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One of the main goal of large-scale structure surveys is to test the consistency of general relativity at
cosmological scales. In the ACDM model of cosmology, the relations between the fields describing the
geometry and the content of our Universe are uniquely determined. In particular, the two gravitational
potentials—that describe the spatial and temporal fluctuations in the geometry—are equal. Whereas large
classes of dark energy models preserve this equality, theories of modified gravity generally create a
difference between the potentials, known as anisotropic stress. Even though measuring this anisotropic
stress is one of the key goals of large-scale structure surveys, there are currently no methods able to measure
it directly. Current methods all rely on measurements of galaxy peculiar velocities (through redshift-space
distortions), from which the time component of the metric is inferred, assuming that dark matter follows
geodesics. If this is not the case, all the proposed tests fail to measure the anisotropic stress. In this paper,
we propose a novel test, O, which directly measures anisotropic stress, without relying on any
assumption about the unknown dark matter. Our method uses relativistic effects in the galaxy number
counts to provide a direct measurement of the time component of the metric. By comparing this with

lensing observations our test provides a direct measurement of the anisotropic stress.

DOI: 10.1103/PhysRevD.104.063516

I. INTRODUCTION

Testing the law of gravity at cosmological scales is one
of the main science driver for the coming generation of
large-scale structure surveys. At large scale, the geometry
of our Universe can be consistently described by two metric
potentials, @ and ¥, describing perturbations around a
homogeneous and isotropic background.1 Testing the law
of gravity requires to test the relations between these two
potentials and the energy-momentum tensor describing the
content of our Universe, in particular the matter density
fluctuation, 6, and the galaxy peculiar velocity, V. Two
approaches can be used for this. The first one consists in
assuming a specific model or class of models of gravity
(e.g., Horndeski models [1]), determine how the four fields,
@, ¥, 5, and V, depend on the parameters of the model, and
use observations (which depend on the four fields) to
constrain the parameters. This approach has the obvious
disadvantage that it has to be performed separately for each
model or class of models.

The second approach consists in building model-inde-
pendent tests, that allow to probe directly the relations
between the four fields without assuming any model, see,
e.g., [2-10]. The outcome of these tests can then be used to

'We use the metric convention ds® = a*[—(1 4 2%¥)dz® +
(1 — 2®)dx?] where 7 denotes conformal time, and we neglect
vector and tensor modes, that are negligible with respect to scalar
modes in the linear regime.
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determine the validity of any theory of gravity. This second
approach, which is more powerful, is however suffering
from an important limitation: the fact that our observables
at late time are sensitive to only three combinations of the
four fields, namely 6 and V (through redshift-space dis-
tortions, see, e.g., [11,12]) and @ + ¥ (through cosmic
shear [13,14], CMB lensing [15-18] or integrated Sachs
Wolfe [19]). This means that current observations are not
able to test all relations between the four fields. The
standard way of overcoming this problem is to assume
that some of the relations between the four fields are
known. Typically, one usually assumes that the continuity
equation for dark matter holds: there is no exchange of
energy between dark matter and dark energy; and that Euler
equation for dark matter holds: there is no fifth force acting
on dark matter, which consequently follows geodesics.
Under these conditions, a measurement of V can be
translated into a measurement of ¥, which can then be
compared to @ + ¥ to test if the two metric potentials are
the same, i.e., to test for the presence of anisotropic stress
[3,20-22]. This is a key test for modified theories of gravity
since in general relativity (GR) and for large classes of dark
energy models, ® = W at late time,” whereas very generally
in modified theories of gravity ® # V¥, see, e.g., [25].

*Note that neutrinos also generate a NONzero anisotropic stress,
which is however very small [23,24].

© 2021 American Physical Society


https://orcid.org/0000-0001-9559-3651
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.104.063516&domain=pdf&date_stamp=2021-09-08
https://doi.org/10.1103/PhysRevD.104.063516
https://doi.org/10.1103/PhysRevD.104.063516
https://doi.org/10.1103/PhysRevD.104.063516
https://doi.org/10.1103/PhysRevD.104.063516

DANIEL SOBRAL BLANCO and CAMILLE BONVIN

PHYS. REV. D 104, 063516 (2021)

In this paper we propose a novel model-independent test
for the anisotropic stress, 0", which does not rely on any
assumption for dark matter, i.e., which does not rely on the
validity of the continuity or Euler equation. To build this
test we use the fact that galaxy number counts are affected
by gravitational redshift, a relativistic effect that is directly
proportional to the field ¥ [26-29]. We develop a method
to isolate ¥ from galaxy number counts observations. More
precisely we build an observable which measures the
correlations between the matter density fluctuations and
the gravitational potential ¥: O°Y o (§%). We then com-
pare this with lensing observations, which provide a
measurement of O%®¥) « (§(® + ¥)). Our test is then
simply given by the ratio between these two observables:

5(D+P)

05‘!‘
where 7 relates the two metric potentials, ® = 7¥. In
ACDM, the two metric potentials are equal and therefore
O’ =2 at all scales and redshifts. Any observed
deviation from 2 would therefore unambiguously mean
that the anisotropic stress is nonzero in our Universe, which
is a strong indication for deviations from GR.

The rest of the paper is structured as follows: in Sec. II
we build the observables 0% and O%(®+¥)_ In Sec. IIT we
define our test, O%"*, We then compare this test with the
method presented in [3] to measure the anisotropic stress,
which assumes the validity of the continuity and Euler
equation for dark matter, and we show how this method
breaks down if these assumptions are not valid. We
conclude in Sec. IV.

OStl‘eSS =

=1+, (1)

II. METHODOLOGY

A. Galaxy number counts

Redshift surveys map the distribution of galaxies in the
sky, providing a measurement of the galaxy number counts
fluctuations

N(n,z) = N(z)
N(z)
where N denotes the number of galaxies per pixel detected in
direction n and at redshift z, and N is the average number of

galaxies per pixel atredshift z. Atlinear order in perturbation
theory, the dominant contributions to A are [26-29]

A= (2)

A(n,z) = bé - %a,(v -n)

r _ N\
+(5s—2)A dr’%Al(dﬂr‘P)(n,r’)
55—2 H
+(1—5S+i—H—ﬁ+feV01>V-n
1. 1
+ﬁv-n+ﬁa,lp, (3)

where H denotes the Hubble parameter in conformal time 7,
r = r(z) is the comoving distance to redshift z, a dot denotes
derivative with respect to conformal time and A, is the
Laplacian transverse to the photon direction n. The func-
tions b(z), s(z) and f°l(z) are the galaxy bias, the
magnification bias and the evolution bias respectively.
These functions depend on the population of galaxy which
is observed as well as on the specifications of the survey.

The first contribution in Eq. (3), 9, is the matter density
fluctuation in comoving gauge. The second term, which
depends on the galaxy peculiar velocity, V, is the con-
tribution from redshift-space distortion (RSD) [30,31]. The
second line contains the effect of lensing magnification
[32,33]. This contribution is subdominant with respect to
density and RSD, except at high redshift [34,35]. From [10]
we expect this term to be negligible for our test, at least
below z = 1.5. In a forthcoming paper we will study this in
more detail for specific surveys. The last 2 lines in Eq. (3)
contain the so-called relativistic effects, that depend on the
galaxy peculiar velocity, through Doppler effects, and on
the metric potential ¥, through gravitational redshift. These
relativistic effects have the specificity to generate odd
multipoles in the power spectrum and correlation function
[34,36-38]. As such they can be isolated from the dominant
density and RSD contributions, which generate even multi-
poles.” In addition to these terms, A contains other
relativistic effects that contribute to the even multipoles.
These terms are however suppressed by (H/k)?> with
respect to density and RSD and can therefore be safely
neglected.

Note that Eq. (3) is valid at linear order in perturbation
theory. In the nonlinear regime, other terms have been
shown to contribute to the observable A, modifying the
RSD contribution [39,40], and also the relativistic effects
(like transverse Doppler effects [41—44]). The test proposed
in this paper is valid only in the linear regime, where the
impact from nonlinear corrections can be neglected.

B. Isolating gravitational redshift

The aim of our work is to isolate the contribution from
gravitational redshift given by the last term in Eq. (3),
0,¥Y/H, since it is directly proportional to the time
component of the metric ¥. The optimal way of targeting
this contribution is to cross-correlate two populations of
galaxies with different luminosities, such that this term
contributes to odd multipoles [34,36-38]. In Fourier space,
the galaxy number counts fluctuations for a population of

3Let us mention that the separation of A into RSD+ relativistic
effects is gauge-dependent. However the separation in odd and
even multipoles is gauge-independent. In the flat-sky approxi-
mation, RSD contribute only to even multipoles whereas the
relativistic effects in the third and fourth line of (3) contribute
only to odd multipoles. At large scales however, wide-angle and
evolution effects mix the two types of contributions.
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galaxies with luminosity L becomes (we use the convention

F(k,7) = [ dxe™ f(x,7))
A (k,2) = bu(k,2) = (R -m)2V (k.2

+i(k-n)|a V(k,2) +%V(k,z) —%‘P(k,z) .
(4)

SsL=2 H
rH H2+fL ’ (5)

where ap =1 — 551 +

and the velocity potential, V, is defined through
V(k,z) = ikV(k,z). Equation (4) is valid only in the
flat-sky approximation, where n can be considered as fixed.
We will study in a future work the validity of this
approximation for our test.

The correlations between a bright, L = B, and a faint,
L =F, population of galaxies are given by

(Ap(k.2)Ap(K', z)) = (27)* Ppp(k. p.2)dp(k + K'),

where

1 k 1/k\2
PBF:bBbFP&S_g(bB+bF)ﬁP6V+§ H Pyy

2 k 4/ k\2
+ |:_§(bB+bF)ﬁP5V +7<ﬁ) va} Ly ()

8 (k2
*35 (ﬁ) PyyLy(p) + |:(bFaB — bgar)Psy
1 3 k .
+ (bF_bB)ﬁP(‘SV "‘g(aF_aB)ﬂPW] L)

2 k . k .
+§(aF_aB)ﬁPVVlL3(/4)+ (bg _bF)ﬁpﬁ‘PlLl(ﬂ)'
(6)

Here L, denotes the Legendre polynomial of degree Z, the
angle y = k - n and the power spectra are defined through

(X(k,2)Y(K'.2)) = (27)*Pxy(k.2)dp(k + k'), (7)

for X,Y =6,V,V, V.

Our aim is to isolate the last term in Eq. (6), which is
proportional to Psy. The anisotropic stress can then be
directly measured by dividing this contribution with the so-
called galaxy-galaxy lensing correlation, which is propor-
tional to Py [45]. To isolate Py, we first extract the
dipole of Pgg which is proportional to Psy, Psy, Psy; and
Py We then look for combinations of the other multipoles
in order to cancel the Psy, Pg; and Pyy contributions.

The multipole # of Pgg can be extracted by weighting it
with the Legendre polynomial of degree £ and integrating
over u

20+1 [1
Piks) = [t Pk (9

For our test, we need to measure the monopole and
quadrupole of the bright and faint populations, the hex-
adecapole of the whole population and the dipole and
octupole of the cross-correlation between bright and faint:

Pl@ = b} Pss — %%PW —I—% (%) 2PVV’ 9)
PP = —%%PW +§ <%>2va, (10)
Pl — % (7’;) “Pev. (11)
Py = —i |:(bB(XF = brag)Psy + (bp - bF)%Pé\'/
—g(ap—aB)%Pw} + i(bg _bF)%Pé‘l‘v (12)
P](33F) = i%(ap—aB)%PW, (13)

with L = B, F. From these observed multipoles we con-
struct the following observables:

1 3
0P (k,z) =P - P + 2P = B2 Pss(k.2).  (14)

2 8
3 15 k
O (ko) =3 P =g PY = =bug Pay(k.2). (1)
. d [ 0% (k,z)
0%V (k,z) = —(1+z)4/ 0% k,z—{]‘—’]
v (k) =—( )/ 07 ( )a,Z 0P (E.2)
k [H 1
= bLﬂ |:7_{2P5‘/(k, Z) _ﬁpﬁ\'/(k’ Z):| . (16)

To obtain the last line in Eq. (16) we use the fact that, in
generic theories of gravity, the density and velocity fields in
the linear regime can be written as 5(k, z) = D(k, z)6(k, 0)
and V(k,z) = G(k,z)6(k,0), where §(k,0) is a constant
and denotes the present dark matter density, while D(k, z)
and G(k, z) are functions of k and z mapping 5(k, 0) into
the past.4 With this we can easily verify that

V) e (P25 — bk )6k 2P0

P&s(k’ Z)
= P&V(kv 2), (17)

“These relations are valid in theories of gravity where mode
couplings are negligible in the linear regime.
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which gives rise to expression (16). We are now able to
isolate Pgsy with the following combination

H{3 6 1
o) =ist [3Pi-rh]

_ (%) 103 (k.2) - 0¥ (k.2)
()il o

+ <%)2 {1 —%—ssB (1 —%) +ng°1} 0y (k,z)
= (bg —bp)Psw(k.2). (18)

We see that 0°% (k, z) can be measured from the galaxy
number counts, without making any assumption on the
theory of gravity. It depends indeed on

(i) The multipoles of the power spectrum, which are
observable.

(ii) The background quantities H/k and rH. These two
combinations can be inferred from background
observations. For example, observations of type la
supernovae provide a measurement of the luminosity

distance, up to a multiplicative constant’: d;=

d;Hy, from which one can infer the ratio
H(z)/Hy. We then have
d; H H HI1
H = —, d —=—=, (19

where k = k/H, is independent of h for k in
units Mpc~'A.

(iii) The magnification bias, s, and evolution bias, f¢*°!,
of the bright and faint populations. These quantities
can be directly measured from the two populations
of galaxies. The magnification bias requires a
measurement of the number of galaxies as a function
of luminosity [32], whereas the evolution bias
requires a measurement of the number of galaxies
as a function of redshift [28,46].

The observable O’ is, on its own, a very interesting
quantity since it probes directly the correlations between
density and gravitational potential . It provides therefore a
way of measuring these correlations at cosmological scales,
for the first time.

This observable relies on the dipole and octupole of the
power spectrum, that are too small to be measured with
current surveys [47]. The signal-to-noise ratio (SNR) of the
dipole has however been forecasted for the upcoming
generation of surveys (in configuration space), and is
expected to reach 9.6 for the DESI survey (7.4 for the

>This is due to the fact that the absolute intrinsic luminosity of
supernovae is unknown, so that only ratios of luminosity
distances at different redshifts are independent of normalization.

Bright Galaxy Sample and 6.2 for the emission line
galaxies and luminous red galaxies [48]), and 46.4 for
the SKA phase 2 [8]. The octupole is between 2 to 5 times
smaller than the dipole [34], and its SNR is therefore
expected to be reduced accordingly (its variance should
indeed be similar, since it is dominated by density and
RSD). The octupole may therefore degrade the overall SNR
of 0. If this is the case, this could be circumvented by
replacing the octupole with the hexadecapole, which is
similarly sensitive to Pyy, see Eq. (11). Due to the
relatively large SNR of the dipole for DESI and the
SKA, we expect 0°Y to be well measured in future surveys.
We will study this in detail in a forthcoming work.

Let us mention that one limitation of the observable 0%
is to rely on the flat-sky approximation. Since relativistic
effects may be of similar order as wide-angle effects, this
approximation may not be accurate enough and wide-angle
effects may modify the form of Eq. (18). To study the
importance of wide-angle effects, one needs to work in
configuration space, where these effects can be consistently
included [34]. In particular, in configuration space one can
construct estimators that remove wide-angle effects directly
from the signal [8,49], without relying on any theoretical
modelling. Adapting the observable O°Y to configuration
space will not change its form, and we defer this to a
future work.

C. Galaxy-galaxy lensing

To extract the anisotropic stress from 0% we need in
addition a measurement of Psq ). This can be obtained
by correlating gravitational lensing with galaxy number
counts, called galaxy-galaxy lensing [45]. Observations of

galaxy shapes provide a measurement of the convergence
field x

k(n,z) = Arm a5 ~ )9 A (@ +¥)(n,s).

r

(20)

The Fourier transform of x(n, 7) cannot be calculated in a
straightforward way. It contains indeed an integral of
k(n,7) on a hypersurface of constant time. However, the
integral in Eq. (20) is only meaningful on the past light-
cone of the observer. Therefore, we first define the
correlation function in configuration space, and then extract
the power spectrum from this well-defined quantity.

The observable O°" depends on the bias difference
between the bright and faint populations, bg — bg. In order
to cancel this dependence we consider the following
galaxy-galaxy lensing correlation

Ac = {(Ap(m.2)k(n’.2')) = (Ap(n. 2)x(n’.2'))

= bo=te) [ s o a0+ ). ),

(21)
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where ' = r(z'). Fourier transforming 6 and ® + ¥ and
using Limber approximation [50,51], we obtain

(r=r)r
27

1 )
XZ/O dk, k3 Py wy (k1. 2)Jo(k Axy ). (22)

EEZ_(bB_bF) e(r' —r)

Here J is the Bessel function of order zero, k| = |k | is
the amplitude of the wave number contribution per-
pendicular to the line-of-sight, Ax, = |Ax | denotes the
amplitude of the vector joining the pixel in which Ay is
measured and the pixel in which « is measured, projected in
the plane orthogonal to the line-of-sight, and ©® is the
Heaviside function, accounting for the fact that the corre-
lation between Ay and « is nonzero only if « is behind A .
Note that (A; «) contains also a lensing-lensing contribu-
tion, due to the second line in Eq. (3) [52]. However this
contribution does not depend on the galaxy population and
vanishes therefore in &8F. Moreover, the correlation
between « and the velocity contributions in Eq. (3) exactly
vanishes in the Limber approximation.

Since &RF depends on Py ). on the bias difference
bg — br and on the observable quantities r and 7/, we could
directly compare it with 0% to extract the anisotropic
stress. However, to build a more direct test, it is convenient
to Fourier transform the correlation function and define

05(<I>+‘I') (kJ_’ Z)
_ —4n
T ArK?
= (bB - bF)P(S(CI)+\I’)(kLa Z)- (23)

/ dAXJ_AXJ_fEE(Ar, AXJ_,Z)J()(]CJ_AXJ_)
0

Here the correlation function is expressed in terms of the
transverse separation, Ax |, and the radial separation, Ar,
between A and k. To obtain the second equality in Eq. (23)
we have used the orthogonality relation for Jy. Eq. (23)
contains an integral over Ax; going from 0 to oco. In
practice, since the correlation function and the Bessel
function go to zero at large separation, the integral can
be cut at some maximum transverse separation AxT**. The
observable 0%®+¥) depends only on the transverse wave
number k| (in the Limber approximation, the radial modes
do not contribute to the correlation function &BF).
Therefore, to compare with 0%, we have to evaluate
0°®Y) at k =k, .

The galaxy-galaxy lensing correlations have already
been measured with high significance in several surveys,
e.g., by the Dark Energy Survey [45,53]. To build O%(®+%)
we need to measure these correlations for two different
populations of galaxies and to take their difference. In a
forthcoming paper we will study the SNR of this observ-
able with the coming generation of surveys.

Note that O%®+¥) has been build to cancel the bias
difference of 0%, see Eq. (18). This is however only
possible if the galaxy-galaxy lensing correlations are
measured from the same galaxy populations as the cluster-
ing correlations. It requires therefore a spectroscopic survey
and a lensing survey that cover the same part of the sky
[54]. This is for example the case for Euclid, which will
measure spectroscopic redshifts and photometric galaxy
images over the same sky area [55]. Similarly, one can
combine the spectroscopic redshifts measured by DESI
[56], with the galaxy images measured by the DESI Legacy
Imaging Survey [57].

III. ANISOTROPIC STRESS ESTIMATOR

In ACDM and for large classes of dark energy models,
the two metric potentials are the same at late time, and we
have therefore

O3(®+¥)

Oé‘i’

ostress —

=2. (24)

On the other hand, in theories of modified gravity, the
metric potentials are generally different. This difference,
that can be parameterized by the variable 7 through
®(k, z) = n(k,2)¥(k, z), leads to

S(d+W)
OSU'CSS —

s =1+ (25)

The observable O°Y provides therefore a direct way of
measuring 7. In particular, if the ratio in Eq. (25) is different
from 2 at any redshift or scale k, then ACDM is ruled out,
as well as all classes of dark energy models with no
anisotropic stress.

To emphasise the robustness of our test compared to
standard methods, let us consider the following model,
widely used in the literature: we parametrize deviations
from GR by two functions, 7(k,z) (introduced above)
and Y(k,z), which encodes modifications to Poisson
equation [3]

—K*¥(Kk,z) = %Hzgm(z)Y(k,z)é(k,z), (26)

where Q,,(z) is the matter density parameter at redshift z.
The function Y (k, z) (sometimes called y in the literature)
reduces to 1 in GR. In addition to these functions, we
allow for another departure from GR by modifying Euler
equation

V(K. z) + HV(K.2) — KP(k, z) = EPk(k,z),  (27)
where £ is a generic function encoding deviations from

geodesic motion for dark matter. For example, in models
where dark matter experiences a fifth force due to a
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nonminimal coupling to a scalar field, £°* takes the form
Ebra — kT(z)¥(K, z), where I is the amplitude of the fifth
force [8].

We now apply the test developed in [3] to this particular
model. By doing this we clearly use the test outside of its
domain of validity, since in [3] it is explicitly assumed that
Euler equation is valid. However, since in practice we do
not know if dark matter obeys Euler equation or not, it is
relevant to see what happens in this case. The evolution
equation for the density contrast becomes

H' k2 k
y+@+—)y_7 Y-

Ebreak’ 28
H aH)? (aH)? (28)

where H(z) = H(z)(1 + z) and a prime denotes a deriva-
tive with respect to N = Ina. The violation of the equiv-
alence principle modifies therefore the way structures grow
as a function of time, see also discussion in [58]. The
combination of observables proposed in [3] to measure the
anisotropic stress becomes then

3(1 +2z)3P, B
2EX(P; +2+E)

k (1+mn)
(@H? f' + 2+ (2+5)f 6

Ebreak

=n+ #n. (29)

Here P, and P; are the ratios of observables defined in [3]
[see their Egs. (14) and (15)], f is the growth rate
and E = H/H,,.

From Eq. (29) we see that the test developed in [3] is not
a measurement of # when Euler equation is not valid. In
other words, a nontrivial outcome of this test can either
mean that the anisotropic stress is nonzero, or that dark
matter does not obey the Euler equation.

IV. CONCLUSION

In this paper, we have constructed an observable, 0%,
which is directly proportional to the time component of the
metric . This observable is constructed from the multi-
poles of the galaxy number counts, A, and it relies only on
observable quantities. We have then shown how this novel
observable can be used to measure directly the anisotropic
stress, i.e., the difference between the two metric potentials
@ and V.

This test, O™, has the strong advantage that it does not
rely on any assumption about the theory of gravity, apart

from the fact that photons propagate on null geodesics. In
particular, OS"** does not assume that dark matter obeys
the continuity or Euler equation. This differs from standard
measurement of the anisotropic stress, which rely on the
validity of the continuity and Euler equations. As an
example, we have shown how the test proposed in [3]
will fail if Euler equation is not valid: instead of measuring
directly #, the combination of observables defined in [3]
contains an additional term proportional to the deviation
from Euler equation. This limitation simply follows from
the fact that standard observables are insensitive to ¥'. The
only way to test the relation between ¥ and @ + ¥ is then
to translate a measurement of V into a measurement of ¥
assuming that dark matter obeys Euler equation.

Our test, 0%, overcomes this limitation by using an
observable sensitive to relativistic effects, which allows a
direct measurement of W. Of course, the price to pay is that
0°"*ss will be more difficult to measure than standard tests,
since relativistic effects are more challenging to measure
than RSD. In a forthcoming paper we will study in more
detail the sensitivity of O for the coming generation
of large-scale structure surveys, like DESI, Euclid and
the SKA.

Finally, let us note that our test, 0% is highly
complementary to the well-known E, statistics [2,7,59],
which measures the ratio between density-lensing correla-
tions, (6(® + ¥)), and density-velocity correlations, (5V).
Similarly to our test, the E, statistics does not rely on the
validity of Euler equation, and is therefore truly model-
independent. It provides however constraints on the com-
bination of parameters: Y (1 +#)/f. An observed deviation
from the ACDM value in E, can therefore either be due to a
non-zero anisotropic stress (suggesting a modification of
the theory of gravity) or to a growth rate which differs from
ACDM (which also happens in simple models of dark
energy). Having a test which directly and uniquely targets
the anisotropic stress is therefore of high importance to test
the theory of gravity.
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