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The first-order phase transitions in the early Universe are one of the well-known sources which
release the stochastic background of gravitational waves (GWs). In this paper, we study the contribution
of an external static and strong magnetic field on the stochastic background of gravitational waves
expected during QCD phase transition. In the light of the strongly magnetized hot QCD equation of
state which deviated from the ideal gas up to the one-loop approximation, we estimate two
phenomenologically important quantities: peak frequency redshifted to today (fpeak) and GW strain

amplitude (h2Ωgw). The trace anomaly induced by the magnetized hot QCD matter around the phase
transition generates the stochastic background of GW with peak frequencies lower than the ideal gas-
based signal (around nHz). Instead, the strain amplitudes corresponding to the peak frequencies are of
the same order of magnitude of the expected signal from ideal gas. This may be promising in the sense
that although the strong magnetic field could mask the expected stochastic background of GWs by
upgrading the frequency sensitivity of detectors in the future, the magnetized GW is expected to be
identified. Faced with the projected reach of detectors EPTA, IPTA, and SKA, we find that for the tail
of the magnetized GW signals there remains a mild possibility of detection as it can reach the projected
sensitivity of SKA.

DOI: 10.1103/PhysRevD.104.063039

I. INTRODUCTION

Almost a century after the inception of Einstein’s gen-
eral theory of relativity the physical existence of the
gravitational waves (GW) was experimentally confirmed
by the LIGO-VIRGO Collaborations in 2016 [1,2]. The
GWs recorded by these two detectors were named
GW150914 and GW151226 which was produced from
binary black hole mergers. After that, the LIGO recorded
several other events such as GW170104, GW170814
originating from binary stellar-mass black hole mergers
[3,4] andGW170817, which was from a binary neutron star
inspiral [5]. The binary neutron star mergers may reveal
richer physics since in addition to GWs it can emit
electromagnetic signals which is not expected in the black

hole merger.1 These early detections usher in a new chapter
in astrophysics and cosmology research through a powerful
tool that was not available to us before. We actually are at
the beginning of the golden age of GW-based astronomy as
a branch of observational astronomy which can play a
complementary role to electromagnetic waves [7]. In other
words, GWs along with other exploration tools such as
cosmic microwave background (CMB) and neutrinos are
expected to give us a comprehensive insight into the deeper
secrets of the Universe.
In an overall classification we can say that GWs arise

from two categories of relativistic astrophysical and cos-
mological sources [8]. The former can be attributed to
prevalent cases such as the compact binary inspirals,
spherically asymmetric spinning neutron stars, pulsars
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1Recently for the first time in [6] announced the existence of
the electromagnetic signal to a binary black hole merger event
S190521g. However, the mentioned event has not yet been
confirmed by the LIGO/Virgo Collaboration.
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(as well as other periodic sources), the explosion of
supernovae, and other transient or burst sources. Note
that the emission frequency band from these astrophysical
objects is not expected to be higher than 104 Hz. In
relation to the latter category, there are a sequence of
early Universe phase transitions (PTs) such as inflation,
electroweak (EW), and quantum chromodynamics (QCD)
which are potential candidates to create a notable
stochastic background of the primordial GWs2 (see
Refs. [11–13] for a detailed review particularly on the
last two cases). Note that these PTs will result in the
production of GWS if their nature is of strongly first
order. More precisely, first-order PTs by creating true
vacuum bubbles via the quantum tunneling process and
subsequently the interaction with the environment of hot
plasma, producing a stochastic background of GWs [14–
16]. Due to the fact that the behavior of the stochastic
GW spectrum is strongly sensitive to physics of the early
Universe, it may carry footprints of the early cosmology
which can be used to evaluate extended theories and
quantum gravity models as well [17,18].
Since stochastic GWs (SGW) belong to very low

frequency bands, highly sensitive detectors are needed to
capture them. It is expected that in the coming years, one
of the central aims of GW detectors will be the detection
of SGWs. For instance, the frequency of SGWs arising
from QCD-PTs is expected to be in the range of
10−9–10−6 Hz. A number of designed projects such as
the European Pulsar Timing Array (EPTA) [19], the
International Pulsar Timing Array (IPTA), a worldwide
cooperation of astronomers involved in the analysis of PTA
data [20], and the Square Kilometer Array (SKA) [21],
have the potential to detect the frequency range of the
SGW. Actually, the idea of using PTAs as natural inter-
ferometers with galactic-scale arm lengths, in order to
analyze GWs was proposed in [22] for the first time.
Recently a new analysis of 12.5 year PTA data by the North
American Nanohertz Observatory for Gravitational Wave
(NANOGrav) Collaboration [23] found strong evidence of
SGWs with a sensitivity of around 1 nHz–10 nHz and
10−15 for frequency and GW strain amplitude, respectively.
However, it seems that the sensitivity of NANOGrav in the
measurement of strain amplitude is less than the projected
sensitivity of SKA since it would be able to probe GW
strain amplitudes around 10−17 [24]. Detailed information
about some of these ongoing projects as well as other
detectors e.g., evolved Laser Interferometer Space Antenna
(eLISA) [25], Deci-hertz Interferometer GW Observatory
(DECIGO) and Big Bang Observer (BBO) [26] etc., with

the capability of detecting higher frequency GWs in the
range 10−6 Hz–10 Hz can be found in [27]. In general, the
GWs, associated with different cosmological periods men-
tioned above, can shed light on the underlying physics
related to the evolution of the Universe, as specific features
of the GW contain information about the concerned energy
scale. Moreover, due to the very weak interaction, GWs
have the advantage of being protected from most of the
environmental effects. This feature has made GWs very
popular with cosmologists interested in exploring the early
Universe, specifically before recombination (the interval
between the big bang and the emission of CMB) when the
environment for the propagation of electromagnetic waves
was not transparent. However it is important to point out
that according to the predictions of some theoretical
frameworks it is also possible to have some cosmological
and astrophysical sources that can generate GWs with
frequencies higher than the range related to the above
categories i.e., 10−9 Hz–104 Hz, see the recent white paper
[28] for details. This could be an incentive to research and
develop detectors with a reach of even higher frequency
than LIGO.
In this paper we are particularly interested in the

generation of GWs from the last PT experienced by
the Universe which. according to the standard model
happened around 10−5 s after the big bang in the
temperature range T� ∼ 0.1–0.2 GeV i.e., QCD-PT. In
order to look for the stochastic background of GWs via
QCD-PTs, we need to have accurate knowledge of the
nature of the QCD-PT. However, determining the type of
PT is one of the most serious challenges of both QCD-
based cosmology and particle physics. Some nonpertur-
bative lattice simulation studies reject the possibility of
first-order, and even second-order QCD-PT but insist on
an analytic crossover [29,30], meaning that one should
not expect GW production. This is not the whole story,
rather it is demonstrated that if the neutrino chemical
potential is sufficiently large3 but within the allowed
bounds of big bang nucleosynthesis, the cosmic QCD
transition is then expected to be of first-order [32]. There
are some phenomenological models [33,34] that explic-
itly vote in favor of a strong first-order PT in QCD. It
would be interesting to note that there are a few lattice
simulations that under some conditions which com-
monly are not so realistic, imply a first-order PT in
the QCD epoch. For instance, Refs. [35,36] can be
mentioned, in which the former refers to a bulk first-
order PT with three quark flavor which is unphysical PT
in some lattice formulations, while the latter refers to
large Nc pure gauge in the absence of contribution of
quark flavors. It is worth mentioning that although
known lattice simulations such as [29,30,37,38] insist

2Theoretically, cosmological sources that produce GWs is not
restricted just to these three PTs rather there are other novel
candidates such as the photon-graviton conversion process [9]
and/or the primordial black hole formation [10] in the early
Universe which may have phenomenological importance.

3According to Ref. [31] in case of sterile neutrino playing the
role of dark matter implies a large neutrino chemical potential.
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on crossover nature of QCD-PT, they have done within
some approximations, such as zero or negligible chemical
potential, which if relaxed may change the nature of the
transition. So we still do not know the exact nature of PT
in QCD epoch, and indeed the issue is open and in
progress. On a different note, the observed baryon
asymmetry arising from the electroweak-baryogenesis
mechanism can be explained via the first-order PT, rather
than other types of PTs [39]. All in all, during these
years, the idea of SGWs production from a first-order
QCD-PT and subsequently examining their chances of
detection by relevant ongoing and future detectors
(EPTA, IPTA, NANOGrav, and SKA), has become very
popular [40–55].
One of the attractive aspects within the framework of

strong interaction is the study of QCD-PT in the presence
of strong external magnetic fields (MFs). The motivation of
such studies usually come from several phenomenological
contexts.
The first motivation comes from the studies of ultra-

relativistic heavy-ion collisions at the RHIC and LHC at
CERN. In the last four decades, we have witnessed
impressive activities to rebuild conditions akin to those
shortly after the big bang, known as quark-gluon plasma
(QGP). It is expected that two highly-charged ions,
impacting with a little offset, are able to generate very
large MFs of up to values ð1 − 30Þm2

π equal to
≃1014–1016 Tesla at RHIC and LHC, respectively [56].
Despite that the quantitative estimations performed from
the classical viewpoint tell us that the lifetime of these
MFs are just a small fraction of the lifetime of QGP [57],
the MF during its lifetime may be close to its maximum
strength [58]. Besides, it is shown that in the central
region of the overlapping nuclei, the change of the spatial
distribution of the MF in the transverse plane is very
smooth and negligible [59]. With these backgrounds in
mind about MFs, people commonly study the diverse
aspects of QCD physics in a strong homogeneous and
static MF, see [60–73] for instance. In recent years, due
to the possibility of achieving strong MFs at RHIC and
LHC, much attention has been paid to studying the role
of the MF on the QCD thermodynamics. By employing
lattice-simulation methods in the computation of the
thermodynamic observables (such as pressure, energy
and entropy density) the effects of background MF on
the QCD equation of state (EoS) have been studied [74].
Although the lattice simulations definitely have not ruled
out the possibility of a first-order PT in the QCD epoch,
the analysis performed in [74] still indicate that the QCD-
PT is a crossover in the presence of an external effect
such as a strong and homogeneous MF. However, a
promising hint in favor of a first-order QCD-PT in the

analysis of [74] is that by going to high values of MF the
interaction measure seems to increase in the crossover
which might indicate that at very strong MFs, the
transition converts to a first-order one. In other words,
MF dependency of interaction measure shows that as the
MF becomes stronger, the transition temperature reduces.
Additionally, according to the standard QCD phase
diagram at finite temperature the crossover region of
the PT belongs to large temperatures [75,76]. So a drop
in the transition temperature due to the presence of an
external strong MF, potentially can be the bearer of this
message that in the end the nature of the PT might turn
into first-order. A further indication in favor of a first-
order QCD-PT in the presence of an external MF, one
can mention the lattice analysis performed in [77]. There,
by utilizing the reweighted plaquette distribution at the
critical couplings with different values of MF, the
numerical analysis has shown that by going from zero
or small MFs to high values, a single peak distribution
turns to a double peak, typical of a first-order PT. Further
analysis indicated that a QCD-PT in the presence of a
MF occurs at a slower rate since the transition temper-
ature gets dropped [78–81].
Second, according to some scenarios, the presence of

MFs in the QCD era may be due to the former well-known
PTs such as inflation, and EWPT [82]. The latter is
especially important in the sense that at the EW scale
the electromagnetic field is directly influenced by the
dynamics of the Higgs field without need nontrivial
extensions of the particle physics standard model. In
general, from a theoretical point of view, there were various
candidates for generating MF before the QCD era at early
universe, see [83] for a review.
Third, some compact astrophysical objects like neu-

tron stars, known as magnetars, are expected to have
an extremely powerful MF in surface, of the order of
109–1011 Tesla [84,85]. Commonly, the magnetars are
modeled as hybrid stars and include a core of hot QCD
matter with a first-order PT.
So, the MF is able to change the EoS and this has

attracted people toward finding the modification of the
EoS in the presence of a strong background MF via
different descriptive frameworks. In this direction, the
thermal QCD-EoS with a background of a strong and
homogeneous MF has been studied within the effective
quasi-particle description of QGP [86,87] and also per-
turbatively up to one-loop order [88,89]. Subsequently,
this gives a theoretical motivation to explore the phe-
nomenological effect of the presence of strong back-
ground MFs on the stochastic GW signal generated
during the QCD-PT. Given that the exact nature of the
QCD-PT is still debatable, this underlying scenario may
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seem speculative. However, adopting the first-order PT,
lets us make a prediction on the role of an external MF
on the stochastic background of GW. With this aim in
mind we are going to revisit the energy spectrum
calculation of GW on the basis of [89] where utilizing
one-loop approximation up to a specific order of coupling
constant, the thermodynamic observables of a strongly
magnetized hot QCD matter have been computed. This
led to extracting the modified QGP-EoS.
The layout of the rest of this article is as follows. In

Sec. II we first overview hot QCD-EoS, with two light
flavors, modified in the presence of background strong
MF. In Sec. III, by having the QGP-EoS, we then derive
the general expression for the stochastic GW. In Sec. IV
by discussing the three known processes during the first
order PT that lead to GW generation, we are able to
predict the response of the MF to stochastic GW
detection in ongoing and proposed detectors for future
observations. In the Sec. V we give a summary of the
results and conclude.

II. EOS FOR IDEAL QGP IN BACKGROUND
STRONG MAGNETIC FIELD

In this section, without going into much detail and
focusing solely on the results of Ref. [89] we will briefly
review the EoS of thermal QCD including Nf quark flavors
with Nc colors and coupling constant g in the presence of a
strong static magnetic field directed along the z-axis
(B⃗ ¼ Bẑ). The effects of MF is computed up to one-loop
order in which the quark and gluon contributions are
affected by the MF. The standard procedure is to calculate
the free energy arising from quarks and gluons that are
obtained via the functional determinant of the their effec-
tive one-loop propagators and then evaluate the pressure
and other thermodynamic observables from the free energy.
The renormalized final expressions of the quarks and
gluons contributions in the free energy (as the starting
point of deriving the relevant thermodynamic quantities)
take the following forms [89],

Fr
q ¼ −NcNf

X
f

qfBT2

12
− 4NcNf

X
f

ðqfBÞ2
ð2πÞ2

g2ðN2
c − 1Þ

8π2Nc

�
1

24576

�
12288 ln 2

�
3γE þ 2 ln

Λ
2πT

þ ln 16π

�

þ 256ζ½3�
π4T2

�
−
3g2 ln 2ðN2

c − 1Þ
2Nc

qfBþ 6π2qfB ln
Λ
2πT

þ 3π2qfB × ð2þ 3γE þ ln 16πÞ þ 2π4T2

�

−
4g2ðN2

c − 1Þ
π6NcT4

ðqfBÞ2ζ½3�2ð4þ 105 ln 2Þ þ 7245ζ½3�3g2ðN2
c − 1Þ

2π8NcT6
ðqfBÞ3

��
; ð1Þ

and

Fr
g ¼

N2
c − 1

ð4πÞ2
�
−
16π4T4

45
þ 2Ncg2π2T4

9
þ 1
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3
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8 − 3γE − π2 þ 4 ln 2 − 3 ln

Λ
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�
þ
�
N2

f þ
X
f1;f2

qf1B
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−
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−
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−
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−
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c − 1Þg3
12π

�
NcT2

3
þ qfB

4π2

�
3=2

T; ð2Þ

respectively. Here γE; ζ, and Λ are respectively the Euler-Mascheroni constant, the Riemann zeta function, and the
renormalization scale which usually is set as Λ ¼ 2πT. At a first glance, it can be seen that the MF background gives a
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contribution to the free energy of quarks which in the case of the absence of a MF, it disappears. We note that the MF
directed along a special axis breaks the translational invariance of space. As a consequence, the quark propagator becomes a
function of separate elements of momentum, transverse (P⊥) and longitudinal (Pk) to the Bẑ. Now by discarding terms
includingOðg2Þ or higher (since in the strong MF limit qfB ≫ T2, the running coupling constant is very small g ≪ 1

4) the
quark and gluon free energies (1) and (2) result in following expressions for the longitudinal pressures,

Pq
kðT; qfBÞ ¼

X
f

NcNfqfBT2

12
;

Pg
kðT; qfBÞ ¼

π2ðN2
c − 1Þ
45

T4; ð3Þ

where Pq and Pg are the contributions from quarks and gluons, respectively. The transverse pressure is given by

P⊥ðT; qfBÞ ¼ ðPq
kðT; qfBÞ þ Pg

kðT; qfBÞÞ þ qfB
∂ðFr

qðT; qfBÞ þ Fr
gðT; qfBÞÞ

∂ðqfBÞ ; ð4Þ

where its final form reads as

P⊥ðT; qfBÞ ¼
π2ðN2

c − 1Þ
45

T4: ð5Þ

It is clear that the transverse pressure of a magnetized ideal QGP gas is independent of the magnetic field, just as we expect

from ideal gluon pressure. Note that here the total pressure is P ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðPq

k þ Pg
kÞ2 þ P2⊥

q
. Using the thermodynamic relations

SðT; qfBÞ ¼ ∂PðT;qfBÞ
∂T and εðT; qfBÞ ¼ TSðT; qfBÞ − PðT; qfBÞ, one arrives at the following modified expressions in the

presence of a MF for entropy density and energy density,

SðT; qfBÞ ¼
��

2π2ðN2
c − 1Þ

90
T4 þ NcNfqfB

18
T2

��
4π2

90
ðN2

c − 1ÞT3 þ NcNfqfB

18
T

�

þ 4π4ðN2
c − 1Þ2

2025
T7

���
π2ðN2

c − 1Þ
45

T4 þ NcNfqfB

18
T2

�
2

þ π4ðN2
c − 1Þ2

2025
T8

�−1=2
; ð6Þ

and

εðT; qfBÞ ¼
25N2

cN2
fðqfBÞ2T4 þ 40π2NcðN2

c − 1ÞNfqfBT6 þ 24π4ðN2
c − 1Þ2T8

90
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25N2

cN2
fðqfBÞ2T4 þ 20π2NcðN2

c − 1ÞNfqfBT6 þ 8π4ðN2
c − 1Þ2T8

q ; ð7Þ

4Note that the QCD coupling g will now run with the MF in addition to the temperature. Due to our interest in the strong MF
limit i.e., qB ≫ T2, it is expected that by admitting the lowest Landau level (LLL) approximation to having the main contribution in
physical quantities, the QCD coupling runs exclusively with the MF and is almost independent of the temperature. This is because
the most dominant scale available is the MF and not the temperature. In the absence of a MF, the coupling constant g is connected to
the strong coupling constant αs as g ¼ 4παs

Λ in which, due to competition between the contribution of the quarks and gluons in logarithmic
relation of αsðk2Þ, thereby dependent on energy scales k2, it decreases or increases [90]. However, in the presence of a MF, the
strong coupling αs splits into αks and α⊥s , respectively parallel and perpendicular to direction of MF which only the former gives
contribution to g. Besides, since jqfBj effectively acts as a cutoff in the LLL approximation, the coupling constant takes the form

g ¼ 4παks
jqfBj. As a result, in the strong field limit for consistency in LLL approximation, one ignores any temperature-dependency in αks such

that it takes the form a logarithmic function of the MF as αks ¼ ð11Nc−2Nf

12π ln jqfBj
Λ2
QCD

Þ−1 [91]. Given that αks is a monotonically decreasing

function of the MF, it is clear that in the strong MF regime, the coupling constant g severely drops such that one can safely ignore the
contribution of its higher powers i.e., Oðg2Þ ≪ 1.
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respectively. Note that Eqs. (3), (5), (6), and (7) actually
address the thermodynamic quantities of ideal QGP gas in
the presence of an external MF. In order to probe the role
of a strong background MF on the thermodynamics of an
ideal QGP gas, in Fig. 1 we display the behavior of two

importance quantities namely, the EoS parameter ωeff ¼
PðT;qfBÞ
εðT;qfBÞ as well as the trace anomaly I ¼ PðT;qfBÞ−3εðT;qfBÞ

T4

for different value of qfB with respect to the temperature. It
is quite clear that by moving away from high temperatures
to the critical one (0.1–0.2 GeV), the external MF results in
a deviation of the behavior of QGP from the ideal gas (IG)
i.e., ωeff ¼ 1=3 and I ¼ 0. In what follows, we investigate
the phenomenological effect of such a deviation from the
IG (around the transition temperature T�) due to the effect
of the strong external MF on the generation of stochastic
GWs arising from the QCD-PT.

III. GW SPECTRUM REVISITED BY IN THE
PRESENCE OF EXTERNAL MF

The imprint of a strong static MF during the QCD-PT
can be searched for in the present observable SGWwhich is

propagated from the moment of PT to the current time.
Assuming that since the PT the Universe expanded
adiabatically i.e., the entropy s ¼ Sa3 remained fixed
(_s=s ¼ 0), we get the following relation from Eq. (6)

dT
dt

¼ −H
�
3

�
d
dT

SðT; qfBÞ
�

−1
SðT; qfBÞ

�
; ð8Þ

which represents the time variation of temperature in the
presence of a static magnetic field background. Using the
Hubble parameter H in Eq. (8) and taking into account
the fact that the energy density of the GWs is inversely
proportional to the fourth power of the scale factor (∝ a−4)
we obtain the following relations

a�
a0

¼ exp

�Z
T0

T�
dT

�
3

�
d
dT

SðT; qfBÞ
�

−1
SðT; qfBÞ

�
−1
�
;

ð9Þ

and

εgwðT0Þ ¼ εgwðT�Þ exp
�
4

Z
T0

T�
dT

�
3

�
d
dT

SðT; qfBÞ
�

−1
SðT; qfBÞ

�
−1
�
; ð10Þ

for the scale factor and energy density of the GWs, respectively. Note that from here onward the subscripts “0” and “�”
respectively refer to the relevant quantities today and at the PT epoch. Now, by defining the density parameter of GW in

today’s era Ωgw ¼ εgwðT0Þ
εcrðT0Þ as well as using the relation εcrðT�Þ

εcrðT0Þ ¼ ðH�
H0
Þ2, we obtain the following relation,

Ωgw ¼ Ωgw�

�
H�
H0

�
2

exp

�
4

Z
T0

T�
dT

�
3

�
d
dT

SðT; qfBÞ
�

−1
SðT; qfBÞ

�
−1
�
: ð11Þ

In order to derive the ratio between the Hubble parameter during PT and today, we use the continuity equation, _ε ¼
−3Hεð1þ ωeffÞ where ωeff ¼ P=ε is the effective EoS parameter. One can now combine Eq. (8) with the continuity
equation and integrate from some early time in the radiation dominated epoch with relevant temperature Tr ¼ 104 GeV to
the PT epoch

FIG. 1. Variation of EoS parameter ωeff and trace anomaly, in terms of temperature, respectively in the left and right panels. Here we
used numerical values: Nf ¼ 2; Nc ¼ 3; γE ≃ 0.57721 and m2

π ≃ 0.02 GeV2.
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εðT�Þ ¼ εðTrÞ exp
�Z

T�

Tr

dT3ð1þ ωeffÞ
�
3

�
d
dT

SðT; qfBÞ
�

−1
SðT; qfBÞ

�
−1
�
: ð12Þ

As depicted in Fig. 1 in the presence of the MF, we no longer have the scenario where the ultrarelativistic particles obey
ωeff ¼ PqþPg

εqþεg
¼ 1

3
. Despite that the value of ωeff asymptotically approaches the ideal value 1=3, as temperature increases;

however, with a drop in temperature it comes to the critical point of the PT and the trace anomaly emerges so that QGP
deviates from IG. In the following, we will see that this deviation from IG plays a considerable role on the peak frequency as
well as the power of the GW signal produced during the QCD-PT. In the following we note that using the relationH2� ≡ ε�,
Eq. (12) can be rephrased in terms of the Hubble parameter as

�
H�
H0

�
2

¼ Ωr0 exp

�
4

Z
Tr

T0

dT

�
3

�
d
dT

SðT; qfBÞ
�

−1
SðT; qfBÞ

�
−1
�

× exp

�Z
T�

Tr

dT3ð1þ ωeffÞ
�
3

�
d
dT

SðT; qfBÞ
�

−1
SðT; qfBÞ

�
−1
�
; ð13Þ

where Ωr0 represents the today value of fractional energy density of radiation with a given value Ωr0 ≃ 8.5 × 10−5. As a
result, the GW spectrum measured today, Eq. (11), takes the following form

Ωgw ¼ Ωr0Ωgw� exp
�
4

Z
Tr

T�
dT

�
3

�
d
dT

SðT; qfBÞ
�

−1
SðT; qfBÞ

�
−1
�

× exp

�Z
T�

Tr

dT3ð1þ ωeffÞ
�
3

�
d
dT

SðT; qfBÞ
�

−1
SðT; qfBÞ

�
−1
�
: ð14Þ

FIG. 2. H�=H0, fpeak and also ratio δðfpeakÞ ¼ fpeakðMFÞ
fpeakðIGÞ as functions of PT temperature T�.
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Also, one can estimate the peak of the GW frequency5 redshifted to today via the following relation

fpeak ¼
�
a�
a0

�
¼ f� exp

�Z
T0

T�
dT

�
3

�
d
dT

SðT; qfBÞ
�

−1
SðT; qfBÞ

�
−1
�
: ð15Þ

Due to the direct relation between the frequency of
gravitational radiation released at the period of PT (f�)
and the Hubble parameter at that time H�, any decrease/
increase in H� subsequently will alter the expected fre-
quency of the gravitational radiation f�. By performing the
integrals in Eqs. (13) and (15) numerically one can find that
taking the external MF into the EoS results in a consid-
erable decrease of H� during PT as well as the peak
frequency being redshifted to the present time. This can be
seen explicitly from Fig. 2. It also implicitly indicates a
decrease in the PT temperature due to a strong MF, which is
generally in agreement with outputs released in [78,80,81].
So it seems that the presence of a strong MF in EoS, rules
out finding any peak in the range of the characteristic
frequency that can be probed in the current detectors with
the sensitivity even around 1 nHz. This can be seen more
clearly in the next section of our analysis. In passing we
would like to mention that the ratio H�=H0 and the peak
frequency fpeak change slightly by varying the value of
jqfBj from 10M2

π to 20M2
π in Fig. 2, while the change is

large in comparison to the vanishing MF case jqfBj ¼ 0.
The reason for this apparent difference can be traced back
to a nontrivial dependency of jqfBj in the integral Eqs. (13)
and (15).

IV. CONTRIBUTION TO THE GW
FROM QCD SOURCES

In this section we discuss the role of strong magnetized
EoS on the amplitude of the stochastic background of GWs
generated during the QCD-PT in detail. During the first-
order PT, the bubbles nucleate into the supercooling plasma
and subsequently the latent heat related to the free energy
between the symmetric and broken phases leads to the
expansion of the bubble walls. Generally, in order to
estimate the generated stochastic background of GWs
via first-order QCD-PT, one should take into account the
contributions of three well-known phenomena.
(a) Bubble collisions (BC) in the context of first-order PT

and GW production, first proposed by Witten [93],
comes subsequently after bubble nucleation and bub-
ble expansion in order to start bubble percolation

[94,95]. The mean radius of bubbles at collisions has
an important role in the computation of the duration of
PT. The GW power spectrum from the BC in the
envelope approximation can be numerically fitted as
ΩbcðfÞ [94]

ΩbcðfÞ ¼
�
H�
β

�
2

χ2bc

�
0.11v3w

0.42þ v2w

�
SbcðfÞ;

χbc ¼
κbcα

1þ α
ð16Þ

where the spectral function SbcðfÞ has the following
power-law form

SbcðfÞ ¼
3.8ðf=fbÞ2.8

1þ 2.8ðf=fbÞ3.8
;

fb ¼
0.62β

1.8 − 0.1vw þ v2w

a�
a0

: ð17Þ

In the aforementioned relations, quantities α; vw, and
κbc respectively denote the ratio between vacuum
energy density produced during PT and radiation
energy density, the expanding wall velocity; the
coefficient which measures the fraction of the latent
energy confined on the bubble wall during PT. Also
H�=β is the nucleation rate relative to the Hubble
rate during the PT which records the time duration of
the PT.

(b) Sound waves (SW) are actually induced in the
surrounding fluid due to the expansion of the bubbles
so that in consequence of their collisions the SWs give
rise to a nonzero tensor anisotropic stress that can be a
rich source of GWs [96,97]. The power spectrum of
GW due to SWs contribution, can take the power-law
form as follows [96]

ΩswðfÞ ¼
�
H�
β

�
χ2swvwSswðfÞ; χsw ¼ κswα

1þ α
ð18Þ

with the following function for the spectral shape

SswðfÞ ¼
�

f
fsw

�
3
�

7

4þ 3ðf=fswÞ2
�

7=2
;

fsw ¼ 38β

31vw

a�
a0

: ð19Þ

The coefficient κsw in (18) denotes the ratio of bulk
kinetic energy to vacuum energy.

5Peak frequency is actually the frequency of the signal at the
time at which the strain amplitude (we will discuss this in the next
section) reaches its peak. The importance of this quantity depends
on the origin of the GW production. For instance, in two black
hole mergers it addresses information on the behavior of the
system in the strong-field limit [92]. Here it may contain
information about relevant issues to the QCD-PT.
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(c) Apart from SWs, the bubble merging could also
induce vortex motions in the surrounding fluid, which
due to injection of energy arising from bubble colli-
sions within the early ionized plasma with a very high
Reynolds number, the magnetohydrodynamic (MHD)
turbulence takes a form which is an independent
source of GWs [98,99]. For the GW power spectrum
due to the MHD turbulence component, we have
[98,99]

ΩmhdðfÞ ¼
�
H�
β

�
χ

3
2

mhdvwSmhdðfÞ; χmhd ¼
κmhdα

1þ α

ð20Þ

with the following function for the relevant spectral
shape of the turbulent contribution

SmhdðfÞ ¼
ðf=fmhdÞ3

½1þ ðf=fmhdÞ�113 ð1þ 8πf=h�Þ
;

h� ¼ H�
a�
a
; fmhd ¼

7β

4vw

a�
a0

: ð21Þ

The coefficient κmhd in (20) measures the efficiency of
the conversion of latent heat into turbulence. Note that

there is no solid method to determine the value of κ in
the above functions. Hence, to facilitate the calculation
we impose this assumption that χbc ¼ χsw ¼ χmhd.

As a result, the total GW power spectra can be
expressed as the summation of above-mentioned three
components

h2ΩgwðfÞ ¼ h2ðΩbcðfÞ þ ΩswðfÞ þΩmhdðfÞÞ: ð22Þ

We are now in a position to investigate the detection
possibility of the GW spectrum corresponding to BC,
SW, and MHD sources in the presence of strong MF,
through experiments such as EPTA, IPTA, and SKA that
have arrayed to low-frequency detection of GWs. We show
it in Fig. 3 for different values of free parameters, first
separately for each source and then as their collective
contribution. First, note that although we are able to draw
these plots for different sets of free parameters vw; β,
and fχbc; χsw; χmhdg, however, in the overall behavior of
curves we do not observe noticeable change. As is evident
from Fig. 3 in the presence of strong MFs in the EoS we
do not see any peak in the allowed range of charac-
teristic frequency of detectors: EPTA, IPTA, and SKA,
while for QGP-IG there are peak frequencies around
10−8 Hz–10−7 Hz. The peak frequencies observed here

FIG. 3. Comparing the stochastic background of the GW strain amplitudes arising from three sources: BC, SW, and MHD during the
first-order QCD-PT in the absence/presence of an external strong MF with the projected reach of EPTA, IPTA, and SKA. The net
contribution due to all three sources to the GW signal, released in the right panel of the bottom row. Here, we set numerical values:
vw ¼ 0.7; β ¼ 10H�, and χbc ¼ χsw ¼ χmhd ¼ 0.05.
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for the magnetic GW signals are justifiable since a MF in
QGP-EoS causes the peak frequency to be redshifted to
today, takes the frequencies much lower than IG-EoS, as
shown already in Fig. 2. A featured point in plots of Fig. 3
is that the magnetized EoS result in reduction of the GW
strain amplitude so much that they appear below the
permitted sensitivity of EPTA and IPTA. However, the
expected signal within a certain range of the magnetic field
(≤ 40m2

π) can cross off the detection range of SKA. It is
also clear that among these three sources, the MF severely
decreases the strain amplitudes related to sources SW and
MHD as far as BC becoming dominant source in the net
contribution to the GW signal. Another attractive point is
that in the case of upgrading the frequency sensitivity of the
current detectors to the fHz band, the magnetized GW
signals can be probed, and instead the QGP-IG-based
signal can be ruled out.
In the end, for a clearer understanding of the effect of

deviation from QGP-IG by an external strong MF on the
strain amplitude of GW signal, in Fig. 4 we show the

ratio δðh2ΩgwÞ ¼ h2ΩgwðMFÞ
h2ΩgwðIGÞ in terms of critical temperature

and different values of qfB and two selected values of
the peak frequencies 10−15 and 10−7 Hz in the left and
right panels, respectively. Two tips are evident from
Fig. 4 in overall agreement with Fig. 3. First, in the
frequencies less than 1 nHz, the strain amplitude of
magnetized GW signal becomes stronger than its IG
counterpart, while within the reach of these detectors
at hand this is inverse. Second, as we expect, by
increasing the values of qfB in the left and right panels,
the ratios of strain amplitude of the magnetized GW
signal to its IG counterpart, become bigger and smaller,
respectively.

V. CONCLUSIONS

In this paper, by taking strongly magnetized QGP-EoS,
we have investigated the contribution of magnetic field to
the stochastic background of GWs arising from first-order

QCD-PT. Actually, the presence of a magnetic field within
EoS results in the appearance of a trace anomaly, meaning
that we no longer deal with a QGP-ideal gas. This deviation
from the QGP-ideal gas may leave some imprints on the
stochastic background of the GW. With this consideration
we have estimated two phenomenological quantities: peak
frequency redshifted to today (fpeak) as well as GW strain
amplitude (h2Ωgw).
The former shifts dramatically to lower values than the

ideal gas, so low such that one cannot expect it to be found
in the possible reach of characteristic frequency of the
current detectors, even with the highest possible sensitivity
around nHz band. This reduction could seem interesting
from the perspective of the dynamic analysis of QCD-PT in
the sense that it indicates a drop in PT temperature too. So,
the strong magnetic field could mask the stochastic back-
ground of GWs produced by the QCD-PT. The latter,
depending on the frequencies below and up to nHz,
enhance and drop relative to the case of the ideal gas,
respectively. By comparing the strain amplitudes corre-
sponding to peak frequencies in the magnetized GW
signals and the ideal gas counterpart, one finds that they
are of the same order of magnitude. This could be hopeful
in the sense that merely by upgrading the frequency
sensitivity of detectors in the future, the magnetized GW
is expected to be identified.
We have found that in the presence of a strong magnetic

field in hot QCD-EoS, the secondary sources SWandMHD
are no longer able to play a significant role in generating
GWs. Using the projected reach of detectors EPTA, IPTA,
and SKA arrayed to detecting low-frequency GWs, we
have shown that despite the absence of peak frequency for
the magnetized signals in the currently available frequency
range, in case of an upper bound for the magnetic field
(qfB ≤ 40m2

π) it is still possible for the signal tails to cross
the SKA region.
In summary, given the phenomenological importance

of finding a peak around some frequencies in the GW
spectrum as identification of GWs with different origins,

FIG. 4. Ratio of the characteristic strain amplitude in the magnetized stochastic background of GW signal to its IG counterpart
δðh2ΩgwÞ for two selected values of the peak frequencies f� ¼ 10−15 and 10−7 Hz in the left and right panels, respectively.
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we should not expect the tail of magnetized stochastic
background of GWs to leave any efficient signatures in
the above-mentioned detectors. Indeed, the worthwhile
information of the GW spectrum is encoded in the peak
frequency of the signal rather than in its tail. So, this goal
should be left to future generations of more sensitive
detectors.
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