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Fast-pairwise neutrino oscillations potentially affect many aspects of core-collapse supernovae
(CCSNe): the explosion mechanism, neutrino signals, and nucleosynthesis in the ejecta. This particular
mode of collective neutrino oscillations has a deep connection to the angular structure of neutrinos in
momentum space; for instance, the appearance of electron-neutrino lepton number (ELN) angular
crossings in momentum space is a good indicator of the occurrence of flavor conversions. However,
many multidimensional CCSN simulations are carried out with approximate neutrino transport (such as
two-moment methods), which limits access to the angular distributions of neutrinos, i.e., inhibits ELN-
crossing searches. In this paper, we develop a new method of searching for ELN crossing in these CCSN
simulations. The required data is the zeroth and first angular moments of neutrinos and the matter profile,
all of which are available in CCSN models with the two-moment method. One of the novelties of our new
method is the use of a ray-tracing neutrino transport to determine ELNs in the direction of the stellar center.
It is designed to compensate for shortcomings of the crossing searches with only two angular moments. We
assess the capability of the method by carrying out a detailed comparison with results of full Boltzmann
neutrino transport in 1D and 2D CCSNmodels. We find that the ray-tracing neutrino transport improves the
accuracy of crossing searches; indeed, the appearance/disappearance of the crossings is accurately detected
even in the region of forward-peaked angular distributions. The new method is computationally cheap and
has the benefit of efficient parallelization; hence, it will be useful for ELN-crossing searches in any CCSN
models that employ two-moment neutrino transport.
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I. INTRODUCTION

Neutrinos have been recognized as one of the key players
in core-collapse supernovae (CCSNe). It has been suggested
that the energy, momentum, and lepton number exchange
between matter and neutrinos sways the destiny of the
collapsing star; for instance, neutrino heating in the post-
shock flows revitalizes the stagnated shock wave, i.e.,
triggering the onset of the explosion (for recent reviews
see, e.g., Refs. [1–4]). The nuclear composition of the ejecta
is also dictated by neutrino-matter interactions, which
sensitively depend on the energy spectrum of all flavors
of neutrinos [5–14]. From an observational point of view,
neutrino signals offer a diagnostic for CCSN dynamics
[15–23]. They are detectable for nearbyCCSNe by currently
operating and planned terrestrial neutrino detectors (for

recent reviews see, e.g., Refs. [24,25]). Coincident neutrino
detections by multiple observatories with different reaction
channels will shed light on flavor-dependent features of
neutrinos, which would provide precious information on
decipheringCCSNdynamics and subsequent neutron star or
black hole formation [26–28]. Hence, the accurate deter-
mination of the neutrino radiation field is one of the
fundamental tasks towards comprehensive understanding
of death of massive stellar collapse.
A complete description of neutrino dynamics requires

solving multidimensional (multi-D), multiflavor, multie-
nergy, and multiangle neutrino transport equations.
Assuming that neutrino flavor conversions are suppressed
by high matter density [29], the transport equation can be
given by a Boltzmann equation. Recently, multi-D CCSN
models with full Boltzmann neutrino transport have
become available, which allows us to access the 3D features
of neutrino momentum space [30–33]. On the other hand, it
has been recognized that the assumption is not valid if
instabilities of flavor conversion are turned on by neutrino
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self-interactions [34], which are also known as collective
neutrino oscillations. In this case, the transport equation
needs to be altered from the Boltzmann equations [35–42].
The mean-field quantum kinetic equation seems to be the
simplest extension while also capturing some essential
features of flavor conversions. However, it involves tech-
nical difficulties in the numerical treatments, since the self-
interactions are highly nonlinear phenomena and there is a
striking disparity in both spatial and time scales between
flavor conversions and CCSN dynamics. These practical
issues have been obstackled for the detailed study of
flavor conversions (but see the recent efforts in, e.g.,
Refs. [43–55]). For these reasons, the actual impact of
flavor conversions on CCSN dynamics and the observa-
tional consequences still remain very elusive.
This paper is devoted to providing a new method for

analyzing fast-pairwise neutrino oscillation [56]. It is one
of the collective neutrino oscillation modes and potentially
generates strong and rapid flavor conversions. The linear
analysis and some relevant numerical studies suggest that
the electron-neutrino lepton number (ELN) angular
crossings1 trigger the flavor conversion (see, e.g.,
Refs. [55,62–66]). Thus, searching ELN crossings in the
neutrino data of theoretical CCSN models is the most
straightforward way to judge whether fast flavor conversion
occurs in the CCSN environment.
Detailed angular information about each flavor of

neutrino is mandatory to carry out ELN-crossing searches.
However, the high computational burden of CCSN simu-
lations with multiangle neutrino transport impedes
progress. Although there are several multi-D CCSNmodels
with full Boltzmann neutrino transport at present [67–71]
(hereafter, Ref. [69] is denoted as N19), they are nowhere
near enough to scrutinize the progenitor- and time-
dependent features. More importantly, there are no
available 3D radiation-hydrodynamic simulations with
Boltzmann neutrino transport in the phase of interest for
fast flavor conversions.2 On the other hand, we can run

dozens of 3D simulations covering the post-bounce phase
up to ∼1 s, if we use approximations in the computation of
neutrino transport. The most popular method is a two-
moment approximation, in which the zeroth and first
angular moments are solved with a closure relation for
higher moments [73–79]. The angular degrees of freedom
in neutrino momentum space are integrated out in this
method, i.e., the number of dimensions in the neutrino
transport is only four (three in space and one in neutrino
energy). This approximation alleviates the computational
cost substantially; consequently, two-moment methods
have become standard in 3D CCSN models [80–92].
Hence, it is worth considering how we utilize CCSN
models with two-moment neutrino transport for the analy-
sis of fast flavor conversions.
In the last few years, great efforts have been devoted to

developing surrogate methods to study fast flavor con-
versions based on neutrino data of two-moment neutrino
transport. The zero mode search may be the simplest one.
This method takes advantage of the following properties of
flavor conversion. The stability with respect to a homo-
geneous (k ¼ 0) mode in the corotating frame can be
determined only from an inequality equation that is written
as a function of the zeroth, first, and second angular
moments [93,94], indicating that the simulations with
two-moment neutrino transport provide sufficient informa-
tion on the analysis. Another surrogate method was also
proposed in Ref. [95] (hereafter referred to as the poly-
nomial method). Similar to the zero mode search, it uses
only a few angular moments of neutrinos. On the other
hand, this method accesses the angular structure of ELN by
using a polynomial function of directional cosines of the
neutrino flight direction. In the method, ELN crossings are
identified by the sign of the angular integrated quantities
(see Ref. [95] for more details). This method was applied to
neutrino data of 1D [61] and 3D [96] CCSN simulations,
and the authors found positive signs of the occurrence of
ELN crossings in these models.
Although these pioneering works paved the way to

analyze fast flavor conversions in CCSN models with
two-moment neutrino transport, their accuracy and validity
are another matter. Let us point out that both methods need
to rely on closure relations, which cannot be given
accurately in the semitransparent region of neutrinos by
analytic prescriptions (see, e.g., Refs. [30,31,33,97]). Next,
we found some cases where unstable modes appear at
k ≠ 0, whereas the k ¼ 0 mode is stable (see, e.g., Fig. 3 in
N19), indicating that the zero mode search potentially leads
to misjudgment. For the polynomial method, on the other
hand, the authors applied the method in the region with
forward-peaked neutrino angular distributions. However,
the higher-rank angular moments of neutrinos were com-
pletely neglected in the method. This would lead to
misjudgments of ELN crossings, since the role of the high
angular moments in characterizing the full angular

1In this paper, we only focus on the angular distributions of
electron-type neutrinos (νe) and their antipartners (ν̄e); equiv-
alently, we assume that all heavy leptonic neutrinos have identical
energy spectra and angular distributions. However, this is in
general not true since the cross sections of neutrino-matter
interactions depend on flavors, and the difference may be
outstanding if on-shell muons appear in a CCSN core
[57–59]. We refer readers to Refs. [60,61] for possible influences
of the heavy leptonic neutrinos in fast flavor conversion.

2A 3D CCSN simulation with full Boltzmann neutrino trans-
port was performed in Ref. [33]. However, it is only up to a time
≲20 ms after bounce. In this phase, no fast-pairwise flavor
conversions are expected due to the strong suppression of ν̄e
emissions (see Ref. [72] for more details). We also note that the
ELN search based on 3D full Boltzmann CCSN models in
Refs. [67,70] is not under fully consistent treatments. They solved
neutrino transport on top of a fixed matter background, which
was extracted from other CCSN simulations, until the field
reached a steady state.
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distribution becomes more important with growing for-
ward-peaked angular distributions.
Motivated by these concerns, we have recently scruti-

nized the capabilities of both methods [98,99] (hereafter,
Ref. [99] is denoted as N21). As predicted, we found that
the angular distributions of incoming neutrinos are much
less constrained by the zeroth and first angular moments
than those of outgoing ones. The insensitivity of incoming
neutrinos to the low angular moments is an intrinsic
limitation of moment methods; in other words, it is a
common issue among all ELN-crossing searches. For these
reasons, we conclude that ELN-crossing searches that only
use a few angular moments are not accurate, and they are
only valid in the optically thick region.
This paper is devoted to getting rid of the limitation;

indeed, our new method presented in this paper is capable
of precisely detecting ELN crossings in the region of
forward-peaked angular distributions. The essence of our
idea is as follows. Let us first point out that the angular
distributions of outgoing neutrinos can be reconstructed
very well using the method developed in N21. In other
words, if we can overcome the shortage of reconstructing
angular distributions of incoming neutrinos, the accuracy of
ELN-crossing searches would be substantially improved.
We tackle the issue by employing a ray-tracing method.
One may wonder if the ray-tracing method is computa-
tionally expensive similar as full Boltzmann neutrino
transport. Although it is true, we can substantially reduce
the computational cost for the following reasons. In
previous studies, we have witnessed that the number of
ELN crossings in the momentum space of neutrinos is
usually one in a CCSN environment (see, e.g., Ref. [67] and
N19). In this case, the signs of ELNs at μ ¼ 1 and μ ¼ −1,
where μ denotes the radial directional cosines for neutrino
flight directions with respect to the radial basis, are
opposite to each other. In other words, the appearance of
ELN crossings can be judged by checking the signs of
ELNs at μ ¼ 1 and μ ¼ −1. Since we can accurately
reconstruct the ELN at μ ¼ 1 using our new method of
N21, the ray-tracing neutrino transport along the direction
of μ ¼ −1 provides crucial information on judging ELN
crossings. It should also be mentioned that, even in
(spatially) 3D CCSN models, the total number of rays
along which we need to solve the transport equation is
Nθ × Nϕ × Nε, where Nθ, Nϕ, Nε denote the number of
grid points of the lateral direction, azimuthal direction, and
neutrino energy, respectively. Since all rays can be solved
independently (see Sec. II for more details),3 our method is
suitable for parallel computations. This also reduces the
required computational time for ELN-crossing searches.

There is also another reason why the ray-tracing method
is suited for our new method. As is well known, one of the
disadvantages of the ray-tracing method is the treatment of
scatterings. To evaluate the inscattering contributions,
information on the full angular distributions of neutrinos
is mandatory in general, i.e., the transport equations along
different rays are coupled. Since this requires iterative
computations in general, transport simulations become
computationally expensive. In our method, however, we
can overcome this difficulty by using the reconstructed
angular distributions of neutrinos from the zeroth and first
moments.4 This breaks the coupling of transport equations
and no iterative procedures are involved. This property is an
important benefit in our hybrid approach.
This paper is organized as follows. We first describe the

essence of our new method in Sec. II. In Sec. III we assess
the capability (and validity) of our new ELN-crossing
search by comparing results of 1D and 2D CCSN simu-
lations with full Boltzmann neutrino transport. Finally, we
summarize our conclusions in Sec. IV. We use the metric
signature −þþþ. Unless otherwise stated, we work in
units with c ¼ G ¼ ℏ ¼ 1, where G and ℏ denote the
gravitational constant and the reduced Planck constant,
respectively.

II. METHODS

In our method, we start by reconstructing the angular
distributions of neutrinos from the zeroth and first angular
moments obtained from CCSN simulations with two-
moment neutrino transport. Although it is, in general,
impossible to retrieve accurate angular distributions only
from such lower angular moments, our previous study in
N21 demonstrated a reasonable reconstruction. This suc-
cess is based on the fact that there are some characteristic
properties in the neutrino radiation field of CCSNe; indeed,
some interesting correlations emerge between low angular
moments and the full distributions in neutrino data of the
CCSN model with Boltzmann neutrino transport [100].
Taking advantage of the correlations, we determine some
free parameters of a fitting function, for which the shape of
the angular distributions is determined solely from a flux
factor (κ) (see N21 for more details).5 The capability of our
method was assessed by using a recent 2D CCSN model6

[32]. The demonstration illustrated the strength of our

3If we include neutrino-matter interactions of nonisoenergetic
processes, the energy coupling is inevitable in the ray-tracing
method. However, the nonisoenergetic scatterings are subdomi-
nant in a CCSN core; hence, we can safely neglect the
contribution.

4As we shall discuss in Sec. II, we consider isoenergetic
scatterings in this paper. The reaction rate can be written in terms
of the zeroth and first angular moments. Hence, the
reconstruction of full angular distributions is not always
necessary to compute the inscattering contribution.

5The resultant fitting parameters are publicly available
at https://www.astro.princeton.edu/hirokin/scripts/data.html.

6In multi-D CCSN models, the angular distributions of
neutrinos are no longer axisymmetric in momentum space.
Hence, we employed the azimuthal-average angular distributions
of neutrinos in the neutrino data of 2D CCSN simulations.
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method: the angular distributions of outgoing neutrinos can
be accurately reconstructed regardless of κ. In the present
study, we take advantage of this merit: the ELN at μ ¼ 1
(along the outgoing radial direction) is computed from the
reconstructed distribution of νe and ν̄e (see below for more
details). We also underlined a weakness of the method: it is
not capable of determining angular distributions of incom-
ing neutrinos for large κ, i.e., forward-peaked distributions.
In this paper, we use a ray-trace method to compensate for
this shortcoming. We refer readers to N21 for more details
of our reconstruction method.
In the present method, we judge appearances of ELN

crossing by comparing the signs of ELNs at μ ¼ 1 (out-
going) and μ ¼ −1 (incoming) angular points. The ray-
tracing transport is in charge of computing the ELN at
μ ¼ −1. If the signs of the ELNs are opposite to each other,
this indicates the appearance of ELN crossing. On the other
hand, if the signs are the same, we cannot make a robust
judgement in general, since this corresponds to the case of
either no crossings or an even number of crossings. This
shortcoming can be improved by solving radiation trans-
port equations for different angles, i.e., we need to increase
the number of rays. However, the computational cost would
be increased accordingly, which reduces the merit (cheap
computation) of our new method. It should be pointed out
that recent ELN-crossing searches based on CCSN models
with full Boltzmann neutrino transport suggest that the
number of ELN crossings is usually one in a CCSN core
(see, e.g., N19). Therefore, we judge no ELN crossings if
the sign is the same in this study, although we need to keep
in mind the uncertainty.
In our ray-tracing computations, we impose several

approximations: the space-time is flat; no fluid-velocity
dependences are taken into account; neutrino radiation
fields have already settled into a steady state. Under these
assumptions, the transport equation can be written as an
ordinary differential equation,

−
d
dr

finðε; rÞ ¼
�
δfin
δt

�
col
ðε; rÞ; ð1Þ

where ε, r, and t denote the energy of neutrinos, radius, and
time, respectively. fin represents the distribution function of
neutrinos (f) in the direction of μ ¼ −1. The right-hand
side of Eq. (1) represents the neutrino-matter interactions. If
the reaction rates employed in CCSN simulations with two-
moment neutrino transport are available in the output data,
they may be directly used for this ray-tracing computation.
Otherwise, we need to take the fluid data from the output,
and then compute each reaction rate by a post-processing
manner. Although it is recommended to employ the same
weak interaction rates used in CCSN simulations, this may
result in increasing the computational cost. For the usability
purpose, we recommend using a minimum but essential set
of weak interactions in the post-shock region of a CCSN

core: electron captures by free protons (and the inverse
reaction), positron captures by free neutrons (and the
inverse reaction), scatterings to nucleons, and coherent
ones to heavy nuclei.7 One may wonder if thermal
processes such as electron-positron pairs and nucleon-
nucleon bremsstrahlung processes need to be taken into
account. However, those reactions are important only in
optically thick regions where the angular distributions of
neutrinos (including incoming directions) can be well
reconstructed (see N21). This indicates that our ray-tracing
method is not necessary in this region; hence, we stop the
ray-tracing computation before entering the optically thick
region (see below for more details). Therefore, the igno-
rance of the thermal processes in the ray-tracing method is a
reasonable approximation. Indeed, we will show that ELN-
crossing searches under these approximations lead to
consistent judgement to the result of full Boltzmann
neutrino transport.
We remark on the computation of scatterings in our

method, since it generally requires a special attention for
ray-tracing transport. The collision term of scatterings in
Eq. (1) can be written as a sum of inscattering and
outscattering components. They can be written as

�
δfin
δt

�
inscat

¼ ðεÞ2
ð2πÞ3

Z
dΩ0RscatðΩ0ÞfðΩ0Þ;

�
δfin
δt

�
outscat

¼ −
ðεÞ2
ð2πÞ3 fin

Z
dΩ0RscatðΩ0Þ; ð2Þ

where Rscat denotes the scattering kernel (which can be
computed from fluid data). We refer readers to Ref. [102]
for more general expressions. As shown in Eq. (2), the
outscattering component can be computed without any
problems, since the required information on the neutrino
distribution function is only fin, which is obtained from the
transport equation along the same radial ray. On the other
hand, the inscattering component depends on f in different
angular directions, indicating that the transport equation
cannot be closed by the single ray. In this study, we employ
f reconstructed from the method of N21 from the zeroth
and first angular moments in the computation of inscatter-
ing rates.8

We solve Eq. (1) from the outer boundary of te CCSN
simulation to the radially inward direction. As we have
already pointed out, ray-tracing neutrino transport is
necessary only in the optically thin region where neutrino

7We compute these reaction rates following Ref. [101].
8We note that the angular dependence of the scattering kernel

Rscat for both the nucleon and heavy nuclei is up to the first order
of directional cosine of the scattering angle unless the energy
exchange is taken into account, indicating that the angular
integration with f can be written in terms of zeroth and first
angular moments. Hence, it is also possible to evaluate the
inscattering component by directly using the moment data
extracted from CCSN simulations.
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angular distributions are forward peaked. Thus, we connect
the obtained fin to that reconstructed from zeroth and first
moments; the details of the procedure are as follows. We
first prepare two threshold flux factors: κ1 and κ2 (κ1 < κ2).
In the region where κ < κ1 (optically thick region), fin is
determined from the reconstructed distribution (frecoin ). In
the region where κ > κ2, we employ the solution of ray-
tracing neutrino transport (fRTin ). In the intermediate region
(κ1 < κ < κ2), we determine fin by mixing the two sol-
utions. More specifically, it is obtained as

fin ¼ qðκÞfRTin þ ð1 − qðκÞÞfrecoin ðκÞ; ð3Þ

where

qðκÞ ¼ κ − κ1
κ2 − κ1

: ð4Þ

As shown above, ray-tracing neutrino transport is necessary
in the region where κ > κ1.
The two parameters κ1 and κ2 are determined following

the result of N21. We find that frecoin agrees reasonably well
with the results of Boltzmann neutrino transport at κ ≲ 0.4,
whereas it deviates from the original at κ ≳ 0.5; hence, we
adopt κ1 ¼ 0.4 and κ2 ¼ 0.5 in this study. Since the
neutrino-matter interactions sensitively depend on neutrino
energy, the matching region should also be varied with
neutrino energy. Our method is capable of capturing such
an energy-dependent feature (as long as the neutrino data
provided by CCSN simulations is energy dependent).
Although ELN-crossing searches are done for the
energy-integrated quantities, the energy-dependent treat-
ment is beneficial to accurately draw the angular structure
of neutrinos.

III. DEMONSTRATIONS

In this section we discuss the capability of our new
method by demonstrating ELN-crossing searches using

neutrino data of 1D and 2D CCSN simulations with full
Boltzmann neutrino transport. We employ the most recent
CCSN models of a 11.2 solar mass progenitor at a time
snapshot of 250 ms after bounce. The detailed features of
CCSN dynamics were discussed in our previous papers for
1D [103] and 2D [32]. In the raw neutrino data, we found
no ELN crossings in the post-shock region for the 1D
model. On the other hand, we found the crossings in the 2D
data (we refer readers to N19 for the detailed analyses).
We first compute the energy-dependent zeroth and first

angular moments of neutrinos from the distribution func-
tion of neutrinos (f) obtained from these simulations. We
treat these moments as the input data for our method. The
fluid data is also extracted from the simulations (see Fig. 1)
to compute the reaction rates of neutrino-matter inter-
actions (see Sec. II). In the following analyses, we use
Gin and Gout to quantify the capability of our ELN-crossing
search, which are defined as

Gin ¼
Z

d

�
ε3

3

�
finðεÞ;

Gout ¼
Z

d

�
ε3

3

�
foutðεÞ; ð5Þ

where fout denotes the distribution function f in the
direction of μ ¼ 1. The energy integration on the right-
hand side of Eq. (5) is carried out with units of MeV. We
also compute the difference of G between νe and ν̄e,

ΔG ¼ Gνe − Gν̄e ; ð6Þ

while we omit the indices of “in” and “out” in the
expression. ΔGin and ΔGout are the most important
variables in our method, since they are directly associated
with ELN crossings. The former and latter represent the
dominance of νe relative to ν̄e in the μ ¼ −1 (incoming)
and μ ¼ 1 (outgoing) directions, respectively. In the
case where the two variables have opposite sign, i.e.,
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ΔGoutΔGin < 0, νe is dominant over ν̄e in either the μ ¼
−1 or 1 direction, while ν̄e overwhelms νe in the other
direction, suggesting that ELN crossings occur in this case
(see Sec. II for more details).
Figure 2 shows the radial profiles of Gin (left panel) and

ΔG̃in (right panel) for the 1D CCSN model. ΔG̃in repre-
sents ΔGin normalized by the sum of Gin over νe and ν̄e at

the same radius. This figure illustrates how much the ray-
tracing treatment improves the computation of Gin. In the
left panel, Gin computed by the new method (red line) is
almost identical to the original (black line), whereas the
deviation is conspicuous at≳50 km for that computed from
the reconstructed fin from the zeroth and first moments
(light-green line).
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As shown in the left panel of Fig. 2, the difference of Gin
between νe and ν̄e is subtle at ≳50 km. This fact indicates
that a high-fidelity computation of Gin is required to
accurately reproduce the sign of ΔGin, which is more
clearly displayed in the right panel of Fig. 2. The difference
of Gin between νe and ν̄e is a few percent of their
summation (see black line in the right panel).
Nevertheless, the new method reproduces the result of
the original (compare red and black lines). On the other
hand, the reconstructed counterpart (light-green line) gen-
erates qualitatively different ΔGin; indeed, the sign of ΔGin
becomes opposite from the original in the pre-shock region.
In Fig. 3 we compare the radial profile of ΔG̃out obtained

by our new method to that of the original. Similar to ΔG̃in,
ΔG̃out denotesΔGout normalized by the sum ofGout over νe
and ν̄e at the same radius. In the computation of Gout, we

employ the reconstructed angular distribution from the
zeroth and first angular moments following the method of
N21. As mentioned already, the angular distributions of
outgoing neutrinos can be well reconstructed without any
extra prescriptions (see Sec. I). As expected, we confirm
that ΔGout computed from the reconstructed distributions is
very similar to that of the original, both of which are
displayed in Fig. 3.
Both ΔGin and ΔGout computed by our new method

show good agreement with the originals, indicating that
their product, i.e., ΔGout × ΔGin is also captured accu-
rately, which is displayed in Fig. 4. In the original profile
(black line), the sign of the product is positive in the post-
shock region, indicating that either νe or ν̄e is dominant in
the entire neutrino flight direction,9 i.e., there are no-ELN
crossings in the region. On the contrary, the sign of the
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product is negative in the pre-shock region; thus, the
dominance of νe or ν̄e depends on the neutrino angle,
indicating that ELN crossings appear. The key player to
generate ELN crossings in pre-shock regions is a coherent
scattering of heavy nuclei; the details of the physical
mechanism were described in our previous paper [72].
Our new method detects the ELN crossing precisely,
whereas one without the ray-tracing method does not. It
should be emphasized that ΔGout is common for both
methods, indicating that ΔGin is responsible for the differ-
ence. This is a strong evidence that our ray-tracing method
qualitatively improves the accuracy of ELN-crossing
searches.

We now turn our attention to the 2D model. It should be
stressed that the spatial dimension does not change the
procedure of our method, since we solve transport equa-
tions independently along each radial ray toward inward
direction (μ ¼ −1). In the following analysis, we focus on
two radial rays with θ ¼ 45° and 135° in 2D space. We note
that ELN crossings appear in the radial ray with θ ¼ 45° in
the original neutrino data with Boltzmann transport,
whereas there are no ELN crossings at ≲1000 km in the
ray with θ ¼ 135° (see also Fig. 2 in N19). By applying our
new method to search for ELN crossings along the two
radial rays, we can assess the capability of our method in
both cases with and without ELN crossings.
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Figure 5 portrays the radial distribution of Gin and
ΔG̃in computed based on our new method (red line),
reconstructed f from the zeroth and first moments (light-
green line), and those given by Boltzmann neutrino
transport (black line), the trend of which is essentially
the same as that reported in our 1D model (see Fig. 2). We
confirm that the new method substantially improves the
computations of Gin. We must note a caveat, however. At
a radius of ∼500 km along the radial ray with θ ¼ 45°,
our new method shows a different sign of ΔGin from that
in the original (see top and right panels of Fig. 5). This is
attributed to the fact that the difference of Gin between νe
and ν̄e is so tiny. As a result, a small error in our
method leads to misjudgments of the sign. This
error may be reduced if we increase the level of approx-
imations in our method. However, it would lead to an
increase of the computational burden, which is undesir-
able for approximate ELN-crossing searches. To make
more reliable judgements for such delicate ELN
crossings, more complete treatments of neutrino trans-
port, i.e., full Boltzmann neutrino transport would be
indispensable.
In Fig. 6 we show the result of ΔG̃out as a function of

radius. Let us emphasize again that ΔGout is obtained from
the reconstructed f from the zeroth and first angular
moments. This picture represents the good capability of
our method. On the other hand, we again find a failure of
capturing the sign of ΔGout, at ∼50 km in the radial ray
of θ ¼ 45° (left panel of Fig. 6). Similar to the above
argument, this error is attributed to the fact that theGout’s of
νe and ν̄e are almost identical. Nevertheless, in most of the
spatial regions, the basic features of ΔGout can be well
captured by the new method.
The radial profile of ΔG̃out × ΔG̃in in the 2D model is

displayed in Fig. 7. This illustrates that our new method
provides the same judgement of ELN crossings as that
made by Boltzmann neutrino transport along a radial ray
with θ ¼ 135°. This is based on the fact that the νe number
flux is substantially larger than that of ν̄e along the radial
ray, which is due to coherent asymmetric neutrino emis-
sions (see Ref. [32] for more details). As a result, there are
no delicate competitions between νe and ν̄e for both inward
and outward neutrino flight directions; hence, our method
is capable of providing a robust diagnostics of ELN
crossings. It should be stressed, however, that the judgment
fails if we do not use a ray-tracing method. The low
accuracy of reconstructing incoming neutrinos (Gin) is
mainly responsible for the misjudgment (see bottom panels
of Fig. 5). In the radial ray with θ ¼ 45°, on the other hand,
we find misjudgment even in the new method at ∼50 and
∼500 km. For the former and latter, this is due to the error
of Gout and Gin in our method, respectively, the reason for
which was already discussed. This result suggests that our

new method is capable of detecting ELN crossings unless
the crossing is so subtle (a few percent) in reality. We have
to keep in mind the uncertainty and limitation when we
apply our method for ELN-crossing searches.

IV. SUMMARY AND CONCLUSION

There is growing evidence that the appearance of ELN
crossings in angular distributions of neutrinos is a precursor
of fast-pairwise neutrino oscillation. This indication height-
ens the awareness of the importance of multiangle treat-
ments of neutrino transport. However, the available CCSN
models with full Boltzmann neutrino transport are still
limited by their high computational burdens, which have
inhibited the progress of the detailed analysis. On the other
hand, there are many multi-D CCSN models with approxi-
mate neutrino transport, which covers the long-term post-
bounce phase for various types of CCSN progenitors. This
has motivated the community to develop surrogate methods
to determine the occurrence of fast flavor conversions with
limited information on neutrino radiation fields. The
neutrino data is usually a few ranks of angular moments;
hence, it is interesting to consider how we can utilize them
in the analysis of flavor conversions.
Some previous works have tackled the issue. It turned

out very recently, however, that they are not capable of
identifying the occurrence of fast flavor conversions in the
region of forward-peaked angular distributions. The source
of the problem is that the low angular moments are
insensitive to the incoming neutrinos in such regions. In
this paper, we proposed to use a ray-tracing method to
compensate for the shortage. In this method, we determined
the ELN at μ ¼ 1 (outgoing neutrinos) using the recon-
structed angular distributions of neutrinos from the zeroth
and first moments using the method of N21. On the other
hand, the determination of ELN at μ ¼ −1 is comple-
mented by the ray-tracing method. In Sec. III, we assessed
the capability of our method by making a detailed com-
parison to results of full Boltzmann neutrino transport in
1D and 2D. We demonstrated that our new method
substantially improves the accuracy of ELN-crossing
searches. Unless the crossing is very subtle (a few percent
of the sum of the occupation numbers of νe and ν̄e), our
method is capable of making accurate judgements of ELN
crossings.
We next applied our new method presented in this paper

to multi-D CCSN models with multigroup two-moment
neutrino transport. The results will be discussed in a
separate paper.
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