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The observed discrepancy of the Hubble parameter measurements in the local universe with the cosmic
microwave background (CMB) data may indicate a new physics. It is vital to test the alternative models that
reconcile the Hubble tension with other cosmological observations in this direction. The CMB lensing is a
crucial observation that relates the early universe perturbations to the matter’s late-time distribution. In this
work, we study the prediction of the üΛCDM as a solution for H0 tension for CMB lensing and the low-
and high-l’s temperature (TT) power spectrum internal inconsistency. We show that this model relaxes the
low- and high-l’s TT mild inconsistency and the CMB lensing tensions simultaneously. Accordingly,
üΛCDM having the same number of free parameters as ΛCDM with lensing amplitude AL added, has a
better fit with Δχ2 ¼ −3.3.
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I. INTRODUCTION

The recent observations of local standard candles, which
leads to a more precise measurement of the cosmos’
expansion rate and determination of the Hubble constant
H0, introduce a new challenge to cosmology’s standard
paradigm. The challenge is the apparent discrepancy of the
local measurements of H0 [1–3] with the value obtained
from cosmic microwave background (CMB) observations
[4]. There are some other anomalies between local datasets
and CMB if the standard model of cosmology ΛCDM is
assumed. One of the famous ones is the amount of matter
content σ8 measured locally [5] in comparison to CMB [4].
Besides, an internal inconsistency is reported in Planck
results [4] in measurements of CMB lensing amplitude, AL,
which can be related to low/high-l inconsistency. These
issues, if not systematic errors, trigger many interests in
cosmological model building.
The idea that a new physics is needed to explain this

discrepancy (H0 tension) opens a vast arena for model
building and phenomenological predictions. The ideas span
a vast range starting from dark sector interactions [6–22],
early dark energy models which modify sound horizon
[23–25], phase transition in dark energy [26–31] to the
modified gravity models [32–34]. The Hubble constant
tension, on the one hand, and the proposed models to

solve this tension, on the other hand, remind us that the
unknown nature of dark matter and dark energy is at the
heart of the problem. In this direction, the long-standing
question of cosmological constant and plausible gravity
models leads to a class of solutions known as ensemble
theories of gravity [35,36]. This idea proposes a density-
dependent transition of the law of gravity. In this direction a
cosmological model is introduced known as üΛCDM
in [37]. We showed üΛCDM can address H0 tension.
In this work, we want to check if üΛCDM can address

the CMB lensing inconsistency in addition to the Hubble
tension. While having local H0 measurements allows
us to check the background of our model, the CMB
lensing checks üΛCDM at the level of its perturbations.
Another reason for this choice is that the lensing in
cosmological scales from the CMB to late-time lenses
such as cosmic shear observations are promising tools to
detect the deviations from the standard model of cosmol-
ogy [38,39]. We also study the effect of the integrated
Sachs-Wolfe (ISW) in this context. The ISW is related to
the change of potential from the last scattering to the
observer, and it is the other gravitational secondary effect
on the CMB besides the lensing effect.
The structure of this work is as follows: In Sec. II, we

review the ensemble theory of gravity and the üΛCDM
model. In Sec. III, we study the lensing and ISW of the
üΛCDM. In Sec. IV, we discuss the data and methodology.
In Sec. V, we show the results, and in Sec. VI, we conclude,
and we have our future remarks.
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II. ENSEMBLE AVERAGE THEORY
OF GRAVITY TO üΛCDM

The ensemble average theory of gravity [35,36] suggests
that the gravity model works in the Universe are an
ensemble average of theoretically possible models of
gravity. This idea is formulated in the Lagrangian formal-
ism via the relation below:

L ¼
�XN

i¼1

Lie−βLi

��XN
i¼1

e−βLi ; ð1Þ

where Li are theoretically possible Lagrangians and β
is a free parameter of the model. A possible and simple
derivation of a model from the ensemble theory idea is the
über-gravity gravity model which used the power law terms
in the Ricci scalar as a plausible candidate of fðRÞ gravity
models which make an independent basis for model space
such as

Lüber ¼
�XN

i¼1

ðR̄n − 2ΛÞe−βðR̄n−2ΛÞ
��XN

i¼1

e−βðR̄n−2ΛÞ;

ð2Þ

where R̄ ¼ R=R0; in this case R0 is a free parameter of the
model. We call it üΛCDM. This cosmological model is an
extension of the standard model. This leads to a simple
model for the gravity as [37]

Gravity ≃
�
R ¼ R0 ρ < ρü

ΛCDM ρ > ρü;
ð3Þ

where ρü is the critical density in which the transition
occurred. In the case, if the density is higher than the critical
value which ρ > ρü we recover the standard model with the
cosmological constant and in the regime of ρ < ρü we have
constant Ricci scalar. The transition occurs in z⊕, where in
two regimes the background evolution will be

E2ðzÞ ¼ Ωmð1þ zÞ3 þ ΩΛ; z > z⊕; ð4Þ

where EðzÞ ¼ H=H0 is the normalized Hubble parameter:

E2ðzÞ ¼ 1

2
R̄0 þ

�
1 −

1

2
R̄0

�
ð1þ zÞ4; z < z⊕; ð5Þ

where R̄0 ¼ R0=6H2
0. The continuity condition for EðzÞ

and dE=dz imposes that we have only one more free
parameter z⊕ in comparison to ΛCDM.
In order to study the perturbation theory, the üΛCDM

behavior is exactly derived from the action below:

S ¼ 1

16πG

Z
d4x

ffiffiffiffiffiffi
−g

p ½ξðR − R0Þ − λ� þ Lm; ð6Þ

where g is the determinant of the metric gμν, and R0 is a
constant free parameter of the model. ξ is the Lagrange
multiplier, which ensures that after the transition redshift
the Ricci scalar is constant and it is equal to R ¼ R0. For
z > z⊕, we want to recover the standard ΛCDM model,
so in this era ξ ¼ 1 and λ ¼ 2Λ − R0, where Λ is the
cosmological constant in the ΛCDM. Accordingly, this
action will give us the equation of the motion and the trace
of the field equation governing the dynamics of the field ξ:

ξR0 ¼ 8πGT − 2λ − 3□ξ; ð7Þ

where T ¼ gμνTμν is the trace of energy-momentum tensor.
Now we can use the above Lagrangian to study the
perturbation theory of our model after the transition in
üΛCDM, i.e., z < z⊕. We define the Bardeen gravitational
potentials Ψðx⃗; ηÞ and Φðx⃗; ηÞ in the perturbed Friedmann-
Robertson-Walker metric as

ds2 ¼ a2ðηÞ½−ð1þ 2Ψðx⃗; ηÞÞdη2 þ ð1 − 2Φðx⃗; ηÞÞdχ2�;
ð8Þ

where η is the conformal time. Now we perturb the
quantities in the theory as below up to first order (with
superscript 1 for ξ):

R ¼ R0; ð9Þ

ξ ¼ ξ0ðηÞ þ ξ1ðx⃗; ηÞ; ð10Þ

Tμν ¼ T̄μνðηÞ þ δTμνðx⃗; ηÞ; ð11Þ

T ¼ T̄ðηÞ þ δTðx⃗; ηÞ: ð12Þ

The background equations of motion are

R0a2

3
¼ 2

a00

a
; ð13Þ

R0a2

3
¼ 8πGT̄a2

3ξ0
þ 2H

ξ00

ξ0
þ ξ000

ξ0
−
2

3
a2λ; ð14Þ

R0a2

3
¼ 16πGT̄0

0a
2

3ξ0
þ 2H

�
Hþ ξ00

ξ0

�
−

λa2

3ξð0Þ
; ð15Þ

where H ¼ a0=a and 0 is the derivative with respect to
conformal time η.
The equations of motion at linear order are

∇2ðΨ − 2ΦÞ ¼ −ΨR0a2 − 3Hð3Φ0 þΨ0Þ − 3Φ00; ð16Þ

R0a2

3
ξ1 ¼ 8πGa2

3
δT − 2Hð2Ψξ00 − ξ10Þ −□ξ1

− ξ00ð3Φ0 þ Ψ0Þ − 2Φξ000; ð17Þ
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R0a2

3
ξ1 ¼ 16πGa2

3
δT0

0 þ 3ξ1H2 þ 4

3
ξ0∇2Φ

−HðHΨþΦ0Þ − 2Hð2Φξ00 − ξ10Þ − 2

3
∇2ξ1:

ð18Þ

The f0ig component of the equation of motion is

2ξ0ðHΨ;i þΦ0
;iÞ ¼ 8πGδT0i −Hξ1;i −Ψ;iξ

00 þ ξ10;i: ð19Þ

Using the equation of motions in the linear scalar pertur-
bation we can write the Newtonian potential Ψ and lensing
potential ϕL in the quasistatic regime (∇2 ≫ H2) [37]:

∇2Ψ ¼ 16πGa2

3ξðzÞ δρ;

ϕL ¼ Φþ Ψ
2

¼ 3

4
Ψ: ð20Þ

The continuity, Euler equation and the evolution of
dark matter density contrast (growth function) are given
accordingly:

δ0 ¼ −θ þ 3Φ0 ð21Þ

θ0 þH ¼ −∇2Ψ ð22Þ

δ00 þHδ0 −
16πGa−1

3ξ0ðηÞ ρ̄δ ¼ 0: ð23Þ

It isworthmentioning thatwemodify thePoissonequationby
replacing 8πG → 16πG=ð3ξðzÞÞ after the transition. On the
other hand, we haveΦ ¼ Ψ in general relativity which is not
always the case in modified gravity models [40]. It is the case
in our model, and we change the gravitational lensing
potential by replacing the ϕL ¼ Ψ → ϕL ¼ 3Ψ=4 after the
transition. However, an important point to note here is that the
lensing potential is continuous in transition redshift. This is
because theΨ is4=3 times theΛCDMmodel. This is a crucial
point, which enables us to calculate the ISW effect in the
upcoming section. Note that for z > z⊕ we use the standard
perturbation theory for theΛCDMmodel and match them to
the ones coming from üΛCDM (20) at z ¼ z⊕ and z < z⊕;
we use the üΛCDM perturbation theory.

III. PLANCK INTERNAL (IN)CONSISTENCIES
IN üΛCDM

In [4], they check the internal consistency of the CMB
dataset. In this direction, they report two (mild) incon-
sistencies: the low- and high-l’s temperature (TT) power
spectrum are in ∼2σ tension and the amplitude of lensing
AL is higher than unity again around 2σ. In this section, we
are studying these two (in)consistencies in the context of

üΛCDM. We check our results against the higher H0 value
reported by Riess et al. [3] to see if üΛCDM can address
internal inconsistencies andH0 tension simultaneously. We
also check ISW in our model with galaxy cross-correlation.
The ISW effect is also related to the change of the
gravitational potential.

A. Low- and high-l’s

We check our model against the low- and high-lTT
power spectrum separately and we show the results in
Fig. 1 and Table I. The contour plots show no incon-
sistencies between low- and high-l’s in the üΛCDM
framework. This result allows us to add them up together
and use the full CMB TT power spectrum in our upcoming
analysis.

B. Lensing in üΛCDM
In this section, we will study the CMB lensing in the

context of üΛCDM. Due to Eq. (20), the lensing potential
in üΛCDM named as ϕü is as

ϕüðn̂Þ ¼ −2
Z

χ�

0

dχ

�
χ� − χ

χ�χ

�
ϕL; ð24Þ

where n̂ is direction of the observation, and χ� is the
comoving distance to the last scattering. Note that in the
standard ΛCDM case ϕL ¼ Ψ and Ψ are obtained from
the standard Poisson equation ∇2Ψ ¼ 4πGa2δρ [41]. The
angular power spectrum of the lensing is obtained as

FIG. 1. The contour plot üof üΛCDM parameters is represented
for high-l’s with green dash-dotted lines and low-l’s with red
dashed lines. The blue contour plots show the 1σ and 2σ
constraints with full Planck TT data.
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l4Cϕϕ
l ¼ 18Ω2

mH4
0

Z
χ�

0

dχχ2
�
χ� − χ

χ�χ

�
2

Pü
m

�
l
χ

�

×

�
DüðzÞð1þ zÞ
Düðz ¼ 0ÞξðzÞ

�
2

; ð25Þ

where Pü
mðlχÞ is the matter power spectrum of üΛCDM in

present time and DüðzÞ is the growth function of the model
obtained from Eq. (23). We should note that the üΛCDM
power spectrum, growth function, and lensing potential are
the same as the ΛCDM model for z > z⊕. This means that
for z > z⊕ we have ξðzÞ → 1,ΦL → Ψ,DüðzÞ → DðzÞ and
Pü
m → Pm, where DðzÞ and PmðzÞ are ΛCDM growth

function and power spectrum. Accordingly, the integral
in Eq. (25) is a sum of two integrals one from zero to
comoving distance related to transition redshift ð0; χðz⊕ÞÞ
and then the other integral from ðχðz⊕Þ; χ�Þ. In first one we
use the üΛCDM lensing potential which leads to corre-
sponding power spectrum and growth function and in the
second part of the integral we have the ΛCDM lensing
potential, integrated in line of sight. In Fig. 2, we plot the
angular power spectrum of lensing for both standard model
and üΛCDM. The data points are from Planck 2018 [42],
Polarbear 2019 and SPTpol2019 [43].

C. ISW in üΛCDM
The integrated Sachs Wolfe (ISW) effect introduces

secondary anisotropy on the CMB. ISW is the imprint
of the dynamical gravitational potentials on the CMB
photons. The ISW effect in üΛCDM is as below:

ΔT
T

				
ISW

¼ 2

Z
χ�

0

dχe−τ
∂ϕL

∂χ ; ð26Þ

where τ is the optical depth defined as the line of sight
integral of number density of free electrons ne as
τ ¼ R

η0
ηi
neσTdη. Note that for z > z⊕, similar to the

CMB lensing case, we have ΦL → Ψ. Due to the cosmic
variance effect, it is hard to find the signal in CMB alone.
Accordingly, the ISW effect is extracted via the cross-
correlation with the galaxy distribution. The sophisticated
idea is that the same potential which affects the CMB
anisotropies is the same potential that governs the dynamics
of the dark matter halos. Halos are the host of the galaxies.
Accordingly, the ISW signal is extracted via the ISW-
galaxy cross-correlation function or its angular power
spectrum CgT

l as [44]

CgT
l ¼ 2

π

Z
∞

0

k2dkIISWl ðkÞIglðkÞPü
mðkÞ; ð27Þ

where Pü
mðkÞ is the matter power spectrum of üΛCDM in

the present time which must be transferred to the ΛCDM
power spectrum in redshifts z > z⊕. Note that IISWl ðkÞ
and IglðkÞ are the kernels of ISW and galaxy distribution
defined as

IISWl ðkÞ ¼ 3H2
0Ωm

k2

Z
dz

d
dz

�
DüðzÞð1þ zÞ
Düðz ¼ 0ÞξðzÞ

�
jlðkχðzÞÞ;

ð28Þ

IglðkÞ ¼
Z

dzbðk; zÞdN
dz

�
DüðzÞ

Düðz¼ 0ÞξðzÞ
�
jlðkχðzÞÞ; ð29Þ

where dN
dz is the distribution function of galaxies in redshift,

which is used in the cross-correlation procedure and is
normalized to unity

R
dz dN

dz ¼ 1. Note that bðk; zÞ is the
bias parameter of galaxies distribution to dark matter halos
and jl is the spherical Bessel function which depends on
comoving distance and wave number. In this work, we
assume that the bias parameter is unity. Note that

TABLE I. 68% C.L. constraints for the üΛCDM, for Planck
data in two ranges l < 800 and l > 800.

Planck Planck

Parameters 2 < l < 800 800 < l < 2500

Ωbh2 0.02256� 0.00043 0.02215� 0.00022
Ωch2 0.1143� 0.0034 0.1204� 0.0021
Ωm 0.268� 0.025 0.300þ0.026

−0.019
H0 71.9þ2.1

−3.1 69.2þ1.5
−2.9

a⊕ 0.75� 0.13 0.73þ0.11
−0.18

S8 0.800� 0.049 0.888� 0.036
100θMC 1.0422� 0.0015 1.04080� 0.00047
lnð1010AsÞ 3.022þ0.019

−0.017 3.040� 0.017
ns 0.9745� 0.0070 0.9633� 0.0057
τ 0.0515� 0.0089 0.0521� 0.0082

FIG. 2. The angular power spectrum of the CMB lensing is
plotted for üΛCDM, ΛCDM with and without free AL. It is
obvious that üΛCDM mimics ΛCDM with AL ¼ 1 without any
inconsistency with the data points. Note that the temperature
power spectrum prefers ΛCDM with AL ¼ 1.2 which is not
consistent with CMB lensing power spectrum.
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cosmology can change the bias parameter as well. This
effect in ISW-galaxy cross-correlation is studied [45]. In
this work, we assume that the bias is almost unchanged. It is
worth mentioning again that, although the Poisson equation
and the relation of the lensing potential to Ψ are changed in
üΛCDM, the lensing potential is unchanged in transition
redshift. In the next section, we present the methodology
and observational data which we used in this study.

IV. METHODOLOGY AND
OBSERVATIONAL DATA

In this section, we use a combination of recent early
universe and late-time measurements to constrain the
üΛCDM as follows:

(i) Cosmic microwave background.—We consider
the CMB temperature, polarization, and lensing
reconstruction angular power spectra as measured
by the 2018 Planck legacy release [4,46]. We denote
“Planck,” which includes the CMB temperature and
polarization data (TT, TE, EEþ lowE; where the
low-multipole polarization is obtained from the

high-frequency instrument, HFI), and also we
denote “Planckþ lensing” which additionally in-
cludes the lensing reconstruction (TT, TE, EEþ
lowEþ lensing).

(ii) Hubble Space Telescope (HST).—We also use the
recent estimation of the Hubble constant, H0 ¼
74.02� 1.42 at 68% confidence level (C.L.) ob-
tained from the Hubble Space Telescope [3]. In this
paper, we refer to this data as “R19.”

(iii) ISW-galaxy cross-correlation.—For this observable
we use NRAO VLA Sky Survey (NVSS) [47]
and Wide-field Infrared Survey Explorer (WISE)
dataset [48,49].

In our cosmological analysis, we perform Markov
chain Monte Carlo (MCMC) calculations with a modified
version of MGCosmoMC publicly available code [50] and
standard public code CosmoMC [51]. We use a convergence
criterion that obeys R − 1 < 0.01, where the Gelman-
Rubin R-statistics [52] is the variance of chain means
divided by the mean of chain variances.
We consider a seven parameters model with six of the

ΛCDM model parameters plus lensing amplitude param-
eter AL. Also, for the üΛCDM model we consider an
extra parameter, transition scale factor ða⊕ ¼ ð1þ z⊕Þ−1Þ.
Assumption for priors of parameters are listed in Table II.
In the next section, we will discuss the observational
constraints on the model’s free parameter based on lensing
observations.

V. RESULTS: PARAMETER ESTIMATION

In this section we examine the standard model and
üΛCDM, facing the CMB Planck data [4] and CMB
lensing data [42] and also the H0 measurements by
Riess et al. [3]. In the left panel of Fig. 3, we plot the
likelihood of the AL parameter for the six parameter
standard ΛCDM with CMB Planck data, which shows a

TABLE II. Flat priors on the cosmological parameters varied in
this paper.

Parameter Symbol Prior

Cold dark matter density Ωch2 [0.001, 0.99]
Baryon density Ωbh2 [0.005, 0.1]
Transition scale factor a⊕ [0.4, 1.0]
Lensing amplitude AL [0.5, 3.0]
Amplitude of scalar spectrum ln ð1010AsÞ [1.61, 3.91]
Scalar spectral index ns [0.8, 1.2]
Angular scale at decoupling 100ΘMC [0.5, 10.0]
Optical depth τ [0.01, 0.8]
Pivot scale ½Mpc−1� kpivot 0.05

FIG. 3. The relative likelihood of the AL parameter is plotted for the standard ΛCDM and üΛCDM models in left and right,
respectively. Both models have ∼2–3σ tension when we checked them against only the Planck dataset (green curves). When we add the
lensing data (blue curves), both models are consistent with AL ¼ 1 in their 1σ regions. Adding R19 (red curves) restores the 2 − 3σ
tension for the ΛCDM. CMB lensing and R19 datasets are not compatible in the ΛCDM. However üΛCDM shows no inconsistency
between lensing and R19 datasets.
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tension for the Lensing amplitude. Adding the free
parameter AL reconciles this tension. Interestingly adding
the local SNeIa data worsens the situation. In contrast, the
proposed üΛCDM is compatible with both CMB lensing
and the R19 distance indicator result. In the right panel of
Fig. 3, the red dash-dotted line shows the combination of
Planck+lensing+R19 data for üΛCDM, which is almost
compatible with AL ∼ 1. This means that the üΛCDM
has the same number of parameters as the standard
model with AL.

In Fig. 4, we show the two-dimensional likelihood for AL
vs H0 for ΛCDM and üΛCDM in the left and right panels,
respectively. For all the datasets’ combinations, the ΛCDM
model shows a positive correlation between AL and H0.
That is why the ΛCDM cannot be consistent for both
AL ¼ 1 and R19 simultaneously. However, this correlation
seems broken for the case of üΛCDM. The modified
gravity nature of üΛCDM gives the opportunity to avoid
the cycle of positive correlation of AL and H0 and the
negative correlation of AL and Ωm.

FIG. 4. We have plotted two-dimensional likelihood for AL vs H0 for ΛCDM and üΛCDM in the left and right, respectively. All the
datasets’ combinations of the ΛCDM model show a positive correlation between AL and H0. That is why it is difficult for ΛCDM to be
consistent for both AL ¼ 1 and R19 simultaneously. However, this correlation seems broken for the case of üΛCDM.

FIG. 5. The standard model’s two-dimensional contour plots
investigating the lensing amplitude versus matter density param-
eters of total matter, baryons, cold dark matter, and σ8 are plotted.

FIG. 6. Two-dimensional contour plots of üΛCDM, investigat-
ing the lensing amplitude versus matter density parameters of
total matter, baryons, cold dark matter, and σ8, are plotted.
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In Fig. 5, we plot the two-dimensional contour plots of
the standard model, investigating the lensing amplitude
versus matter density parameters of total matter, baryons,
cold dark matter, and σ8.
In Fig. 6, we plot the confidence level of üΛCDM for the

lensing amplitude AL versus matter density parameters of
total matter, baryons, cold dark matter, and σ8. We find the
anticipated correlations of AL with the matter density. It is
worth mentioning that üΛCDM shifts the σ8 to the higher
values, which will be a problem to compare this value with
late-time observations. However, to further investigate this
problem, we should look at the nonlinear structure for-
mation in üΛCDM to compare it with cluster count and
weak lensing data in a nonlinear regime. In Table III we
summarize all the results. As we discussed in Sec. III, the
ISW effect is the other secondary effect on CMB. We
introduce the ISW to study the change of the gravitational
potential in the dark energy-dominated era. In Fig. 7, we
plot the ISW-galaxy cross-correlation function for both
models of ΛCDM (black solid line) and üΛCDM (blue
dashed line). We compare the models with the observa-
tional data of NVSS and WISE. We show that the üΛCDM
is compatible with the ISW-galaxy cross-correlation data
and it has an enhanced power in small angular scales due to

change of the gravitational potential in transition redshift.
As a final word to this section, we should note that there
are arguments in the literature on the validity of H0 prior
[53–55], as it is related to the absolute magnitude of SNe Ia
and it is derived depending on the astrophysical model.
This is not the essential concern in our work as we did not
use SNe Ia data independently, which brings a twice usage
of SNe Ia. Our transition in üΛCDM occurred at higher
redshifts z ∼ 0.6, which is out of the scope of the priors
studied in [55]. However, in a series of works, it is shown
that the simultaneous use of the BAO and SNe Ia data
prevent the late-time models to solve the H0 tension
[54–58]. In our analysis, we did not use these two datasets,
as we are focusing on the secondary gravitational effects on
the CMB. So, we should be conservative in our assertion
admitting that it is unlikely that üΛCDM can solve the H0

tension fully once these additional datasets are used.

VI. CONCLUSION AND FUTURE REMARKS

In [37] we have shown üΛCDM can be a framework to
study the H0 tension. Here, we studied this model again to
check if it can be a resolution for the CMB internal (mild)
tensions. Interestingly, üΛCDM which is first proposed to
address the H0 tension can solve the CMB anomalies. Our
model does not see any discrepancies between low- and
high-l’s power spectrum. The üΛCDM has no tension with
AL ¼ 1 and R19 with just one additional free parameter in
comparison to standard ΛCDM. The ΛCDM with AL has
an additional free parameter that can lessen H0 tension but
with a higher value for AL. It means to address bothH0 and
lensing tensions üΛCDM is as good as ΛCDMþ AL with
the same number of free parameters. Physically, higher AL
means higher matter density, which is needed to solve the
lensing anomaly. But in the üΛCDM model, higher lensing
is not because of higher matter density, but because of the
stronger gravity. This is the property in the heart of the
construction of the üΛCDM, i.e., the way it is built. We also
investigate the ISW effect via the cross-correlation with the
galaxy distribution. We check the consistency of üΛCDM.

FIG. 7. The ISW-galaxy angular cross power spectrum is
plotted for ΛCDM (black solid line) and üΛCDM (blue dashed
line). The observational data are from the NVSS galaxy sample
(hexagon points) and WISE (circle dots).

TABLE III. 68% C.L. constraints for the üΛCDM and ΛCDM models, for Planck, Planckþ CMB lensing and Planckþ CMB
lensingþ R19. Note that a⊕ ¼ ð1þ z⊕Þ−1 and ν is degrees of freedom for χ2-test.

ΛCDM ΛCDM ΛCDM üΛCDM üΛCDM üΛCDM

Parameters Planck Planckþ lensing Planckþ lensingþ R19 Planck Planckþ lensing Planckþ lensingþ R19

Ωm 0.295� 0.015 0.300þ0.014
−0.015 0.2744þ0.0091

−0.012 0.280þ0.022
−0.017 0.300þ0.014

−0.015 0.260þ0.010
−0.011

H0 68.9� 1.2 68.4� 1.1 70.5þ1.0
−0.85 70.7þ1.4

−2.6 70.4þ1.5
−2.6 73.2� 1.3

a⊕ � � � � � � � � � >0.687 0.75þ0.13
−0.17 0.607þ0.031

−0.072
AL 1.244� 0.095 1.081� 0.053 1.159� 0.056 1.244� 0.096 1.078� 0.053 1.087� 0.056
S8 0.789� 0.030 0.797� 0.029 0.748þ0.020

−0.026 0.826þ0.038
−0.042 0.838þ0.039

−0.044 0.854þ0.041
−0.035

χ2lensing � � � 10.0ðν∶1.9Þ 9.98ðν∶2.3Þ � � � 9.9ðν∶2.0Þ 9.6ðν∶2.2Þ
χ2H074p03 � � � � � � 6.5ðν∶7.7Þ � � � � � � 1.2ðν∶1.5Þ
χ2CMB 624.2ðν∶8.7Þ 637.7ðν∶7.0Þ 641.2ðν∶11.3Þ 624.1ðν∶7.3Þ 637.6ðν∶7.7Þ 637.9ðν∶8.0Þ

CMB LENSING IN A MODIFIED ΛCDM MODEL IN … PHYS. REV. D 104, 063506 (2021)

063506-7



Finally, we should mention that stronger gravity may
make the σ8 tension worse. This issue needs more inves-
tigation in future works. Also, we should mention that as
indicated beforehand as we did not use the SNe Ia and BAO,
we should be conservative, indicating that it is unlikely that
üΛCDM can solve theH0 tension fully once these additional
datasets are used. Also, an investigation on the recently
raised issue of the magnitude versus Hubble tension is
needed to study in detail for models like üΛCDM, which has
a higher redshift transition. Another way to pursue this
model is by looking at the nonlinear structure formation. On
the theory side, it will be interesting to look at it, if we can
model the perturbation of üΛCDM differently.
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