y,
functions at { = 0, according to (68).

We present the results for the first few scalar moments by
writing out the terms that must be added to the axis
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coefficients m, and ¢,. These coefficients can be easily
calculated for general n according to (127), and their values
up to n = 5 are listed in (114)—(125). For the first six scalar
multipole moments we obtain

PO = my, (145)
P] =my, (146)
P2 =my, (147)

a0
Py = my + ’";q (b-v), (148)

m3
P4 :Wl4—7(b2+bC—’U)
a2

—%(hb— 12¢v — 8bu + 50+ 31%),  (149)

P5:m5+%{€12(€12—mz)(b—u)+m2(b—6c)(b2+bc—v)

+§*[c*(11v=5b) —6cv+ cv(8b—3v)

+v(100=9b)—br?]}, (150)
and
Qo = 90, (151)
01 = qi, (152)
0, = ¢, (153)
igm?
03 =¢q3— 5 (v—0), (154)
63
0, =q4+7(1/2+1/c—v)
qm* )

+¥(7cy— 12¢b — 8uvb + 5v +3b*)  (155)

l.A ~ ~
Os=gs +£{m2(m2—q2)(v—b) —§*(v—6¢)(1* +vc—v)
— 2] (11b—50) —6cv -+ cb(8u—3b)

+v(10b—9v) —vb?]}. (156)
We have checked that we obtain the same results by
substituting (114)—(125) into the general expressions
(86)—(99) for the multipole moments, which strongly
supports the correctness of our calculations.

Since the variable » is not independent from the con-
stants m, ¢, b, v, and c, the expressions for P, and Q,, can
be written in various equivalent forms. Using v = d — § and
(106) we can get

1
U(m2_C2_312)_Z( 2—02—62)2—m2b2+@21/2 =0.
(157)

In the above expressions we have used this to eliminate
terms containing c?v.

If one is interested in the moments up to order N, then for
efficiency it is advisable to take first the power series
expansion at { = 0 of the functions &;, §; up to order N,
and apply only then the recursion formula (144). As
Supplemental Material [68], we provide a Mathematica
and an equivalent Maple file (named “five-par-sol””), which
can be used for the calculation of the moments of the five-
parameter solution up to higher orders.
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APPENDIX: INVARIANT SYMMETRIC
TRACELESS TENSORS IN THE AXIS

In this Appendix we present a simple construction type
proof for the statement that in the axially symmetric case

each M

ay...a,
proportional to the tensor C(ng, ...n; ), where n® is the
unit vector parallel to the rotational axis. This result made it
possible for Hansen [2] to define the scalar moments M, by
Eq. (43). The claim in [2], that the only tensors invariant
under the action of the axial Killing vector are outer
products of the metric and the axis vector, is correct, but
only if one considers tensors that are symmetric in their
indices.

multipole moment tensor is necessarily

The only properties of the multipole tensors M Ef? a, that
we use is that they are rotation invariant, traceless, and
symmetric in their indices. After the conformal mapping,
using the coordinates ¥ = (p, Z, ¢), the unphysical metric
h;, takes the form (33), where on the axis, and hence also
at the point A necessarily y = 0. The Killing vector field
that induces rotation around the axis has the components
&4 =(0,0,1). Using the associated Cartesian coordinates
x = (%,¥,%) defined by ¥ = pcos¢ and j = psin ¢, the
Killing vector has the components & = (—¥,%,0). If a
tensor is invariant under rotation, then it must have zero Lie
derivative along the vector field g, using the Cartesian

coordinate system which is regular on the axis.
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We only consider tensors at the point A, where the metric is
h,;, = diag(1,1, 1). We investigate tensors that are symmet-
ric in their n lower indices, and introduce the notation

M
XYY 2.2

=

= s, (A1)

§<z

Expressing the Lie derivative using the standard expression in

terms of partial derivatives, since on the axis &% vanishes, only

the terms proportional to the derivatives of the Killing vector

remain. The partial derivative tensor of £ has only two

nonzero components,

b _ sish _ sV sh

028" = 6,65 — 5,689. (A2)

Using this, it is easy to show that the Lie derivative of a
symmetric tensor at A can be calculated as

(n) _ _¢ln) (n) -
LeSap = aSeZypir = bSayy -1 =0. (A3)
Thisis only validfora > 1, > 1, butbecause of the factors a

and b it also turns out to be correct fora = Q or b = 0 as well,
when only one term remains. Assuming the vanishing of the

Lie derivative, from this immediately follows that § (l"g =0

and S") = 0 for any a and b. Using the relation (A3) multiple

a,l —
times we can see that SEI"; = 0 when either ¢ or b is an odd

number. It also follows that the nonzero components, which
have even a and b, are uniquely determined by the num-

bers Sf{'g.
The trace-free condition at A can be written as

SE:,[}); + Si’?z,b + Sir,lzerz =0. (A4)

Using this together with (A3), it is easy to see that all

nonzero components of Si"})] are proportional to S(()'f(%. Hence,

rotationally invariant symmetric trace-free tensors at A are
uniquely determined by a single parameter. Since the
symmetric trace-free part of the exterior products of the

axis vector n; is obviously nonvanishing, the tensor
C(ng,...ng ) is necessarily proportional to Mﬁ:}”a

We note that if we relax the condition of symmetry in the
indices, there are more general invariant tensors. For
example for two indices, the two-form dX A dy is clearly

rotationally invariant.
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