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In this work, we will present the first complete calculation of the one-loop longitudinal photon-to-quark-
antiquark light cone wave function, with massive quarks. The quark masses are renormalized in the pole
mass scheme. The result is used to calculate the next-to-leading order correction to the high energy deep
inelastic scattering longitudinal structure function on a dense target in the dipole factorization framework.
For massless quarks the next-to-leading order correction was already known to be sizeable, and our result
makes it possible to evaluate it also for massive quarks.
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I. INTRODUCTION

There are strong indications that high energy hadronic
and nuclear collisions at present and future collider experi-
ments can reach the regime of gluon saturation. This means
that nonlinear interactions and unitarity play an important
role even at short distance scales where the QCD coupling
constant is small. Such effects are expected to become
increasingly important at higher energies, when the addi-
tional phase space available for radiation leads to a growth
of the gluon density. This is typically parametrized in terms
of the saturation scale QsðxÞ, where for resolution scales
Q2 ∼Q2

s , gluon saturation is important. The growth of the
gluon density as the energy increases (i.e., as x → 0) leads
to a growth of Qs. In the high energy limit, a convenient
way to quantitatively analyze scattering in the saturation
regime is provided by the color glass condensate (CGC)
effective theory formulation of high energy QCD [1]. In the
CGC framework, one can understand the scattering of a
dilute probe with the target hadron or nucleus in a picture of
eikonal scattering [2]. Here the gluonic structure of the
target is parametrized in terms of Wilson lines, which are
eikonal amplitudes for the scattering of the bare partonic
constituents of the probe off the color field of the target.
Deep inelastic scattering (DIS) provides a clean and

precise way to measure the partonic structure of a hadron or
a nucleus. Here the eikonal limit corresponds to the dipole
picture of DIS [3–7], where the virtual photon first splits to

partonic constituents, which then eikonally interact with the
target. Several fits combining the leading order dipole
picture with the BK [8–10] evolution equation for the
target, have achieved a good description of total small-x
inclusive cross sections at measured at Hadron-Electron
Ring Accelerator (HERA) [11,12]. Noting that also calcu-
lations assuming collinear factorization start showing some
tension with the data at the smallest values of x probed at
HERA [13], it seems that total cross section measurements
at HERA have provided some hints for gluon saturation,
but the picture based on these results remains inconclusive.
Fortunately, there are many avenues to improve our

understanding of the QCD description of DIS in the high
energy limit. One of these is to go to higher orders in
perturbation theory. For the DIS process with light quarks,
the dipole picture for inclusive scattering has been extended
to next-to-leading order (NLO) accuracy in a series of
works in recent years [14–19]. Combined with the next-to-
leading order (NLO) BK evolution equation [20–32] these
enable a fully NLO calculation of the total light quark DIS
cross section. The NLO impact factor for DIS with
massless quarks, combined with approximate NLO evolu-
tion, has recently been shown to give a good description of
inclusive HERA data [33]. Another avenue is to simulta-
neously study more exclusive processes.
Indeed, a good description of HERA data in the NLO

dipole picture has recently been demonstrated in Ref. [33].
Diffractive or exclusive DIS cross sections can provide a
valuable separate experimental constraint for LO calcula-
tions [34–37], and calculations for diffractive DIS proc-
esses are now also advancing to NLO accuracy [38–41].
Another important process, and the one that we will focus
on here, is inclusive scattering with heavy quarks. The cross
section for light quarks gets a significant contribution from
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“aligned jet” configurations of large dipoles [42]. In spite of
gluon saturation, this brings in a systematical uncertainty to
light quark inclusive cross sections in the dipole picture.
The aligned jet contributions are, however, cut off by a
finite quark mass. Thus inclusive heavy quark DIS cross
sections can be more reliably perturbative probes of gluon
saturation. In LO fits with BK (or JIMWLK) evolution it
has not been obvious [37,43] how to achieve a good
simultaneous description of the final combined heavy
and light quark data from HERA [44–47]. It is therefore
important to extend also the calculations of heavy quark
inclusive DIS cross sections in the dipole picture to next-to-
leading order accuracy in the QCD coupling. Doing so is
our purpose here.
The calculational tool of choice for this situation is light

cone perturbation theory (LCPT) [2,48–50]. While LCPT
can be used to understand the partonic structure of the
proton (see [51–53] for recent advances in this direction), in
our case we use it to quantize the virtual photon of DIS, a
perturbatively controllable object. In an LCPT calculation
one follows a set of diagrammatic rules to calculate the
coefficients of the expansion of an interacting theory Fock
state in terms of the bare Fock states. These coefficients are
known as light cone wave functions (LCWFs). Recent
work [16,17,19,30,54,55] has led to important technical
advances in performing LCPT calculations at loop level.
However, the introduction of quark masses introduces some
additional issues that must be dealt with.
The typical way of regularizing these recent LCPT loop

calculations has been to use a cutoff for longitudinal and
dimensional regularization for transverse momentum inte-
grals. It has long been known [56–59] that using such a
cutoff procedure causes a problem for the fermion1 mass
renormalization. At a fundamental level the problem is
associated with the well-known fact that the regularization
procedure should respect the symmetries of the underlying
theory. In the case of LCPT, the fermion mass appears in
two different places in the Hamiltonian that one quantizes.
Firstly there is the free fermion term, where the “kinetic”
mass determines the relation between the energy and
momentum of a free fermion. There is also a quark mass
in the quark-gluon interaction term, where the quark-gauge
boson vertex consists of two parts. Out of these two the
light cone helicity conserving part is independent of the
quark mass. The light cone helicity flip term, on the other
hand, is proportional to the “vertex mass” of the fermion.
The equality of the kinetic and vertex masses is due to the
rotational invariance of the underlying theory at the
Lagrangian level. In LCPT, however, one first derives from
the Lagrangian the Hamiltonian formulation of the theory
and only then starts to quantize it. If this quantization uses a

regularization procedure that breaks (three-dimensional)
rotational invariance, it can happen that one needs to
separately renormalize the two masses at each order in
perturbation theory with an additional renormalization
condition restoring rotational invariance [60]. Both this
conceptual issue, and the more complicated structure of the
basic quark-gluon vertex due to the light cone helicity [61]
flip term, make the calculation of the DIS cross section for
massive quarks more involved than the corresponding one
for massless quarks [16,17,19]. The factorization of high
energy divergences into BK evolution of the target, on the
other hand, is rather orthogonal to these additional com-
plications from the quark masses. Thus, the high energy
factorization aspect of the calculation is quite similar to the
massless case, and will only be discussed briefly in this
work, although it of course needs to be treated carefully in
order to eventually compare the calculations to experimen-
tal data.
This is the first in a set of papers, where we will fully

analyze the calculation of the DIS cross section in the
dipole picture to NLO accuracy with massive quarks. In
this first paper we will concentrate on the case of a
longitudinal virtual photon. For the longitudinal polariza-
tion the numerator algebra is simpler, making the calcu-
lation slightly less lengthy. More importantly, only the
relatively simple “propagator correction” diagrams lead to a
renormalization of the quark (kinetic) mass. Therefore, the
mass renormalization in a pole scheme can be performed in
a relatively straightforward way, without encountering the
intricacies discussed above. Transverse photons will be
addressed in a separate paper. There the helicity and
polarization algebra is somewhat more complicated, and
also the renormalization of both the kinetic and vertex mass
needs to be addressed. Separately from these calculations,
we plan to address more formal aspects of mass renorm-
alization in LCPT, its relation to the regularization pro-
cedure and the treatment of so called “self-induced inertia”
or “seagull” diagrams [50,62,63] in more detail in separate
future work.
The rest of the paper is structured as follows: First, in

Sec. II, in order to keep the paper self-contained, we give
some basic background notions of light cone perturbation
theory and explain the regularization approach used in this
paper, although relatively briefly since this is very similar to
the previous calculations in Refs. [16,17,19]. In Sec. III we
recall how the DIS cross section is, in the dipole picture,
factorized into light cone wave functions encoding the Fock
state of the virtual photon, and Wilson line operators
describing the interactions of these states with the target.
We then derive in Sec. IV the leading order virtual photon-
to-quark-antiquark light cone wave function inD spacetime
dimensions as a warmup. In Sec. V we calculate the (mass
renormalized) one-loop corrections to this wave function in
momentum space, which are then transformed into mixed
transverse coordinate-longitudinal momentum space in

1Gauge boson mass renormalization and thus gauge invariance
is also affected, but this is not an issue for the process we are
calculating here.

G. BEUF, T. LAPPI, and R. PAATELAINEN PHYS. REV. D 104, 056032 (2021)

056032-2



Sec. VI. The tree-level gluon emission diagrams needed for
the real corrections to the cross section are calculated in
Sec. VII. We then derive in Sec. VIII the cross section from
these light cone wave functions, including the subtractions
needed to cancel divergences between the real and virtual
contributions. Finally we summarize our result for the cross
section in Sec. IX and briefly discuss future steps in Sec. X.
Many technical details on the calculations are explained in
the Appendixes.

II. PRELIMINARIES: NOTATION AND
REGULARIZATION

A. Light cone coordinates and conventions

This section will be rather brief, as our notations are a
combination of the conventions used in Refs. [16,17,19].
We refer the reader there for a more thorough explanation.
For an arbitrary Minkowskian four-vector xμ ¼ ðx0; x⃗Þwith
x⃗ ¼ ðx1; x2; x3Þ we define the light cone coordinates as

xμ ¼ ðxþ; x−;xÞ; ð1Þ

where xþ is the light cone time along which the states are
evolved, x− is the longitudinal coordinate, and x ¼ ðx1; x2Þ
is the transverse position with x2 ¼ jxj2 ¼ x · x. In this
paper, the spatial (in the light cone sense) three-vectors are
denoted by x̂≡ ðxþ;xÞ. The components xþ and x− are
related to the Minkowski coordinates by

x� ¼ 1ffiffiffi
2

p ðx0 � x3Þ: ð2Þ

The inner product of two four-vectors is

x · y ¼ xþy− þ x−yþ − x · y; ð3Þ

from which one sees that x� ¼ x∓. The canonical con-
jugate of the longitudinal coordinate x− is the longitudinal
momentum pþ, and the evolution in light cone time xþ is
generated by the light cone energy p−. With the form of the
metric in Eq. (3), the on-shell light cone energy becomes

p− ¼ p2 þm2

2pþ : ð4Þ

B. Regularization

In loop calculations one needs to integrate over internal
(on-shell) momenta. Here (contrary to e.g., the review [50])
we use conventional relativistic field theory conventions for
the normalization. Thus, the momentum space integral
measure is given by

Z edk ¼
Z

d4k
ð2πÞ4 ð2πÞΘðk

0Þδðk2 −m2Þ

¼
Z

dkþΘðkþÞ
2kþð2πÞ

Z
d2k
ð2πÞ2 : ð5Þ

In the evaluation of loop or final state phase space integrals
over longitudinal and transverse momenta, we encounter
divergences which have to be properly regularized. In this
work, following the same procedure as the one described in
Refs. [16,17,19], we regularize the ultraviolet (UV) diver-
gent (k → ∞) transverse momentum integrals via dimen-
sional regularization by evaluating them in (D − 2)
transverse dimensions and regularize (if needed) the soft
divergences (kþ → 0) with a cutoff. We consider two
variants of dimensional regularization and present our
results in both schemes, checking explicitly that the final
result for the cross section is scheme independent. These
variants are the conventional dimensional regularization
(CDR) scheme [64] that was used in [16,17], and the four-
dimensional helicity (FDH) scheme [65,66] that was used
in Ref. [19]. The precise implementation of these schemes
is carefully explained in [19]. Thus, in here, we only give an
small overview of these two approaches.
Both regularization schemes involve continuing space-

time from four to D dimensions, but differ in the way they
treat the momenta and the polarization vectors of unob-
served and observed particles. Here, the unobserved par-
ticles are either virtual ones which circulate in internal
loops or particles which are external but soft or collinear
with other external particles. All the rest are observed
particles. The following rules listed below will be used to
compute the LCWF’s in D dimensions.

(i) In the CDR scheme, the momenta and polarization
vectors of the observed and the unobserved particles
are continued to D spacetime dimensions.

(ii) In the FDH scheme, the momenta and polarization
vectors of observed particles are kept in four
dimensions (i.e., observed gluons have two helicity
states) and the momenta of unobserved particles are
continued to D > 4. The helicities (spinor struc-
tures) of unobserved internal states are treated as
Ds-dimensional, where Ds > D at all intermediate
steps in the calculation. Once all the helicity (Dirac)
and Lorentz algebra is done, one sets Ds ¼ 4 and
analytically continues to D < 4 dimensions.

In order to perform intermediate computations for both
schemes at the same time, we will use the following rules:

(i) Any factor of spacetime dimension arising from the
Dirac and Lorentz algebra for spin or polarization
vectors should be labeled asDs and should be distinct
from the dimension of the momentum vectors D.

(ii) Thevertices are proportional to ðDs − 2Þ-dimensional
gluon polarization vectors ε�iλ , and summing over
the helicity states of gluons yields
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X
λ

ε�iλ ε
j
λ ¼ δijðDsÞ; ð6Þ

where by δijðDsÞ we denote a Kronecker delta in

ðDs − 2Þ-dimensional transverse space.
(iii) The tensoral structures resulting from transverse

momentum integrals are kept in (D − 2) dimensions.
For example, if the integrand in the transverse
momentum integral is proportional to kikj, then
the value of the dimensionally regulated integral is
proportional to a (D − 2)-dimensional Kronecker
delta δijðDÞ.

(iv) Since Ds > D, we have

δijðDsÞδ
ij
ðDsÞ ¼ Ds − 2; δijðDÞδ

ij
ðDÞ ¼ D − 2;

δijðDsÞδ
ij
ðDÞ ¼ D − 2; δijðDsÞδ

jk
ðDÞ ¼ δikðDÞ: ð7Þ

(v) Since both D > 4 and Ds > 4 when the algebra is
done, contractions of Kronecker deltas with fixed
momentum p or polarization vectors εiλ of external
particles preserve these vectors

δijðDsÞp
j ¼ δijðDÞp

j ¼ pi;

δijðDsÞε
j
λ ¼ δijðDÞε

j
λ ¼ εiλ: ð8Þ

(vi) Only after the spin and tensor algebra is done, one
can analytically continue the obtained result to
D < 4 and take the limitDs → 4 in the FDH scheme
or Ds → D in the CDR scheme. If the calculation
was done only in one of the two schemes, we would
not need the notation Ds at any intermediate step;
this could be replaced by 4 or D. Here we will,

however, present the results in both schemes simul-
taneously, and for this it is necessary to keep Ds
general.

III. DIPOLE FACTORIZATION FOR DIS:
CROSS SECTION AT NLO

We use here the standard procedure where the DIS cross
section is expressed in terms of the cross section of a virtual
photon scattering on the hadronic target. The virtual photon
cross section can be obtained by the optical theorem as
twice the real part of the forward elastic scattering
amplitude

σγ
�
λ ¼ 2Re½ð−iÞMfwd

γ�λ→γ�λ
�; ð9Þ

where the forward elastic amplitude Mfwd
γ�λ→γ�λ

is defined in
light cone quantization from the S-matrix element as [2]

ihγ�λðq̂0; Q2ÞjðŜE − 1Þjγ�λðq̂; Q2Þii
¼ 2qþð2πÞδðq0þ − qþÞiMfwd

γ�λ→γ�λ
: ð10Þ

At high energy (or, equivalently, at small Bjorken x) the
interactions with the target described by the operator ŜE are
eikonal interactions with a classical color field. These
interactions are represented by Wilson lines, which are the
scattering matrix elements of bare partonic states in mixed
space: transverse position–longitudinal momentum. Thus in
order to calculate the amplitude we need to develop the
incoming virtual photon state in terms of these bare states.
The state jγ�λðq̂; Q2Þii is the physical one-photon state in

the interaction picture. We start by its perturbative Fock
state decomposition in momentum space, which is given by

jγ�λðq̂; Q2Þii ¼
ffiffiffiffiffiffiffi
Zγ�

p �
non-QCDFock statesþ

X
qq̄ F: states

Ψγ�λ→qq̄jqðk̂0; h0; α0Þq̄ðk̂1; h1; α1Þi

þ
X

qq̄g F: states

Ψγ�λ→qq̄gjqðk̂0; h0; α0Þq̄ðk̂1; h1; α1Þgðk̂2; σ; aÞi þ � � �
�
; ð11Þ

where q̂ ¼ ðqþ;qÞ,Q, and λ are the spatial three momentum, virtuality, and polarization of the virtual photon, respectively.
The explicit phase space sum over the quark-antiquark ðqq̄Þ and the quark-antiquark-gluon ðqq̄gÞ Fock states are defined in
D dimensions as

X
qq̄F: states

¼
X
h0 ;h1

λ
α0 ;α1

�Y1
i¼0

Z
∞

0

dkþi Θðkþi Þ
2kþi ð2πÞ

�
2πδ

�
qþ −

X1
j¼0

kþj

��Y1
i¼0

Z
dD−2ki

ð2πÞD−2

�
ð2πÞD−2δðD−2Þ

�
q −

X1
j¼0

kj

�
;

X
qq̄gF: states

¼
X
h0 ;h1
λ;σ

α0 ;α1 ;a

�Y2
i¼0

Z
∞

0

dkþi Θðkþi Þ
2kþi ð2πÞ

�
2πδ

�
qþ −

X2
j¼0

kþj

��Y2
i¼0

Z
dD−2ki

ð2πÞD−2

�
ð2πÞD−2δðD−2Þ

�
q −

X2
j¼0

kj

�
: ð12Þ
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From now on we will leave the helicity h0, h1, polarization
σ, λ, and color α1; α1; a indices as well as the quark flavor
implicit, summed over when appropriate. While the lead-
ing-order cross section is of order αem, for NLO accuracy in
this context we want to calculate the cross section to
order2 αemαs. This requires the knowledge of the quark-
antiquark wave function Ψγ�λ→qq̄ to one loop order, and that
of the quark-antiquark-gluon one Ψγ�λ→qq̄g at tree level. The
non-QCD Fock states containing electromagnetic inter-
actions via photons or leptons, higher order Fock states

(represented by the dots), and the photon wave function
renormalization constant Zγ� ¼ 1þOðαemÞ can be ignored
since they do not contribute at the order considered in the
present calculation.
In the dipole factorization picture with eikonal scattering,

we need to switch from the full momentum space repre-
sentation to mixed space, in which the kinematics of a
particle is described by its light cone longitudinal momen-
tum and transverse position. In this case, the Fock state
expansion in Eq. (11) reduces to the following form:

jγ�λðqþ; Q2Þii ¼
ffiffiffiffiffiffiffi
Zγ�

p �
Non-QCDFock statesþ

X̃
qq̄ F: states

Ψ̃γ�λ→qq̄jqðkþ0 ;x0; h0; α0Þq̄ðkþ1 ;x1; h1; α1Þi

þ
X̃

qq̄gF: states

Ψ̃γ�λ→qq̄gjqðkþ0 ;x0; h0; α0Þq̄ðkþ1 ;x1; h1; α1Þgðkþ2 ;x2; σ; aÞi þ � � �
�
; ð13Þ

in terms of the mixed space states defined as transverse Fourier transforms

jqðkþ;x; h; αÞi ¼
Z

dD−2k
ð2πÞD−2 e

−ik·xjqðkþ;k; h; αÞi ð14Þ

and so forth. The phase space sums over the mixed space qq̄ and qq̄g Fock states are

X̃
qq̄ F: states

¼
�Y1

i¼0

Z
∞

0

dkþi Θðkþi Þ
2kþi ð2πÞ

�
2πδ

�
qþ −

X1
j¼0

kþj

�Z
dD−2x0

Z
dD−2x1;

X̃
qq̄gF: states

¼
�Y2

i¼0

Z
∞

0

dkþi Θðkþi Þ
2kþi ð2πÞ

�
2πδ

�
qþ −

X2
j¼0

kþj

�Z
dD−2x0

Z
dD−2x1

Z
dD−2x2: ð15Þ

The Fourier transforms to the mixed space wave functions Ψ̃γ�λ→qq̄ and Ψ̃γ�λ→qq̄g are defined as

Ψ̃γ�L→qq̄ ¼
Z

dD−2k0

ð2πÞD−2

Z
dD−2k1

ð2πÞD−2 e
ik0·x0þik1·x1ð2πÞD−2δðD−2Þðq − k0 − k1ÞΨγ�L→qq̄; ð16Þ

Ψ̃γ�L→qq̄g ¼
Z

dD−2k0

ð2πÞD−2

Z
dD−2k1

ð2πÞD−2

Z
dD−2k2

ð2πÞD−2 e
ik0·x0þik1·x1þik2·x2ð2πÞD−2δðD−2Þðq − k0 − k1 − k2ÞΨγ�L→qq̄g: ð17Þ

It is convenient to factorize out the dependence on the
“center of mass”3 coordinate and the color structure of the
partonic system out from the LCWFs as

Ψ̃γ�λ→qq̄ ¼ δα0α1e
iðq=qþÞ·ðkþ

0
x0þkþ

1
x1Þψ̃ γ�λ→qq̄;

Ψ̃γ�λ→qq̄g ¼ taα0α1e
iðq=qþÞ·ðkþ

0
x0þkþ

1
x1þkþ

2
x2Þψ̃ γ�λ→qq̄g: ð18Þ

The reduced LCWFs ψ̃ γ�λ→qq̄ and ψ̃ γ�λ→qq̄g are independent
of the photon transverse momentum q and cannot depend
on the absolute transverse positions of the Fock state

partons, just on their differences. The color structures
δαβ and taαβ are the only invariant SUðNcÞ color ten-
sors available for the qq̄ and the qq̄g Fock states,
respectively.
Using these notations, the total NLO cross section for a

virtual photon scattering from a classical gluon field takes
the following general form:

σγ
�
λ ¼ 2Nc

X̃
qq̄ F: states

1

2qþ
jψ̃ γ�λ→qq̄j2Re½1 − S01�

þ 2NcCF

X̃
qq̄g F: states

1

2qþ
jψ̃ γ�λ→qq̄gj2Re½1 − S012�

þOðαemα2sÞ; ð19Þ
3In LCPT the “mass” that serves as a weight in this linear

combination is the longitudinal momentum.

2Here αem ¼ e2=ð4πÞ and αs ¼ g2=ð4πÞ are the QED and
QCD coupling constants, respectively.
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where we have introduced the notation4

S01 ¼
1

Nc
TrðUFðx0ÞU†

Fðx1ÞÞ;

S012 ¼
1

NcCF
TrðtbUFðx0ÞtaU†

Fðx1ÞÞUAðx2Þba ð20Þ

for the quark-antiquark ðS01Þ and quark-antiquark-gluon
ðS012Þ amplitudes. Here, the fundamental (F) and the
adjoint (A) Wilson lines are defined as lightlike path
ordered exponentials for a classical gluon target

UFðxÞ ¼ P exp

�
−ig

Z
dxþtaA−

a ðxþ; 0;xÞ
�
;

UAðxÞ ¼ P exp

�
−ig

Z
dxþTaA−

a ðxþ; 0;xÞ
�
; ð21Þ

where ta and Ta are the generators of the fundamental and
adjoint representations, respectively.

IV. LEADING-ORDER LONGITUDINAL
PHOTON WAVE FUNCTION

We now recall the well-known leading order light cone
wave function for the longitudinal virtual photon splitting
into a quark antiquark dipole. The labeling of the kinemat-
ics for this process is shown in Fig. 1. Using the light cone
perturbation theory rules as presented in [16,19], the
leading order γ�L → qq̄ light cone wave function can be
written as

Ψγ�L→qq̄
LO ¼ δα0α1

EDLO
V
γ�L→qq̄
h0;h1

: ð22Þ

Here, the function

V
γ�L→qq̄
h0;h1

¼ þeef
Q
qþ

ūð0Þγþvð1Þ ð23Þ

is an effective QED photon splitting vertex into a qq̄ pair. In
the physical DIS process with a longitudinal photon this is
strictly speaking a part of an instantaneous interaction
vertex with the lepton. However, as discussed in
Refs. [14,16], it can in practice be treated as a separate
vertex. As a remnant of this nature as a part of an
instantaneous interaction, the longitudinal photon does
not couple to instantanous quarks. Following Ref. [16],
we use a condensed notation ūðk0; h0Þ ¼ ūð0Þ, vðk1; h1Þ ¼
vð1Þ etc., to shorten the expressions. In Eq. (23) the
parameter ef is the fractional charge of quark flavor f
and e is the QED coupling constant. In the LO diagram,
there is only one intermediate state, which is the qq̄

state.5 The corresponding light cone energy denominator
EDLO appearing in Eq. (22) is given by the differences of
the light cone energies of the states

EDLO ¼ q− − ðk−0 þ k−1 Þ þ iδ: ð24Þ

Following the discussion of [16], it is possible to
generalize the notation of LCWF to the case of an off-
shell (virtual) photon by assigning the off-shell value

q− ¼ q2 þ q2

2qþ
; with q2 ¼ −Q2 < 0 ð25Þ

to the light cone energy of the photon. The virtuality of the
photon in LCPT actually corresponds to the light cone
energy difference between the incoming electron and the
outgoing electronþ photon state. The off-shell value of q−

is then used in each light cone energy denominator
appearing in the perturbative expansion of the LCWF.
The quarks energies are given by the mass shell relation

k−0 ¼ k2
0 þm2

2kþ0
; k−1 ¼ k2

1 þm2

2kþ1
; ð26Þ

where m is the quark mass. Thus, using Eqs. (25) and (26),
the energy denominator given in Eq. (24) can be written as

EDLO ¼ q2 −Q2

2qþ
−
�
k2
0 þm2

2kþ0
þk2

1 þm2

2kþ1

�
þ iδ

¼ −
qþ

2kþ0 k
þ
1

��
k0 −

kþ0
qþ

q

�
2

þm2 þ kþ0 k
þ
1

ðqþÞ2Q
2

�
þ iδ:

ð27Þ

FIG. 1. Time ordered light cone diagram (momenta flows from
left to right) contributing to the longitudinal virtual photon wave
function at leading order. Here, the quark (antiquark) helicity and
color index are denoted as h0ðh1Þ and α0ðα1Þ, respectively. In the
vertex, the momentum is conserved q̂ ¼ k̂0 þ k̂1, where the
spatial three momentum vectors are denoted as q̂ ¼ ðqþ;qÞ,
k̂0 ¼ ðkþ0 ;k0Þ, and k̂1 ¼ ðkþ1 ;k1Þ,

4Here, Nc is the number of colors, and the color factor
CF ¼ ðNc

2 − 1Þ=ð2NcÞ.

5Recall that in the case of a LCWF computation the state at the
final end of the diagram is an intermediate state with its energy
denominator. It is the state that interacts with the shockwave of
the target and thus not an actual external final state.
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At this stage, it is convenient to introduce the relative
transverse momentum P and the normalized photon vir-
tuality squared Q̄2 as

P¼k0−
kþ0
qþ

q¼−k1þ
kþ1
qþ

q; Q̄2¼ kþ0 k
þ
1

ðqþÞ2Q
2;

P¼k0− zq¼−k1þð1− zÞq; Q̄2¼ zð1−zÞQ2; ð28Þ

where, in the second line, the variables P and Q̄2 are
expressed in terms of the longitudinal momentum fraction
z ¼ kþ0 =q

þ with z ∈ ½0; 1�. Using these notations, the LO
energy denominator becomes

EDLO ¼ 1

ð−2qþÞzð1 − zÞ ½P
2 þ Q̄2 þm2�; ð29Þ

where we have dropped the factor iδ since we only consider
the caseQ2 > 0 in which the energy denominator is strictly
negative.
For the DIS cross section [given in Eq. (19)], we need to

Fourier transform the momentum space expression of
LCWF into mixed space. Using the leading order expres-
sion in Eq. (22), we find for the reduced LCWF [see
Eq. (18)] in mixed space the following expression:

ψ̃
γ�L→qq̄
LO ¼ð−2qþÞzð1−zÞVγ�L→qq̄

h0;h1

Z
dD−2P
ð2πÞD−2

eiP·x01

½P2þQ̄2þm2�:

ð30Þ

Here we have introduced the notation x01 ¼ x0 − x1.
Performing the remaining (D − 2)-dimensional transverse
integral by using the result in Eq. (D8) yields

ψ̃
γ�L→qq̄
LO ¼ −2eefQ

2π
zð1 − zÞūð0Þγþvð1Þ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
2πjx01j

�D
2
−2

× KD
2
−2ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
Þ; ð31Þ

where the function KνðzÞ is the modified Bessel function of
the second kind. Setting D ¼ 4, and calculating explicitly

(see e.g., [67]) the matrix element ūð0Þγþvð1Þ one recovers
the conventional result for the wave function [3].

V. NLO CORRECTIONS TO THE γ�L → qq̄
WAVE FUNCTION

A. Spinor structures and energy denominators

In the longitudinal photon case, at NLO accuracy in
QCD, one finds that the initial-state LCWF for γ�L → qq̄
can be written as a linear combination of two spinor
structures. Using a convenient choice of basis for that
space of spinor structures, one can write

Ψγ�L→qq̄
NLO ¼ δα0α1

EDLO
eef

Q
qþ

�
ūð0Þγþvð1Þ

�
1þαsCF

2π
VL

�

þ ðqþÞ2
2kþ0 k

þ
1

Pjmūð0Þγþγjvð1Þ
�
αsCF

2π

�
SL

�
; ð32Þ

where the NLO form factors VL and SL are the light cone
helicity nonflip (h.nf.) and helicity flip (h.f.) contributions,
respectively. Note that while the transverse photon wave
function has both light cone helicity flip and nonflip terms
already at LO, for the longitudinal photon the flip term only
appears at NLO. This term is related to the quark Pauli form
factor, or the quark anomalous magnetic moment, and is
discussed in more detail in Appendix H.
The LCPT diagrams relevant for the calculation of the

γ�L → qq̄ LCWF at NLO with massive quarks are shown in
Figs. 2–4. There are two “propagator correction” diagrams,
(a) and (b) in Fig. 2, with a gluon loop attached to the quark
or the antiquark. Then, in Fig. 3, there are two “vertex
correction” diagrams (c) and (d), corresponding to two
different kinematical possibilities, with longitudinal
momentum (which is always positive) flowing either up
from the antiquark to the quark or vice versa. Finally, in
Fig. 4, there is an instantaneous gluon exchange (e) between
the quark and the antiquark, in which the gluon momentum
can either flow upwards into the quark or downwards into
the antiquark. It is convenient to split up the contribution
from this diagram into terms contributing to one or the
other of the diagrams in Fig. 3 according to the direction of

FIG. 2. Time ordered (momenta flows from left to right) one-gluon-loop quark self-energy diagrams (a) and (b) contributing to the
longitudinal virtual photon wave function at NLO. In diagram (a) imposing the spatial three momentum conservation at each vertex
gives q̂ ¼ k̂000 þ k̂1, k̂000 ¼ k̂00 þ k̂, and k̂00 þ k̂ ¼ k̂0.
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the momentum flow. Due to the symmetry of the kinemat-
ics by exchange of the quark and the antiquark between the
two classes of graphs, only the calculation of half of
the diagrams is necessary; in this case we will calculate
the ones labeled (a), (c) and the part of (e) where the
momentum flows to the quark as in (c). Note that since the
longitudinal photon is really fundamentally a part of an
instantaneous interaction, there is no diagram with an
instantaneous quark line.
In order to set the stage for our NLO (one-loop)

computation, we start by writing down all the energy
denominators appearing in the first class diagrams. In
diagram (a), there are two energy denominators EDLO
and EDa. Following the notation in Fig. 2(a) and imposing
the plus and transverse momentum conservation, it is
straightforward to show that

EDa ¼ q− − ½k−
00 þ k− þ k−1 � ¼

q2 −Q2

2qþ
−
�
k2
00 þm2

2kþ
00

þ k2

2kþ
þ k2

1 þm2

2kþ1

�

¼ −kþ0
2kþðkþ0 − kþÞ

��
k −

kþ

kþ0
k0

�
2

þ kþðkþ0 − kþÞqþ
ðkþ0 Þ2kþ1

�
P2 þ Q̄2 þ kþ0 ðqþ − kþÞ

qþðkþ0 − kþÞm
2

��
ð33Þ

and the LO energy denominator EDLO is given by Eq. (27).
In diagram (c), there are three distinct energy denominators EDv, EDa, and EDLO. Again, following the notation in

Fig. 3(c) and imposing the momentum conservation, we obtain

EDv ¼ q− − ½k−
00 þ k−

10 � ¼
q2 −Q2

2qþ
−
�
k2
00 þm2

2kþ
00

þ k2
10 þm2

2kþ
10

�

¼ −qþ

2ðkþ0 − kþÞðkþ þ kþ1 Þ
���

k −
kþ

kþ0
k0

�
þL

�
2

þ ðkþ0 − kþÞðkþ þ kþ1 Þ
kþ0 k

þ
1

Q̄2 þm2

�
; ð34Þ

where thenotationL¼−ðkþ0 −kþÞP=kþ0 hasbeen introduced.
Finally, for the instantaneous diagram (e), in which the

gluon momentum flows to the quark, there are two distinct
energy denominators, EDv and EDLO.
For all three diagrams, it is convenient to change

variables from the momentum of the gluon k and kþ to

the relative transverse momentum K and the longitudinal
momentum fraction ξ of the gluon with respect to the
final state quark. These are the natural variables of the
gluon emission and absorption vertices in diagram (a)
and the gluon absorption vertex in diagram (c). They are
defined as

FIG. 3. Time ordered (momenta flows from left to right) one-gluon-loop vertex diagrams (c) and (d) contributing to the longitudinal
virtual photon wave function at NLO. In diagram (c) imposing the spatial three momentum conservation at each vertex gives
q̂ ¼ k̂00 þ k̂10 , k̂00 þ k̂ ¼ k̂0, and k̂10 ¼ k̂þ k̂1.

FIG. 4. Time ordered (momenta flows from left to right) one-
gluon-loop instantaneous diagram (e) contributing to the longi-
tudinal virtual photon wave function at NLO. In diagram
(e) imposing the spatial three momentum conservation gives
q̂ ¼ k̂00 þ k̂10 . For the case, in which the gluon momentum flows
to the quark, the spatial three momentum conservation also gives
k̂00 ¼ k̂þ k̂0 and k̂10 ¼ k̂1 − k̂0
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K ¼ k −
kþ

kþ0
k0 ¼ k − ξk0 with kþ ¼ ξzqþ: ð35Þ

In these notations, the energy denominators in Eqs. (33)
and (34) can be cast into the following form:

EDa ¼
1

ð−2qþÞzξð1 − ξÞ ½K
2 þ Δ1�;

EDv ¼
1

ð−2qþÞzð1 − ξÞð1 − zð1 − ξÞÞ ½ðKþLÞ2 þ Δ2�;

L ¼ −ð1 − ξÞP; ð36Þ

where the coefficients Δ1 and Δ2 are given by

Δ1 ¼
ξð1 − ξÞ
ð1 − zÞ ½P2 þ Q̄2 þm2� þ ξ2m2;

Δ2 ¼ ð1 − ξÞ
�
1þ ξz

ð1 − zÞ
�
Q̄2 þm2: ð37Þ

In the following subsections, we present the detailed
computation of the NLO form factors VL and SL coming
from the one-loop self-energy, vertex, and instantaneous
diagrams.

B. One-loop quark self-energy

We start by computing the contribution to the γ�L → qq̄
LCWF in Eq. (32) from the one-loop massive one-loop
quark self-energy diagrams shown in Figs. 2(a) and 2(b).
Applying the diagrammatic LCPT rules formulated in
momentum space yields the following expression for
Fig. 2(a):

Ψγ�L→qq̄
ðaÞ ¼

Z edkZ ˜dk00
Z

˜dk000 ð2πÞD−1δðD−1Þðk̂00 þ k̂ − k̂0Þð2πÞD−1δðD−1Þðk̂000 − k̂00 − k̂Þ
NL

ðaÞ
EDaðEDLOÞ2

¼ 1

16π

Z
kþ
0

0

dkþ

kþkþ0 ðkþ0 − kþÞ
Z

dD−2k
ð2πÞD−2

NL
ðaÞ

EDaðEDLOÞ2
; ð38Þ

where the energy denominators are written down in Eqs. (27) and (33). The product of light cone vertices (the summation is
implicit over the internal helicities, gluon polarization, and color) is given by the numerator

NL
ðaÞ ¼

þeefg2Qtaα0ᾱ0t
a
ᾱ0α1

qþ
½ūð0Þε=σðkÞuð00Þ�½ūð00Þε=�σðkÞuð000Þ�½ūð000Þγþvð1Þ�: ð39Þ

We make the change of variables ðk; kþÞ ↦ ðK; ξÞ as defined in Eq. (35) and regulate the small kþ → 0 (or ξ → 0Þ
divergences by an explicit cutoff kþ > αqþ (or ξ > α=z) with the dimensionless parameter α > 0. Using Eq. (36) together
with Eq. (37), we can simplify the expression in Eq. (38) to

Ψγ�L→qq̄
ðaÞ ¼ −1

8πqþðEDLOÞ2
Z

1

α=z

dξ
z

Z
dD−2K
ð2πÞD−2

NL
ðaÞ

½K2 þ Δ1�
: ð40Þ

The detailed calculation of the numerator in Eq. (39) is performed in Appendix B and gives

NL
ðaÞ ¼

2g2CF

ξ2ð1 − ξÞ δα0α1V
γ�L→qq̄
h0;h1

�
½1þ ð1 − ξÞ2�K2 þm2ξ4 þ ðDs − 4Þ

2
ξ2½K2 þm2ξ2�

�
: ð41Þ

We remind the reader that from this expression one obtains both the FDH scheme result by taking the limitDs → 4, and the
CDR one by setting Ds ¼ D.
At this point, it is convenient to define the UV divergent one-loop scalar integral as

A0ðΔ1Þ ¼ 4πðμ2Þ2−D=2

Z
dD−2K
ð2πÞD−2

1

½K2 þ Δ1�
; ð42Þ

where μ2 is the scale introduced by transverse dimensional regularization. Note that in the framework of transverse
dimensional regularization
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4πðμ2Þ2−D=2

Z
dD−2K
ð2πÞD−2

K2

½K2 þ Δ1�
¼ −Δ1A0ðΔ1Þ: ð43Þ

Under these simplifications Eq. (40) reduces to

Ψγ�L→qq̄
ðaÞ ¼ Ψγ�L→qq̄

LO

�
αsCF

2π

��
−
Z

1

α=z

dξ
ξ
½1þ ð1 − ξÞ2�A0ðΔ1Þ −

2ð1 − zÞm2

½P2 þ Q̄2 þm2�
Z

1

0

dξA0ðΔ1Þ

−
ðDs − 4Þ

2

Z
1

0

dξξA0ðΔ1Þ
�
; ð44Þ

where the result for the integral A0ðΔ1Þ can be written as [16]

A0ðΔ1Þ ¼ Γ
�
2 −

D
2

��
Δ1

4πμ2

�D
2
−2

¼ ð4πÞ2−D
2

ð2 − D
2
Þ Γ

�
3 −

D
2

�
− log

�
Δ1

μ2

�
þOðD − 4Þ: ð45Þ

We note that this result is the same for any variant of
dimensional regularization.

C. Quark mass renormalization

From the expression (45) for the integral A0ðΔ1Þ, it is
clear that the one-loop quark self-energy diagram (a) is UV
divergent. UV divergences have been already found for
that diagram and for the other ones in the massless quark
case [16,17,19]. In that case, the UV divergences cancel
each other at the cross section level. UV divergences with
such a behavior are expected to occur as well in the
massive quark case studied in the present paper. However,
since the expression for the longitudinal photon wave
function (and thus the one for the longitudinal photon cross
section) involves the quark mass already at LO, NLO
corrections are expected to also include UV divergences
associated with quark mass renormalization. Hence, one
expect two types of UV divergences, which need to be
disentangled.
In the LO expression (22) for the longitudinal photon

wave function, the quark mass appears in the energy
denominator EDLO, Eq. (29), but not in the numerator
(23). In the bare perturbation theory approach, one uses the
bare mass m0 when writing the expression of the diagrams
from the Feynman rules in light-front perturbation theory,
in particular in the energy denominators. Then, the bare
mass is rewritten as m2

0 ¼ m2 − δm2 in the result, and a
Taylor expansion at small mass shift δm2 is performed,
assuming δm2 ∼ αs. Mass renormalization then amounts to
imposing an extra condition in order to determine δm2.
When following such a bare perturbation theory approach
for the longitudinal photon wave function, the energy
denominator EDLO becomes

1

EDLOðm2
0Þ
¼ 1

EDLOðm2Þþ
∂

∂m2EDLOðm2Þ
EDLOðm2Þ2 δm2þOððδm2Þ2Þ

¼ 1

EDLOðm2Þ
�
1−

�
δm2

2kþ0
þδm2

2kþ1

�
1

EDLOðm2Þ
�

þOððδm2Þ2Þ: ð46Þ

By contrast, in the renormalized perturbation approach, one
uses the renormalized mass m when writing down the
diagrams, and instead includes mass counterterms in the
light-front Hamiltonian, corresponding to additional two-
point vertices. In that context, the contributions δm2=2kþ0
and δm2=2kþ1 in Eq. (46) are reinterpreted as coming from
the NLO diagrams obtained by inserting such a mass
counterterm on the quark or antiquark line respectively in
the LO diagram in Fig. 1. The important point to note is the
doubling of the energy denominator for these terms. Hence,
these terms are enhanced in the limit EDLO → 0, corre-
sponding to the on-shell limit for the quark-antiquark Fock
state. In the bare perturbation theory approach, the dou-
bling of the energy denominator comes naturally from the
Taylor expansion. In the renormalized perturbation theory
approach, on the other hand, it comes from the fact that one
should include an energy denominator both before and after
the insertion of the mass counterterm. Only NLO correc-
tions coming with an extra copy of the energy denominator
EDLO can thus be absorbed into the quark mass in the
energy denominator, via mass renormalization.
In the massless quark case, the extra copy of the energy

denominator EDLO disappears in the course of the evalu-
ation of diagram (a) (see for example Sec. IV in Ref. [16]),
showing that no quark mass can be radiatively generated by
such a self-energy diagram, and that the UV divergences
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encountered in the massless case have nothing to do with
the renormalization of the quark mass in the energy
denominator.
Let us now come back to the expression (44) for the

quark self-energy diagram (a). Remember that one copy of
the energy denominator EDLO is already included in the
LO wave function, and that EDLO is proportional to

ðP2 þ Q̄2 þm2Þ [see Eq. (29)]. One finds that only the
second term of (44) exhibits a doubling of the energy
denominator and can thus be associated with mass renorm-
alization. Note also from Eq. (37) that Δ1 depends on
EDLO, and that Δ1 → ξ2m2 in the on-shell limit
ðP2 þ Q̄2 þm2Þ → 0. We now add and subtract a term
with Δ1 → ξ2m2 to rewrite Eq. (44) as

Ψγ�L→qq̄
ðaÞ ¼ Ψγ�L→qq̄

LO

�
αsCF

2π

��
−

2ð1 − zÞm2

½P2 þ Q̄2 þm2�
Z

1

0

dξA0ðξ2m2Þ −
Z

1

α=z

dξ
ξ
½1þ ð1 − ξÞ2�A0ðΔ1Þ

− 2ð1 − zÞm2

Z
1

0

dξ
½A0ðΔ1Þ −A0ðξ2m2Þ�

½P2 þ Q̄2 þm2� −
ðDs − 4Þ

2

Z
1

0

dξξA0ðΔ1Þ
�
; ð47Þ

where now only the first term can contribute to mass
renormalization. By contrast, the UV divergence in the
second term is one that should cancel at the cross section
level, like in the massless case. The terms on the second line
in (47) are UV finite.
Other contributions to mass renormalization in the energy

denominators come from the “self-induced inertia” or
“seagull” diagrams [50,62,63]. These diagrams, which
correspond to instantaneous self-energy loops, are highly
sensitive to the details of the UV regularization procedure.
They bring a pure extra power of the energy denominator
EDLO, and can thus be entirely absorbed into the quark mass
in the energy denominator, via mass renormalization. We
plan to present a complete analysis of mass renormalization
in light-front perturbation theory at one loop in a separate

future work, with a special emphasis on UV regularization
issues and on self-induced inertia contributions.
Here, in order to avoid entering further into these issues,

we choose the on-shell scheme for mass renormalization.
In the context of the present calculation, this scheme is
defined by imposing a strict cancellation between all the
enhanced contributions in the on-shell limit EDLO → 0, or
equivalently ðP2 þ Q̄2 þm2Þ → 0.6 Hence, the quark mass
counterterm is chosen in order to cancel exactly the self-
induced inertia insertions on the quark line and the first
term in Eq. (47) from the diagram (a). Adding the self-
induced inertia contributions and the quark counterterm to
the diagram (a) and choosing the on-shell scheme for mass
renormalization thus simply leads to a result where the first
term of Eq. (47) is absent

Ψγ�L→qq̄
ðaÞ ¼ Ψγ�L→qq̄

LO

�
αsCF

2π

��
−
Z

1

α=z

dξ
ξ
½1þ ð1 − ξÞ2�A0ðΔ1Þ

− 2ð1 − zÞm2

Z
1

0

dξ
½A0ðΔ1Þ −A0ðξ2m2Þ�

½P2 þ Q̄2 þm2� −
ðDs − 4Þ

2

Z
1

0

dξξA0ðΔ1Þ
�
: ð48Þ

We keep calling this expression the (mass renormalized)
contribution of diagram (a), by a slight abuse of language.
The same treatment is done on the antiquark line, with
diagram (b).
In the case of the transverse photon wave function, which

we will study in a future publication, the quark mass also
appears in the numerator in the LO expression, in the
transverse photon to quark-antiquark vertex. Hence, at
NLO, one has to deal with mass renormalization in the
numerator as well. This involves vertex correction diagrams

analog to diagrams (c) and (d), and another quark mass
counterterm which is a three-point vertex. In light-front
perturbation theory, mass renormalization corrections in
either the denominator or the numerator thus occur in a very
different pattern. In principle, the final result for the mass
shift should be the same in both case, but this property is
typically lost if the UV regularization procedure does not
preserve the full Poincaré symmetry [56,58–60,68].
The expression (48) for the mass renormalized contribu-

tion from the self-energy diagram (a) can now be written as

Ψγ�L→qq̄
ðaÞ ¼ Ψγ�L→qq̄

LO

�
αsCF

2π

�
VL
ðaÞ: ð49Þ

Using Eq. (45), the form factor VL
ðaÞ can be evaluated as

6Note that the total energy of the quark-antiquark state is
positive. This means that the renormalization condition is
determined at a timelike virtuality for the photon Q2 < 0, away
from the physical (spacelike) region for the DIS process.
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VL
ðaÞ ¼

�
3

2
þ 2 log

�
α

z

���ð4πÞ2−D
2

ð2 − D
2
Þ Γ

�
3 −

D
2

�
þ log

�ð1 − zÞμ2
Q̄2 þm2

�
− log

�
P2 þ Q̄2 þm2

Q̄2 þm2

��

− log2
�
α

z

�
−
π2

3
þ 3þ 1

2

ðDs − 4Þ
ðD − 4Þ þ IVðaÞ ðz;PÞ þOðD − 4Þ: ð50Þ

In the above expression, the factor ðDs − 4Þ=2ðD − 4Þ is the regularization scheme dependent coefficient coming from the
following integral:

−
ðDs − 4Þ

2

Z
1

0

dξξA0ðΔ1Þ ¼
1

2

ðDs − 4Þ
ðD − 4Þ þOðDs − 4Þ; ð51Þ

and the function IVðaÞ is defined as

IVðaÞ ðz;PÞ ¼ ðP2 þ Q̄2 þm2Þ
Z

1

0

dξ
ξ

�
−
2 logðξÞ
ð1 − ξÞ þ ð1þ ξÞ

2

��
1

P2 þ Q̄2 þm2
−

1

P2 þ Q̄2 þm2 þ ξð1−zÞ
ð1−ξÞ m

2

�
: ð52Þ

This integral is ξ → 0 finite and we could in principle perform the integration over ξ analytically. However, it turns out that it is
more convenient to Fourier transform first and then perform the remaining integral numerically.
The mass renormalized LCWF for the quark self-energy diagram in diagram (b) shown in Fig. 2 can be now easily

obtained by using the symmetry between the diagrams (a) and (b), i.e., by making the substitution z ↦ 1 − z and P ↦ −P
in Eq. (49) simultaneously. This yields

Ψγ�L→qq̄
ðbÞ ¼ Ψγ�L→qq̄

LO

�
αsCF

2π

�
VL
ðbÞ; ð53Þ

where

VL
ðbÞ ¼

�
3

2
þ 2 log

�
α

1 − z

���ð4πÞ2−D
2

ð2 − D
2
Þ Γ

�
3 −

D
2

�
þ log

�
zμ2

Q̄2 þm2

�
− log

�
P2 þ Q̄2 þm2

Q̄2 þm2

��

− log2
�

α

1 − z

�
−
π2

3
þ 3þ 1

2

ðDs − 4Þ
ðD − 4Þ þ IVðbÞ ðz;PÞ þOðD − 4Þ ð54Þ

and

IVðbÞ ðz;PÞ ¼ ðP2 þ Q̄2 þm2Þ
Z

1

0

dξ
ξ

�
−
2 logðξÞ
ð1 − ξÞ þ ð1þ ξÞ

2

��
1

P2 þ Q̄2 þm2
−

1

P2 þ Q̄2 þm2 þ zξ
ð1−ξÞm

2

�
: ð55Þ

Summing the expressions in Eqs. (49) and (53), we obtain for the full contribution of the one-loop quark self-energy to
the γ�L → qq̂ LCWF the result

Ψγ�L→qq̄
ðaÞþðbÞ ¼ Ψγ�L→qq̄

LO

�
αsCF

2π

�
VL
ðaÞþðbÞ; ð56Þ

where the NLO form factor VL
ðaÞþðbÞ can be written as

VL
ðaÞþðbÞ ¼ 2

�
3

2
þ log

�
α

z

�
þ log

�
α

1 − z

���ð4πÞ2−D
2

ð2 − D
2
Þ Γ

�
3 −

D
2

�
þ log

�
μ2

Q̄2 þm2

�
− log

�
P2 þ Q̄2 þm2

Q̄2 þm2

��

þ ½logðzÞ þ logð1 − zÞ�
�
3

2
þ 2 logðαÞ

�
− 4 logðzÞ logð1 − zÞ − log2

�
α

z

�
− log2

�
α

1 − z

�

−
2π2

3
þ 6þ ðDs − 4Þ

ðD − 4Þ þ IVðaÞ ðz;PÞ þ IVðbÞ ðz;PÞ þOðD − 4Þ: ð57Þ
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D. Vertex and instantaneous contributions

We now proceed to calculate the one-loop vertex correction diagram (c) shown in Fig. 3 and the instantaneous diagram
(e) shown in Fig. 4. For diagram (c), the momentum space expression of the LCWF can be written as

Ψγ�L→qq̄
ðcÞ ¼

Z edkZ ˜dk00
Z

˜dk10 ð2πÞD−1δðD−1Þðk̂00 þ k̂ − k̂0Þð2πÞD−1δðD−1Þðk̂10 − k̂ − k̂1Þ
NL

ðcÞ
EDvEDaEDLO

¼ 1

16π

Z
kþ
0

0

dkþ

kþðkþ0 − kþÞðkþ þ kþ1 Þ
Z

dD−2k
ð2πÞD−2

NL
ðcÞ

EDvEDaEDLO
; ð58Þ

where the light cone energy denominators EDv, EDa, and EDLO are given in Eqs. (34), (33), and (27), respectively. The
numerator (again the summation is implicit over the internal helicities, gluon polarization, and color) is given by

NL
ðcÞ ¼

−eefg2Qδα0α1CF

qþ
½ūð0Þε=σðkÞuð00Þ�½ūð00Þγþvð10Þ�½v̄ð10Þε=�σðkÞvð1Þ�: ð59Þ

Applying again the change of variables ðk; kþÞ ↦ ðK; ξÞ, we obtain

Ψγ�L→qq̄
ðcÞ ¼ 1

4π

z
EDLO

Z
1

α=z
dξð1 − ξÞ

Z
dD−2K
ð2πÞD−2

NL
ðcÞ

½K2 þ Δ1�½ðKþLÞ2 þ Δ2�
; ð60Þ

where the detailed calculation of the numerator in Eq. (59) is found in Appendix C, and gives

NL
ðcÞ ¼ −2δα0α1V

γ�L→qq̄
h0;h1

ðg2CFÞ
�
1

ξ2

�ð1− zÞ
z

þð1− ξÞð1− zð1− ξÞÞ
z

−
ðDs − 4Þ

2
ξ2
�
δikðDsÞK

i

�
Kk þ ξ

1− z
Pk

�
þ zξ2

1− z
m2fðDsÞ

�

þ 2δα0α1
eefQ

qþ
ðg2CFÞmūð0Þγþγivð1Þ1

z

��
z

1− z
− 1−

zξ
1− z

fðDsÞ

�
Ki − ξ

�
1þ zξ

1− z
fðDsÞ

�
Pi

�
ð61Þ

with fðDsÞ ¼ 1þ ðDs − 4Þ=2.

At tree level, the longitudinal photon to quark-antiquark
splitting Eq. (31) is proportional to the light cone helicity
conserving Dirac structure ūð0Þγþvð1Þ ∼ δh0;−h1 . At one-
loop level, the helicity structure is more complicated, since
in addition to a correction to the light cone helicity
conserving structure, the result also contains a light cone
helicity flip term ∼δh0;h1 . However, to calculate the NLO
cross section the one-loop wave function in the amplitude
will be convoluted with the tree-level one in the conjugate
amplitude. Since also the eikonal interactions with the
target conserve light cone helicity, the two different helicity
structures do not interfere. Thus, in fact, the light cone
helicity flip term does not contribute to the cross section at
this order in perturbation theory. At NNLO the square of
this term would contribute to the cross section. It will
therefore be convenient to separate out the two helicity
structures at this point in the calculation. To do this, we split
the result Eq. (60) into two parts

Ψγ�L→qq̄
ðcÞ ¼ Ψγ�L→qq̄

LO

�
αsCF

2π

�
VL
ðcÞ þ Ψγ�L→qq̄

h:f:;ðcÞ; ð62Þ

where the NLO form factor VL
ðcÞ, which factorizes from the

LO contribution, is given by

VL
ðcÞ ¼ −

Z
1

α=z
dξð1 − ξÞIL

ðcÞ ð63Þ

with

IL
ðcÞ ¼ 4πðμ2Þ2−d=2

Z
dd−2K
ð2πÞd−2

1

½K2þΔ1�½ðKþLÞ2þΔ2�

×

�ð1− zÞ
ξ2

�
1þð1− ξÞ

�
1þ zξ

1− z

�
−
ðDs− 4Þ

2

zξ2

1− z

�

× δikðDsÞK
i

�
Kkþ ξ

1− z
Pk

�
þ z2ξ2

1− z
m2fðDsÞ

�
: ð64Þ

The second term in Eq. (62) is the light cone helicity flip
term that appears only in the massive quark case, and it
contributes to the form factor SL in Eq. (32). This term can
be simplified to
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Ψγ�L→qq̄
h:f:;ðcÞ ¼ δα0α1

eef
EDLO

Q
qþ

mūð0Þγþγivð1Þ
�
αsCF

2π

�Z
1

0

dξð1 − ξÞIL;i
h:f:;ðcÞ ð65Þ

with

IL;i
h:f:;ðcÞ ¼ 4πðμ2Þ2−d=2

Z
dd−2K
ð2πÞd−2

1

½K2þΔ1�½ðKþLÞ2þΔ2�
��

z
1− z

−1−
zξ
1−z

fðDsÞ

�
Ki−ξ

�
1þ zξ

1− z
fðDsÞ

�
Pi

�
: ð66Þ

It turns out that the most efficient way to compute the integrals IL
ðcÞ and I

L;i
h:f:;ðcÞ is to rewrite them as a linear combination of

tensor and scalar integrals.7 This procedure, in both regularization (FDH and CDR) schemes, gives

IL
ðcÞ ¼

1

ξ

�
1þ ð1 − ξÞ

�
1þ zξ

1 − z

�
−
ðDs − 4Þ

2

zξ2

1 − z

��ð1 − zÞ
ξ

A0ðΔ2Þ þ PiBiðΔ1;Δ2;LÞ

− ½ð1 − ξÞ½P2 þ Q̄2 þm2� þ ξð1 − zÞm2�B0ðΔ1;Δ2;LÞ
�
þ z2ξ2

1 − z
m2fðDsÞB0ðΔ1;Δ2;LÞ ð67Þ

and

IL;i
h:f:;ðcÞ ¼

�
z

1 − z
− 1 −

zξ
1 − z

fðDsÞ

�
BiðΔ1;Δ2;LÞ − ξ

�
1þ zξ

1 − z
fðDsÞ

�
PiB0ðΔ1;Δ2;LÞ; ð68Þ

where the one-loop vector integral BiðΔ1;Δ2;LÞ ¼ LiB1ðΔ1;Δ2;LÞ and the scalar integrals B0 and B1 are given in
Ref. [16]. The integrals B0 and Bi in Eqs. (67) and (68) are both UV finite, and therefore all the UV divergences are carried
by the scalar integral A0ðΔ2Þ, where the coefficient Δ2 [defined in Eq. (37)] is independent of P. This is particularly
convenient, since we have to later Fourier transform the P-dependence of the LCWF in Eq. (62). In addition, since only the
integral A0 is UV divergent, the scheme dependent part comes from the term proportional to IL

ðcÞ ∼ ðDs − 4ÞA0ðΔ2Þ in
Eq. (67), and in the other terms we can set Ds ¼ 4 and fðDsÞ ¼ 1.
Since the vector integral BiðΔ1;Δ2;LÞ is proportional to Pi, the helicity flip contribution can be written as

Ψγ�L→qq̄
h:f:;ðcÞ ¼ δα0α1

eef
EDLO

Q
qþ

�
αsCF

2π

�
Pi

2zð1 − zÞmūð0Þγþγivð1ÞSL
ðcÞ; ð69Þ

with

SL
ðcÞ ¼ 2z

Z
1

0

dξð1 − ξÞ
�
½2z − 1 − zξfðDsÞ�

PjBj

P2
þ ½z − 1 − zξfðDsÞ�ξB0

�
: ð70Þ

The (UV and IR finite) light cone helicity flip contribution (69) will not contribute to the cross section at NLO, since it
cannot interfere with the LO LFWF which is helicity nonflip. Hence, we will from here on concentrate only on the helicity
conserving part that does contribute to the cross section at NLO. The helicity flip term can be used, as discussed in
Appendix H, to rederive the known result for the one-loop Pauli form factor of a massive quark, serving as an additional
cross check of our result.
To proceed with the helicity conserving part, we first write the expression in Eq. (63) as a sum of two terms

VL
ðcÞ ¼ VL

ðcÞjA þ VL
ðcÞjB; ð71Þ

where the first and the second term on the right-hand side of Eq. (71) are the UV divergent and the UV finite pieces of VðcÞ,
respectively. Following the notation of Eq. (67), these two terms can be written as

VL
ðcÞjA ¼ −ð1 − zÞ

Z
1

α=z
dξ

ð1 − ξÞ
ξ2

�
1þ ð1 − ξÞ

�
1þ zξ

1 − z

�
−
ðDs − 4Þ

2

zξ2

1 − z

�
A0ðΔ2Þ ð72Þ

7Here, we follow the notation and discussion presented in Ref. [16], see Appendix D.
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and

VL
ðcÞjB ¼

Z
1

α=z
dξ

�
−
z2ξ2ð1 − ξÞ

1 − z
m2B0ðΔ1;Δ2;LÞ þ ð1 − ξÞ

ξ

�
1þ ð1 − ξÞ

�
1þ zξ

1 − z

���
−PiBiðΔ1;Δ2;LÞ

þ ½ð1 − ξÞ½P2 þ Q̄2 þm2� þ ξð1 − zÞm2�B0ðΔ1;Δ2;LÞ
��

: ð73Þ

At this stage, we could carry on and evaluate explicitly the UV divergent term above, but it turns out to be convenient to
first add a contribution coming from the instantaneous diagram (e). Using the notation shown in Fig. 4, the contribution of
the instantaneous diagram (e) to the LCWF is given by

Ψγ�L→qq̄
ðeÞ ¼ 1

8π

Z
qþ

0

dkþ
00

kþ
00 ðqþ − kþ

00 Þ
Z

dd−2k00

ð2πÞd−2
NL

ðeÞ
EDvEDLO

; ð74Þ

where the numerator can be simplified to

NL
ðeÞ ¼ −δα0α1V

γ�L→qq̂
h0;h1

ðg2CFÞ
4kþ

00 ðqþ − kþ
00 Þ

ðkþ
00 − kþ0 Þ2

: ð75Þ

As discussed in [16,19] (but now in the massive quark case), the LCWF can be split up into two UV divergent contributions
according to the direction of the momentum flow along the instantaneous gluon line. It is straightforward to show that these
two contributions take the following form [16]:

Ψγ�L→qq̄
ðeÞ ¼ Ψγ�L→qq̄

LO

�
αsCF

2π

�
½VL

ðeÞ1 jA þ VL
ðeÞ2 jA�; ð76Þ

where, in the first term ðeÞ1, the light cone momentum of the gluon line is flowing upwards into the quark line and in the
second term ðeÞ2 in the opposite direction. The UV divergent coefficient corresponding to the first term simplifies to

VL
ðeÞ1 jA ¼ 2

Z
kþ
0

0

dkþ

qþ

�
kþ0 k

þ
1

ðkþÞ2 þ
ðkþ0 − kþ1 Þ

kþ
− 1

�
A0ðΔ2Þ ¼ 2ð1 − zÞ

Z
1

α=z
dξ

ð1 − ξÞ
ξ2

�
1þ zξ

ð1 − zÞ
�
A0ðΔ2Þ: ð77Þ

The coefficient VL
ðeÞ2 , where the light cone momentum of the gluon line is flowing downwards into the antiquark line, is

obtained by making the substitution z ↦ 1 − z in Eq. (77).
We can now calculate the sum of diagrams (c) and (e) in momentum space. First, summing the UV divergent pieces of the

vertex correction diagram in Eqs. (72) and the ðeÞ1 part of the instantaneous diagram in (77) together we obtain

½VL
ðcÞ þ VL

ðeÞ1 �jA ¼
Z

1

α=z
dξ

ð1 − ξÞ
ξ

ð1þ zξÞA0ðΔ2Þ þ
ðDs − 4Þ

2
z
Z

1

0

dξð1 − ξÞA0ðΔ2Þ: ð78Þ

Here, the unphysical term dξ=ξ2 cancels out between the A0ðΔ2Þ terms in the diagrams (c) and (e), and the remaining
integrals in Eq. (78) can be performed analytically. Using the expression in Eq. (45) for A0ðΔ2Þ, we can rewrite the
expression above as

½VL
ðcÞ þ VL

ðeÞ1 �jA ¼
�
−1þ z

2
− log

�
α

z

�� ð4πÞ2−D
2

ð2 − D
2
Þ Γ

�
3 −

D
2

�
−
z
2

ðDs − 4Þ
ðD − 4Þ

þ
Z

1

α=z
dξ

ð1 − ξÞ
ξ

ð1þ zξÞ
�
− log

�
Δ2

μ2

��
þOðD − 4Þ: ð79Þ

For the remaining ξ integral it is convenient to first factorize the P independent coefficient Δ2 with respect to ξ as

Δ2 ¼
z

ð1 − zÞ Q̄
2ðξðþÞ − ξÞðξ − ξð−ÞÞ; ð80Þ
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where the zeroes in ξ are given by

ξð�Þ ¼ 1 −
1

2z
� 1

2z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4zð1 − zÞm2

Q̄2

s
¼ 1 −

1

2z
� 1

2z
γ; with γ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4m2

Q2

s
: ð81Þ

The square root in Eq. (81) is associated with the threshold for massive quark pair creation if we were interested in the
timelike photon case. In the spacelike case of interest note that ξðþÞ > 1 and ξð−Þ < 0 (which can become equalities for
massless quarks) so that both zeros of Δ2 sit outside of the integration range in ξ. Utilizing these observations, we find the
result

½VL
ðcÞ þVL

ðeÞ1 �jA ¼
�
−1þ z

2
− log

�
α

z

��ð4πÞ2−D
2

ð2−D
2
Þ Γ

�
3−

D
2

�
−
z
2

ðDs−4Þ
ðD−4Þ þIξ;1−I ξ;2− zðIξ;3−Iξ;2ÞþOðD−4Þ; ð82Þ

where closed analytical expressions for the integrals Iξ;1, Iξ;2, and Iξ;3 are given in Appendix F [see Eqs. (F1), (F2),
and (F3)].
The computation of the UV finite part of the coefficient in Eq. (73) is a bit more tricky. It is possible to directly compute

the B0 and Bi integrals, but the result would be too complicated for further analytical integration, in particular over the
required Fourier transform. Instead, we Feynman parametrize the denominator appearing in the B0 and Bi as

�
B0

Bj

�
¼

Z
1

0

dx

�
1

−xLi

�
1

½xð1 − xÞL2 þ ð1 − xÞΔ1 þ xΔ2�
; ð83Þ

where the denominator can be rewritten as

xð1 − xÞL2 þ ð1 − xÞΔ1 þ xΔ2 ¼ ð1 − ξÞ½ð1 − xÞP2 þ Q̄2 þm2�
�
xð1 − ξÞ þ ξ

ð1 − zÞ
�

þ ξm2

�
ξð1 − xÞ þ x

�
1 −

zð1 − ξÞ
ð1 − zÞ

��
: ð84Þ

Now, from Eqs. (83) and (84), we find8

−PiBi þ ð1 − ξÞ½P2 þ Q̄2 þm2�B0 ¼
Z

1

0

dx
ð1 − ξÞ½ð1 − xÞP2 þ Q̄2 þm2�

½xð1 − xÞL2 þ ð1 − xÞΔ1 þ xΔ2�

¼ Iþ
ð1 − ξÞ − ξm2

Z
1

0

dx
ξð1 − xÞ þ xð1 − zð1−ξÞ

ð1−zÞ Þ
½xð1 − ξÞ þ ξ

ð1−zÞ�½xð1 − xÞL2 þ ð1 − xÞΔ1 þ xΔ2�
; ð85Þ

in which the integral Iþ is defined as

Iþ ¼
Z

1

0

dx
ð1 − ξÞ

½xð1 − ξÞ þ ξ
ð1−zÞ�

¼ − logðξÞ þ log ð1 − zð1 − ξÞÞ: ð86Þ

Substituting the expression in Eq. (85) into Eq. (73) yields

VL
ðcÞjB ¼

Z
1

α=z

dξ
ξ

�
1þ ð1 − ξÞ

�
1þ zξ

1 − zÞ
��

Iþ þ IVðcÞ ðz;PÞ; ð87Þ

where we have defined the function IVðcÞ as

8Here, we have condensed the notation of B0ðΔ1;Δ2;LÞ and BiðΔ1;Δ2;LÞ to simply B0 and Bi.
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IVðcÞ ðz;PÞ ¼ m2

Z
1

0

dξ
Z

1

0

dx
CL
m

½xð1 − xÞL2 þ ð1 − xÞΔ1 þ xΔ2�
ð88Þ

with the coefficient

CL
m ¼ z2ð1 − ξÞ

ð1 − zÞ
�
−ξ2 þ xð1 − ξÞ

½1þ ð1 − ξÞð1þ zξ
ð1−zÞÞ�

½xð1 − ξÞ þ ξ
ð1−zÞ�

�
: ð89Þ

The first term on the right-hand side of Eq. (87) is the same integral appearing in the massless case [16]. This integral can be
done analytically and it contains both single and double logs in α, but no dependence on P (thus this contribution factors out
of the Fourier transform). The second term on the right-hand side of Eq. (87) is an additional UV and ξ → 0 finite
contribution coming from the massive quarks. In Eq. (88) we could in principle perform the integration over the ξ and the
Feynman parameter x analytically, but it is more convenient to Fourier transform first and then perform the remaining
integrals numerically.
Collecting now the contributions from Eqs. (82) and (87) together, we obtain the result

Ψγ�L→qq̄
ðcÞþðeÞ1 ¼ Ψγ�L→qq̄

LO

�
αsCF

2π

�
VL
ðcÞþðeÞ1 þ Ψγ�L→qq̄

h:f:;ðcÞ; ð90Þ

where the NLO form factor VL
ðcÞþðeÞ1 can be simplified to

VL
ðcÞþðeÞ1 ¼

�
−1þ z

2
− log

�
α

z

�� ð4πÞ2−D
2

ð2 − D
2
Þ Γ

�
3 −

D
2

�
−
z
2

ðDs − 4Þ
ðD − 4Þ þ Iξ;1 − Iξ;2 − zðI ξ;3 − Iξ;2Þ −

1

2

þ log2
�
α

z

�
þ 1 − 3z

2z
logð1 − zÞ − 2 logð1 − zÞ log

�
α

z

�
− 2Li2

�
−

z
1 − z

�
þ IVðcÞ ðz;PÞ þOðD − 4Þ: ð91Þ

Here, the function Li2ðzÞ is the dilogarithm function, defined as

Li2ðzÞ ¼ −
Z

z

0

dξ
ξ
logð1 − ξÞ: ð92Þ

The final result for the full NLO vertex and instantaneous contribution in the momentum space can be obtained by first
computing the contribution from the diagrams ðdÞþðeÞ2, and then adding the obtained result together with the contribution
in Eq. (90). The first part of the given task is most easily obtained by using the symmetry between diagrams ðcÞþðeÞ1 and
ðdÞþðeÞ2, i.e., by making the substitution z ↦ 1 − z and P ↦ −P simultaneously in Eq. (90). This yields

Ψγ�L→qq̄
ðdÞþðeÞ2 ¼ Ψγ�L→qq̄

LO

�
αsCF

2π

�
VL
ðdÞþðeÞ2 þΨγ�L→qq̄

h:f:;ðdÞ; ð93Þ

where the NLO form factor VL
ðdÞþðeÞ2 can be written as

VL
ðdÞþðeÞ2 ¼

�
−1þ 1 − z

2
− log

�
α

1 − z

�� ð4πÞ2−D
2

ð2 − D
2
Þ Γ

�
3 −

D
2

�
−
ð1 − zÞ

2

ðDs − 4Þ
ðD − 4Þ

þ ½I ξ;1 − Iξ;2 − zðIξ;3 − I ξ;2Þ�jz↦1−z −
1

2
þ log2

�
α

1 − z

�

þ 1 − 3ð1 − zÞ
2ð1 − zÞ logðzÞ − 2 logðzÞ log

�
α

1 − z

�
− 2Li2

�
−
1 − z
z

�
þ IVðdÞ ðz;PÞ þOðD − 4Þ: ð94Þ

Here, the function IVðdÞ is given by

IVðdÞ ðz;PÞ ¼ m2

Z
1

0

dξ
Z

1

0

dx
C̄L
m

½xð1 − xÞL2 þ ð1 − xÞΔ̄1 þ xΔ̄2�
; ð95Þ
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where the coefficients Δ̄1, Δ̄2, and C̄L
m reduce to

Δ̄1 ¼
ξð1 − ξÞ

z
½P2 þ Q̄2 þm2� þ ξ2m2;

Δ̄2 ¼ ð1 − ξÞ
�
1þ ξð1 − zÞ

z

�
Q̄2 þm2; ð96Þ

and

C̄L
m ¼ ð1 − zÞ2ð1 − ξÞ

z

�
−ξ2 þ xð1 − ξÞ ½1þ ð1 − ξÞð1þ ð1−zÞξ

z Þ�
½xð1 − ξÞ þ ξ

z�

�
: ð97Þ

All in all, the final result for the full NLO vertex and instantaneous contribution in the momentum space is obtained by
summing Eqs. (90) and (93) together. After some amount of algebra, we obtain

Ψγ�L→qq̄
ðdÞþðdÞþðeÞ ¼ Ψγ�L→qq̄

LO

�
αsCF

2π

�
VL
ðdÞþðdÞþðeÞ þΨγ�L→qq̄

h:f:;ðcÞþðdÞ; ð98Þ

where the NLO form factor VL
ðdÞþðdÞþðeÞ can be written as

VL
ðdÞþðdÞþðeÞ ¼ −

�
3

2
þ log

�
α

z

�
þ log

�
α

1 − z

���ð4πÞ2−D
2

ð2 − D
2
Þ Γ

�
3 −

D
2

�
þ log

�
μ2

Q̄2 þm2

��

−
7

2
−
1

2

ðDs − 4Þ
ðD − 4Þ − ½logðzÞ þ logð1 − zÞ�

�
3

2
þ 2 logðαÞ

�
þ 4 logð1 − zÞ logðzÞ þ log2

�
α

z

�

þ log2
�

α

1 − z

�
− 2Li2

�
−

z
1 − z

�
− 2Li2

�
−
1 − z
z

�
þ Lðγ; zÞ

þ ΩVðγ; zÞ þ IVðcÞ ðz;PÞ þ IVðdÞ ðz;PÞ þOðD − 4Þ: ð99Þ

Here, we have again used a compact notation by introducing the functions ΩVðγ; zÞ and Lðγ; zÞ, which are given by

ΩVðγ; zÞ ¼
1

2z

�
logð1 − zÞ þ γ log

�
1þ γ

1þ γ − 2z

��
þ 1

2ð1 − zÞ ½logðzÞ þ γ log

�
1þ γ

1þ γ − 2ð1 − zÞ
��

þ 1

4zð1 − zÞ ðγ − 1Þ log
�
Q̄2 þm2

m2

�
þ m2

2Q̄2
log

�
Q̄2 þm2

m2

�
; ð100Þ

and

Lðγ; zÞ ¼ Li2

�
1

1 − 1
2z ð1 − γÞ

�
þ Li2

�
1

1 − 1
2ð1−zÞ ð1 − γÞ

�
þ Li2

�
1

1 − 1
2z ð1þ γÞ

�
þ Li2

�
1

1 − 1
2ð1−zÞ ð1þ γÞ

�
; ð101Þ

with

γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4m2

Q2

s
: ð102Þ

In the massless limit (i.e., γ → 1), the coefficientΩV , integrals IVðcÞ , IVðdÞ , and the light cone helicity flip term vanish, and
the function L satisfies

Lð1; zÞ ¼ π2

3
þ Li2

�
−

z
1 − z

�
þ Li2

�
−
1 − z
z

�
; ð103Þ
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where the sum of two dilogarithm functions can be
simplified by using the following identity:

Li2

�
−

z
1 − z

�
þ Li2

�
−
1 − z
z

�

¼ −
π2

6
−
1

2
log2

�
z

1 − z

�
;

z
1 − z

> 0: ð104Þ

Using these observations one sees that in the massless limit
Eq. (98) simplifies to the result obtained in [16,19].

VI. THE γ�L → qq̄ WAVE FUNCTION IN
COORDINATE SPACE

A. Result in momentum space

Having all these results at hand, we can now write down
the final result for the mass renormalized one-loop cor-
rected γ�L → qq̄ LCWF in momentum space. Adding all the
contributions in Eq. (56) and Eq. (98) together, we obtain
the final result

Ψγ�L→qq̄
NLO ¼ Ψγ�L→qq̄

LO

�
αsCF

2π

�
VL þ Ψγ�L→qq̄

h:f: ; ð105Þ

where the full form factor VL at NLO simplifies to

VL ¼
�
3

2
þ log

�
α

z

�
þ log

�
α

1 − z

���ð4πÞ2−D
2

ð2 − D
2
Þ Γ

�
3 −

D
2

�
þ log

�
μ2

Q̄2 þm2

�
− 2 log

�
P2 þ Q̄2 þm2

Q̄2 þm2

��

þ 5

2
þ 1

2

ðDs − 4Þ
ðD − 4Þ −

π2

3
þ log2

�
z

1 − z

�
þΩVðγ; zÞ þ Lðγ; zÞ þ IVðz;PÞ þOðD − 4Þ ð106Þ

with

IVðz;PÞ ¼ IVðaÞþðbÞ ðz;PÞ þ IVðcÞþðdÞ ðz;PÞ: ð107Þ
Here, the functions IVðaÞþðbÞ and IVðcÞþðdÞ are given by the
sum of integral expressions in Eqs. (52), (55) and Eqs. (88),
(95), respectively. In the massless quark limit m ¼ 0 the
functions IVðaÞþðbÞ , IVðcÞþðdÞ , and ΩVðγ; zÞ vanish. Using the
massless limit of Lðγ; zÞ in Eq. (103) it is then easy to see
that the LCWF reduces to the known result of Ref. [16,19].
For clarity, here we do not show explicitly the light cone

helicity flip termΨγ�L→qq̄
h:f: , since this contribution vanishes at

the cross section level.

B. Fourier transformation to mixed space

We now Fourier transform the full NLO result of γ�L →
qq̄ LCWF in Eq. (105) into mixed space by first using the
explicit expression Eq. (22) for the leading order LCWF in
the factorized form of the NLO result (90). We then factor
out the exponential dependence on the center-of-mass
coordinate of the dipole and the momentum of the photon
as in Eq. (18). This yields

Ψ̃γ�L→qq̄
NLO ¼ δα0α1e

iq
qþ·ðk

þ
0
x0þkþ

1
x1Þψ̃ γ�L→qq̄

NLO þ Ψ̃γ�L→qq̄
h:f: ; ð108Þ

where the reduced NLO LCWF in mixed space
simplifies to

ψ̃
γ�L→qq̄
NLO ¼ −2eefQ

2π
zð1 − zÞūð0Þγþvð1Þ

�
αsCF

2π

�
ṼL ð109Þ

and the Fourier transformed form factor ṼL is given by

ṼL ¼ 2π

Z
dD−2P
ð2πÞD−2

eiP·x01

P2 þ Q̄2 þm2
× VL: ð110Þ

Before writing down the final result for Eq. (110), we need
to clarify some important points. Firstly, the UV finite
terms appearing in Eq. (106) can be Fourier transformed in
four dimensions and only the UV regularization dependent
terms (including the D → 4 pole term) need to be Fourier
transformed in D dimensions. Secondly, most of the NLO
correction terms appearing in Eq. (106) are independent of
the transverse momentum P and thus factor out from the
Fourier transform. In these cases, Eq. (110) reduces to the
LO Fourier transform Eq. (D8) given in Appendix D.
Thirdly, in the NLO correction Eq. (106), there are only
three different types of P dependent terms. All the
corresponding transverse Fourier integrals needed for these
terms are given in Eqs. (D9), (D10), and (D11).
Putting these points together, we find the following

result:

ṼL ¼
��

3

2
þ log

�
α

z

�
þ log

�
α

1 − z

���ð4πÞ2−D
2

ð2 − D
2
Þ Γ

�
3 −

D
2

�
þ log

�
x2
01μ

2

4

�
þ 2γE

�
þ 1

2

ðDs − 4Þ
ðD − 4Þ

�

×

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
2πjx01j

�D
2
−2

KD
2
−2ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
Þ

þ
�
log2

�
z

1 − z

�
−
π2

3
þ 5

2
þ ΩVðγ; zÞ þ Lðγ; zÞ

�
K0ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
Þ þ ĨVðz;x01Þ þOðD − 4Þ; ð111Þ
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where γE is the Euler’s constant and ĨV is the Fourier transformed version of the integral IV in Eq. (107) given by the
following expression:

ĨVðz;x01Þ ¼ ĨVðaÞþðbÞ ðz;x01Þ þ ĨVðcÞþðdÞ ðz;x01Þ ð112Þ

with

ĨVðaÞþðbÞ ðz;x01Þ ¼
Z

1

0

dξ
ξ
½− 2 logðξÞ

ð1 − ξÞ þ ð1þ ξÞ
2

�f2K0ðjx01j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
Þ

− K0

�
jx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2 þ ð1 − zÞξ

1 − ξ
m2

s �
− K0

�
jx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2 þ zξ

1 − ξ
m2

s ��
; ð113Þ

and

ĨVðcÞþðdÞ ðz;x01Þ ¼ m2

Z
1

0

dξ
Z

1

0

dx

��
K0ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
Þ − K0

�
jx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

1 − x
þ κ

r ��

×
CL
m

ð1 − ξÞð1 − xÞ½xð1 − ξÞ þ ξ
ð1−zÞ�½xðQ̄

2þm2Þ
ð1−xÞ þ κ�

þ
�
K0ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
Þ − K0

�
jx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

1 − x
þ κ0

r ��

×
C̄L
m

ð1 − ξÞð1 − xÞ½xð1 − ξÞ þ ξ
z�½xðQ̄

2þm2Þ
ð1−xÞ þ κ0�

�
: ð114Þ

Here the coefficients CL
m and C̄L

m are defined in Eqs. (89) and (97), and κ and κ0 are defined as

κ ¼ ξm2

ð1 − ξÞð1 − xÞ½xð1 − ξÞ þ ξ
ð1−zÞ�

�
ξð1 − xÞ þ x

�
1 −

zð1 − ξÞ
ð1 − zÞ

��
;

κ0 ¼ ξm2

ð1 − ξÞð1 − xÞ½xð1 − ξÞ þ ξ
z�

�
ξð1 − xÞ þ x

�
1 −

ð1 − zÞð1 − ξÞ
z

��
: ð115Þ

Interestingly, the expression for ĨVðcÞ ðz;x01Þ can be simplified by performing the following chain of changes of variables:
x ↦ y≡ ξþ ð1 − ξÞx, ξ ↦ η≡ ξ=y, and finally η ↦ χ ≡ zð1 − ηÞ. One then arrives at

ĨVðcÞ ðz;x01Þ ¼ m2

Z
z

0

dχ
ð1 − χÞ

1

½m2 þ χð1 − χÞQ2�
Z

1

0

dy

�
2χ

y
þ ð2z − 1Þχðz − χÞ

zð1 − zÞ −
yðz − χÞ2
zð1 − zÞ

�

×

�
K0ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
Þ − K0

�
jx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2 þ yð1 − zÞ

ð1 − yÞð1 − χÞ ½m
2 þ χð1 − χÞQ2�

s ��
: ð116Þ

The corresponding expression is obtained by the replacement z ↔ ð1 − zÞ, accompanied for convenience by the change of
variable χ ↔ ð1 − χÞ. This leads to

ĨVðdÞ ðz;x01Þ ¼ m2

Z
1

z

dχ
χ

1

½m2 þ χð1 − χÞQ2�
Z

1

0

dy

�
2ð1 − χÞ

y
þ ð2z − 1Þð1 − χÞðz − χÞ

zð1 − zÞ −
yðz − χÞ2
zð1 − zÞ

�

×

�
K0ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
Þ − K0

�
jx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2 þ yz

ð1 − yÞχ ½m
2 þ χð1 − χÞQ2�

r ��
: ð117Þ
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This concludes our calculation of the one-loop longitudinal photon to quark-antiquark LCWF for massive quarks, needed
for the virtual correction to the DIS cross section. We will now proceed to the quark-antiquark-gluon final state needed for
the radiative corrections.

VII. TREE-LEVEL GLUON EMISSION
WAVE FUNCTION

We then move to the tree-level wave functions for gluon emission from a longitudinal photon state, which are needed for
the full cross section at NLO. As in the massless case [17,19], we need to calculate two gluon emission diagrams shown
in Fig. 5.
Applying the diagrammatic LCPT rules, we obtain for the diagram with gluon emission from the quark, diagram (f), the

following expression in momentum space:

Ψγ�L→qq̄g
ðfÞ ¼

Z edk00 ð2πÞD−1δðD−1Þðk̄00 − k̂2 − k̂0Þ
gtaα0α1 ½ūð0Þε=�σðk2Þuð00Þ�eefðQ=qþÞ½ūð00Þγþvð1Þ�

EDq00 q̂1EDðq0g2Þq̂1

¼ þeefQgtaα0α1
2qþðkþ0 þ kþ2 Þ

ūð0Þε=�σðk2Þuð00Þūð00Þγþvð1Þ
EDq00 q̂1EDðq0g2Þq̂1

; ð118Þ

where the energy denominators appearing in Eq. (118) can be written as

EDq00 q̂1 ¼
q2 −Q2

2qþ
−
�
k2
00 þm2

2kþ
00

þ k2
1 þm2

2kþ1

�
¼ −qþ

2kþ1 ðkþ0 þ kþ2 Þ
��

k1 −
kþ1
qþ

q

�
2

þ Q̄2
ðfÞ þm2

�
; ð119Þ

EDðq0g2Þq̂1 ¼
q2 −Q2

2qþ
−
�
k2
0 þm2

2kþ0
þ k2

1 þm2

2kþ1
þ k2

2

2kþ2

�

¼ −kþ0
2kþ2 ðkþ0 þ kþ2 Þ

��
k2 −

kþ2
kþ0

k0

�
2

þ qþkþ2
kþ0 k

þ
1

��
k1 −

kþ1
qþ

q

�
2

þ Q̄2
ðfÞ þm2 þ λðfÞm2

��
; ð120Þ

and the coefficients introduced in the denominators are defined as

Q̄2
ðfÞ ¼

kþ1 ðqþ − kþ1 Þ
ðqþÞ2 Q2; λðfÞ ¼

kþ1 k
þ
2

qþkþ0
: ð121Þ

Similarly, for the diagram with emission from the antiquark (g), we find

Ψγ�L→qq̄g
ðgÞ ¼

Z edk10 ð2πÞD−1δðD−1Þðk̄10 − k̂2 − k̂1Þ
gtaα0α1 ½ūð0Þγþvð10Þ�eefðQ=qþÞ½v̄ð10Þε=�σðk2Þvð1Þ�

EDq0q̂10EDq0ðg2q̂1Þ

¼ −eefQgtaα0α1
2qþðkþ1 þ kþ2 Þ

ūð0Þγþvð10Þv̄ð10Þε=�σðk2Þvð1Þ
EDq0q̂10EDq0ðg2q̂1Þ

; ð122Þ

FIG. 5. Tree-level gluon emission diagrams (f) and (g) contributing to the quark-antiquark-gluon component of the transverse virtual
photon wave function at NLO. Imposing light cone three momentum conservation at each vertex gives for the diagram (f) k̂00 ¼ k̂0 þ k̂2
and q̂ ¼ k̂0 þ k̂1 þ k̂2. Similarly for diagram(g), k̂10 ¼ k̂1 þ k̂2 and q̂ ¼ k̂0 þ k̂1 þ k̂2.
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where the energy denominators in Eq. (122) are given by

EDq0q̂10 ¼
q2 −Q2

2qþ
−
�
k2
0 þm2

2kþ0
þ k2

10 þm2

2kþ
10

�
¼ −qþ

2kþ0 ðkþ1 þ kþ2 Þ
��

k0 −
kþ0
qþ

q

�
2

þ Q̄2
ðgÞ þm2

�
; ð123Þ

EDq0ðg2q̂1Þ ¼
q2 −Q2

2qþ
−
�
k2
0 þm2

2kþ0
þ k2

1 þm2

2kþ1
þ k2

2

2kþ2

�

¼ −kþ1
2kþ2 ðkþ1 þ kþ2 Þ

��
k2 −

kþ2
kþ1

k1

�
2

þ qþkþ2
kþ0 k

þ
1

��
k0 −

kþ0
qþ

q

�
2

þ Q̄2
ðgÞ þm2 þ λðgÞm2

��
; ð124Þ

and the coefficients

Q̄2
ðgÞ ¼

kþ0 ðqþ − kþ0 Þ
ðqþÞ2 Q2; λðgÞ ¼

kþ0 k
þ
2

qþkþ1
: ð125Þ

We can extract the transverse momentum dependence from the spinor and polarization vector structures in Eqs. (118) and
(122) by using the spinor matrix element decompositions given in Eq. (A2). This procedure gives

ūð0Þε=�σðk2Þuð00Þ ¼
kþ0

kþ2 ðkþ0 þ kþ2 Þ
���

1þ kþ2
2kþ0

�
δijðDsÞūð0Þγþuð00Þ −

�
kþ2
4kþ0

�
ūð0Þγþ½γi; γj�uð00Þ

��
ki
2 −

kþ2
kþ0

ki
0

�

−
m
2

�
kþ2
kþ0

�
2

ūð0Þγþγjuð00Þ
�
ε�jσ ð126Þ

and

v̄ð10Þε=�σðk2Þvð1Þ ¼
kþ1

kþ2 ðkþ1 þ kþ2 Þ
���

1þ kþ2
2kþ1

�
δijðDsÞv̄ð10Þγþvð1Þ þ

�
kþ2
4kþ1

�
v̄ð10Þγþ½γi; γj�vð1Þ

��
ki
2 −

kþ2
kþ1
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1

�

−
m
2

�
kþ2
kþ1

�
2

v̄ð10Þγþγjvð1Þ
�
ε�jσ : ð127Þ

Inserting the expressions above into Eqs. (118) and (122), we find for the sum of the diagrams (f) and (g) the result

Ψγ�L→qq̄g ¼ 4eefQgtaα0α1
ðqþÞ2

� kþ1 ðkþ0 þ kþ2 Þūð0ÞMj
ðfÞvð1Þ

½ðk1 −
kþ
1

qþ qÞ
2 þ Q̄2

ðfÞ þm2�½ðk2 −
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2

kþ
0
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0
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1
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2 þ Q̄2

ðfÞ þm2 þ λðfÞm2g�

−
kþ0 ðkþ1 þ kþ2 Þūð0ÞMj
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0
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2 þ Q̄2
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fðk0 −
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2 þ Q̄2

ðgÞ þm2 þ λðgÞm2g�

�
ε�jσ ; ð128Þ

where the Dirac structures Mj
ðfÞ and Mj

ðgÞ are defined as

Mj
ðfÞ ¼ γþ

���
1þ kþ2

2kþ0

�
δijðDsÞ −

�
kþ2
4kþ0

�
½γi; γj�

��
ki
2 −

kþ2
kþ0

ki
0

�
−
m
2

�
kþ2
kþ0

�
2

γj
�
;

Mj
ðgÞ ¼ γþ

���
1þ kþ2

2kþ1

�
δijðDsÞ þ

�
kþ2
4kþ1

�
½γi; γj�

��
ki
2 −

kþ2
kþ1

ki
1

�
−
m
2

�
kþ2
kþ1

�
2

γj
�
: ð129Þ

A. Fourier transform to coordinate space

The Fourier transform to mixed space of the γ�L → qq̄g LCWF was defined by the expression (17). To simplify the
Fourier transformation, we first make the following change of variables ðk1;k2Þ ↦ ðP;KÞ for the contribution coming
from the diagram (f) in Eq. (128):
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P ¼ −k1 þ
kþ1
qþ

q;

K ¼ k2 −
kþ2

kþ0 þ kþ2
ðk0 þ k2Þ ¼

�
kþ0

kþ0 þ kþ2

��
k2 −

kþ2
kþ0

k0

�
; ð130Þ

and correspondingly the following change of variables ðk0;k2Þ ↦ ðP;KÞ for the contribution coming from the diagram
(g) in Eq. (128):

P ¼ k0 −
kþ0
qþ

q;

K ¼ k2 −
kþ2

kþ1 þ kþ2
ðk1 þ k2Þ ¼

�
kþ1

kþ1 þ kþ2

��
k2 −

kþ2
kþ1

k1

�
: ð131Þ

Next, performing the integration in Eq. (17) over the delta function of transverse momenta, we obtain the expression

Ψ̃γ�L→qq̄g
ðfÞ ¼ e

iq
qþ·ðk

þ
0
x0þkþ

1
x1þkþ

2
x2Þμ2−D

2

Z
dD−2P
ð2πÞD−2

Z
dD−2K
ð2πÞD−2 e

iP·x0þ2;1eiK·x20Ψγ�L→qq̄g
ðfÞ ð132Þ

and

Ψ̃γ�L→qq̄g
ðgÞ ¼ e

iq
qþ·ðk

þ
0
x0þkþ

1
x1þkþ

2
x2Þμ2−D

2

Z
dD−2P
ð2πÞD−2

Z
dD−2K
ð2πÞD−2 e

iP·x0;1þ2eiK·x21Ψγ�L→qq̄g
ðgÞ ; ð133Þ

where the LCWF’s in Eq. (128) are written in terms of the new variables P and K and the following compact notation is
introduced:

xnþm;p ¼ −xp;nþm ¼
�
kþn xn þ kþmxm

kþn þ kþm

�
− xp ð134Þ

with xnm ¼ xn − xm.
Making these simplifications, we can write the full Fourier transformed quark-antiquark-gluon LCWF as

Ψ̃γ�L→qq̄g ¼ taα0α1e
iq
qþ·ðk

þ
0
x0þkþ

1
x1þkþ

2
x2Þψ̃ γ�L→qq̄g; ð135Þ

where the reduced wave function reads

ψ̃ γ�L→qq̄g ¼ 4eefQg
kþ0 k

þ
1

ðqþÞ2
�
ūð0Þγþ

��
1þ kþ2

2kþ0

�
δijðDsÞ −

�
kþ2
4kþ0

�
½γi; γj�

�
vð1ÞI i

ðfÞ

− ūð0Þγþ
��

1þ kþ2
2kþ1

�
δijðDsÞ þ

�
kþ2
4kþ1

�
½γi; γj�

�
vð1ÞI i

ðgÞ

−
m
2

��
kþ0

kþ0 þ kþ2

��
kþ2
kþ0

�
2

I ðfÞ −
�

kþ1
kþ1 þ kþ2

��
kþ2
kþ1

�
2

I ðgÞ

�
ūð0Þγþγjvð1Þ

�
ε�jσ : ð136Þ

In the above expression, we have introduced theD-dimensional Fourier integrals of the type I i and I , which are defined in
Eqs. (E1) and (E2), respectively, in Appendix E. For these integrals, the following compact notation has also been
introduced:

I i
ðfÞ ¼ I iðx0þ2;1;x20; Q̄2

ðfÞ;ωðfÞ; λðfÞÞ; I ðfÞ ¼ Iðx0þ2;1;x20; Q̄2
ðfÞ;ωðfÞ; λðfÞÞ;

I i
ðgÞ ¼ I iðx0;1þ2;x21; Q̄2

ðgÞ;ωðgÞ; λðgÞÞ; I ðgÞ ¼ Iðx0;1þ2;x21; Q̄2
ðgÞ;ωðgÞ; λðgÞÞ ð137Þ

with the coefficients
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ωðfÞ ¼
qþkþ0 k

þ
2

kþ1 ðkþ0 þ kþ2 Þ2
; ωðgÞ ¼

qþkþ1 k
þ
2

kþ0 ðkþ1 þ kþ2 Þ2
: ð138Þ

We now have the full expressions for the gluon emission wave functions with the massive quarks. In addition, it is
straightforward to check that in the massless quark limit the expression in Eq. (136) reduces to the massless quark result
obtained in Refs. [17,19].

VIII. THE DIS CROSS SECTION AT NLO

We now use the wave functions to compute the DIS cross section at NLO in the dipole factorization framework.

A. Quark-antiquark contribution

Let us first write down the qq̄ contribution to the DIS cross section at NLO. Applying the formula for the cross section in
Eq. (19), we find the following expression:

σγ
�
L jqq̄ ¼ 2Nc

X
f

Z
dkþ0

2kþ0 ð2πÞ
Z

dkþ1
2kþ1 ð2πÞ

2πδðqþ − kþ0 − kþ1 Þ
2qþ

Z
dD−2x0

Z
dD−2x1

X
h0;h1

jψ̃ γ�L→qq̄j2Re½1 − S01�

¼ Nc

ð2πÞ4ðqþÞ2
X
f

Z
1

0

dz
zð1 − zÞ

Z
dD−2x0

Z
dD−2x1

X
h0;h1

jψ̃ γ�L→qq̄j2Re½1 − S01�: ð139Þ

At the accuracy we are working in here, i.e., up to terms Oðαemα2s Þ, the wave function ψ̃ γ�L→qq̄ should be taken as ψ̃
γ�L→qq̄
NLO ,

neglecting the α2s contribution from the square of the loop corrections. Using the expressions for the LCWFs in Eqs. (31)
and (109), it is straightforward to obtain

X
h0;h1

jψ̃ γ�L→qq̄j2 ¼ 4
4αeme2fQ

2

2π
4ðqþÞ2½zð1 − zÞ�3

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
2πjx01j

�D
2
−2

KD
2
−2ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
Þ

×

�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
2πjx01j

�D
2
−2

KD
2
−2ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
Þ þ

�
αsCF

π

�
ṼL

�
þOðαemα2sÞ; ð140Þ

where ṼL is given by Eq. (111). Adding everything together, the qq̄ contribution to the total cross section can be written as

σγ
�
L jqq̄ ¼ 4Ncαem4Q2

X
f

e2f

Z
1

0

dz½zð1 − zÞ�2
Z
½x0�

Z
½x1�

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
2πjx01j

�D
2
−2

KD
2
−2ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
Þ

×

�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
2πjx01j

�D
2
−2

KD
2
−2ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
Þ þ

�
αsCF

π

�
ṼL

�
Re½1 − S01� þOðαemα2sÞ: ð141Þ

Here, and in the following sections, we use the following the notation to denote (D − 2) and two-dimensional transverse
coordinate integrations

Z
½x0�

Z
½x1�

¼
Z

dD−2x0

2π

Z
dD−2x1

2π
;
Z
x0

Z
x1

¼
Z

d2x0

2π

Z
d2x1

2π
: ð142Þ

B. Quark-antiquark-gluon contribution

The qq̄g contribution to the DIS cross section at NLO is given by the second term in Eq. (19). This simplifies to

σγ
�
L jqq̄g ¼ 2NcCF

X
f

Z
∞

0

dkþ0
2kþ0 ð2πÞ

Z
∞

0

dkþ1
2kþ1 ð2πÞ

Z
∞

0

dkþ2
2kþ2 ð2πÞ

2πδðqþ − kþ0 − kþ1 − kþ2 Þ
2qþ

×
Z

dD−2x0

Z
dD−2x1

Z
dD−2x2

X
σ

X
h0;h1

jψ̃ γ�L→qq̄gj2Re½1 − S012�: ð143Þ
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Using the expression in Eq. (136) for the gluon emission LCWF in mixed space, we obtain for the LCWF squared the result

X
σ

X
h0;h1

jψ̃ γ�L→qq̄gj2 ¼ αeme2fαsð4πÞ2
4Q2

ðqþÞ4 2ð2k
þ
0 Þð2kþ1 ÞKL

qq̄g þOðαemα2sÞ; ð144Þ

where we have defined the function KL
qq̄g as

KL
qq̄g ¼ ðkþ1 Þ2½4kþ0 ðkþ0 þ kþ2 Þ þ ðDs − 2Þðkþ2 Þ2�jI i

ðfÞj2 þ ðkþ0 Þ2½4kþ1 ðkþ1 þ kþ2 Þ þ ðDs − 2Þðkþ2 Þ2�jI i
ðgÞj2

− 2kþ0 k
þ
1 ½2kþ1 ðkþ0 þ kþ2 Þ þ 2kþ0 ðkþ1 þ kþ2 Þ − ðDs − 4Þðkþ2 Þ2�ReðI i

ðfÞI
i�
ðgÞÞ

þm2ðDs − 2Þðkþ2 Þ4
� ðkþ1 Þ2
ðkþ0 þ kþ2 Þ2

jI ðfÞj2 þ
ðkþ0 Þ2

ðkþ1 þ kþ2 Þ2
jI ðgÞj2 − 2

kþ0 k
þ
1

ðkþ0 þ kþ2 Þðkþ1 þ kþ2 Þ
ReðI ðfÞI�

ðgÞÞ
�
: ð145Þ

The computation of individual terms in Eq. (145) follows closely the detailed derivation presented in the case of massless
quarks. Therefore, for a detailed discussion, we refer the reader to our previous work [17,19].
Finally, inserting the result in Eq. (144) into Eq. (143), we obtain

σγ
�
L jqq̄g ¼ 4Ncαem

�
αsCF

π

�X
f

e2f
4Q2

ðqþÞ4
ð2πÞ4
2

Z
∞

0

dkþ0

Z
∞

0

dkþ1

Z
∞

0

dkþ2
kþ2

δðqþ − kþ0 − kþ1 − kþ2 Þ
qþ

×
Z
½x0�

Z
½x1�

Z
½x2�

KL
qq̄gRe½1 − S012� þOðαemα2sÞ: ð146Þ

C. UV subtraction

Since the UV renormalization of the coupling g is not relevant at the accuracy of the present calculation, the remaining
UV divergences have to cancel between the virtual qq̄ and the real qq̄g contributions on the cross section level. Due to the
complicated analytical structure of the gluon emission contribution in Eq. (146),9 the UV divergent phase-space integrals
cannot be performed analytically for arbitrary dimension D. Hence, it is desirable to understand the cancellation of UV
divergences at the integrand level.
In the expression Eq. (145), the first and the second term are UV divergent when x2 → x0 and x2 → x1, respectively. All

the other terms are UV finite and we can immediately take the limitD ¼ 4 at the integrand level. In order to subtract the UV
divergences, we will follow the same steps as presented in [17,19]. The general idea used in these works to subtract the UV
divergences rely on the following property of Wilson lines at coincident transverse coordinate points:

lim
x→y

½tbUFðyÞ�UAðxÞba ¼ ½UFðyÞta�; ð147Þ

which implies that

lim
x2→x0

S012 ¼ lim
x2→x1

S012 ¼ S01: ð148Þ

Thus, the UV divergences in Eq. (146) are subtracted by replacing the first and the second term with

jI i
ðfÞj2Re½1 − S012� ↦ fjI i

ðfÞj2Re½1 − S012� − jI i
ðfÞUVj2Re½1 − S01�g þ jI i

ðfÞUVj2Re½1 − S01�; ð149Þ

jI i
ðgÞj2Re½1 − S012� ↦ fjI i

ðgÞj2Re½1 − S012� − jI i
ðgÞUVj2Re½1 − S01�g þ jI i

ðgÞUVj2Re½1 − S01�; ð150Þ

where the subtraction terms are given in terms of a single function I i
UV:

I i
ðfÞUV ¼ I i

UVðx01;x20; Q̄2
ðfÞ;ωðfÞ; λðfÞÞ;

I i
ðgÞUV ¼ I i

UVðx01;x21; Q̄2
ðgÞ;ωðgÞ; λðgÞÞ: ð151Þ

9This is also true in the massless case.
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Now the function I i
UV has to be a good UV approximation of the full integral, i.e., it must satisfy

lim
x2→x0

I i ¼ lim
x2→x0

I i
UV ð152Þ

from which it follows that

lim
x2→x0

I i
ðfÞ ¼ lim

x2→x0
I i
ðfÞUV;

lim
x2→x1

I i
ðgÞ ¼ lim

x2→x1
I i
ðfÞUV: ð153Þ

It is important to note that there is no unique choice for the UV divergent subtraction in Eq. (152). The only requirement for
the subtraction is that the UV divergence between virtual and real parts needs to cancel. Thus, it is sufficient for the
subtraction to approximate the original integrals by any function that has the same value in the UV coordinate limits (for
any D). Because of this cancellation, the integrals of the expressions inside the curly brackets in Eqs. (149) and (150) are
finite, and one can safely take the limit Ds ¼ D ¼ 4 under the x2 integral.
In an arbitrary dimension D, the integral I i [see Eq. (E5)] is given by

I iðb; r; Q̄2;ω; λÞ ¼ iμ2−D=2

2ð4πÞD−2 r
i

Z
∞

0

duu1−D=2e−u½Q̄2þm2�e−
jbj2
4u

Z
u=ω

0

dtt−D=2e−tωλm
2

e−
jrj2
4t : ð154Þ

It is straightforward to see that to get the leading behavior in the limit jrj2 → 0 we can set λ ¼ 0. This leads us to

I iðb; r; Q̄2;ωÞ ¼r2→0 iμ2−D=2

2ð4πÞD−2 r
i

�jrj2
4

�
1−D=2 Z ∞

0

duu1−D=2e−u½Q̄2þm2�e−
jbj2
4u Γ

�
D
2
− 1;

jrj2ω
4u

�
; ð155Þ

where we have suppressed the dependence on the variable λ in the notation.
Now there are several possible ways of performing the UV subtraction. Using the exponential subtraction procedure

introduced in [19], we approximate the incomplete gamma function with

Γ
�
D
2
− 1;

jrj2ω
4u

�
↦ Γ

�
D
2
− 1

�
e
− jrj2
2jbj2eγE ; ð156Þ

where the exponential is independent of u allowing for an analytical calculation of the u integral. This replacement has the
correct behavior in the UV limit jrj2 → 0, but also is regular in the IR limit of large jrj2 → ∞. Another option would be to
follow the polynomial subtraction scheme used in [17] (see also discussion in Appendix E of [19]). Here the subtraction
function is polynomial in r. This, however, introduces a new IR divergence, which must be compensated with another
subtraction. For the massive quark case, we present the derivation in the polynomial subtraction scheme in Appendix G.
Proceeding with the exponential subtraction scheme we substitute Eq. (156) into Eq. (155). This gives an explicit

expression for the UV approximation of the full integral

I i
UVðb; r; Q̄2;ωÞ ¼ iμ2−D=2

4πD=2 riðjrj2Þ1−D=2Γ
�
D
2
− 1

�
e
− jrj2
2jbj2eγE

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
2πjbj

�D
2
−2

KD
2
−2ðjbj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
Þ: ð157Þ

In Eqs. (149) and (150) we will need the square of the UV approximation I i
UV, which must be integrated over r in D − 2

dimensions. This integral can be performed using the following result:

ðμ2Þ2−D
2ΓðD

2
− 1Þ2

πD

Z
dD−2rðjrj2Þ3−De−

jrj2
jbj2eγE ¼ 1

π3

�ð4πÞ2−D
2

ð2 − D
2
Þ Γ

�
3 −

D
2

�
þ log

�jx01j2μ2
4

�
þ 2γE þOðD − 4Þ

�
: ð158Þ

G. BEUF, T. LAPPI, and R. PAATELAINEN PHYS. REV. D 104, 056032 (2021)

056032-26



D. UV subtracted results

Following the calculations in Sec. VIII C, we then obtain for the UV subtraction terms

σγ
�
L jjðfÞj

2
UV

qq̄g ¼ 4Ncαem

�
αsCF

π

�X
f

e2f
4Q2

ðqþÞ5
Z
½x0�

Z
½x1�

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
2πjx01j

�D−4

½KD
2
−2ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
Þ�2

×
Z

qþ

0

dkþ1 ðkþ1 Þ2ðqþ − kþ1 Þ2
��

−
3

4
− log

�
kþ2;min

qþ − kþ1

���ð4πÞ2−D
2

ð2 − D
2
Þ Γ

�
3 −

D
2

�
þ log

�
x2
01μ

2

4

�
þ 2γE

�

−
1

4

ðDs − 4Þ
ðD − 4Þ

�
Re½1 − S01� þOðD − 4Þ ð159Þ

and

σγ
�
L jjðgÞj

2
UV

qq̄g ¼ 4Ncαem

�
αsCF

π

�X
f

e2f
4Q2

ðqþÞ5
Z
½x0�

Z
½x1�

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
2πjx01j

�D−4

½KD
2
−2ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
Þ�2

×
Z

qþ

0

dkþ0 ðkþ0 Þ2ðqþ − kþ0 Þ2
��

−
3

4
− log

�
kþ2;min

qþ − kþ0

���ð4πÞ2−D
2

ð2 − D
2
Þ Γ

�
3 −

D
2

�
þ log

�
x2
01μ

2

4

�
þ 2γE

�

−
1

4

ðDs − 4Þ
ðD − 4Þ

�
Re½1 − S01� þOðD − 4Þ: ð160Þ

Next, introducing the same parametrization as in the qq̄ contribution kþ0 ¼ zqþ, kþ1 ¼ ð1 − zÞqþ, and kþ2;min ¼ αqþ, and
changing the variables from ðkþ1 ; kþ0 Þ ↦ z, the sum of Eqs. (159) and (160) yields an expression for the UV divergent qq̄g
subtraction contribution

σγ
�
L jjðfÞj

2
UVþjðgÞj2UV

qq̄g ¼ −4Ncαem4Q2

�
αsCF

π

�X
f

e2f

Z
½x0�

Z
½x1�

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
2πjx01j

�D−4

½KD
2
−2ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
Þ�2

×
Z

1

0

dz½zð1 − zÞ�2
��

3

2
þ log

�
α

z

�
þ log

�
α

1 − z

���ð4πÞ2−D
2

ð2 − D
2
Þ Γ

�
3 −

D
2

�
þ log

�
x2
01μ

2

4

�
þ 2γE

�

þ 1

2

ðDs − 4Þ
ðD − 4Þ

�
Re½1 − S01� þOðD − 4Þ: ð161Þ

This expression precisely cancels the scheme dependent UV-divergent part in the qq̄ contribution in Eq. (109). The
remaining terms in Eq. (141) are UV finite and regularization scheme independent.
In the case of the exponential subtraction scheme, the sum of two UV finite terms in Eqs. (149) and (150) (inside the curly

brackets) can be simplified to

σγ
�
L jjðfÞj

2
finþjðgÞj2fin

qq̄g ¼ 4Ncαem4Q2

�
αsCF

π

�X
f

e2f

Z
x0

Z
x1

Z
x2

Z
∞

0

dkþ0

Z
∞

0

dkþ1

Z
∞

0

dkþ2
kþ2

δðqþ −
P

2
i¼0 k

þ
i Þ

ðqþÞ5

×

�
ðkþ1 Þ2½2kþ0 ðkþ0 þ kþ2 Þ þ ðkþ2 Þ2�

×

�jx20j2
64

½Gð1;2Þ
ðfÞ �2Re½1 − S012� −

e−jx20j2=ðjx01j2eγE Þ

jx20j2
½K0ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2

ðfÞ þm2
q

Þ�2Re½1 − S01�
�

þ ðkþ0 Þ2½2kþ1 ðkþ1 þ kþ2 Þ þ ðkþ2 Þ2�

×

�jx21j2
64

½Gð1∶2Þ
ðgÞ �2Re½1 − S012� −

e−jx21j2=ðjx01j2eγE Þ

jx21j2
½K0ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2

ðgÞ þm2
q

Þ�2Re½1 − S01�
��

: ð162Þ

Here we have introduced the notation:
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Gðn;mÞ
ðfÞ ¼

Z
∞

0

du
un

e−u½Q̄
2
ðfÞþm2�e−

jx0þ2;1 j2
4u

Z
u=ωðfÞ

0

dt
tm

e−t½ωðfÞλðfÞm2�e−
jx20 j2
4t ð163Þ

and

Gðn∶mÞ
ðgÞ ¼

Z
∞

0

du
un

e−u½Q̄
2
ðgÞþm2�e−

jx0;1þ2 j2
4u

Z
u=ωðgÞ

0

dt
tm

e−t½ωðgÞλðgÞm2�e−
jx21 j2
4t ð164Þ

for the integrals that appear. These integrals could be seen
as generalizations of the integral representation of Bessel
functions that appear in the massless case. They could
doubtlessly be transformed in many ways, but since these
integrals are very rapidly converging at both small and large
values of the integration variable, they should be well suited
for numerical evaluation as is. The corresponding result in
the case of the polynomial subtraction scheme is written
down in Appendix G.

IX. LONGITUDINAL PHOTON CROSS SECTION

We can now gather here the main result of our paper,
which is the longitudinal virtual photon total cross section

at NLO with massive quarks. This cross section can be
written as a sum of two UV finite terms

σγ
�
L ¼ σγ

�
L jsubtqq̄ þ σγ

�
L jsubtqq̄g þOðαemα2sÞ; ð165Þ

where the first term in Eq. (165) is the mass renormalized
and the UV subtracted qq̄ contribution, which is obtained
by adding the UV subtraction term in Eq. (161) into
Eq. (141). This gives

σγ
�
L jsubtqq̄ ¼ 4Ncαem4Q2

X
f

e2f

Z
1

0

dz½zð1 − zÞ�2
Z
x0

Z
x1

��
1þ

�
αsCF

π

��
5

2
−
π2

3
þ log2

�
z

1 − z

�
þ ΩVðγ; zÞ þ Lðγ; zÞ

��

× ½K0ðjx01j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
Þ�2 þ

�
αsCF

π

�
K0ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
ÞĨVðz;x01Þ

�
Re½1 − S01�; ð166Þ

where the functions ΩVðγ; zÞ, Lðγ; zÞ, and ĨVðz;x01Þ are explicitly written down in Eqs. (100), (101), and (112),
respectively. The first term, not proportional to αs, is explicitly the known leading order cross section for massive quarks
(see e.g., [34]).
The second term in Eq. (165) is the UV finite qq̄g contribution, which is obtained by replacing the first two terms in

Eq. (146) with the subtraction term derived in Eq. (162). This can be simplified to

σγ
�
L jsubtqq̄g ¼ 4Ncαem4Q2

�
αsCF

π

�X
f

e2f

Z
x0

Z
x1

Z
x2

Z
∞

0

dkþ0

Z
∞

0

dkþ1

Z
∞

0

dkþ2
kþ2

δðqþ −
P

2
i¼0 k

þ
i Þ

ðqþÞ5

×

�
ðkþ1 Þ2½2kþ0 ðkþ0 þ kþ2 Þ þ ðkþ2 Þ2�

×

�jx20j2
64

½Gð1;2Þ
ðfÞ �2Re½1 − S012� −

e−jx20j2=ðjx01j2eγE Þ

jx20j2
½K0ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2

ðfÞ þm2
q

Þ�2Re½1 − S01�
�

þ ðkþ0 Þ2½2kþ1 ðkþ1 þ kþ2 Þ þ ðkþ2 Þ2�

×

�jx21j2
64

½Gð1;2Þ
ðgÞ �2Re½1 − S012� −

e−jx21j2=ðjx01j2eγE Þ

jx21j2
½K0ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2

ðgÞ þm2
q

Þ�2Re½1 − S01�
�

−
kþ0 k

þ
1

32
½kþ1 ðkþ0 þ kþ2 Þ þ kþ0 ðkþ1 þ kþ2 Þ�ðx20 · x21Þ½Gð1;2Þ

ðfÞ �½Gð1;2Þ
ðgÞ �Re½1 − S012�

þm2

16
ðkþ2 Þ4

�
kþ1

ðkþ0 þ kþ2 Þ
½Gð1;1Þ

ðfÞ � − kþ0
ðkþ1 þ kþ2 Þ

½Gð1;1Þ
ðgÞ �

�
2

Re½1 − S012�
�
; ð167Þ
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involving the generalized Bessel function integrals from
Eqs. (163) and (164). As discussed in more detail in
Secs. VI A and VII A, in the limit of zero quark mass
these expressions reduce to the known results in
Refs. [16,17,19].

X. CONCLUSIONS

In conclusion, we have here calculated, we believe for
the first time in the literature, the one-loop light cone wave
function for a longitudinal photon splitting into a quark-
antiquark pair including quark masses. Such a wave
function is a central ingredient in any NLO calculation
in the small-x dipole factorization formulation for proc-
esses involving heavy quarks. In particular, while we
concentrated here on the total cross section, this also
includes many possible diffractive or exclusive cross
sections that will be important parts of the physics program
at future DIS facilities.
Our result includes a renormalization of the quark mass

in a pole mass or on-shell scheme. The peculiarity of the
longitudinal photon polarization state is that vertex cor-
rection type diagrams do not contribute to mass renorm-
alization, since at tree level the longitudinal photon vertex
does not have a term proportional to the quark mass. This
issue will be different for the transverse polarization which
we intend to return to in future work. There, one will have
to address the issue of the consistency in the mass
renormalization between the propagator and vertex correc-
tion diagrams. We plan to revisit the issue of quark mass
renormalization in LCPT much more thoroughly in a
separate paper.
After obtaining the one-loop LCWF we also Fourier

transformed our result to mixed transverse coordinate–
longitudinal momentum space. Combined with the tree-
level wave function for a quark-antiquark-gluon state this
enabled us to obtain an explicit expression for the total
longitudinal photon cross section in the dipole picture. The
obtained cross section still has, just like the one for
massless quarks, a high energy divergence when the
longitudinal momentum of the gluon becomes small.
This divergence (or large logarithm) needs to be further
absorbed into a BK or JIMWLK evolution of the Wilson
lines describing the target. This factorization procedure,
together with NLO renormalization group evolution,
will need to be developed in a consistent way to confront
our calculations with experimental data. We have not
elaborated on this issue here, since this will proceed
similarly (and have similar problematic issues) as for the
case of massless quarks, discussed in previous works
[17,18,24,33].
The case of the transverse photon (virtual or real) is even

more important for phenomenology, but much more com-
plicated algebraically. It will be addressed in a forthcoming
separate publication, where we will calculate the light cone
wave function and the DIS cross section for transverse

virtual photons. The combination of the two results will
enable one to calculate a variety of DIS process cross
sections in the dipole picture at NLO with massive quarks.
In particular, this includes the heavy quark structure
function Fc

2, which could be expected to be a crucial
observable for the physics of gluon saturation at the future
Electron-Ion Collider (EIC) [69,70].
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APPENDIX A: HELICITY DECOMPOSITION
FOR LIGHT CONE VERTICES WITH

MASSIVE QUARKS

In this Appendix, we describe how to express QED/QCD
emission vertices in the helicity basis by decomposing the
spinor structure of a given vertex to the light cone helicity
nonflip and flip components.
Following the discussion presented in [19], the decom-

position for the light cone vertex (without coupling and
color structure) in the LC gauge can be expressed as10

χ̄ð1Þε=λðqÞωð0Þ¼
q ·ελ
qþ

χ̄ð1Þγþωð0Þ−εiλχ̄ð1Þγiωð0Þ; ðA1Þ

where χ and ω can be either positive or negative massive
spinors, i.e., u or v. Note that we are now dealing with on-
shell momenta and polarization vectors in the light cone
gauge. We also use three-momentum conservation, with the
appropriate signs depending on whether χ and ω are
negative or positive energy spinors. The photon here is
an incoming one with polarization vector ελðqÞ; the
corresponding expressions for an outgoing photon can
be obtained by complex conjugation. To be explicit,
momentum conservation means that q̂ ¼ k̂1 þ k̂2 for pair
production χð1Þ ¼ vð1Þ, ωð0Þ ¼ uð0Þ or χð1Þ ¼ uð1Þ,
ωð0Þ ¼ vð0Þ. But for gauge boson absorption by a quark,
χð1Þ ¼ uð1Þ, ωð0Þ ¼ uð0Þ and momentum conservation
means q̂þ k̂0 ¼ k̂1. Vice versa, for gauge boson absorption
by an antiquark, χð1Þ ¼ vð1Þ and ωð0Þ ¼ vð0Þ momentum
conservation means q̂þ k̂1 ¼ k̂0.

10Here we again suppress the notation and write χ̄ðk1; h1Þ ¼
χ̄ð1Þ and ωðk0; h0Þ ¼ ωð0Þ.

MASSIVE QUARKS IN NLO DIPOLE FACTORIZATION FOR … PHYS. REV. D 104, 056032 (2021)

056032-29



Using the Dirac equation and Clifford algebra, it is straightforward to show that Eq. (A1) can be decomposed into three
independent spinor structures

χ̄ð1Þε=λðqÞωð0Þ ¼
�
qj

qþ
−

kj
0

2kþ0
−

kj
1

2kþ1

�
εjλχ̄ð1Þγþωð0Þ −

�
ki
0

4kþ0
−

ki
1

4kþ1

�
εjλχ̄ð1Þγþ½γi; γj�ωð0Þ

þ εjλ

�
−

1

2kþ0
χ̄ð1Þγþγjð∓ mÞωð0Þ þ 1

2kþ1
χ̄ð1Þð∓ mÞγþγjωð0Þ

�
; ðA2Þ

where terms appearing in the first line are the light cone helicity nonflip components and terms appearing in the second line
are the helicity flip components. The (∓) sign of the mass term is determined from

ð∓ mÞωð0Þ ¼
� ð−mÞuð0Þ
ðþmÞvð0Þ ; χ̄ð1Þð∓ mÞ ¼

�
ūð1Þð−mÞ
v̄ð1ÞðþmÞ : ðA3Þ

Here, the obtained result in Eq. (A2) is valid in arbitrary spacetime dimensions, but we emphasize that it relies on plus and
transverse momentum conservation.

APPENDIX B: NUMERATOR FOR THE QUARK SELF-ENERGY DIAGRAM (a)

In this Appendix, we present some details for the calculation of the quark self-energy diagram (a). The numerator for the
vertex correction diagram (c) is discussed in the following section.
The numerator for the diagram (a), where sum over the internal helicities, gluon polarization, and color is implicit, can be

written as

NL
ðaÞ ¼

eefg2Qtaα0ᾱ0t
a
ᾱ0α1

qþ
½ūð0Þε=σðkÞuð00Þ�½ūð00Þε=�σðkÞuð000Þ�½ūð000Þγþvð1Þ�: ðB1Þ

Using the decompostion in Eq. (A2) with kinematical variables as in Fig. 2(a), we can express the spinor structures inside
the square brackets in the helicity basis as

ūð0Þε=σðkÞuð00Þ ¼
1

kþ0 ðk
þ
kþ
0

Þð1 − kþ
kþ
0

Þ

���
1 −

kþ

2kþ0

�
δijðDsÞūð0Þγþuð00Þ þ

�
kþ

4kþ0

�
ūð0Þγþ½γi; γj�uð00Þ

�
Ki

þm
2

�
kþ

kþ0

�
2

ūð0Þγþγjuð00Þ
�
εjσ ðB2Þ

and

ūð00Þε=�σðkÞuð000Þ ¼
1

kþ0 ðk
þ
kþ
0

Þð1 − kþ
kþ
0

Þ

���
1 −

kþ

2kþ0

�
δklðDsÞūð00Þγþuð000Þ −

�
kþ

4kþ0

�
ūð00Þγþ½γk; γl�uð000Þ

�
Kk

−
m
2

�
kþ

kþ0

�
2

ūð00Þγþγluð000Þ
�
ε�lσ ; ðB3Þ

where the variable K is defined in Eq. (35). Using the completeness relation for the spinors

X
h0
uð00Þūð00Þ ¼ k=00 þm;

X
h00

uð000Þūð000Þ ¼ k=000 þm; ðB4Þ

and noting that γþðk=00 þmÞγþ ¼ 2ðkþ0 − kþÞγþ and γþðk=000 þmÞγþ ¼ 2kþ0 γ
þ, we obtain
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NL
ðaÞ ¼

4eefg2Qδα0α1CF

qþðkþkþ
0

Þ2ð1 − kþ
kþ
0

Þ

���
1 −

kþ

2kþ0

�
2

δijðDsÞδ
kl
ðDsÞūð0Þγþvð1Þ −

�
kþ

4kþ0

�
2

ūð0Þγþ½γi; γj�½γk; γl�vð1Þ
�
KiKk

−
m2

4

�
kþ

kþ0

�
4

ūð0Þγþγjγlvð1Þgεjσε�lσ : ðB5Þ

In Eq. (B5) the terms linear in the transverse integration variableK vanish due to rotational symmetry. The remaining tensor
contractions are evaluated as follows: First, the tensor product of transverse momentum variable K is replaced with
KiKk → δikðDÞK

2=ðD − 2Þ, which is true under the integration over the (D − 2)-dimensional transverse momentum integral

Z
dD−2K
ð2πÞD−2

KiKk

K2 þ Δ1

↦
δikðDÞ

ðD − 2Þ
Z

dD−2K
ð2πÞD−2

K2

K2 þ Δ1

: ðB6Þ

The gluon polarization vectors and the transverse gamma matrices appearing in Eq. (B5) are kept in ðDs − 2Þ dimension
with Ds > D. Thus, summing over the helicity states of the gluon and performing the remaining tensor contractions yield

NL
ðaÞ ¼

4eefg2Qδα0α1CF

qþðkþkþ
0

Þ2ð1 − kþ
kþ
0

Þ ūð0Þγ
þvð1Þ

���
1 −

kþ

2kþ0

�
2

þ 4ðDs − 3Þ
�
kþ

4kþ0

�
2
�
K2 þm2

4
ðDs − 2Þ

�
kþ

kþ0

�
4
�
: ðB7Þ

Finally, using the parametrization kþ=kþ0 ¼ ξ and definition of the leading order QED photon splitting vertex in Eq. (23)
gives

NL
ðaÞ ¼

2g2CF

ξ2ð1 − ξÞ δα0α1V
γ�→qq̄
h0;h1

�
½1þ ð1 − ξÞ2�K2 þm2ξ4 þ ðDs − 4Þ

2
ξ2½K2 þm2ξ2�

�
: ðB8Þ

APPENDIX C: NUMERATOR FOR THE VERTEX CORRECTION DIAGRAM (c)

The numerator for the diagram (c), where again sum over the internal helicities, gluon polarization, and color is implicit,
can be written as

NL
ðcÞ ¼

−eefg2Qtaα0ᾱ0t
a
ᾱ0α1

qþ
½ūð0Þε=σðkÞuð00Þ�½ūð00Þγþvð10Þ�½v̄ð10Þε=�σðkÞvð1Þ�: ðC1Þ

Using the decomposition in Eq. (A2) with the kinematical variables as in Fig. 3(c), we find

ūð0Þε=σðkÞuð00Þ ¼
1

kþ0 ðk
þ
kþ
0

Þð1 − kþ
kþ
0

Þ

���
1 −

kþ

2kþ0

�
δijðDsÞūð0Þγþuð00Þ þ

�
kþ

4kþ0

�
ūð0Þγþ½γi; γj�uð00Þ

�
Ki

þm
2

�
kþ

kþ0

�
2

ūð0Þγþγjuð00Þ
�
εjσ ðC2Þ

and

v̄ð10Þε=�σðkÞvð1Þ ¼
1

kþ1 ðk
þ
kþ
1

Þð1þ kþ
kþ
1

Þ

���
1þ kþ

2kþ1

�
δklðDsÞv̄ð10Þγþvð1Þ þ

�
kþ

4kþ1

�
v̄ð10Þγþ½γk; γl�vð1Þ

�
Rk

−
m
2

�
kþ

kþ1

�
2

v̄ð10Þγþγlvð1Þ
�
ε�lσ ; ðC3Þ

where we have introduced the variable

R ¼ Kþ kþqþ

kþ0 k
þ
1

P: ðC4Þ
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Substituting Eqs. (C2) and (C3) into (C1) and following the same steps as in Appendix B, we obtain the following result:

NL
ðcÞ ¼ −2δα0α1V

γ�L→qq̄
h0;h1

ðg2CFÞ
�
aðcÞδikðDsÞK

i

�
Kk þ kþqþ

kþ0 k
þ
1

Pk

�
þ ðkþÞ2

kþ0 k
þ
1

m2

�
1þ ðDs − 4Þ

2

��

þ 2δα0α1
eefQ

qþ
ðg2CFÞmūð0Þγþγivð1Þ q

þ

kþ0

�
bðcÞKi −

kþ

kþ0
cðcÞPi

�
; ðC5Þ

where we have defined the coefficients aðcÞ, bðcÞ, and cðcÞ as

aðcÞ ¼
kþ0 k

þ
1

ðkþÞ2 þ
ðkþ0 − kþÞðkþ1 þ kþÞ

ðkþÞ2 −
ðDs − 4Þ

2
;

bðcÞ ¼
kþ0
kþ1

− 1 −
kþ

kþ1

�
1þ ðDs − 4Þ

2

�
;

cðcÞ ¼ 1þ kþ

kþ1

�
1þ ðDs − 4Þ

2

�
: ðC6Þ

Finally, using the parametrization kþ0 ¼ zqþ, kþ1 ¼ ð1 − zÞqþ, and kþ ¼ ξkþ0 gives

NL
ðcÞ ¼ −2δα0α1V

γ�L→qq̄
h0;h1

ðg2CFÞ
�
1

ξ2

�ð1 − zÞ
z

þ ð1 − ξÞð1 − zð1 − ξÞÞ
z

−
ðDs − 4Þ

2
ξ2
�

× δikðDsÞK
i

�
Kk þ ξ

1 − z
Pk

�
þ zξ2

ð1 − zÞm
2fðDsÞ

�

þ 2δα0α1
eefQ

qþ
ðg2CFÞmūð0Þγþγivð1Þ 1

z

��
z

1 − z
− 1 −

zξ
1 − z

fðDsÞ

�
Ki − ξ

�
1þ zξ

1 − z
fðDsÞ

�
Pi

�
; ðC7Þ

where fðDsÞ ¼ 1þ ðDs − 4Þ=2.

APPENDIX D: FOURIER TRANSFORM INTEGRALS FOR THE QUARK-ANTIQUARK FOCK STATE

In this Appendix, we present the relevant integrals that are needed to calculate the Fourier transformed γ�L → qq̄ LCWFs
in mixed space up to NLO. To begin with, let us first consider the following general integral:

Z
dD−2P
ð2πÞD−2

eiP·x01

½P2 þ Δ2� ; ðD1Þ

where x01 ¼ x0 − x1 and P2 þ Δ2 > 0. The standard technique to compute these types of integrals is to first introduce a
Schwinger parametrization for each denominator,

1

Aβ ¼
1

ΓðβÞ
Z

∞

0

dttβ−1e−tA; A; β > 0: ðD2Þ

Applying this to the general integral in Eq. (D1), we obtain

Z
dD−2P
ð2πÞD−2

eiP·x01

½P2 þ Δ2� ¼
Z

dD−2P
ð2πÞD−2 e

iP·x01

Z
∞

0

dte−t½P2þΔ2�: ðD3Þ

The expression above appears in a simple Gaussian form in P, and hence, we can perform an integral over the (D − 2)-
dimensional transverse momentum space by using the Gaussian integral

Z
dny
ð2πÞn exp

�
−
Xn
i;j¼1

aijyiyj

��Xn
i¼1

biyi

�
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

ð4πÞn det a

s
exp

�
1

4
ða−1Þijbibj

�
; ðD4Þ
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where y ¼ ðy1; y2;…; ynÞ, b ¼ ðb1; b2;…; bnÞ and aij is a symmetric, nonsingular, and positive defined n × nmatrix. This
leads to the result

Z
dD−2P
ð2πÞD−2

eiP·x01

½P2 þ Δ2� ¼ ð4πÞ1−D
2

Z
∞

0

dtt1−
D
2e−tΔ

2

e−
jx01 j2
4t : ðD5Þ

Finally, the remaining one-dimensional integral can be performed by using the general formula

Z
∞

0

dttβ−1e−tAe−
B
t ¼ 2

�
B
A

�
β=2

K−βð2
ffiffiffiffiffiffiffi
AB

p
Þ; A; B > 0; ðD6Þ

where K−βðxÞ is the modified Bessel function of the second kind. Note that for positive x values KβðxÞ is an analytic
function of β. In addition, KβðxÞ is even in β, i.e., KβðxÞ ¼ K−βðxÞ. This gives the result

Z
dD−2P
ð2πÞD−2

eiP·x01

½P2 þ Δ2� ¼
1

2π

�
Δ

2πjx01j
�D

2
−2
KD

2
−2ðjx01jΔÞ: ðD7Þ

Note also that if the general integral in Eq. (D1) contains a logarithmic function, one can first use the relation logðAÞ ¼
limα→0 ∂αAα and then apply the Schwinger parametrization formula in Eq. (D2).
Let us then use these results by considering first the general integral in Eq. (D7) with Δ ¼ Q̄2 þm2. In this case, the

result reads

Z
dD−2P
ð2πÞD−2

eiP·x01

½P2 þ Q̄2 þm2� ¼
1

ð2πÞ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Q̄2 þm2
p
2πjx01j

�D
2
−2

KD
2
−2ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
Þ: ðD8Þ

For the NLO contribution, we also need [in addition to the result in Eqs. (D8)] the following set of transverse Fourier
integrals in D ¼ 4:

Z
dD−2P
ð2πÞD−2

eiP·x01

½P2 þ Q̄2 þm2� log
�
P2 þ Q̄2 þm2

Q̄2 þm2

�
¼ 1

ð2πÞ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Q̄2 þm2
p
2πjx01j

�D
2
−2

KD
2
−2ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
Þ

×

�
−
1

2
log

�jx01j2ðQ̄2 þm2Þ
4

�
þ Ψ0ð1Þ þOðD − 4Þ

�
; ðD9Þ

Z
d2P
ð2πÞ2 e

iP·x01

�
1

P2 þ Q̄2 þm2
−

1

P2 þ Q̄2 þm2 þ ξð1−zÞ
ð1−ξÞ m

2

�

¼ 1

ð2πÞ
�
K0ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
Þ − K0

�
jx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2 þ ξð1 − zÞ

ð1 − ξÞ m2

s ��
; ðD10Þ

Z
d2P
ð2πÞ2

eiP·x01

½P2 þ Q̄2 þm2�½xð1 − xÞL2 þ ð1 − xÞΔ1 þ xΔ2�

¼ 1

ð2πÞ
�
K0ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
Þ − K0

�
jx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

1 − x
þ κ

r �� ð1 − ξÞ−1ð1 − xÞ−1
½xð1 − ξÞ þ ξ

ð1−zÞ�½xðQ̄
2þm2Þ

ð1−xÞ þ κ�
: ðD11Þ

Here, the coefficient Ψ0ð1Þ ¼ −γE (Euler’s constant) and the variables ðξ; z; xÞ ∈ ½0; 1�, Δ1;Δ2 > 0, and
L2 ¼ ð1 − ξÞ2P2 > 0. The coefficient κ is defined as

κ ¼ ξm2

ð1 − ξÞð1 − xÞ½xð1 − ξÞ þ ξ
ð1−zÞ�

�
ξð1 − xÞ þ x

�
1 −

zð1 − ξÞ
ð1 − zÞ

��
: ðD12Þ
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APPENDIX E: FOURIER TRANSFORM INTEGRALS FOR THE QUARK-ANTIQUARK-GLUON
FOCK STATE

For the gluon emission diagrams from a longitudinal photon state, we need to calculate the following two Fourier
integrals:

I iðb; r; Q̄2;ω; λÞ ¼ μ2−D=2

Z
dD−2P
ð2πÞD−2

Z
dD−2K
ð2πÞD−2

KieiP·beiK·r

½P2 þ Q̄2 þm2�½K2 þ ωðP2 þ Q̄2 þm2 þ λm2Þ� ðE1Þ

and

Iðb; r; Q̄2;ω; λÞ ¼ μ2−D=2

Z
dD−2P
ð2πÞD−2

Z
dD−2K
ð2πÞD−2

eiP·beiK·r

½P2 þ Q̄2 þm2�½K2 þ ωðP2 þ Q̄2 þm2 þ λm2Þ� : ðE2Þ

First, using the Schwinger parametrization, Eq. (D2), for the denominators appearing in Eqs. (E1) and (E2), and then
performing the remaining transverse momentum integrals by using the (D − 2)-dimensional Gaussian integral Eq. (D4)
yields

I iðb; r; Q̄2;ω; λÞ ¼ iμ2−D=2

2ð4πÞD−2 r
i

Z
∞

0

dtt−D=2e−tωλm
2

e−
jrj2
4t

Z
∞

0

ds

ðsþ tωÞD=2−1 e
−ðsþtωÞ½Q̄2þm2�e−

jbj2
4ðsþtωÞ ðE3Þ

and

Iðb; r; Q̄2;ω; λÞ ¼ μ2−D=2

ð4πÞD−2

Z
∞

0

dtt1−D=2e−tωλm
2

e−
jrj2
4t

Z
∞

0

ds

ðsþ tωÞD=2−1 e
−ðsþtωÞ½Q̄2þm2�e−

jbj2
4ðsþtωÞ: ðE4Þ

By making the change of variables u ¼ sþ tω and then changing the order of integration leads to the result

I iðb; r; Q̄2;ω; λÞ ¼ iμ2−D=2

2ð4πÞD−2 r
i

Z
∞

0

duu1−D=2e−u½Q̄2þm2�e−
jbj2
4u

Z
u=ω

0

dtt−D=2e−tωλm
2

e−
jrj2
4t ðE5Þ

and

Iðb; r; Q̄2;ω; λÞ ¼ μ2−D=2

ð4πÞD−2

Z
∞

0

duu1−D=2e−u½Q̄2þm2�e−
jbj2
4u

Z
u=ω

0

dtt1−D=2e−tωλm
2

e−
jrj2
4t : ðE6Þ

In an arbitrary dimension D, the integral over t would then give a dependent of incomplete Gamma function, preventing
us from expressing the final result in terms of familiar special functions, e.g., the modified Bessel functions. These forms,
however, serve as a sufficient starting point for deducing the appropriate UV subtractions in Sec. VIII C.

APPENDIX F: USEFUL INTEGRALS

In this Appendix, we present the results of the integrals Iξ;1, I ξ;2, and Iξ;3, appearing in the calculation of Eq. (82). These
integrals are given by

I ξ;1 ¼
Z

1

α=z

dξ
ξ

�
− log

�
Δ2

μ2

��
¼ log

�
α

z

�
log

�
Q̄2 þm2

μ2

�
þ Li2

�
1

1 − 1
2z ð1 − γÞ

�
þ Li2

�
1

1 − 1
2z ð1þ γÞ

�
; ðF1Þ

I ξ;2 ¼
Z

1

α=z
dξ

�
− log

�
Δ2

μ2

��
¼ − log

�
Q̄2 þm2

μ2

�
þ 2 −

1

z
γ log

�
1þ γ

1þ γ − 2z

�
−

1

2z
ðγ − 1Þ log

�
Q̄2 þm2

m2

�
; ðF2Þ

and
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I ξ;3 ¼
Z

1

α=z
dξξ

�
− log

�
Δ2

μ2

��
¼ −

1

2
log

�
Q̄2 þm2

μ2

�
þ 3

2
−

1

2z
−
1

z

�
1 −

1

2z

�
γ log

�
1þ γ

1þ γ − 2z

�

−
1

2z

�
1 −

1

2z

�
ðγ − 1Þ log

�
Q̄2 þm2

m2

�
−

m2

2z2Q2
log

�
Q̄2 þm2

m2

�
: ðF3Þ

In the above expressions, we have used the notation γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4m2=Q2

p
, introduced in Eq. (81).

APPENDIX G: DETAILED DERIVATION OF THE SUBSTRACTION TERMS IN THE POLYNOMIAL
SUBTRACTION SCHEME

Following the subtraction procedure introduced in [17], the correct UV behavior of Eq. (155) could also obtained by
simply replacing the incomplete gamma function with

Γ
�
D
2
− 1;

jrj2ω
4u

�
↦ Γ

�
D
2
− 1

�
: ðG1Þ

This leads to the UV approximation

I i
UVðb; r; Q̄2Þ ¼ iðμ2Þ2−D=2

4πD=2 riðjrj2Þ1−D=2Γ
�
D
2
− 1

�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
2πjbj

�D
2
−2

KD
2
−2ðjbj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2 þm2

p
Þ ðG2Þ

of Eq. (155). This approximation has a Coulomb tail at large distances in r, leading to an IR divergence which is absent
when using the original expression from Eq. (155). Hence, in [17], an extra IR subtraction has been included, in order to
turn the Coulomb tail into a dipole tail, thus avoiding the appearance of the unphysical IR divergence.
All in all, in this scheme, the UV subtraction procedure can be written as

jI i
ðfÞj2Re½1 − S012� ↦ fjI i

ðfÞj2Re½1 − S012�
− ½jI i

UVðx01;x20; Q̄2
ðfÞÞj2 − ReðI�i

UVðx01;x20; Q̄2
ðfÞÞI i

UVðx01;x21; Q̄2
ðfÞÞÞ�Re½1 − S01�g

þ ½jI i
UVðx01;x20; Q̄2

ðfÞÞj2 − ReðI�i
UVðx01;x20; Q̄2

ðfÞÞI i
UVðx01;x21; Q̄2

ðfÞÞÞ�Re½1 − S01�; ðG3Þ

jI i
ðgÞj2Re½1 − S012� ↦ fjI i

ðgÞj2Re½1 − S012�
− ½jI i

UVðx01;x21; Q̄2
ðgÞÞj2 − ReðI�i

UVðx01;x20; Q̄2
ðgÞÞI i

UVðx01;x21; Q̄2
ðgÞÞÞ�Re½1 − S01�g

þ ½jI i
UVðx01;x21; Q̄2

ðgÞÞj2 − ReðI�i
UVðx01;x20; Q̄2

ðgÞÞI i
UVðx01;x21; Q̄2

ðgÞÞÞ�Re½1 − S01�: ðG4Þ

In the case of the polynomial subtraction scheme, we hence obtain

σγ
�
L jjðfÞj

2
finþjðgÞj2fin

qq̄g ¼ 4Ncαem4Q2

�
αsCF

π

�X
f

e2f

Z
x0

Z
x1

Z
x2

Z
∞

0

dkþ0

Z
∞

0

dkþ1

Z
∞

0

dkþ2
kþ2

δðqþ −
P

2
i¼0 k

þ
i Þ

ðqþÞ5

× fðkþ1 Þ2½2kþ0 ðkþ0 þ kþ2 Þ þ ðkþ2 Þ2�
�jx20j2

64
½Gð1;2Þ

ðfÞ �2Re½1 − S012�

−
x20

jx20j2
·

�
x20

jx20j2
−

x21

jx21j2
�
½K0ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2

ðfÞ þm2
q

Þ�2Re½1 − S01�
�

þ ðkþ0 Þ2½2kþ1 ðkþ1 þ kþ2 Þ þ ðkþ2 Þ2�
�jx21j2

64
½Gð1;2Þ

ðgÞ �2Re½1 − S012�

−
x21

jx21j2
·
�

x21

jx21j2
−

x20

jx20j2
�
½K0ðjx01j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q̄2

ðgÞ þm2
q

Þ�2Re½1 − S01�
��

ðG5Þ

while all of the other contributions to the cross section are the same as in the exponential subtraction scheme.
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APPENDIX H: SL AND THE PAULI
FORM FACTOR

In this Appendix, a cross-check of our results is
provided, by comparison with the literature. The usual
parametrization of the γe−eþ or γqq̄ vertex function in
QED and/or QCD (based on Lorentz and gauge invariance,
and discrete symmetries such as parity) can be written as

ΓμðqÞ ¼ FDðq2=m2Þγμ þ FPðq2=m2Þ qν
2m

iσμν ðH1Þ

with the Dirac and Pauli form factors, and
σμν ≡ ði=2Þ½γμ; γν�. The relation (H1) relies on energy
and momentum conservation at the vertex, and requires
the two external fermion lines to be on mass shell. The

photon virtuality q2 is thus the only scale, apart from the
fermion mass m and QCD nonperturbative scales.
In the case of a γ�L → qq̄ splitting, only the μ ¼ þ

component contributes in light cone gauge, due to the
longitudinal polarization vector. Including the spinors for
the outgoing quark of momentum k0 and antiquark of
momentum k1, one obtains

ūð0ÞΓþðqÞvð1Þ ¼ FDðq2=m2Þūð0Þγþvð1Þ

þ FPðq2=m2Þ ð−1Þ
4m

ūð0Þ½γþ; =q�vð1Þ:
ðH2Þ

Using momentum conservation kμ0 þ kμ1 ¼ qμ, one can
rewrite Eq. (H2) after some algebra as

ūð0ÞΓþðqÞvð1Þ ¼ ½FDðq2=m2Þ þ ðqþÞ2
4kþ0 k

þ
1

FPðq2=m2Þ�ūð0Þγþvð1Þ þ FPðq2=m2Þ ðk
þ
0 − kþ1 Þ
4m

�
kj
0

kþ0
−
kj
1

kþ1

�
ūð0Þγþγjvð1Þ

¼
�
FDðq2=m2Þ þ FPðq2=m2Þ

4zð1 − zÞ
�
ūð0Þγþvð1Þ þ FPðq2=m2Þ ð2z − 1Þ

4zð1 − zÞmPjūð0Þγþγjvð1Þ; ðH3Þ

using the same notations P and z as in the rest of the present article [see Eq. (28)]. Moreover, using momentum conservation
kμ0 þ kμ1 ¼ qμ and the on-shell conditions k20 ¼ k21 ¼ m2, the photon virtuality q2 can be expressed in terms of P and z as

q2 ¼ 2m2 þ 2kμ0k1μ ¼
P2 þm2

zð1 − zÞ : ðH4Þ

On the other hand, in Sec. V, the initial state LCWF for γ�L → qq̄ as been calculated at NLO accuracy in QCD. It has the
general form

Ψγ�L→qq̄
NLO ¼ δα0α1

eef
ðEDLOÞ

Q
qþ

�
ūð0Þγþvð1Þ

�
1þ αsCF

2π
VL

�
þ ðqþÞ2
2kþ0 k

þ
1

mPjūð0Þγþγjvð1Þ
�
αsCF

2π

�
SL

�
ðH5Þ

with VL and SL collecting the helicity nonflip and helicity
flip contributions respectively. One recognizes the same
two Dirac structures in Eqs. (H3) and (H5). Apart from the
normalization, there is however a major difference between
the vertex function (H3) and the LFWF (H5): only the þ
and transverse components of the momentum is conserved
in the splitting in the LFWF. Due to the absence of the
conservation of the − component of the momentum, the
relation (H4) is not valid for the LFWF, so that VL and SL

a priori depend on q2, P2, and z independently. Indeed, the
relation (H4) is equivalent to P2 þm2 þ Q̄2 ¼ 0, meaning
ðEDLOÞ ¼ 0.
For that reason, the two coefficients VL and SL con-

tain more information than the Dirac and Pauli form
factors, and can be related to them only when impos-
ing the relation (H4). In such a way, one obtains the
constraints

�
αsCF

2π

�
2m2

ð2z − 1ÞS
L

				
P2¼−Q̄2−m2

¼ FPðq2=m2Þ; ðH6Þ

�
αsCF

2π

��
VL −

m2

2zð1 − zÞð2z − 1ÞS
L

�				
P2¼−Q̄2−m2

¼ FDðq2=m2Þ − 1; ðH7Þ

which can be used to cross-check our results for the γ�L →
qq̄ LCWF at NLO with massive quarks. Note that VL and
SL depend on q2, P2, and z independently (andm2), and we
are then imposing one single relation between them,
whereas the form factors depend only q2=m2, so that the
z dependence has to drop. Due to this observation, the
relations Eqs. (H6) and (H7) impose very strong constraints
on VL and SL.
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The form factor SL receives contributions only from the two noninstantaneous vertex correction diagrams Figs. 3(c) and
3(d), and by symmetry one has

SL ¼ SL
ðcÞ þ SL

ðdÞ ¼ SL
ðcÞ − ðz ↔ ð1 − zÞÞ: ðH8Þ

From the explicit calculation of diagram (c) (see Sec. V D), one gets

SL
ðcÞ ¼ 2z

Z
1

0

dξð1 − ξÞ
�
½2z − 1 − zξ�P

jBj

P2
þ ½z − 1 − zξ�ξB0

�
þOðD − 4Þ: ðH9Þ

Note that the expression Eq. (H9) for SL
ðcÞ is fully finite, both in the UVand at ξ ¼ 0, which is expected since SL is absent at

tree level.
Using the Feynman parametrization, one can write B0 and Bj as

�
B0

Bj

�
¼

Z
1

0

dx

�
1

−xLj

�
1

½xð1 − xÞL2 þ ð1 − xÞΔ1 þ xΔ2�
: ðH10Þ

Furthermore, using the change of variable x ↦ y ¼ ξþ ð1 − ξÞx, these expressions can be simplified into

� B0

PjBj

P2

�
¼ 1

ð1 − ξÞ
Z

1

ξ
dy

�
1

ðy − ξÞ

�
1

fy2m2 þ ðyþ zξ
ð1−zÞÞ½ð1 − yÞðP2 þ Q̄2 þm2Þ þ ðy − ξÞQ̄2�g : ðH11Þ

Inserting Eq. (H11) into Eq. (H9) and changing the order of integrations one finds

SL
ðcÞ ¼ 2z

Z
1

0

dy
Z

y

0

dξ
f½2z − 1 − zξ�ðy − ξÞ þ ½z − 1 − zξ�ξg

fy2m2 þ ðyþ zξ
ð1−zÞÞ½ð1 − yÞðP2 þ Q̄2 þm2Þ þ ðy − ξÞQ̄2�g þOðD − 4Þ

¼ 2z
Z

1

0

dyy
Z

1

0

dη
f½z − 1 − zηy� þ zð1 − ηÞg

fym2 þ ð1þ zη
ð1−zÞÞ½ð1 − yÞðP2 þ Q̄2 þm2Þ þ yð1 − ηÞQ̄2�g þOðD − 4Þ; ðH12Þ

where in the second line we have again performed the change of variable ξ ↦ η ¼ ξ
y.

Up to this point, we have considered SL
ðcÞ in the general kinematics relevant for the LCWF. Let us now impose

P2 ¼ −Q̄2 −m2 in order to study the correspondence with the Pauli form factor. In that case, the integral over y becomes
polynomial, and one obtains

SL
ðcÞjP2¼−Q̄2−m2

¼ z
Z

1

0

dη
f2ð2z − 1Þ − 3zηg

fm2 − zð1 − ηÞ½1 − zð1 − ηÞ�q2g þOðD − 4Þ

¼
Z

z

0

dχ
fz − 2þ 3χg

fm2 − χð1 − χÞq2g þOðD − 4Þ

¼ 1

2

Z
1

0

dχ
1

fm2 − χð1 − χÞq2g fðz − 2þ 3χÞθðz − χÞ þ ðzþ 1 − 3χÞθðχ − 1þ zÞg þOðD − 4Þ ðH13Þ

using the change of variable η ↦ χ ¼ zð1 − ηÞ, and then symmetrizing the result with respect to χ ↔ 1 − χ.
Including the contribution of the diagram (d) as prescribed by Eq. (H8), one finally gets

SLjP2¼−Q̄2−m2 ¼ ð2z − 1Þ
2

Z
1

0

dχ
1

fm2 − χð1 − χÞq2g þOðD − 4Þ; ðH14Þ

and hence from Eq. (H6)

FPðq2=m2Þ ¼
�
αsCF

2π

� Z
1

0

dχ
m2

fm2 − χð1 − χÞq2g þOðD − 4Þ: ðH15Þ
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In order to have an expression valid also in the timelike case, one can restore the i0 by looking at the relative sign of q2 and
i0 in the energy denominators at the beginning of the calculation. Then,

FPðq2=m2Þ ¼
�
αsCF

2π

� Z
1

0

dχ
m2

fm2 − χð1 − χÞq2 − i0g þOðD − 4Þ: ðH16Þ

This is indeed the known result for the Pauli form factor at one loop in QCD, which is identical to the QED result [71,72] up
to the replacement αsCF ↔ αeme2f.
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