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Constituted with a massive black hole and a stellar mass compact object, extreme mass ratio inspiral
(EMRI) events hold unique opportunity for the study of massive black holes, such as by measuring and
checking the relations among the mass, spin and quadrupole moment of a massive black hole, putting the
no-hair theorem to test. TianQin is a planned space-based gravitational wave observatory and EMRI is one
of its main types of sources. It is important to estimate the capacity of TianQin on testing the no-hair
theorem with EMRIs. In this work, we use the analytic kludge waveform with quadrupole moment
corrections and study how the quadrupole moment can be constrained with TianQin. We find that TianQin
can measure the dimensionless quadrupole moment parameter with accuracy to the level of 10~> under
suitable scenarios. The choice of the waveform cutoff is found to have significant effect on the result: if the
Schwarzschild cutoff is used, the accuracy depends strongly on the mass of the massive black hole, while
the spin has negligible impact; if the Kerr cutoff is used, however, the dependence on the spin is more
significant. We have also analyzed the cases when TianQin is observing simultaneously with other

detectors such as LISA.

DOI: 10.1103/PhysRevD.104.064008

I. INTRODUCTION

Black holes are fascinating objects that may hold the key
to quantum gravity and to the grand unification of all
interactions in nature. Among the many peculiar results
concerning black holes, there is strong theoretical evidence
for the hypothesis that classical black holes in general
relativity are fully determined by their masses, spins, and
charges [1-6]. This hypothesis is known as the no-hair
theorem (NHT), and it implicates that classical black holes
are astonishingly simple.

Various experimental have of NHT has been carried out
[7—14]. Since the observation of GW 150914 [15], about 50
gravitational wave (GW) signals from the merger of stellar
mass binary black holes and binary neutron stars have been
detected and published [16,17]. This has made it more
promising to use GW observation to test the NHT.
However, since all the GW events detected so far involve
source masses of the order 100 M, and less, the capability
to test the NHT is very limited [8,18]. To test the NHT
effectively, we need to detect much heavier GW sources,
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and this requires much larger GW detectors that exceed the
size of Earth and can only be put in space.

Suitable for this purpose, TianQin is a space-based GW
observatory planned to launch around 2035 [19]. TianQin
will be consisted of three drag-free controlled satellites
orbiting Earth at radii of about 10° km, aiming to detect
GWs in the frequency band of 107* ~ 1 Hz. The major
sources expected for TianQin include inspiral of Galactic
compact binaries, inspiral of stellar mass black hole
binaries, EMRIs, merger of massive black hole (MBH)
binaries, and possibly violent processes in the very early
universe and exotic sources such as cosmic strings [20-22].
TianQin is expected to provide key information on the
astrophysical history of galaxies and black holes, the
dynamics of dense star clusters and galactic centers,
the nature of gravity and black holes, the expansion history
of the universe, and possibly also the fundamental physics
related to the early universe [23-28]. A summary of the
current progress on science and technology of the TianQin
project can be found in [29].

When a stellar mass compact object (CO) orbits and finally
plunges into a MBH, one gets an EMRI event. EMRI is one of
the most interesting types of sources for a space-based GW
detector [30,31]. Current study shows that the detection rate
of EMRIs with TianQin ranges from a few to a few hundreds
per year, depending on the astrophysical models used for the
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estimation [28]. The CO can closely orbit the MBH for about
10° cycles before the final plunge, so the GW signal contains
a plethora of information about the surroundings of the
MBH. A black hole in real astrophysical environment loses
electric charges fast and can be treated as neutral [32-35]. So
the geometry surrounding the central MBH is well approxi-
mated by the Kerr metric following the NHT. We will also
assume that the environmental effect is negligible and the
motion of the CO is totally governed by the geometry
surrounding the central MBH. With all these assumptions,
testing the NHT with EMRIs boils down to test if the MBHs
at the center of EMRIs are Kerr black holes.

The gravitational field of a localized object can be
expanded in terms of multipole moments [36-38]. The
higher multipole moments of a Kerr black hole are fully
determined by the mass M and spin a of the black hole
[39,40],

M, +iS, = M(ia)’, (1)

where M, and S, are the mass and current multipole
moments, respectively. The odd mass multipole moments
and the even current multipole moments vanish due to the
equatorial symmetry of the Kerr metric. By measuring any of
the multipole moments with £ > 2 and comparing with the
prediction of (1), one can check how much the central MBH
in an EMRI may deviate from a Kerr black hole, placing
constraints on the NHT.

Ryan has pioneered the work of using LISA to extract
information on Kerr multipole moments from EMRI
signals, assuming that the orbits of stellar mass COs
[41,42] are circular on the equatorial plane. By modifying
the analytic kludge (AK) EMRI waveform with a quadru-
pole moment correction characterized by a dimensionless
quadrupole parameter, Barack et al. [43,44] have predicted
that LISA can constrain the dimensionless parameter to the
level 10~* given that the central MBH mass takes a certain
value. Babak et al. [45] have further studied how LISA can
constrain the non-Kerr quadrupole moment by using 12
EMRIs source models. Using the same source models, Fan
et al. [28] have assessed the prospect of using TianQin to
detect EMRIs and have also briefly discussed how TianQin
can constrain the non-Kerr quadrupole moment.

In this paper, we carry out a more comprehensive study
of how well TianQin can test NHT with the detection of
EMRIs. Similar to [43,44], we modify the AK waveform
with an extra quadrupole moment characterized by a
dimensionless parameter Q, then we study how Q can
be constrained with EMRI signals detected by TianQin. We
find that the best constraints come from MBHs with masses
at the order 10> My, the accuracy of constraint is propor-
tional to the luminosity distance and inverse proportional to
the mass of the CO, and the parameters such as the
eccentricity and angular parameters do not have significant
influence on the result. All these are consistent with what is
known previously.

Comparing to existing results, our main finding is that
the choice of the waveform cutoff has a strong effect on the
projected constraints on Q. We have considered two typical
cutoffs used in the literature: the AKS and AKK cutoffs,
corresponding to cutting waveforms off at the last stable
orbit (LSO) of a Schwarzschild black hole and Kerr black
hole, respectively, where CO is captured by the MBH.
When AKS cutoff is used, the level of constraints depends
strongly on the mass of the central MBH, while the spin has
negligible impact; when AKK cutoff is used, then the
dependence on the spin is more distinct. What is more,
constraints from using AKK cutoff is usually orders better
than those from using AKS cutoff, due to the obvious
reason that more orbital cycles can be accumulated.

The paper is organized as follows. In Sec. I1, we give a brief
review about the concept of quadrupole moment and some
basic methods about waveform generation and statistics.
Then, we present our results for TianQin and LISA in Sec. I1I.
Finally, we give a brief summary in Sec. I'V.

II. METHOD

A. Quadrupole moments of black holes in alternative
theories of gravity

Except for the mass and angular momentum of the
central MBH, the quadrupole moment is the dominant term
among the multipole moments and can leave a distinct
imprint on the EMRI waveforms. So the quadrupole
moment is the best choice in testing the NHT. Other higher
multipole moments of the central MBH may also have
corrections to the motion of the CO and hence the EMRI
waveforms, but we will not consider them in this paper.

Potential violation of the NHT may arise from alternative
theories of gravity containing stationary and axisymmetric
black hole solutions. These solutions are different from the
Kerr metric and the dependence of the quadrupole moments
on the masses and spins are different from the prediction of
(1). Some known examples are listed in Table L

B. Contribution of quadrupole moment to EMRI
waveforms

High precision waveforms for EMRIs with different
mass ratios can be obtained with the black hole perturbation

TABLE I. The quadrupole moment of stationary and axisym-
metric black holes in several modified theories of gravity. See the
corresponding references for meaning of parameters.

Theory
f(R) theory
Scalar-tensor theory

Quadruple moment

Orr) = V(M? — ¢*)a* [46]

Ost = tmag(1 + wg) [47]

EdGB theory Orgp = —M, + % + % + 12(];12}M3 (48]
bumpy BH Qvupy = —aM — 1\ 3B M7 [49]
Kerr-NUT BH Onur = —(M — iN)a? [50]
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theory [51]. The effect of the CO’s gravitational field on its
own orbits, called the self-force effect, has also been
included in the perturbation treatment [52]. Due to the
complexity of the CO motion around the central MBH,
however, it is still technologically challenging to obtain the
waveform of an EMRI with enough accuracy and efficiency
for actual data analysis. Currently, there exist several
different kinds of waveform models, such as the kludge
waveforms which includes AK [43], numerical kludge
(NK) [53], and augmented analytic kludge (AAK) [54,55],
and the recently developed FastEMRIWaveforms [56,57].

In this work, we choose to use the AK method, which is
also used in the previous analysis for LISA [44,45] and
TianQin [28]. The AK model could describe the main
feature of an EMRI waveform, and it is much more
straightforward to add the corrections of the quadrupole
moment Q. So we perform current study with AK wave-
forms including quadrupole moment corrections. However,
we should notice that due to the mismap of the orbital
frequencies, the frequencies in the AK model is overall too
high, as pointed out in [55]. Thus it will result in a non-
negligible bias in the matched filtering if we use AK
waveform. But we also need to mention that a quadrupole
moment included waveform based on the AAK method is
recently developed in [58]. The results of that work indicate
that the parameter estimation (PE) accuracy will not be
seriously influenced by the choice of waveform models.
The PE accuracy achieved by the so called QAK and
QAAK therein are almost the same by orders of magnitude.
Thus it is still reasonable to use the AK method in
this work.

In the AK method, the EMRI waveform is described by
14 parameters, not considering the spinning CO,

A= .49
= [fo, ln,u, lnM, S, €Lso, }70, (1)0, COS gs,
¢s,cos i, ag, cos Ok, P, In(u/D)], (2)

where definition of the parameters can be found in [43].
Violation of the NHT can be introduced through the
dimensionless quadrupole parameter Q:

Q=0/M, (3)

where Q = —Ma?> and Q = —a®>/M correspond to no
violation of the NHT. Following [43,44], we use post-
Newtonian equations, see Appendix, of the orbital phase
angles (@, 7, @) and of the frequency and eccentricity (v, )
to determine the dynamics of the CO.

At the final stage of EMRI, when the CO passed the
boundary of stable orbits, it will plunge into the MBH
directly in a short time. So, we need to introduce a cutoff to
the AK waveform. For a CO moving in the equator plane of
the central MBH, the cutoff is usually taken to be the last

stable orbit (LSO). The orbital frequency reaches to the
maximum value at the LSO [59],

1 1-e? 3/2
= : (4)
Y50 2am <rISCO/M + 23)

where rigco is the radius of innermost stable circular
orbit (ISCO).

When the central MBH is a Schwarzschild black hole,
risco = 6M [59], and the cutoff is shortened as the AKS
cutoff. When the central MBH is a Kerr black hole, we have
the AKK cutoff, obtained for prograde orbits [60]:

risco/M =342, —/[(3 = 21)(3+ 21 +22,)].
a=1+1=8)P[(1+8)"3+(1-8)1,

2 =1/(38* + ). (5)
And for retrograde orbit, the plunge happens very far from
the MBH, and thus the gravitational radiation will be too
weak to be detected. According to the result of [28], most of
the detected events have prograde orbits. The AKK cutoff is
closer to the MBH than the AKS cutoff. So the AKK cutoff
always generate more optimistic result than the AKS cutoff.
However, this does not mean the plunge has to happen
between this two criteria, since this is only true for equato-
rial orbit.

A recent work [61] aims to find out a more realistic value
for the LSO, but the result obtained for these two criteria
can still show some fundamental features. We will see in
the next section that the two cutoffs lead to drastically
different results, both in terms of the level of constraints
predicted and of the dependence of the constraints on the
source parameters.

C. Constraints on the quadrupole moment

For a signal with a large signal-to-noise ratio (SNR),
the statistical uncertainties in the parameters are approxi-
mated by

A S (012, (6)

where I" is the Fisher information matrix (FIM) whose
elements are defined through

Oh , Oh
I=(—|—. 7
i (azze%u) Q

Here the inner product is defined as [62]

(glh) =2 / et U;(f)h*(f)

where fioy nign denote the detector-dependent lower and
upper truncation frequencies and S, (f) is the sensitivity of
the detector. For TianQin [19], we have:

af. (8
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FIG. 1. Dependence of AQ on M and S by using EMRIs detected by TianQin. The left (right) figure corresponds to using AKS (AKK)

cutoff. The red curves corresponding to the contour of SNR.

1 [ 48, 10~ Hz
Silf ):L%[(znf)“ (” 7 )*Sx}

AHE

where Ly =1/3x10° km is the arm length, S, =
1 x107ms™*Hz™! and S, = 1 x 1072* m?> Hz™! are the
power densities of the residual acceleration on each test mass
and the displacement measurement noise in a single laser
link, respectively.

III. RESULTS

Taking the central value of Q to be that of Kerr [45], we
estimate the constraints that can be imposed on the possible
deviations AQ.

We find that AQ has nearly linear dependence on ¢y, D,
and p, while the result barely depends on the eccentricity e
or the angular parameters. So these parameters are held
fixed in our calculations: 7y, =15 years, D = 2 Gpc,
u=18My, e=0.1, A==x/3, 79=>57/6, ay=4x/5,
Og =n/5 ¢g=mn/4, Ox=2n/3, ¢x=3n/4, and
@, = n/3. For M, the mass of the MBH, we take values
from the range 10°-107 Mg, based on the result of [28].
For S, the dimensionless spin of the MBH, we take values
from the range 0 ~ 0.98.

The constraints obtained with both AKS and AKK
cutoffs, using EMRIs signals that can be detected with
TianQin, are illustrated in Fig. 1 and listed in Table II. We
also plotted the contour of SNR with red curve, and one can
find that the result is strongly correlated with the value of
SNR. One can also see that there is a drastic difference
between the results obtained with the two cutoffs:

(1) In the chosen range for the mass M and the spin

parameter :9, constraints achievable with the AKS
cutoff is in the range 10~! ~ 107> and those from the

AKK cutoff is in the range 10726 ~ 10758, with the
latter being one to two orders better than the former.

(i) With the AKS cutoff, the constraints is dominated by
the mass of MBH, while the effect of spin can be
neglected. The dependence of AQ on mass is plotted
in Fig. 2. The best constraint, at the level AQ ~ 103
is achievable with M ~ 10°5 M.

(iii) With the AKK cutoff, the constraints depend most
significantly on the spin parameter of the MBH,
showing a general trend that larger spin leads to
more stringent constraints on Q.

The difference is likely due to the fact that the Kerr LSO is
closer to the MBH than the Schwarzschild LSO, especially
when there is a large spin.

The dependence of AQ on the spin parameter S is

illustrated in Fig. 3 for the MBH mass of 10° My. We see

that AQ changes very little with varying S in the case with

10 §=0.75
=151 —— TQ I+l
—— LISA
—200 TQ+LISA
25| —— TQI+lI+LISA
g—a.o
§—3.5
-4.0
-45] WA e
-5.0
=3357%0 55 6.0 65 70

log10(M/Mo)

FIG.2. Dependence of AQ on M, with $=075 using the AKS
waveform with different detector configurations. The remaining
parameters are the same as in Fig. 1.
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TABLE IL
and AKK cutoff respectively.

A Q for TQ with different mass M and spin S of the MBH, the plain and bold values correspond to AKS

MBH mass log;o(M/Mg)

3 5.0 5.5 6.0 6.5 7.0
0.1 6.6 x 1075 24 %1073 8.3 x 1075 1.6 x 1073 7.5 x 1072
6.4 x10°° 23x10°° 41x 1075 6.8 x 103 6.3 x 1074
0.2 6.4 x 1075 2.5x 1073 7.8 x 1075 1.5x 1073 7.8 x 1072
53x10°° 21x1075 34x10°5 6.3x10°3 38 x 104
0.3 6.6 x 1073 22x% 1073 7.3 %1073 1.7 x 1073 7.6 x 1072
32x10°° 1.6 x 1073 2.8 %1075 41x10°5 2.2 x 1074
0.4 6.6 x 1075 2.2x107° 7.3 %1075 1.8 x 1073 6.8 x 1072
21 %1075 1.5 x 1073 21x1075 32x10°5 12x 104
0.5 5.8 x 107 2.3 x 1070 7.1 x 1073 22 %1073 8.3 x 1072
1.8 x 103 12 x 1075 1.7 x 1075 21x10°5 1.1x10™4
0.6 6.9 x 1073 2.3 %1073 7.1 x 1073 22x% 1073 8.3 x 1072
1.6 x 1073 9.5x10°° 1.1x10°5 1.4 x 1075 6.4 x 1075
0.7 6.5 % 1075 2.4 %1070 6.5 % 1075 9.5x 104 4.6 % 1072
1.5x 1073 6.2 x10°° 7.5 % 10°° 7.8 x10°° 58x10°°
0.8 5.5%x 1073 23 %1073 6.2x 1073 23 %1073 7.7 x 1072
1.3x 1073 4.0 x 10°° 55x10°° 51x10°° 52x10°°
0.9 5.2%x 1073 2.3 %1073 5.9 x 1075 22x%x1073 8.1 x 1072
12 %1075 2.2 x10°° 4.8 x10°° 43 x10°° 41x 1075

the AKS cutoff, but decreases steadily with growing Sin
the case with the AKK cutoff.

To better understand the dependence on the cutoff, we
introduce a new cutoff interpolating AKS cutoff and AKK
cutoff,

Ur = Vakk T k(Vakk — Vaks) kelo, 1.  (10)
The dependence of AQ on S and k is illustrated in Fig. 4
with M = 10° M. One can see that the dependence on §

becomes more and more significant as k varies from O to 1.
This treatment may not have practical significance, since it

-3.5

—o— AKS
x— AKK
-4.0
po—- o o]
Q -4.5
=)
o
S
o
°
=5.0
-5.5
-5.8
0.1 0.3 0.5 0.7 0.9

s

FIG. 3. Dependence of AQ on the spin parameter S, assuming
M = 10° M.

has nothing to do with the realistic plunge. But it indicates
the fact that a better understanding of when plunge happens
is needed for more precise study, and an extrapolation can
tell us the tendency of what will happen if the plunge
happens outside these crude boundaries.

The baseline concept of TianQin adopts a
“3 month on + 3 month off” observation scheme. If the
plunge of the CO happens at the gap between two
observation windows, some data at the final stage of the
EMRI will be lost. To assess the impact of this loss of data
on science, we plot in Fig. 5 the dependence of AQ on the
amount of time with lost observation for the final stage of
an EMRI event. In the worst case scenario, when totally
three month of data are lost for the final stage of an EMRI,
the constraint can be worsen by as large as about 5 times.

—40f b
42 1 - 3=01
44l ] -m- §=02
~ [ 5=0.3
I 46| 1 -
4 r 4 8=04
s . f .
2 -4.8 1 = S=05
-5.0 E 1 -e- 5=06
F -8 5=07
52 1 _
[ —— S=0.8
-5.4 E ] = 8=09
0.0 02 0.4 06 0.8 1.0

k

FIG. 4. Dependence of AQ on S and k, assuming
M =10° Mg.
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10g1o(AQ)
&
o

0.0 0.5 1.0 1.5 2.0 25 3.0
Missed observation time (months)

FIG. 5. Dependence of AQ on the missing observation time
before plunge, assuming M = 10° My, and §=0.8.
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For completeness, we have also studied the constraints
on Q with a variety of detector and detector networks, such
as LISA (Fig. 6), TQ I+ II (Fig. 7), TQ + LISA (Fig. 8),
and TQ I+ IT 4+ LISA (Fig. 9). A detailed explanation of
the aforementioned detector networks can be found in [26].

To illustrate the result more clearly, we also plot the
dependence of AQ on the mass M for fixed spin in the case
with AKS cutoff. As we described above, the spin
parameter will not influence the result significantly, so

we just plot for § = 0.75 in Fig. 2.

IV. SUMMARY AND FUTURE WORK

In this paper we have presented a preliminary study of
testing NHT with EMRI using the TianQin observatory.

With the dimensionless parameter Q to characterize the
NHT violation, we have put the bound on such parameter
using the AK waveform with quadrupole corrections. One

LISA-AKK

-2.8
0.9
-3.7
0.7
-4.55
«n 0.5 Sc’,
>
-5.39
0.3
-6.1
0.1
-6.9

6.0
log10(M/M o)

FIG. 6. Dependence of AQ on M and S using EMRIs detected with LISA. All parameters are the same as in Fig. 1.
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o
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03
—45
01
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10g10(M/M o)

0.9

0.7

«n 0.5

0910(A

0.3
0.1

14-11-AKK
-465
-5.39
5.5 .

/Mo)

5.0
IOglO

FIG. 7. Dependence of AQ on M and S using EMRIs detected with TQ I+ II. All parameters are the same as in Fig. 1.
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Dependence of AQ on M and S using EMRIs detected with TQ + LISA. All parameters are the same as in Fig. 1.
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FIG. 9. Dependence of AQ on M and § using EMRIs detected with TQ I+ I 4+ LISA. All parameters are the same as in Fig. 1.

can constrain Q to about 107 level with a 5 year EMRI
observation by TianQin. We also calculate the situation
about joint detection with LISA. The results show that the
PE of quadruple moment can be improved several times or
more by joint detection compared with individual observa-
tory. Since these results are obtained by the inaccurate AK
waveform, the result would be updated in the future if some
more accurate waveforms with quadrupole moment cor-
rection are ready to be used. However, we do not expect the
results would significantly change.

We also find that the choice of plunge will influence the
results significantly, especially for higher spin MBH. While
the MBHs usually trend to fast spin for its astrophysical
grown process, the choices of the roughly Kerr or
Schwarzchild cutoff are not accuracy enough to obtain
exact and reliable results. It seems quite important to
analyze the physical meaningful plunge cutoff in detail,
and we will try to include the more realistic consideration
of plunge in the future work.

In addition, EMRI waveform is strongly influenced by
multipole moment of MBH to some degree, for the purpose
of obtaining more plentiful information on the multipolar
structure of MBH and testing NHT, one need more reliable
EMRI waveform model.
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APPENDIX: CONSTRUCTION OF WAVEFORM

In the AK method, the equation for orbital evolution is

b =270,
. 48 73, 37 1273 2561 , 3885
_ M3 (1 — )92 12202 220 4] (] — o2 2 Mu)Y3 _ 2 4
b= s M) (=€) H T +96€}( e’) + (27M) [336 336 ° 128 ¢
13147 . 73 1211 14
—;ﬁeﬁ} — Scos A(2zMv)(1 — ?)~1/2 [1—;4—782 —|—39—6364 —l—g—ieﬁ] — Q(2zMv)*3

33 359 527
=212 227 2 22l oo
x (1 —e) |:16+32€ 96sm/1}},

ep
15M2

1
é= (2zMv)33(1 — €*)~7/? {(304 +121e%)(1 — ) (1 + 12(2zMv)?3) — 5 (2zMv)*/3

N 1364 5032 263
x (133640 + 108984¢% + 2521164):| + %Scos A2aMy)" 3 (1 — )™ [? + ?62 + ﬁe“)} ,

. 3 ~
7= 5;w(anu)Z/S(l — )74+ 22Mu)*3(1 — )71 (26 — 15¢%)] — 12718 cos A(2zMv) (1 — %) 3/?
- %JTIJQ(ZJTMZ/)4/3<1 —e?)2(5cosA—1),
a = 4auS2aMv)(1 — 2)73/2 4+ 37vQ cos A x (2zMv)*/3(1 — €2)72, (A1)

where dot denotes the derivative with respect to time.
The waveform of the two polarizations are defined via an n-harmonic waveform:

hy =) Af =Y =[1+(L-#)[a,cos2y = b,sin2y] + c,[1 = (L - 7).

n

he=>Y Ay = 2(L-a)[b,cos2y + a,sin2y]. (42)

It is determined by the position of the source 71, and the direction of the orbital angular momentum L. The coefficients
(a,,b,,c,) are determined by the eccentricity e and mean anomaly @, as given by Peter and Mathews [63]

2
an = _nA[Jn—2(n€) —2eJ, (ne) + ;Jn (ne) + 2JnJrl (ne) - Jn+2(ne)] COS(n(I)),
b, = —nA(1 — e®)'\2[],_(ne) — 2J,,(ne) + J,.»(ne)] sin(n®),
¢, = 2AJ,(ne) cos(n®),
A= (2zMv)**u/D, (A3)
where the J, is Bessel functions of the first kind.

Since the equilateral triangle detectors such as TianQin can be used to construct two independent Michelson
interferometers, the signal responded by such two interferometers can be written as:

V3

hin = 5 (Fiph™ + Fiyh™) (Ad)

where the antenna pattern functions F; ;* [62] of detector depend on the orbits of satellites. Detailed information of TianQin
respond function for EMRI signal can be found in [28].
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