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We present a consistent way of coupling three-dimensional Maxwell-Chern-Simons gravity theory with
massless spin—% gauge fields. We first introduce the simplest hyper-Maxwell-Chern-Simons gravity

generically containing two massless spin-2 fields coupled with a massless Majorana fermion of spin %

whose novel underlying superalgebra is explicitly constructed. We then present three alternative
hypersymmetric extensions of the Maxwell algebra which are shown to emerge from the Inonii-Wigner
contraction procedure of precise combinations of the 08p(1]4) and the 8p(4) algebras. This allows us to
construct distinct types of hyper-Maxwell-Chern-Simons theories that extend to include generically

interacting nonpropagating spin-4 fields accompanied by one or two spin—% gauge fields.

DOI: 10.1103/PhysRevD.104.064011

I. INTRODUCTION

Hypergravity was an early alternative to supergravity
theory [1,2] proposed by Aragone and Deser [3] that deems
a spin-5/2 field as the superpartner of the graviton.
Although this proposal initially attracted some attention
[3-6], it was promptly discarded due to the incompatibility
of the minimal coupling between gravity (spin 2) and the
spin-5/2 field with higher-spin (HS) gauge invariance. This
obstruction relies on the fact that the HS gauge variation of
the FEinstein-Hilbert action is proportional to the Ricci
tensor so that it cannot be canceled by means of the
minimally coupled spin-5/2 field, which is instead propor-
tional to the full Riemann tensor. Nonetheless, owing to the
particular relationship between the Riemann tensor and the
Ricci tensor in three spacetime dimensions, Aragone and
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Deser managed to formulate the first consistent interacting
and nonpropagating HS theory [7].

In 2 4 1 dimensions, anti—de Sitter hypergravity theory
was studied in [8—10]. The theory is constructed in terms of
a Chern-Simons (CS) action for two copies of the 08p(4|1)
superalgebra’ and contains a spin-2 field, a spin-4 field, and
a spin-5/2 field. The asymptotic structure analysis of this
model was performed in [10], where it was shown that its
asymptotic symmetry algebra is given by two copies of the
hypersymmetric extension of the W(2,4) algebra, known
as the WB, superalgebra [20] and the W(2,5/2,4) super-
algebra [21]. Furthermore, this study also revealed the
existence of hypersymmetry bounds involving a nonlinear
function of the mass, angular momentum, and bosonic
higher-spin charges, as well as an interesting class of HS
solutions including solitons and extremal HS black holes
with unbroken hypersymmetries [10,22]. In the vanishing
cosmological constant limit it was verified that the spin-4
field decouples, thus reproducing the hypergravity theory
studied in [23,24].

These results were explored more recently by means
of an explicit extension of the Poincaré algebra with

'Along these lines, (super)conformal gravity formulated as a
CS gauge theory for [08p(1|4)] 8p(4) (super)algebra was done in
[11-15], while the corresponding asymptotic structure was
studied in [16-19].
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half-integer spin generators in any dimension that allowed
one to reformulate the hypergravity theory of Aragone and
Deser as a genuine gauge theory using standard fiber
bundle structure in terms of CS actions [25] in three and
five spacetime dimensions [23,24,26].% Indeed, the asymp-
totic structure analysis in 2+ 1 dimensions led to a
nonlinear hypersymmetric extension of the bmg; algebra,
along with nonlinear bounds for the energy. Moreover,
despite the fact that this theory involves HS fields, the
absence of bosonic HS fields allows one to describe the
theory in the standard Riemann-Cartan geometry. A natural
question that then arises is whether it is possible to
construct consistent extensions of the hypergravity theories
based on extensions of the hyper-Poincaré algebra. It
should be mentioned that, in order to improve the like-
lihood of this possibility, it is mandatory to have full control
of the building blocks—namely, a consistent algebra with a
nondegenerate invariant tensor. In what follows we address
this question by considering a nontrivial extension of the
Poincaré algebra that has long been known as the Maxwell
algebra [28,29], which is associated with the symmetry
group of the Dirac (Klein-Gordon) equation minimally
coupled to a constant electromagnetic field in Minkowski
space in 3+ 1 dimensions [30]. In any dimension, this
algebra is characterized by the commutator
[Puvph]zzah’ (11)
modifying in this way the commutator of the momentum
generators, which vanishes for the Poincaré algebra. The
study of different aspects of the Maxwell algebra in four or
more dimensions, including its derivation as an S expansion
on the anti—de Sitter (AdS) algebra, can be found in [31,32].
The Maxwell group symmetries and its generalizations
have been useful for extending standard general relativity
through CS and Born-Infeld gravity theories in odd
and even spacetime dimensions, respectively [33-36].
Deformations of this algebra and their dynamics through
nonlinear realizations have been investigated [37-39], as
have other interesting applications; see, e.g., [40—45].

In three spacetime dimensions, Maxwell-CS gravity
appears to be a very appealing alternative theory of gravity
in vacuum introduced in [46-48]" and subsequently studied
in [54-56]. The asymptotic structure of the Maxwell-CS
theory was investigated in [55] by imposing a set of suitable
boundary conditions resulting in an asymptotic symmetry
algebra given by a deformation of the bm$; algebra, known
to emerge from the asymptotic symmetry analysis of

?Fermionic HS generalizations of the Poincaré superalgebra
were previously studied in [27] for any dimension. See [23] for
further studies on these extensions of the hyper-Poincaré algebra in
gauge theories beyond general relativity in odd dimensions [25].

A CS gravity theory based on Maxwell algebra in 2 + 1 was
initially considered in [46,47] as a prominent model leading to the
two-dimensional linear gravities referred to in [49-53] as a
dimensional reduction.

general relativity at null infinity [57-61], which goes in
line with the result obtained in [62] by expanding the
Virasoro algebra (see also [63,64]). Interestingly, the
presence of the gravitational Maxwell gauge field modifies
not only the asymptotic symmetry but also the vacuum of
the theory [55]. Physical implications of the gravitational
Maxwell gauge field have also been explored in the context
of spin-3 gravity [65], nonrelativistic gravity [66—69], and
supergravity [70,71]. It is worth noting that in three
dimensions the extension of Poincaré algebra found by
Hietarinta [27] becomes isomorphic to three-dimensional
Maxwell algebra that amounts to a simple interchanging of
roles between the translation generators P, and Z, in the
Maxwell algebra [72-74]. Indeed, CS gravity theories
based on both the Hietarinta and Maxwell algebras were
explored in [72,75], showing in particular that, upon
spontaneous breaking of a local symmetry, they lead
precisely to the topologically massive gravity theory [76]
and the minimal massive gravity [77].

One of the main advantages of working in three
spacetime dimensions is that the Maxwell algebra can
alternatively be recovered as an Inonii-Wigner (IW) con-
traction of three copies of the 80(2, 1) algebra which also
provides a nontrivial invariant form that is imperative for
the construction of extensions of Maxwell-CS gauge
theories [78]. In particular, the spin-3 Maxwell algebra
as well as its corresponding invariant bilinear form can be
derived by contracting three copies of the 31(3,R) sym-
metry [65].* One may then ask whether a hypersymmetric
extension of the Maxwell algebra with fermionic spin—%
generators, which transform in a spin—% irreducible repre-
sentation of the Lorentz group, can be obtained by con-
tracting diverse combinations of the 08p(1|4) and the 8p(4)
algebras. In this work, we show that not one but three distinct
hypersymmetric extensions of the Maxwell algebra, includ-
ing their invariant bilinear forms, can be effectively derived
through the IW procedure. The obtained hyper-Maxwell
algebras indeed require the presence of spin-4 generators and
allow us to construct CS hypersymmetric gravity theories.
Furthermore, we also show that a remarkable hyper-
Maxwell-CS gravity theory without spin-4 gauge fields
can be constructed, and whose underlying superalgebra
results in a sub-superalgebra of one of the hyper-Maxwell
algebras that include spin-4 generators, which transform in
an spin-3 irreducible representation of the Lorentz group.

The paper is organized as follows: In Sec. II, we briefly
review the Maxwell-CS gravity theory defined on three
spacetime dimensions. Sections III-V contain our main
results. In Sec. 111, we present the simplest CS hypergravity
theory invariant under a hypersymmetric extension of the

“In [79-82] following suitable IW contractions allowed the
authors to formulate the three-dimensional higher-spin gravity
with vanishing cosmological constant as a CS gauge theory
similar to their well-known counterparts in AdS; [79,83-86].
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Maxwell algebra. In Sec. IV, we introduce three alternative
hyper-Maxwell algebras including spin-4 generators by
considering the IW contraction procedure. Section V is
devoted to the construction of CS hypersymmetric gravity
theories based on the aforementioned hyper-Maxwell
symmetries. Section VI concludes our work with some
discussions about future developments.

II. THREE-DIMENSIONAL MAXWELL-CHERN-
SIMONS GRAVITY THEORY

In this section, we briefly review the three-dimensional
Maxwell-CS gravity theory [46—48] (see also [54,55,70]).
This alternative theory of gravity is based on the so-called
Maxwell algebra, which can be seen as an extension and
deformation of the Poincaré algebra i80(2, 1), which turns
out to be a non-semisimple group. In addition to the usual
local rotations J, and local translation generators P,, the
Maxwell symmetry is characterized by the presence of three
additional Abelian generators Z,. In particular, the Maxwell
generators satisfy the following nonvanishing commutation
relations:

[Jm Jb] = €Cab‘]c7
[‘]a’Zb] = ecabzw

[Jme} = €Cach7

[Pwa] = ecabzw (21)
where a, b, c = 0, 1, 2 are Lorentz indices which are lowered
and raised with the Minkowski metric #,, = (=1, 1,1) and
€.pc 18 the three-dimensional Levi-Civita tensor which
satisfies €y, = —€°12 = 1.
The most general quadratic Casimir invariant for the
Maxwell algebra is [46—48]
C=ayJJ,+aP'J,+a(P'P,+ JZ,), (2.2)
where «, a;, and a, are arbitrary constants. The Maxwell

algebra then admits the following nonvanishing compo-
nents of the invariant tensor:

<Jan> = X Nap>
<Pan> = W Ngp-

<Jan> = XoNab>

(JaZp) = arfap, (2.3)

The gauge connection one-form A can be conveniently
chosen as follows”:

A=w"J,+e"P,+kZ,, (2.4)

where @” is the (dualized) spin connection, ¢ denotes the

dreibein and k¢ is the so-called gravitational Maxwell gauge
field. The corresponding curvature two-form is given by

*More general choices of the gauge field can be considered
leading to a more general Maxwell-CS theory that includes a
nonvanishing torsion term.

F =R, + TP, + F'Z, (2.5)
where
R = dw® + %e"bca)ba)c,
T4 = de® + €y .’e,
F¢ = dk® + €%, 0"k + %e“,,ce”ec. (2.6)

Considering the gauge connection (2.4) and the invariant
tensor (2.3), the corresponding action for the Maxwell
algebra can then be described in terms of the three-
dimensional CS action,

k 2
Ioo=— [ (AdA +2A3),
s 4m/< *3 >

with k = % being the CS level of the theory related to the
gravitational constant G. Indeed, the action reads [46—48]
(see also [54,55,70])

(2.7)

k
IMaxwell = E/ 2a,R%, + ay(e“T, + 2R%k,) + apL(w),
(2.8)

where

1
L(w) = (da)” + geabcwbwc) w, (2.9)

is the Lorentz-Chern-Simons form.

The Maxwell-CS action contains three independent
sectors proportional to ay, o, and @,. The parity-odd term
given by the Lorentz-CS three-form [87,88] appears along
the o, constant while the Einstein-Hilbert term is related to
the @; constant. On the other hand, the additional gauge
field £ contributes only to the a, sector.

In particular, the equations of motion are given by

ow,: R+ a; T+ o F* =0,
Ok,: a,R* =0,

oe,. R+ oyT* = 0. (2.10)
It follows that when a, # 0, the previous equations can be
equivalently written as the vanishing of the curvature two-
forms (2.6). It is worth mentioning that the suitable choice
of the gauge field in Eq. (2.4) allows one to generically
describe the theory in Riemannian geometry (torsionless).
The standard (2 + 1)-dimensional gravity in vacuum is then
recovered for the case oy = a, = 0, which is the well-
known CS theory for i80(2, 1) [87,88].

In this work, we will “hypersymmetrize” the three-
dimensional Maxwell gravity. As we will see, some
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hypersymmetric extensions will also require the presence
of spin-4 gauge fields. The construction of the simplest
hypersymmetric extension of the Maxwell-CS gravity is
discussed in the next section.

III. HYPER-MAXWELL-CHERN-SIMONS
GRAVITY THEORY

Here we present the simplest hypersymmetric
extension of the Maxwell-CS gravity theory. To this end,
we construct a hyper-Maxwell algebra by introducing
fermionic generators which transform into an spin—% irre-
ducible representation of the Lorentz group. Therefore,
the hyper-Maxwell algebra is spanned by the set
{JusPus Zy, Qua}» Whose generators satisfy the following
nonvanishing (anti)commutation relations:

[]a’ Jb] = emab‘,m’
[‘]w Zb] = gmabzm’

[Jll’Pb] - emame’
[Paipb] = emabzm’

1 i
[Ja» Qab] = 5 (Fa)ﬂaQ/)’b + €achﬂc,

4 , 5 ,
{Qaa’ Q/}b} = _gnabzc(crc)aﬁ + geabccaﬁzC

2
+§Z(a|(CF\b))aﬂv (3.1)

where Q,, are I'-traceless vector-spinor generators that
fulfill (I,)7,Q,5 = T“Q, = 0. Here C is the charge con-

jugation matrix
% 1 0 '

which satisfies CT = —C and CI'* = (CI'%)7, with I
being the Dirac matrices in three spacetime dimensions.

(3.2)

We shall denote this algebra as f;t}, which, like the hyper-
Poincaré algebra [23], requires neither an enlargement of
the Lorentz group nor the introduction of bosonic HS
generators to satisfy the Jacobi identities. One can notice

that the algebra f)/r} has a structure similar to the so-called
nonstandard Maxwell superalgebra [89,90], in which the
translational generators P, are not expressed as bilinear
expressions of fermionic generators. Nonetheless, since the
sub-superalgebra spanned by the generators J,, Z,, and
Q. 1s indeed the hyper-Poincaré algebra, as mentioned
before, a simple interchanging of roles between the trans-
lation generators P, and Z, relates the superalgebra in
Eq. (3.1) to its Hietarinta form in [27]. Therefore, one
naturally expects gauge theories based on the hyper-
Maxwell or Hietarinta version of the algebra to certainly
be endowed with quite different physical implications; see,
e.g., [72-74]. In the present work, we will not consider this
last reinterpretation of the theory since our purpose is to

study the coupling of three-dimensional Maxwell gravity
with massless spin—% fields.

Let us now consider a hypersymmetric Maxwell-CS
action that is invariant under the hyper-Maxwell algebra
f)/l\‘a (3.1). The CS action can be constructed from the
gauge field

A=¢"P,+w"J,+kZ, +w0,, (3.3)

whose components are the dreibein, the (dualized) spin
connection, the gravitational Maxwell field and a Majorana
spin-% field. In particular, the Majorana conjugate reads
Voo = I/IZ Cpq- The corresponding curvature two-form F =
dA +1[A,A] is given by

F{:W&+W%+WL+DW%,(M)
m
with
5 3. )
F*=F* - Ezy/bf"w .
3
Dy“ = dy“ + Ea)brby/“ —w, Myt (3.5)

where 7%, R and F“ are as defined in Eq. (2.6). The
fermionic fields are assumed to be I' traceless, i.e,
Iy, =0. On the other hand, one can easily check to
see that, in addition to Cy =J*J, and C; = P%J,, the

hyper-Maxwell algebra f)/t:l admits another quadratic
Casimir invariant given by

Cy = PPy + JZ, + QLCPQp,. (3.6)

Hence, the hm algebra admits the following nonvanishing
components of an invariant tensor:

(JoPp) = a1y,
<Pan> = QNgp»

2 1 .
(a0 =205 (3 Captan = S €T ). )

(Jadb) = QoM ap,
<JaZb> = Ngp,

where «j, @, and @, are arbitrary constants. The invari-
ance of such a bilinear form under the action of the hyper-
Maxwell algebra requires that (J,Z,), (P,P,), and
(QuaQpp) have the same global coefficient. When one
uses the gauge connection one-form (3.3) and the invari-
ant bilinear form (3.7) in the general form of a three-
dimensional CS action (2.7), it then reduces, up to
boundary terms, to
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k
Ih’\ = 4—/2a1R“ea + 0{2(2R“ka + Taea + 2il/_/aDl//a)
m T

+ ayL(w). (3.8)

The previous CS action is invariant under the I)/t\n
algebra, extending the Maxwell gravity theory with a
massless spin-% gauge field. Note that the terms along
the arbitrary constants a, and a; are not affected by the
extension and coincide with the terms appearing in the
bosonic action (2.8). The spin—% field only appears in
the term proportional to the a, constant. The action can
then be seen as an “exotic” hypersymmetric gravity theory
which does not require the presence of spin-4 gauge fields,
which turns out to be as the natural Maxwellian extension
of hypergravity given by Aragone and Deser in [7] but
formulated as a genuine gauge theory. As we shall see later,
there are other hypersymmetric extensions of the Maxwell
gravity, but they require the presence of spin-4 gauge fields.

For completeness, we provide the equations of motion,
which are given as

Sw,: R+ T + a, F* = 0,
O0k,: aR* =0,
oe,: R+ a;T* =0,

S, Dy =0. (3.9)
When a, # 0, the previous equations can be equivalently
written as the vanishing of the curvature two-forms (3.5).
By construction, the CS action (3.8) is invariant under the
local hypersymmetry transformation laws given by

oe? =0,

S =0,  6k* = 3ig,[yb,

Syt = de” —l—%wabG“ — wpleb, (3.10)
where €“ is the fermionic gauge parameter.

The CS action (3.8) is the simplest hypersymmetric
extension of the Maxwell gravity without spin-4 gauge
fields. As will be discussed, the previous hypersymmetric
extension of the Maxwell algebra is not unique. However,
to our knowledge, it seems that the hyper-Maxwell

hm is the only consistent way to accommodate spin-%
generators to the Maxwell algebra without including
spin-4 generators.

A different analysis can be done if we choose for the
vierbein e to accompany the Z, generator (or, equiva-
lently, by performing Z, <> P,). The analysis will lead to a
hypersymmetrization of the ‘“Hietarinta gravity” [75]
which, although interesting, is beyond the scope of this
work.

The extension of the hyper-Maxwell gravity theory in
Eq. (3.8) can then be extended to include fermionic fields of
spin (n 4+ 3/2) which become suitably described by a

completely symmetric and (triple) I'-traceless one-form
Wa,..a, SO that the action reads

k
I~ :4/2a1R“ea+a2(2R“ka+T“ea+2il[/a]_‘.anDl//”""“")
z

hm

+ayL(w), (3.11)

with

1
Dl//a'mu” — dl//a'mu” + (l’l +§> a)hr‘hwal---an
f— wbl—‘(all//aZ"'an)b’

and, being left invariant by the local hypersymmetry
transformations, is given by

e =0, (3.12)
S =0, (3.13)
I\ .
Ska =2 <n + 5) i€ g W4, (3.14)
Sy an = D, (3.15)

Thus, the latter action naturally extends the hypergravity
theory in [7] to include the Maxwell-CS gravity dynamics
that amounts to describing two interacting nonpropagating
gravitons and a spin-(n + 3/2) gauge field.

IV. ON THE EXTENSION OF THE MAXWELL
ALGEBRA WITH SPIN-% AND SPIN-4
GENERATORS

In this section, we present three alternative hypersym-
metric extensions of the Maxwell algebra, which are
obtained through the IW contraction procedure [91]. As
we shall see, such hyper-Maxwell algebras require the
presence of spin-4 generators and appear upon the con-
traction of diverse combinations of 03p(1]4) and 3p(4)
algebras. Interestingly, we show that the hyper-Maxwell
algebra (3.1) without spin-4 generators (transforming in a
spin-3 irreducible representation of the Lorentz group)
appears as a subalgebra of one of the alternative hyper-
Maxwell algebras.

To start with, and in order to fix our notation, we will
briefly review the 08p(1|4) superalgebra.

A. The 03p(1|4) superalgebra
The o03p(1|4) superalgebra with 3I(2|R) principal
embedded in 8p(4) is spanned by the set of generators
{T 4, T ypes Gaa }» Which satisfy the following nonvanishing
(anti)commutation relations:

064011-5
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[T, Ty = €" T, G, are I'-traceless vector-spinor generators satisfying
(T, Tyed] = 36", T (T*) ,Gsy =T°G, =0. In particular, the subalgebra
a7 bed a(b” edym spanned by the set {T',, T .} defines a 8p(4) algebra.

(T4, Gup] = 1 (T Gp + ers ' The 08p(1(4) superalgebrg has the following nonvanish-
2 ing components of the invariant tensor
[Tabc’ Tmnk] = _6(’7(ab€ ¢)(m Mnk) + 5¢! (m|(a 5db’76)|n’7k)d)Tl <T T > 1
alv) = FMNab>
+2(5¢! (ml(a ® 4T g — €l<m|(a Moe) T iy 2
_ el(m(a‘Thc)l’/”nk))’ <Tathmnk> = Snm(arlb\nmc)k - 3’7 (ab™M|c)(mMnk)»
2 1 .
[Tahcv g(ld] = (6kd’7(ah\ - Snd(a 51}§|)(F\L) )ﬂagf)’k <g‘mgﬂb> a/)’”ab 3 €abC(CF )a/)" (42)
+ n(ab\(rd)ﬂ ag/;|c), Let us note that the hyper-Poincaré algebra with and

4 5 without spin-4 generators can be obtained by considering

{GuaGpp} = (Tabc - §’7”ch) (CT) p + geabccaﬁTC different IW contractions of the 03p(1[4) ® 8p(4) super-

algebra [24]. Here we shall see that three alternative

7 (4.1) hyper-Maxwell algebras appear when we consider the

ap IW contractions of the 03p(1|4) ® 08p(1|4) ® 8p(4)
and 03p(1]4) ® 8p(4) ® 8p(4) superalgebras.

2
+3 7 (CTiw)

where a,b,... =0, 1, 2 are Lorentz indices lowered

and raised with the off-diagonal Minkowski metric 7,

and €",. is the three-dimensional Levi-Civita tensor. B. Hyper-Maxwell algebra with spin-4 generators
Here T, span the 8(2,R) subalgebra and stand for the Let us first consider the 08p(1|4) ® 08p(1]4) ® 8p(4)
spin-2 generators, while T, and the fermionic G,, gen- superalgebra. One can then show that the IW contraction of

erators yield, respectively, to spin-4 and spin—% fieldsinthe  such a structure allows us to obtain a hyper-Maxwell
Chern-Simons theory. Let us note that 7, are tracelessand ~ algebra with spin-4 generators. To this end, let us consider
totally symmetric generators satisfying 7°T,,. = 0, while  the following redefinition of the generators:

|

1 1
Jo=T,+T;+T;, Py =2(Ta =Ta). Zo=5(Ta+Ta),
) o |
Jabe =Tape + Tabc + Tuhc’ Pope = ?(Tabc - Tahc)’ Zape = 22 <Tabc + Tuln)
1 L 1
Q(mzﬁ( (Jlra_lgaa)’ Zuu:\/?( {fa—’_l aa) (43)

where {T§, T, .Gt} and {T,, T, . Gs} each span an 08p(1|4) superalgebra, while {7, T, } are 8p(4) generators. On

abc’
the other hand, Z is a length parameter related to the cosmological constant through A « + %. It is simple to verify that the

set of generators {J,, Py, Z 4, Japer Paver Zaves Qaas 2aa b Satisfies a hypersymmetric version of the so-called AdS-Lorentz
algebra [92-96]. It is then straightforward to show that the algebra obtained after the vanishing cosmological constant limit
¢ — oo leads to the following hypersymmetric algebra:

[Jm‘]h} = ab m» [Jme] :emamev
[‘]aﬁzb} =" bzm’ [Pa»Pb] = emabzmv
as Tbeal = 3€™ awd caym Ja> Ppeal = 3€" apPeayms
[Py, T ped] = 3€™ aPeaym Ja>Zpeal = 3€ma(chd)mv
(Zas Tbeal = 3€" apZeayms [Pas Ppedl = 3€" s Zeayms
1
[Jav Qab} 5 ( a)ﬂaQﬁb + €achﬂcv
Ly ¢
[Jav Zab} 5 (Fa) az/)’b + €abczﬁ s
1 .
[Pa’ Qab} 5 (Fa)ﬂazﬂb + eubczﬂc’ (44)
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U aver L] = =6(1(ab€' ey mtni) + 5€' (i (@0 pHeyntliya)

+ 2(5€/ (@0 bd ey 1MTi1d = €' ml(abe) T 1yt = €' (@ beytlian) )
T aber Ponk] = —6((ap€ cymtnk) + 5€' (m) (@0 ey nhiya) P
+ 2(5€ ()00 b P oy i1aM)d = €' i (alTbe) Pkt = € (m(a Poe) Mink))
T aver Zimi] = =6(0(ab€' ey mtnt) + 5€' () (@0 pHeyntia) Z1
+ 2(5€ () (@0 b ZeyitTird = €' oml(albe) Zinit = €' m(aZbeylink) )
[Pabe Ponk] = =6(1(ab€’ cymtni) + 5€' () (@0 eyt a) Zi
+ 2(5€ () (@0 b ZeyitTird = €' oml(albe) Zinit = €' (m(a Zbeymlink) ) (4.5)
aber Qual = (8% atttan) = 5@ 5) (T16))? « Qprc + M(an) Ta) 4 Qpic)-
aber Zad) = (8 attap) = 514 1) TV oZ + 1(an) (Ca) o Zpic
[Paber Qadl = (8" atian) = 51aa b)) (Tie) VP o Zpic + Mar) Ta) o Zp1c)
{Qaa: Opp} = (Pabc - gﬂach> (CT) 4 + geabccaﬁpc + %PM(CFU,))“/},
(QuaZ) = (e = 312 ) Ty + S e 45 20(CT ), (46)

The newly obtained algebra, which we shall denote as
hm), corresponds to a hyper-Maxwell algebra in the
presence of the spin-4 generators {J.pc, Puper Zape -
This hypersymmetric extension of the Maxwell algebra
is characterized by two fermionic generators Q,,
and X,,. The presence of a second spinorial charge
is not arbitrary but is required to satisfy the Jacobi
identities. Let us note that the presence of a second
fermionic charge has already been discussed in the
context of D =11 supergravity [97] and superstring
theory [98]. Subsequently, it was also studied in
the context of the supersymmetric extension of the
|

. 1
J, =T, +TF+Tj, P, = y
1
Jabc = Tabc + T;_bc + Ta_bcv Pabc = 2
V2
Qaa _7gaav

(T

Maxwell algebra in [99-106]. As we will see in the
next section, this novel algebra will allow us to
construct a different Maxwell hypergravity theory in
three spacetime dimensions.

C. Nonstandard hyper-Maxwell algebra
with spin-4 generators

A different hyper-Maxwell algebra with one vector-
spinor generator can be recovered from the 08p(1/4) ®
3p(4) ® 8p(4) superalgebra. Let us first consider the
following redefinition of the generators:

1
-T;). Zy= 5 (TE+T5)
B 1
abc — Tabc)’ Zabc - f (Tabc + Tabc)

(4.7)

where the subset {7, T/, G, } satisfies an 08p(1|4) superalgebra, while {T;,T,,.} and {T,,T,.} each span
an 8p(4) algebra. After considering the above redefinition, the set of generators {J,, Py, Zy,Japes Paves Zaves Qua }
satisfies an alternative hypersymmetric version of the AdS-Lorentz algebra [92-96] whose flat limit leads to the

following algebra:

064011-7



RICARDO CAROCA et al. PHYS. REV. D 104, 064011 (2021)
[Jaﬂ]b} = amea [‘]aan] :Emame,
[‘]mzb} = mev [Pme} = emabzmv
[Jav chd} = 3e" chd)rw [Jm Pbcd} = 3e" chd)m’
[Pas Tped] = 3€™ a@Peaym Ja> Zpeal = 3€™ a@Zedym
[Zav chd} = 3¢" chd)mv [Pa’ Pbcd] = 3" chd)
1 .
[Jaa Qah} 5 ( u)/}aQ[)’b + eath/;’Lv (48)
[Jabc’ Jmnk] 6(77 ab€ Y (m!nk) + 5l (m|(a 5 bnc)|n'lk)d)‘,l
+ 2(56 (m|(a bJ o)l|nMlk)d — e m|(a’7hc)‘,\nk)l - €Z(m|(a']bc)l’7|nk))’
[Jabwpmnk] = _6(77 ab€ Y (m!Tnk) + 5¢! (ml(a 5 bnc)|n'lk)d)Pl
+ 2(5€! 41 (b P oy i1aMiya = € (ml(albe) Plnioyt — €' ) (P o) M) )
[Jabc’ Zmnk] = _6(77 ab€ Y (m!Tnk) + 5¢! (ml(a 5 bnc)|n'lk)d)zl
+ 2(5€! (1 b Z ey 1Miya = € (mi(aMbe) Z it = € (mi(aZLbeyMing) )
{Pawamnk] = _6(77 ab€ Y (m!Tnk) + 5¢l (m|(a 5 bnc)|n'lk)d)zl
+ 2(5€! (O b Zey1Mya = € (mi(@Mbe) Z it = € (mi(aZLbeyMink) ) (4.9)
aber Qaal = (8" anian) = 5@ 5) (T16))P 2 Qi + M) (Ta) Qe
4 5 2
{Qaw Qﬂb} = <Zabc - g’/labZC> (Crc)aﬁ + geabccaﬂZc + gz(al(cr\b)>aﬁ' (410)

This algebra, which we will denote as hmy, corre-
sponds to a nonstandard hyper-Maxwell algebra
where P,;,. and J,;,. transform into a spin-3 irreducible
representation of the Lorentz group. We refer to this
algebra as nonstandard since the translational
generators P, are not expressed as bilinear expressions
of fermionic generators Q,,. As we will see in the next
section, this feature will imply that the hypersymmetric
CS action based on this algebra will describe an

1
J,=T,+TFH+Ty,, P, =3
1 1
Jabc = f (Tabc + Tgbc =+ Tahc) Pabc = ?
V2
Qaa :7gaa-

(Td -

(Ta

exotic hypersymmetric action. This is analogous to
what happens in the case of the nonstandard
Maxwell superalgebra introduced in [89] and to the
simplest hyper-Maxwell algebra obtained in the pre-
vious section.

An alternative nonstandard hyper-Maxwell algebra can
also be obtained from the 08p(1|4) @ 3p(4) ® 8p(4)
superalgebra by considering a different redefinition of
the 03p(1]4) and 3p(4) generators:

| -

) Zy=— (TH+T5),

a

- T;hc)’

%l*—‘%

Zabc - (Tabc + Tahc)

abc

(4.11)

Such a redefinition differs from the previous one [Eq. (4.7)] at the level of the length parameter #. The set of
generators {J,, Py, Zas Javer Paver Zaver Qua b Satisfies a different hypersymmetric version of the AdS-Lorentz algebra. In
this case, the flat limit £ — oo reproduces a different nonstandard hyper-Maxwell algebra whose nonvanishing (anti)-

commutators read
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[‘]a’Jb] =€ amev [‘]avPb] :emamev
[Java] =e" mev [Pwa] - €mamev
[Jm chd] = 3e" chd) [Jav Pbcd] = 3€ma(bPCd)mv
[‘]a’ Zbcd] = 3e" chd)
1
[Ju’ Q(lh] = 5( a) aQ/}h + €ape Q/)’ ’
[‘]ubw Zmnk] = _6(n(ab€ ¢)(mMnk) + 5€ (m|(a brlc)\nnk)d)zlv
[Pabcv Pmnk] = _6(’7(0176 ¢)(mMnk) + 5€ (m|(a b”]c)\nnk)d>zlv
[Zabc”Zmnk] = _6(77(0176 ¢)(mMnk) + 5€ (m|(a brlc)\nnk)d)zlv
4 5
{Qua- Opp} = _gnabZC(CFC)aﬂ + geabccaﬁzc
2
+5Z(CTin), (4.12)

Interestingly, one can see that the subset {J,,P,,
Z,,Q4q} defines a hyper-Maxwell subalgebra without
spin-4 generators which coincides with the simplest hyper-

Maxwell algebra f)/I\n obtained previously [Eq. (3.1)].

V. HYPERSYMMETRIC EXTENSION OF
THE MAXWELL GRAVITY THEORY
WITH SPIN-4 GAUGE FIELDS

In this section, we construct corresponding three-
dimensional CS theories that are invariant under the
|

hyper-Maxwell algebra hm, with spin-4 generators.
As we shall see, we shall require not only the
presence of spin-4 gauge fields but also the inclusion
of a second Majorana spin-g gauge field. For
completeness, we also present the construction of a

nonstandard hyper-Maxwell-CS gravity based on the
hmy) hyperalgebra.

A. hmy) Chern-Simons hypergravity

Let us first consider the CS hypergravity theory
that is invariant under the hyper-Maxwell algebra
I)m(4) [Egs. (4.4)—(4.6)], which is spanned by the set
{PuisJasZss Pupes J apes Zape, Q4. Z4}. The CS action can
be constructed from the gauge field

A=e"P,+ 0, + kZ, + Py + 0T e

+ kuhczahc + l/_/aQu + Euza’ (51)

whose components are the dreibein, the (dualized) spin
connection, the gravitational Maxwell field, three spin-4
gauge fields, and two Majorana spln- gauge fields. The
corresponding curvature two-form reads

Fymy = TPy +RUy+ Fly Zy + TP + R Uy + FE Loy + DipQ, + DES,, (5.2)
where

T =T + 306, .0’ —%ilpbl"“y/b,

R = R + 15€¢“ . 0" ,,,,.
Fiy = F + 306, 0"k, + 15¢p0€"™" e, = i TE
T = detbe — 10¢(@,,, @™ b, 4 3ela, emarlbe) 4 3ela,  gymentbe) 4 él/_/“‘l""’y/‘)
Rabe — daytbe — 5¢la qynklbgen 4 3ela o mylbe),
]_-?gb)c — dkabe — 10¢la, qyklbgn, _ Sela  gmklbocin, | 3gla qmpnlbe) 4 3gla  gmenlbe)

4 3ela gmenlbe) 4 jilalbgc),

Dy = dy“ + zwbrbw — oIy’ = 50Ty,
D& = dE + %a)bl“bé" — e — 5P &, + %ebrby/” — e, Ty’ — 5eP“T .. (5.3)

The fermionic fields and generators are assumed to be I traceless, i.e, [y, = T“§, = 0 and QT", = ZT";, = 0. The hm 4,
hyperalgebra admits the following nonvanishing components of an invariant bilinear form:
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<JaPh> = O Nap»
<J Zh> = W MNgp>
(5’7m (abnM|c)k — 3n (ab|M|c) (m|71\nk)),

Sonk) = 2,
<JabcP =2a (5’7m (allb|nM|c)k — 3n (ab|M|c) (m|rl\nk)),
JabeZmnik) = 202 (SHm(alpnMie)e = 3M(abM|e) (M)
<Pabchnk = 2a2(5’7m(a’7b\nm Yk T 3n (ab|M|c) (m|rl\nk))’
2a,
aa < pb apllab — €abe ap)>
(001} = 21 2,1 = e (€T )
200 ,
aa“=pb =2 (an/}nab abc(crc)a/})' (54)
(QucZp) =5

Here ay, @, and «, are arbitrary constants which are related
to the 08p(1|4) and 3p(4) constants given by (v, p) and p,
respectively. Indeed, the invariant tensor (5.4) can be
obtained from the invariant tensor of the 03p(1/4) ®
08p(1|4) ® 8p(4) superalgebra by considering the redefi-
nition (4.3) along with

L _wrvtp w=p
0 D) s 1 Q,f’ 2

and the flat limit £ — oo.

If one replaces the gauge connection one-form (5.1) and
the invariant tensor (5.4) in the general expression for a CS
action (2.7), it then reduces, up to a surface term, to

v+tp
2027

(5.5)

k ‘ oA
I[)m(A) - 471,/ a (2Raea + 20R ¢ €ape + 20y, Dy )
+ a,(2R%, + €T , + 20R ke + 10T 4.
+ 2, DE + 24, Dy®) + ayL(Q), (5.6)

where 7¢ and 7€ are given by

ow =0,
Swbe =0,

ded = 3iébF“y/”,

b. _ o— h ~
0e?’¢ = —ie Ty,

6kabc —

_ b
T4 =T+ 30€,.0"™ e s

Jabe — Jpabc _ loe(amnwmk\bec)nk 4 3€(amnemwn|bc)
+ 3elae, wmenlbe) (5.7)
and
bc 10 kb
L(Q) =L(w)+ 10( doc — ge"mna)m "
+ 3€“mnw’”a}”bc> @ gpes (5.8)

with L(®) being the Lorentz-CS form (2.9).

The CS action (5.6) is invariant under the hm 4 hyper-
algebra and is split into three independent sectors propor-
tional to the three arbitrary constants. The piece along «
contains the parity-odd Lorentz-CS term [87,88] together
with its spin-4 version. Along the a; constant appears the
Einstein-Hilbert term, contributions of the spin-4 fields,
and a fermionic term. The term along «, extends the
Maxwell gravity with fermionic terms and also has spin-4
field contributions. It is straightforward to see that the
previous CS action reduces to the Maxwell-CS gravity
(2.8) when the spin-4 and spin—% fields are switched off. Let
us note that, unlike with hyper-Poincaré gravity [23], the
presence of a second spinor gauge field &£ is required to
ensure the proper extension of the Maxwell gravity with
spin-3 and spin-4 gauge fields.

The field equations for @, # 0 are given by the vanishing
of the curvature two-form in Eq. (5.2), ie., F b = 0,
whose components transform covariantly with respect to
the hypersymmetry transformation laws

Sk = 3ie, &> + Big,Iy?,
_iéarbwc _ l-éarhéc7

3
Syt = de® + Ea)beea —w, " = 50"T e,

3 3
684 = do* + ia)”l“hg“ — w,%0" = 50"“T 0. + = €'T e — e, — 5¢"“T e,

where € and ¢“ are the fermionic gauge parameters related
to the respective Q, and X, generators.

The novel hypergravity theory can be seen as a
Maxwellian generalization of the hyper-Poincaré gravity
in the presence of spin-4 gauge fields. In particular, the
hyper-Poincaré-CS action coupled to spin-4 gauge fields
and its exotic counterpart appear as particular subcases along
the a; and « constants, respectively. Let us note that, in the
absence of spin-4 gauge fields, the term along @; constant
corresponds to the usual hypergravity introduced in [7,23].

_ (5.9)

|
Although the hmyy,
enlargement and deformation of the hyper-Poincaré sym-
metry, the present hypergravity theory does not contain a
cosmological constant term.

hyperalgebra can be seen as an

B. Nonstandard hypersymmetric
Maxwell-Chern-Simons action

Now we shall construct the CS action that is invariant
under the nonstandard hyper-Maxwell algebra in the
presence of spin-4 generators given by Eqgs. (4.8)—(4.10),
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which is spanned by {P,,J,,Z4,Jupes Paver Zapes Q%)
The gauge field one-form is given by

A= e"P,+ wJ, + k9Z, + P, + 0T,

+ kabczabc + l/_/a Qav (510)

whose components are the dreibein, the (dualized) spin
connection, the gravitational Maxwell field, three spin-4
gauge fields, and one Majorana spin-5/2 field. The
curvature two-form is given in this case by

F~ =T%P,+RJ,+F¢ Z,+TPP,,
g )

+ Rabc']ahc + :F?vé)czabc + bl/_/a Qav (51 1)

where 7%, T%¢ are defined in Eq. (5.7), while R¢, R4,
Dy can be found in Eq. (5.3), and

Fo) = F+ 3060k,
3
+ 15€abc bmnecmn _Eil/_/brawb’
]:z(zyl;)c — dkabe — loe(a wmk\bkc no_ 56 € mk|bec)nk
+3€ mna)mkn\bc _|_3€ km nlbc)

+3€(amnemeﬂ‘bC) +§l/_/(ar‘bwc) (512)

The algebra I)At;1<4) admits the following nonvanishing
components of an invariant bilinear form:

(Jadb) = AoMap, (JaPp) = 1lap,
(PaPp) = aafap, (JaZp) = aalap,
abed mnk) = 200 (Stm(apnlic)e = 3N a|Mie) MMk )
(JabePmnik) = 201 (Shi(alpnMie)e = 3M(abM|e) (M) )
JabeZmnk) = 20 (SHum(alpinMie)e = 3M(anM|e) (M) )
(PabePrunk) = 20 (Stm(allpncye = 3N (an|Mle) (M [H]ur) )
(QaaQpp) = 20 (; Copllap — %eabc(crc)a/}> . (5.13)

Here a, a;, and a, are arbitrary constants which are related
to the 08p(1|4) and 3p(4) constants given by v and (u, p),
respectively. Indeed, the invariant tensor (5.13) can be
obtained from the invariant tensor of the 03p(1/4) ®
3p(4) ® 3p(4) superalgebra by considering the redefini-
tion (4.7) along with Eq. (5.5) and the flat limit £ — oo.

The CS action is then given, up to boundary terms, by

k
I~ 2 2 abc
I1m<4 4” al( R €q + 0R eabc)

+ &, (2R%, + €T , + 20R% k.

+10e%b¢T 4 + 20, Dy?) + apL(Q).  (5.14)
The CS action based on the f)m hyperalgebra describes
an exotic hypersymmetric grav1ty theory One can see that
the spin—% gauge fields do not contribute to the Einstein-
Hilbert sector. This is due mainly to the structure of the
hm 4 hyperalgebra (4.8)—(4.10), in which {Q, Q}~P. Let
us note that the same behavior appears in the simplest
hyper-Maxwell gravity (3.8) and in the nonstandard super-
symmetric extension of the Maxwell gravity [90]. It would
be worth studying the Hietarinta version [72-74] of the
nonstandard hyper-Maxwell-CS action (5.14)—in which
the role of the dreibein and the gravitational Maxwell gauge
field are interchanged—and its physical implications.
The field equations for @, # 0 are given by the vanishing

of the curvature two-form in Eq. (5.11), i.e., FhN =0.In
M)
the present case, the curvatures transform covariantly under

the hypersymmetry transformation laws as follows:

oe? =0,
debc =0,

ow® =0,
S =0,

5ke = 3ig, Dy,
5kahc — _iéarbl’/c

3
Sy = de® + Ea)"l",,e" — ol — 50"“Tye,,  (5.15)

where €“ is the fermionic gauge parameter related to Q..

VI. CONCLUDING REMARKS

In this work, we have presented a consistent way of
coupling three-dimensional Maxwell-CS gravity theory
with a spin-% gauge field. To this end, we have constructed
the simplest hypersymmetric extension of the Maxwell
algebra, which was carried out with a consistent insertion of
new fermionic generators into the three-dimensional
Maxwell group which transforms into a spin-% irreducible
representation of the Lorentz group. The respective CS
theory that is invariant under the aforementioned hyper-
Maxwell algebra was then introduced and can be seen as an
exotic hypersymmetric gravity theory that extends the
hypergravity of Aragone and Deser [7] that has allowed
us to write its corresponding extension to include massless
gauge fields of spin (n + 3/2). Interestingly, it has also
been shown that the hypersymmetric extension of the
Maxwell algebra is not unique but can be further extended
to include spin-4 generators that are accompanied by
additional fermionic spin—% ones. Indeed, it has been shown
explicitly that three different hyper-Maxwell algebras can
be derived by considering the IW contraction of diverse
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combinations of the 03p(1]4) and the 3p(4) algebras. The
first of these superalgebras obtained here [Egs. (4.4)-(4.6)]
has allowed us to construct a consistent CS hypergravity
theory that amounts to endowing Maxwell gravity with
interacting massless spin-4 fields and two independent
fermionic gauge fields of spin % A second alternative
hypersymmetric algebra [Egs. (4.8)-(4.10)], named here
as a nonstandard algebra, has allowed us to construct the
nonstandard hypersymmetric Maxwell-CS action, which is
characterized as having just one spin—% fermionic gauge field.
Notably, in the third case (4.12) the spin-4 gauge fields can be
consistently truncated, which is consistent with the fact that
the set of spin-4 generators indeed form a subalgebra, so the
simplest hyper-Maxwell gravity theory that includes a single
massless spin—% gauge field is effectively recovered.

Note that for our simplest hyper-Maxwell-Chern-Simons
gravity, as in the case of the Poincaré hypergravity [23], the
inclusion of additional HS generators of half-integer spin
into the Maxwell algebra does not affect the causal structure
underlying Maxwell-CS gravity theory, which distinguishes
it from the more familiar infinite-dimensional higher-spin
algebras, which require one to extend the Lorentz group in
order to include generators of higher spins s > 2.

The results obtained here could serve as a starting point
for various further studies. In particular, one could explore
the possibility of including a cosmological constant in
our theory. Indeed, with regard to the bosonic sector of the
theory, it is encouraging to know that the Maxwell gravity
theory can alternatively be recovered as a vanishing
cosmological constant limit of the so-called AdS-Lorentz
gravity [70,78,94] and the Poincaré-Lorentz gravity theory
[56]. A cosmological constant could then be incorporated
in the hyper-Maxwell gravity theory by constructing a CS
hypergravity theory based on a hyper-AdS-Lorentz or a
hyper-Poincaré-Lorentz symmetry. Although they probably
should appear as deformations of the hyper-Maxwell
algebras presented here, one could expect different under-
lying geometries. Indeed, unlike the AdS-Lorentz gravity
theory, the inclusion of a cosmological constant through the
Poincaré-Lorentz symmetry implies the presence of a
nonvanishing torsion [56]. It would be worth exploring
the physical implications of considering a nonvanishing
torsion in a hypergravity theory.

It is worth stressing that the study of suitable asymptotic
symmetries for the extensions of hyper-Maxwell theories
found here become crucial due to their inherent topological
character, which is pointed out by the absence of local bulk
degrees of freedom [86]. Thus, one can expect that suitable
asymptotic conditions could be performed in each case
along the lines of [85,86], giving rise to adequate asymp-
totic symmetries being canonically realized by deforma-
tions of the hyper-bmg; asymptotic algebra. One might
then wonder whether interesting hypersymmetry bounds
could be derived from these asymptotic algebras, thereby
implying prominent properties for solutions such as

solitonlike ones, as well as those with a sensible thermody-
namics; see, e.g., [22,23]. Indeed, since the hyper-Maxwell
algebra appears as the IW contraction of diverse combina-
tions of the 08p(1]4) and the 8p(4) algebras, it seems natural
to expect that the respective asymptotic algebras could
alternatively be recovered as a precise combination of the
W(z.g,4) and W, 4) algebras (this is a work in progress).

Another interesting aspect that deserves exploration is
the derivation of the hyper-Maxwell algebras introduced
here by considering the S-expansion method. In three
spacetime dimensions, the Maxwell algebra and its super-
symmetric extension can be obtained by expanding the
80(2,1) and 038p(2,1) algebras, respectively [70]. One
could extend the S-expansion procedure at the hypersym-
metric level by studying the S expansion of the 03p(1]4)
superalgebra considering different semigroups. It would be
interesting to recover not only known algebras (such as the
hyper-Poincaré algebra and the ones presented here) but
also novel algebras that are the hypersymmetric extensions
of known (or unknown) bosonic algebras. A particular
advantage of considering the S-expansion approach is that
it provides us not only with the expanded (anti)commuta-
tion relations but also with the nonvanishing components of
the invariant tensor of the expanded algebra, which are
essentials in the construction of a CS action.

It is well known that three-dimensional CS actions
possess higher-dimensional generalizations. Following
[26], it would be worthwhile to extend our construction
to five or more odd spacetime dimensions. As a concluding
remark, let us mention that the A/ extension of our results
can be done by considering an appropriate IW contraction
of diverse combinations of the o3p(M|4) and 38p(4)
algebras. In particular, one would expect that an N =
(M,N) extended version of the simplest hyper-Maxwell
algebra presented here could be derived from the
08p(M|4) x 08p(N|4) x 8p(4) superalgebra. Let us note
that the 03p(M|4) x 08p(N|4) superalgebra corresponds to
the N -extended hyper-AdS algebra studied in [22].
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