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the matter-antimatter asymmetry, vorticity, and hypermagnetic field
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We study the evolution of the matter-antimatter asymmetry (7), the vorticity, and the hypermagnetic field in
the symmetric phase of the early Universe, and in the temperature range 100 GeV <7 < 10 TeV. We
assume a configuration for the hypermagnetic field which includes both helical and nonhelical (B,)
components. Consequently, the hypermagnetic field and the fluid vorticity can directly affect each other, the
manifestations of which we explore in three scenarios. In the first scenario, we show that in the presence of a
small vorticity and a large 7,,, helicity can be generated and amplified for an initially strong B,. The
generation of the helical seed is due to the chiral vortical effect and/or the advection term, while its growth is
mainly due to the chiral magnetic effect which leads to the production of the baryon asymmetry, as well. The
vorticity saturates to a nonzero value which depends on B, even in the presence of the viscosity, due to the
backreaction of B, on the plasma. Increasing the initial vorticity, makes the values of the helicity, #’s, and
vorticity reach their saturation curves sooner, but does not change their final values at the onset of the
electroweak phase transition. The second scenario is similar to the first except we assume that all initial #’s are
zero. We find that much higher initial vorticity is required for the generation process and, while the values of
#’s do not reach their saturation curves, final #’s of order 10~ are possible. In the third scenario, we show that
in the presence of only a strong hypermagnetic field, #’s and vorticity can be generated and amplified.
Increasing the initial helicity increases the finaly’s and vorticity. Although the values of #’s do not reach their
saturation curves, final values of order 1077 are possible. We find that although the presence of a nonzero

initial B, is necessary in all three scenarios, its increase only increases the final values of vorticity.

DOI: 10.1103/PhysRevD.104.056028

I. INTRODUCTION

Observations indicate that the Universe is magnetized on
all scales. Magnetic fields exist everywhere in the Universe,
from the stars to the galaxies and the intergalactic medium
[1-4]. The amplitude of the detected coherent magnetic fields
in the Milky Way is in the order of 107% G over the plain of
its disc, while that of the magnetic fields existing in the
intergalactic medium is in the order of 10~ G [2,3,5-7].

These fields are very important from various aspects. They
govern the gas-cloud dynamics, influence the formation of
the stars, and can be used to determine the energy of the
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cosmic rays[8]. Meanwhile, the origin and the evolution of
these fields are under debate. There are two major approaches
for studying the evolution of these fields, namely astrophysi-
cal and cosmological [4,8—11]. On the other hand, histor-
ically, the creation and amplification mechanisms of these
fields can be divided into three categories depending on the
time of their occurrence: before the recombination, during
the recombination and after the recombination [4,12].
Astrophysical models are considered to be in the category
of the processes occurring after and during the recombination
[4,12]. Recent observations, [13—18] as well as the ubiquitous
presence of large-scale magnetic fields in the Universe,
strengthen the hypothesis of their primordial origin, i.e.,
the cosmological model [8]. However, primordial magneto-
genesis model has serious problems. For example, the
predictions for the seed fields amplified between the inflation
and the recombination era suffer from the smallness of their
correlation lengths1 [19], albeit there are some mechanisms

'Note that the generated initial correlation length cannot
exceed the Hubble horizon, due to the causality.
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that can increase their correlation lengths [20-27]. The
magnetic fields generated during the inflation do not have
this problem, but have a weak strength due to the con-
servation of the flux and expansion of the Universe. In this
work, we concentrate on the cosmological origin for the
magnetic fields after the inflation, passing over the scale
problem.

Since the non-Abelian gauge fields acquire mass gaps,
they have no contribution to the observed long-range
magnetic fields, and only the Abelian hypercharge gauge
fields contribute to these fields [28]. The evolution of the
hypermagnetic fields before the electroweak phase transition
is influenced by the nonperturbative anomalous effects. The
Abelian anomaly equations violate the conservation of the
matter currents, and interconnect the evolution of the hyper-
magnetic fields and the matter-antimatter asymmetries in the
symmetric phase of the early Universe [29-31]. Indeed, the
Abelian gauge fields couple to the fermions chirally and this
results in two important Abelian anomalous effects. First, the
existence of the Abelian anomaly equations as mentioned
earlier, and second, the emergence of the Abelian Chern-
Simons term in the Uy(1) effective action [32]. This term
leads to the chiral magnetic effect (CME),2 the current of

which is J,, = cgBy, where the hypercharge chiral mag-
netic coefficient cg depends on the fermionic chemical
potentials [33—-35]. Therefore, the matter-antimatter asym-
metries are interconnected with the hypermagnetic fields
through the CME, as well. In this context, some people have
shown that, in the presence of the matter-antimatter asym-
metries, the hypermagnetic field can be amplified from a
weak seed field or, in the presence of the strong hyper-
magnetic field, the matter-antimatter asymmetries can be
generated [33,34,36-42].

The origin of the matter-antimatter asymmetry in the
Universe is another unanswered problem in particle physics
and cosmology. The amplitude of the baryon asymmetry of
the Universe is measured via different mechanisms, and its
accepted current estimate is 75 ~ 107'0 [43—46]. There exist
some scenarios that investigate the generation and evolution
of the matter-antimatter asymmetry and the hypermagnetic
fields, simultaneously [33,34,36-42]. The authors of
Ref. [37] investigated the production of the matter-antimatter
asymmetry in the presence of the primordial hypermagnetic
fields. They considered the Abelian anomalous effects and
generalized the ordinary magnetohydrodynamic equations to
the anomalous magnetohydrodynamics (AMHD). Then,
they showed that, depending on the hypermagnetic energy
spectrum and particle physics parameters such as the
electron Yukawa coupling and the strength of the electro-
weak phase transition, the matter-antimatter fluctuation can
be generated in the plasma. The authors of Ref. [47]
considered another scenario, in which, first a lepton

*The generation of the electric current in the same direction as
the magnetic field.

asymmetry is created and then it is converted to the baryon
asymmetry. They showed that, in contrast to the electroweak
baryogenesis, leptogenesis yields a right-handed helical
magnetic field [48]. Moreover, the authors of Ref. [49] have
presented a model for the generation of hypermagnetic field,
assuming a preexisting right-handed electron asymmetry.
They took into account the Abelian anomaly and only the
first-generation right-handed leptons, then investigated the
evolution of the hypermagnetic fields and the right-handed
electron asymmetry. The authors of Refs. [39,40] also
considered the first-generation left-handed leptons and the
influence of the weak sphalerons, the effects which were not
considered in the earlier works [37,38].

In all aforementioned studies, the effects of the velocity
and the vorticity of the plasma were absent. Recently, it
has been shown that the chiral vortical effect (CVE)3 has
an important role in the generation and evolution of the
hypermagnetic fields [50,51]. This effect was discovered
by Vilenkin [52]. He showed that a rotating black
hole can produce a chiral neutrino current density as
J(0) = =QT?/12 — Q3 /487> — Qu? /4x* [52], where Q is
the angular velocity, u is the chiral chemical potential of
the neutrino, and 7 is its temperature. For a single-species
plasma, in the broken phase, the vector current which
results from the CVE appears as J,, = = (uk —12)9,
where up and p; are the right-handed and the left-handed
chemical potentials of the species, respectively [52-62].
In the symmetric phase, besides the hypercharge chiral
magnetic current, the chiral vortical current also appears
in the total current, which generates the hypermagnetic
fields and affects their evolution.

On the subject of the magnetogenesis, and the chiral
magnetic and vortical effects, the authors of Ref. [54] have
considered an incompressible fluid with a fully nonhelical
vorticity field. They have assumed that the backreaction of
the magnetic field on the fluid velocity is negligible, and the
advection term’ is unimportant in the magnetohydrody-
namics (MHD) equations. The authors of Ref. [63] have
investigated the chiral anomalous effects on the evolution
of the magnetohydrodynamics turbulence, and showed that
a maximally helical magnetic field might be generated from
an initially nonhelical one. They considered an incom-
pressible fluid in the resistive approximation and took into
account the chiral magnetic effect, then showed that this
chiral effect can support a turbulent inverse cascade.® In
their scenario, only the right-handed electron has been

3The generation of the electric current in the same direction as
the vorticity field.

*The form of the chiral vortical current in the symmetric phase,
not including the temperature dependent part, is given in
Ref. [50]. The complete form is given in Ref. [51], and is
restated and used later in this study.

>The term V x (7 x B) [54].

®The inverse cascade is the transfer of energy from the small
scales to the large scales.

056028-2



EFFECTS OF NONHELICAL COMPONENT OF HYPERMAGNETIC ...

PHYS. REV. D 104, 056028 (2021)

considered in the chiral plasma. The authors of Ref. [64],
referring to the work done in Ref. [65], approximated the
evolution of the velocity of the plasma by the Lorentz force.
They investigated the evolution of the energy and helicity
spectra of the magnetic field in the broken phase, and
showed that in a turbulent plasma with a strong seed of the
magnetic field, the chiral electron asymmmetry is enhanced
compared to the nonturbulent plasma with zero velocity.
Although the effect of the velocity has been considered in
Refs. [63,64], the effect of the chiral vorticity was not taken
into account.

In our previous work [50], we investigated the generation
and growth of the hypermagnetic field in a chiral vortical
plasma, taking into account the CVE and the CME in the
symmetric phase of the early Universe, and in the temper-
ature range 100 GeV < T <10 TeV. We showed that, in
the presence of an initial large right-handed electron asym-
metry, the hypermagnetic field can be generated from zero
initial value, only if the plasma is also vortical. We also
showed that the produced seed of the hypermagnetic field
grows due to the CME. Since we had chosen a fully helical
configuration for the hypermagnetic field, the plasma was
force-free in the absence of the viscosity. Furthermore, the
advection term was absent in the AMHD equations, because
the chosen configuration for the velocity field was also fully
vortical with the same helical configuration as the hyper-
magnetic field. The main generalization considered in this
paper as compared to our previous work is the addition of a
nonhelical component to the hypermagnetic field, i.e., B,,
which, as we shall show, will have important consequences.

The main purpose of this paper is to answer two
important questions: First we investigate the possibility
to generate and grow matter-antimatter asymmetries along
with helical components of hypermagnetic field resulting in
a net helicity, starting with a nonzero B, and a small
vorticity, with or without an initial right-handed electron
asymmetry 7,,. Second, we investigate the possibility to
generate and grow matter-antimatter asymmetries along
with vorticity, starting with a hypermagnetic field that has
both helical and nonhelical components. Here, we choose
the velocity field to be fully helical with the same Chern-
Simons configurations as the helical part of the hyper-
magnetic field. In all cases that we study here, the
prominent effects of adding B, is that a vorticity field
can seed helicity through the advection term and helicity in
turn backreacts on the vorticity. Therefore the plasma is no
longer force-free even in the absence of viscosity.
Moreover, as we shall show, this backreaction can usually
counteract the effects of the immense viscosity. In this
study, we have not taken the weak sphaleron processes into
account and plan to consider their effects in a future work.

The organization of the paper is as follows: In Sec. II, we
briefly review the fermion number violation, due to the
Abelian anomaly equations in the symmetric phase of the
expanding Universe. In Sec. III, we present the anomalous

magnetohydrodynamics equations and derive the complete
set of evolution equations for the matter-antimatter asymme-
tries, and the hypermagnetic and velocity fields, taking the
CVE and the CME into account, in the Friedmann-
Robertson-Walker (FRW) metric. In Sec. IV, we solve the
evolution equations obtained in Sec. III numerically, show the
results, and discuss about them on the basis of the evolution
equations. In Sec. V, we summarize our results and conclude.

II. FERMION NUMBER VIOLATION IN THE
SYMMETRIC PHASE

Due to the chiral coupling of the hypercharge gauge fields
to the fermions in the symmetric phase, the baryon and
lepton numbers are violated separately, while their difference
B — L remains conserved [29-31,33,34,37-42]. Global
matter current nonconservation occurs for the chiral leptons
and quarks and is manifested in the Abelian anomaly
equations. In the expanding Universe, these equations for
the right-handed and the left-handed electrons, and the
baryons are as follows (see the Appendix):7

» 1 5 g/2 5 g/2 N
Ve, = - (YR)—I&72 Y, = yp Ey.By,
] 1 g/2 5 g/2 N
Ve, = Z(Yﬁ) 62 Y, Y = T Ey.By, (2.1)

1 &

- 2 (Vi + Vadl, + Vi)

¢ i=1

= 3[vuj/€lk + 2vﬂj}éL]’

Vi =
(2.2)

where ng is the number of generations, and N, = 3 is the
rank of the SU(3) non-Abelian gauge group. After taking the
spatial average of Eq. (2.1) we obtain (see the Appendix for
details)

ne, —i 7% - =
0, =2—2r) = Ey.By),
t< s ) 471'2S < Y Y>

n, —n -g% - =
| t—1) = Ey.By),
[( S ) 1671’2S< v-By)

where s = 27%g*T3 /45 is the entropy density, g* = 106.75
is the number of relativistic degrees of freedom, and n,,,, and
ii,,, denote the chiral number densities of the electrons and
positrons, respectively.8 At the temperatures of our interest,
the rate of the electron chirality-flip processes become larger
than the Hubble parameter. Therefore, their effects should

(2.3)

"The covariant derivatives below are to be associated with our
choice of the metric (1, —R?, —R?, —R?). Also, in the following
we use the natural units, in which A =c¢ = 1.

'We should mention that usually in the literature the difference
between the latter two is denoted by n,,, . The distinction we have
made here is merely in view of our upcoming work.
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also be taken into account in the equations for the violation
of the chiral electron numbers. Recalling the relation
ng—ny=uT?/6 we obtain ;= (n;—ng)/s=
U sz /6s.° Therefore, the evolution equations for the asym-

metries of the chiral electrons and the baryons in terms of #
become [33,38,39]"

dne,  g*

Tes = I By By)
I 1-
() (55 1=
L )
= = e BB
+ (%) (i;;) (e = 1o, )
1d dn, dn,
3 cii?tB Z’tR 2 ZtL ' (2.4)
where Ty = 121, x = (t/tgw) = (Tgw/T)? is given by the

Friedmann law, fgw = Mo/2T &y, and My = Mp/1.66+/g"
is the reduced Planck mass. In the following section, we
obtain the magnetohydrodynamic equations.

III. ANOMALOUS MAGNETOHYDRODYNAMICS

We know that our visible Universe at the present time
consists of more than 90% electromagnetic plasma
[66-68]. The dynamics of the plasma is governed by
the laws of MHD [69]. In the presence of the anomaly, the
magnetohydrodynamics is generalized to the AMHD. In
the symmetric phase, the plasma is globally neutral, and
we obtain the evolution equations in the Landau-Lifshitz
frame as follows: (see Refs. [50,55] and also the Appendix
for details).11

EV'EY =0, EV'EY =0, (3.1)
OBy - .
— L 4+ 2HBy = ——V x Ey,
ot + Y Y
Jonm = o(Ey + 7 x By), (32)

911f with f = eg, e, , VL is the fermion asymmetry, and 7 is
the baryon asymmetry.

"In more realistic models, the effects of the Higgs asymmetry,
asymmetries of other leptonic generations, and the weak spha-
leron processes can also be taken into account [36,39]. Here, for
simplicity, we have neglected these effects, which is a limitation
of our work.

"There are also additional terms of O(u/T) in the ¢, and cp
which are negligible within the confines of our model, i.e., our
initial conditions and the results of our dynamical equations (see
the Appendix).

%—I—ZHEY:—ﬁXEY—j,
J:JOhm +jcv +jcm7 (33)
jcv = Cv"_‘;a '7cm = CBEY’ (34)
8 1= v Op
7Y+ v Jp
8t (U )+ ]U+p+p8t
1 ﬁp .7XBY v l= =
=——— — V25 +=V(V.5)],
Rp+p+p+p+R2[ 3V U)]
(3.5)
5= L9« (3.6)
G)—E v, :
op 12
TR V.i(p+p)¥]+3H(p+p) =0. (37)
o) = Lo, 42, (338)
T
g9° 3
CB(I):_@ _ZiueR +'M€L_Z”B . (39)

In the above equations, @ and 7 are the vorticity and bulk
velocity of the plasma, ¢ is the coupling constant of
the Uy(1), p and p are the energy density and pressure of
the fluid, R(¢) is the scale factor, H = R /R is the Hubble
parameter, ¢ = 1007 is the electrical hyperconductivity,
and v~ 1/(5ayT) is the kinematic viscosity, where ay is
the fine structure constant of the Uy (1). In Eqgs. (3.3) and
(3.4), jOhm’ jcv, and jcm are the Ohmic current, the chiral
vortical current, and the hypercharge chiral magnetic
current, respectively. Moreover, the coefficients ¢, and
cp are the chiral vortical and the hypercharge chiral
magnetic coefficients, which are obtained by considering
the quarks and the first-generation leptons and assuming
that pg, = p,, = pp for all generations of the quarks
[34,50]. Since we consider an incompressible fluid in
the comoving frame, i.e., 9,p +3H(p+ p) =0 in the
Lab frame, the continuity equation (3.7) reduces to
V.5 =0 [50,63].

Now we choose the configurations for our hyper-
magnetic field and the velocity field by using the follow-
ing orthonormal basis {a(z, k) = (coskz, —sinkz,0),
b(z,k) = (sinkz,coskz,0), 2} [70]. Note that the first
two basis elements are Chern-Simons configurations with
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positive helicity.]2 We can now express these fields as
follows:"?

-

By(t.z) = B,(1)2 + B,(t)a(z. k) + B,(t)b(z. k),  (3.10)
(1,2) = va(t)a(z, k) + v, ()b(z, k). (3.11)
The vorticities, as given by Eq. (3.6), reduce to
W(t,2) = we(n)a(z, k) +wy(1)b(z. k), (3.12)

where w;(t) = (k/R)v;(t) for i = a, b. Note that the space-
dependent part of both the hypermagnetic and velocity fields
are encoded in a(z, k) and b(z, k). These configurations
satisfy the divergence-free condition, i.e., V.EY = 0 for the

hypermagnetic field, and V.5 =0 for the incompressible
fluid. Therefore, the hypermagnetic and velocity fields can

be written in terms of the vector potentials Xy and S,
respectively. The vector potential Ay can be chosen as

-

AY(tv X, y’ Z) = A1<t’ X, y’ Z)R(t)a(z7 k)
+ A (1. x,y. 2)R(1)b(z. k).

(3.13)
where
B_(t . B,(t
A(t,x,y,2) = Z2( )(x—i—y)[—smkz—coskz] + k( ),
B (t By (t
As(t,x,y,2) = 22( )(x+y)[—sinkz+coskz] +%.
(3.14)

The vector potential S can be chosen as

S(t.x.0) = 2O Ryage. ) + 2O R

(3.15)

By using Egs. (3.10), (3.13), (3.14), we obtain the spatial
averages of the hypermagnetic energy and helicity density
as follows:

Eat) = 5 (By(x.0).By(x.1)
= B} =3 [B0) + B0 + B0 (3.16)
Hy(t) = (Ay.By) = R(t)fg(t) + R(t)f%’@ . (3.17)

where the angle brackets denote the spatial averaging. It
can be seen that the hypermagnetic field becomes fully
helical, i.e., Ez = (k/2R)Hp, only in the limit B2(t) = 0.
Note that, in contrast to the fully helical hypermagnetic
field, in the nonhelical case, the energy density can be
nonzero while the helicity density is zero.

In analogy with the hypermagnetic field, we obtain the
fluid kinetic energy and fluid helicity density as [50]

(3.18)

and

ng
1 1 -
Hv(t) = Z |:_(T%€, + T%,NW + T?jRiNc + T%lRI,NL' + TZQI-NL'NW) +_(/’l%€, +M%,~NW +M%1R,-NC +/’t%RiNc +M2QiNch) <UW>

- Y 872
e By (L (uk, +2u7, +12u3) L[vz(t)Jrvz(fﬂ (3.19)
2 [2a” " g ) VWi T LTI gy et RO |

This topologically nontrivial Chern-Simons configuration
has been used extensively to solve the MHD equations
[34,35,37,39,40,51,71,72]. Furthermore, it has been introduced
as an exact single-mode solution to the chiral MHD equations
[25,73].

“By adding the nonhelical component B., the plasma will be
no longer force-free, since the J x By term in Eq. (3.5) can
operate as a source term for the velocity field. Furthermore, by
choosing these simple forms for the hypermagnetic and velocity

fields, the advection term éﬁ x (U x Ey) reduces to a nonzero
simple form in the Faraday equation (3.21).

where we have assumed that all particles, including the
quarks and the first-generation leptons, are in thermal
equilibrium, and pg4, = p,, = po for all generations of
the quarks [34,50] (see the Appendix). We have also used
the fact that due to the fast interactions in SU(2), sector, the
asymmetries carried by different components of a given
multiplet are equal. Our vorticity field is fully helical, since
the velocity field contains only Chern-Simons configurations
of the same helicity.

Let us now simplify the AMHD equations within the
confines of our model. Since we consider a nonrelativistic

056028-5
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plasma, i.e., v>/c*> < 1, we can neglect the displacement

current in Eq. (3.3).1 Consequently, we can use Egs. (3.2)
and (3.3), to express the hyperelectric field in terms of the
hypermagnetic field as

2, > B J 4 Cy~ Cpg
Ey:—UXBy+—VXBy——CU——By.
Ro c c

(3.20)

By using Egs. (3.2) and (3.20), we also obtain the evolution
equation of the hypermagnetic field as

OBy 1= - IR

PV _ U x (% By) +——V2By + YV x &

o0 TRV X BY) A+ g ViBy R VXD
+R—B§x§y—l (3.21)

The first term on the rhs of Eq. (3.21) is the advection

term. Here, ¥ x Ey and its curl are nonzero, in contrast to
the case where a fully helical configuration for the
hypermagnetic field is taken into account. That is, for
our chosen nonhelical hypermagnetic field configuration
given by Eq. (3.10) [and helical velocity configuration
given by Eq. (3.11)], we obtain

29 (7 By) = £ (0B.(D]a(z. )
PR BB K).  (3:22)

In the following, for simplicity, we use the relations
w, (1) = K'v,(t), and wy(t) = K'v,(t), where k' = k/R =
kT. After substituting the chosen configurations for the
hypermagnetic and velocity fields in Eq. (3.21) and sim-
plifying, we obtain the evolution equation for the hyper-
magnetic field as follows:

2 /C
ol = k.0 + |-+ 522 ,0)
n k’zcv u([) _ Bat(t) ,
OB,(1) Klou(1B.()] 1 {_ K> . k’CB} B, (1)
_8t - a Z o o b
—l—%vb(ﬁ _BbT(t)’
0B.(1)  B.(1)
) B0 (3.23)

Let us now consider the evolution of the velocity and the
vorticity fields. Due to the homogeneity of the Universe and

"“Note that neglecting the displacement current in the comov-
ing frame is equivalent to neglecting the term 0,Ey + 2HEy in
the Lab frame.

smallness of the magnetic pressure compared to the fluid
radiation pressure, i.e., B>/(8zp) < 1, we can ignore the
gradient of the pressure in the evolution equation of the
momentum equation (3.5) [63], and obtain the evolution of
the velocity field as

a%t(t) By, frlp B, (1) B.(1)] = k?vu,(t),
dup(r) K i
5bt T T otp [B,(t)B.(1)] — K?vuy(1).  (3.24)

Note that in Eq. (3.5), unlike the case where a fully helical
configuration for the hypermagnetic field is taken into

account, the term J X By is nonzero; and therefore, the
hypermagnetic field can affect the evolution of the velocity
and the vorticity fields in the plasma.

After obtaining the evolution equations for the hyper-
magnetic and the velocity fields, we now focus on the
evolution of the hypercharge chiral magnetic coefficient cg
and the chiral vortical coefficient ¢, that depend on the
matter-antimatter asymmetries. We recall Eq. (2.4) and
obtain the evolution equations of the matter-antimatter
asymmetries using the aforementioned configurations. To
do this, we first use the chosen configurations for the
hypermagnetic and velocity fields, given by Egs. (3.10) and
(3.11), in the expression for the hyperelectric field equa-
tion (3.20), to obtain

By = 008,00 = 0,(0)8,(0) - £ B.(0)|:

+ 08,0 + X8, (0) - im0

c

- 2,00 ate.b
#0080 + £ Byte) - im0

- %BBb(t)] b(z. k). (3.25)

The Abelian anomaly terms appearing in the evolution
equations of the fermion number asymmetries, i.e.,

Eq. (2.4), are proportional to (Ey.éy), which we can
now calculate using Eq. (3.25) to obtain

k/

(Ey.By) ~[Bi(0)

+ B}(0)] = SR [0a(0)Ba (1) + v, (0B, (1),
(3.26)

= —2[B2(r) + Bi(1) + B} (1) +

By using Egs. (2.4) and (3.26), and the relations
1 Gauss ~ 2 x 10_20 GeVz, X = t/tEW = (TEw/T)z, //tf =
(6s/T2)77f for f = eg, e, and B, we obtain the new forms
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of the evolution equations of the matter-antimatter asymmetries. The whole set of our evolution equations in terms of x

_F, (nek(x)—mLT)C)+§n3( ) [ %)Z <f0(();)2+ (f&(oxc);ﬂ /
— Fy(n2,(x) =7, (x))[va( )(%) + v,(x) %)]x/%
T %(nek(x)—nq( )).

dnd():32Kf30azOG)) I % ]x3/2
-5 ) (32 () (5
- 2520809 =, 00 00 (g ) + 00 (o) |V

o) 3 [y (o025 4 2nt)) 1 o
- B B0+ P, 0 - ) 2 - )

= (i) ()~ o
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TABLE 1. Values of the coefficients F, Fy,..., F;, which
appear in the evolution equations.

Fy (9.176 x 1076)k"

Fy 77.79

Fy (15.83)k"

Fy 8477.6

Fy 3.56 x 108k"

Fs (6.1419 x 10%)k"?

Fg 0.304k"

F; 7.12k"?

dv; )EX) _ (%) (fgz(ox();> K a; ).

where ay = ¢’>/4x, and the coefficients F;,i = 0, ..., 7 are
given in Table I, and we have used the relation
K" =k/1077, as well [64,74,75].

In the next section, we solve this set of coupled
differential equations numerically. In particular, we
explore how the nonhelical hypermagnetic field can affect
the evolution of the vorticity and velocity fields, as well as
the matter-antimatter asymmetries. In fact, two of the
three scenarios that we explore in the next section are
possible only in the presence of nonhelical hypermagnetic
fields.

IV. NUMERICAL SOLUTION

In this section, we solve the evolution equations obtained
in Sec. III in the temperature range 100 GeV < T <
10 TeV and in the presence of viscosity. As mentioned
earlier, we have chosen monochromatic Chern-Simons
configuration for the hypermagnetic and velocity fields
with the length scale 2z./x/(kTgw), where k is the
comoving wave number.

A. Generation of helicity, vorticity and baryon
asymmetry by a large lepton asymmetry and strong
nonhelical hypermagnetic field

Let us consider a hypermagnetic field which is initially

completely nonhelical, i.e., BEIO) = BE,O) =0 and BEO) #+0,
and investigate the possibility to produce its helical
components. To accomplish this task, nonzero initial

vorticity is needed which can be produced by nonzero
initial v, or v,. Given vg)) = vg)) =0, the vorticity
freezes at zero and has no growth, since v, and v, will
stay at zero according to Eqgs. (3.33), (3.34). As a result,
B, and B, will also remain zero due to Egs. (3.31), (3.32).

That is, neither vorticity nor helicity can be produced.

We first solve the set of coupled differential equations
with the initial conditions k =107, B =10'7 G,
BY = BY =0, 1) =356 x 1074, 5l¥ = 4 =0, and
four different sets of values for vgo) and 1;20) . The results
are shown in Fig. 1. It can be seen that the helical
components of the hypermagnetic field, B, and B,, are
generated and amplified from zero initial values. The seed

for B, (B},) can be created due to the second or third terms
on the rhs of Eq. (3.31) [Eq. (3.32)]. The former comes

from the advection term %6 x (¢ x By), and the latter is
the chiral vortical term which is responsible for the
CVE [50]. The effect of vorticity via v, or v, appears
in both terms; while, the effect of B, shows up in the
former and that of 2 (x) —»?2 (x) in the latter. Moreover,
the first term on the rhs of Eq. (3.31) [Eq. (3.32)] consists
of two parts: the CME part and a non-CME part
(magnetic diffusive term). The CME part is proportional
to a signature combination of asymmetries which also
appears in the evolution equations for the asymmetries
themselves, and we denote by Ay := 7, (x) —1,, (x)/2+
(3/8)np(x) ~ /xcg(x), as indicated in Eq. (3.9). The
CME term leads to the growth of the seed of the helical
component, while the non-CME one contributes to the
saturation of its value [34,50].

Figure 1 shows that v,, v, and therefore the vorticity
, quickly drop due to viscosity, represented by the
second terms in Egs. (3.33), (3.34). However, they cross
zero and their amplitudes continue to grow due to the first
terms in Egs. (3.33), (3.34), which originate from the
term J x Ey/(p + p) in Eq. (3.5) and signify the back-
reaction of the hypermagnetic field on the plasma. As can
be seen from Egs. (3.33), (3.34), these terms are nonzero
only if the hypermagnetic field contains both nonzero
helical (B, and B;) and nonhelical (B,) components. We
shall henceforth refer to these terms as JB terms. The
growth of the amplitudes of v,, v;, and w is successful, in
spite of the presence of the extremely large viscosity,
since not only B, is large but also B, and B, continue to
grow due to the CME. Finally, the growth of B, and B,
stops when A, which is their sole growth factor at this
stage, reaches its minimum and this reduces the first

terms in Eqgs. (3.31), (3.32) to zero. Meanwhile, some of
(0)

ep 1S coOn-

the initial right-handed electron asymmetry #

verted into left-handed electron asymmetry 112) by the
Higgs chirality-flip processes until they equilibrate
around x = 1073, Then the chirality-flip terms, as well
as the CVE terms in the evolution equations for 7, (x),
ne, (x), and n7g(x) in Egs. (3.27), (3.28), (3.29) go to zero.
During this time baryon asymmetry #g continues building
up until Az reaches its minimum, which makes the sum of
the remaining two terms in the evolution equations for
e, (X), 1., (x), and ng(x) in Egs. (3.27), (3.28), (3.29) go
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FIG. 1. The time plots (a): the helical components B,(x), (b): the helical components B, (x), (¢): the hypermagnetic field amplitude
By(x), (d) the baryon asymmetry 775(x), (e) the right-handed electron asymmetry 7, (x), (f) the left-handed electron asymmetry 7,, (x),
(2): v,(x), and (h) v, (x), in the presence of the viscosity, with the initial conditions BEO) =10" G, BY = B(bo) =0, ;75,2) =3.56 x 1074,
and ;12) = 11%0) = 0. Large dashed (red) line is for 29 = 1}570) = 1077, dashed (green) line for 29 = 1077, vio) = 107", dot-dashed

1071°, »\” = 10714, and dotted (blue) line for v = v\ = 1014,

(violet) line for o) =
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exactly to zero. Then, all three asymmetries reach their
constant saturation curves, and Ay remains constant at its
minimum."® This makes B, and B,,, and consequently v,,
vp,, reach their saturation curves. We should mention that
the saturation curves for the comoving variables are
horizontal lines, while those of other variables are
inclined lines on the logarithmic scale due to the
expansion of the Universe.

Let us investigate the effect of increasing the initial

vorticity on the evolution, when v(ao) = véo),lé by comparing

the two cases, 20— Uéo) =10~ and v = 112(» =107,
(0) (0)

Given the aforementioned values for B; en

11510) = 1);,0), both of the advection terms are much larger than

the chiral vortical terms in Eqgs. (3.31), (3.32). Therefore, they
are responsible for the production of the seeds for the helical
components B, and B;,, while CME is mainly responsible for
their subsequent growth. As can be seen from Egs. (3.31),

and 7., , when

(3.32), v(ao) and v,(jo) appear in the advection terms for B, and
B, respectively, with opposite signs. Therefore, the seeds
that they produce for B, and B,, have opposite signs.
Incidentally, this is in contrast to the CVE terms for B,

and B, in which vE,O) and v(bo) appear, respectively, and with

the same sign. On the other hand, Egs. (3.33), (3.34) show

that B(ao) and BEJO) appear in the JB terms for v, and v,,

respectively, with opposite signs. Since the strength of the

seeds depend on the values of oY = UZO) and B§°>, they

(0) (0)

become stronger by increasing v, = v,,”, as can be seen in

SThe reason for the production of 775 < 0 in this case is the
following. During the evolution, we have the conservation law
L15(X) = [y (X) + 1, (x) + 1, (x)] = constant = ;). The
fast SU(2) gauge interactions imply #,, (x) = n,, (x). When 7,
reaches its constant saturation curve, Eq. (3.29) implies the
following at the EWPT x = 1:

An(1) = 1 (1) = 316, (1) + 315 (1)
KRB+ B

TR B + BY(1) + BA(1)]

Before the EWPT the chirality-flip processes are relatively fast
and, when the above saturation has been attained, they come to
equilibrium resulting in 7, (1) = #,, (1), even though their rates
are proportional to 1 —x. Combining these we obtain

ne(1) = (12/31)(6a — V) = —=1.37 x 10~*. This shows that

when 7., is large enough, i.e., ;72(;) > 6a, there will be net
antibaryons produced. We like to add that, when
B(1) < B3(1) + B3(1), as is usually the case, we have
axFy/F; ~1.18x 107",

In this case, the amplitude of v, and v, will remain equal
during the evolution due to the symmetric form of the equations
with respect to v, and v,.

Fig. 1. The stronger the seeds, the sooner they reach their
maxima on the saturation curves, as a result of the growth due
to the CME. That is, the maximum values of B,, B, and
therefore all other variables plotted in Fig. 1, occur at a higher
temperature. However, their final values, at the onset of the
electroweak phase transition (EWPT), are almost indepen-

dent of U,SO) = 11;,0) .

(0)

Next, we analyze the case where v, ©

< v, . As we have

indicated before, given our initial conditions for Bgo)

:122), and assuming v(ao) ~ UE)O), the advection terms are

dominant over the CVE terms in Egs. (3.31), (3.32) for
the evolution of B, and B,. For v, < v,, although the
advection term is still dominant for B, the CVE term is
dominant for B, both of which contain v,. The evolution of
v, in turn is controlled by B, through the JB term, as is

evident in Eq. (3.33). As a result, for UE,O) < v,(lo) the
evolution of v, and B, are intertwined with each other
and almost independent from that of v,, and therefore B,,.
Figure 1 shows that the evolution of v, and B;, for the two
cases v =107 and vg)) =107, and ¥ = v(bo) =
1077, are almost the same. That is, their evolution is almost
completely independent of v,. Meanwhile, the seed of B,,
produced by v, via the CVE term, is smaller than the seed of
B, produced by v, via the advection term. As a result, B,
remains much larger than B, at any instant of time during
their growth due to the CME. Therefore, it is the dominant
helical component which affects the evolution of all other
variables, as can be seen in Fig. 1. More importantly, as it
increases due to CME, it changes 7, (x), 7., (x), and 75(x)
according to Egs. (3.27), (3.28), (3.29) until An goes to its
minimum which causes 7’s, B, and B, to hit their saturation
curves. As a result of the latter two, the velocities saturate as
well. Therefore, a smaller seed of B, compared to that of B,
leads to smaller maximum and final values for it. In the case
2% = 10710 and Ugo) = 107", the same behavior can be
observed, as Fig. 1 shows, except that the temperature at
which the concurrent transitions occur becomes smaller, due
to the smaller value of the seed of B;,. As shown in Fig. 1, the
seeds of B, and B,, are both reduced by the same factor when
vﬁ,o) is reduced, in accordance with our argument above.
Equation (3.30) is the evolution equation of the nonhelical

part of the hypermagnetic field B,. The solution to this
equation is B (x) = BY (l(l_"‘)’ which shows that B,
decreases only due to the expansion of the Universe. As
discussed earlier, B, can play important roles in the
production of the helical components B, and B, through
the advection terms, and in the growth of v,, v,, and
therefore w, through the JB terms in their corresponding
evolution equations. It also affects the evolution of the matter
asymmetries both directly and indirectly, through other
variables, as indicated in Egs. (3.27)—-(3.29). The evolution

and
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of the hypermagnetic field amplitude By, the baryon
asymmetry 7p, the right-handed electron asymmetry 7,,
and the left-handed electron asymmetry 7,, is shown in
Figs. 1(c), 1(d), 1(e) and 1(f), respectively. At first, the
produced helical components B, and B, are small; therefore,
By ~ B, decreases due to the expansion of the Universe. The
helical parts then grow due to the CME, leading to the
growth of By.

Let us now investigate the effect of varying the value of
B§°> on the evolution. We solve the set of coupled differ-
ential equations with the initial conditions k = 1077,
BY =BY =0, 5l =3.56 x 104, 5') =4’
values for BEO), ie., 107 G and 10" G, and two different

sets of values for v and v;}o)’ ie. oV = vgo) = 107", and

2 = 1077 and véo) = 10""*. The results are shown
in Fig. 2.

Let us first investigate the evolution in the two cases
BY =107 G and B =10 G, when o} = o) =

10-14. Tt can be seen that by increasing B.”, the produced
seeds of B, and B, become stronger, as can be seen in
Figs. 2(a) and 2(b), respectively. This is due to the fact that,
(0)

€R

=0, two

with the aforementioned initial value for 7., when

- Uéo), B, and B, are generated via the advection

terms in their evolution equations. The stronger the seeds,
the larger the temperature at which the concurrent transitions
to the saturation curves occur. The final values of B, B}, By,

Ngs Ne, and n,, at the onset of the EWPT are independent of

B§°> and depend on initial electron asymmetry and wave

number. Furthermore, by increasing B§°>, the initial hyper-

magnetic field amplitude B(YO) increases since, initially, the

hypermagnetic field has no helical part, i.e., Bgf)) = Bg()). A

larger Bg/o) leads to a larger seed for the baryon asymmetry

ng, as well. The growth of By shows up when the amplitude
of the helical part becomes comparable with that of B_, as
can be seen in Fig. 2(c). This also results in the growth of the
amplitude of 7, as can be seen in Fig. 2(d). However, this
shows up as a drop in the values of 7, and 7, as shown in
Figs. 2(e) and 2(f), respectively. This is in accordance with
the conservation of B — L. Figures 2(e) and 2(f) also show
that, prior to the transition mentioned above, 7,, and 7,,
equilibrate with each other due to chirality-flip processes.
As BS’) becomes larger, the JB terms become stronger
and make the velocities overshoot zero further, when
viscosity pushes these to zero, and the final saturated
amplitudes of velocities become larger, as can be seen in
Figs. 2(g) and 2(h). Moreover, the JB terms in the
evolution equations of v, and v,, i.e., Egs. (3.33) and
(3.34), are influenced by B, not only directly, but also

indirectly through B, and B,, respectively, the seeds of
which are proportional to B,. This has two consequences.
First, the amounts of overshoots of v, and v, depend

(0)

approximately on B;’ squared. Second, since the final

0 _ (0)

values of B, and B, incase v, = v,,’, are independent of

Bgo), the final values of w», and v, depend linearly
0) 17

on B;".

Let us now investigate the evolution in the two cases

BS’) =107 G and BEO) — 10" G, when ¥ = 107 and

vg)o) = 10~'*. As mentioned before, with the initial con-

ditions chosen, the seeds of B, and B, are produced via

the advection and the chiral vortical terms, respectively.

As a result, by increasing BEO), the seed of B;,, which was

stronger than that of B, to begin with, becomes even
stronger while the seed of B, does not change. Therefore,
B, becomes much larger than before during the evolution
and is the dominant helical component. Consequently, the
rates of changes of the asymmetries, given in Eqgs.
(3.27)—(3.29), are increased and attain the value zero
more quickly, when Ap attains its minimum value.
Therefore, the resulting concurrent transitions of all
variables, including B,, occur at a greater temperature.
Consequently, the maximum and final values of B,

decrease. That is, by increasing BEO), the saturation curve

of B, remains the same, while that of B, is shifted
downward, as Figs. 2(a) and 2(b) show. Indeed, the final

values of B, depend inversely on Bgo).

The evolution of v, in these two cases is also similar to
the two previous ones. That is, as explained above, the
amounts of overshoots of v, depend approximately on

Bgo) squared and the final value of v, depends linearly on

BEO), as can be seen in Fig. 2(g). The evolution of vy,
which is influenced by that of B,, is somewhat different
from the two previous cases. First, since v, < v, in this
case, the seeds of B,, which are produced by the CVE and

depend on vﬂo), are equal and independent of BE,‘”.

Therefore the amount of overshoot of v»,, produced by
the JB term in Eq. (3.34), depends linearly on B§°).‘8
Second, since the final value of B, depends inversely on

BS’),” the saturated values of v, in these two cases, which
can be determined by the product of BEO) and the saturated

value of B, become equal. Incidentally, when we set the

7As can be seen in Figs. 2(g) and 2(h), when B(ZO) grows by 2
orders of magnitude, the overshoots of v, and v, grow by 4 orders
of magnitude, while their final values grow by 2 orders of
magnitude.

®The overshoot value of v;, with B = 10'° G is 2 orders of
magnitude greater than the one with BEO) =10" G.

"The final value of B, for BEO) =10 G is 2 orders of
magnitude less than the one with B = 10" G.
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FIG. 2. The time plots (a): the helical components B, (x), (b): the helical components B, (x), (c): the hypermagnetic field amplitude
By(x), (d) the baryon asymmetry #75(x), (e) the right-handed electron asymmetry 7, (x), () the left-handed electron asymmetry 7,, (x),

(2): v,(x), and (h) v, (x), with the initial conditions BV = BE,O) =0,7
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viscosity to zero, the overall behavior of the variables
remains unchanged. The major differences are that all
variables except the velocities reach their saturation
curves earlier. As for the velocities, it is the JB terms
that make them drop to large negative values rather
abruptly. The larger the initial velocity, the later this drop
occurs.

B. Generation of helicity and matter-antimatter
asymmetry by strong nonhelical hypermagnetic field
and vorticity

Now we investigate the possibility of the helicity and
matter-antimatter asymmetry production in the absence
of initial matter-antimatter asymmetry. To accomplish
this task, nonzero initial values for B, and v, or v, are
needed. We solve the set of coupled differential equations

with the initial conditions k = 10~7, B = 10'° G,
B =B = 0,5 =1

sets of values for 1120) and véo). The results are shown in

Fig. 3. It can be seen that the helical components of the
hypermagnetic field, B,, By, and matter-antimatter asym-
metries are generated and amplified from zero initial
values. The seeds for B, and B, are produced by the
advection terms on the rhs of Egs. (3.31), (3.32).
Subsequently, these helical components produce the
matter-antimatter asymmetries through the first terms in
Eqgs. (3.27), (3.28) and (3.29).

Let us investigate the effect of initial velocity on the
evolution equations for two cases vﬁf’) = 11;,0) = 1073 and
v = ) = 1072, As can be seen in Egs. (3.31), (3.32) and
Figs. 3(a), 3(b) and more clearly in Fig. 3(c), the amount of
B, and B, produced by the advection term increases linearly
with the increase of the initial velocities. Since vﬁf’) = véo) >
0 the initial hypermagnetic fields produced are
B, =~ —B,, > 0. Therefore, when the viscosity terms in the
evolution equations for the velocities, i.e., the second terms
in Egs. (3.33) and (3.34), force them to zero, the JB terms,
which involve B, and B,,, respectively, make both velocities
overshoot zero and obtain their terminal values, due to
counterbalancing effect of viscosity again. Meanwhile, the
F, terms”’ in Eqs. (3.27), (3.28) and (3.29) initially produce
Nep > 0, 1, <0 and ng > 0. Then the chirality-flip proc-
esses, represented by the last terms of Egs. (3.27), (3.28),
equilibrate both 7,, and 7,, to positive values, due to the
surplus production of the former. This causes the sudden
turnarounds in the graphs for 7, . In this case, unlike the case
with a large initial value of 7, studied in the last subsection,
the #’s and hence A keep increasing, but do not saturate for
the initial conditions chosen. Meanwhile, the first terms in
Egs. (3.31), (3.32), in which the CME terms remain much

= r]g)) =0, and four different

*The F, term is a manifestation of the Ampere law in the
anomaly term.

smaller than the k” terms, together with the last terms, arising
from the expansion of the Universe, lead to exponential
damping observed in Figs. 3(a) and 3(b).

Next, we study two other sets of initial values for

velocities which are  {s{) =102, »\”’ =0} and
{vﬁ,o) =0, vg)) = 10‘2}. In the first case, vg)) produces

B,, by the advection term, which then produces the
asymmetries, by the F, terms in Eqs. (3.27), (3.28) and
(3.29), with the same signs as before. Subsequently, the net
electron chirality produced generates a smaller but positive
B, by the CVE term, which appears in Eq. (3.31) and is
proportional to 72, (x) —#nZ, (x), which then produces a
small negative v, by the JB term in Eq. (3.34). When both
v, or v, become negative, the advection and CVE terms in
Eq. (3.31) together force B, to negative values, while the
first and fourth terms have only damping effects in this
case. Subsequently, this change of sign of B, forces v, to
change sign through the JB term in Eq. (3.34). The second
case, i.e., {UE,O) =0, vg])
similarly.

= 1072}, can be analyzed

C. Production of matter-antimatter
asymmetry and vorticity by strong helical
hypermagnetic field

Let us investigate the possibility to produce the matter-
antimatter asymmetries, and vorticity by strong hyper-
magnetic fields, containing both helical and nonhelical
components, in the presence of the viscosity and in the
temperature range 100 GeV < T < 10 TeV. We solve the
set of coupled differential equations with the initial con-
ditions k = 1077, 7\) =1l =) =0, o)) =} =0,
BYY) = 10'7 G, and four different sets of values for B and
B;)o)‘ The results are shown in Fig. 4.

As can be seen, the matter-antimatter asymmetry and
the vorticity are generated from zero initial values in the
presence of the strong hypermagnetic field. Much of the
analysis here is similar to that of the last subsection, part

of which we repeat. Given the large values of B(ao) and

B\, the F, terms in Egs. (3.27), (3.28) and (3.29) initially
produce 7., > 0, n,, <0 and nz > 0. Then the chirality-
flip processes, represented by the last terms of Egs. (3.27),
(3.28), equilibrate 7, and 7,, both to positive values, due
to the surplus production of the former. This causes the
sudden turnarounds in the graphs for 7, . In this case,
unlike the case with a large initial value of 7,, studied in
the Sec. IVA, the n’s and hence Ay keep increasing, but do
not saturate for the initial conditions chosen. Meanwhile,
the first terms in Eqgs. (3.31), (3.32), in which the CME
terms remain much smaller than the k” terms, together
with the last terms, arising from the expansion of the
Universe, lead to exponential damping observed in
Figs. 4(a) and 4(b). The presence of both helical and
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FIG. 3. The time plots (a): the helical components B, (x), (b): the helical components B, (x), (c): the hypermagnetic field amplitude
By(x), (d) the baryon asymmetry 775(x), (e) the right-handed electron asymmetry 7, (x), () the left-handed electron asymmetry 7,, (x),

(2): v,(x), and (h) v,(x), in the presence of the viscosity, with the initial conditions B =10 G, BY :B,(f) =0, and
) = n® =y — 0. Large dashed (red) line is for, v} = v’ = 102, dashed (green) line for v’ = 102, v’ = 0, dot-dashed
(violet) line for v} =0, »\”) = 1072, and dotted (blue) line for v = v\ = 103,
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FIG. 4. The time plots (a): the helical components B, (x), (b): the helical components B, (x), (¢): the hypermagnetic field amplitude
By(x), (d) the baryon asymmetry #75(x), (e) the right-handed electron asymmetry 7, (x), () the left-handed electron asymmetry 7, (x),

(2): v,(x), and (h) v, (x), with the initial conditions Bg()) = 10" G, and nﬁ? = ;752) = ;720) = v,go) = 1)5,0) = 0. Large (red) dashed line is
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nonhelical components activate the JB terms in the
evolution equations of the velocities Eqgs. (3.33) and
(3.34), which produce v, > 0 and v;, < 0. The velocities
then reach their terminal values due to the viscosity terms.
These terminal values depend on B,(x), B,(x) and B,(x),
which decrease with time. Note that the values of matter-
antimatter asymmetries and the velocities at the EWPT
increase with increasing the amplitude of the hyper-
magnetic field.

Let us now investigate the effect of increasing the value of

Bg()) on the evolution. We solve the set of coupled differential

equations with the initial conditions k= 1077,
0 0 0 0 0 0 0
'I(ek):’YgL):”E;):O’ vl(l>:v§)):0’ Bg):BEJ):

102G, and three different values for Bgo), which are

BY =10%G, BY =10°G and B =102G. The
results are shown in Fig. 5. As can be seen from this figure,
only the velocities are significantly affected by the value of

BEO) and this is due to the JB terms. The helical components
of the hypermagnetic field B, and B, are not significantly
affected since the velocities generated are too low and this
renders the advection terms ineffective. The matter-antimatter
asymmetries are not significantly affected since when Az is
below its saturation value and the components of By are of
the same order, the CME term is at least 1 order of magnitude

smaller than the F, term in Egs. (3.27), (3.28) and (3.29).

Having said that, for the case B\") = 102 G the effect of the
strengthened advection terms show up as slight decrease of
B, and B, which help shift the balance of power between the
CME and F terms in Egs. (3.27), (3.28) and (3.29) to the
former and this shows up as slight decrease of the #’s.

V. CONCLUSION

In this work we have investigated the production and
evolution of the vorticity, matter-antimatter asymmetries and
the hypermagnetic field in the symmetric phase of the early
Universe, in the temperature range 100 GeV < 7 < 10 TeV,
within the framework of AMHD. We have assumed that the
hypermagnetic field includes both helical components B,, and
By, and nonhelical component B,, and have concentrated on
the role of the latter in three scenarios. We have chosen
similar Chern-Simons configurations for the helical compo-
nents of hypermagnetic field and the fluid velocity v, and vy,
the latter two leading to fluid vorticity. The presence of a
nonzero B, has two major and one minor effect on the
evolution equations. The first major effect is to activate the
advection terms in the evolution equations of B, and B, i.e.,
the second terms in Egs. (3.31), (3.32), which are propor-
tional to B_(x)v,(x) and —B_(x)v,(x), respectively. These
terms represent the action of fluid vorticity on the helical
components of the hypermagnetic field. The second major
effect is to activate the JB terms in the evolution equations of
v, and vy, i.e., the first terms in Eqs. (3.33), (3.34), which are

proportional to B_(x)B;(x) and —B.(x)B,(x), respectively.
These terms represent the back reaction of the hypermagnetic
field on the fluid vorticity. The minor effect is to strengthen
the CME terms in the evolution equations of the matter-
antimatter asymmetries 7,,, 1., » 11, i.€., the second terms in
Egs. (3.27), (3.28), (3.29). We have shown that asymmetries
of order 107!" and helical hypermagnetic fields of order
10?! G can be easily generated in the scenarios that we have
investigated. An interesting observation is that the results are
not very sensitive to the initial value of B_, as long as it is
nonzero. The specific summary and conclusions of each of
the three scenarios studied are as follows.

In the first scenario we have investigated how initial
values of ,,., B, v, and v;, can generate ,, , g, B, and B,
and have obtained the time evolution of all variables up to

the EWPT. In this scenario, with a large 172?, the CME
produces ng(< 0), while its effects on 5, and 7, are
dominated by the chirality-flip processes which tend to
equilibrate them. The seeds for B, and B,, are produced by
the advection terms or the CVE terms, the former being
usually dominant with our choice of initial conditions.
Subsequently, B, and B, grow mainly due to the CME.
Meanwhile, when the viscosity forces the velocities to zero,
the JB terms make them overshoot zero and continue to
grow, as long as B, and B, do so, with the JB and the
viscosity terms being almost balanced at each instant. The
asymmetries continue to change, after the chirality-flip
processes equilibrate 77, and 7,,, until the CME terms are
reduced and finally balanced by the F, terms, at which
point An, which appears in the CME terms, reaches its
minimum value and all #’s reach their saturation values.
When Apn, which also appears in the CME terms for B, and
B,,, reaches its minimum value the growth factor for B, and
B, is eliminated and they reach their saturation curves.
These saturation curves are actually exponentially decreas-
ing mainly due to the expansion of the Universe.

The second scenario is similar to first except l’[g; is
dispensed with. That is, we have investigated how initial
values of B, v, and v, can generate 1, , 1, , 1, B, and By,
and have obtained the time evolution of all variables up to the
EWPT. First and foremost, the advection terms produce
B,(>0) and B,(< 0) which have two immediate conse-
quences. First, the combined effects of viscosity and the
newly activated JB terms turn v, and v, to negative values, as
explained above. Second, 7,, (> 0), 7., (< 0) and 55(> 0)
are produced by the F; terms. The chirality-flip processes
equilibrate #,, and 7,, both to positive values, due to the
surplus production of the former. Hence all matter-antimatter
asymmetries generated are positive in this scenario. Although
the 1’s keep growing, they do not reach their saturation curves
and the Az generated remains too low to contribute as a
growth factor for B, and B, via the CME, and they reach
their saturation curves very quickly, as do the velocities.
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FIG. 5. The time plots (a): the helical components B,(x), (b): the helical components B, (x), (¢): the hypermagnetic field amplitude
By(x), (d) the baryon asymmetry 775(x), (e) the right-handed electron asymmetry 7, (x), (f) the left-handed electron asymmetry 7,, (x),
(2): v,(x), and (h) v, (x), with the initial conditions BE,O ) — B§,0 ) — 102G, ;722) = 115,? = ;71(30) = 1/,(10) = 1)20) = 0. Large (red) dashed line

is for B = 102G, dashed (green) line for B’ = 102G, and doted (blue) line for B” = 10'3G.
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In the third scenario, we have investigated how only an
initial hypermagnetic field with nonzero components B,
and B, or B, can generate 1,,, 1., » 11, U, and v;,, and have
obtained the time evolution of all variables up to the
EWPT. First, the JB terms produce v,(> 0) and v,(< 0),
and the F, terms produce 7, (> 0), 77, (< 0) and 75(> 0).
The chirality-flip processes again equilibrate 7,, and 7,,
both to positive values, and hence all #’s generated in this
scenario are positive, as well. Although the #’s keep
growing, they do not reach their saturation curves and the
An generated remains too low, and hence B,, B, v,
and v, reach their saturation curves quickly, as
explained above.

As an extension of this work, one can generalize the
configurations of the hypermagnetic and velocity fields, by
considering a superposition of the fields with different
wave numbers k. In this case we expect additional effects
due to nonlinear interactions of various modes, such as
cascade phenomena, to show up.

APPENDIX: DETAILS OF THE AMHD
EQUATIONS

Relativistic hydrodynamics is a powerful effective
theory for describing the long-wavelength dynamics of
collective phenomena in many-particle systems, such as
relativistic astrophysics[76] and cosmology [75]. In
relativistic hydrodynamics of viscous fluids the definition
of the fluid velocity is nontrivial[77]. The Landau-
Lifshitz (or energy) frame [78], and the Eckart (or
conserved charge/particle) frame [79] are the commonly
used frames in hydrodynamics, the former being the
preferred choice, particularly when the conserved charges
(such as baryon asymmetry) are negligible [77]. In the
Landau-Lifshitz frame, the energy-momentum tensor 7+
and the total electric current J# for a plasma of one
component massless chiral fermions are given by
[51,55,80-82]

1
T = (p+ p)utu’ = pg" +  ¢"FFy

= PO 4, (A1)
T = pa + Jeyg + Jeve + V. (A2)
Jeme = (Orépr + OLp L) B, (A3)
Jeve = (Orévr + OLE L)@ (A4)

In the above equations p and p are the pressure and the
energy density of the plasma, p,; is the electric charge
density, F,; = V,Ay — V4A, is the field strength tensor,
B = (e"7° [2R?)u,F ,, is the magnetic field four vector,
w* = (e"7°/R*)u,V u, is the vorticity four vector, with
the totally anti-symmetric Levi-Civita tensor given by

€2 = —ey3 =1, QOp (Qp) is the right-handed

(left-handed) electric charge, w* =ocE* —oT[¢" —
wu’|V,(u/T) is the electric diffusion current, E¥ =
Fty, is the electric field four vector, o is the electrical
conductivity, ¥ is the viscous stress tensor, u* =
y(1,7/R) is the four-velocity of the plasma normalized
such that w*u, =1, and y = 1/V1 - v? is the Lorentz
factor. The validity of the diagonal Einstein tensor
obtained from the FRW metric requires that not only
the electromagnetic energy density should be small
compared to the energy density of the Universe [83],
but also the bulk velocity should be small, |v| < 1, which
is equivalent to y ~ 1. In this case the four vectors are
given as follows [51]:

- B-TxE .- B

Bt =y| v.B, ~ | v.B,—

R R
L. @0—-Uxd )

o' =yl v.0, ~ | v.0,—
(r0.2%) = (72%)
L_ad+UvXad ..da

at =vy| v.a, ~ | v.a,—

(ra ) = (7a3)
_,—>E qXE _,—vE _)XE
EH = y(v.E,++) ~ (v.E, ++), (AS5)

where a* = Q*u, is the acceleration four-vector,
Q, =V,u,—V,u, is the vorticity tensor, and a' =
RQY is the three-vector acceleration. We have also used
the assumption 9, ~ V.7 in the derivative expansion of the

hydrodynamics, hence v X E ~ v?B, and we have ignored
the terms of O(v?). Furthermore, the CME and
CVE coefficients for chiral fermions are given as
[51,55,80-82,84,85]

Ear = OrHR {1 (g - ﬁR)ﬂR]

 4x? 2 p+p
1 (ng —R)T*  QOgrpx
24 p+p 4x?

_ O 1 1 (ng — g )y
47? 2 p+p

1 (f’lL - ﬁL)Tz
p+p

24
K [ _2(nR_’7lR>:“R:|

(A6)

gB,L =

- Orp
4

(A7)

MR
&rR= )

3 p+p

n iTz {] _ 2(ng - ﬁR)ﬂR}
p+p

zé 1T2
82 24

24
(A8)
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B i 1 2(ny — A )
fv.L___z -5 T
8 3 p+p
Lol 2] o 1,
24 p+p T o8x2 24

(A9)

In the above equations we have used the assumption
prL/T <1 in the hot plasma of the early Universe,
and used the relations ngp —iiRp ~¢ g T? and

p=3p=x 309 *T*, where T is the temperature and NR.Ls
and (7ig 1) are the chiral number density of the fermion,
(antifermion), respectively. Moreover, since /T < 1, we
ignore the term o7 [u*u” — ¢**|V,(u/T) and consider only
the Ohmic effect 1/ = ¢E* in the dissipative current.

In the presence of anomalous effects, the ordinary MHD is
generalized to the AMHD with the following dynamical
equations:

v, =
V" =0 (A11)
V.jrL = CrLE,B (A12)
Jr = (ng = ig)u* + EgrB* + &, g + oRE,
Ji = (np — A )ut + &g BY + &, Lo + oL EF, (A13)

where F* = Z—}Pe””P"F so 18 dual field tensor, ogy =
(6/QrL), and Cg; are the corresponding right- and left-
handed anomaly coefficients [55,80—82]. The right- and left-
handed anomalous equation (A12) can be written as

. lg- .
Orfitrry + 7 Vire) +3H Jruy = CroLE,B".  (Al4)

where the zero and spatial component of the chiral currents

v, = (A10) are given as
|
j?R,L) = (ngL = figL) + EB,R1L) v.B + SvrL)V-® + U(R.L)E‘E
;(R 1) = (nrL — AR L)V + &B R 1) B+ S rL)® + G(R,L)(E + 7 x E) (A15)
After taking the spatial average of Eq. (A14), the divergent terms %6 J(r.L) vanish and we obtain [51]
L= v - - L= Cri 2 3
0, (nRL R L) = -9, FB L) (5 By 4 SR 5 20 | © (v.E)} _ “RL(E B, (A16)
K QR,LS s
where s is the entropy density and we have used the relation §/s=—3H.*' By using the relation
(E.B) = —1(0,+3H) (A.B), we can write Eq. (A16) as the following generalized charge conservation law:
O, + BB (5 By 4 SR 5 gy 4 OBD gy CRL G ] g
tRL N ) S ’ Q(R,L)s ' 2S '

In this work, all terms other than the first and the last are negligible. Using Eqs. (A6)—(A9) and x = t/tgw = (Tpw/T)* we

obtain
dngr 1 [ EwCR 2 3
—=——|A —-—(E.B)|, Al7
= T iG] MW = (BB (AL7)
dny, 1 [ tewCL 7 3|
—=——|A ——(E.B)|, A18
& T a [0 EB (AL8)
where M = 27°g* /45, and A (x) and Ag;(x) are given as follows:

-

21 L =T =
Note that E,B" = (v.E)(v.B) —

v?), and we have ignored the terms of O(v?).
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#) = 2 1065000 4 TRKY
60, (3.B) «x 36M 5
A ) = =4 100G 5000 T a2 MKV
_60r X MR |- 3 v.B S
AR( ) TﬂlmlozoG <7-)6XB> + T + <B8XU>
36M 1 x . BE. -
kv.0,0 — ————— | (V.0E — E.0. )|,
+[4 i +12M} PO T 50M R 109G [< E) 50+ ’“”ﬁ
6QL X UB - N
A B.0
L) = 2225000 1020G[ < >+< "”>]
36M . X o> D.E -
kv.0 —_— E — E.0 A19
[4;;2 ”L+12M] YO T S0M Q100G [< )+ )+ "”ﬁ (A19)
|
Here we assume that not only |iz;| <1, but also Egs. (3.27), (3.28) [51]. Here we have considered only
AR (x)] < |(tewCro/ s)<E‘ l§>|.22 Therefore, we can  the spatial components of CME and CVE currents in

write j(()R.L) ~ngp) —Ary and the anomaly equations
reduce to the form [51,82]

NrL —ARL
81( s( >>

Upon using the relation (n; — iiy)/s = u;T?/6s = n; and
considering the chirality-flip processes we obtain the
|

CRL

N

(E.B).  (A20)

anomaly equations. We have shown that the temporal
components make negligible contributions to the evolution
of physical quantities [51]. The chiral vorticity and mag-
netic coefficients ¢, and cg in the early Universe plasma,
which consists of all three generations of leptons and
quarks, are given as follows [33,34,36,50,51]:

neG /
e (1) = Z[fg( YiT? + Y, T2N, — Y T*N, = Y, >N, + Yo T?N_N,,)
16 152 ( YR”R + YL)“L N YdRiu(z]R[Nc - YMR)M%R[.NC + YQﬂzQiNcNW'>:| ’ (Azl)
dz ng _1 1
cp(t) = T8 2 2 YHg, > Yiur Ny, — 2 Y3 Ha, N
A —1\ 1z
- 5 YuRﬂuRiNc - 7 YQ/“Q,»NCNW ’ (A22)
I
nG /
where n; is the number of generations, N, = 3and N,, =2 . ) — {L 2 2 42 02 ]
are the ranks of the non-Abelian SU(3) and SU(2) gauge W) ; 87? (g, = hi, Hag, = Ho) |
groups, up (ug), po,» and py,. (4g,,) are the common (A23)

chemical potentials of left-handed (right-handed) leptons,
left-handed quarks with different colors, and up (down)
right-handed quarks with different colors, respectively.
After substituting the relevant hypercharges in Eqs. (A21)
and (A22), we obtain

“This is due to the fact that max (ug /T, v) < 1.

/2

ng 2 8 1
Z 2,MR,- +HL, _gﬂdR,- _gﬂuRi +§ﬂQi ’
(A24)

which are the simplified coefficients obtained in Ref. [50].

We assume that the rate of all quarks Yukawa inter-
actions are much higher than the Hubble expansion rate and
obtain [34,47]
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Hup. — Ho, = Ho- Hu, — Ho, = —Hos

where y is the chemical potential of the Higgs field. Due to
the flavor mixing in the quark sector, we assume that all up
or down quarks belonging to different generations with
distinct handedness have the same chemical potential, i.e.,
Huy = Hugs Hdy = Hdgs Ho, = Ho for i=1,2,3 [34,86].
Therefore we obtain

Hup — Ho = Hos Hu, — Ho = —Ho-

By assuming the zero Higgs asymmetry the above equation

simplifies to
/’tuR_:uQ:Ov Mud_:uQ:O’

and as a result we obtain y,, = u,, = pio. Furthermore, we

assume that only the contributions of the baryonic and the

first-generation leptonic chemical potentials to the chiral

vorticity and magnetic coefficients ¢, and cp are significant.

Upon using these simplifications we obtain Eqgs. (3.8)
and (3.9).
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