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The lepton pair production in ultraperipheral collisions is studied in the classical field approximation. We
derive a general form of the cross section in terms of photon distributions that depend on the transverse
momentum and coordinate based on the wave packet form of nuclear wave functions. Such a general form
of the cross section in the classical field approximation contains the results of the generalized equivalent
photon approximation (EPA) as well as the corrections beyond EPA in the Born approximation.
By rewriting the general form of the cross section in light-cone coordinates, we find a good connection
with the transverse momentum dependent distribution factorization formalism in the Born approximation.
Our numerical results are consistent with current experimental data.
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I. INTRODUCTION

Strong electromagnetic fields are produced in the rela-
tivistic heavy ion collisions [1–9]. One way to describe the
evolution of electromagnetic fields is through the relativ-
istic magnetohydrodynamics consisting of the hydrody-
namical conservation equations coupled with Maxwell’s
equations. The solutions to equations of ideal magnetohy-
drodynamics with longitudinal boost invariance show that
the transverse magnetic field decays as ∼1=τ with τ being
the proper time [10–15] (for a recent numerical simulation
of electromagnetic fields based on ideal magnetohydrody-
namics, see, e.g., Ref. [8]).
Although strong electromagnetic fields decay rapidly,

there are still many novel transport phenomena induced by
strong fields that could be measured in experiments, such
as the chiral magnetic and separation effects [1,16,17], the
chiral electric separation effect [18–21], and other non-
linear chiral transport phenomena [21–25]. These effects
can be described by chiral kinetic theory for massless
fermions derived from the path integral [26–28], the
Hamiltonian approaches [29,30], the quantum kinetic
theory via Wigner functions [23,31–38], and the world-
line formalism [39]. The chiral kinetic theory has been

extended to the massive fermions and with collision kernels
[40–48]. For reviews of recent developments in this field,
see, e.g., Refs. [49–53].
Another type of effects is related to the nonperturbative

production of lepton pairs in strong electric fields through
the Schwinger mechanism [54]. Recent developments
along this line include the lepton pair production in strong
magnetic fields by the Schwinger mechanism [55–58] and
the vacuum birefringence [59–61].
Recently the lepton pair production through strong

electromagnetic fields in ultraperipheral collisions
(UPC) has drawn broad interest. Back to 1930s,
Weizsacker and Williams considered the electromagnetic
field produced by a fast moving particle as an equivalent
flux of quasireal photons [62,63]. This approximation is
called the Weizsacker-Williams method or equivalent
photon approximation (EPA) [64]. A related process is
the lepton pair production through collisions of two real
photons and was studied by Breit and Wheeler [65] under
the condition that the total energy of two photons should
be greater than the mass of the lepton pair. The STAR
Collaboration at Relativistic Heavy Ion Collider (RHIC)
has measured the lepton pair (ll̄) production process in
UPC [66]. There are also several measurements related
to nonlinear effects of quantum electrodynamics (QED)
such as the vacuum birefringence [67] and the light-by-
light scattering [68]. The transverse momentum spectra of
the lepton pair in peripheral collisions of heavy ions are
found to be significantly broader than the ones in UPC by
STAR [69] and by the ATLAS Collaboration at the Large
Hadron Collider (LHC) [70]. Such broadenings may arise
from medium effects in peripheral collisions; therefore,
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UPC may provide a baseline for future studies of
medium effects.
Several theoretical methods are available to describe the

lepton pair production in UPC. Awidely used method is the
EPA or the generalized EPA (gEPA). The total cross section
of γγ → ll̄ has been calculated in EPA in the classical field
approximation of QED [71]. The original EPA calculations
predict that the position (transverse momentum) of the peak
in the transverse momentum spectrum is less than 20 MeV,
inconsistent with the experimental data [72–74]. Therefore
the generalized EPA was proposed [71,74–79] to give the
correct position of the peak in the transverse momentum
spectrum [77–79].
The azimuthal asymmetry in the lepton pair from linearly

polarized photons in UPC has been studied in the transverse
momentum dependent (TMD) factorization formalism
[80,81] similar to polarized gluons [82–84]. In this for-
malism, the photon Wigner functions are introduced into
the cross section which depends on the transverse momen-
tum and coordinate [85,86]. The broadening of transverse
momentum has also been studied in the TMD formal-
ism [87].
With all these different formulations in different per-

spectives of the process, it is natural to ask if there is a
unified description. In this paper, we will derive a general
form of the cross section based on wave-packet nuclear
wave functions, which incorporates photon distributions
with the dependence on the transverse momentum and
coordinate. The cross sections in (g)EPA and the TMD
formalism can be derived from the general form. The
numerical results of the cross section in the general form are
in good agreement with experimental data.
This paper is organized as follows. In Sec. II, we derive a

general form of the cross section in terms of transverse
momentum and coordinate dependent photon distributions.
In Sec. III, we implement the classical field approximation.
In Sec. IV we take the ultrarelativistic limit to reproduce the
results of (g)EPA. In Sec. V, we rewrite the general form
of the cross section in light-cone coordinates and make a
connection with results of the TMD formalism. The
numerical results of the cross section in the general form
are given in Sec. VI, and a comparison is made with
experimental data as well as the results of (g)EPA and the

TMD formalism. The main results of this work are
summarized in Sec. VII.
Throughout this paper, we choose the metric gμν ¼

diagfþ;−;−;−g for ordinary coordinates ðx0; x1; x2; x3Þ ¼
ðt;xÞ. The light-cone coordinates xμ ¼ ðxþ; x−;xTÞ with
x� ¼ ðx0 � x3Þ= ffiffiffi

2
p

and xT ¼ ðx1; x2Þ are also used.
A vector aμ can be written as aμ ¼ aþnμþ þ a−nμ− þ aμT
where a� ¼ ða0 � a3Þ= ffiffiffi

2
p

and nμ� are lightlike vectors
satisfying n2þ ¼ n2− ¼ 0 and nþ · n− ¼ 1. The inner prod-
uct of two vectors in light-cone coordinates is
a · b ¼ a−bþ þ aþb− − aT · bT .

II. GENERAL FORM OF CROSS SECTIONS
FOR LEPTON PAIRS

In this section, we give a general form for the differential
cross section of lepton pairs in UPC, with the detailed
derivation being given in the Appendix A.
As shown in Fig. 2, we consider collisions of two nuclei

A1 and A2 moving alone in the �z direction which are
displaced by an impact parameter bT and generate a pair of
leptons l and l̄ along with other particles X1;…; Xf;…,

A1ðPA1Þ þ A2ðPA2Þ → lðk1Þ þ l̄ðk2Þ þ
X
f

XfðKfÞ; ð1Þ

where four-momenta of particles are given in parentheses.
Here Pμ

A1 ¼ ðEA1;PA1Þ and Pμ
A2 ¼ ðEA2;PA2Þ with EA1 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

P2
A1 þM2

1

p
and EA2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
A2 þM2

2

p
are on-shell momenta

of two nuclei with masses M1 and M2, respectively. The
three-momenta of two nuclei are PA1 ¼ ð0; 0; Pz

A1Þ and
PA2 ¼ ð0; 0;−Pz

A1Þ in the center of mass frame of the
collision.
In order to describe collisions at fixed impact parameters,

we need to assume the wave functions of colliding nuclei to
be wave packets. We follow the standard way in quantum
field theory to obtain the cross section at the impact
parameter bT in Eq. (A5). Making the ansatz (A9) for
the longitudinal momentum amplitudes of wave packets
and completing the integrals over longitudinal momenta of
wave packets we arrive at

σ ¼ 1

8ð2πÞ8
Z

d2bTd2b1Td2b2T

X
ffg

Z
d3k1

ð2πÞ32Ek1

d3k2
ð2πÞ32Ek2

Y
f

d3Kf

ð2πÞ32EKf

×
Z

d2P1Td2P2Td2P0
1Td

2P0
2T

1

v
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EP1EP2EP10EP20

p G2½ðP0z
1 − Pz

A1Þ2�ϕTðP1TÞϕTðP2TÞϕ�
TðP0

1TÞϕ�
TðP0

2TÞ

× e−ib1T ·Δ1T e−ib2T ·Δ2Tδð2ÞðbT − b1T þ b2TÞð2πÞ4δð4Þ
�
P1 þ P2 − k1 − k2 −

X
f

Kf

�

×
X

spin of l;l̄

MP1þP2→k1þk2þ
P

f
Kf
M�

P0
1
þP0

2
→k1þk2þ

P
f

Kf
: ð2Þ
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Here P1, P2, P0
1, and P0

2 are on-shell momenta of nuclear
wave packets given by P1 ¼ ðEP1;P1T; 2P

z
A1 − P0z

1 Þ,
P2 ¼ ðEP2;P2T;−2Pz

A1 þ P0z
1 Þ, P0

1 ¼ ðEP10 ;P0
1T; P

0z
1 Þ, and

P0
2 ¼ ðEP20 ;P0

2T;−P
0z
1 Þ. As the solution to the energy

conservation P0z
1 is a function of transverse momenta

P1T , P2T , P0
1T , and P0

2T . We see that the z components
of P1 þ P2 and P0

1 þ P0
2 are vanishing. The function

Gðx2Þ is defined in Eq. (A9), which is a positive and
decreasing function of x2 satisfying Gð0Þ ¼ 1. We have
used the shifts of transverse momenta Δ1T ≡ P0

1T − P1T
and Δ2T ≡ P0

2T − P2T , and the relative velocity of two
nuclei v given in Eq. (A10) as a function of transverse
momenta.
In the tree level of Feynman diagrams (sometimes called

Born approximation) as shown in Fig. 1, the lepton pair is
produced in the photon fusion process

γðp1Þ þ γðp2Þ → lðk1Þ þ l̄ðk2Þ: ð3Þ

Here, we assume the photon γðp1Þ or γðp2Þ comes from
the nuclei A1ðP1Þ or A2ðP2Þ, respectively. Note that each
photon does not have to come from the nuclear center. We
can identify biT in Eq. (2) as the transverse distance
between γðpiÞ and AiðPiÞ with i ¼ 1, 2, which are related
to the impact parameter bT ¼ b1T − b2T as shown in Fig. 2.
The invariant amplitude M can be obtained through the

matrix element of the operator T̂ or the T-matrix element.
The results are given in Eqs. (A16) and (A17). By inserting
these results for invariant amplitudes into Eq. (2), the
differential cross section can be put into the form

dσ
d3k1d3k2

≈
1

32ð2πÞ6
1

Ek1Ek2

Z
d2bTd2b1Td2b2T

Z
d4p1d4p2δ

ð2ÞðbT − b1T þ b2TÞð2πÞ4δð4Þðp1 þ p2 − k1 − k2Þ

×
Z

d2Pð1þ10ÞT
ð2πÞ2

d2Pð2þ20ÞT
ð2πÞ2

1

v
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EP1EP2EP10EP20

p G2½ðP0z
1 − Pz

A1Þ2�ϕTðP1TÞϕTðP2TÞϕ�
TðP0

1TÞϕ�
TðP0

2TÞ

× Sσμðp1;b1TÞSρνðp2;b2TÞLμν;σρðp1; p2;p1 − P1 þ P0
1; p2 − P2 þ P0

2; k1; k2Þ; ð4Þ

where P0z
1 is a function of nuclear transverse momenta that approaches Pz

A1 if all nuclear transverse momenta are vanishing,
Lμν;σρ is the lepton tensor in Eq. (A21), and we have used variables Δ1T and Δ2T with

Pð1þ10ÞT ¼ 1

2
ðP1T þ P0

1TÞ;

Pð2þ20ÞT ¼ 1

2
ðP2T þ P0

2TÞ; ð5Þ

to replace P1T , P2T , P0
1T , and P0

2T . We have used the Wigner functions for photons

Sσμðp1;b1TÞ≡
Z

d2Δ1T

ð2πÞ2
Z

d4y1
ð2πÞ4 e

ip1·y1hP0
1jA†

σð0ÞAμðy1ÞjP1ie−ib1T ·Δ1T ;

Sρνðp2;b2TÞ≡
Z

d2Δ2T

ð2πÞ2
Z

d4y2
ð2πÞ4 e

ip2·y2hP0
2jA†

ρð0ÞAνðy2ÞjP2ie−ib2T ·Δ2T ; ð6Þ

which are similar to those in Refs. [85,86]. We will discuss them carefully in the TMD factorization formalism in Sec. V.

FIG. 1. Feynman diagrams for the photon fusion process in
UPC.

FIG. 2. A cartoon for photon emission in UPC.
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We can also integrate Eq. (4) over b1T and b2T and express the differential cross section at fixed bT

dσ
d3k1d3k2d2bT

¼ 1

32ð2πÞ6
1

Ek1Ek2

Z
d4p1d4p2

Z
d2P1T

ð2πÞ2
d2P2T

ð2πÞ2
d2P0

1T

ð2πÞ2
d2P0

2T

ð2πÞ2
1

v
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EP1EP2EP10EP20

p

× e−ibT ·Δ1TG2½ðP0z
1 − Pz

A1Þ2�ϕTðP1TÞϕTðP2TÞϕ�
TðP0

1TÞϕ�
TðP0

2TÞ

× Lμν;σρðp1; p2;p1 − P1 þ P0
1; p2 − P2 þ P0

2; k1; k2Þ
Z

d4y1
ð2πÞ4 e

ip1·y1hP0
1jA†

σð0ÞAμðy1ÞjP1i

×
Z

d4y2
ð2πÞ4 e

ip2·y2hP0
2jA†

ρð0ÞAνðy2ÞjP2ið2πÞ2δð2ÞðP1T þ P2T − P0
1T − P0

2TÞð2πÞ4δð4Þðp1 þ p2 − k1 − k2Þ:

ð7Þ

We can also integrate Eq. (7) over bT to obtain

dσ
d3k1d3k2

¼ 1

32ð2πÞ6
1

Ek1Ek2

Z
d4p1d4p2

Z
d2P1T

ð2πÞ2
d2P2T

ð2πÞ2
1

vEP1EP2
jϕTðP1TÞj2jϕTðP2TÞj2

× SσμðP1; p1ÞSρνðP2; p2ÞLμν;σρðp1; p2;p1; p2; k1; k2Þð2πÞ4δ4ðp1 þ p2 − k1 − k2Þ; ð8Þ

where we have used P0z
1 ¼ Pz

A1 as the solution to the energy
conservation equation with the conditions P1T ¼ P0

1T
and P2T ¼ P0

2T , so the on-shell momenta of nuclear
wave packets now become P1 ¼ ðEP1;P1T; P

z
A1Þ and

P2 ¼ ðEP2;P2T;−Pz
A1Þ. We have also defined

SσμðP; pÞ≡
Z

d4y
ð2πÞ4 e

ip·yhPjA†
σð0ÞAμðyÞjPi; ð9Þ

as the TMD correlation function for unpolarized nuclei.
In this section, we have given a general form for the

impact parameter dependent cross section. The cross
sections in Eqs. (7) and (8) are similar to the TMD
factorization for photons. We see that SσμðP; pÞ appear
in Eqs. (7) and (8) as nonperturbative soft correlation
functions for photons. In the next section, we will show
how to handle soft correlation functions in the classical
field approximation.

III. CLASSICAL FIELD APPROXIMATION

In this section, we take the classical field approximation
for the photon field AμðxÞ. We follow the idea in early
works [71,75,76] and extend their original formalism by
including impact parameters b1T and b2T .
We consider collisions of two nuclei in the center of

mass frame as shown in Fig. 2. The fluid velocities of two
nuclei are uμ1 ¼ γ1ð1; 0; 0; v1Þ and uμ2 ¼ γ2ð1; 0; 0;−v2Þ
with γ1;2 ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v21;2

q
being the Lorentz factor. At very

high energy, these four-velocities have properties uμ1 ∝ nμþ
and uμ2 ∝ nμ−, where nμþ and nμ− are lightlike vectors
given by Eq. (B4). The charge currents are then
jμ1;2 ¼ Z1;2eρ1;2ðxÞuμ1;2, where ρ1;2ðxÞ are the charge

densities. By choosing the Lorentz gauge ∂μAμ ¼ 0 or
p · AðpÞ ¼ 0, we can solve the Maxwell equations
∂ρ∂ρAμ

ð1;2Þ ¼ jμ1;2 to derive the classical photon (electro-

magnetic or EM) fields Aμ
ð1;2Þ. We introduce the nuclear

form factor FðkÞ as the Fourier transformation of ρðxÞ

FðpÞ ¼
Z

d3xe−ip·xρðxÞ;

ρðxÞ ¼
Z

d3p
ð2πÞ3 e

ip·xFðpÞ: ð10Þ

Then the classical photon fields in momentum space are

Aμ
ð1;2ÞðpÞ ¼ 2πZ1;2eδðp · u1;2Þ

FðpÞ
−p2

uμ1;2; ð11Þ

where we have replaced δðp0Þ by its covariant form
δðp · u1;2Þ [88]. Note that in Refs. [71,75], an extra phase
factor eipT ·bT is included in Aμ

ð1ÞðpÞ to describe the

dependence on the impact parameter. Since we have
already introduced the dependence on impact parameters
systematically into the differential cross sections (4), (7),
we do not need to add this phase factor into Aμ

ð1;2ÞðpÞ
in (11). One can verifiy that our formalism is equivalent to
Refs. [71,75].
The matrix elements of photon operators in Eq. (A18) are

assumed to take the form with i ¼ 1, 2 labeling two nuclei
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hP0
ijA†

σðp0
iÞAμðpiÞjPii ≈ A�

σðp0
iÞAμðpiÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðPi · uiÞðP0

i · uiÞ
q

ð2πÞ3δð3Þðp̄i − p̄0
i − P̄i þ P̄0

iÞ

¼ A�
σðp0

iÞAμðpiÞ
1

γ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EPiEPi0

p
ð2πÞ3δðpi · ūi − p0

i · ūi − Pi · ūi þ P0
i · ūiÞδð2ÞðpiT − p0

iT − PiT þ P0
iTÞ;

ð12Þ

where A�
σðp0

iÞ≡ A�
σðiÞðp0

iÞ and AμðpiÞ≡ AμðiÞðpiÞ denote the classical photon fields in (11) and āμi denote the components of

aμi for a ¼ p; p0; P; P0 that are perpendicular to uμi , āi · ui ¼ 0, which are given by

āμi ≡ −ðai · ūiÞūμi þ gμνT ai;ν ¼ Δμν
ui ai;ν; ð13Þ

with ūμi ≡ γðv; 0; 0; 1Þ, gμνT ≡ diagð0;−1;−1; 0Þ, and Δμν
ui ≡ gμν − uμi u

ν
i . Note that ā

μ
i are actually the spatial components of

aμi in the comoving frame of the nucleus labeled by i. So aμi can be decomposed as aμi ¼ ðai · uiÞuμi þ āμi . The explicit forms
of āμi for a ¼ p; p0 are given by aμi under the conditions ai · ui ¼ 0,

āμ1 ¼
�
a01; a1T;

a01
v1

�
; āμ2 ¼

�
a02; a2T;−

a02
v2

�
: ð14Þ

Now we can derive the cross section from Eq. (A18) for collisions of two equal nuclei (Z1 ¼ Z2 ¼ Z and v1 ¼ v2 ¼ v)
by using Eqs. (11) and (12) in Eq. (A18) and completing the integrals over p0

1, p
0
2, p1 · u1, and p2 · u2. The result is

σ ≈
e4Z4

2γ2v

Z
d2bTd2b1Td2b2T

Z
d3k1

ð2πÞ32Ek1

d3k2
ð2πÞ32Ek2

Z
d3p̄1

ð2πÞ3
d3p̄2

ð2πÞ3
Z

d2P1T

ð2πÞ2
d2P2T

ð2πÞ2
d2P0

1T

ð2πÞ2
d2P0

2T

ð2πÞ2 G
2½ðP0z

1 − Pz
A1Þ2�

× ϕTðP1TÞϕTðP2TÞϕ�
TðP0

1TÞϕ�
TðP0

2TÞ × e−ib1T ·Δ1T e−ib2T ·Δ2Tδð2ÞðbT − b1T þ b2TÞ
Fð−p̄2

1Þ
−p̄2

1

Fð−p̄2
2Þ

−p̄2
2

F�ð−p̄02
1 Þ

−p̄02
1

F�ð−p̄02
2 Þ

−p̄02
2

×
X

spin of l;l̄

½u1μu2νLμνðp̄1; p̄2; k1; k2Þ�½u1σu2ρLσρ�ðp̄0
1; p̄

0
2; k1; k2Þ�ð2πÞ4δð4Þðp̄1 þ p̄2 − k1 − k2Þ; ð15Þ

where p̄1, p̄2, p̄0
1, and p̄0

2 are given by Eq. (14) and p̄0
i ¼ p̄i − P̄i þ P̄0

i for i ¼ 1, 2. Note that p̄i, p̄0
i, P̄i, and P̄0

i
are momenta perpendicular to the four-velocity uμi which have three independent components, while quantities with
index T are transverse ones perpendicular to the beam direction. We denote the 0 components of photon momenta pi

and p0
i as ωi and ω0

i for i ¼ 1, 2, respectively, and then the conditions p̄0
i ¼ p̄i − P̄i þ P̄0

i require ω
0
i ¼ ωi − EPi þ EPi0 and

p0
iT ¼ piT − PiT þ P0

iT . In the derivation of (15), the four-momentum integrals are treated as d4pi ¼ dðpi · uiÞd3p̄i≡
dðpi · uiÞdð−pi · ūiÞd2piT , because of −pi · ūi¼ωi=ðvγÞ when applying pi · ui ¼ 0, we have d4pi ¼
dðpi · uiÞdωid2piT=ðvγÞ.
Completing the integrals over b1T, b2T , bT , PiT , and P0

iT in Eq. (15), we obtain

σ ¼ e4Z4

2γ4v3

Z
d3k1

ð2πÞ32Ek1

d3k2
ð2πÞ32Ek2

Z
dω1d2p1T

ð2πÞ3
Z

dω2d2p2T

ð2πÞ3
Fð−p̄2

1Þ
−p̄2

1

Fð−p̄2
2Þ

−p̄2
2

F�ð−p̄2
1Þ

−p̄2
1

F�ð−p̄2
2Þ

−p̄2
2

×
X

spin of l;l̄

½u1μu2νLμνðp̄1; p̄2; k1; k2Þ�½u1σu2ρLσρ�ðp̄1; p̄2; k1; k2Þ�ð2πÞ4δð4Þðp̄1 þ p̄2 − k1 − k2Þ; ð16Þ

where we have used P0z
1 ¼ Pz

A1 as the solution to the energy conservation equation with the conditions P1T ¼ P0
1T and

P2T ¼ P0
2T . The result of (16) is consistent with the results in Refs. [71,75].
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On the other hand, we can carry out the integrals over p0
i · ui, pi · ui, ω0

i and P
0
iT for i ¼ 1, 2 in Eq. (A18), and the result is

σ ¼ Z4e4

2γ4v3

Z
d2bTd2b1Td2b2T

Z
dω1d2p1T

ð2πÞ3
dω2d2p2T

ð2πÞ3
Z

d2P1T

ð2πÞ2
d2P2T

ð2πÞ2 ϕTðP1TÞϕTðP2TÞδð2ÞðbT − b1T þ b2TÞ

×
Z

d2p0
1T

ð2πÞ2 e
−ib1T ·ðp0

1T−p1T Þ F
�ð−p̄02

1 Þ
−p̄02

1

Fð−p̄2
1Þ

−p̄2
1

ϕ�
TðP0

1TÞ

×
Z

d2p0
2T

ð2πÞ2 e
−ib2T ·ðp0

2T−p2T Þ F
�ð−p̄02

2 Þ
−p̄02

2

Fð−p̄2
2Þ

−p̄2
2

ϕ�
TðP0

2TÞG2½ðP0z
1 − Pz

A1Þ2�

×
Z

d3k1
ð2πÞ32Ek1

d3k2
ð2πÞ32Ek2

X
spin of l;l̄

½u1μu2νLμνðp̄1; p̄2; k1; k2Þ�½u1σu2ρLσρ�ðp̄0
1; p̄

0
2; k1; k2Þ�ð2πÞ4δð4Þðp̄1 þ p̄2 − k1 − k2Þ;

ð17Þ

where ω0
i ¼ ωi − EPi þ EPi0 , P0

1T ¼ P1T − p1T þ p0
1T , and P0

2T ¼ P2T − p2T þ p0
2T . Note that p0

1T and p0
2T are now free

variables. We see in the above formula that the couplings of impact parameters with nuclear momenta have been converted
to those with photon momenta by integration over nuclear transverse momenta P0

1T and P0
2T . Completing the integrals over

b1T and b2T will give a term

e−ibT ·ðp0
1T−p1T Þδð2Þðp1T þ p2T þ p0

1T − p0
2TÞ; ð18Þ

in the integrand.
If we make a similar ansatz to (A9) for transverse momentum amplitudes we can simplify Eq. (17) significantly,

ϕTðP1TÞϕ�
TðP0

1TÞϕTðP2TÞϕ�
TðP0

2TÞ ≈ ð2πÞ4δð2Þ½ðP1T þ P0
1TÞ=2�δð2Þ½ðP2T þ P0

2TÞ=2�GT ½ðP0
1T − P1TÞ2�GT ½ðP0

2T − P2TÞ2�
¼ ð2πÞ4δð2Þ½P1T − ðp1T − p0

1TÞ=2�δð2Þ½P2T − ðp2T − p0
2TÞ=2�

×GT ½ðp0
1T − p1TÞ2�GT ½ðp0

2T − p2TÞ2�; ð19Þ

where GTðx2Þ may differ from Gðx2Þ for longitudinal momenta but with similar behavior: it is a positive function with
GTð0Þ ¼ 1 and decreases rapidly with growing x2. Then the integrals over P1T and P2T in Eq. (17) can be completed, and
we obtain

σ ¼ Z4e4

2γ4v3

Z
d2bTd2b1Td2b2Tδ

ð2ÞðbT − b1T þ b2TÞ
Z

dω1d2p1T

ð2πÞ3
dω2d2p2T

ð2πÞ3

×
Z

d2p0
1T

ð2πÞ2 e
−ib1T ·ðp0

1T−p1T Þ F
�ð−p̄02

1 Þ
−p̄02

1

Fð−p̄2
1Þ

−p̄2
1

GT ½ðp0
1T − p1TÞ2�

×
Z

d2p0
2T

ð2πÞ2 e
−ib2T ·ðp0

2T−p2T Þ F
�ð−p̄02

2 Þ
−p̄02

2

Fð−p̄2
2Þ

−p̄2
2

GT ½ðp0
2T − p2TÞ2�

×
Z

d3k1
ð2πÞ32Ek1

d3k2
ð2πÞ32Ek2

X
spin of l;l̄

½u1μu2νLμνðp̄1; p̄2; k1; k2Þ�½u1σu2ρLσρ�ðp̄0
1; p̄

0
2; k1; k2Þ�ð2πÞ4δð4Þðp̄1 þ p̄2 − k1 − k2Þ;

ð20Þ

where we have used P0z
1 ¼ Pz

A1 as the solution to the energy
conservation equation with the conditions P1T ¼ −P0

1T and
P2T ¼ −P0

2T , and ω0
i ¼ ωi for i ¼ 1, 2.

We emphasize that one of our main results in this work is
the cross section (20) with impact parameter dependence
which encodes the information of photons in transverse

phase space. This is the basis for the derivation of EPA
results in Sec. IV at the relativistic limit. We will show that
Eq. (20) contains all high order contributions of γγ → ll̄ at
the tree level. In Sec. VI, we will compute cross sections
based on Eq. (20) and compare our results with exper-
imental data.
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We will also parametrize the TMD correlation function
Sμν in Eq. (9) and implement the TMD factorization
formalism in Sec. V.

IV. CONNECTION TO EPA

In this section, we will derive the EPA result from
Eq. (20). Now we evaluate u1μu2νLμνðp̄1; p̄2; k1; k2Þ and
u1σu2ρLσρ�ðp̄0

1; p̄
0
2; k1; k2Þ in Eq. (17). In order to simplify

notations, from now on, we resume the use of p1, p2, p0
1,

and p0
2 in L

μν and Lσρ� for p̄1, p̄2, p̄0
1, and p̄

0
2, respectively,

if there is no ambiguity. It is convenient to rewrite
u1μu2νΓμνðp1; p2; k1k2Þ in light-cone coordinates,

u1μu2νLμνðp1; p2; k1k2Þ

¼ γ2v2
pi
1

ω1

pj
2

ω2

Lij − 2γ2v2
�
pi
1

ω1

pþ
2

ω2

Li− þ p−
1

ω1

pj
2

ω2

Lþj

�

þ 4γ2v2
p−
1

ω1

pþ
2

ω2

Lþ−; ð21Þ

where i; j ¼ x, y stand for transverse directions, we have
used Eq. (A23), and p�

1;2 are given by

p�
1 ¼ ω1ffiffiffi

2
p

�
1� 1

v

�
; p�

2 ¼ ω2ffiffiffi
2

p
�
1 ∓ 1

v

�
: ð22Þ

At the relativistic limit v → 1 and γ → ∞, the following
power counting rules hold in the light-cone coordinate

pþ
1

ω1

;
p−
2

ω2

∼Oð1Þ; p−
1

ω1

;
pþ
2

ω2

∼Oðγ−2Þ;

pT
1

ω1

;
pT
2

ω2

∼Oðγ−1Þ: ð23Þ

It implies that photons are almost on-shell [71],

p2

ω2
∼Oðγ−2Þ: ð24Þ

Following (23), the first, second, and third terms of (21)
are Oð1Þ, Oðγ−1Þ, and Oðγ−2Þ, respectively. Therefore the
leading order contribution comes from the first term. The
expansion in (21) can also be interpreted as the photon
virtuality expansion. Details can be found in Appendix B.
At the relativistic limit, the cross section (20) can be put

into a compact form

σ ¼ σ0 þ δσ; ð25Þ

where σ0 is the leading order contribution from the first
term of Eq. (21)

γ2v2
pi
1p

j
2

ω1ω2

Lij ≈ γ2v2
jp1T jjp2T j
ω1ω2

p̂i
1p̂

j
2L

ijðp1; p2; k1; k2Þ;

γ2v2
p0k
1 p

0l
2

ω0
1ω

0
2

Lkl ≈ γ2v2
jp0

1T jjp0
2T j

ω0
1ω

0
2

p̂0k
1 p̂

0l
2L

klðp0
1; p

0
2; k1; k2Þ;

ð26Þ

and δσ represents the corrections from other terms. In the
above formula, i, j, k, l are indices of two transverse
directions, and p̂i

1;2 and p̂0i
1;2 denote the directions (unit

vectors) of p1T;2T and p0
1T;2T , respectively, which play the

role of polarization vectors of photons so the summation
over i, j, k, l represents that over photon polarizations.
Therefore we can define the last two lines of Eq. (20) as a
kind of cross section of the photon fusion to produce
dileptons,

σγγ→ll̄ðp1; p2;p0
1; p

0
2Þ ¼

1

8ω0
1ω

0
2

Z
d3k1

ð2πÞ32Ek1

d3k2
ð2πÞ32Ek2

X
spin of l;l̄

½p̂i
1p̂

j
2L

ijðp1; p2; k1; k2Þ�

× ½p̂0k
1 p̂

0l
2L

klðp0
1; p

0
2; k1; k2Þ�ð2πÞ4δð4Þðp1 þ p2 − k1 − k2Þ: ð27Þ

When p1 ¼ p0
1 and p2 ¼ p0

2, σγγ→ll̄ðp1p2; p0
1p

0
2Þ becomes the ordinary cross section for production of lepton pairs by two

photons.
The leading order cross section from Eq. (20) is put into the form

σ0ðA1A2 → ll̄Þ ≈
Z

d2bTd2b1Td2b2Tδ
ð2ÞðbT − b1T þ b2TÞ

×
Z

dω1d2p1Tdω2d2p2T
Z2α

ω1π
2

Z
d2p0

1T

ð2πÞ2 e
−ib1T ·ðp0

1T−p1T Þjp1T jjp0
1T j

F�ð−p02
1 Þ

−p02
1

Fð−p2
1Þ

−p2
1

GT ½ðp0
1T − p1TÞ2�

×
Z2α

ω1π
2

Z
d2p0

2T

ð2πÞ2 e
−ib2T ·ðp0

2T−p2TÞjp2T jjp0
2T j

F�ð−p02
2 Þ

−p02
2

Fð−p2
2Þ

−p2
2

GT ½ðp0
2T − p2TÞ2�σγγ→ll̄ðp1; p2;p0

1; p
0
2Þ:

ð28Þ
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If we approximate p0
iT ≈ piT for i ¼ 1, 2, we have

GT ½ðp0
iT − piTÞ2� ≈ 1;

σγγ→ll̄ðp1; p2;p0
1; p

0
2Þ ≈ σγγ→ll̄ðp1; p2Þ

≈ σγγ→ll̄ðω1;ω2Þ: ð29Þ

Then Eq. (28) can be written in a compact way

σ0ðA1A2 → ll̄Þ ≈
Z

d2bTd2b1Td2b2T

Z
dω1d2p1Tdω2d2p2TnA1ðω1;b1T;p1TÞnA2ðω2;b2T;p2TÞ

× δð2ÞðbT − b1T þ b2TÞσγγ→ll̄ðω1;ω2Þ

¼
Z

d2bTd2b1Td2b2T

Z
dω1dω2nA1ðω1;b1TÞnA2ðω2;b2TÞδð2ÞðbT − b1T þ b2TÞσγγ→ll̄ðω1;ω2Þ; ð30Þ

where the photon flux spectra from A1 and A2 are

nAiðωi;biT ;piTÞ ≈
Z2α

ωiπ
2

Z
d2p0

iT

ð2πÞ2 jpiT jjp0
iT je−ibiT ·ðp0

iT−piT Þ

×
F�ð−p02

i Þ
−p02

i

Fð−p2
i Þ

−p2
i

;

nAiðωi;biTÞ ¼
Z

d2piTnAiðωi;biT ;piTÞ

¼ 4Z2α

ωi

����
Z

d2piT

ð2πÞ2 e
ibiT ·piTpiT

Fð−p2
i Þ

−p2
i

����
2

;

ð31Þ

for i ¼ 1, 2. The impact parameter structure in Eq. (30) is
similar to the space-dependent photon flux defined in
Refs. [85,86,89]. The approximation that leads to the result
of (30) is called the generalized EPA or gEPA [71].

We can complete the integrals over bT, b1T , and b2T in
Eq. (30) to obtain

σ0ðA1A2→ ll̄Þ¼
Z

dω1dω2nA1ðω1ÞnA2ðω2Þσγγ→ll̄ðω1;ω2Þ;

ð32Þ

where nA1 and nA2 are the photon fluxes generated by A1

and A2, respectively, and are given by

nAiðωiÞ ¼
4Z2α

ωi

Z
d2piT

ð2πÞ2 p
2
iT

����Fð−p
2
i Þ

−p2
i

����
2

; ð33Þ

for i ¼ 1, 2. Note that the photons are very close to real
ones as shown in Eq. (24). The approximation that leads to
the result of (32) is called EPA.
About δσ in (25), the cross section beyond the EPA, with

the same approximation as for Eq. (30), we obtain

δσ¼Z4α2v
8π4

Z
d3k1

ð2πÞ32Ek1

d3k2
ð2πÞ32Ek2

Z
dω1

ω2
1

dω2

ω2
2

Z
d2p1Td2p2T

����Fð−p
2
1Þ

−p2
1

����
2
����Fð−p

2
2Þ

−p2
2

����
2

ð2πÞ4δ4ðp1þp2−k1−k2ÞI ; ð34Þ

where I is defined through

u1μu2νLμνu1σu2ρLσρ� ¼ γ4v4

ω2
1ω

2
2

½pi
1p

j
2p

k
1p

l
2L

ijLσρ� þ I �; ð35Þ

where Lμν ≡ Lμνðp1; p2; k1; k2Þ and Lσρ� ≡ ðp1; p2; k1; k2Þ which are given by (A22). Note that the first term inside the
square brackets gives σ0. The explicit form of I is given by

I ¼ −2pi
1p

j
2L

ijðpþ
2 p

k
1L

k−� þ p−
1p

k
2L

þk�Þ þ 4pi
1p

j
2p

−
1p

þ
2 L

ijLþ−� − 2ðpþ
2 p

i
1L

i− þ p−
1p

i
2L

þiÞpk
1p

l
2L

kl�

þ 4ðpþ
2 p

i
1L

i− þ p−
1p

j
2L

þjÞðpþ
2 p

k
1L

k−� þ p−
1p

k
2L

þk�Þ − 8ðpþ
2 p

i
1L

i− þ p−
1p

j
2L

þjÞp−
1p

þ
2 L

þ−�

þ 4p−
1p

þ
2 p

k
1p

l
2L

kl�Lþ− − 8p−
1p

þ
2 L

þ−ðpþ
2 p

k
1L

k−� þ p−
1p

k
2L

þk�Þ þ 16ðp−
1 Þ2ðpþ

2 Þ2Lþ−Lþ−�: ð36Þ

So we see that the cross section (17) contains not only the result of EPA but also the result beyond the EPA.
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V. CONNECTION TO TMD FACTORIZATION
FORMALISM

In this section, we will discuss the connection of our
results to those from the TMD factorization formalism.
Here we just give a concise comparison between the results
from our approach and those from the TMD factorization
formalism. The details of the TMD factorization formalism
applied to UPC can be found in Refs. [80,81,87,90]. The
recent developments in the impact-parameter dependent
cross sections in terms of photon Wigner functions are
given in Refs. [85,86].
We work in the light-front formalism and discuss photon

Wigner functions based on Refs. [85,86]. The gauge
invariant TMD correlation function of EM fields [91]
for an unpolarized nucleus moving in þz direction is
defined as

Wμν;ρσðP1; p1Þ ¼
Z

d4ξ
ð2πÞ4 e

ip1·ξhP1jFμνð0ÞFρσðξÞjP1i:

ð37Þ

Similarly one can define the TMD correlation function
Wμν;ρσðP2; p2Þ for the nucleus moving in −z direction. In
Sec. III we use the Lorentz gauge. Both Wμν;ρσ and the
cross section are gauge invariant; therefore, in this section
we follow the standard TMD factorization formalism to

choose the light-cone gauge, A� ¼ 0, for nuclei 1 and 2
moving in the �z direction. In the light-cone gauge the
classical solutions to EM fields read

Aμ
ð1;2ÞðpÞ ¼ 2πZ1;2eδðp · u1;2Þ

Fð−p2Þ
−p2

�
uμ1;2 −

pμ

p� u�1;2

�
;

ð38Þ

where the upper/lower sign corresponds to nuclei 1 and 2
moving in the �z direction, as a comparison, the result in
the Lorentz gauge is given in Eq. (11). One can verify that
the TMD correlation functions are related to the correlation
functions in Eq. (9) as

Wþν;þσðP1; p1Þ ¼ ðpþ
1 Þ2SνσðP1; p1Þ;

Wþν;þσðP2; p2Þ ¼ ðp−
2 Þ2SνσðP2; p2Þ: ð39Þ

Note that there is a different sign from Ref. [81].
We follow the twist expansion in the TMD factorization

formalism [91–98], where the twist-2 contribution comes
from Wþi;þj, the twist-3 contribution comes from Wþi;þ−

and Wij;lþ, and Wþ−;þ− contributes at twist-4.
In the order of twist-2, we can parametrize correlation

functions for nuclei 1 and 2 of the same species as

Z
dp−

1W
þi;þjðP1; p1Þ ¼

1

2
x1P

þ
1

�
−gijT fγðx1;p2

1TÞ þ
�
pi
1Tp

j
1T

M2
þ p2

1T

2M2
gijT

�
hγTðx1;p2

1TÞ
�
;

Z
dpþ

2 W
þi;þjðP2; p2Þ ¼

1

2
x2P−

2

�
−gijT fγðx2;p2

2TÞ þ
�
pi
2Tp

j
2T

M2
þ p2

2T

2M2
gijT

�
hγTðx2;p2

2TÞ
�
; ð40Þ

where x1 ¼ pþ
1 =P

þ
1 and x2 ¼ p−

2 =P
−
2 denote light-cone momentum fractions. The TMD distribution fγðx1;p2

1TÞ represents
the usual unpolarized photon distribution, while hγTðx1;p2

1TÞ represents the distribution function of linearly polarized
photons in an unpolarized nucleus [91]. The cross section (8) up to twist-2 can be expressed by

σtwist 2 ≈
1

32ð2πÞ6
Z

d3k1d3k2

Z
dpþ

1 d
2p1Tdp−

2 d
2p2T

1

vEA1EA2Ek1Ek2

1

2x1P
þ
1

pσ
1Tp

μ
1T

M2
hγTðx1;p2

1TÞ

×
1

2x2P−
2

pρ
2Tp

ν
2T

M2
hγTðx2;p2

2TÞLμν;σρðp1; p2;p1; p2; k1; k2Þð2πÞ4δ4ðp1 þ p2 − k1 − k2Þ; ð41Þ

where we have assumed EP1 ≈ EA1 and EP2 ≈ EA2 and performed the integrals over P1T and P2T .
The TMD distributions fγðx;p2

TÞ and hγTðx;p2
TÞ are nonperturbative in nature and cannot be derived directly from the

perturbation theory. In the classical field approximation based on the classical solution (38) we obtain

xfγðx;p2
TÞ ¼

Z2α

π2
p2
T

����Fð−p
2Þ

−p2

����
2

; xhγTðx;p2
TÞ ¼

2Z2α

π2
M2

����Fð−p
2Þ

−p2

����
2

; ð42Þ

which are consistent with the photon flux nAðω;pTÞ in Eqs. (33). The details for the derivation of the above result can be
found in Appendix C. Inserting Eq. (42) into Eq. (41) yields
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dσtwist 2
d3k1d3k2

¼ 1

2ð2πÞ10 Z
4α2v

Z
dω1d2p1Tdω2d2p2T

1

Ek1Ek2

pσ
1Tp

μ
1Tp

ρ
2Tp

ν
2T

ω2
1ω

2
2

����Fð−p
2
1Þ

−p2
1

����
2
����Fð−p

2
2Þ

−p2
2

����
2

× Lμν;σρðp1; p2;p1; p2; k1; k2Þð2πÞ4δ4ðp1 þ p2 − k1 − k2Þ. ð43Þ

It is straightforward to prove that the above result is
equivalent to Eq. (30).
In the classical field approximation, the twist-3 correla-

tion functions are given by

Z
dp−

1W
þi;þ−ðP1; p1Þ ¼ 2Pþ

1 p
−
1p

i
1

Z2α

π2

����Fð−p
2
1Þ

−p2
1

����
2

;

Z
dp−

1W
ij;kþðP1; p1Þ ¼ 0; ð44Þ

and the twist-4 correlation function is

Z
dp−

1W
þ−;þ−ðP1;p1Þ¼4Pþ

1 ðp−
1 Þ2

Z2α

π2

����Fð−p
2
1Þ

−p2
1

����
2

: ð45Þ

No higher order (twist-3 and twist-4) correlation functions
contribute to the tree level diagram of γγ → ll̄.
The total cross section in the TMD factorization for-

malism reads

σ ¼ σtwist 2 þ σtwist n; ð46Þ

where

σtwist n ¼
Z4α2v
8π4

Z
d3k1

ð2πÞ32Ek1

d3k2
ð2πÞ32Ek2

dω1

ω2
1

dω2

ω2
2

d2p1Td2p2T

����Fð−p
2
1Þ

−p2
1

����
2
����Fð−p

2
2Þ

−p2
2

����
2

ð2πÞ4δ4ðp1 þ p2 − k1 − k2ÞI ; ð47Þ

with I given by Eq. (36). It is remarkable that σtwist n is
exactly δσ in Eq. (34). Therefore, since we have already
shown that σtwist 2 ¼ σ0 in Eq. (43), the total cross sec-
tion (46) in the TMD factorization formalism is consistent
with the EPA result (25).
Thus we have shown the equivalence of EPA and TMD

factorization formalism. We would like to emphasize that
our main result (20) includes corrections beyond the EPA or
twist-2. Note that, in principle, one also needs to consider
the Sudakov factor in the TMD factorization theorem
[80,81,86,87]. It is still a challenge to add the effective

Sudakov factor into our framework, which we reserve for a
future study.

VI. NUMERICAL RESULTS

In this section, we will present numerical results for the
cross section and compare them with STAR measurements
at 200 GeV Auþ Au collisions at RHIC [67,69]. The cross
section can be expressed as a multidimension integral over
independent variables

σ ¼ Z4α2

64π4γ4v2

Z
dbTdϕb

dΔTdϕΔ

ð2πÞ2
dp1Tdϕp1

ð2πÞ2
Z

dYeedPT
eedϕeedMeedηk2dϕk2

× e−ibT ·ΔT bTΔTp1TP2ðbTÞJ
F�ð−p02

1 Þ
−p02

1

Fð−p2
1Þ

−p2
1

F�ð−p02
2 Þ

−p02
2

Fð−p2
2Þ

−p2
2

×
X

spin of l;l̄

½u1μu2νLμνðp1; p2; k1; k2Þ�½u1σu2ρLσρ�ðp0
1; p

0
2; k1; k2Þ�: ð48Þ

The derivation of the above formula as well as the
explanation of all variables are given in Appendix D. Here
we have introduced a factor P2ðbTÞ which will be ex-
plained shortly. The high-dimension integral of the cross
section (48) is a challenge in the numerical calculation. In
this paper we use the ZMCintegral package [99,100] which
has been applied to the calculation of high dimensional
integrals in heavy ion collisions [101].

For the numerical calculation we choose the nucleus
form factor [73,80,81,102] as

FðqÞ ¼ 4πρ0

q3A
½sinðqRAÞ − qRA cosðqRAÞ�

1

a2q2 þ 1
; ð49Þ

where a ¼ 0.7 fm, RA ¼ 1.2A1=3 fm is the nucleus radius
with A being the number of nucleons, and ρ0 ¼ 3A=ð4πR3

AÞ
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is the nucleon number density to make Fðq¼0Þ¼1 [102].
One can also choose RA ¼ 1.1A1=3 fm as in Refs. [80,81].
Another factor that should be taken into account is that

two nuclei may undergo mutual Coulomb excitation and
emit neutrons [81]. To consider such effects, we need to
introduce an extra factor P2ðbTÞ in the calculation of the
cross section, where PðbTÞ is the probability of emitting a
single neutron from an excited nucleus and can be para-
metrized as [103]

PðbTÞ ¼
X∞
Nγ¼1

1

Nγ!
wNγe−w ¼ 1 − expð−wÞ; ð50Þ

where Nγ denotes the number of photons that can be
absorbed by a nucleus, and w is defined by

w ¼ 5.45 × 10−5
Z3ðA − ZÞ
A2=3b2T

: ð51Þ

Note that the probability of emitting more than one neutron
is highly suppressed, so multiple neutron emission is
usually neglected. The formula (50) has been widely used
[72,76,78,103–105]. Other choices are PðbTÞ ≃ w [76] and
PðbTÞ ¼ w expð−wÞ [76,78,103,104,106]. In this work, we
choose (50) in our numerical calculation.
We follow STAR experiments [67,69] to choose that the

transverse momentum of the electron and that of the positron
is greater than 200MeV but the transverse momentum of the
electron-positron pair is less than 100 MeV.
In Table I, we show the total cross sections from STAR

measurements and some theoretical models. The total cross
sections computed from both Eq. (20) (under the approxi-
mation GT ≈ 1) and gEPA in Eq. (30) are very close to the
experimental results.
In Fig. 3, we plot differential cross sections as functions

of the invariant mass of the lepton pair Mee. The STAR
data [67] as well as the results of some models [73,74]
(including our model) are presented. Our results using
Eq. (20) under the approximation GT ≈ 1 (the blue-solid
line) are consistent with data. But our results give lower
values than those from gEPA.

The differential cross sections as functions of the lepton
pair’s transverse momenta are presented in Fig. 4. We
compare our results with STAR data [67], the results of
Ref. [74], and STARLight [73]. Our results using Eq. (20)
are in a good agreement with the data in the low transverse
momentum region, while they give a little larger values
than the data for transverse momenta larger than 0.02 GeV.
The difference may come from possible higher order
corrections [79,107].
In Fig. 5, we show the average transverse momentum

squares of lepton pairs as functions of Mee. Our results are

TABLE I. The total cross sections from STAR measurements
and theoretical models. The numerical integration errors are
labeled as “int.”

Data or models Total cross sections

STAR data [67] 0.261� 0.004ðstat:Þ � 0.013ðsys:Þ
�0.034ðscaleÞ mb

STARLight [73] 0.22 mb
Zha et al.’s gEPA [77] 0.26 mb
Zha et al.’s work [77] 0.26 mb
This work Eq. (20) 0.252� 0.0016 (int.) mb
gEPA Eq. (30) 0.256� 0.0030 (int.) mb

FIG. 3. Differential cross sections as functions of the invariant
mass of the lepton pair Mee. The blue-solid line represents
our results using Eq. (20). The red-dashed, green-dotted, and
magenta-dot-dashed lines represent the results from Ref. [74]
based on QED, gEPA [74], and STARLight [73], respectively.
The points are STAR data [67], while the shaded areas stand for
the experimental uncertainty.

FIG. 4. Differential cross sections as functions of the lepton
pair’s transverse momenta. The blue-solid line shows our results
using Eq. (20). The red-dashed, brown-dot-dashed, and magenta-
dotted lines are the results from Ref. [74] (times a factor of 9.1),
XnXn [67], and STARLight [73], respectively. The data points
are from STAR measurements [67], while the shaded areas stand
for the experimental uncertainty.
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consistent with experimental data, so we do not need to
consider extra contributions from magnetic fields at the
early stage. According to Refs. [85,87,90], the Sudakov

form factor may play a role to the broadening of the
transverse momentum.
That difference between our results and experimental

data may come from the choice of parameters. In Fig. 6, we
show the results from different PðbTÞ. For the invariant
mass spectrum of the lepton pair, the result with PðbTÞ ≃ w
[76] matches the data, but the transverse momentum
spectrum of the lepton pair is much higher than the data.
The result with PðbTÞ of Ref. [78] underestimates both
invariant mass and transverse momentum spectra. These
results imply that we need to study the parameter depend-
ence systematically, which we leave for a future study.

VII. SUMMARY

A general form for the cross section of the lepton pair
production in ultraperipheral collisions of heavy ions is
derived. Thewave functions of two colliding nuclei moving
in the �z direction are assumed to be in the form of wave
packets that allow a rigorous description of ultraperipheral
collisions. A relative phase factor is introduced into the
wave function of one colliding nucleus that is displaced by
an impact parameter from the other colliding nucleus,
through which the transverse momentum and position
are coupled. This leads to photon distributions with
dependence on transverse momentum and position.
The results of the generalized equivalent photon approxi-

mation can be reproduced at the ultrarelativistic limit in our
formalism. The results of the TMD factorization formalism
up to the Born approximation can also be reproduced from
our general form if light-cone coordinates are used. It can
be proved that the results of the generalized equivalent
photon approximation are consistent to the twist-2 results
of the TMD factorization formalism in the classical field
approximation at the Born level. We have also shown that
the general form of the cross section has already included
high order corrections such as the ones beyond the
equivalent photon approximation or the ones from higher
twists in the classical field approximation at the Born level.
The numerical results for the differential cross sections

with respect to invariant mass and transverse momentum of
the lepton pair are in a good agreement with STAR data.
One approximation we have made in our results is that
wave packets are assumed to be narrow so that they are
similar to plane waves. In the future this approximation will
be relaxed so that the effects from broader wave packets can
be studied. Other effects such as the Sudakov factor as well
as the dependence on various parameters are expected to be
investigated in the future.
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APPENDIX A: DERIVATION OF IMPACT-
PARAMETER DEPENDENT CROSS SECTION

In this Appendix, we will derive the cross section that
depends on the impact parameter bT. We assume the wave
functions of two colliding nuclei moving in the �z
direction (see Fig. 2) can be written in the form of wave
packets following the argument of Ref. [108],

jA1i ¼
Z

d3P1

ð2πÞ3 ffiffiffiffiffiffiffiffiffiffi
2EP1

p ϕðP1Þeib·P1 jP1i;

jA2i ¼
Z

d3P2

ð2πÞ3 ffiffiffiffiffiffiffiffiffiffi
2EP2

p ϕðP2ÞjP2i; ðA1Þ

where P1 ¼ ðEP1;P1Þ and P2 ¼ ðEP2;P2Þ with EP1 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
1 þM2

1

p
and EP2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
2 þM2

2

p
are on-shell momenta

of two nuclei with masses M1 and M2; ϕðP1Þ≡ ϕðP1 −
PA1Þ and ϕðP2Þ≡ ϕðP2 − PA2Þ denote the amplitudes
of momentum states that are centered at the nuclear
momenta PA1 ¼ ð0; 0; Pz

A1Þ and PA2 ¼ ð0; 0;−Pz
A1Þ,

respectively. They satisfy the normalization condition
ð2πÞ−3 R d3kjϕðkÞj2 ¼ 1. Here we have introduced the

impact parameter bμ ¼ ð0;bT; 0Þ into the state of A1,
which is the transverse distance between the centers of
two nuclei.
The initial state of nuclei can be written as

jA1A2iin ¼
Z

d3P1

ð2πÞ3
d3P2

ð2πÞ3
ϕðP1ÞϕðP2ÞeibT ·P1ffiffiffiffiffiffiffiffiffiffi

2EP1
p ffiffiffiffiffiffiffiffiffiffi

2EP2
p jP1P2iin;

ðA2Þ

while the final state is assumed to be in momentum states
instead of wave packets

����l; l̄;
X
f

Xf

�
≡

����k1; k2;
X

f
Kf

�
out
; ðA3Þ

where the indices “in” and “out” stand for the in and out
states at t → �∞, respectively, and Xf with momenta Kf

denote all other particles that are produced in collisions.
The cross section reads

σ ¼
Z

d2bT

X
ffg

Z
d3k1

ð2πÞ32Ek1

d3k2
ð2πÞ32Ek2

Y
f

d3Kf

ð2πÞ32Ef

× jouthk1; k2;
X

f
KfjA1A2iinj2: ðA4Þ

Using Eqs. (A2) and (A12) and completing the integration
over P0z

1 and P0z
2 in the above formula, we obtain

σ ¼
Z

d2bT

X
ffg

Z
d3k1

ð2πÞ32Ek1

d3k2
ð2πÞ32Ek2

Y
f

d3Kf

ð2πÞ32EKf

Z
d3P1

ð2πÞ3 ffiffiffiffiffiffiffiffiffiffi
2EP1

p d3P2

ð2πÞ3 ffiffiffiffiffiffiffiffiffiffi
2EP2

p d3P0
1

ð2πÞ3 ffiffiffiffiffiffiffiffiffiffiffi
2EP10

p d3P0
2

ð2πÞ3 ffiffiffiffiffiffiffiffiffiffiffi
2EP20

p

× ϕðP1ÞϕðP2Þϕ�ðP0
1Þϕ�ðP0

2Þe−ibT ·Δ1T ð2πÞ4δð4Þ
�
P1 þ P2 − k1 − k2 −

X
f

Kf

�
ð2πÞ4δð4ÞðP1 þ P2 − P0

1 − P0
2Þ

×
X

spin of l;l̄

MP1þP2→k1þk2þ
P

f
Kf
M�

P0
1
þP0

2
→k1þk2þ

P
f

Kf
; ðA5Þ

where Δ1T ≡ P0
1T − P1T and M denotes the invariant amplitude defined through the T-matrix element. By rewriting the

delta function for transverse momenta as

δð2ÞðP1T þ P2T − P0
1T − P0

2TÞ ¼
Z

d2b2T

ð2πÞ2 exp ½ib2T · ðP1T þ P2T − P0
1T − P0

2TÞ� ðA6Þ

and adding an integral

Z
d2b1Tδ

ð2ÞðbT − b1T þ b2TÞ ¼ 1; ðA7Þ

the cross section (A5) can now be put into the form
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σ ¼
Z

d2bTd2b1Td2b2T

X
ffg

Z
d3k1

ð2πÞ32Ek1

d3k2
ð2πÞ32Ek2

Y
f

d3Kf

ð2πÞ32EKf

×
Z

d3P1

ð2πÞ3 ffiffiffiffiffiffiffiffiffiffi
2EP1

p d3P2

ð2πÞ3 ffiffiffiffiffiffiffiffiffiffi
2EP2

p d3P0
1

ð2πÞ3 ffiffiffiffiffiffiffiffiffiffiffi
2EP10

p d3P0
2

ð2πÞ3 ffiffiffiffiffiffiffiffiffiffiffi
2EP20

p ϕðP1ÞϕðP2Þϕ�ðP0
1Þϕ�ðP0

2Þ

× e−ib1T ·Δ1T e−ib2T ·Δ2Tδð2ÞðbT − b1T þ b2TÞð2πÞ4δð4Þ
�
P1 þ P2 − k1 − k2 −

X
f

Kf

�
ð2πÞ2δðP0z

1 þ P0z
2 − Pz

1 − Pz
2Þ

× δðEP10 þ EP20 − EP1 − EP2Þ
X

spin of l;l̄

MP1þP2→k1þk2þ
P

f
Kf
M�

P0
1
þP0

2
→k1þk2þ

P
f

Kf
; ðA8Þ

where we have used Δ2T ≡ P0
2T − P2T .

Now we look at the momentum amplitudes ϕðP1Þ and ϕðP2Þ in nuclear wave functions as wave packets. Normally the
total cross section does not depend on the form of ϕðP1Þ and ϕðP2Þ [108]. A natural choice for ϕðP1Þ and ϕðP2Þ is that they
can be factorized as ϕðPiÞ ≃ ϕzðPz

i ÞϕTðPiTÞ with i ¼ 1, 2, where ϕzðPz
i Þ are distributions of longitudinal momenta that Pz

1

and Pz
2 are centered at Pz

A1 and −Pz
A1, respectively, and ϕTðPiTÞ are distributions of transverse momenta that PiT are

centered at zero. As a simple ansatz we assume the longitudinal part takes the form

ϕzðPz
1ÞϕzðPz

2Þϕ�
zðP0z

1 Þϕ�
zðP0z

2 Þ ≈ ð2πÞ2δ½ðPz
1 þ P0z

1 Þ=2 − Pz
A1�δ½ðPz

2 þ P0z
2 Þ=2þ Pz

A1�G
�
1

4
ðPz

1 − P0z
1 Þ2

�
G

�
1

4
ðPz

2 − P0z
2 Þ2

�
;

ðA9Þ

where Gðx2Þ is a positive function with Gð0Þ ¼ 1 and decreases rapidly with growing x2, and the factor of 1=4 inside
G-functions is by convention. So we can carry out the integrals over Pz

1 and Pz
2 to remove two delta functions and to set

Pz
1 ¼ 2Pz

A1 − P0z
1 and Pz

2 ¼ −2Pz
A1 − P0z

2 in the integrand. Then we complete the integrals over P0z
1 and P0z

2 to remove two
delta functions for longitudinal momenta and energies

Z
dP0

1zdP
0
2zδðP0z

1 þ P0z
2 − Pz

1 − Pz
2ÞδðEP10 þ EP20 − EP1 − EP2Þ ¼

1

2

Z
dP0

1zdP
0
2zδðP0z

1 þ P0z
2 ÞδðEP10 þ EP20 − EP1 − EP2Þ

¼ 1

2jP0z
1 =EP10 þ P0z

1 =EP20 þ Pz
1=EP1 þ Pz

1=EP2j
≡ 1

8v
;

ðA10Þ

where we have used Pz
1 ¼ 2Pz

A1 − P0z
1 and Pz

2 ¼ −2Pz
A1 − P0z

2 , and P0z
1 ¼ −P0z

2 are solved as functions of transverse
momenta from the energy conservation. Furthermore the condition P0z

1 ¼ −P0z
2 leads to Pz

1 ¼ −Pz
2 ¼ 2Pz

A1 − P0z
1 . With

these conditions, two G-functions in Eq. (A9) give G2½ðP0z
1 − Pz

A1Þ2� as a function of transverse momenta.
Completing the integrals over Pz

1, P
z
2, P

0z
1 , and P0z

2 in Eq. (A8) by using (A9) and (A10), we obtain Eq. (2) for the
cross section.
Now we deal with the invariant amplitude M through the matrix element of the operator T̂ (T-matrix element) as

outhk1; k2;
X
f

KfjP1P2iin ¼ hk1; k2;
X
f

Kfjð1þ iT̂ÞjP1P2i ðA11Þ

with the T-matrix element being parametrized as

hk1; k2;
X
f

KfjiT̂jP1P2i ¼ ð2πÞ4δð4Þ
�
P1 þ P2 − k1 − k2 −

X
f

Kf

�
iMP1þP2→k1þk2þ

P
f
Kf
; ðA12Þ
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where M denotes the invariant amplitude of the process. By definition, the T-matrix element can be written in the form

D
k1; k2;

X
f

KfjiT̂jP1P2i ¼ −e2
Z

d4x1d4x2hk1k2jT ½ψ̄ðx1Þγμψðx1Þψ̄2ðx2Þγνψ2ðx2Þ�j0
EDX

f

KfjT ½Aμðx1ÞAνðx2Þ�jP1P2

E
;

ðA13Þ

where T denotes the time-ordered operator. The lepton part is evaluated as

hk1k2jT ½ψ̄ðx1Þγμψðx1Þψ̄2ðx2Þγνψ2ðx2Þ�j0i ¼ i
Z

d4q
ð2πÞ4 ūðk1Þγ

μ γ · qþm
q2 −m2 þ iε

γνvðk2Þeik1·x1þik2·x2−iq·ðx1−x2Þ

þ i
Z

d4q
ð2πÞ4 ūðk1Þγ

ν γ · qþm
q2 −m2 þ iε

γμvðk2Þeik1·x2þik2·x1þiq·ðx1−x2Þ: ðA14Þ

We make an approximation that the time-ordered operator in the EM part can be removed so that it can be put into the form

DX
f

KfjT ½Aμðx1ÞAνðx2Þ�jP1P2

E
∼
DX

f

KfjAμðx1ÞAνðx2ÞjP1P2

E

¼
Z

d4p1

ð2πÞ4
Z

d4p2

ð2πÞ4 exp ð−ip1 · x1 − ip2 · x2Þ
DX

f

KfjAμðp1ÞAνðp2ÞjP1P2

E
; ðA15Þ

where we have performed Fourier transformation for the EM fields. Using Eqs. (A14) and (A15) and completing the
integrals over x1 and x2 in Eq. (A13), we obtain

D
k1; k2;

X
f

KfjiT̂jP1P2

E
¼ ð2πÞ4δð4Þ

�
P1 þ P2 − k1 − k2 −

X
f

Kf

�
iMP1þP2→k1þk2þ

P
f
Kf
;

MP1þP2→k1þk2þ
P

f
Kf

¼ −e2
Z

d4p1

ð2πÞ4
Z

d4p2

ð2πÞ4
DX

f

KfjAμðp1ÞAνðp2ÞjP1P2

E

×

�
ūðk1Þγμ

γ · ðk1 − p1Þ þm
ðk1 − p1Þ2 −m2 þ iε

γνvðk2Þ þ ūðk1Þγν
γ · ðp1 − k2Þ þm

ðp1 − k2Þ2 −m2 þ iε
γμvðk2Þ

�
: ðA16Þ

Following the same procedure, we obtain

D
P0
1P

0
2jð−iT̂†Þjk1; k2;

X
f

Kf

E
¼ ð2πÞ4δð4Þ

�
P0
1 þ P0

2 − k1 − k2 −
X
f

Kf

�
ð−iÞM�

P0
1
þP0

2
→k1þk2þ

P
f

Kf

M�
P0
1
þP0

2
→k1þk2þ

P
f

Kf
¼ −e2

Z
d4p0

1

ð2πÞ4
Z

d4p0
2

ð2πÞ4
D
P0
1P

0
2jA†

νðp0
2ÞA†

μðp0
1Þj

X
f

Kf

E

×

�
v̄ðk2Þγν

γ · ðk1 − p0
1Þ þm

ðk1 − p0
1Þ2 −m2 þ iε

γμuðk1Þ þ v̄ðk2Þγμ
γ · ðp0

1 − k2Þ þm
ðp0

1 − k2Þ2 −m2 þ iε
γνuðk1Þ

�
:

ðA17Þ

Note that in Eqs. (A16) and (A17) we have suppressed the spin indices of lepton spinors.
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Using Eqs. (A16) and (A17) in Eq. (2), the cross section is put into the form

σ ¼ 1

8ð2πÞ8
Z

d2bTd2b1Td2b2T

Z
d3k1

ð2πÞ32Ek1

d3k2
ð2πÞ32Ek2

Z
d2P1Td2P2Td2P0

1Td
2P0

2T
1

v
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EP1EP2EP10EP20

p

× ϕTðP1TÞϕTðP2TÞϕ�
TðP0

1TÞϕ�
TðP0

2TÞG2½ðP0z
1 − Pz

A1Þ2�e−ib1T ·Δ1T e−ib2T ·Δ2Tδð2ÞðbT − b1T þ b2TÞ

×
Z

d4p1

ð2πÞ4
d4p2

ð2πÞ4
d4p0

1

ð2πÞ4
d4p0

2

ð2πÞ4 hP
0
1jA†

σðp0
1ÞAμðp1ÞjP1ihP0

2jA†
ρðp0

2ÞAνðp2ÞjP2i

× Lμν;σρðp1; p2;p0
1; p

0
2; k1; k2Þð2πÞ4δð4Þðp1 þ p2 − k1 − k2Þ; ðA18Þ

where we have used the identity

X
ffg

Z Y
f

d3Kf

ð2πÞ32EKf

���X
f

Kf

EDX
f

Kf

��� ¼ 1 ðA19Þ

and the relation
X
f

Kf ¼ P1 þ P2 − p1 − p2 ¼ P0
1 þ P0

2 − p0
1 − p0

2: ðA20Þ

We have also used the lepton part as

Lμν;σρðp1; p2;p0
1; p

0
2; k1; k2Þ ¼ e4

X
spin of l;l̄

Lμνðp1; p2; k1; k2ÞLσρ�ðp0
1; p

0
2; k1; k2Þ

¼ e4Tr
	
ðγ · k1 þmÞ

�
γμ

γ · ðk1 − p1Þ þm
ðk1 − p1Þ2 −m2 þ iε

γν þ γν
γ · ðp1 − k2Þ þm

ðp1 − k2Þ2 −m2 þ iε
γμ
�

× ðγ · k2 −mÞ
�
γρ

γ · ðk1 − p0
1Þ þm

ðk1 − p0
1Þ2 −m2 þ iε

γσ þ γσ
γ · ðp0

1 − k2Þ þm
ðp0

1 − k2Þ2 −m2 þ iε
γρ
�


; ðA21Þ

where Lμν and Lσρ� are defined by

Lμνðp1; p2; k1; k2Þ ¼ ūðk1Þ
h
γμ

γ · ðk1 − p1Þ þm
ðk1 − p1Þ2 −m2 þ iε

γν þ γν
γ · ðp1 − k2Þ þm

ðp1 − k2Þ2 −m2 þ iε
γμ
i
vðk2Þ;

Lσρ�ðp0
1; p

0
2; k1; k2Þ ¼ v̄ðk2Þ

�
γρ

γ · ðk1 − p0
1Þ þm

ðk1 − p0
1Þ2 −m2 þ iε

γσ þ γσ
γ · ðp0

1 − k2Þ þm
ðp0

1 − k2Þ2 −m2 þ iε
γρ
�
uðk1Þ: ðA22Þ

A useful property of Lμνðp1; p2; k1; k2Þ is the following identity [71]:

p1μLμν ¼ p2νLμν ¼ 0: ðA23Þ

In (A18) we have also reduced the photon matrix element as

hP0
1P

0
2jA†

ρðp0
2ÞA†

σðp0
1ÞAμðp1ÞAνðp2ÞjP1P2i

∼
1

4
hP0

1jA†
σðp0

1ÞAμðp1ÞjP1ihP0
2jA†

ρðp0
2ÞAνðp2ÞjP2i þ

1

4
hP0

1jA†
ρðp0

2ÞAμðp1ÞjP1ihP0
2jA†

σðp0
1ÞAνðp2ÞjP2i

þ 1

4
hP0

1jA†
σðp0

1ÞAνðp2ÞjP1ihP0
2jA†

ρðp0
2ÞAμðp1ÞjP2i þ

1

4
hP0

1jA†
ρðp0

2ÞAνðp2ÞjP1ihP0
2jA†

σðp0
1ÞAμðp1ÞjP2i þ � � �

∼ hP0
1jA†

σðp0
1ÞAμðp1ÞjP1ihP0

2jA†
ρðp0

2ÞAνðp2ÞjP2i: ðA24Þ

This is because each term in the second approximate equality can be proved to be identical after change of variables, giving
a symmetry factor of 4. So one can just take the first term and multiply it by 4 to obtain the photon matrix element. We can
rewrite the integrals over p1, p2, p0

1, and p0
2 in (A18) as
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I ¼
Z

d4p1

ð2πÞ4
d4p2

ð2πÞ4
d4p0

1

ð2πÞ4
d4p0

2

ð2πÞ4 L
μν;σρðp1; p2;p0

1; p
0
2; k1; k2ÞhP0

1jA†
σðp0

1ÞAμðp1ÞjP1ihP0
2jA†

ρðp0
2ÞAνðp2ÞjP2i

¼
Z

d4p1

ð2πÞ4
d4p2

ð2πÞ4
Z

d4y1d4y2 exp ðip1 · y1 þ ip2 · y2ÞLμν;σρðp1; p2;p1 − P1 þ P0
1; p2 − P2 þ P0

2; k1; k2Þ

× hP0
1jA†

σð0ÞAμðy1ÞjP1ihP0
2jA†

ρð0ÞAνðy2ÞjP2i: ðA25Þ

In deriving the above formula, we have converted all photon fields in momentum space to coordinate space as

hP0
1jA†

σðp0
1ÞAμðp1ÞjP1i → hP0

1jA†
σðx01ÞAμðx1ÞjP1i;

hP0
2jA†

ρðp0
2ÞAνðp2ÞjP2i → hP0

2jA†
ρðx02ÞAνðx2ÞjP2i; ðA26Þ

and changed all coordinate variables to Xi ¼ ðxi þ x0iÞ=2 and yi ¼ xi − x0i for i ¼ 1, 2; then we carried out the integration over
Xi after shifting x01 and x

0
2 for the photon fields in hP0

1jA†
σðx01ÞAμðx1ÞjP1i and hP0

2jA†
ρðx02ÞAνðx2ÞjP2i, respectively, by making

use of the formula AμðxþyÞ¼eip̂·xAμðyÞe−ip̂·x.
Inserting (A25) into Eq. (A18), the cross section is rewritten as

σ ¼ 1

8ð2πÞ8
Z

d2bTd2b1Td2b2T

Z
d3k1

ð2πÞ32Ek1

d3k2
ð2πÞ32Ek2

Z
d2P1Td2P2Td2P0

1Td
2P0

2T
1

v
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EP1EP2EP10EP20

p

× ϕTðP1TÞϕTðP2TÞϕ�
TðP0

1TÞϕ�
TðP0

2TÞG2½ðP0z
1 − Pz

A1Þ2�e−ib1T ·Δ1T e−ib2T ·Δ2Tδð2ÞðbT − b1T þ b2TÞ

×
Z

d4p1

ð2πÞ4
d4p2

ð2πÞ4
Z

d4y1d4y2 exp ðip1 · y1 þ ip2 · y2ÞhP0
1jA†

σð0ÞAμðy1ÞjP1ihP0
2jA†

ρð0ÞAνðy2ÞjP2i

× Lμν;σρðp1; p2;p1 − P1 þ P0
1; p2 − P2 þ P0

2; k1; k2Þð2πÞ4δð4Þðp1 þ p2 − k1 − k2Þ: ðA27Þ

Equations (A18) and (A27) are our starting points.

APPENDIX B: SOME USEFUL FORMULA IN
LIGHT-CONE COORDINATES

A four-vector or a four-tensor can be written in light-
cone variables. For example, the coordinate is written
as xμ ¼ ðxþ; x−;xTÞ with x� ¼ ðx0 � x3Þ= ffiffiffi

2
p

and xT ¼
ðx1; x2Þ. The Minkowski metric tensor becomes

gμν ¼

0
BBB@

0 1 0 0

1 0 0 0

0 0 −1 0

0 0 0 −1

1
CCCA; ðB1Þ

with μ ¼ þ;−; 1, 2. So we have xμ ¼ gμνxν ¼
ðx−; xþ;−xTÞ. It is convenient to decompose an arbitrary
four-vector aμ by lightlike Sudakov vectors nμþ and nμ−,
satisfying n2þ ¼ n2− ¼ 0 and nþ · n− ¼ 1,

aμ ¼ aþnμþ þ a−nμ− þ aμT; ðB2Þ

where a� ¼ ða0 � a3Þ= ffiffiffi
2

p
and aμT ¼ gμνT aν with the space-

like transverse projector

gμνT ¼ gμν − nμþnν− − nνþnμ−: ðB3Þ

The inner product of two vectors is a · b ¼
a−bþ þ aþb− − aT · bT . The explicit forms of lightlike
Sudakov vectors are

nμþ ¼ ð1; 0; 0; 0Þlight cone ¼
1ffiffiffi
2

p ð1; 0; 0; 1Þnormal coordinate;

nμ− ¼ ð0; 1; 0; 0Þlight cone ¼
1ffiffiffi
2

p ð1; 0; 0;−1Þnormal coordinate:

ðB4Þ

The four-momenta of colliding nuclei can be written as

Pμ
A1;A2 ¼ M1;2u

μ
1;2; ðB5Þ

where M1;2 and uμ1;2 are masses and four-velocities of two
nuclei, respectively, and uμ1;2 are given by

uμ1 ¼ γ1ð1; 0; 0; v1Þ;
uμ2 ¼ γ2ð1; 0; 0;−v2Þ; ðB6Þ
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with γ1;2 ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v21;2

q
being the Lorentz factor. Then the

four-momenta of two nuclei can be written in the form

Pμ
A1 ¼ Pþ

A1n
μ
þ þ M2

1

2Pþ
A1

nμ−;

Pμ
A2 ¼

M2
2

2P−
A2

nμþ þ P−
A2n

μ
−; ðB7Þ

where light-cone variables are

Pþ
A1 ¼

M1γ1ffiffiffi
2

p ð1þ v1Þ; P−
A2 ¼

M2γ2ffiffiffi
2

p ð1þ v2Þ: ðB8Þ

For high energy nuclei with v1;2 ∼ 1, we have Pþ
A1 ≫ M1

and P−
A2 ≫ M2.

From the classical photon field (11), we have pi · ui ¼
p0
i · ui ¼ 0 for i ¼ 1, 2. Then p1 and p2 can be

decomposed as

pμ
1 ¼ pþ

1 n
μ
þ þ p−

1 n
μ
− þ pμ

1T;

pμ
2 ¼ pþ

2 n
μ
þ þ p−

2 n
μ
− þ pμ

2T; ðB9Þ

where

p�
1 ¼ ω1ffiffiffi

2
p

�
1� 1

v1

�
; p�

2 ¼ ω2ffiffiffi
2

p
�
1 ∓ 1

v2

�
: ðB10Þ

At high energies, we have v1;2 → 1, so it is easy to verify

pþ
1

ω1

;
p−
2

ω2

∼Oð1Þ; p−
1

ω1

;
pþ
2

ω2

∼Oðγ−2Þ: ðB11Þ

On the other hand, in the rest frame of a nucleus, it is
assumed

p2
i ∼Oðx2i M2

i Þ; ðB12Þ

and therefore, we have

piT

ωi
∼
xiMi

ωi
∼Oðγ−1Þ; ðB13Þ

which means photons are almost on shell.
We assume a collision of two identical nuclei, so we have

v1 ¼ v2. To simplify u1μu2νLμν in Eq. (17), we use
Eq. (A23) and obtain

L0νðp1; p2; k1; k2Þ ¼
pi
1L

iν þ pz
1L

zν

ω1

;

Lμ0ðp1; p2; k1; k2Þ ¼
pi
2L

μi þ pz
2L

μz

ω2

; ðB14Þ

where i ¼ x, y denotes two transverse directions. From
Eq. (B10) or pz

1;2=ω1;2 ¼ �1=v (the upper/lower signs
correspond to nuclei 1 and 2, respectively), u1μu2νLμν can
be rewritten as

u1μu2νLμν ¼ γ2
pi
1

ω1

pj
2

ω2

Lij −
1

v

�
pi
1

ω1

Liz −
pi
2

ω2

Lzi

�
−

1

γ2v2
Lzz;

ðB15Þ

where i; j ¼ x, y denote two transverse directions. The
result of (B15) is consistent with Ref. [71]. We can also use
the light-cone coordinate and obtain

L−νðp1; p2; k1; k2Þ ¼ −
p−
1L

þν − pi
1L

iν

pþ
1

;

Lμþðp1; p2; k1; k2Þ ¼ −
pþ
2 L

μ− − pj
2L

μj

p−
2

: ðB16Þ

So we evaluate u1μu2νLμν as

u1μu2νLμν ¼ γ2v2
pi
1

ω1

pj
2

ω2

Lij

− 2γ2v2
�
pi
1

ω1

pþ
2

ω2

Li− þ p−
1

ω1

pj
2

ω2

Lþj

�

þ 4γ2v2
p−
1

ω1

pþ
2

ω2

Lþ−: ðB17Þ

It seems that there is an extra factor v2 in the first term of
Eq. (B17) in comparison with Eq. (B15), and it is
straightforward to prove that Eq. (B17) and (B15) are
equivalent. According to Eqs. (B11) and (B13), at the
relativistic limit v → 1 or γ → ∞, the first, second, and
third terms of (B17) are Oð1Þ, Oðγ−1Þ and Oðγ−2Þ,
respectively. Therefore the leading order contribution
comes from the first term.

APPENDIX C: TMD CORRELATION FUNCTIONS
IN CLASSICAL FIELD APPROXIMATION

The gauge invariant correlation function for an unpo-
larized nucleus is defined as

Wμν;ρσðP; pÞ ¼
Z

d4ξ
ð2πÞ4 e

ip·ξhPjFμνð0ÞFρσðξÞjPi; ðC1Þ

where Fμν ¼ ∂μAν − ∂νAμ is the field strength tensor of the
EM field, and P ¼ ðEP; 0; 0; PzÞ is the four-momentum of
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a nucleus moving in the þz direction. The requirement that Wμν;ρσðP; pÞ must be Hermitian and parity-even leads to the
following parametrization:

Wμν;ρσðP; pÞ ¼ X1ϵ
μναβϵρσαβ þ

X2

M2
P½μgν�½ρPσ� þ X3

M2
p½μgν�½ρpσ� þ X4 þ iX5

M2
P½μgν�½ρpσ� þ X4 − iX5

M2
p½μgν�½ρPσ�

þ X6

M4
P½μpν�P½ρpσ�; ðC2Þ

where A½μBν� ¼ AμBν − BμAν and all coefficients Xi are real functions of P and p. We work in a light-cone coordinate
system and focus on Wþμ;þνðP; pÞ which is related to SσμðP; pÞ in (9) in the light-cone gauge

Wþμ;þνðP; pÞ ¼ −gμνT

�
Pþ

M

�
2

ðX2 þ 2xX4 þ x2X3Þ þ
�
Pþ

M

�
2 pμ

Tp
ν
T

M2
X6 þ

Pþ

M
pμ
Tn

ν
− þ pν

Tn
μ
−

M

�
X4 þ xX3 þ

�
σ

2
− x

�
X6

�

−
Pþ

M
p½μ
T n

ν�
−

M
iX5 þ nμ−nν−

�
2X1 þ X2 þ xX4 þ xðX4 þ xX3Þ þ 2

�
σ

2
− x

�
ðX4 þ xX3Þ þ

�
σ

2
− x

�
2

X6

�
;

ðC3Þ

where we have used σ ¼ 2ðP · pÞ=M2 and x ¼ pþ=Pþ.
The twist-2 correlation function comes from transverse components Wþi;þj,

Wþi;þj ¼ −gijT

�
Pþ

M

�
2

ðX2 þ 2xX4 þ x2X3Þ þ
�
Pþ

M

�
2 pi

Tp
j
T

M2
X6: ðC4Þ

Integrating over p− for Wþi;þj, we have the following parametrization

Z
dp−Wþi;þjðP; pÞ ¼ 1

2
Pþ

�
−gijT xfγðx;p2

TÞ þ
�
pi
Tp

j
T

M2
þ p2

T

2M2
gijT

�
xhγTðx;p2

TÞ
�
; ðC5Þ

where fγðx;p2
TÞ and hγTðx;p2

TÞ are distributions defined as

xfγðx;p2
TÞ ¼

2Pþ

M2

Z
dp−

�
X2 þ 2xX4 þ x2X3 þ

p2
T

2M2
X6

�
;

xhγTðx;p2
TÞ ¼

2Pþ

M2

Z
dp−X6: ðC6Þ

The twist-3 contribution of Wþμ;þν comes from following components

Wþi;þ− ¼ Pþ

M
pi
T

M

�
X4 þ xX3 þ

�
σ

2
− x

�
X6 − iX5

�
;

Wij;kþ ¼ −gk½iT pj�
T

M
Pþ

M
ðX4 þ xX3 − iX5Þ: ðC7Þ

The twist-4 contribution reads

Wþ−;þ− ¼ 2X1 þ X2 þ xX4 þ xðX4 þ xX3Þ þ 2

�
σ

2
− x

�
ðX4 þ xX3Þ þ

�
σ

2
− x

�
2

X6: ðC8Þ

More details and discussions can be found in Ref. [91] and references therein.
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Now we take the classical field approximation. We transform Eq. (C3) to momentum space and obtain

Wþμ;þνðP; pÞ ¼ 1

ð2πÞ4
Z

d4p0

ð2πÞ4 hPjF
þμðp0ÞFþνðpÞjPi

¼ 1

ð2πÞ4
Z

d4p0

ð2πÞ4 hPj½p
0þA†μðp0Þ − p0μA†þðp0Þ�½pþAνðpÞ − pνAþðpÞ�jPi

¼ 1

ð2πÞ4
Z

d4p0

ð2πÞ4 p
0þpþhPjA†μðp0ÞAνðpÞjPi; ðC9Þ

where we have used the light-cone gauge Aþ ¼ 0. In the light-cone gauge the classical field has the form

AμðpÞ ¼ 2πZeδðp · uÞFð−p
2Þ

−p2

�
uμ −

pμ

pþ uþ
�
; ðC10Þ

as the solution to the Maxwell equation. Here uμ ¼ γð1; 0; 0; vÞ is the four-velocity of the nucleus satisfying Pμ ¼ Muμ. We
use the same ansatz as (12) for the matrix element in Eq. (C9)

hPjA†μðp0ÞAνðpÞjPi ≈ 2MA�μðp0ÞAνðpÞð2πÞ3δðp · ū − p0 · ūÞδð2ÞðpT − p0
TÞ; ðC11Þ

where ūμ ≡ γðv; 0; 0; 1Þ satisfying u · ū ¼ 0. Using the above formula in (C9) we obtain the transverse component

Wþi;þjðP; pÞ ¼ 1

2π

Z
d4p0

ð2πÞ4 p
0þpþ2MA�iðp0ÞAjðpÞδðp · ū − p0 · ūÞδð2ÞðpT − p0

TÞ

¼ 1

2π
ð2πZeÞ22M

Z
d4p0

ð2πÞ4 p
0þpþδðp0 · uÞδðp · uÞF

�ð−p02Þ
−p02

Fð−p2Þ
−p2

�
ui −

p0i

p0þ uþ
��

uj −
pj

pþ uþ
�

× δðp · ū − p0 · ūÞδð2ÞðpT − p0
TÞ

¼ 1

4π3
MZ2e2ðuþÞ2δðp · uÞ

����Fð−p
2Þ

−p2

����
2

pi
Tp

j
T; ðC12Þ

where we have used d4p0 ¼ dðp0 · uÞdð−p0 · ūÞd2p0
T in carrying out the integral over p0 and the constraints by the delta

functions give p0μ ¼ pμ.
Then we take an integral over p− for Wþi;þjðP; pÞ and obtain

Z
dp−Wþi;þjðP; pÞ ¼ 1

4π3
MZ2e2uþ

����Fð−p
2Þ

−p2

����
2

pi
Tp

j
T; ðC13Þ

where p denotes the momentum that satisfies p · u ¼ 0, in Sec. III we denote it as p̄ as defined in Eq. (14), but here we
suppressed the bar to simplify the notation. Comparing with Eq. (C5) we can extract

xhγTðx;p2
TÞ ¼

2Z2α

π2
M2

����Fð−p
2Þ

−p2

����
2

;

xfγðx;p2
TÞ ¼

p2
T

2M2
xhγTðx;p2

TÞ ¼
Z2α

π2
p2
T

����Fð−p
2Þ

−p2

����
2

: ðC14Þ

APPENDIX D: INDEPENDENT VARIABLES FOR NUMERICAL INTEGRATION OF CROSS SECTIONS

If the wave packets are very narrow in momentum we can make an approximation in Eq. (20): GT ½ðp0
iT − piTÞ2� ≈ 1 for

i ¼ 1, 2. In this case we can carry out the integrals over b1T, b2T , and p0
2T to obtain
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σ ¼ Z4e4

2γ4v3

Z
d2bT

Z
dω1d2p1T

ð2πÞ3
dω2d2p2T

ð2πÞ3
d2p0

1T

ð2πÞ2 e
−ibT ·ðp0

1T−p1TÞ F
�ð−p02

1 Þ
−p02

1

Fð−p2
1Þ

−p2
1

F�ð−p02
2 Þ

−p02
2

Fð−p2
2Þ

−p2
2

×
Z

d3k1
ð2πÞ32Ek1

d3k2
ð2πÞ32Ek2

X
spin of l;l̄

½u1μu2νLμνðp1; p2; k1; k2Þ�½u1σu2ρLσρ�ðp0
1; p

0
2; k1; k2Þ�ð2πÞ4δð4Þðp1 þ p2 − k1 − k2Þ;

ðD1Þ

where p0
2T ¼ p1T þ p2T − p0

1T , ω
0
1 ¼ ω1, and ω0

2 ¼ ω2. Note that the photon momenta p1; p2; p0
1; p

0
2 are momenta that

satisfy pi · u ¼ 0 and p0
i · u ¼ 0 for i ¼ 1, 2, in Sec. III we denote them as p̄1; p̄2; p̄0

1; p̄
0
2 as defined in Eq. (14) but here we

suppressed the bars to simplify the notation. Then we can complete the integrals over ω1, ω2 and p2T to remove the delta
functions, fixing ω1 and ω2 as

ω1 ¼
1

2
½k01 þ k02 þ ðkz1 þ kz2Þv�;

ω2 ¼
1

2
½k01 þ k02 − ðkz1 þ kz2Þv�; ðD2Þ

and fixing p2T and p0
2T as p2T ¼ k1T þ k2T − p1T and p0

2T ¼ k1T þ k2T − p0
1T . This gives the cross section of the form

σ ¼ Z4α2

64π4γ4v2

Z
dy1d2k1Tdy2d2k2T

Z
d2bT

Z
d2p1T

ð2πÞ2
d2p0

1T

ð2πÞ2 e
−ibT ·ðp0

1T−p1TÞ

×
F�ð−p02

1 Þ
−p02

1

Fð−p2
1Þ

−p2
1

F�ð−p02
2 Þ

−p02
2

Fð−p2
2Þ

−p2
2

X
spin of l;l̄

½u1μu2νLμνðp1; p2; k1; k2Þ�½u1σu2ρLσρ�ðp0
1; p

0
2; k1; k2Þ�; ðD3Þ

where we have used the rapidity and transverse momentum as independent variables for lepton momenta so that the lepton
momenta k1 and k2 can be expressed as

kμ ¼ mTffiffiffi
2

p eynμþ þ mTffiffiffi
2

p e−ynμ− þ kμT: ðD4Þ

Here the rapidity and transverse mass are defined as

y ¼ 1

2
ln
Eþ kz
E − kz

¼ 1

2
ln
kþ

k−
;

m2
T ¼ k2

T þm2 ¼ E2 − k2z ¼ 2kþk−: ðD5Þ

Then we have d3k=Ek ¼ dyd2kT .
Now we choose independent integration variables of the cross section. The impact parameter is written as

bT ¼ ðbT cosϕb; bT sinϕbÞ: ðD6Þ

The transverse momentum shift is defined as

ΔT ≡ p0
1T − p1T ¼ ðΔT cosϕΔ;ΔT sinϕΔÞ; ðD7Þ

so the integral over p0
1T can be replaced by ΔT. Since the invariant mass and transverse momentum spectra of lepton pairs

were measured in experiments, we should define the four-momentum of the lepton pair

Pμ
ee ¼ kμ1 þ kμ2 ¼ ðP0

ee;PT
ee; Pz

eeÞ
¼

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

ee þ ðPT
eeÞ2

q
coshYee; PT

ee cosϕee; PT
ee sinϕee;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

ee þ ðPT
eeÞ2

q
sinhYee

�
; ðD8Þ

where Yee is the rapidity of the lepton pair and Mee is the invariant mass of the lepton pair given by
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M2
ee ¼ P2

ee ¼ 2m2
e þ 2k1 · k2 ¼ 2Pee · k2: ðD9Þ

Instead of kμ1 and k
μ
2, we choose P

μ
ee and two variables of kμ2 as independent variables since k

μ
2 satisfies the constraint (D9).

Two variables of kμ2 are chosen to be the pseudorapidity ηk2 and the azimuthal angle ϕk2 of the transverse momentum, so kμ2
can be expressed by

kμ2 ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
e þ k22T cosh

2 ηk2

q
; k2T cosϕk2; k2T sinϕk2; k2T sinh ηk2

�
: ðD10Þ

Here k2T is obtained by solving Eq. (D9),

k2T ¼ f1M2
ee þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f21M

4
ee − f2f3

p
f2

; ðD11Þ

where

f1 ¼ 2
�
PT
ee cosϕee cosϕk2 þ qT sinϕee sinϕk2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

ee þ ðPT
eeÞ2

q
sinhYee sinh ηk2

�
;

f2 ¼ 4½M2
ee þ ðPT

eeÞ2� cosh2 Yee cosh2 ηk2 − f21;

f3 ¼ −M4
ee þ 4½M2

ee þ ðPT
eeÞ2�m2

e cosh2 Yee: ðD12Þ

One can verify

dy1d2k1Tdy2d2k2T ¼ J dYeedPT
eedϕeedMeedηk2dϕk2; ðD13Þ

where J is a function of Pμ
ee and kμ2. From Pμ

ee and kμ2, we obtain kμ1 ¼ Pμ
ee − kμ2. The photon momenta are given by

pμ
1 ¼

�
P0
ee þ vPz

ee

2
; p1T cosϕp1; p1T sinϕp1;

P0
ee þ vPz

ee

2v

�
;

pμ
2 ¼

�
P0
ee − vPz

ee

2
; Px

ee − p1T cosϕp1; P
y
ee − p1T sinϕp1;−

P0
ee − vPz

ee

2v

�
;

p0μ
1 ¼

�
P0
ee þ vPz

ee

2
; p1T cosϕp1 þ ΔT cosϕΔ;p1T sinϕp1 þ ΔT sinϕΔ;

P0
ee þ vPz

ee

2v

�
;

p0μ
2 ¼

�
P0
ee − vPz

ee

2
; Px

ee − p1T cosϕp1 − ΔT cosϕΔ;P
y
ee − p1T sinϕp1 − ΔT sinϕΔ;−

P0
ee − vPz

ee

2v

�
; ðD14Þ

where we can choose p1T and ϕp1 as independent variables.
In summary, we can choose the following integration variables:

ðYee; PT
ee;ϕee;MeeÞ; ðηk2;ϕk2Þ; ðp1T;ϕp1Þ; ðΔT;ϕΔÞ; ðbT;ϕbÞ; ðD15Þ

where we used the parentheses to enclose variables from the same source. In terms of these independent variables, the cross
section (D3) can be rewritten in the form of Eq. (48).
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