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We study a “heavy” QCD axion whose coupling to the standard model is dominated by aGG̃ but with
ma ≫ mπfπ=fa. This is well motivated as it can solve the strong CP problem while evading the axion
quality problem. It also poses interesting challenges for its experimental search due to its suppressed
couplings to photons and leptons. Such axion with mass around a GeV is kinematically inaccessible or
poorly constrained by most experimental probes except B-factories. We study B → Ka transitions as a
powerful probe of the heavy QCD axion by performing necessary 2-loop calculations for the first time,
together with some improvement on the existing analysis strategy. We find some of the existing limits are
enhanced by at least an order of magnitude. We also demonstrate that the bounds are robust against
unknown UV physics. For forthcoming data sets of the Belle II experiment, we provide a projection that fa
of a few TeV is within its future reach, which is relevant to the quality problem.
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I. INTRODUCTION

Null signals of new physics at the TeV scale so far
suggest us to adopt broader perspectives on the priorities of
theoretical questions and future experimental programs. In
particular, the possibility of new physics at scales much
lighter than the TeV scale has been gaining growing
attention. The axion offers a strong motivation for such
light new physics, being a compelling solution [1,2] to
the long-standing strong CP problem [3] by utilizing the
Peccei-Quinn (PQ) symmetry [4,5], as well as being a
candidate for cold dark matter [6–8].
The original axion model [1,2], in which QCD is the sole

origin of the axion mass, predicts the relationmafa ≃mπfπ
among the axion mass ma, its decay constant fa, and the
analogous quantities for the pion. If we imagine that the PQ
symmetry breaking scale, fa, is related to the origin of the
electroweak symmetry breaking, it would be natural to
place fa at the TeV scale, as proposed in the original axion
models by Weinberg [1] and Wilczek [2], which then puts
ma at the keV scale by the relation above. This possibility,
however, is excluded by astrophysical observations [9–12]

and beam dump experiments [13–15]. Much higher fa
around 109 − 1013 GeV, and hence much lighter ma, can
be motivated by an axion as cold dark matter [16]. This part
of the parameter space has also been searched with null
results [17–19].
The relation, mafa ≃mπfπ , can easily be violated,

however, if there are additional contributions to the axion
mass [20–37]. This permits us to reconsider the case where
fa is at or moderately above the TeV scale, but now with
ma much heavier than ∼mπfπ=fa ∼ keV. (It would be
difficult, if not impossible, to imagine a scenario where ma
is lighter than ∼mπfπ=fa.) It is particularly important to
explore the masses of 10 MeV≲ma with TeV-scale fa
[38]. Such low values of fa can also be motivated
theoretically as a solution to the axion quality problem.
If the violation of global symmetries by quantum gravity
appears as unsuppressed Oð1Þ coefficients times powers of
fa=MPl, the axion solution to the strong CP problem would
be ruined [39–42] unless fa is below ∼10 TeV [32].
In this work, therefore, we focus on what we call the

heavy QCD axion scenario, where ma is much heavier than
∼mπfπ=fa and the axion couples to the SM dominantly via
only the aGμνG̃

μν interaction, where a is the axion field and
Gμν the gluon field strength. Our effective Lagrangian thus
has the form

L ¼ LSM þ αs
8π

a
fa

Ga
μνG̃

aμν þ 1

2
ð∂μaÞ2 −

m2
a

2
a2; ð1Þ

where G̃aμν ≡ 1
2
ϵμνρσGa

ρσ. The additional terms required for
renormalization that are phenomenologically relevant will
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be discussed shortly. There are many models that
UV-complete this EFT or could do so with minor mod-
ifications [30,32–34,36,37].
The status of experimental probes into the heavy

QCD axion is the following. For ma ≲ 400 MeV, fa at
the TeV scale is excluded by the hadronic production
and diphoton decay of the heavy axion, the proton beam
dump experiment [15,43], the kaon experiments [44–52],
the precision measurement of pion decay [53–55], the fixed
target experiment [43,56,57], and the collider experiments
[43,58,59]. For ma ≳ 400 MeV, the search is difficult
because the hadronic decay mode dominates, and it is
overall poorly explored until ma reaches 50 GeV where the
CMS dijet search kicks in [38,60]. However, axion pro-
duction from hadron decays such as ϕ → γa and η0 → ππa
constrain some parameter space [61] (see also Fig. 4). A
part of the experimental loophole, ma ≳ 2 GeV, can be
explored at the LHC if the axion can decay into dipho-
tons [62,63].
We thus see that the heavy QCD axion with ma in the

few GeV range and fa at the TeV scale and above has not
been explored. In this region, B physics should play a
crucial role, having the right energy scale as well as great
experimental precision. Moreover, the experimental reach
of B physics will be improved further in upcoming years by
LHCb ð300 fb−1Þ and Belle II (5 × 1010 B-meson pairs). A
promising channel is B → Ka with the axion subsequently
decaying to hadrons, which is induced at 2-loop,1 starting
from the tree-level Lagrangian (1). The importance of this
channel was pointed out in [43,66], but the required 2-loop
calculation has not been performed to date. The previous
work [43] relies on order of magnitude estimation for axion
production.
Our goal, therefore, is to perform this calculation and

obtain robust and competitive bounds for the heavy QCD
axion. We will also provide a projection for the reach of
Belle II.

II. CALCULATION OF b → sa

Starting from the Lagrangian (1), the leading contribu-
tion to b → sa arises at 2-loop as shown in Fig. 1.
Cancelling UV divergences in these diagrams requires
the following additional interactions to be further included
in the Lagrangian:

L¼ ���þCqq

X
q

∂μa

fa
q̄γμγ5qþCbs

∂μa

fa
s̄Lγμγ5bLþH:c:;

ð2Þ

where the ellipses denote the terms in Eq. (1) as well as
those irrelevant for the b → sa phenomenology of our

interest [see, e.g., [67,68] for those other operators gen-
erated at 1-loop from Eq. (1)]. The Cqq term is generated at
1-loop from the diagram shown in Fig. 2 and necessary to
cancel 1-loop sub-divergences in Fig. 1. The Cbs term is
required to remove remaining divergences at 2-loop. We
have written the same coefficient Cqq for all quark flavors
because we assume mt=ΛUV ≪ 1 and ignore corrections of
order ∼m2

t =Λ2
UV, where ΛUV is the cutoff of our EFT.

It is not necessary at the 2-loop level to modify the
coefficient of aGG̃ in Eq. (1) from αs=8πfa, provided that
the αs here is treated as the running coupling αsðμÞ. While
this claim is verified by an explicit calculation in the
Appendix, it may be understood as follows. If we treat the
axion as an external field, the coefficient of ða=faÞGG̃ is
completely fixed by matching the PQ-QCD-QCD anomaly.
All corrections from turning a back on as a dynamical field
involve the aGG̃ coupling itself at least twice and hence
negligibly small.
Although Cqq and Cbs are free parameters in the EFT,

their sizes must be consistent with the defining feature of
our framework that the aGG̃ interaction is the dominant
coupling of the axion to the SM. As we would set Cqq and

FIG. 1. Leading 1-particle-irreducible diagrams for b → sa
from the Lagrangian (1).

FIG. 2. The diagram that generates the Cqq term of
Eq. (2).

1If there is an aWW̃ coupling, b → sa is induced at one-loop
level [64] (see also [65]).
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Cbs to zero for our scenario if there were no UV
divergences requiring their presence as counter-terms, we
regard them as having sizes roughly similar to the coef-
ficients of the corresponding divergences (i.e., those of the
1=ϵ poles in dimensional regularization). We thus take
Cqq ∼ CFðαs=4πÞðg2s=16π2Þ ¼ CFðαs=4πÞ2 (see Fig. 2)
with CF ¼ 4=3. For Cbs, we further include two electro-
weak gauge couplings and GIM suppression (see Fig. 1), so
Cbs ∼ CFðαs=4πÞ2ðαw=4πÞ

P
k VkbV�

ksξk, where V is the
CKM matrix and ξk ≡m2

k=M
2
W with k ¼ u; c; t. Therefore,

at the cutoff ΛUV of our EFT, where it is matched on to the
UV theory, we parametrize Cqq and Cbs as

CqqðΛUVÞ≡ ACF

�
αs
4π

�
2

;

CbsðΛUVÞ≡ BCF

�
αs
4π

�
2 αw
4π

X
k

VikV�
kjξk; ð3Þ

where A and B are Oð1Þ parameters that depends on the
unknown UV completion of the Lagrangian in Eq. (1). All
the SM parameters are evaluated at ΛUV. We will show,
however, that our bounds on fa are fairly insensitive to the
exact values of A and B. Then, keeping in mind these rough
sizes of Cqq and Cbs, we find the leading RG running of
Cqq and Cbs (see Appendix for the details of the calcu-
lation):

μ
dCqq

dμ
¼ −6CF

�
αs
4π

�
2

; ð4Þ

μ
dCbs

dμ
¼

�
3CF

�
αs
4π

�
2

þ Cqq

�
αw
4π

X
k

ξkVkbV�
ks: ð5Þ

After running down to μ ∼MW using Eqs. (4), (5), we
switch to another EFT in which the top quark andW boson
are integrated out. In the limit of mb;s=MW → 0, this new
EFT contains only one operator relevant for the b → sa
phenomenology:

Lbsa ¼ CW
∂μa

fa
s̄Lγμγ5bL þ H:c:; ð6Þ

where CW is determined by CqqðμwÞ and CbsðμwÞ with
μw ∼MW and the contributions from integrating out t and
W. We find

CW ¼ CbsðμwÞ þ
αw
4π

CqqðμwÞgðμwÞ þ
1

2

αw
4π

�
αs
4π

�
2

fðμwÞ;

ð7Þ

where g and f are 1- and 2-loop matching functions given
respectively in Eqs. (B7), (B6) in Appendix. In the limit of
mb;s=MW → 0, CW does not run betweenMW tomb. This is

because in this particular limit, there is no mixing between
aGG̃ and flavor changing axial-vector coupling. In Fig. 3
we show the 1st, 2nd, and 3rd terms of the right-hand-side
of Eq. (7) as well as the net CW , all as a function of ΛUV,
assuming the initial condition A ¼ B ¼ 0 in Eq. (3). We
observe that Cbs, i.e., the b − s − a operator dominates
the overall CW and interferes destructively with Cgg, i.e.,
a − g − g operator. The dominance of Cbs can be explained
by the operator mixing under the RGE evolution; Cbs

acquires leading logarithmic contributions ∼ lnðΛ2
UV=M

2
WÞ

and ∼ ln2ðΛ2
UV=M

2
WÞ due to the mixing with a − g − g and

a − q − q operators. Since lnðTeV2=M2
WÞ ≈ 5 is a rela-

tively large number, Cbs dictates over others.
The final step is to evaluate the meson level decay B →

aKð�Þ [64,69]. We find

ΓB→Ka ¼ jCW j2
m3

B

64πf2a

�
1 −

m2
K

m2
B

�
2

λKa½f0ðm2
aÞ�2; ð8Þ

where λKa is given by

λKa ¼
��

1 −
ðmK þmaÞ2

m2
B

��
1 −

ðmK −maÞ2
m2

B

��1
2

; ð9Þ

while f0ðm2
aÞ is the form factor obtained from the light-

cone QCD sum rules [70,71]:

f0ðm2
aÞ ¼

0.330
1 −m2

a=37.5 GeV2
: ð10Þ

It is important to note that these form factors derived from
QCD sum rules have Oð10Þ% uncertainties [70,71]. The
approximate branching ratio is given by BRðBþ → KþaÞ ≈
1.1ð7.6Þ × 10−5½fa=100 GeV�2 for ΛUV ¼ 1ð10Þ TeV;

FIG. 3. C1, C2, and C3 refers to the first, second, and third
contribution in CW respectively, for different UV scales
[see Eq. (7)].
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A ¼ B ¼ 0 and ma ¼ 1 GeV (the dependence of ma is
smaller than 10% in the parameter space we consider).

III. PHENOMENOLOGY

To derive constraints on the axion decay constant
as a function of the mass we use different B decay
measurements.

(i) We first derive the constraint on inclusive b → sa
decay based on PDG data BRðBþ→ c̄XÞ¼ 97�4%
[72]. Thus, we require BRðb→saÞ<1−BRðb→cÞ≲
11%. Note that this constraint does not contain any
uncertainties coming from hadronization or calcu-
lation of axion decay. Therefore this is most robust
bound derived in this paper. For inclusive branching
fraction we use:

BRðb → saÞ ≃ jCW j2
ΓBf2a

ðm2
B −m2

aÞ2
32πmB

; ð11Þ

where ΓB is the width of B meson. The inclusive
b → sa decay rules out the region marked by
yellow in Fig. 4. In fact, this constraint is compa-
rable and in some cases more robust than the bounds
drawn for light meson phenomenology [43,47], e.g.,
KL → π0aðγγÞ, η0 → ππað3πÞ, ϕ → γaðππγ; ηππÞ,
and γp → paðγγÞ, displayed in grey in Fig. 4.

(ii) Next we use exclusive final states a → 3π, ϕϕ,
KKπ, and ηππ to perform axion search. We perform
a peak search except in a → 3π final state. To
calculate corresponding branching fractions
for axion decay we use the data-driven approach
given in Ref. [43] and use branching fractions
given in Fig. 3 of their paper. The uncertainties
in this approach for axion hadronic (partial)
widths are not estimated in [43] so they are not
included in the following bounds. However, these
can be extracted by the same drive-driven method
of Ref. [43].

(1) The constraints on the a → 3π channel, shown by
the blue region in Fig. 4 is derived based on Belle
analysis [73]. This analysis is applicable to
0.73 GeV ≤ ma ≤ 0.83 GeV. We require BRðB0 →
K0aÞBRða → πþπ−π0Þ < 4.9 × 10−6, which is
from BRðB0→K0ωÞ<5.5×10−6 [73] and BRðω →
πþπ−π0Þ ¼ 89%.

(2) We use B → Kϕϕ data of BABAR [74] to derive a
constraint on the a → ϕϕ channel, which is shown
by the orange region in Fig. 4. We assume the axion
to be at the center of each bin (see Fig. 5 of Ref. [74])
of width 125 MeV. Despite experimental smearing,
the Gaussian event distribution coming from the
axion decay is expected to be completely inside one
of these bins. From the perspective of peak search,
we also require the signal from the axion to be less

than the central value of the measurement aug-
mented with 2σ uncertainty.

(3) We analyze B → Kað→ KKπÞ final state based on
BABAR measurements [75]. The channel is studied
at LHCb using 3 fb−1 data [76], but the sensitivity is
currently weaker compared to BABAR. The bound is
shown by the pink region in Fig. 4. To derive this

FIG. 4. We portray the constraints from different B-decay
measurements in the ma − fa plane. Three curves are drawn
for each constraint corresponding to different initial conditions
[see Eq. (3)], i.e., the strongest ðA ¼ þ3; B ¼ −3Þ, weakest
ðA ¼ −3; B ¼ þ3Þ, and central constraints ðA ¼ B ¼ 0Þ. We
choose the UV scale ΛUV to be 1 and 10 TeV for the top and
the bottom plot, respectively. See main texts about systematic
uncertainties from the form factor of Eq. (10) and the data-driven
calculation of the axion branching fractions. The grey shaded
regions comprise bounds from [13,15,43,47,52,57–59]. For
B → Ka, we use [72] for inclusive analysis and [73–75] for
exclusive channels a → 3π; ηππ; KKπ;ϕϕ. For the projection at
Belle II (dashed lines), 5 × 1010 B̄B pair is assumed, and the band
shows the dependence on the different initial conditions. The right
vertical axis is labeled using the notation of Ref. [43] for
comparison.
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bound, we follow a similar strategy mentioned
previously with one difference. The bin size
for KKπ experimental data is only 22.5 MeV (see
Fig. 1(e) of Ref. [75]). Hence, instead of assuming
the axion mass to be at the center of each bin, we
assume it to be at the boundary of adjacent bins. We
then require the number of events from the decay of
the axion to be less than the sum of central values
of those two bins plus 2σ uncertainty, after sub-
tracting nonresonant background from the meas-
urement. The merging of two bins correct for any
spilling over effect due to experimental smearing.
Further, experimental efficiency is calculated
based on binned data and final measurement of
the branching fraction given on Fig. 1 (e) and
Table I of [75] respectively. Finally, the data
analysis performed on KKπ measurement contains
mass cut: one of the Kπ pair invariant mass is
required to be 0.85 GeV≲mKπ ≲ 0.95 GeV. To
apply this cut on axion decay calculations we use
a → KKπmatrix element given in Eq. (S59-S61) of
[43]. However, the result strongly depends on the
experimental input parameters that have large un-
certainties. Because of these uncertainties, bounds
from this channel have order one error close to the
end of the mass spectrum ma ∼ 1.8 GeV.

(4) For a → ηππ [75] in the 1.2 GeV < ma < 1.5 GeV
window, we do everything similarly to KKπ except
the mass cut. For ma < 1.2 GeV one can notice that
the number of measured events are less than for
ma > 1.2 GeV. Therefore, we take the weakest
constraint from ma > 1.2 GeV region and extend
this branching ratio bound for low axion mass
ma < 1.2 GeV. As depicted by the green shaded
region in Fig. 4, this channel provides the strongest
constraint on the parameter space.

(i) Finally we derive Belle II projection for a → ηππ
and a → 3π search, shown as the green and blue
dashed curves in Fig. 4.

(1) To estimate a → ηππ projection we first extrapolate
BABAR’s continuous QCD background given on
FIG.1 (f) of [75]. Next, we scale it with luminosity,
assuming 5 × 1010 B̄B pair at Belle II. Eventually,
based on our result we calculate standard deviation
and require that signal from the axion to be less than
2 times this standard deviation. We estimate the
experimental resolution of the axion mass as δma ∼
δmηππma=mη0 where δmηππ ∼ 13.4 MeV is the ex-
perimental resolution of the η0 mass fitted from the
Fig. 1(f) of [75].

(2) To derive a → 3π projection we do everything
similarly to a→ηππ except we use Fig. 2(d) of
[73], which shows background in 0.73GeV<ma <
0.83GeV range. We assume background for ma <
0.73 GeV to be same as at ma ¼ 0.73 GeV. Also,

we use fixed δma ≈ 40 MeV experimental resolu-
tion of the axion mass, that is estimated using the
signal shape of ω shown on the same figure.

Finally, it is a nontrivial result of our study that the bounds
on fa are not very sensitive to the exact values of A and B,
mainly because the double logarithmic enhancement we
calculated in this paper dominate. This means that the
bounds and projections obtained in our paper are inde-
pendent of the exact nature of unknown UV physics.
Moreover, since the uncertainties in the form factors (10)
are Oð10Þ%, so our calculation also shows that the detail
of UV physics is relatively a minor effect, particularly for
large UV scales.

IV. CONCLUSION

In this paper, we performed the first 2-loop calculation
for the axion production from B → Ka process starting
from the minimal interaction of the QCD axion, aGG̃
(Eq. (1). Assuming the UV scale to be at 1 TeV, the
constraints on the ma − fa parameter space (see Fig. 4)
turns out to be ∼10 times stronger than the previous
estimate [43]. Increasing the UV scale only increases this
difference. The reason for this enhancement is two fold.
First, in [43] the amplitude was a rough estimate up toOð1Þ
factors in the coefficients and without the complete
logarithmic enhancement. In contrast, our work, for the
first time, provides the complete leading 2-loop amplitude
with RG improvement for the axion-induced FCNC proc-
esses, which exhibits an enhancement by a factor of about 5
or 6 in the axion production rate. Secondly, we perform a
detailed bin by bin analysis instead of assuming an overall

FIG. 5. In this figure, the dark red colored regions are obtained
with our two loop amplitude. This shows a factor of 5 or 6
enhancement from the axion production rate compared to the
previous estimation obtained in [43] (shown by the dashed lines).
Both of these results use single bin analysis as mentioned in the
text. Additional enhancement of factor 2, shown by the light red
region, comes from our multiple bin analysis.
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branching fraction. This makes our bound even more robust
by roughly a factor of two at least and sometimes more as
shown in Fig. 5. Combining these two effects, our bounds
are enhanced by at least an order of magnitude with respect
to the previous rough estimates in Ref. [43]. Therefore, the
bounds on the decay constant is order of 100 GeV using
Belle and BABARmeasurements for ΛUV ¼ 1 TeV. For the
future, although there are many intensive studies for the
heavy QCD axion based on the (near) future data at kaon
factories [47], GlueX [57], LHC with track-trigger
[35,77], DUNE near detector [78], or beam-dump type
facilities (summarized in Fig. 41 of [79]), the B → Ka
process is particularly important for GeV mass range of
the axion. This is because the GeV axion is not produced
at light meson precision experiments and also because the
lifetime is shorter due to the hadronic decay channeling
the beam-dump experiments less effective. Belle II will be
able to cover the unique parameter space using B →
Kað→ ηππ; 3πÞ as shown in Fig. 4, and we expect the
other channels and future data of LHCbwill further improve
the sensitivities. Also, B → Kað→ γγÞ will be another
attractive channel particularly for ma < 3mπ ≃ 450 MeV,
which is not yet studied in B-factories.
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APPENDIX A: RENORMALIZATION SCHEME

We start from the EFT Lagrangian:

L ¼ LSM þ La þ
X
i

CiOi þ…; ðA1Þ

where La denotes the axion kinetic and potential terms and
the ellipses represent effective operators irrelevant for
the b → sa phenomenology of our interest, while i ∈
fgg; qq; bsg and

Ogg ¼
1

8π

a
fa

Ga
μνG̃

aμν;

Oqq ¼
X
q

∂μa

fa
q̄γμγ5q;

Obs ¼
∂μa

fa
s̄Lγμγ5bL þ H:c:: ðA2Þ

However, we will soon be redefiningOqq andObs below in
order to take into account the subtleties of dealing with γ5 in
dimensional regularization (DR).

To simplify our calculations, we will neglect terms of
orderm2

b;s;a=M
2
W or higher. This in particular means that we

evaluate the diagrams in Fig. 1 at vanishing external
momenta. The Feynman gauge has been used throughout
our calculations and thus the inclusion of an unphysical
Nambu-Goldstone mode accompanying every W boson is
implied in the following discussions. We have implemented
tensor reduction in FORM [80] and used KIRA [81] to
obtain integration-by-parts relations.
We will regulate UV divergences using DR, while we cut

off IR divergences explicitly by introducing fictitious quark
masses. Note that all diagrams in Fig. 1 as well as all
coefficients in Eq. (7) are Oðα2sαwÞ. At this order, the
dependence on the fictitious masses actually cancels
out as the IR theory (6) has no IR divergences even in
the mb;s → 0 limit at the same order. We have checked this
cancellation explicitly as a validation of our calculations.
The absence of anomalous chiral fermion loops in

the diagrams of Fig. 1 allows us to adopt the following
simple prescription for γ5 and ϵμνρσ. We first redefine Oqq
and Obs as

Oqq ¼
i
6

∂μa

fa
ϵμνρσ

X
q

q̄ γνγργσq;

Obs ¼
i
6

∂μa

fa
ϵμνρσ s̄LγνγργσbL þ H:c:; ðA3Þ

which is equivalent to their original forms in d ¼ 4 but we
use these new forms in d ¼ 4 − 2ϵ becausewhat we directly
obtain fromdiagrams in Fig. 1 is actually the product of three
γ matrices multiplied by the ϵ tensor from the a − g − g
vertex. Therefore, all we need is the total antisymmetric
property of the ϵ tensor, which we assume as part of the
definition of our scheme, and the property fγ5; γμg ¼ 0,
which is valid as we have no anomalous chiral fermion
loops.We do not use any explicit form of the ϵ tensor nor any
relation between γ5 and the ϵ tensor, until only after all
divergences are cancelled and we are back to d ¼ 4.
We employ the MS scheme (with one exception men-

tioned below) and redefine the Wilson coefficients as

Ci →
X
j

ðeγEμ2=4πÞϵ=2Cjγji; Oi →
X
j

ZijOj; ðA4Þ

where Z consists of the field-strength renormalizations of
the SM fields inside Oi. For our 2-loop computation
depicted in Fig. 1, it only has three nontrivial components:

Z ¼

0
B@

ZG 0 0

0 Zq Zbs

0 0 1

1
CA; ðA5Þ

where ZG and Zq are respectively the gluon and quark field-
strength renormalizations due to 1-loop QCD corrections,
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while Zbs the renormalization of the b − s kinetic mixing
induced by a W loop. We use MS to determine ZG and Zq,
while we fix Zbs by requiring that the net b − s kinetic
mixing should vanish at 1-loop at vanishing quark
momentum.
All of these are determined completely by the SM and

we find

ZG ¼ 1þ αs
4π

�
5

3
Nc −

2

3
Nf

�
1

ϵ
;

Zq ¼ 1 −
αs
4π

CF

ϵ
;

Zbs ¼ −
αw
4π

X
k

ξkVkbV�
ks

4

�
1

ϵ
− ln

M2
W

μ2
þ 3ðξk þ 1Þ

2ðξk − 1Þ

−
ξkð2þ ξkÞ
ðξk − 1Þ2 ln ξk

�
; ðA6Þ

where Nc ¼ 3 and Nf ¼ 6.

APPENDIX B: ANOMALOUS DIMENSIONS AND
RENORMALIZATION GROUP EVOLUTIONS

To obtain the anomalous dimensions matrix γ in
Eq. (A4), we calculate 1- and 2-loop diagrams contributing
to the a − g − g, a − q − q and a − b − s vertex corrections
in MS. We find

γ ¼

0
B@

1 − αs
4π

β0
ϵ − αs

16π2
3CF
ϵ

αs
16π2

αw
4π

3CFS
4

ð1ϵ − 1
ϵ2
Þ

0 1 αw
4π

S
2ϵ

0 0 1

1
CA; ðB1Þ

where β0 ¼ 11Nc=3 − 2Nf=3 and S ¼ P
k ξkVkbV�

ks.
The RGEs can then be found by demanding
μdðμϵCiγijÞ=dμ ¼ 0, i.e.,

μ
dCi

dμ
¼ −ϵCi −

X
j;k

Cjμ
dγjk
dμ

ðγ−1Þki: ðB2Þ

In the limit ϵ → 0, we get

μ
dCgg

dμ
¼ −β0

αs
2π

Cgg;

μ
dCqq

dμ
¼ −6CF

αs
4π

Cgg

4π
;

μ
dCbs

dμ
¼

�
3
αs
4π

Cgg

4π
CF þ Cqq

�
αw
4π

X
k

ξkVkbV�
ks: ðB3Þ

Here, to see the size of each contribution, recall that
roughly Cgg ∼ αs and Cqq ∼ ðαs=4πÞ2. We further simply
the RGE for Cbs by neglecting the u and c quark masses.
This then allows us to combine αw and ξt as αwξt ¼ y2t =2π.
Therefore, we also incorporate the SM running of the top-
quark Yukawa coupling:

μ
dyt
dμ

≃
yt

16π2

�
9

2
y2t − 8g23

�
: ðB4Þ

We also take into account the running of Vts. The leading
contribution reads [82]

μ
dVts

dμ
≃

3

32π2
y2t Vts: ðB5Þ

Let us first verify our claim in the main text that the
running of Cgg is completely accounted for by the SM
running of αs. This can be trivially seen by solving Eq. (B3)
with the initial condition CggðΛUVÞ ¼ αsðΛUVÞ, which
leads to CggðμÞ ¼ αsðμÞ. Then, setting CggðμÞ ¼ αsðμÞ in
the RGEs for Cqq and Cbs above, we obtain the results
in Eq. (3).
After we run from ΛUV down to μ ∼MW , we integrate

out the W and t and match onto the EFT described by the
operator (6) with the coefficient (7), where we find

fðμÞ ¼ 3

2
CF

X
k

VkbV�
ks

�
−
3ξk
2

ln2
M2

W

μ2
þ
�
ξkð3ξk − 2Þð3ξk þ 4Þ

2ðξk − 1Þ2 −
ðξk − 2Þð3ξk þ 1Þ

ξk − 1
lnðξk − 1Þ

�
ln ξk

þ 3ξ3k − 14ξ2k − 8ξk þ 4

2ðξk − 1Þ2 ln2ξk þ
�
9ξkðξk þ 1Þ
2ðξk − 1Þ −

ξkð3ξ2k − 2ξk þ 8Þ
ðξk − 1Þ2 ln ξk

�
ln
M2

W

μ2

þ π2ð4þ 11ξk − 7ξ2kÞ þ 3ξkð13ξk − 3Þ
12ðξk − 1Þ þ ðξk − 2Þð3ξk þ 1Þ

ξk − 1
Li2

�
1

ξk

�

−
ðξk þ 2Þðξ2k þ 2ξk − 1Þ

ðξk − 1Þ2 Li2

�
ξk − 1

ξk

��
: ðB6Þ
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gðμÞ ¼ 1

4

X
k

VkbV�
ksξk

�
ξk þ 5

ξk − 1
þ 2ðξ2k − 2ξk þ 4Þ

ðξk − 1Þ2

× ln ξk þ 2 ln
M2

W

μ2

�
: ðB7Þ

We verified that the difference between Eq. (B7) and the
1-loop matching function found in Eq. (71) of Ref. [66] is
due to different scheme choices of handling γ5 and the
Levi-Cevita tensor.

APPENDIX C: INPUT PARAMETERS

In Table I we list the input parameters used in our
analysis.
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