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Weaving the covariant three-point vertices efficiently
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An efficient algorithm is developed for compactly weaving all the Lorentz-covariant three-point vertices
in relation to the decay of a massive particle X of mass my and spin J into two particles M , with equal
mass m and spin s. The closely related equivalence between the helicity formalism and the covariant
formulation is utilized so as to identify the basic building blocks for constructing the covariant three-point
vertex corresponding to each helicity combination explicitly. The massless case with m = 0 is worked out
straightforwardly and the (anti)symmetrization of the three-point vertex required by the spin statistics of
identical particles is made systematically. We show that the off-shell electromagnetic photon coupling to
the states M| and M, can be accommodated in this framework. The power of the algorithm is demonstrated
with a few typical examples with specific J and s values.
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I. INTRODUCTION

The Standard Model (SM) [1-4] of particle physics has
been firmly established by the discovery of the spin-0
resonance of about 125 GeV mass at the Large Hadron
Collider (LHC) at CERN [5,6]. However, even though a
lot of high-energy experiments have searched for new
phenomena beyond the SM (BSM) and they have tested
the SM with great precision for decades, none of any BSM
particles and phenomena have been observed so far at
the TeV scale (see Ref. [7] for a comprehensive summary
of hypothetical particles and concepts). In this present
situation, considered to be unnatural, one meaningful
strategy that can be taken in new physics searches
is to keep our theoretical studies as model-independent
as possible and to search for new particles with even
more exotic characteristics including spins higher
than unity.

Recently, the theory and phenomenology of high-spin
particles [8—18] have drawn considerable interest. Various
high-spin particles, although composite, exist in hadron
physics (see Ref. [7] for several high-spin hadrons) so that
the solid theoretical calculations of all the rates and
distributions involving such high-spin states are required
for correctly interpreting all the relevant experimental
results [8—10]. A popular spin-3/2 particle is the gravitino
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appearing as the supersymmetric partner of the massless
spin-2 graviton in supergravity [19-23]. The discovery of
gravitational waves [24-26] strongly indicates the exist-
ence of massless spin-2 gravitons at the quantum level.
The massive spin-2 particles as the Kaluza-Klein (KK)
excitations of the massless graviton have been studied in
the context of extra dimensional scenarios [27-29]. In
addition, whether the dark matter (DM) of the Universe is
formed with high-spin particles has been addressed in
various recent works [11-17]. The relic density of the
high-spin DM particles and their low-energy interactions
with the SM particles have to be evaluated precisely for
the plausibility of their indirect and direct observations.
For studying all of these theoretical and phenomenologi-
cal aspects, it is crucial to systematically investigate all
the allowed effective interactions of high-spin particles as
well as the SM spin-0, 1/2, and 1 particles in a model-
independent way.

In the present work, we focus on developing an efficient
algorithm for compactly weaving all the three-point vertices
consistent with Lorentz invariance and locality.1
Specifically, we consider the decay of an on-shell massive
particle of mass my and spin J into two on-shell massive
particles, M| and M,, of equal mass m and spin s. This study
is a natural extension of the previous work [30] having dealt
with the massless (m = 0) case with the identical particle
(IP) condition imposed, and an intermediate bridge to the
general case where all three particles have different masses
and spins. We note in passing that the Lorentz-covariant
structure of P and T symmetric scalar (J = 0), vector
(J = 1), and tensor (J = 2) currents of the on-shell massive

'If necessary, any other symmetry principles like local gauge
invariance and/or various discrete symmetries could be invoked.
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and massless particles of any spin s, which can be applied
even in the case of off-shell X particles, has been studied
recently in Refs. [31,32].

We adopt the conventional description of the integer and
half-integer wave tensors [33—39] and we effectively utilize
the closely related equivalence between the helicity for-
malism in the Jacob-Wick (JW) convention [40,41] and the
standard covariant formulation. Their one-to-one corre-
spondence enables us to identify every basic building block
for constructing the covariant three-point vertex corre-
sponding to each helicity combination explicitly.2 We show
that the massless (m = 0) case treated previously [30] can
be worked out straightforwardly and the (anti)symmetriza-
tion of the vertex required by the spin statistics of identical
particles [43] can be made systematically. The extension of
the algorithm to the case where all three particles have
different masses and spins is briefly touched upon.

This paper is organized as follows. In Sec. II, we
discuss the key aspects of the two-body decay process
X — MM, in the helicity formalism which allows us to
treat any massive and massless particles on an equal
footing. Section III is devoted to explicitly deriving and
characterizing the integer and half-integer spin-s wave
tensors and the spin-J wave tensor based on the conven-
tional combination of spin-1 wave vectors and spin-1/2
spinors. In particular, the wave vectors and spinors in the
X rest frame (XRF) are presented explicitly in the JW
convention. Utilizing the close interrelationship between
the helicity formalism and the covariant formulation we
derive all the covariant basic and composite three-point
operators both in the bosonic and fermionic case in
Sec. IV. In Sec. V, the composite operators are shown
to enable us to explicitly write down all the helicity-
specific three-point vertices through which the covariant
three-point vertex for any spin J and spin s can be weaved
efficiently both in the massive and massless cases. In
addition, we show that the relation valid in the case with
two identical particles in the final state is systematically
and straightforwardly derived and that the off-shell
electromagnetic photon coupling to the states M, and
M, can be accommodated in this framework. In order to
demonstrate the power of the developed algorithm for
constructing the covariant three-point vertices, we work
out in detail several examples with specific J and s values,
which are expected to be useful for various phenomeno-
logical investigations, in Sec. VI. Finally, we summarize
our findings and conclude the present work by mentioning
a few topics under study in Sec. VIIL

*Another convenient procedure for describing the three-point
vertex of on-shell massive particles of any spin is to use a spinor
formalism developed in Ref. [42].

II. CHARACTERIZATION IN THE HELICITY
FORMALISM

The helicity formalism [40,41] allows us to efficiently
describe the two-body decay of an on-shell spin-J particle
X of mass my into two on-shell massive particles, M,
and M,, with equal mass m and spin s. For the sake of a
transparent and straightforward analytic analysis, we
describe the two-body decay X — MM, in the XRF,

X(p.o) = My (ky, Ay) + My (ka, 42), (2.1)
in terms of the momenta, {p,k;,k,}, and helicities,
{0,141, 4}, of the particles, as depicted in Fig. 1.

The helicity amplitude of the decay X — MM, is
decomposed in terms of the polar and azimuthal angles,
0 and ¢, defining the momentum direction of the particle
M, in a fixed coordinate system as

X->M M o ,
MG;MJZI 2(9’ ¢) = Cil-izdi.ﬂl—ﬂz (0)6( Ait2)p

with |4 — 4| < J, (2.2)
in the JW convention [40,41] (see Fig. 1 for the kinematic
configuration). Here, the helicity ¢ of the spin-J massive
particle X takes one of the 2J + 1 values between —J and J.
In contrast, each of the helicities, 4, ,, can take one of the
25 + 1 values between —s and s in the massive (m # 0)
case but they can take just two values of +s in the massless
(m = 0) case, as only the maximal-magnitude helicity
values identical to the spin in magnitude are allowed
physically for a massless particle of any spin. The reduced
helicity amplitudes C/{] 4, in Eq. (2.2) do not depend on the
X helicity o due to rotational invariance and the polar-angle
dependence is fully encoded in the Wigner d function
dl, _,,(6) given in the convention of Rose [44].

If two particles, M; and M,, are identical, the Bose or
Fermi symmetry in the integer or half-integer case leads to
the IP relation for the reduced helicity amplitudes,

A'[l<klv /\l)

0,0 AL
N - M0, 9)

My(ks, o)

FIG. 1. Kinematic configuration for the helicity amplitude
Mfzﬂi‘ M9, ¢) of the two-body decay X — M, M, of a massive
particle X into two massive particles, M; and M,, in the XRF.
The notations, {p,k;,} and {o,4,,}, are the momenta and
helicities of the decaying particle X and two particles, M; and
M,, respectively. The polar and azimuthal angles, € and ¢, are
defined with respect to an appropriately chosen coordinate
system.
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Cfl.b = (—1)’6{2,/11 with |4 =4 <J, (2.3)
due to the (anti)symmetrization of the two identical final-
state particles.3

First, in the massive (m # 0) case, the number n[J, s] of
independent reduced helicity amplitudes for specific J and
s is given by

{

valid for both integer and half-integer s. For example, we
have n[J,0] =1, n[l,1] =7, and n[2,1] =9. We note
that the expression (2.4) is consistent with that derived for
the case with two arbitrary integer spin particles [37], if
their spin values are set to be identical. On the other hand,
the number of independent terms in the IP case reduces to

(25 + 1)
25 + 1+ (4s+1)J = J?

for J > 2s,
for J < 2s,

nlJ,s] = (2.4)

n[J.slp
_{%(2s+1)[1+(—1)J]+s(2s—|—1) forJ >2s,
UL @s+ D[+ (=D +4[(4s+1)T =7 forJ <2s,
(2.5)
|
(24 (=1) forJ >2s
- she = { 1+ (-1)/ forJ <2s

due to the Bose or Fermi symmetry. One immediate
consequence is that any odd-J particle cannot decay into
two identical massless particles of spin s larger than J/2
[30]. One well-known example is the decay of a spin-1
particle into two identical spin-1 massless particles like two
photons [45,46].

III. SPIN-J AND SPIN-s WAVE TENSORS

Generically, the decay amplitude of one spin-J particle X
of mass my into two particles, M| and M,, of equal mass m
and spin s, can be written in terms of the three-point vertex
tensor I (see Fig. 2 for its diagrammatic description),

X—M,M,
Ma;ﬂl A

—apay,

= ke AT (P k)Y P (ke A€y, (20).

(3.1)

with the non-negative integer n = s or n = s — 1/2 in the
integer or half-integer spin-s case, respectively. p and ¢ are

3Other discrete symmetries, like parity invariance, put their
corresponding constraints on the reduced helicity amplitudes,
although none of them are considered in the present work.

for

which depends crucially on whether the X spin J is
even or odd. For instance, n[J,0]p = [l + (-=1)’]/2,
n[l,1]p =2, and n[2,1];p = 6. Therefore, any particle
with an odd spin J cannot decay into two identical spinless
particles.

In contrast, in the massless (m = 0) case, the number
n[J,s| of independent reduced helicity amplitudes is
reduced to

nuqz{

4 for J >2s

fors >0 and n[J,0] =1,
2 forJ <2s

(2.6)

because only the maximal-magnitude helicity values
of £s are allowed for every massless particle of any spin
s. The number of independent terms in the case with s = 0
is one, irrespective of the X spin J. On the other hand the
number of independent terms in the IP case is further
reduced to

s>0 and n[J,0]p :%[1 + (=1)7], (2.7)

|
the momentum and helicity of the particle X, and k; , and
A1, are the momenta and helicities of two particles, M| and
M,, respectively. Here, p = k; + k, and k = k; — k, are
symmetric and antisymmetric under the interchange of two
momenta, k; and k,.

= iI" (pk)

a,f

Mg

FIG.2. Feynman rules I, ﬁ( p, k) for the general XM M, three-
point vertex of a spin-J particle X of mass my and two massive
particles, M and M,, of equal mass m and spin s. The indices, y,
a, and f, stand for the sequences of y = py - -y, a1 - - - o, and
1 -+ P, collectively with the non-negative integer n = s or n =
s — 1/2 in the integer or half-integer spin-s case. The symmetric
and antisymmetric momentum combinations, p = k; + k, and
k = k; — k,, are introduced for systematic classifications of the
three-point vertex tensor in the following.

055046-3



SEONG YOUL CHOI and JAE HOON JEONG

PHYS. REV. D 104, 055046 (2021)

If the spin s is an integer, then the bosonic wave tensors
@0 (ky, Ay) and o5 P (ky, 2y) for the particles with
nonzero mass m are given by

u‘lxl...ax (klv/ll) _ GTGI'"m(klvil)v (3.2)

05 Pk o) = &7 (ko). (33)
each of which is explicitly given by [33-39]

)

_\/2 (s+/1

Z 6T]+ 1, H%’

{r}=-1 i=1
(3.4)
63/}1 o (ky, A2)

(s + /12 s —M)! €§ﬁi(k2, ;)
= Ocivtey || ==
2 Popi. &

(3.5)

with the convention {z} =7y, ..., 7, as a linear combina-
tion of products of s polarization vectors with appropriate
Clebsch-Gordon coefficients. We note that the bosonic
wave tensors are fotally symmetric, traceless, and diver-
gence-free,

8,141/(1,-(1 egl“'ar"a e (ka’ A ) 0 (36)
ga,aj 0‘1 ar as(kml ) =0, (37)
kea™ " (kasdy) = 0, (3.8)

with a = 1 and 2, and both of them satisfy the same on-
shell wave equation (ki, —m?)e7y ™ (kj2,4;2) =0 for
any helicity value of 4, , taking an 1nteger between —s and
s. In contrast, if m = 0, the wave tensors with two allowed
helicities £s are given simply by a direct product of s spin-
1 polarization vectors, each of which carry the same helicity
of =1, as

i (ky Es) =€, (ki £s) =€ (k. £1) e, (k. £1),
(3.9)
ks, £5) =€l P (ky, £5) =€ (ky 1) € (ky, £1),

(3.10)

which are totally symmetric, traceless, and divergence-free
in the four-vector indices, a = a; ---a, and = S, --- f,,
as well.

On the other hand, for a half-integer s = n + 1/2 with a
non-negative integer n, the fermionic wave tensors for the
particles with nonzero mass are given by [33-36,38,39]

s+27 gaa
(k1A Z\/ ey (kg Ay = 1)ty (k7).

T= il
(3.11)
s—|—2r/1 *1
B (k) =Y [ P Dy = 1) s (K. T).
7= il
(3.12)

+1) = uj(k;, £1)y" with the spin-1/2 par-
ticle spinor u;(k;,£%), and v, (k,, £1) is the spin-1/2
antiparticle spinor. The spin-1/2 spinors satisfy their
own on-shell equations, (¥; —m)u;(k;,+1)=0 and
(K2 + m)vy(ky, £3) = 0. In contrast, if m =0, the wave
tensors with two allowed helicities +s are given by a
product of a u or v spinor and n spin-1 wave vectors with
n=s—1/2 as

where i (ky,

*Q *Q, _ l
uf(ky, xs) =e; " (ky, £1) - -, (ky, £1) @, (kl,i§>,

(3.13)

1
W (ky, £5) = € (ky, £1) - - - € (kp, £1) 0, (kz, i§>,

(3.14)

which are totally symmetric, traceless, and divergence-free
in the four-vector indices, « = a; - -- @, and § = B - - - f,,,
as well.

Similarly, the on-shell boson X of an integer spin J, mass
my, momentum p, and helicity o is represented by a totally
symmetric, traceless, and divergence-free rank-J bosonic
wave tensor, €, .., (p., o) [33-39]. The explicit form of the
bosonic wave tensor is given by

€4y, (P2 0)

2'(J+o J 0) .
_\/ ( ( ! Z 511+ +T,6H \/_\T, ’

{r}=-1

(3.15)

with the convention {7} = 7y, ..., 7, which satisfies the on-
shell equation of motion (p? —m%)e,, .., (p.o) =0 for
any helicity value of ¢ taking an integer value between —J
and J.

For calculating the reduced helicity amplitudes in the

following, we show the explicit expressions for the wave
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vectors and spinors of the particle X and two particles M ,
in the XRF with the kinematic configuration as shown in
Fig. 1. The JW convention of Refs. [40,41] is adopted for
expressing the vectors and spinors. For the sake of notation,
we introduce three unit vectors,

i = (sin @ cos ¢, sin Osin ¢, cos 6), (3.16)
6 =(cos O cos ¢, cos @ sin ¢, —sin ), (3.17)
¢ =(—sing, cos ¢, 0), (3.18)

expressed in terms of the polar and azimuthal angles, 6 and
¢. The three unit vectors are mutually orthonormal, i.e.,
n0=0-pg=¢-n=0 and h-"n=0-0=¢-p=1.
The four-momentum sum p = k; + k, and the four-
momentum difference k = k| — k, read

A

p=myxp = mx(1,6) and  k = myxk = myx(0, ),
(3.19)

where k = /1 — 4m? /m% is the speed of the particles M| ,
in the XRF. In the following, we use the normalized

momenta p = (16) and k= (0,7) for calculating all
the reduced helicity amplitudes in the XRF.

The spin-1 wave vectors for the particle X with
momentum p and two particles M, with momenta
ki, = (pEk)/2=my(l,£kin)/2 are given in the JW
convention by

1
e(p,£1l) =—=(0,F1,-i,0), e(p,0) =(0,0,0,1),
(p.£1) \@( ) (p,0) = ( )
(3.20)
e1(ky, £1) = — (0, T 0 — i),
e1(ky,0) = %(K,fl), (3.21)
1 . n
€ (ky, £1) = — €T (0,46 — i),
2( 2 ) \/z ( ¢)
es(k»,0) = Z’—n’i (=k. 1), (3.22)
in the XRF, among which the transverse wave

vectors satisfy the relation e,(k,,+1) =¢€;(k;, F 1) =
—€;(ky, £1) = —€;(k,, F 1) in the JW convention.

The spin-1/2 u; and v, spinors of the particles M , are
given in the JW convention by

(b)) )
Vs (kz, i%) = i@( _\/\/lg_’if;("}i) ) (3.23)

where the 2-component spinors y. (7) are written in terms
of the polar and azimuthal angles, € and ¢, as

A cos? R —singe™
e = (0 ) wa = (T,

ing el (4
sinze cos3

(3.24)

being mutually orthonormal, i.e., x5 (7)y, (1) = 8, with
a,b = +, in the XRF.

IV. BASIC COVARIANT THREE-POINT
VERTICES

In this section, we derive all the Lorentz-covariant
operators corresponding to the reduced helicity amplitudes
for three values of J =0, 1, 2 and a fixed value of s = 1
and to those for two values of J = 0, 1 and a fixed value of
s = 1/2. These covariant operators constitute the backbone
for weaving the covariant three-point vertices for arbitrary
J and s.

A. Bosonic vertex operators (s=1)

First, we consider the decay of a spin-0 particle X into
two spin-1 bosons, M and M,. The number of independent
terms involving the 0 — 1+ 1 decay is n[0,1] =3,
accounting for the three reduced helicity amplitudes,
€%+, and Cj, in the XRF. After a little manipulation,
we can find the three covariant three-point vertex operators
defined as

I o
Soizﬂ = E [gL(lﬂ + l<aﬂp k>] <~ Cg:l’il =1, (41)
am?
Sy =" paby o o=, (42)
X

with the orthogonal tensor g, .3 = gop — PaPp + IAcalAcﬁ and
(appk) = Eappo pPk? in terms of the totally antisymmetric
Levi-Civita tensor with the sign convention &y;53 = +1.
Each of the three covariant three-point vertices generates
solely its corresponding reduced helicity amplitude in the
JW convention, as shown in Egs. (4.1) and (4.2).4
Second, there are in general n[l,1] =7 independent
terms for the 1 — 1 4+ 1 decay mode, among which three
generate the same helicity combinations, as in the case with

“In a convention different from the JW convention, every
reduced helicity amplitude is modified simply by a proper phase.
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J =0.The corresponding covariant three-point vertices are

simply I%#Sfﬁ and k Saﬂ generating their corresponding

—1 and Cj, = &2,

reduced helicity amplitudes, C}, | =
which are identical to —CY,, ., and —C) , respectively. The

remaining four covariant vertices and their corresponding
reduced helicity amplitudes are given by

m A . A 7z
V:ltaﬂﬂ = m_PﬁigJ_aﬂ + l<(X,up k>i <> Clil.O =K (43)
X

m A
VQiaﬂ# My — Dalgip F i{Pup k)] < C(l),il =—k, (4.4)

with the orthogonal tensors g4, = Gou — Paly + lAcalAcﬂ
and g4, = gpu = PpPu + kgky

Third, the decay of a spin-2 particle X into two spin-1
particles, M| and M., is in general described by n[2,1] =9
independent terms. Seven of them can be constructed
simply by multiplying the seven vertices participating in

the spin-1 case by k ie. k,k, S, . k,Vi,, . and

IA% Vi[;; ,» generating the reduced helicity amplitudes,
Cii =1 Ciy=—«* and C3,, = —C§, = —«, identi-
calto —C, ., =Cj . —CL, o, and —C{ ., respectively. The
two remaining covariant vertices and their corresponding
reduced helicity amplitudes are

1 . A ) A
Tf/;;ﬂ,,lz ~ 2 igiayl + i{au, p k>iigiﬁﬂ2 + i(fuap k)]

< Ci =1 (4.5)
Note that the number of independent terms does not
increase any more for J larger than 2, ie., n[/,1] =9
for J>2. Generally, the covariant three-point vertex

Coppinn, = Faﬂﬂl#zkﬂi k for J > 2.

Scrutinizing the structure of all the scalar, vector, and
tensor composite vertex operators carefully listed in
Egs. (4.1)—(4.5), we realize that any nontrivial helicity
shifts in the XRF are generated essentially by two basic
vector operators, U i.z’ and their complex conjugates, U7 ,,
responsible for the positive and negative one-step transition
of the M; and M, helicity states as

| o
Ui, = 5 [G1au T ilaup k)] & [A1, o] = [4 £ 1, 4],

(4.6)

5Making suitable use of Schouten identities, we can check that
the set of seven three-point vertices listed above are equivalent to
that of the seven VW*W~ three-point vertex terms listed in
Ref. [47].

1

Uz, = Eigi/;ﬂ F i(Bup k)] & (M. Ao] = A Ay £ 1,

(4.7)

respectively. In the operator form, the scalar and tensor
composite three-point vertex operators in Eqgs. (4.1) and
(4.5) can be expressed in an inner product and an outer
product of the operators U and U3, as

S =g Ul“/ll Uziﬂﬂz

E[U]i'UZ}aﬁQ[/i],lz]—)[A]:iil,/iz:i:l], (48)
+
Tfl/";lllﬂz Ulaﬂl U2/};42
= [Ur*U; g, © A1 20] = [0 1,2, F 1],
(4.9)

respectively. Furthermore, in addition to the normalized
momentum I}M, the momenta, p, 4, can be used for match-
ing the numbers of u-, a-, and f-type indices for given J
and s, while keeping the helicity values intact, and for
defining the scalar and vector three-point vertices as

2m _ 2m " 2

0 _ ~ N
Sa/)’ pa p/}v V]aﬂ;l,{

2
Viﬂ H p a U%Eﬂ”

ﬁUla,u’ and
(4.10)

Clearly, these five composite operators in Eq. (4.10) do not
contribute to the decay dynamics in the massless case with
m = 0, consistent with the point that all the helicity-zero
longitudinal modes are absent for any massless states.

In order to clarify the characteristics of the basic and
composite operators, let us introduce an integer-helicity-
lattice space consisting of (2s + 1) x (2s + 1) in order for
each point [1;,4,] to stand for its corresponding reduced
helicity amplitude C] , existing only when |4, — ;| <J
and |1, 5| < 5. As shown in the left panel of Fig. 3, the one-
step increasing horizontal and vertical transitions are
dictated by the basic operators, U{ and Uj, from the
point [A;,4,] to the point [4; + 1,4,] and the point
[A1,4, + 1] in the helicity-lattice space, respectively. By
combining the normalized momenta p and k and the basic
transition operators properly, we can construct nine differ-
ent transitions consisting of three scalar composite oper-
ators S*0, four vector composite operators V{ and V3, and
two tensor composite operators 7+, as shown in the right
panel of Fig. 3. Properly combining the nine composite
operators enables us to reach every integer-helicity-lattice
point. To summarize, for any given integer J and integer s
we can weave the covariant three-point vertex correspond-
ing to every integer-helicity combination of [A, 2] effi-
ciently and systematically. The explicit form of every

055046-6



WEAVING THE COVARIANT THREE-POINT VERTICES ...

PHYS. REV. D 104, 055046 (2021)

@V
(A, A9 A+ 1,0
- — +
S V, T
FIG. 3. (Left) A diagrammatic description of the basic oper-

ators, U and U5, moving the integer-helicity point [4,, 4,] to the
integer-helicity point [1; + 1, 4,] horizontally and to the integer-
helicity point [4;,4, + 1] vertically in the helicity-lattice space,
respectively. Although not presented, the transitions moving
down the integer-helicity point by one step horizontally
and vertically are dictated by the complex-conjugate operators,
Ur = (U)* and U5 = (UJ)*, respectively. (Right) A graphical
description of the nine different transitions by the three scalar
composite operators S* and S°, four vector composite operators
Vi and V3, and two tensor composite operators 7.

covariant three-point vertex constructed by weaving the
covariant composite operators is to be presented in Sec. V.

B. Fermionic vertex operators (s=1/2)

First, we consider the decay of a spin-0 particle X into two
spin-1/2 fermions, M and M,. The number of independent
terms involving the 0 — 1/2+ 1/2 two-body decay is
n[0,1/2] =2, accounting for the two reduced helicity
amplitudes, C(j_L 1/2.41/2° After a little manipulation, we can

find the following two covariant three-point operators:

Pt = (1 F kys) < Cgl/z,ﬂ/z =K, (4.11)

1
2my
with the M , speed k = /1 — 4m?/m% in the XRF.

Second, there are, in general, n[1, 1/2] = 4 independent
terms for the 1 — 1/2 + 1/2 decay mode, among which
two terms take the same helicity combinations as in the
J =0 -case. The corresponding covariant three-
point vertices are simply lAcﬂPi generating their corre-
sponding reduced helicity amplitudes, C!, fs1p = 7K
identical to —Cil J2.41/2" The remaining two covariant
vertices and their corresponding reduced helicity ampli-
tudes are given by

1
Wi Im(i’q&y +7urs) < 63:1/2;1/2 ==k, (4.12)

with the orthogonal Dirac gamma matrix y,, =y, +

2m 7
myk H*

Properly combining the fermionic transition operators
in Egs. (4.11) and (4.12), depicted diagrammatically in

W Pt
® ©

P
/,’/ [+%7 +%}

P W

FIG. 4. A diagrammatic description of the half-step transitions
by the four fermionic operators, P* and W*, from the original
point [0, 0] to the four half-integer-helicity points [+, +1] and
[+1.,F 1], respectively.

Fig. 4, and the bosonic transition operators in Eqgs. (4.1)—
(4.5) enables us to reach every half-integer-helicity-lattice
point. To summarize, for any given integer J and half-
integer s, we can weave the covariant three-point vertex
corresponding to every half-integer-helicity combination
of [A1, ;] efficiently and systematically. The explicit form
of the covariant fermionic three-point vertex constructed
by weaving the fermionic as well as bosonic operators is
to be presented in Sec. V.

V. WEAVING THE COVARIANT THREE-POINT
VERTICES

Before building up all the covariant three-point vertices
explicitly, we demonstrate that any covariant three-
point vertex is indeed composed by the nine composite
bosonic operators in the bosonic case and four basic
fermionic operators in the fermionic case, as well as the
normalized momentum lAcﬂ, as worked out in Sec. IV. For the
demonstration, it is crucial to take into account the following
points, valid for the on-shell X and M| , particles:

(i) All the bosonic wave tensors are totally symmetric,

traceless, and divergence-free in their four-vector
indices, and the fermionic spinors satisfy

ya,-u‘lllma[man(klﬁil):y/}j/ugl ! ﬂn(k27/12):0ﬁ (51)

with the non-negative integer n = s — 1/2. There-
fore, any fermionic vertices involving y,, or vp, with

i,j=1,...,n can be effectively excluded. Any pair
of u, a, or f four-vector indices in any covariant
three-point vertex can be shuffled freely due to the
totally symmetric property of each wave tensor, and
any term including p, for i=1,---J can be
excluded effectively due to the divergence-free
condition of the wave tensor of the decaying particle
X with momentum p. On the other hand, the
divergence-free condition of the M, and M, wave
tensors allows us to replace kza_, and ky B; effectively

by Pa, and Pp, for j=1,---n with n = 5 in the
bosonic case and n = s — 1/2 in the fermionic case.

055046-7



SEONG YOUL CHOI and JAE HOON JEONG

PHYS. REV. D 104, 055046 (2021)

(i) In principle, the two nonvanishing operators,
(aPup) and (apuk), linking all the u, a, and S
four-vector indices, could be included for construct-
ing in the covariant three-point vertices. However, it
turns out that the operators can be replaced effec-

tively by the three operators, ps(aup k), polpupk),
and (afp k), through the relations

(aBup) = po(Bup k)/x + pplaup k) /x — (app k).,
(5.2)

(appk) = pa(Pup k) — pplaup k),  (5.3)
derived by use of the Schouten identity reflecting
that no rank-5 completely antisymmetric tensor
exists in four dimensions.

(iii) Any product of more than two gamma matrices can
be reduced to a linear combination of products with
two or less numbers of gamma matrices by con-
secutively using the following relation:

Va¥uVv = Qv + 9uw?r = Gw¥u — ie/l;w/)yﬂyﬁ' (54)

The totally symmetric and traceless properties of the
X wave tensor enable us to exclude the product of
two u-indexed gamma matrices with the relation
Yulu, + Y ¥u, = 29u,~u,-' Moreover, the Gordon iden-
tities for the on-shell M, and M, spinors,

i(ky, 21)[ioy, p*lv(ka, 4)

_i—tﬁ(kl’ll){ylﬂ_%]zﬂ} v(ky, ), (5.5)
ii(ky, A1) [io,, kv (ky, 43) = 0, (5.6)
u(ky, Ar)io,, pryslv(ks, Ar)

= —fﬁ(khﬂl)[}’s]”(kz,/lz)’ (5.7)
ii(ky, Ay)[io,, K ys]v(ka, A2)

= k. Al ol ). (58)

guarantee exploiting the gamma matrix set
D = {1,75.7,. 7475} consisting of two scalar oper-
ators, 1 and ys, and two vector operators, y, and
YuYs, for constructing the fermionic three-point
vertices effectively and completely.

With all the effective replacement and exclusion proce-
dures described above, we end up with the conclusion that
the independent fundamental operators appearing in the
covariant three-point vertices simply consist of the follow-
ing three scalar-type operators:

Pabp Gy (aBPh). (5.9)
and the following four vector-type operators:
Palpu- Pp9r  PalBuPk).  pplBupk).  (5.10)

with the normalized momentum IAcﬂ used in increasing
solely the number of the u indices. Since all the seven
fundamental bosonic operators and the four fermionic
operators of the gamma matrix set D are expressed as
linear combinations of the three scalar and four vector
bosonic operators in Eqgs. (4.1)—-(4.4) and the four basic
fermionic operators in Eqs. (4.11) and (4.12), it is guar-
anteed that no further operators are required for construct-
ing the covariant three-point vertices.

As many indices of different types are involved in
expressing a covariant three-point vertex, especially for
high-spin particles, we introduce the following compact
square-bracket notations:

A

[IAC]” = (K)o, = ]A% "'IA%’ (5.11)
[So}n - (SO)Zlman,ﬂlmﬁn - S?,lﬂl e Sgnﬂ”, (5.12)
[S5)" = (S5)2 ooy = Sip St (5.13)
Val" = (Va)a e s popson,

= V‘:lt”lﬁl;ﬂl S le:anﬁ";”" with a=1,2, (5.14)

+ +

[T ]" - (T )Zl"‘%nﬁl"'ﬁn;ﬂlﬂz'“MZn—lﬂzn

I o +

- T“lﬂﬁﬂlliz o T%ﬂn;ﬂzn-mn’ (515)

for a non-negative integer n. Obviously, the zeroth power
(n = 0) of any operator or normalized four momentum is
set to be 1. We emphasize once more that any permutation
of the a, f, and u four-vector indices can be regarded as
equivalent as eventually the vertex operators are to be
coupled with the X and M, wave tensors totally sym-
metric in the four-vector indices.

A. Bosonic three-point vertices

In the integer s case, any helicity-lattice point where
both 1; and 4, are even or odd can be reached through
a sequence of diagonal transitions by the scalar
composite operators S* and S° and the tensor composite
operators T*. In fact, a little algebraic manipulation leads
to the following expression for the covariant three-point
vertex
[H{-’fi, M] = [k]7-2M-1[§0]s— 1A |-1a-| [SL]IM [TL] oy

12

(5.16)

in an operator form with two helicity combinations,
Ay = (4 +4)/2 and A_ = (4; — 4,)/2, and their signs,
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A, = sign(A,) and A_ = sign(A_). We note that both 1,
and A_ take integer values. The subscript ii implies that
both 1, and A_ take integer values.

On the other hand, any helicity-lattice point
where A; and 1, are even and odd and vice versa can
be reached through a sequence of diagonal transitions by
the scalar composite operators S* and S and the tensor
composite operators 7+ followed by a proper vertical or
horizontal transition with the vector composite operators
Vi or V3. Explicitly, we have the following expression
with half-integer 4, and A_ for the three-point vertex

_ Ay ¥
[k]J 22 ‘[SO} Wil M‘l[‘SL,Z,Vl +5/1 —A Vi ]
% [SL]IM—UZ[T/L]\M—l/{

Mg, ] =
(5.17)

with two non-negative integer values of [1.| — 1/2 in this
case. The subscript 4k implies that both 4, and A_ take
half-integer values.

B. Fermionic three-point vertices

In the half-integer s case with two fermions M; and M,
the helicity combinations can be categorized into two
classes. One is when the helicity sum [4; + 4,] and the
helicity difference [A; — 4,] are odd and even with a half-
integer A, and an integer 4_, to be denoted by the notation
hi. The other is when the helicity sum and difference are
even and odd with an integer A, and a half-integer 1_, to be
denoted by the notation iA. Taking a proper half-integer-

|

helicity transition as described in Fig. 4 followed by a
sequence of integer-helicity transitions, we can obtain the
following expression of the fermionic three-point vertex
with the helicities 4; and 4,,

[k]/ =211 [§0]s \LHL\[pL][52+]\ﬂ+\—1/2[TL}\LI,
(5.18)

[H.i,u[il A ]]

involving a fermionic scalar operator P* for half-integer A,
and integer A_ and

[k ]J—Zli_\[so]s—u_\—u_\[WE_MSLWA{Ti_]u_\—l/z’
(5.19)

[th[}» A ]]

with a fermionic vector operator W* for integer 4, and
half-integer A_. The subscript Ai (ih) implies that 4, takes
a half-integer (integer) value and A_ an integer (half-
integer) value.

C. General form of three-point vertices

Wrapping up all the previous results in both the integer
and half-integer spin-s cases, the general form of any
covariant three-point vertex I',4., for given J and s can be
expressed as a linear combination of all the allowed
helicity-specific three-point vertices. The succinct operator
form of the covariant three-point vertex is given by

) J,s .
= lez:—s[ il 4a] [HM, o] I+ Chh/l ) [Hhh[/ll A ]H for an integer s, (5.20)
Zm:_s[ His o] {szffh /12]] + clh o) [th[/11 ; ]]] for a half-integer s,
with the constraint |}, —A,| <J, ie., J—2[1_| >0, D. Massless case
where the helicity-specific = coefficients, C;j{[jl,zz] with In the case with massless M, of spin s, the physically

X =i, hh, hi, hi, depend only on the X and M, masses.
We claim that the expression (5.20), along with the helicity-
specific vertices in Egs. (5.16)—(5.19), is the key result of
the present work. Although they are originally deduced
from the comparison with the helicity amplitudes in the
XRF, the Lorentz-covariant three-point vertices can be used
in every reference frame because in any given reference
frame the totally symmetric, traceless, and divergence-free,
as well as on-shell conditions of the spin-J and spin-s wave
functions, are valid, and also every helicity amplitude is
expressed completely as a linear combination of the helicity
amplitudes in the XRF through the so-called Wick helicity
rotation [48-50].

allowed helicity values are £s. Furthermore, the five scalar
and vector operators S and V7, are vanishing as they

are proportional to m? and m, respectively. Therefore, the
helicity-specific vertices could survive only when 1; =
A ==%s5 or 4y = —A, = *s. These combinations satisfy
s —[A4| +]A_| = 0. In addition, in the opposite helicity
case, the X spin J cannot be smaller than 2s. Consequently,
in the m = 0 case, there could exist at most four indepen-
dent terms in both the bosonic and fermionic cases, as
counted in Eq. (2.6).

In the bosonic case with an integer s, the bosonic
covariant three-point vertex is given in an operator form by
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0] = it (ST 4 el K [S7)
+6(J — 2s){c”[+s KTy
+ ¢l i ‘N[k]f BT}, (5.21)

where the last two terms survive only when J > 2s, as
denoted by the step function 6(J — 2s) = 1 for J > 2s and
0 for J < 2s. On the other hand, in the fermionic case with a
half-integer s, the fermionic covariant three-point vertex is
given in an operator form as

)=l K IPNS I e, P
O =25 ){cl g W12
i g R T2), (522)

The results in Egs. (5.21) and (5.22) are consistent with
those derived in Ref. [30].

E. Identical particle relation: Bose or Fermi symmetry

If two particles M| and M, are identical, the state of the
two-particle system must be symmetric or antisymmetric
under the interchange of two integer or half-integer spin
particles. In this subsection we work out the constraints on
the covariant three-point vertex imposed by the Bose or
Fermi symmetry.

In the bosonic case with two identical particles of an
integer spin s, the covariant three-point vertex tensor Iz,
must be symmetric under the interchange of M| and M,
due to Bose symmetry as

Fal"‘%-ﬂl"‘ﬁslﬂl“'ﬂj (p,k) = Fﬂl"'ﬁ,\'xa]"'as;ﬂl“'ﬂj (p, —k), (523)
under the transformations
a; < B; and k; < ky, (5.24)

for any pairof i, j = 1, ..., s, leaving p = k; + k, invariant
but changing the sign of k as k - —k. Combining the
index and momentum interchanges with the inter-
change of the M, and M, helicities, the helicity-specific
three-point vertices transform under the Bose symmetriza-
tion as

[Hu[/ll o] ] < ( ) [Hll[lz A ]] and

1)/ [H;*,jwl]}, (5.25)

[HZhS[z P ]] < —(-

leading to the constraints on the helicity-specific coeffi-
cients as

J.s J.s J.s
u/{ ,12] = (-1)’c Citpsy) AN Gl 0 = =-(-1e Chhlap.an]*
(5.26)

One observation is that the diagonal ii and hh elements
with 1; = 4, vanish for odd J and even J, respectively.
Another observation is that any spin-1 (J = 1) particle
cannot decay into two identical massless spin 1 particles, as

the coefficient of the only allowed terms c: [11 P vanish, as

proven more than seventy years ago [45,46]. We note that
the so-called Landau-Yang theorem is generalized to the
case with any values of J and s [30].

In the fermionic case with two identical fermions of a
half-integer spin s, interchanging two identical massless
fermions, i.e., taking the opposite fermion flow line
[51,52], we can rewrite the helicity amplitude of the decay
X — ff with a massless fermion M = f as

M = @ (ks 1) o (p K0 (K1, 21)
= 57 (ky. 2Ty (p. —k)

€.(p,o)

u/Z}T(k27 /12)€ﬂ (p’ 6)7

(5.27)

with the superscript 7' denoting the transpose of the matrix.
Introducing the charge-conjugation operator C satisfying
C" = C7" and CT = —C and relating the v spinor to the u

spinor as
vk, 2) = Ci®" (k, 2), (5.28)
with i = u'y?, we can rewrite the amplitude as
MG = = (k) CT o (p. ~k)C 05 (K. D2)ey (o).
(5.29)

Since Fermi statistics requires M = —M, the three-point
vertex tensor must satisfy the relation
uT
CTy,(p,

—k)C =T (p. k),

(5.30)
which enables us to classify all the allowed terms system-
atically [43,53,54].

The basic relation for the charge-conjugation invariance
of the Dirac equation is Cy,C™' = —y, with a unitary
matrix C. Repeatedly using the basic relation, we can
derive

+1 forI'=1,y5.7,7s,

I*=Cric-!=e. I with ec=
et Wit e {—1 forl'=y,.

(5.31)

There are no further independent terms as any other
operator can be replaced by a linear combination of 1,
Ys» Yu» and y,ys by use of the so-called Gordon identities,
when coupled to the u and v spinors as shown in
Egs. (5.5)—(5.8).
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Consequently, according to all the transformation prop-
erties of covariant three-point vertex operators worked out
above, the helicity-specific three-point vertices transform
under the Fermi symmetrization as

HJS

hilA) 4] < (= )JHL[/I 4, and Mt <= (= )JH”

ih[A1,4;) ih[Ay,24]

(5.32)

leading to the constraints on the helicity-specific coeffi-
cients as

J.s _ J.s J.s J.s
Chilay.20) = (=1)e Chiny.ay A €y = —(=1)c Cinfaya]"
(5.33)

One observation is that the diagonal hi and ih elements
with 4; = 4, vanish for odd J and even J, respectively, as in
the bosonic case.

F. Off-shell electromagnetic gauge-invariant vertices

Due to the electromagnetic (EM) gauge invariance, any
off-shell photon couples to a conserved current. Therefore,
in any timelike photon exchange process involving the
y*M M, vertex, the off-shell photon can be treated as a

spin-1 particle of mass my = /p?. Moreover, the covar-
iant three-point y*M M, vertex can be cast into a mani-
festly EM gauge-invariant form [36,43] as

—(p-Tap)p", (5.34)

F;‘EM(X b =P Fa N

automatically satisfying the current conservation condi-
tion pﬂFEMa p=D" lemaps = 0.

The IP condition on the redefined EM gauge-invariant
three-point vertex is identical to that on the original three-
point vertex as the momentum p is invariant under Bose or
Fermi symmetry. Note that the case with an off-shell spin-J
particle coupled to a conserved tensor current can be treated
in a similar manner as in the off-shell photon case.

VI. VARIOUS SPECIFIC EXAMPLES

In order to check the validity of our algorithm for weaving
the three-point covariant vertices explicitly, we investigate
the helicity-specific three-point vertices for three spin values
J =0, 1, 2, which can be directly employed for performing
model-independent analyses in the context of various
phenomenological aspects in this section.

A. J =0 three-point vertices

We consider the decay of a spin-0 particle into two spin-s
particles. In this case, the restriction |4, —4,| <J =0
forces ; = 4, = 4 to be satisfied so that the three-point
vertex consists of the n[0, s] = 2s + 1 independent terms of
the form

[0 1] =[SOS, 6.1)

with A varying from —s to s and 1 = sign(4) in the bosonic
case with a non-negative integer s, and

(Haga) = ISP PSR (62)
in the fermionic case with a positive half-integer s. Note
that the three-point vertices do not change in number and
form even in the IP case with J = 0, as all the scalar
composite operators, S0 S=. and P*, are symmetric under
Bose and Fermi symmetry transformations. We check that,
if P and T symmetries are imposed, the covariant form of
the J = 0 scalar three-point vertices is perfectly consistent
with that of the scalar current of massive as well as massless
on-shell states of any spin presented in Refs. [31,32].

B. J =1 three-point vertices

Let us now consider the case with J = 1. There exist
n[l,s] = 6s + 1 independent terms decomposed into two
classes. One class with 25 + 1 terms is when two helicities
are identical, i.e., 4; = 4,. The corresponding helicity-
specific vertex is given by

in the bosonic case, and
My, ) = RSO WP (ST 12 = [R[HD ] (6.4)

in the fermionic case. It is noteworthy that all the helicity-
specific vertices in Egs. (6.3) and (6.4) vanish in the IP
case, as the operator [IAc] is antisymmetric under Bose and
Fermi symmetrization. The other class with 4s independent
terms is when the difference of two helicities are +1, i.e.,
A1 = A, £ 1. The corresponding helicity-specific bosonic
vertex is given by

V;F][SL]\M—l/z,
(6.5)

Wi’iiu.mﬂ = [0kl 63, LVi+65, +

with A, = 4 F 1/2 and the constraint |1, | < s —1/2, and
the helicity-specific fermionic vertex by

[l ] = [SOF B2 sh ), (6.6)

with 2, =4 F 1/2 and the constraint [1,| <s—1/2. In
the IP case with two identical particles (M; = M,), the
covariant three-point vertex in the bosonic case is
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1

[HL}}YM,HH]IP ) [SO]S_MA_I/Z[&L.i(V?E +V3)

+8), (VT + V]ISHR120 (6.7)

with (Vit + V%)a.ﬂ;ﬂ - (m/mX)[(gJ_aﬂﬁﬂ + glﬂﬂi)(l)j:
i({aup k)py — (Bup k) p,)], and the covariant three-point
vertex in the fermionic case is

1 A
[Hili,s[,{,ppu]lp =5 [SOps—IAl=12[wt + wo][s% )], (6.8)

with (WH +W7), =y,rs/ V/2my, which is of a typical
axial-vector type. These results are consistent with those in
Ref. [43]. Explicitly, for J/ = 1 and s = 1/2, the surviving
three-point vertex is simply proportional to y,ys.

For J =1 and s =1, the three-point vertex, which
can be applied to the model-independent description
of the anomalous VZZ vertices with virtual V =y, Z
or on-shell Z' [47,55-58], is composed of two
independent terms, (Vi + V3 )., proportional to the
mass m so that it is vanishing in the massless limit. Again,
it turns out to be that, with the P and 7 symmetries
imposed, the covariant form of the J =1 vector three-
point vertices is perfectly consistent with that of the vector
current of massive as well as massless on-shell states of
any spin presented in Refs. [31,32], when the current is
assumed to be coupled to an on-shell spin-1 vector
particle.

C. J =2 three-point vertices

In this subsection we consider the case with J = 2. The
number of independent terms are n[2,0] = 1 for s = 0 and
n[2,s] = 10s — 1 for s > 0, which are decomposed into
two classes. The first class with 6s + 1 terms is when two
helicities are identical, i.e., 4; = 1, and when the difference
of two helicities is 1. The corresponding helicity-specific
vertices are given by

[szz[ju]] = [/A‘]Q[H%[Z,A]] and | i}f[/l./lil]] = [k] [Hii}fu,hl]]
(6.9)

in the bosonic case, and

[Hi"s[a,a]] = []%]Z[Hg}fa,aﬂ and [H?I;S[A,Ail]] = [4] [Hglf[/l,,lil]]
(6.10)

in the fermionic case. They constitute 2s + 1 and 4s
independent covariant three-point vertices both in
the bosonic and fermion cases. The second class with
2(2s — 1) independent terms appear for the helicity differ-
ence of 4; — 4, = 2. The corresponding helicity-specific
vertices are given by

M2

ti[ﬁ,ﬁ$2]] = [SO]S_M*‘_l[SLW“[Ti] (6.11)

in the bosonic case with 4, =4 F 1, and

TABLE 1. Specific examples in the integer spin-s case. Listed are the number of independent terms n[/, s], the allowed helicity
assignments (4, 4,), the helicity-specific covariant three-point vertices [H[Jﬂf M] in an operator form and their corresponding reduced

helicity amplitudes C/{] Ay the helicity-specific covariant three-point vertex [H

J.s

B2, %]] in an operator form, and the number of independent

terms n[J, s|jp in the IP case for a few integer J and integer s assignments. This table is presented for demonstrating the effectiveness of
the algorithm for weaving and characterizing the covariant triple vertices.

Integer spin-s case

Eg ; ()S) ) nlJ. s| (’zg ; (/:)2) [H E/lfj,iz]] Cﬁll,zz [H ‘Illﬁlflj.ﬁz]] nlJ 1 she
(0.1) (1. %1) 5] ! 51 ;
0.0) (5] - [5°]
(1,1 7 (£1,+1) [k)[S%] -1 2
0.0) R][5°] @
(£1,0) [Vﬂ K N N
(0, 1) V2] — 3[VE+ V3]
2,1 9 (£1,+1) [R2[S%] 1 R]2[s%] 6
(0,0) [k]2[8°] 2 R2[S°]
(+1,0) GG —K N
(0, +1) [%][V;i] K sKVE = V3]
(£1,F 1) [T%] 1 Hrt+17]
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TABLEII.  Specific examples in the half-integer spin-s case. Listed are the number of independent terms n[J, s], the allowed helicity

assignments (4;, 4, ), the helicity-specific covariant triple vertices [H[JAI‘ b]} in an operator form and their corresponding reduced helicity

amplitudes le ,» the helicity-specific covariant three-point vertex [H{ﬁfil 4, 42]] in an operator form, and the number of independent terms

nlJ, s|p in the IP case for a few integer J and half-integer s assignments.

Half-integer spin-s case

(/. 5) nlJ. sl (41, 42) H] ) . G nlJ. slp
(0,1/2) 2 (+1/2,41/2) [P] K [P+] 2
(1.1/2) 4 (£1/2,£1/2) [k][P] —K - 1
(£1/2.F 1/2) (W] +x (Wt + W]
(2,1/2) 4 (£1/2,£1/2) K2[P%] K (R]2[P*] 3
(£1/2,% 1/2) (k) [w=] Fx KWt —w]
[Hi’{b,nz]] — [SO]S—IM—I[pf1+][sﬁ+]|ﬂ+\—1/2 [Ti] (6.12) decay of an on-shell spin-J particle X of mass my into

in the fermionic case with 4, =1 F 1.

The J = 2 covariant three-point vertices can be adopted
for studying the massive KK graviton or off-shell graviton
interactions with two spin-s particles of equal mass m.
Again, with the P and T symmetries imposed, the covariant
form of the J = 2 tensor three-point vertices is perfectly
consistent with that of the spin-2 tensor currents of massive
as well as massless on-shell states of any spin presented in
Refs. [31,32], when the tensor current is coupled to an on-
shell spin-2 particle.

D. Specific decay modes

Now, we demonstrate the power of the algorithm by
explicitly working out all the characteristic features
of four specific decay modes with the [/, s] values of [0,
01, [0, 1], [1, 1], and [2, 1] in the integer spin-s case. We
fully write down the number of independent terms
n[/J,s], the allowed helicity assignments (4;,4,), the
helicity-specific covariant three-point vertices [H[JMS /12]} in
an operator form and their corresponding reduced helicity
amplitudes Cﬁl 4,» as well as the helicity-specific covariant

three-point vertices [H ]} in an operator form, and the

Ijﬁh,./lz
number of independent terms n[J, s];p in the IP case. The
results are summarized succinctly in Table 1.

The algorithm for weaving the general covariant three-
point vertices in the half-integer spin-s case is demonstrated
by explicitly evaluating three specific decay modes with the
[/, s] values of [0,1/2], [1,1/2], and [2,1/2]. The results
are summarized in Table II.

VII. CONCLUSIONS

We have developed an efficient algorithm for compactly
weaving all the covariant three-point vertices for the

two on-shell particles, M, ,, with equal mass m and spin s.
For this development, we have made good use of the
closely related equivalence between the helicity formalism
and the covariant formulation for identifying the basic
building blocks and composite three-point vertex operators
for constructing all the effective covariant three-point
vertices. All the helicity-specific covariant three-point
vertices are presented in an operator form in Egs. (5.16)
and (5.17) in the bosonic case and in Egs. (5.18) and (5.19)
in the fermionic case, respectively. The massless (m = 0)
case could be worked out straightforwardly and the (anti)
symmetrization of the covariant three-point vertices
required by Bose or Fermi spin statistics of two identical
final-state particles could be made systematically in the
context of this efficient algorithm.

This general algorithm for constructing the effective
covariant three-point vertices is expected to be useful in
studying various phenomenological aspects such as the
indirect and direct searches of high-spin DM particles and
the pair production of high-spin particles at present and
future high-energy colliders.

Naturally, it will be valuable to extend our algorithm for
dealing with the general case when all three particles have
different masses and spins. It is also an interesting question
as to whether the bosonic and fermionic cases can be
synthesized in a unified framework, covering various forms
of wave tensors for particles of any spin. These generali-
zation and synthesis are presently under study and the
results will be reported separately.
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