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We introduce a systematic approach to characterize the most general nonrelativistic weakly interacting
massive particle (WIMP)-nucleus interaction allowed by Galilean invariance for a WIMP of arbitrary spin
J,, in the approximation of one-nucleon currents and for a WIMP-nucleon effective potential at most linear
in the velocity. Under these assumptions our framework can be matched to any high-energy model of
particle dark matter, including elementary particles and composite states. Five nucleon currents arise from
the nonrelativistic limit of the free nucleon Dirac bilinears. Our procedure consists in (1) organizing the
WIMP currents according to the rank of the 2j, + 1 irreducible operator products of up to 2j, WIMP spin
vectors, and (2) coupling each of the WIMP currents to each of the five nucleon currents. The transferred
momentum g appears to a power fixed by rotational invariance. For a WIMP of spin j, we find a basis of
4 + 20, independent operators that exhaust all the possible operators that drive elastic WIMP-nucleus
scattering in the approximation of one-nucleon currents. By comparing our operator basis, which is
complete, to the operators already introduced in the literature we show that some of the latter for j, = 1
were not independent and some were missing. We provide explicit formulas for the squared scattering
amplitudes in terms of the nuclear response functions, which are available in the literature for most of the
targets used in WIMP direct detection experiments.
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I. INTRODUCTION

In one of its most popular scenarios dark matter (DM) is
believed to be composed of weakly interacting massive
particles (WIMPs) with a mass in the GeV-TeV range and
weak-type interactions with ordinary matter. Such small but
nonvanishing interactions can drive WIMP scattering off
nuclear targets, and the measurement of the ensuing nuclear
recoils in low-background detectors (direct detection, DD)
represents the most straightforward way to detect them.

The most popular WIMP candidates are provided by
extensions of the Standard Model such as supersymmetry
or large extra dimensions, which are in growing tension
with the constraints from the Large Hadron Collider.
As a consequence, model-independent approaches have
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become increasingly popular to interpret DM search
experiments [1-22].

In particular, since the DD process is nonrelativistic, on
general grounds the WIMP-nucleon interaction can be
parameterized with an effective Hamiltonian H that com-
plies with Galilean symmetry. The effective Hamiltonian H
to zeroth order in the WIMP-nucleon relative velocity v
and momentum transfer ¢ has been known since at least
Ref. [23], and consists of the usual spin-dependent and
spin-independent terms. To first order in v, the effective
Hamiltonian H has been systematically described in
[24,25] for WIMPs of spin 0 and 1/2, and less system-
atically described in [26,27] for WIMPs of spin 1 and in
[28] for WIMPs of spin 3/2. An extension to spin-1/2
inelastic DM to first-order approximation in the WIMP
mass difference can be found in [29]. The experimental
reach to inelastic scattering events in which the nucleus is
excited in the context of a low-energy effective field theory
has been investigated in [30] for xenon-based detectors.

In this paper we systematically extend the WIMP-
nucleon effective interaction approach [24,25] to the case
of a WIMP with arbitrary spin j,. Our operator base can be
matched to any high-energy model of particle dark matter,
including elementary particles and composite states, pro-
vided the interactions are at most linear in the relative

Published by the American Physical Society
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momentum, as higher powers would require nuclear
response functions that are not available in the literature
(see Sec. VID for details).

As in [24-28], we focus on elastic WIMP-nucleus
scattering and include one-nucleon currents only [24,25].
The effective Hamiltonian H is a sum of WIMP-nucleon
operators O;*, each multiplied by a coefficient h

H = Z ZCTO 1.

=0,1 j=

(1.1)

Here 7 is an isospin index (0 for isoscalar and 1 for
isovector), 1 = 1, t! = 75 are nucleon isospin operators
(the 2 x 2 identity and the third Pauli matrix, respectively),
and the O;s (j = 1, N) are operators in the space of WIMP-
nucleon states. Alternatively, the sum over the isospin index
7 can be replaced by a sum over protons and neutrons using
the following relations between the isoscalar and isovector

coupling constants c? and ¢! and the proton and neutron

J

coupling constants cf and c’,
0 1 0_ .1
J 2 ’ J 2 : :

The O ; operators introduced in [25-27] are listed in the
first and second columns of Table I (the third column shows
their expressions in terms of the operators Oy, that we
introduce systematically in Sec. III). The symbol 1,y
denotes the identity operator, g is the momentum trans-
ferred from the WIMP to the nucleus,' a tilde over q

denotes g = q/mN (and q = g/my), where my is the
nucleon mass, S and S N are the WIMP and nucleon spins,

respectively, and Sij = 6ij —3(8,iS,; +S,;S,) is a DM
spin-1 operator (see Sec. VI A for its 1dent1ﬁcatron with the

symbol S used in [26,27]). Moreover,

(1.3)

, (1.4)

where p,y is the reduced WIMP-nucleon mass. The
operators listed in Table I are invariant under Galilean
transformations.

The operators O, and (’)4 are the only two operators to
zeroth order in ¥ N and g. If terms up to first order in ¥ N

'We use the long-standing convention for g in the dark matter
direct detection literature instead of the convention in [25,26]. In
the latter, g is the momentum lost by the nucleus and thus has the
opposite sign to ours. This explains the signs in the definition of
the g-dependent operators in Table I.

TABLE 1. Nonrelativistic Galilean invariant operators dis-
cussed in the literature ([25-27]) for a dark matter particle of
spin 0, 1/2, and 1, and their relation with the WIMP-nucleon
operators Oy, defined in Eq. (3.22). Notice that the sign
convention for the momentum transfer ¢ used in this table and
throughout the paper is opposite to that of Refs. [25-27].

0, 1 Owmo0

O, (Tin)? N.A.

O; —iSy - (§ x U)y) —0a0.1

0O, S"X Sy Os.10

Os —igx (7 x v,y) =011

04 5, Gy -a) Oz

O; Sy U)n Oa00

Os S, - )y Oato

Oy —~iS, - (Sy x q) Os11

omn —i§N cj] —Os0.1

On —igx . c} =Om11

On S, - (Sy X Ty) 00,10

On 0100 —Op1.1

Ou 010, —Oq.11

Ois -0110; =012

O =0405s 00,12 =7 0s,1
Oy -ig-S U,y Os2.1

O —iz:] -S- §N Oso1 — %02.0,1
Oy 7-8-7 Ouma2 +57*Oumo0
Oy (Syx3)-S-3 —Os22

O vy S- Sy 10000

O (—ig x i)’;N) S §N —O¢21 —%Oo.o,l
Ox —ig- S (Sy x v)y) ~00.2.1 +3 00,1
Oy —Uy -S> (§N X 15) 0021 =5000,

are included, H in [24,25] contains four terms for a WIMP
of spin 0 (O 37.10) and 15 terms for a WIMP of spin 1/2
,,,,, 16)- Earlier work on effective WIMP-nucleon inter-
actions beyond the usual spin independent and spin
dependent considered only operators independent of @N
[3]. Later work to include WIMPs of spin 1 enlarged the
effective Hamiltonian to a total of 18 terms in [26] (O, 1g)
and eventually 24 terms in [27] (O, .
Ref. [28] shows a particular example for a WIMP of spin
3/2. Our systematic treatment shows that some of these
operators are not independent. Specifically, a look at the
third column in Table I reveals that O; and O, are
multiples of the same operator, O,, and O, are the same
operator, and (O, is a linear combination of O3 and O,,.
Details are given in Sec. VIB.

The expected DD scattering rate is obtained by evalu-
ating the effective Hamiltonian H between initial and final
nuclear states. The expected differential rate for WIMP-
nucleus elastic scattering off a nuclear target 7', differential
in the energy deposited Ey, is given by
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dR Vesc d N
Rl R MNT/ Py 80T £5 o, (1.5)
dER T v

T.min (ER> m){ dER

where M is the mass of the detector, N, is the number of
target nuclei per unit detector mass, p, is the mass density
of dark matter in the neighborhood of the Sun, m, is the
WIMP mass, f(v) is the WIMP speed distribution in the
reference frame of the Earth, and v7 ,,,(Eg) is the minimal
speed an incoming WIMP needs to have in the target
reference frame to deposit energy Ey. For elastic WIMP

scattering,
[mrEg
UT.min(ER) = 2 2
M)(T

where my is equal to the nuclear target mass and p,; is
equal to the WIMP-nucleus reduced mass. As shown in
[25], the differential cross section doy/dEg in Eq. (1.5) can
be put into the form

d 2 e
- DD ID I L

=0,17=0,1 &

(1.6)

(1.7)

where the sums contain products of WIMP and nuclear
response functions RY (v, ¢) and F,(g) (the latter are the
nuclear response functions WTTT,;(q) in [24,25] apart from a
multiplying factor). In the expression above, WIMP and
nuclear physics are factorized in the product of the nuclear
response functions F TTT,;, which depend on ¢, and the
WIMP response functions R;”, which depend on ¢7, q°,
and (V,)7)* = [B,r — 4/(2u,7)]*, where 7,7 is the WIMP-
nucleus relative velocity and p,; is the WIMP-nucleus
reduced mass. The index k runs over combinations of
nucleon currents. This factorization holds if two-nucleon
effects [20,31,32] are neglected.

To generalize the expressions above for a WIMP of
arbitrary spin, the crucial observation is that, thanks to the
factorization between the WIMP and the nucleon currents,
the latter are unchanged and completely fixed irrespective
of the WIMP spin. This has two consequences: (i) the
effective operators O;1* for a WIMP of arbitrary spin can be
obtained in a systematic way by saturating the nucleon
current with increasing powers of the vectors ¢, 17;]\, and S, ;
(i1) the shell model determinations of the nuclear response
functions 7, (¢) available in the literature [25,33] can also
be used for WIMPs of spin higher that 1.

The only new ingredients required to upgrade the cross
section of Eq. (1.7) to a WIMP of arbitrary spin are WIMP
response functions R?/ that include the WIMP-nucleon
operators for WIMPs of any spin. We compute their explicit
expressions and give them in Egs. (5.43). To obtain such
expressions we find it convenient to define WIMP-nucleon
interaction Hamiltonian operators in terms of tensors

irreducible under the rotation group. The corresponding
operator basis Oy is given in Eq. (3.22) or, alternatively,
in Eq. (3.23), and differs from that of the O; operators of
Eq. (1.1). The third column in Table I gives the dictionary
between the two operator bases, from which an analogous
dictionary among the corresponding Wilson coefficients ¢}
can be obtained in a straightforward way.

This paper is organized as follows. In Sec. II we review
the nuclear currents that arise in the nonrelativistic limit
of nucleon Dirac bilinears. In Sec. III we introduce a basis
O;t* of WIMP-nucleon interaction operators for the
Hamiltonian of Eq. (1.1) and a WIMP of arbitrary spin.
In Sec. IV we “put the nucleons inside the nucleus” and
present the ensuing effective WIMP-nucleus Hamiltonian.
In Sec. V we derive the squared WIMP-nucleus scattering
amplitude, resulting in Eqs. (5.43), which are the main
result of this paper. We discuss our findings in Sec. VI,
where we also mention some of the phenomenological
consequences of the new effective operators that we
introduced in the present analysis. A detailed phenomeno-
logical study is provided in [34]. We conclude in Sec. VIL

II. NONRELATIVISTIC NUCLEON CURRENTS

There is a standard procedure to find all possible non-
relativistic one-nucleon current operators in a nucleus. First
one finds the free-nucleon operators that appear in the
nonrelativistic limit of the free nucleon currents (the Dirac
bilinears). Then one sums the corresponding density
operators over the A nucleons in the nucleus.’

In the nonrelativistic limit, the nucleon Dirac bilinears
[ y;, where I is any combination of Dirac y matrices and
y is the Dirac spinor for a relativistic free nucleon, reduce
to linear combinations of five nonrelativistic bilinears

)(z Oxt}\,;(i, where y is a nonrelativistic Pauli spinor for
the nucleon, 7}, is the isospin operator (z =0, 1 for the
isoscalar and isovector parts, respectively), and Oy is one
of the free-nucleon operators

0 A — ’I—J)X],

OMII, OE:O'N,

% 5S4 - 2 54+ o
O(D:UNXGN, OQ:UN'GN' (21)

Here oy is the vector of Pauli spin matrices acting on the
spin states of the nucleon N, and 17;\? is the operator

L 90
N my 8?]\1 37N

Notice that a free-nucleon operator acts in the space of one
nucleon, while a one-nucleon operator acts in the space of many
nucleons, and it equals the sum over all nucleons of the volume
density of the free-nucleon operators, each multiplied by the
identity operator in the subspace of the other nucleons.

(2.2)
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(in the position representation), where 7y and my are the
position vector and the mass of the nucleon N.

The operator vN is defined so that its matrix elements
between free nucleon states are

Uni+ Ung
2 9,

Ko = (2.3)

where Uy ; and Uy ¢ are the initial and final velocities of the
nucleon. By contrast, the nucleon velocity operator is

A i 0
By =—— 2 2.4
N mNa?N ( )

For a nucleon in a nucleus, one introduces one-nucleon
current densmes where a volume-density version of the
operator UN appears. Each of the five free-nucleon oper-
ators (’)XtN X =M,Z,A,®, Q) has a corresponding one-
nucleon current density defined by

A
W(F) =Y 8(F =Ty,
N=1

. A
RO - 5 \=
Jjs(F) = Z‘S(”— FN)ONTys
N=1
A A 5 A
jA,sym(7) = [6(?_ ;:N)_> ]syth’
N=1

A

A
- - - 5 \5 -
J<I>,sym(’") = 2[5(7'— rN)UN]sym X UNﬁV’

.;El,sym(;:) - Z[é(?_ rN>17N]sym ' 8Nﬁ\" (25)

N=1

Here the index N refers to the nucleon on which the
operator acts (we abuse the notation N by using it to refer to
a particular free nucleon and also as a summation index
over nucleons bound in a nucleus). Moreover, the symbol

[+ ]sym stands for the symmetrization operation

A 1

[6(F = ) Un]sym = 5 [6(F = ) Uy + Oy (F = Ty )]

. (2.6)

This symmetrized operator is Hermitian and is the volume

density version of the operator 17;,, in the sense that its free-
nucleon matrix elements between nucleon wave functions
w1(7y) and y,(Fy) obey the relation

[ wiE0BE - F) il G
= [ 6 =R FsGoldry. @7)
This justifies the replacement of 7y with [5(F — 7y )yl ym

in passing from a free-nucleon operator to a one-nucleon
current in a nucleus.

Hence the following correspondence applies between
free-nucleon operators and one-nucleon currents,

OMI}[V = T (),
Oty — js(7),
2w
OAtN - JA,sym(r)’

A

> ar -
Otth - .]d),sym(r)’

OQfIL’V - }zlsym(;:) (28)

In problems involving the transfer of a momentum g to
the nucleus (such as the problem we are interested in,
namely the scattering of WIMPs off nuclei), another variant
of the one-nucleon currents appears. These are currents
defined in the Breit frame of the nucleus, namely the
reference frame in which the nucleus momentum changes
sign when the momentum ¢ is transferred.’ The velocity of
the Breit frame is”

o Ui+

op =L LL (2.9)
2

where ¥7; and 7 are the initial and final velocities of the

nucleus. Since the velocity of the nucleus 7 equals the

velocity of the center of mass of the system of nucleons,

1 N
sz,v, (2.10)
N
Egs. (2.3) and (2.9) imply
S =+
v = ZZUN (2.11)
N
Let
UNT '17]\1 ’1_}); (212)

3For elastic scattering, the energy transferred to the nucleus in
the Breit frame is zero. The use of the Breit frame in the definition
of form factors for particles of any spin has been discussed in
[35]. The Breit frame is particularly relevant for nucleon form
factors (see, e.g., [36-38]).
“In the notation of [24 25] U7 is used in place of our ¥, L i
Eq (4.1), and there is no ;. Moreover, 7 is used in place of our
;(N in Eq. (3.4). To err in the direction of clarity, we have chosen
to maintain the particle labels as subscripts and to use the
different symbol + in place of L to distinguish 7F in [24,25]
from our vT in Eq. (2.9).
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be the nucleon velocity in the nucleus Breit frame corre-
sponding to momentum transfer g. The Breit-frame cur-
rents are defined as the symmetrized currents with oy
replaced by vy,

A
2[5(7 - 7N>17NT]symt;V’
N=1
A A A
(F) = D _[8(F = Fy) iy X Gnliym -
N=1
A A
> [8(F = ) Oxr + nlgymlh- (2.13)

The Breit-frame currents are related to the symmetrized
currents via

o o T, o >

]A,sym(r) = ]&(r) + U;]}Tl/l( )

o N

]d),sym(r) = .]ti)(r) + UT X ]Z( )

> - A

Jasym(F) = ja(F) + 7 - j2 (7). (2.14)

One also defines the nonsymmetrized currents in the
Breit frame

A
Z 8(F = Fy)Unrtfy
N=1

. A A a

Jjol(F) = 25(7— N)UnT X Gy,
N=I

A

> (2.15)

8(7 = Fn)Unr - Oyt

When we later consider the scattering of WIMPs in
the Born approximation, the plane wave WIMP wave
functions contribute a factor ¢d” to the amplitude, and
the Fourier transform of the one-nucleon Breit-frame
currents appears,

j;(q*):/d%efﬁj;(a, for X =M, Q,Q,
f§(§)—/d3rei‘7‘7f§(7), for X=3,A,0,A,&. (2.16)

Substituting Egs. (2.13) into Egs. (2.16), and using the
relation

lq?NEN]symWZ(?N)d3rN

= [em it (B 5 st e, 2)

one finds the following identities between the Fourier-
transformed symmetrized and nonsymmetrized one-nucleon
currents in the Breit frame:

. q . -
JA(‘I>+—2m Ju(d),

J5(4) = Ja(q) + ﬂ x (),

J3(g) =

T (2 T (2 é) —-)‘L' -
J5(@) = Jja(q) +M'Jz(4)-

(2.18)

III. WIMP-NUCLEON OPERATORS

In this section we describe the effective interaction
Hamiltonian of a WIMP with a free nucleon. The five
free-nucleon operators OX X=M,Q%2 A ®)inEq.(2.1)
depend on the nucleon velocity, which is not invariant
under Galilean boosts. Indeed, to comply with Galilean
invariance one must introduce five corresponding WIMP-
nucleon operators @x X =M,Q, %, A, D) that depend on
the relative WIMP-nucleon velocity instead (in the follow-
ing we drop the hat on top of operators, unless it is needed
for clarity)

17)(N — ﬁ){ - EN'

(3.1)

However from the nonrelativistic limit of the nucleon Dirac
bilinears one knows that ¥y appears in the combination 7y,
of Eq. (2.17). If the WIMP has spin-1/2, then the same
argument implies that the analogous combination
-4

; U)( 2— (32)
appears also from the nonrelativistic limit of the WIMP
Dirac bilinear. Then combining Eqgs. (3.1) and (3.2) one

concludes that the WIMP-nucleon operators consistent to
Eq. (2.1) must be

A o 5 S 3 e
OM =1, Oz = Oy, OA = U)(N’
O(I) = ’U;N X oy, OQ = ’U;N *ON, (33)
where
- _ oz 2+
Uy = Uy — Uy (3.4)

We now show that this conclusion holds also for a
WIMP of arbitrary spin. In order to do so one writes the
nonrelativistic Hamiltonian H,y for an interacting system
made of a WIMP y and a nucleon N,

7
Py
Hyy =55+

35
2m, 2mN (3-5)

+ VN

The most general interaction Hamiltonian V,y depends
on the WIMP spin operator §,, the nucleon spin operator
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§N, and, imposing Galilean invariance, on the relative
WIMP-nucleon position operator 7,y and its conjugate
relative momentum operator p,y. Moreover, Eqgs. (2.1)
imply that the interaction Hamiltonian is either independent
of p,y or linear in p,y. In particular we do not consider
higher powers of ﬁZN in the effective potential, that, if
present, would require extending the set of nuclear
response functions available in the literature [25,33], which
include only terms up to the first power of ﬁzN' When V., y
depends on the noncommuting operators 7,y and p,y, a
prescription needs to be set up on the order in which these
two operators appear since V,y must be Hermitian. Any
combination of the form f,(¥,n)p,nf2(7,y), Where
fi1(7,y) and f,(7,y) are arbitrary functions, can be
rearranged with the 7,y dependence on the left of the
operator p,y by commuting p,y and f5(7,y) and regarding
their commutator as an extra term in the Hamiltonian. Thus
there is no loss of generality in assuming that the depend-
ence on 7,y is on the left of p,y, as in f(7,y)p,y. Then an
Hermitian term in the Hamiltonian is obtained by con-
structing the symmetric combination

(f(Fn)Bon + BynS (Fyn)). - (3.6)

N =

[f(_))(N)ﬁ)(N]sym =

Since the nucleon has spin 1/2, the interaction
Hamiltonian V, can be split into terms independent of

the nucleon spin operator S » and terms linear in S v (notice
that the nonrelativistic limit of the nucleon Dirac bilinears
in Sec. II shows that symmetric tensor terms of the form
Pyn.iSN,j + Py jSn,i do not appear). So the interaction
Hamiltonian V5 must have the form

Vv = Vinth, (3.7)

with
|

3 —iBN TN [V (7o S )7 iPNiT,
d r)(Ne Pyn £ )(N[ A(r)’N’S )'v)(N]syme PyNiTyN
2u,Nn

- - - -

Vin =Viu(Fn:Sy) + Sy - Vi(Fyn, Sy)

-

+ [VTA(?;(N7 S)() ' ”)(N]sym
+ SN : [Vé)(?)(]v, S}() X 17;(N}sym

+ SN : [Vz)(?)(N7 S)()ﬁxN]sym‘

(3.8)

Here we have introduced the relative WIMP-nucleon
velocity operator 7,y defined by

- |-
UVyN = PyN-
ﬂ;{N

(3.9)

The interaction amplitude for the WIMP-nucleon scat-
tering process (in the Born approximation) is then given by

<f|v;(N‘i> — / 4> r){d3rNe_iﬁ){.f'y)(_iﬁN,f'?N V){Neiﬁy.i'?y+iﬁN.i'?N7

— /d3Rd3r){Ne_iﬁlol,f'ié_iﬁ)(N,f';)(N
X V){NeiﬁloLi'ﬁJ"iﬁ)(N,i'?lN s

_ 3 - -

- (277) 5(Ptot~f - ptot,i)

X / d3r)(Ne_lp)(N.f'r)(N VZNelp;(N.i'r)(N’

(3.10)

where p, i, P, 1. Dn.i» Py g are the initial and final momenta
of the WIMP and the nucleon, and in the integral we have
explicitly separated the motion of the center of mass with
coordinates (f? Drot)-

The integral appearing in Eq. (3.10) is a function
of §=p,ni— Py and E;N = (Pyni + Pyng)/ ().
The dependence on E;N gives the operators in Eq. (3.3)
multiplied by functions of ¢, namely the Fourier transforms

Vy(3.5,) = / BryewVy (P, S,) (3.11)
of the potentials in Eq. (3.8).

As a way of example, the explicit contribution to the
amplitude from V, is

/dSFXNe_iﬁ*N'f'rj’N [2ﬁ2(an§x) 'ﬁ){N + [ﬁ)(m ﬁA(@N’S’){)}]eiﬁ)’N‘ran

P —>,[ . - . l - = . -
:/d3’”;(1ve'q'r”” |:VA<r)(NvS)()'U;(N,i_mv'VA(r;(NvS;()}7
¥

— 3 iGrNYE (7 -
_/d rn eV a(Tyn.Sy)- [“%N’i_z }

q
M;{N

_ 3 iGTENE (7 Q). ot
—/d rove' "NVA(”;(N,S;()'”IN’

-,

~T

=Va(q.S

)()'

Ty (3.12)
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Analogous steps show that the contributions from Vq> and
VQ are also proportional to the 7, v operator. This shows
that the effective operators of Eq. (3.3) written in terms of
17;1\, must drive the WIMP-nucleon interaction also for

WIMPs of spin higher that 1/2. Notice that for elastic
WIMP-nucleon scattering,

(3.13)

The WIMP-nucleon operators Oy are related to the free-
nucleon operators 9] v by means of the relations, obtained

by using ¥}y = U, — Uy,

©M = OM»

(%2 = 827

Oy = 7 0y — Oy,
(%Q:E;xéz—BQ,

Oq =7 02 Oq. (3.14)
The operators @X X =M,Q,%, A, ®) are either invari-

ant under rotatlons (OM and (’)g) or transform as vectors

((92, (’)A, Oq,) Therefore rotational invariance of the
interaction Hamiltonian term imposes that the scalar

operators @M and @Q multiply a scalar WIMP operator
0, and the vector operators (52, @A, (5(1, multiply a vector
WIMP operator G asin o - éx-

On the other hand, the effective interaction term for a
WIMP of spin j, must contain up to the product of 2j,
WIMP spin vectors, in order to mediate transitions where
the third component of the WIMP spin changes from +, to
FJ,- Using index notation S; for the ith component of

the vector §;{ (we drop the subscript y in §,; for more
readability), there are interaction terms containing no S; or
a product of s factors S; up to s = 2j,,

1,S;,8:8:,,8:8;,S;

ip? i32 "o

SilS,-2~-~S,~2jl. (3.15)
In other words, there are 2j, + 1 possible products of the
WIMP spin operator for a WIMP of spin j,. Each product
can be labeled by the number s of WIMP spin factors S;.
An alternative way to reach the same conclusion is to show
that the 2j, + 1 products in Eq. (3.15) are a basis in the
space of spin operators for spin j,. Once the number of
WIMP spin factors is fixed to s, and the scalar or vector
nature of the free-nucleon operator Oy is considered, the
number of g factors is constrained by rotational invariance.

In particular, in the case of a scalar nucleon operator OX
(X = M, Q), the WIMP operator 0 must be a scalar, and all

the indices i;---i; in §; ---S; must be saturated by
terms g, ---g;. The resulting WIMP operator is
Si, <++8i.qi, -+~ q;,- On the other hand, in the case of a

vector nucleon operator 0 y (X =X, A, D), a vector WIMP
operator G is needed, and the s indices in §; ---S; must be
saturated by an appropriate number of § factors in order to
obtain a vector. This can be achieved in three ways: (1) by
using s — 1 factors of g to produce S; ---S; g; -~ q;_,
with free index i, (2) by using s factors of § to produce
€i.mSi, Si_Si1qi, - qi,_,Gm» again with free index i,
and (3) by using s+ 1 factors of § to produce
Si,8i.9i, "+ 4i.qi,,,» with free index i;.

A further consideration informs our choice of basis
interaction terms. In the calculation of the cross section
for WIMP-nucleus scattering, traces of the S§; ---S;
operators are needed. The latter are greatly simplified if
for the products of WIMP spin operators one uses irre-
ducible tensors (i.e., belonging to irreducible representa-
tions of the rotation group). Irreducible tensors are
completely symmetric under exchange of any two of their
indices and have zero trace under contraction of any
number of pairs of indices (they are symmetric traceless
tensors). In addition, an irreducible tensor of rank s has
2s + 1 independent components, and belongs to the irre-
ducible representation of the rotation group of spin s.
Irreducible tensor operators of different rank are indepen-
dent, in the sense that the trace of their product is zero. As a
consequence, there are no interference terms in the cross
section between irreducible operators of different spin.
Therefore we use the following 2j, + 1 irreducible spin
tensors as a basis in the spin space of a WIMP of spin j,,

1S SS SSS

i [FERRE

'Sil

2y "

S8,

iy (3.16)
Here, borrowing the notation of [39], we use an overbracket
over an expression containing a set of indices to indicate
that the free indices under the bracket are completely
symmetrized and all of their contractions are subtracted.
For example,

1
(Ayj + Aj) — 5 8,,AK.

Ajj 39

(3.17)

NI'—‘

Notice that 1 =1 and A; = A;. More details are given in
Appendixes D2 and D 3.

When the potentials V(7 ZN’S)() in Eq. (3.8) are
expanded onto the basis (3.16), the coefficients of the
expansion are tensor functions of ranks from 0 to 2j, + 1
of the magnitude r,y = =|7 ,v|» These tensor functions can
be written as derivatives of scalar functions of r,y
For instance, introducing a factor (—1)* for our later
convenience,
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Vi (Fyn.S,)
2j, :
_Z S,-lrailalé--~ai5Vﬁ,1.S‘S(FXN). (318)

Notice that the symmetric traceless operation (the over-
bracket) on the product of spin operators implies that only
the symmetric traceless combination of the derivatives of
the scalar potential appears. Such a combination with /
derivatives defines the Ith multipole in the multipole
expansion of the potential, and corresponds to orbital
angular momentum /. Actually, one could have started
with the multiple expansion of the potentials in Eq. (3.8)
and obtained the symmetric traceless products of spin
operators.

When the same procedure is applied to the Fourier
transforms V% (g, S,) in Eq. (3.11), the coefficient functions
are tensor products of the form ig; ig;, - - - ig; multiplied
by scalar functions of the magnitude g = |g|. For example,

V(4. S,)
2,

- Zsilgiz .
s=0

Si, 191,95, 4, Vinss(@)-  (3.19)

The scalar functions V5  ,(g) will give the ¢ dependence of
the coefficients c% ,(¢) in Eq. (3.24) below.

Using the irreducible spin products in Eq. (3.16) in place
of those in Eq. (3.15), we are lead to introduce the scalar
WIMP operators

T R (3.20)
and the vector WIMP operators
i*S; -+ 8; q; - q;_, (freeindex iy),
iseiijil . Sl‘ 1S]qll "'Z]i.v_ﬁk (free index l),
CARRAYS ~~-S,-j,»l --+q;,q;,,, (freeindex iz y). (3.21)

The three vector operators correspond to the three possible
combinations of angular momenta s (the number of §
factors) and [/ (the number of g factors) with total angular
momentum 1.

Following the procedure outlined above we define the
following basis of WIMP-nucleon operators Oy, all of
which are irreducible in WIMP spin space and Hermitian,

Ou.s.s :ixISi, "‘Si,\.'éil g, (s20),

Op sy =S, Sii, i, (Thy-Gx)/2. (s20).
Os 51 =1" S Si;f?i,"'(?i.‘,,(EN)ix/Z, (s>1),

OZ.A‘,S:iXSi] "‘Si.\?il "'Qt}_l(Z;X on)i /2, (s=1),
OZ,S,S-&-l:iSJrlISi]"'Si;Qil' qh(q oy)/2, (s20),
OA,S,A‘—IZI.K_I‘ISI‘]'”S'IQil'”Zlis ]( ) (s=1),

OA.‘v,s:ixSil S qll ! qh_l(Z]X@FN)iQ (S21)7

OA.x,s+1:ix+1Si, '”Siﬁil f]zs(f] Uyn)» (520),
ch.s,s—lzis_ligi,"‘Si;E]i,' “qi, ,(17? on)i /2, (s=1),

O(ID,s,s:iSlgi]"'Si;ZIil' qi._ ](qx(17+ x6y)); /2, (s=1),
O 5541 :iﬁ_llgi] "'SisZ]il "ﬁi,\.(@ﬁ;zv xay)/2, (s20).

(3.22)

Each operator of Eq. (3.22) is to be multiplied by the
isoscalar or isovector operator 1° or t! =7; to form
OTX.S,I — OXA,S,ZIT'

The basis operators in Eqgs. (3.22) can also be written in
vector notation as follows, where the overbrackets amount
to taking the symmetric traceless part of the product of
WIMP spin matrices (in the following_equation and in
Tables [I-VI we use the notation Sy and S, for the nucleon
and WIMP spins, respectively)

TABLE II. Effective WIMP-nucleon operators appearing for
WIMPs of spin > 0.

OM‘O,O =1 02.0’1 = lé . S:N
O 0.1 = iq X By - Sy Oq.00 = Uy Sy
TABLE III.  Effective WIMP-nucleon operators for WIMPs of
spin > 1/2.

Oui1 =S, q 0210—5;( Sy
Oz, =18, - (7 Sy) Oz, ==(S, -3)(7-Sy)
Op10=15;" 17;]\/ Onna =18, (g % E;N)
Og.10 =S, (U5 X Sy) Oa,11 = i(S, - T,5)(G - Sn)
Op12=—=(S,-9)(@xTy-Sy)  Oqui1=1i(S, q)(V,y-Sy)
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TABLE 1V. Effective WIMP-nucleon operators for WIMPs of spin > 1.

OM,2,2 = —(5 S;()z Oso1 = 1(5 §1)§1 '§N
Osyy = _.(5 3;()3;( x-Sy Oso3 = —ll(gl q;()z(ﬂ:] Sn)

Oxon =i(G-5,)8, - Ty Osnz =G5S, %7 Ty
Ovan = i(7-5,)S, Ty x Sy Oz =758, T S)
Ovns=-i(7-5,) (q Uyy X Sy) Oga2=~(7-S,) Uyn - Sn)

TABLE V. Effective WIMP-nucleon operators for WIMPs of spin j, > 3/2.

Opyss = -i(g S}f Os3p = —(5 S )%S, Sy

O35 =-i(q §z)2§x x-Sy Os34 = (5 5})2(5 : §N)

Orz2 = _(5 _)1)2_'1 77;N Op33 = —i(‘:l" —»)()2; x Ei 5;}FN
Ops2 = —(7 _';()qu 7’;1\/ x §N Ops3 = —i(g' _'x)zgx q;zv(g §N)
Ovsa = (G5, Ty x Sy) Oass = —i(G-5,)3 (i - Sy)

TABLE VI.  Effective WIMP-nucleon operators for WIMPs of spin j, > 2.

Opaa= (7 §;()4 Os43=-i(7 §1)2§1 Sy

0244:(5 S ) Slxgz'@N 02,4571(6:1) §1)4(5§N)

Opas = —z@' $,)%S, - ¥y Osaa = (G- 5,08, x g7y

Oas = —i(7+5,)’S, - Ty x Sy Ovas = (G-5,)°S, 5x(7-Sy)

(9@45:1(5 })4(5~va$,\,) 0944:(5 gx) (E;N Sn)

.(Z;' S,)* = @G-S, =%),G, + V3G S,)? + 2 120, + )G

(@ 3,0°8, =5l@ 5,°Gy5)+@-5,PCn-5)@-S) + @ 8)Sv-5)@- 5,7+ w-5)@5,0
=20,y + D@ S) S - 8,) + Sy - S)(@- 51 =37, + DSy - @)@+ 5, + 3 120, + 123(@ - Sn),
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Oays = (iG-S, (Fly - Sx). (52 0),
Osgsr = (i§-S,)" (Sy-S,), (s=1),
OZ,s,s = (l‘:i )()S_l(lc:]) X SN 5;()7 (S > 1),

Ongs = (i3-S, (ig x Ty S,). (s 2 1),
Opnnis = (173, 7ly). (s20),
s = (i35, (i x5 -5, (s2 1)
Ovss = (iG-5,) Ty - S,)(ig - Sy). (s> 1),
O = (550G x 7 5y). (s20).  (3:23)

The indices in the symbol of the operator Oy, follow
the following scheme. The first index X is the nucleon
current (X = M, Q, X, A, and ® for the nucleon currents 1,
¥,y O, Oy, Uy, and U,y X Gy, respectively). The second

index s is the number of WIMP spin operators §X appearing
in Oy ;. This can be considered as the spin of the operator.
It ranges from s = O to twice the WIMP spin s = 2j,. The
third index [ is the power of the momentum exchange
vector ¢, in the operator Oy ;. This can be considered as
the angular momentum of the operator. A factor of i is
introduced for every power of g. We include the operator
Op.5+1 In our list of basis operators even if it is zero for
elastic scattering because U;N -g = 0; it may appear in
inelastic scattering in which the nucleus transitions to
another energy level.

The relation between our operators and those defined in
[24-26] is listed in Table I (see Sec. VI A for the case of
WIMP spin 1). Notice that following common usage in the
WIMP dark matter community we define g as the momen-
tum transferred fo the nucleus, whereas [24,25] use g for
the momentum lost by the nucleus; thus our ¢ and that in
[24,25] have opposite signs. Tables II-VI summarize the
explicit forms of the effective operators for WIMPs of spin
0,1/2,1,3/2, and 2.

A general WIMP-nucleon operator O,y that is at most
linear in the relative WIMP-nucleon velocity is a linear
combination of the basis WIMP-nucleon operators in
Egs. (3.22),

)(N_ E :stz

Xzsl

(’)X sty (3.24)

The coefficients ¢ ,(g) are in principle functions of the
magnitude g of the momentum transfer, determined by
the Fourier transforms of the potentials in Eq. (3.8) as
% (q) = myV  (g). In some phenomenological stud-
ies they have been taken as constants. If one were to go
beyond linearity in v )(N’ Galilean invariance allows the
coefficients ¢y, to be arbitrary functions of powers of
(v ;—N)z [40], and allows for the presence of additional
tensorial terms in (v} ) (v)y )/ (v)x)* -+ -.

We can group the basis operators according to the five
nucleon currents X = M, Q, 2, A, ® as

O =1 (3, Oy +85-Os+ 5O+ iy Op+- £500).

(3.25)

Here the operators (’)M, (92, (’)A, Oq), OQ are those appear-

ing in Eq. (3.3), and the WIMP currents £, £q, fz, z,”A, fcp
can be obtained by substituting Eq. (3.22) into Eq. (3.24),

zjl I 1
T -s ~ ~ T
Oy = E :l Siy 81,81y Gi, Ch s
2])( .
E i ~ T
2 'S, -5, qh i Cos
o
i = 5 Cx019i
2
2][
5= 1 ~
+3 E Sl] lqll g
z -~
(CZss 15 lcEss ll]qj CZ,S.s-HQiSqi)’
T J—
Chi=iCh0.14i
2])( .
5= 1 ~ ~
+ E Sll 84,4,
. ~ ~
X(CAss 16 chss lqu/ CA,s,s—&-lqisqi)’
T __ T ~
f@,i—il%,o.l%
2]/
5= 1 ~
+5 E Sl] Iqll g
. - o~
(ctbss 16 lc(bss lquj C<I>,s,5+1qisqi)‘ (326)

Equation (3.25) applies to WIMP interactions with a free
nucleon.
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IV. EFFECTIVE WIMP-NUCLEUS HAMILTONIAN

We now pass from the Hamiltonian describing the
interaction of a WIMP with a free nucleon to the effective
Hamiltonian that describes the interaction of the WIMP
with the whole nucleus. Under the approximation that the
WIMP interacts only with one nucleon at a time (the one-
nucleon approximation), what we need to do is to “put the
nucleon inside the nucleus” and use the relative velocity of
the WIMP with respect to the nucleus (i.e., the center of
mass of the system of nucleons).

Let 7,7 be the WIMP velocity in the reference frame of
the nucleus center of mass. Introduce 7 7 as

’l_));rT:?_)}L—’UT —’UXT—E (41)
¥
In the notation of [24,25],
B;FT = UF (4.2)
(see footnote 4).
For elastic WIMP-nucleus scattering,
qg- i}ﬂ =0, (4.3)
and
2 2 '
vi)? = -—. 4.4
(v)(T) U;{T 4/4)2(’]‘ ( )

The recipe to “put the nucleon inside the nucleus” is to
replace the free-nucleon operators Oxt* by their respective
symmetrized nucleon current densities J%. In more detail,
using

=4 =4 =4
Uyn = Uyr — UnT>

(4.5)

Egs. (2.14) and (3.14) imply the following replacements

Outy = Ju
N 5
Osty = Jjsz.
(_/j LN =+ 5t =
Aly = Uyrim — JA>

A A

5

> A
Oolly = Uy X js — Jé.

2 I

Ooly = Vyr jz = Jg- (4.6)
A Fourier transform (which applies for WIMP wave

functions that are plane waves) leads to the WIMP-nucleus

effective Hamiltonian

A

5¢ - fav

H@G) = S 70u@ + 75 15(@) - 2 - 13 (@)
- f@ ]@( ) — fg]g( q)l, (4.7)
where
Oy =y + Ch V7
o= Pit by + O x T (4.8)

V. SCATTERING AMPLITUDE SQUARED

In this section we outline the procedure to calculate the
square of the amplitude for the scattering process driven by
the effective Hamiltonian of Eq. (4.7). As already pomted
out, the factorization between the nuclear currents j%, jx

and the WIMP currents /5, l ¥ implies that, compared to the
results in the literature for a WIMP of spin < 1 [24-26],
the nuclear part of the calculation will not change when the
currents (3.26) are used to describe the interaction of a
WIMP with arbitrary spin. As a consequence, part of the
procedure has already been described elsewhere [24,25].
Nevertheless, for completeness, in this section we review
the full calculation, albeit focusing on how to obtain the
WIMP spin averages from the currents of Egs. (3.26). In the
latter derivation the convenience of assuming irreducible
representations of the rotation group for the basis WIMP-
nucleon operators introduced in Sec. Il becomes apparent,
as all the results are obtained by using the two master
equations (5.19)—(5.20) for traces of products of irreducible
spin operators. The proof of some of the derivations used in
this Section, including those of Egs. (5.19)-(5.20), are
provided in the Appendices.

A. Sum/average over nuclear spins

Nuclear targets in direct dark matter detection experi-
ments are usually unpolarized, thus the cross section is
summed over final nuclear spins and averaged over initial
nuclear spins. Let Hy = (f|H|i) indicate the transition
matrix element of the effective Hamiltonian between an
initial WIMP-nucleus state |i) and a final WIMP-nucleus
state |f). The sum/average over nuclear polarizations is
defined as a sum over final nuclear azimuthal quantum
numbers M, and an average over initial nuclear azimuthal
quantum numbers M,

H}Hg;

:21 Z Z HiHg.  (5.1)

M=—J; M=,

Here J; and J; denote the initial and final total angular
momentum of the nucleus.
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As far as the nuclear part is concerned, the calculation
requires to expand the nuclear currents j%, jx in spherical
and vector spherical harmonics, and to obtain the sums
over initial and final nuclear spins for each nuclear current
multipole operator making use of the Wigner-Eckart
theorem.

When the Fourier transform of the nonsymmetrized
nucleon currents in Egs. (2.15) is expanded into multipoles
one obtains

Z‘mllym ()M (q),

Z4mJYJM Q4 (q), (5.2)

for the scalar currents, and

24711

+ iY§M> (@)%3(9)),

T S(TE)x / A\ &1z
—iV (@) (q) = iV (@) (q)

& i gt s .
jala) = —m—iDmf[—zYSﬁ} (@45 (q)
JM
+ iV (@)AR () + iV (@) A5 (9)],

3t iq (L) e
j —— dzni’ oY
e S T (@) (o)

S(TE)* / A\ A/z S(TM)% /Ay Ap
+ V(@)D (a) = V" (@)% (q)),

for the vector currents. In the expression above, which is
obtained using the multipole expansion of the scalar
and vector plane waves provided in Appendix A, the
one-nucleon operators X%,,, X7, and X%, (with X =
M, 2, A, ®, Q) arise [41-43]. We provide them explicitly in
Eq. (C3). For the vector operators X = Z, A, ®, we follow

(5.3)

TABLE VIIL

the standard notation that double-primed quantities indicate
a longitudinal multipole (L), single-primed quantities
correspond to a transverse-electric multipole (TE) and

unprimed quantities indicates a transverse-magnetic multi-

pole (TM). Moreover, in the expressions above, Y(JA,)I Yﬁ?,

and Y SM ) are longitudinal, transverse electric, and trans-
verse magnetic spherical harmonics defined in terms of the

vector spherical harmonics Y JLM( ). We provide them
explicitly in Egs. (AS) (AS).

The operators ] As Jq), and ]Q in Eq. (C3) correspond to
the nonsymmetrized nuclear currents of Eq. (2.15). As
explained in Sec. II the WIMP-nucleus scattering process is
driven by the symmetrized currents in Eq. (2.18). So after
symmetrization one obtains

jfz,sym Z4ﬂlJYJM QJM( ):
Tasm(@) = —;—i;mﬂ iV (@) A (q)

+ i (@A (@) + i?%?“*@) ASui(q)]
;')fb,sym = mci, %4:47” JM ”T (q)

(@)D (9),
(5.4)

PRN-X =(TM
+ Y§M> (@)Pm(q) = Y(JM

with the symmetrized operators, indicated by a tilde, given
in Egs. (C2).

When the multipole expansions of the nucleon currents
(5.2), (5.4) are inserted into the effective WIMP-nucleon
Hamiltonian A in Eq. (4.7), one obtains the multipole
expansion of H,

Parity of the nucleon currents under space reflection P and time reversal 7. Columns P, and T list the parities of their

Jth multipole moments (the notation L, TE, and TM stands for longitudinal, transverse electric, and transverse magnetic multipole,
respectively). The last column lists the allowed Js in a ground state that is P and 7 (or CP) invariant.

X Operator P T Multipole: P, T, Ground state
M 1 +1 +1 (-1)! (-1)! Even J
Q Uy - Gy -1 +1 (=1)/*! (-1’ Forbidden
P Oy +1 -1 L: (—=1)7+1 (=1)/*! Odd J
TE: (=1)/+1 (=1)/+1 0dd J
TM: (1)’ (=1)/*! Forbidden
A v -1 -1 L: (-1)Y (=1)7+1 Forbidden
TE: (1)’ (=1)/*! Forbidden
TM: (—1)7+! (—1)/+! 0dd J
@ Uy X Gy -1 +1 L: (-1)Y (-1)Y Even J
TE: (-1)/ (-1)Y Even J
TM: (=1)/+1 (1)’ Forbidden
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- Ttk AN S(TE) oy S(TE)  =(1M), .\ 2(TM)
=" "4ni’ [V, (Q)Hy + Y50 @) - Hpy' +Y530(8) - Hou . (5.5)
JM

with

FIJM:Z('?TMM} ”/ﬂE %5 ~ nffA AA/J/JTW_fﬂb Aq)lj/l‘i/l_ml'ﬂTQJM>

4 (TE) . 2
Hpy = Z(‘lfzzlm +— fAAJM ——fzbq’JM)

T

2 (TM)
Hjy Z(lfzzjzw +— fAAJM +— f(D(DJM> (5.6)

T

We provide the details of the rest of the calculation of the sum/average over nuclear spins in Appendix B. The result is

o+ . 7t 2tk et | pr prk s A T 1~T 21’ % oA 77 Zq T PT% T q P
HﬁHﬁ_Z{ﬂMfMFM +75i EjQinle;:+§l’ﬂZi 2;(5ij—fli(]j)Fz/+ . (35,83 Fagry )+mN (%kfzfAJCIkF 7A)

(24

A * J lN /*
+ 35055014, q§~+2q2f&ffp]( i qu,)Ffi,’,+§q2f’A,ij( -49; )F"} (5.7)

with 5 the unit vector g/q. In Eq. (5.7) we use the notation  their sum over the final WIMP spins defines the unpolar-
of [24], where the nuclear response functions F§¥ are  ized WIMP response functions R, apart from conven-

defined by tional factors. We indicate the sum/average over WIMP
spins with an overline over the product of WIMP currents.
F }T;,(q) (The context makes it clear if the overline denotes a sum/

average over nuclear spins or WIMP spins; a double
Z Jf||XT I3 <Jf||YT( I (5.8) overline denotes a sum/average over both.) Thinking of
I the WIMP currents 5 and ¢ % as matrices in WIMP spin
space, and thus of 7§ as the Hermitian conjugate of the
matrix 5%, we have

l

with (J/||X5(g)||J;) being the reduced matrix elements

of the one-nucleon multipole operator X%,, defined in

Eq. (C3). Reference [25] uses the notation

o 1 /

O = ——w(6365) (5.10)

2j,+1

TS, 659 ,

Fr‘:’ _
%y(q) 72]:'4'1 - Xy

: i 7 .
We write Fi (¢) for Fitx(q). In Eq. (5.7) only the multipole and similar relations for the vector WIMP currents.

operators X = M, ¥/, X", A, @, and ®" appear, which In particular, taking the average over nuclear and WIMP
correspond to P and T invariant nuclear ground states. spins of Eq. (5.7) yields

These are the only allowed responses under the assumption
that the nuclear ground state is an eigenstate of P and CP.
The parity of the nucleon currents and their multipoles ) g o
under space-reflection P and time-reversal T are collected ~ HpHp = Z{Rﬁfz Fy + R FY + REFY
in Table VII.
2 /
+ PR Fryy + REAFE, + REFY,
B. Sum/average over WIMP spins + Rg, Fg/ + R FEY, (5.11)

The sum/averages over the nuclear spins Eq. (5.7)
contain products of the WIMP currents £% and ¢%. The
average of these products over the initial WIMP spins and ~ where, matching the notation of [25],

063017-13



GONDOLO, KANG, SCOPEL, and TOMAR

PHYS. REV. D 104, 063017 (2021)

Ry =l
! 1 A A NDT DT %
RS, :§(5ij—61i4j)f2i R

~ DT Uk

R;’J :511'%‘ sityjs
1 5 \T T
RY 25(51‘1‘—%%)@1{&’
, 1 . A T Tx
ng/ 25(51/' —Qiqj')?fﬂfpiﬁbj’

i N pT prx
qur = ql"]jfcbil’ﬂd)j’

2m R s
ZTNIm(%ﬁm M)

m ~_ .
A\ T prU% A
RZ/A = 7Im(€,~jkfz,ifquk).

/
RS\

(5.12)

We now use Eqgs. (4.8) and the fact that the £y} are

functions of the vector g only. Thus, for example, f},/;f‘i is
proportional to g;,

Culki = Liixai (5.13)
with coefficient given by
Ly = 40505 (5.14)

On the other hand fg(’f;/’*j is the sum of a term in J;; — 4,4,
a term in g;q;, and a term in €;j; Gy,

|77 A A

fg(,iﬂy/,*j = Lﬁ(_;fr(&j - 4:q;) + Lyy 4:4;

+ L;g’r/eijk‘?ka (5.15)
with respective coefficients given by
;o1 —
L)LQT/T = B (5ij - éialj)fg(,if;.*j’
L\)I(r;’ = @i@jm,
L3y = %ij@k%- (5.16)

We can express the WIMP response functions R, in
terms of the coefficients Lg,. Writing L, = LY and
introducing
LY = €475,

L =505 (5.17)

we obtain

RE = LE; + (0 PLE™,
/ / 1 / /
R = L+ (0 (L +Lg7),

o _ 7 llt? +\27 Lo
RY =Ly +(v)7)°Lg™,

2//
o __ oy Llid
RA - LA ’
/ /
R = L™,
/ ||zt
Ry =Lo -
2m
Tt N 7’
Ry ==, " ImLgy
2m
- N X7t/
R, = N ImLgy. (5.18)

The last step is the calculation of the traces of the WIMP
currents contained in the coefficients L¥y. In Sec. III we
chose to write the effective Hamiltonian in terms of

irreducible tensors S; ---S; of products of WIMP spin
operators. As a consequence, all the traces can be calcu-
lated by making use of the two following master equations

1 ' N L L .
1S Sl 2SS, 4,
¥
= 6ss'BjI.s9 (519)
and
T TS 85,8y i, a1, )85, 85,74),, b))
X
R | .
= 611'6]]‘4‘7(51']'—%%') aibiéyB; o (s=1). (5.20)
Here
s! s!

B, , = : K o K; 5.21
IS T (25 4+ D)1 (2s = D)L e0 T Tt (5:21)

with
(5.22)

o i (i
Kjl’l:'l)(('};(—i_l)_i(i—"_l)

The first few values of B; ; are
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J Uy + 1) The vector currents 275 ,, ¢} ;, and 2£5 ; have similar
Bj o= L, Bj1 = 3 ’ expressions, and we give details about the calculation of
4 3 LY only. We need
BjI.Z = E];((]}( + ]) (]}((]){ + 1) _4)’
4 .. 3\, . . _1 tr(Lgi...Si'gli...g]i agi,lsj...sjvg]....
le,3 175]}((]}(+1) ])((J)(+1)_Z (])((J)("’l)_z)a 2.])(4- 1 ! s o s=1 7 &utst s
f*
64 o 3\, . .. aj,, 455 ;) (5.26)
Bs = rgsg e + 1) (Gl + 1 =3) Gl + 1) =2)
o 15 where
X (JX(jZ +1) _Z) (5.23)
ag; ;=% 101 — €% € iy — 514G (5.27)
A proof of the equations above is provided in i sl SR st
Appendix D 3. o R )
Let us start with the scalar currents, which are readily Split a5 ; ; into a part parallel to g; and a part perpendicular
obtained. For example, to g, ,
[ 1 (f‘r f"*) r [z A 1z
M= 2. 1 ag;; = ay,q; +as’ ;. (5.28)
= -8 Gy, where
5=0 5 02]x + 1 o
T a7 =l 5
ql\_cM’s’sSj] . Sj:qj] g Chfs)s xi = Cxs4is
2y > a%i i CES s— 1(5 - é\It'SQi) - ic%,s,seisijzlﬁ (529)
— ZBJX.SC;MCMX . (5.24)
s=0 .
with
And similarly
1 21')( Cgfs = CZs s—1 CE,S,SJrléz‘ (530)
Ly = ZZB s Core s Cors 8- (5.25)
5=0 Then
|
1 ' o ~ P ~ s
a7 1 O S i @Sy S 5 9)
X
~D¢ T |l s+1 T'%
= le.sq . |:a2| l“g, + 7 (5mn CIm('In)aZ mzaé_nj ’
. R « s+1 R .
=Dbj s N z[qq e HT + 2 (5ij_qiqj><62sv—lcﬁvs 1 +CZTSCZXVq |- (5.31)
Here we used
(5mn Qan>aZ mlaJE_Z;k - C)Z 55— lCE s.5—1 (5 @in) + C%.s,sCgf\*,xemikzlkemjlgh’
= (CZ,.\'.S—ICZ,A',.\'—I + C%,s,scgz,sqz)(étj - 2]1@]) (532)
Therefore,
o 7 / S Irelle 4 511
4’/@,/5] =C501¢5019:9; + Z Bj),.s [Q iqjcy ¢y + s (6 — Qi@j)(cg,s.s—lcg.*s,s—l +cx, scg*s szlz) (5.33)
1

§=
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Then
e _ 1 1 &
7 /% ~ ~ /% /% ~
Ly = ZCE,O.]C;O,lq + 4231/ - 2 Cz,s,s—l - CE,s.s+1q2)(CTz,s.s—1 - Cg,s,erlqz)’ (5.34)
2j
T s+1_, o
LJE_ :ZZB-/}-»“ 2s q25 z(czss ICEss 1+chsc2ssq2) (535)
s=1
Similar calculations for the other vector currents give
2j,
7 S + 1 25— % o~
Li ZB ‘ (CAss chss 1 + CTA,S,SCZ,S,sqz)s (536)
et _ 1 1 &
chn = ZC&,OJCE)TOJ(] + 423/ qus : Cd),x,x—l - CA&),AY,‘\'Jrlqz)(C&)ﬁy,s_l - Cfpfv,HlZ]z), (5.37)
2]1
7 S + 1 ~ -
Ly _42 7 (Ch e lccbss I+CCI)ssCCI)ssQ) (5.38)
The quantities L%, and LY, are obtained as follows
i 2y
Loy =4i¢6, 0y = ) {%0 1cM00q ZB G~ l(cfb,s,s—1 - cfb,s,s+1512)cf\fs,s ) (5.39)
§=
. 2j
/ 1 N e 1 Z S + 1 ~D e . -
LY = 5 eulilaila; =52 Biw— 0 (Gt €hly + Bl (5.40)

s=1

Finally, inserting the expressions for L}'{; into (5.18), the
explicit expressions in the next subsection are obtained for
the eight response functions R?,/, with X =M, @, ®"M,

@, Y, ¥, A, and AY.

C. Results

The unpolarized differential cross section for WIMP-

nucleus scattering is glven by the expression (our 1;+T2 =

()7)? is equal to v7> in the notation of [24])

dGT 2m7~
dor RE (w2, ) (@), (5.41)
2j,
RnJ( ;(LTQ’ qZ) — v+2RTT ;7%, ~2

2/1
RnJ

|
where the sumis over X = M, ®", ®"'M,®', 3", 3/ A, AY.
The functions F%%(g) are given in terms of the nuclear
response functions in Eq. (5.8) and available in the
literature by the expressions

F7 (), forX=M,%'3",
FPFT(q), forX=A,& " ZA,®"M.

Fiy(q)=
Fin(g)= (5.42)

The functions R (v ﬂ,?] ) are the WIMP response func-
tions, given for WIMPs of any spin by

E ~2s
+ B] SCMXSCMS\q ’

1
+2 ~2 ~25— 2 T ~2 T'* T ~2
<1>”( Vyrs4q )= 4C<1>01C<1>01‘1 +7 § :B, sq c<1>,s,s—1 ~Coss+19 )(C(I),s,s—l ~Coss+19 )s
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2j,
Rg” ( )(727 62)

2j,
Rn +2 ~2

+1 ,
)(T’ ZBJ)( : .

2~2
+Z BJ;( cstcst ;qu—'—z_

~25—2 T ~2\ 7%
—Ch0,1500 T E B G 7(Co 51 = Coop54187 ) Ci 5,50
% x =2
(C(I)ss IC(I)ss 1 +C<I>sscd>.s,sq )’

1
~Zs 2 T ~2 % * ~72
Vyrs4q q°) +4Czo 10201‘1 + § :431), cZ,s,s—l —Cxss+19 )(Cz,s,s—l —Cxss+19 )

2])(
s+]~2s 2

(CZss chss 1+chsc2xsq )

2/}(
R;‘L;/( ;%’62) +2RTT( +2 ~2
2}1

Tt (2 22 +2 prr

R ( )(T’q ) 2 ){TR(D” )(T’
2]1
s+1 ,

77/ +2 ~2 E ~2s 2( T 7% T Uk =2

R )(T q JyS 25 (CA,S,S—ICA,S,S—I + CA.S,SCA,S,Sq >’

2])(

77’ +2 ~2
RAZ’ )(T’

We recall that

+2 2 7
V)i =V — 4'%2” (5.44)
[see Eq. (4.1) with g - 77 = 0] and
s! s!
Bips = (25 + 1)1 (2s — 1)!! Kipo Koo (5:43)
with
K; i _j;((j;(‘f‘l)—é(%—i— 1) (5.46)

(see Eq. (5.21). The equations above are valid for a WIMP
of arbitrary spin j, and are the main result of the present
paper. In particular, the adoption of the irreducible tensors
in Eq. (3.16) implies that for a given value of s =2j, a
different set of WIMP response functions R% arises for
each set of the operators Oy ; introduced in Sec. III. For a
WIMP of spin j, all the operators Oy, with s <2j,
contribute to the cross section.

VI. DISCUSSION

In this section we discuss some of the consequences of
the results obtained in the previous sections.

A. The case of spin 1

In Sec. III we expressed the WIMP-nucleon interaction
Hamiltonian operators in terms of tensors irreducible under
the rotation group. The case j, =1 has already been

s + 1
E ~2y—2 7% T o
BJI (CA s, sc): s,5—1 + CA,s,s—ICZVS,s)’

(5.43)

discussed in the literature in terms of reducible operators
[26,27], so it is instructive to compare the two approaches.
The authors of Ref. [26] introduce a symbol S in

expressions of the kind @ - S - l;, where @ and b are vectors
[see, e.g., their Eq. (4)]. They call it the symmetric
combination of polarization vectors ¢;. In their Appendix
they give the expression

S == (ele; +€; e) (6.1)

l\)l>—‘

We want to identify the symbol S with an operator Sin
WIMP spin space (in this section we keep the hat over
WIMP spin operators). We find the definitions of S and S;;
as operators in Ref. [26] a little obscure. We interpret them
as definitions in a particular basis, and then translate them
to basis-independent definition in terms of the WIMP spin
operators S; (where i = 1, 2, 3). In particular, we identify
the quantities €} in [26] with the components of the
WIMP spin eigenstate |1, s) in the linear polarization basis
le;), i.e.,

& = (eilL.s).

As standard, the linear polarization states in the x, y,
and z directions |e;) (with i = 1, 2, 3) are given in terms
of the angular momentum eigenstates |1,m) (with m =

(6.2)

+1,0,~1) by
1 1
|€1>:—7§ ) >+ﬁ 1,-1),
les) = —=11, >+\ﬁl’_l>’
les) = [1,0). (6.3)
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Notice that (e;|e;) = &;;. The coefficients in the definition
of the states |e;) are the same as in the expressions

of the Cartesian unit vectors e,, e,, e, in terms of the

spherical basis vectors e | = (—e, — iey)/\/i ey = e,
and e_; = (e, — iey)/\/i.

The matrix elements of the spin matrices S; (with k = 1,
2, 3) in the |e;) and |1, s) bases are, respectively,

(ei|Sele;) = iey. (6.4)
(15|81, s) = (1.5|e;)(ei|Skle;) (1, 5)
= ie,-kjef/*ej. (6.5)

The latter expression matches the formula iS; = ¢; jkejej
after Eq. (B4) in [26] if it is interpreted as iS;, = ejxle;)(eils
i.e., if the following identifications are made: €; — |e;)
and €| — (e;|. This motivates our interpretation of the
definition of §;; in the Appendix of Ref. [26], namely

N N il
Sij =5 (eiej +e€je;), as

- 1
Sij = 5 (lej)leil +lei) {ef]). (6.6)
Our goal is to write the operator S; ; so identified in terms

of products of the spin operators S; (where i = 1, 2, 3). In
the |e;) basis, from Eq. (6.6),

(enldylen) =5 Gubpn +5u). (67)
Also,
(€|SiS;len) = iemiicrin = 6ij0mn = Ginbjm-  (6.8)
Therefore
<em|(si§j + S/‘Si)|en> = 26;0mn = (6in0 i + 6,3 0im)
= 2(e,[6;;1 = §ijle,). (6.9)
Hence
S,.,:a[,i—%(s,SﬁS,Sl) (6.10)

Using the symmetrization symbol {..} and j, =1 in the
relation

A A A A (7, +1 A

3 il (6.11)

S;; can also be written as

8y =0, — {88} =

ij ij (6.12)

The substitutions :S’ij - —:S‘,-S’j —I—%(S,»ji and 5 - —(:i
produce the relations in Table I between the spin-1
operators Oy;. o and the operators Oy ;; introduced in
Sec. III.

Similarly, we find the definition of the S; jin Ref. [27] as
operator also a little confusing. The definition in their
Eq. (3.4) is consistent with the operator S; ; that we identify
in Eq. (6.10) if their Eq. (3.4) is interpreted as the transition
amplitude of the operator S, ; between initial and final
helicity eigenstates. Let the initial and final helicity
eigenstates for a spin-1 particle be

.....

|h, s), |7, s"), (6.13)
respectively. We identify the quantities e; and e/,; in [27]

with

esi = (eilh.s), ey, = (I, s'|e;). (6.14)
Then from Eq. (6.6) we have
(. 5[81h.5) = % (e, + eyel). (6.15)
1S3l 5) = 5 (esie; + eje;), .

which equals Sf.}s in [27] and reproduces their
equation (3.4).

This clarifies that the symbols S in Dent et al. [26] and
Catena et al. [27] can be identified with the operators

S.=5.1-

1 L

(8.8, +8,8,). (6.16)

| =

We now show that the additional operators Oy
order ¢ introduced in [27] are not independent in the one-
nucleon approximation. These operators do not arise from
the nonrelativistic limit of a high energy amplitude. They
are obtained by combining S in rotationally invariant

combinations with S ~» G, and E;N. Consider for example
the operator O0,; = 'U’;FN-S-S’N. Using Eq. (6.12) one
obtains

— 1. -
Oa1 = =SiSjvniSn.j + §v;N Sy (6.17)

) — S )
Since S;S;v,y ;Sn.; = SiS; v,y Sy, and in one-nucleon

approximation v;N’,-SN, ;j does not contribute to the scatter-
ing process, i.e., it is not included among the currents
in Eq. (2.1), the first term in the right-hand side of
Eq. (6.17) vanishes. Thus in the one-nucleon-scattering
approximation,
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1

1., = 1
021 :g’l};N'SN 2307 :§Og,0.0. (618)

In general any interaction term depending on T)}N and S N
must be projected onto the currents of Eq. (2.1) using the
decomposition

1 . - 1 . - ' '
U;_NJSN,j = §5ij(U;_N . SN) +§€ijk(U;N X SN)/( + U;_N,[SN,j'
(6.19)

In this way, for the additional operators O,,
[27], we obtain

»4 defined in

.....

. q s
Oypn= (l_Xﬂ;_N> S Sy==0g 21—
my
. q > 1 2
On=i—38 (SyXUyn)==00211+50001=02-30s,
my 3 3

< . 4 1
024:5;;\/'3' (SNXl—> ==0s2.1 —5(9@,0,1 =0n.

We conclude that in one-nucleon-scattering approximation,
05, and O, correspond to the same operator, while 0,3 is
a linear combination of 0,, and O;.

B. The counting of independent operators

The procedure outlined in Sec. III consists in coupling
one of the five nucleon currents of Eq. (2.1) to WIMP
currents ordered according to the rank of the irreducible
operators S,-‘ . --S,»‘ (s =0,1,2,...). The power [ of the
transferred momentum ¢ descends from rotational invari-
ance. For elastic WIMP-nucleus scattering, it is [ = s for
the scalar nucleon operators O,; and Ogq, [ = s, s £ 1 for
the vector operators Oy and Og, and [ = 5, s — 1 for the
vector operator O,. Taking this into account, we can count
the number of basis WIMP-nucleon operators as follows.
For s = 0O, there are two operators Oy, o and O, and
three operators Oy 1, Og 1, and O (with the excep-
tion that for elastic scattering O, vanishes and is not
counted). Thus for s = 0 there is a total of five operators
(four for elastic scattering). For s > 0, Egs. (3.22) show that
at a fixed value of s there is one operator for each scalar
nucleon current (Oy ; ; for X = M, Q) and there are three
operators for each vector nucleon current (Oy ; 1, Oy s>
Ox 5511 for X = X, A, ®, with the exception that for elastic
scattering O, ;41 vanishes). This implies that each value
of s > 0 contributes 2 + 3 x 3 = 11 new operators (10 for
elastic scattering). Since s ranges from 0 to 2j,, the
total number of independent operators for a WIMP of spin
Jy 18 4+10x2j, =4+20j, for elastic scattering
(5+11x2j,=5+22j, for inelastic scattering). If we
restrict the counting to operators that are independent of the

WIMP-nucleon relative velocity, then we keep only
X =M, %, and find that at s = 0 there are two operators
and that each s > 0 contributes four operators (one with
X = M and three with X = X). This gives a total of 2 + 8,
velocity-independent basis operators. The number of lin-
early independent operators for WIMPs of spin 0, 1/2, 1,
3/2, and 2 are collected in Table VIIIL.

The number of operators introduced so far in the
literature for WIMP spin j, <1 is 24, as shown in
Table I. This number coincides with our counting of 24
basis operators for elastic scattering of WIMPs of spin
jx < 1. This is only a coincidence. The total number of
independent operators that have appeared in the literature
so far is actually 19, as 1 of those in Table I is of order v?
(namely, O,) and 4 are linearly dependent on the other 19
(namely, Oy, O,, and two among O,,, Oy3, and O,,). The
five linearly independent operators that have so far been
missing in the literature for j, <1 are

OQ.ZA,Z ’ 02,2,3 ’ OA,Z,Z’ OCD,Z,Z’ O®.2,3 (62 1)

(see their absence from Table I and their presence in
Table IV). In addition, for inelastic scattering, one should
add the linearly independent operators,

OA,O.] ’ OA,I,Z» OA.2,3' (622)

Reference [25] introduced 14 independent operators for
Jy £1/2, in agreement to our counting for elastic scatter-
ing: the 16 operators O, 16, minus the two operators O,
and O, the former being quadratic in »* and the latter
being a linear combination of O}, and ;5. Reference [26]
introduced two additional operators for j, = 1, O;; and
O3, accounting for 16 of the 24 independent operators for
J, = 1. Reference [27] introduced six additional operators

....24, but only three of them are linearly independent,
bringing the number of independent operators for j, = 1 to
19 out of 24. Our addition of the operators in Eq. (6.21)
completes the 24 linearly independent operators for elastic
scattering of WIMPs of spin j, = I.

TABLE VII. Number of linearly independent operators in the
one-nucleon approximation.

WIMP Elastic Inelastic Velocity

spin scattering scattering independent

0 4 5 2

% 14 16 10

1 24 27 18

% 34 38 26

2 44 49 34

063017-19



GONDOLO, KANG, SCOPEL, and TOMAR

PHYS. REV. D 104, 063017 (2021)

C. Examples of differential scattering rates

In Figs. 1-4 we provide a few examples of the expected
spectrum of the differential rate in Eq. (1.5) as driven by
some of the irreducible effective operators introduced in
Eqgs. (3.22). In particular Fig. 1 shows the differential rate
for a 10 GeV mass WIMP on xenon and for the 10
irreducible effective operators Oy, that arise for a WIMP
with j, > 1. Figure 2 shows the differential rate for the
operators Oy, arising for a WIMP with j, >3/2.
Figures 3 and 4 show the analogous cases for a fluorine
nuclear target. All the spectra are normalized to one
event. For the WIMP velocity distribution f(v), a truncated
Maxwellian with escape velocity 550 km/s and rms

Xenon Jyz1, my=10 GeV
== Om22 - 05,22 ==+ 00,22 Op,2,1
osd T Oq,2,2 == 05,23 = 00,2,3 — 0Op2,.2
' ==+ 0521 ==- 00,21

FIG. 1. Expected differential scattering rate (1.5) normalized to
1 event for a 10 GeV mass WIMP with a xenon target and for the
10 irreducible effective operators Oy ,; defined in Eqs. (3.22),
assuming a WIMP of spin j, > 1.

Xenon Jx=3/2, my=10 GeV
0.4
—=- Om,3,3 - 0Os,3,3 ==+ 00,33 Oh,3,2
0.401 ..... Og,3,3  weeen O5,3.4 — 00,34 —— Oa33
-——. 0 -0
0.35 3,3,2 ©,3,2
T
>
[¢]
=
o
w
o
<
4
he]

FIG. 2. Same as Fig. 1 but for the 10 irreducible effective
operators Oy 3, and assuming a WIMP of spin j, > 3/2.

velocity 270 km/s in the Galactic rest frame is adopted.
In these plots one can observe how the spectra shift to larger
recoil energies E for growing j, due to the correlation
between Ep and the power of ¢/my in the squared
amplitude. Such correlation implies also a suppression of
the contribution of higher-rank operators compared to
lower-rank operators when their couplings are of the same
order of magnitude. It must be remarked that from the point
of view of a nonrelativistic effective theory, one cannot rule
out the possibility that the scattering rate of a WIMP with
spin j, is driven by one of the higher-rank operators. This
leads to nonstandard phenomenological consequences. We
provide a detailed analysis in Ref. [34].

D. Higher powers of relative velocity

Nonrelativistic limits of relativistic scattering amplitudes
are expansions in powers of the relative velocity v/c, and

Fluorine Jx=z1, my=10 GeV
== Om,2,2 -~ 05,2,2 == 00,22 On2,1
0124 Oq,2,2  rrer Os,2,3 — 09,23 = Op22
0.10 A
T
2 0.08
& i
¥ 0.06 i
<
k]
0.04 A
0.02 A
0.00 4=+
FIG. 3. Same as Fig. 1 but for a fluorine target.
01 Fluorine Jx=3/2, my=10 GeV
—=+ Om33 - 03,33 ==+ 09,33 On,3,2
o10d T Oq,3,3  ====r 05,3,4 —+ 09,34 —— Op3,3
' ==+ 05,3, ==+ 00,3,2
-~ 0.08
i
>
()
~
~ 0.06 -
o
w
o
<
T 0.04 A
0.024 1
0.00

FIG. 4. Same as in Fig. 2 but for a fluorine target.
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therefore contain linear combinations of the base operators
described in this paper, and also operators that are higher
order in the relative momentum p,y of the scattering
particles.

In WIMP scattering applications, one can safely neglect
corrections coming from subdominant terms that contain
higher powers of v with respect to the dominant term. For
example, suppose the effective Hamiltonian is the sum of
the operators Oy ¢ and Oy, , with coefficients that are of
the same order. Then the operator Oy, , is suppressed by
two powers of ¢/my compared to Oy, o, and contributes a
small correction to the scattering amplitude due to Oy .
In the context of a higher-energy theory, the operator Oy, ¢
will be accompanied by other operators which are sup-
pressed with respect to Oy oo by powers of the relative
velocity v, for example v2Oy . If v2 ~ (q/my)?, then the
contribution from vz(’)M’O,O is of the same order as the
contribution from O,,,. As the WIMP velocity is typi-
cally ~1073, the correction due to both v? Oy and Oy 55
is ~107® in this example, and thus can be very safely
neglected in dark matter studies. Given the many uncer-
tainties inherent to the WIMP-nucleus scattering process
such level of accuracy is clearly not warranted.

On the other hand, suppose we consider quadrupolar
dark matter [34], for which the first nonzero interaction
operators have two powers of the particle spin. In this case,
there is no contribution from Oy, o and only Oy, ,, say,
contributes to the interaction. In this case, there are no
vz(’)M,O,O corrections, and the phenomenology of WIMP
scattering is dominated by O, ;.

Our formalism is perfectly adequate to describe the
previous two cases, and cases similar to them.

The limitations of our formalism arise when the dom-
inant operator contains powers of ﬁ;{N higher than one. In
this case, suppose for instance that the WIMP-nucleon
scattering amplitude is of the form O, = v*2, which is
more fully written as, using (2.1) and (3.4),

O, = (Tyy)* = (¥ = oy)?

= (3 20y — 27 - Os + () (6:23)
In this case, while the first two operators in the last term
involve the known nuclear structure functions M and A (but
notice that the cross term by its own is not Galilean
invariant), the last operator would require a new nuclear
structure function which is quadratic in 75,. Such quadratic
structure functions are not part of the structure functions
available in the literature, which correspond to the five
operators in (2.1). In addition, operators with higher powers
of p,y are subject to symmetrization in p,y and 7,y.

In general, the momentum suppression of an operator
grows with its rank, so when the effective Hamiltonian
contains both high- and low-rank operators, the latter
dominate the transition. In this case the WIMP particle

mostly interacts through small spin transitions irrespective
of j, and the new high-rank operators that we introduce
represent small corrections that compete in size with
momentum-suppressed terms of higher order in the v
expansion and lower spin rank. To include all the terms
with the same momentum suppression would require
extending the effective Hamiltonian beyond the terms linear
in v that we consider, implying a proliferation of new nuclear
response functions besides those available in the literature.
The phenomenological interest of the operators intro-
duced in the present paper rests in the possibility that they
dominate the scattering process. This is possible if, for
instance, the WIMP particle carries a high multipolarity
[34]. In this case a Hamiltonian at most linear in »
represents an adequate approximation and interaction terms
containing higher powers of v can be safely neglected.

VII. CONCLUSIONS

In the present paper we have introduced a systematic
approach that, in the one-nucleon approximation and
allowing for a WIMP-nucleon effective potential at
most linear in the velocity describes the most general
nonrelativistic  WIMP-nucleus interaction allowed by
Galilean invariance for a WIMP of arbitrary spin. It can
be matched to any high-energy model of particle dark
matter, including elementary particles and composite states.

The resulting squared scattering amplitudes depend on
the WIMP response functions of Egs. (5.43), which
are the main result of our paper, and on the same nuclear
response functions as for WIMPs of spin < 1. Many
nuclear response functions are available in the literature
for most of the targets used in WIMP direct detection
experiments [25,33].

In particular, we have expressed the WIMP-nucleon
interaction Hamiltonian operators in terms of tensors
irreducible under the rotation group. This has several
advantages:

(1) It includes all the operators allowed by symmetry,
including those that do not arise as the low-energy
limit of standard pointlike particle interactions with
spin < 1 mediators.

(ii) It avoids double counting, allowing to show that
some of the operators introduced in the literature for
the spin-1 WIMP case are not independent (see
Sec. VI A).

(iii) It greatly simplifies the calculation of the cross
section, that was obtained from the two master
equations (5.19)—(5.20) for the traces of WIMP spin
operators.

(iv) For a given WIMP spin j, the scattering cross
section is given by a sum of cleanly separated
contributions from irreducible operators of ranks

0,1,2,3,..., up to 2 jx’ without interference terms
(since irreducible operators of different rank do not
interfere).

063017-21



GONDOLO, KANG, SCOPEL, and TOMAR

PHYS. REV. D 104, 063017 (2021)

All the Wilson coefficients ¢y, are defined up to
arbitrary functions of the transferred momentum ¢°.
Moreover, as shown in Table I, in some cases the change
of basis from reducible to irreducible operators involves
momentum-dependent coefficients.

From the phenomenological point of view, contributions
from irreducible operators of higher rank are shifted to
larger recoil energies compared with contributions from
operators of lower rank. It may happen that lower rank
operators vanish and the WIMP scattering rate is dominated
by a higher rank operator. In Ref. [34] we provide an
analysis of the nonstandard phenomenological conse-
quences this leads to.
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APPENDIX A: MULTIPOLE EXPANSION
OF A VECTOR PLANE WAVE

It is well known that a plane wave ¢'4” can be expanded
into spherical harmonics according to the equation

o L
elar = Z Z 4mit jL qr YLM( )YLM(?’>- (Al)
L=0 M=

Here j; (gr) is the spherical Bessel function of order L.
Among equivalent forms of this expansion, Eq. (Al) is a
vector equation valid in any coordinate system that shows
the explicit separate dependence on the unit vectors g and 7.

For a vector plane wave Z¢'77, it is not hard to find in the
literature expressions of its expansion into vector spherical
harmonics in specific coordinate systems, for the most part
with the z axis chosen along the direction of the vector g.
Here we establish the following vector relation valid in all
coordinate systems, showing the explicit separate depend-
ence on the unit vectors ¢ and 7 in analogy to Eq. (Al).

el 7T(7) = 2247” {—ZYJM 21)<18M1g£ _)> (7

T=0 M= q
i * /A i a — iy
T @) (<L St 0. ) T

P (G (g.7) m} (A2)

Here L, TE, and TM stand for longitudinal, transverse
electric, and transverse magnetic, respectively; the TE and
TM terms start at J = 1;

My (q.7) = ji(gr)Y (7). (A3)
My(q.7) = js(qr)¥ jon (7). (A4)
Moreover,
. J+1 7
JMq 2J+1 Yyoim( 21+] Ym(q
=qYu 4) (AS)
TE) , A J+1-
)<Q) = \/myu—w \/21+ 1 JJ+1M(q
8Y
— q JM ) @A6)
VI +1 c’)q
V(@) =iV @) = ax V0 @). (A7)

are the longitudinal, transverse electric, and transverse
magnetic spherical harmonics, defined in terms of the
vector spherical harmonics

YJLM

z Z CLal/i YLa

a=-L fj=-1

)ég. (AB)

where C/, ; is the Clebsch-Gordan coefficient for coupling
angular momenta La and 1/ into JM, and é; is the standard
spherical basis

=—(+i9)/V2, &=2 2,=(-i9)/V2. (A9

Equation (A2) can be obtained as follows. Write

S o 10M ;) (q.7) . 10
£ jett = Z{c%_ JgE )_ZC%E) 107 ~x MY} (q.7)
M 4q r

+ e MY (q. 7)} (A10)
By using the relations
aﬂle(q,7) J+1 = M
A = m
oF 7 \/2J+1 M\ gy i
(A11)
and
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J - - . [J+1 - [ J =
E»XM%(Q””)—“]< N—HM%—l— mM%H),

(A12)

express Eq. (A10) in the form
£ jeldT = ZCJLMJ'L(C]”)?JLM(?’) 7, (A13)

JLM
where L =J—-1,J,J + 1, and
J J+1
C‘(ILI;; = 2J+1CJJ_1M+ 2J+1C_/J+1M, (A14)
[J+1 J

c.%\‘f) = 2J+ ICJJ—IM + 2] i ICJJ—&-IM’ (AIS)
CSLM) = Cjm- (A16)

The orthogonality relation for the vector spherical
harmonics,

/ ?;LM(}) : ?J’L’M’(?)dgr = 077001 Omm's <A17)

then gives

CiLm = Amit - ?jLM(Q)' (A18)

Relations (A5)—(A7) finally lead to Eq. (A2).

APPENDIX B: SUM/AVERAGE OVER
NUCLEAR SPINS

We provide here the details leading to Eq. (5.7).
The matrix element of the effective WIMP-nucleon
Hamiltonian between an initial nuclear state |J;M;) and
a final nuclear state (J;M | can be expanded into multi-
poles using Eq. (5.5). Then the Wigner-Eckart theorem can
be applied to the matrix element of each nuclear current
multipole operator X%,,(q) in the right-hand side of
Eq. (5.6),

1 My

e
20 +1 TMIM

(M X (q) M) = TAlIX5 (@)1,

(B1)

where C;f 11\‘44ij is the Clebsch-Gordan coefficient coupling
angular momenta J;M; and JM into angular momentum
J M, and (J;||X7(q)||J;) is the reduced matrix element of
the nuclear multipole operator. One then computes the sum/
average over nuclear spins

S 1
H?—HﬁE— H;-Hﬁ (BZ)
using
ToM, M, 2J,+1
> CJ?MQMC;.’MQ/M/ =60 (B3)
e iM; 2J + 1
if
and Egs. (D2)—(D4). One obtains
FH -V HOH + 66,0 (HE" g®)
fi ﬁ—mzl: 7 J+§( = qiq;)(Hy,; " Hj

L™ ) g Re(™ xﬁ@)} . (B4)
Here

H,y = Z(EM; - ity qxy - L gAY
T

-7, g - ;—i’vfaﬂa), (B5)

my

= (TE N U A T
H‘(I ) = Z(—lfzzg +m_NfAA‘II —m—Nf(D(DIJ), (B6)

T

7 (T™ T q4 2 iq -
H™M =3 <sz2} e S R f@;) . (B7)

T

with
X5(q) = (JIIX3|175). (B8)

According to Table VII, the nuclear matrix elements that
do not vanish in the nucleus ground state are

M3(q), ®F(q), @77 (¢q), for J even;
A%(q),ZF(q),Z77(q), for J odd. (B9)
This gives
£y My — ,;—(fvbzé) -q@7, for J even,
Hy=9 (B10)
—ity - X, for J odd,
— 4 2" @ for J even
7 (TE my " @ ’ )
Hjpy ={ - (B11)
—ity 2, for J odd,
N 0, for J even,
H(JLNU = { q 2t (B12)
mT,fAA;’ for J odd.
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Substituting the latter equations into Eq. (B4) gives
Eq. (5.7) in terms of the nuclear response functions defined
in (5.8), with F%f, = F%7, F” Fg,, F7, Fg,, FfP’,, F]TVTI(D,,,
and FZJZ/

APPENDIX C: ONE-NUCLEON
MULTIPOLE OPERATORS

Here we list the one-nucleon multipole operators
defined, for instance, in [41-43]. In the position-space
representation, with 7 the position vector and ¢ the Pauli
spin matrices, they are given by

MJM(CL 7) = jj(qr)YJM(;’)’
o N 10
A ’_> - MM ’_> T A
(g, 7) (g r) qOF
N 10 - 10
A ) =—i{ =723 MM ) ) = ams
. =i Sox )
« 1OM (g, 7)\ 10
A A JM\Y>
a(4:7) (q or q@r
i:JM(CL F) = A_;[%(q, F) -3,
A 10 -
Z/ ’_' - —i =S MM 7_' ‘ _>7
ua.) = =1L x i) @
N 10M 7 N
Xu(q.7) = (—7”4561 r)> G,
q or
A N 10
By (q.7) = iMJy(q.7) - (G x——
m(q.7) = iMy;(q,7) <0' q(?r)

N R 10
Dy(q.7) = <5§>XM/JWJ(‘]’ V)) X (GX58_?>’

laMJM<q, ) = 1 ((9

N . .. 10
Qu(q.7) =My(q.7)6 - —

qoF"

Moreover, the following definitions are given in [24] as
implementation of Eq. (2.14),

Ku(a.7) = Ni(q.7) =3 W (4. ),
(g 7) = Blur(0.7) + 3 Zaue(g. 7).
By (0.7) = (. 7) 5 Zo0.7),
Oou(a.7) = Oon(a7) + 3 8u(a. D). (C)

The one-nucleon operators appearing in Egs. (5.2)—(5.4)
are then

N

m(q) = Z}A(JM(@ )Ty, (C3)
N

where X = M, A, A/, A", 2.3 3" ®, @, 0" Q A D Q.

APPENDIX D: SOME
MATHEMATICAL IDENTITIES

1. Sums of products of spherical harmonics
over magnetic quantum number

In the sum/average over nuclear spins, one needs
expressions for the sum over M of products of scalar
and vector spherical harmonics. The simplest one is for the
case of the product of two scalar spherical harmonics. It is

J
e a2+
ZYJM(r)YJM(r): dr

M=—J

(D1)

Here we prove the following equations, written in dyadic
notation (namely a b =a;b ), with 7, 0, (;5 equal to the unit
coordinate vectors in spherical coordinates (r, 8, ¢).

J
STV P Z Y)Y, () =0, (D2)
M=
J e
> Vo Z Vo (7" (7)
M=
2J +11 ., Y
L 00dh). (DY)
2J 411 A s a s
Z Vo (WY " (1) == =5 ($0-09).  (D4)
To obtain Egs. (D2)—(D4), one first writes
PE) = V()7 D
m(?) m(P)F, (D5)
S(TE) 1 Yy (7) 5 1 0Yyu(7) 4
You (7) = J(J + )[ 00 sinf  d¢ g
(Do)
S(TM) /o 1 L OYyu(#) 5 OYym(?) 4
Y = - .
s (7) J(J+1)[ sin@  O¢ 00 ¢
(D7)

The sums over M involving derivatives of the Y, are
evaluated by differentiating the addition theorem of spheri-
cal harmonics

2J +1

J
> Y01, 40)Y (6. 4) = P;(u), (D8)
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where P;(u) is the Legendre polynomial of order J with
u = cos B cos B, + sin @ sin 6, cos(¢p; — ¢p,).  (D9)

For example, with the — indicating the limit (6, ¢;) —

(927 ¢2)’

ZaYJM(ewﬁl) Y502, p) 20 +107P;(n)

—~ 00, 00, 4z 06,00,
2J+1
are Pi(1). (D10)
In this way one finds, using P;(1) = J(J + 1)/2,
o 00 00 ~sin?0 Op O
20 +1J(J +1)
= —_ D11
4r 2 (b11)
0Y 1y OY 5y, oY ju
= Yim
2700 9 2 a0
_ Z Y ju Yo —0
= M= (D12)
M

Combining Egs. (D5)-(D7) and (D11)—(D12) one obtains
Egs. (D2)—(D4).

2. Some relations between symmetric and symmetric
traceless tensors

—

By definition, the symmetric traceless part A; ; of an
rank-s tensor A; ..; is obtained by first symmetrizing A; ..;
completely with respect to all of its indices, and then
subtracting all the possible traces, i.e., contractions of pairs
of indices, double pairs of indices, ..., s/2-tuple pairs of
indices. There is a general formula for the resulting
expression [cf. Eq. (2.2) in [44,45], and (2.44) in [46],
where the connection with Legendre polynomials is also
explained],

ls/2]

11 dy T E Cs S‘—2p{51117 o

lzl, 112 zzpﬂ dckikyokpk, }
(D13)

where the sum is over the number p of traces (or of
Kronecker 8s) in the right-hand side, |s/2] is the largest
integer smaller than or equal to s/2,

(2s —=2p)!
s —p)i(s—2p)!

Cs,s—2p = <_1> 2s( (D14)

is the coefficient of x*~2” in the Legendre polynomial P, (x)
of order s (in the standard normalization P (1) = 1),

N, = Cs,sv (DIS)

Siioi. = {Ai i}, (D16)

and curly brackets indicate complete symmetrization with
respect to the free indices inside the brackets,

ll 15 S': : ’7[ lzrx

with the sum over the permutations 7 of 12---s.
For products of spin operators S and a vector ¢,
Eq. (D13) gives

(D17)

/2]
@3 = cud$@ S (DI18)
k=0
where
2(2n — 2k)!
= (=1)* (n . (D19
= D mmm— = P
Recall that for a particle of spin j,,
S2 = j)((j)( + l)v SZk = [];((];( + 1)]k (D20)
n—2k

The quantity ¢, is the coefficient of x in the monic
Legendre polynomial P,(x) of degree n (in a monic
polynomial, the coefficient of the term of highest degree
is equal to 1),

/2]
- 2n—1)!
Py =P = Yt (021

The first few cases, relevant for WIMPs of spin up

to 2, are
G-5=4-5. (D22)
- . 1
(g-S7=(@-57 -34°S". (D23)
- e 3 - 3 2_'2 -
(g-8)=1(q-9) —5aS (g-5), (D24)
o - e 6 = 3 -
(-8 =9 -54’5(@ 5 +554'S".  (D25)

The coefficients can be compared to those appearing in the
Legendre polynomials

Pi(x) = x, (D26)
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Py(x) = % <x2 - %) (D27)
Py(x) = g (x3 - ix) (D28)
Py(x) = % (x4 - gﬁ + 33—5> . (D29)

The reason for the equality of these coefficients is that
Legendre polynomials are the expressions in polar angles
of the symmetric traceless tensors that define electrostatic
multipoles. The identities that connect these quantities are

N | I-1)" . -, (=1)!P/cos®)
(Q'V)l;:(—l)lw(Q'r)lsz,
(D30)
!
(g-H'= : = q'r'Py(cos 0), (D31)

(20-1)

where @ is the angle between g and 7. _
A formula for products of spin operators S involving two
vectors ¢ and 4 is

@-3)G 3!

n/2
7L/J 2k U252k 5 Zrop . §yn-2k
= Cnky a2k 4 a-ql(q-S)" " |ym
k=0
n—4k ik = ek
PS5 . (D)

It can be obtained by replacing one of the directional
derivatives ¢ -V in Eq. (D30) with 4 - V, leading to the
polynomials

a—xdP;(x
Pi(a.x) = Pi(x) +— d’)(c ) (D33)
The first few cases are

i-S=a-8s, (D34)
(@-8)(@-5) =@ 5)(G-3)yn =533 (D35)

(@ 8)(G-S)>=(a@-5)(G- )" ym

2 1 e

~5(@- 953 5)-54°5(@5).  (D3o)

-

@95 =@ @5 lyn -2 DFG- 57

3 oy e
~5¢*8°((@-8)(@" 9)lym
3 . L 4=
+-(a-9)¢*s*. (D37)
35
Compare the coefficients to those in P;(a, x),
P(a,x) =a, (D38)
3 1
Ps(a,x) = 5 <ax - 3), (D39)
5 2 1
Ps(a,x) 5 <ax2 —5¥3 a> , (D40)
35 3
P L (P A J g D41
4(a, x) 2 <ax 7 7ax+35) (D41)

Q1
!
N~—
~—~
Q1
%)
—
Z
g
|

[(

and so on.

Inverse relations to Eqs. (D18) and (D32), giving the
symmetric products of spin operators in terms of the
symmetric traceless products, are

ln/2]

[(Zj ' S:)n]sym = Z dn.kq2k§2k(zi ' §)n—2k’ (D45)
k=0

and

B G2k i o 2
[(Cl : S><q : S)n_l]sym = Z dn.k |:7q2k_2S a-q (q ' S)n—2k
k=0

R e
+ 8@ 5)(g- 5y,
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where

(Zk_1>zz(2n—4k+1)”<”>_ (D47)

d. . =
mk (2n =2k + 1) 2k

The quantities d,, ; appear in the expansion of powers of x
in monic Legendre polynomials,

[n/2]
X" = Z dn,kPn—2k(x)' (D48)
k=0
The first few cases are
[6 : §]sym = 5 : S:’ (D49)
. 2 PR e
(G 5P)ym= @37 +54°5  (D50)
=. )3 S T3 0 a2 T
(G- S)lym = (G- S) +54°5°4- S, (Ds1)
(@ S))gm = (G-5)* +5¢°5(G-5)* +<4*S",  (D52)
(@ Slym = d-S. (D53)
2y 2 I A
[(@-8)(G-S)]ym = (a-5)(q S)+§a'q52, (D54)
B S R S
[(a S)(q S) ]sym_<a S)(q S) +§aqS q S
I yoon 2
+§qS a-s, (D55)
7Sz S)3 = \(F.3P 105 (5. 3
[(@-S)(G-8))ym = (@-S)(q-S) +=a-35(q-5)
3 ey = =
+54°S* (@ 5)(q -5y
1. -,
+§a qq-S". (D56)

3. Formulas for WIMP spin averages

To prove Egs. (5.19)—(5.20), we make use of the
formula [39],

27180808885, 5;,)
X

5! (s)
:5SS/ijx-on)(.l o .Kj;(.S—] Ailiz"‘i,\-,jljz”'jx ’ (D57)

Here K ; is given in Eq. (5.22) while the tensor

(s) : :
iiiyeio jijoj, DTOJECES the symmetric traceless part of a

rank-s tensor [39]. In other words, it is defined by

S, =Al) /Sy Si.

s i]l‘z"'ix,lllllz‘~-li. Iy

5, .

s

(D58)

Saturating all the free indices of Eq (D57) with the
product of momenta g; ---q;, g, ---q,, one gets

1

mtr(siI 085G 4SS, 4,0 q5,)
s! " A .
= 5ss/ijl.0KjI,l ‘ "Kjl.s—ICIil o qi g g -

(D59)
Equation (5.19) follows from the identity
. A L1
Qi G g, q, = E (D60)
where
NS:(ZS ;1)!! (D61)

is the coefficient of x* in the Legendre polynomial P (x) of
order s [in the standard normalization P (1) = 1].
To prove Eq. (5.20), write

1 ' i . ' L .
o7 1S Sin e @@ S S5, 850 45,0
X
s! N A '
= Oy ijx,Osz,l T Kj;,.s—l%'l i, 4
X g -4 b (D62)
In Sec. D4 we show that
N A YA A ' s+1 . - - o
qi, - i, @i Qi 4 bi, = 25N, (a@a-b), fora-q=0.
(D63)
Thus write
a; =g, al +a}, (D64)
where
al = ga;, ai = (8;; — ,q;)a7.  (D65)

and similarly for b, . Then using Eqgs. (D60) and (D63),
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Qi i, @i, 45, 45, by,
.

=Gi, 40,8, 45, 45, i, a'b

+ 48,45, 9), 4, b dl

+ éz, o @i\-_l lt qj, - ("\]j.x—l é\li.\ bH
+ 4, @i, ai 45,0 45,07 (D66)
1 s + 1 N =]
_ Lo T D67
) + 25N, ( ) (D67)
14, . s+ 1 A
=N q:q; + ETE (6:j — 4:q;)|a;ib;.  (D68)

Then Eq. (5.20) follows from combining Egs. (D62)
and (D68).

4. Proof of Eq. (D63)
We apply formula (D13) to the product g, ---¢;_ a; .
The symmetrization gives

Sfla), = {@i. "'5]11‘,,“1;}

1 ~ A
- qulﬁm T iy Ry (D69)

(a) 1

Separating the permutations involving a;,a
leads to

irs ...,a,»s

@ _1 N 5
Si,-uis - F |:ai1 Z: qin(l) e qin(s—l)

without iy

+a, E : Diriy " Digm to

Ed
without ip

+ aj § : iy " qin(.?l):|

[
without i

(D70)

e .
:;[ailqiz‘.‘qix_l(s_ !

+a,9,qi, - Gi (s =)+

+a;q;,---q;_ (s—1)] (D71)

—_

=3 lai @i, -+ qi_, +q;,0,,qi, -~ q;_,

ey ) (072)

In subtracting the traces, the assumption d-q =0 sim-
plifies the expressions considerably, because all contrac-
tions involving one index from a and the other from g
vanish. Contraction of one pair of indices gives

St okk = n (@i, @i, @i, Qrdx + @i, @G5y @i, Qxdx + -+ Qi Qi @, Qi

+qi, Qi@+ G, 4 Qrands

Lo . L
=5 i, @i, @i, + @i, 01,85, -+
_ 5720

s Lplga”

The contractions of double pairs, triple pairs, etc., follow by
recursion as

(@) $—=25—4 ()

Sil"'ix—4klklk2k2 =

s—=4 )
s §—=2 N4 K

(D74)

iy-is—”
and in general

a -2 a
(@) S=2P (@

iyeis ok ky ok yk, T

(D75)

i l_ .
s 1 ls2p

Inserting the latter expression into formula (D13)

leads to

Gi ,+ - qa; ]

(D73)
|
. 1 [s/2] (@)
qil PN (’Iis,lais = N— CSqS—2p{6i1i2 CIC 5i2p—li2pSi2p+1"‘ig}
s p=0
-2
x 1P (D76)
S

We now consider the product g; ---g;_ a; %

g;,---q;_b;, with @-g=0. The symmetric traceless
operation on the left forces a symmetric traceless operation
on the right, so we can write
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@il e 'Qil‘,lai; 'Qil e '511‘5,1 bi;
=&, @8y 0, (DT)
Inserting Eq. (D76), and using
ls/2]
Ifli, ""A]ix,lai; I@jl "'@jx,,bi; = Z Cs;] 22
p=0 §
ls/2] C,,o Crsaps
= 2 N,

ls/2] Cyunp s —
= 2 N,

Ls/2] C, o Cromaps =
= 2 N,

p=0 N

To find the product S '; S,(] ) i,» We write
L A A . .
Siyei Siy i, = ?[a qi, " qi, +q;,ai,4;, -4, T
+ 4, 4, 4]
X [b qlz é _|_ bizalig "'éin 4.
+G;, -+ 4i, , bi,]- (D80)

Now all cross terms in the product of the two square
brackets have a;q; = 0 and so are zero. Only the square
terms remain, and there are n of them. Thus,

1 -
Sil"'inSil"'in - —(5 . b) (Dgl)
n
Hence,
9i, -+ 4i_,ai, 45, - 45, by,
v/2
=S () @
s=2p ’
1 \_‘/ZJ
-2 . D82
SZNS g S p s,8—2p ( )

5i1i2 o .5i2p—li2pSil'”iJ = Si2p+1"'i:k1k1"'kpkp
_s—2p
T Dopy1-iy?
we obtain
{5, 1 6; sla Ya,, - b.
111y bp— 112/7 Dpt1 13 q qlx 1 l ’
-2p . .
{6, - '5:'2,)_11‘2,,5,(-:2“.“,»5}{Clil - q; b},
2p (a) (b)
{61, - iaptiny i:pﬂ---is}sil---iy
2 a
P5 (a) S(h)

iia bop-tiop® iy sy igV iy iy

Lopt17ls lapyr s’

15/2)
I (S —ZP)Z §@ ¢
N

(D78)

(D79)

To evaluate the last sum, we recall that by definition of

Cs,s—Zp’

[s/2]

E Cs s— prs 217

Taking one derivative,

[s/2]
Pls<x> = Z(s - 2p)cs,s—2pxs_2p-
p=0
Thus
[s/2]
s(s+1
> (5= 2p)Cuzy = i1 =D,
p=0
We conclude that
N . R " s+1 . -
4i, - 4qi_,4i, 495 " 4qj_,Di 2SNV< b)’

which is Eq. (D63).
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