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We study the fit of cosmological models with two additional free parameters Neff and ξe in addition to
the parameters of ΛCDM. We introduce extra radiation components such as hot axions or sterile neutrinos
in addition to the energy density of neutrinos with large neutrino degeneracy. Then, a larger Neff is allowed
without spoiling big bang nucleosynthesis (BBN), as positive neutrino degeneracy ξe could improve BBN
fit. By analysing the data from Planck, baryon acoustic oscillation (BAO), BBN and type-Ia supernovae
(SNeIa), it can be seen that the Hubble tension can be ameliorated for ξe ≃ 0.04 and 0.3≲ ΔNeff ≲ 0.6.
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I. INTRODUCTION

The effective number of relativistic degrees of freedom,
Neff , is one of the simplest extension of the standard
cosmology and effectively constrains an extension of the
standard model (SM) of particle physics. Since the standard
model of cosmology, the ΛCDM model with the cosmo-
logical constant Λ as the dark energy and cold dark matter
(CDM), has been successful,Neff has been well constrained
by many cosmological observations. Planck (2018) [1] has
reported the constraint as Neff ¼ 2.99� 0.17ð68%Þ based
on the combined data of cosmic microwave background
(CMB) and baryon acoustic oscillation (BAO). The com-
bined data on abundance of light elements synthesized at
the big bang nucleosynthesis (BBN) and CMB also provide
Neff ¼ 2.88� 0.16ð1σÞ [2]. Those are consistent with the
prediction of the SM of particle physics, NSM

eff ≃ 3.046 [3].
For some pioneering works and recent progress of
this calculation, see, e.g., Refs. [4–7] and Refs. [8–12],
respectively.
Interestingly, a somewhat larger Neff is also indicated

by the discrepancy between the measured values of the
Hubble parameter by local (low red shift) measurements
and that by distant (high red shift) measurements.
Assuming ΛCDM model, Planck measurements of
CMB anisotropy infers H0 ¼ 67.4� 0.5 km=s=Mpc [1].
Other distant observations such as the Atacama
Cosmology Telescope [13], BAO [14], and the combina-
tion of BAOþ BBN analysis (independent of CMB) [15]
all infer H0 ∼ 67 km=s=Mpc. On the other hand, local
measurements of H0 by the SH0ES collaboration with
Cepheids and type Ia supernovae (SNe Ia) in Ref. [16]

(hereafter, R18) and Ref. [17] (hereafter R19) and by the
H0LiCOW collaboration with lensed quasars [18] have
reported as H0 ∼ 73 km=s=Mpc. Another local measure-
ment using the Tip of the Red Giant Branch (TRGB) as
distance ladders has obtained a value between Planck and
the SH0ES, H0 ∼ 70 km=s=Mpc [19].
Until now, numerous attempts have been made to this

problem. See, e.g., Ref. [20] for a recent review. One of the
simplest approaches is to introduce additional relativistic
degrees of freedom ΔNeff ¼ Neff − NSM

eff . This is because
that the shorten sound horizon rs� at the recombination
epoch by the extra energy density with a larger Neff and the
measured angular size θ� ≡ r�=DM� of the acoustic scale
infers a shorter angular diameter distance DM� ∝ 1=H0.
The preferred value has been suggested as 0.2≲ ΔNeff ≲
0.5 (CMBþ BAOþ R18) [1] and

0.2≲ ΔNeff ≲ 0.4; ð1Þ

(CMBþ BAOþ Panthenon [21] þR19þ BBN) [22],
depending upon datasets. Such an extra ΔNeff can be
easily realized in various particle physics beyond the SM
such as hot axion [23] or the Lμ − Lτ gauge interaction
[24]. However, as mentioned above, the magnitude of Neff
is constrained by various reasons, principally, CMB, BBN
and large scale structure of the Universe. This BBN limit
primarily comes from the Helium mass fraction YP that
constrains the extra energy density not to speed up the
cosmic expansion too much. Actually, there is a possibility
to relax the constraint by YP significantly. If our Universe
has a large electron-type lepton asymmetry ξe, which could
suppress the conversion of proton to neutron, the resultant
YP can be consistent with the observation for a somewhat
large Neff [25–33]. Various mechanisms for generating a
large lepton asymmetry have been proposed in literature
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[34–41]. In those scenarios, for example, a large lepton
asymmetry has been generated after the electroweak
symmetry breaking or in thermal history with no electro-
weak symmetry restoration after inflation, with generating
the right magnitude of the baryon asymmetry.
In this paper, we investigate the fit of cosmological

models with additional two free parameters Neff and ξe
besides ΛCDM parameters. We consider that lepton asym-
metry as well as extra radiation components in addition to
the contribution from neutrino degeneracy given by the
following Eq. (6) are independent free parameters. This is
the essential ingredient in this work. In fact, previously, it
has been pointed out that the ΔNeff from lepton asymmetry
is not effective to alleviate the Hubble tension in Ref. [32],
which is quoted at Sec. 7.2 in Ref. [20] as well. In the paper
[32], it has been assumed that all ΔNeff are originated from
lepton asymmetry and the electron-type lepton asymmetry
is negligibly tiny to keep BBN intact. In contrast to those
previous works [32,42], by taking account of the effect by
the electron-type lepton asymmetry to the Helium abun-
dance, we evaluate the fitting to various data, principally
including CMB, BAO and BBN and show that some
amount of electron-type lepton asymmetry of the order
of 10−2 with an extra radiation is promising.

II. COSMOLOGICAL EFFECTS OF Neff AND ξe

The extra radiation affects not only CMB but also BBN,
because the additional component increases the expansion
rate of the Universe, the decoupling temperature of the
weak interaction, and the neutron-to-proton ratio. The
increased neutron-to-proton ratio results in the larger
helium mass fraction. The measured Helium mass fraction
YP ¼ 0.2449� 0.0040 [43] does not appear to be com-
patible with a large extra Neff .
To let a larger Neff available, we introduce non-negli

gible lepton asymmetry. We use the degeneracy parameter

ξi ¼
μνi
Tν

; ð2Þ

to parametrize the lepton asymmetry, where μνi is the
chemical potential for ið¼ e; μ; τÞth flavor neutrino and Tν

is the temperature of neutrinos. The Fermi-Dirac distribu-
tion functions for ith flavor (anti)neutrinos with nonvanish-
ing neutrino degeneracy is expressed as

fνiðp; ξiÞ ¼
1

expð pTν
− ξiÞ þ 1

;

fν̄iðp; ξiÞ ¼
1

expð pTν
þ ξiÞ þ 1

; ð3Þ

with p being the proper momentum. The lepton asymmetry
ξi affects both BBN and CMB as (principally) following
three ways [25,26,28].

First, the lepton asymmetry is the difference between the
number of particles and antiparticles. From our definition
of the lepton asymmetry, there are more neutrinos than
antineutrinos in the positive asymmetric Universe. In
particular, the electron-type lepton asymmetry

Le ≡ nνe − nν̄e
nγ

¼ 1

36ζð3Þ
�
Tνe

Tγ

�
3

ðπ2ξνe þ ξ3νeÞ; ð4Þ

is interesting. At the beginning of the BBN, neutrons and
protons are in equilibrium until the decoupling of the
weak interaction. If there is sizable positive ξe, the process
pþ ν̄e → nþ eþ is suppressed compared with the proc-
ess nþ νe → pþ e− because of less antielectron neutri-
nos. With such a suppressed neutron-to-proton ratio, the
resulting Helium mass fraction YP is decreased. This may
compensate for the YP increase caused by a larger Neff.
Although we do not deal degeneracy parameters of other
flavors ξμ and ξτ as explicit input parameters, it is expected
that all of those are of the same order of magnitudes as
ξμ ∼ ξτ ∼ ξe because of neutrino oscillation [44–48].
Second, the energy density of neutrinos is increased by

the neutrino degeneracy as

ρνþν̄ ¼
X
i

T4
ν

Z
d3p
ð2πÞ3 p½fνiðp; ξiÞ þ fν̄iðp; ξiÞ�

¼ ρνþν̄jξ¼0 þ Δρνþν̄ðξÞ; ð5Þ

Δρνþν̄ ∝ T4
ν

�X
ξi

ξ2i þOðξ4i Þ
�
; ð6Þ

with ρνþν̄jξ¼0 being the energy density with vanishing ξi.
However, for small degeneracy as ξ < 0.1 as we will
consider, the extra contribution to the energy density
Δρνþν̄ðξÞ from the neutrino degeneracy ξ is very small
for both BBN and CMB. The ξ dependent part of ΔNeff ,
ΔNeffðξÞ, is Oð10−2Þ. In any case, given that we are
introducing an extra radiation (ER) component, one may
regard our Neff as ΔNeff ¼ ΔNER

eff þ ΔNeffðξÞ.
Third, in perturbation level, the asymmetry factor comes

into the source term of the Boltzmann equation. This is
given in the synchronous gauge by [49],

∂Ψ
∂τ þ iðk · n̂ÞΨþ d lnðfν þ fν̄Þ

d ln q

�
_η −

_hþ 6_η

2
ðk̂ · n̂Þ2

�
¼ 0;

ð7Þ

with q ¼ ap. Here, Ψ is the perturbation to the distribu-
tion function, n̂ is the direction of the momentum, τ is the
conformal time, k is the wave number of the Fourier mode,
and h and η are the synchronous metric perturbations. In
the computation of the power spectrum Cl, when we
integrate Eq. (7) with ðfν þ fν̄Þq3dq, this ξ dependence in
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perturbation disappears [26]. Accordingly, Eq. (7) applies
in nonvanishing ξ cases without any change.

III. DATA AND ANALYSIS

We perform a Markov-Chain Monte Carlo (MCMC)
analysis on a Neff model with a large lepton asymmetry.
We use the public MCMC code CosmoMC-
planck2018 [50]. For estimation of light elements with
nonvanishing lepton degeneracy ξe, we have also used
PArthENoPE2.0-Standard [51]. Since a small
Hubble parameter is indicated if we allow larger neutrino
masses [1], in order to minimize this effect, we assume the
smallest neutrino mass with the spectrum of normal
hierarchy, mν ¼ ð0; 0; 0.06Þ eV, in this paper.

A. Datasets

We analyze the models by referring to the following
cosmological observation data sets. We include both
temperature and polarization likelihoods for high l plik
(l ¼ 30 to 2508 in TT and l ¼ 30 to 1997 in EE and TE)
and lowl Commander and lowE SimAll (l ¼ 2 to 29) of
Planck (2018) measurement of the CMB temperature
anisotropy [1]. We also include Planck lensing [52]. For
constraints on low red shift cosmology, we include data of
BAO from 6dF [53], DR7 [54], and DR12 [55]. We also
include Pantheon [21] of the local measurement of light
curves and luminosity distance of supernovae as well as
SH0ES (R19) [17] of the local measurement of the Hubble
constant from the Hubble Space Telescope observation of
Supernovae and Cepheid variables. Finally, we include the
data sets of helium mass fraction YP measurement [43] and
deuterium abundance D=H measurement [56] to impose
BBN constraints.

IV. RESULT AND DISCUSSION

We show, in Fig. 1, a calculated YP for various Neff , ξe
and a fixed baryon asymmetry Ωbh2 ¼ 0.223. A larger Neff
leads to larger YP, while a larger ξe leads to smaller YP
[27,28]. The asymmetry ξe ≃ 0.03 is capable of canceling
ΔNeff ≃ 0.5 contribution to YP. We find that ξe ≲ 0.03 for
Neff ¼ 3.0, 0.02≲ ξe ≲ 0.06 for Neff ¼ 3.5, and 0.05≲
ξe ≲ 0.08 for Neff ¼ 4.0 are consistent with the YP
measurement.
Electron lepton asymmetry ξe decreases slightlyD=H. In

the fit to the CMB data, there is some correlation or
parameter degeneracy between Ωbh2 and ΔNeff . The
simultaneous increase of ΔNeff and Ωbh2 does not alter
the resultant D=H abundance [22,51,57].
The Monte Carlo analysis has been carried out using

datasets (CMBþ BAOþ BBNþ JLAþ R19). The poste-
riors of parameters are summarized in Fig. 2. We show the
results of four different neutrino degeneracy parameters
ξe ¼ 0, 0.02, 0.04, and 0.06. As ξe increases, a larger Neff
and, as the results, H0 are allowed and the predicted YP
decreases. With the change in YP, χ2 for the YP measure-
ment is minimized for ξe ∼ 0.04.
The best-fit values of some quantities and the values of

χ2 for the best-fit points of Neff models with several values
of electron-type lepton degeneracy ξe are summarized in
Table I. The total χ2 is also minimized at ξe ≃ 0.04 for two
reasons. One is that, just mentioned above, light elements
observations prefer ξe ∼ 0.04 (χ2Abund ¼ χ2Cooke17 þ χ2Aver15
at ξe ¼ 0.04 is about one-ninth of at ξe ¼ 0.00). The other
reason is that the above datasets include R19, which
indicates a larger H0. When we introduce large asymmetry
(e.g., ξe ¼ 0.06), a larger Neff is required, then the Hubble
tension could be relaxed greatly. However, such a too large
Neff is hardly compatible with both CMB and BBN.

FIG. 1. Effects of electron-type lepton asymmetry ξe and the relativistic degrees of freedomNeff on the helium abundance YP. A larger
Neff leads to a larger YP, while a larger ξe suppresses the resulting YP. The shading rectangle illustrates the value of the YP measurement:
YP ¼ 0.2449� 0.0040 [43].
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Therefore, we conclude that the most preferred electron
lepton asymmetry is ξe ¼ 0.04. This is consistent with the
previous works: ξ ¼ −0.002þ0.114

−0.111 (95%) in Ref. [58].1 We
obtain

Neff ¼ 3.46� 0.13;

H0 ¼ 70.43� 0.84 km=s=Mpc;

for ξe ¼ 0.04ð68%; Planckþ BAOþ Panthenon

þ R19þ BBNÞ: ð8Þ

The values (8) show that the mean central value exceeds
H0 ¼ 70.0 km=s=Mpc in ξe ¼ 0.04 cosmology. The best-

FIG. 2. Posterior distributions of Ωbh2, Neff , H0, YP, and χ2Aver on a Neff model for several cases with different amount of lepton
asymmetry. This posterior have been derived for all datasets (CMBþ BAOþ JLAþ BBNþ R19).

TABLE I. The best-fit χ2 for a Neff model with and without a
lepton asymmetry. Here, for reference, we note that the value of
χ2total ¼ 3841.52 for ΛCDM under the same dataset has been
derived [22].

Parameter ξe ¼ 0.00 ξe ¼ 0.02 ξe ¼ 0.04 ξe ¼ 0.06

Neff 3.243 3.313 3.455 3.634
H0 [km=s=Mpc] 69.632 69.716 70.258 71.701
YP 0.250 0.246 0.243 0.241

χ2Cooke17 0.10 0.06 1.5 × 10−3 6.6 × 10−6

χ2Aver15 1.45 0.08 0.17 0.97
χ2H074p03 9.59 9.23 7.06 2.69
χ2JLA 1034.74 1034.74 1034.75 1034.81
χ2prior 4.31 2.31 3.20 7.23
χ2CMB 2781.60 2783.90 2782.84 2783.71
χ2BAO 5.80 5.41 5.38 6.57

χ2total 3837.61 3835.72 3833.39 3836.22
1Prospects in the future measument CMB-S4 have been

studied in Ref. [59].
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fit value is displayed in Table I. By comparing the values
(8) with the previous ones (1) for vanishing ξ based on the
same dataset, we find favored values of ΔNeff is signifi-
cantly shifted as 0.3≲ ΔNeff ≲ 0.6 due to the lepton
asymmetry.
We have also performed the analysis with the only

distant data sets: Planckþ BAOþ BBN at ξe ¼ 0.04,
which is the best-fit point for the combination of local
and distant observations. The result is shown in Fig. 3 with
ΛCDM and Neff without any neutrino degeneracy for
comparison. We obtain

Neff ¼ 3.22� 0.29;

H0 ¼ 68.6� 2.0 km=s=Mpc; for ξe ¼ 0.04

ð95%; Planckþ BAOþ BBNÞ: ð9Þ

For comparison, we note

Neff ¼ 2.98þ0.28
−0.27 ;

H0 ¼ 67.2þ2.0
−1.9 km=s=Mpc; for ξe ¼ 0.00

ð95%;Planckþ BAOþ BBNÞ; ð10Þ

and quote Neff ¼ 2.89� 0.29 (95%, Planckþ BBN) from
the Planck paper [1]. As shown in Fig. 3, the value ofH0 ¼
70.0 km=s=Mpc lies in the uncertainty for the best-fit
asymmetry ξe ¼ 0.04, even if we refer only distant
observations.

V. SUMMARY

We have studied cosmology with both the extra radiation
parametrized by Neff and a large lepton asymmetry, and
examined the fit to various cosmological data. In contrast to
Ref. [32], we consider the cases that an additional con-
tribution, to Neff beside that comes from the neutrino
degeneracy ξ, such as hot axions and right-handed neu-
trinos although we do not need to specify species.

FIG. 3. Same as Fig. 2 for distant datasets (CMBþ BAOþ BBN) only.
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We have shown that a largerNeff andH0 are indicated for
a larger neutrino degeneracy ξe. At the best fit point with
ξe ¼ 0.04 by taking all BBN, CMB, BAO and local
measurements into account, the total χ2 of lepton asym-
metric cosmology can be reduced by about 4 from that of
Neff and by about 8 from that of ΛCDM model. We
conclude that ξe ≃ 0.04 and 0.3≲ ΔNeff ≲ 0.6 are favored
to ameliorate the Hubble tension. The construction of such
a model of particle physics able to reproduce these values
would be worth examining.
Even if we analyze only the distant cosmological data of

Planck, BAO, and BBN, we can find a clear difference
between the Neff þ ξe models and the ΛCDM. For

ξe ¼ 0.04, the data from Planck, BAO, and BBN also
infer significantly larger H0 and Neff . Then, H0 ¼
70.0 km=s=Mpc is within the uncertainty, hence we might
claim that, at least, the tension between the Planck
measurement and local H0 measurements with TRGB
calibration could be resolved by a large cosmological
lepton asymmetry.
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