PHYSICAL REVIEW D 104, 055034 (2021)

Modular S, x SU(5) GUT

4%

Gui-Jun Ding S Stephen F. King,3" and Chang-Yuan Yao
1Peng Huanwu Center for Fundamental Theory, Hefei, Anhui 230026, China
2Intera’isciplinary Center for Theoretical Study and Department of Modern Physics,
University of Science and Technology of China, Hefei, Anhui 230026, China
3Deparl‘ment of Physics and Astronomy, University of Southampton,
Southampton SO17 1BJ, United Kingdom
*School of Physics, Nankai University, Tianjin 300071, China

® (Received 12 May 2021; accepted 23 August 2021; published 24 September 2021)

Modular symmetry offers the possibility to provide an origin of discrete flavor symmetry and to break it
along particular symmetry preserving directions without introducing flavons or driving fields. It is also
possible to use a weighton field to account for charged fermion mass hierarchies rather than a Froggatt-
Nielsen mechanism. Such an approach can be applied to flavored grand unified theories (GUTs) which can
be greatly simplified using modular forms. As an example, we consider a modular version of a previously
proposed S, x SU(5) GUT, with Gatto-Sartori-Tonin and Georgi-Jarlskog relations, in which all flavons
and driving fields are removed, with their effect replaced by modular forms with moduli assumed to be at
various fixed points, rendering the theory much simpler. In the neutrino sector there are two right-handed
neutrinos constituting a Littlest Seesaw model satisfying constrained sequential dominance where the
two columns of the Dirac neutrino mass matrix are proportional to (0, 1, —1) and (1, n, 2 — n) respectively,
and n = 1 + /6 ~ 3.45 is prescribed by the modular symmetry, with predictions subject to charged lepton
mixing corrections. We perform a numerical analysis, showing quark and lepton mass and mixing

correlations around the best fit points.

DOI: 10.1103/PhysRevD.104.055034

I. INTRODUCTION

The mystery of the three families of quarks and leptons,
and their patterns of masses and mixings, including in
particular the origin of tiny neutrino mass with large
mixing, remains a good motivation for studying physics
beyond the Standard Model (BSM). The quest for uni-
fication, in order to understand the quantum numbers of
quarks and leptons within a family, including charge
quantization and anomaly cancellation, and the desire to
unify the three gauge forces, also motivates BSM studies.

The combination of family symmetry and grand unified
theories (GUTs) [1] provides a powerful and constrained
framework [2]. The minimal SU(5) GUT symmetry [1]
allows neutrino mass and mixing to be included by the
addition of any number of right-handed neutrinos, where
the type I seesaw mechanism [3-9] explains the smallness
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of neutrino masses compared to charged lepton masses. For
example, SU(5) can be combined with the minimal type I
seesaw mechanism which includes just two right-handed
neutrinos (2RHN) [10,11].

A class of highly predictive 2RHN models are based on
constrained sequential dominance (CSD) [12-21]. The
CSD scheme (also called Littlest Seesaw [15]) assumes
that the two columns of the Dirac neutrino mass matrix are
proportional to (0,1,—1) and (1, 7,2 — n) respectively in
the RHN diagonal basis, where n may take any value,
giving rise to a large class of CSD(n) models. In all such
models, the lepton mixing matrix is predicted to be the
trimaximal TM, pattern, in which the first column of the
lepton mixing matrix follows the tribimaximal mixing
pattern while allowing for a nonzero U .3, and the neutrino
masses are normal ordered with the lightest neutrino being
massless with m; = 0. The phenomenologically successful
cases include CSD(3) [14-18] and CSD(4) [19,20]. For
example CSD(3) has been shown to originate from S, [16].

It has been suggested that flavor symmetry groups
such as S, could originate from the quotient group of
the modular group SL(2, Z) over the principal congruence
subgroups [22], where the leptons are assigned to have
modular weights, the Yukawa and mass parameters
are modular forms, namely holomorphic functions of a
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complex modulus z, with even (or odd) modular weights.
The modular forms of level N and integer weight k can be
arranged into some modular multiplets of the inhomo-
geneous finite modular group I'y = I['/T'(N) if k is an even
number [22]. For example, I, = §; [23-26], I3 = A,
[22-24,27-52], T’y = §4 [40,53-60], I's = A5 [58,61,62].
and I'; = PSL(2,Z;) [63] cases have been studied. We
shall be interested in the ', = S; modular symmetry in the
present work. If the modular weight k is an odd positive
number, the modular forms can be decomposed into
multiplets of the homogeneous finite modular group
v =T /I'(N) which is the double cover of I'y [64].
Notice that top-down constructions in string theory usually
give rise to Iy, [65,66]. All modular forms of integral
weight are polynomials of weight one modular forms; the
odd weight and even weight modular forms are in the
representations p,(S?) = —1 and p,(S?) = +1, respec-
tively. The modular invariant approach based on I, = T’
[64,67], I, = S8} [68,69], and I'; = AL [70,71] has been
studied to understand the flavor structure of quarks
and leptons. Furthermore, the case that the modular weight
k is a rational number has been explored [71,72], then
(ct + d)* is not the automorphy factor and certain multi-
plier is necessary. As a consequence, the modular sym-
metry and finite modular groups should be extended to their
metaplectic covers [71,72]. The predictive power of the
modular invariance can be considerably improved by
including the generalized CP symmetry [65,66,73]. The
framework of modular-invariant supersymmetric theory has
been extended to incorporate several moduli for both
factorizable [55] and nonfactorizable [74,75] cases.

The complex modulus 7 is restricted to complex values in
the upper-half complex plane, but it can take special values,
associated with residual symmetries of the finite modular
group, where such values are called stabilizers [31,40,
54,76]. In the framework of string theory, there may be
enhanced symmetries at various points in moduli space,
which allows for various different stabilizers occurring
simultaneously within the low-energy effective theory [77].
This is known as “local flavor unification”. Another
ingredient in realistic models is to include quark mass
and mixing, which has been addressed in non-GUT models
in [33,45,67,69,71]. It is remarkable that modular invari-
ance can also address the origin of mass hierarchies without
introducing an additional Froggatt-Nielsen (FN) U(1) [78]
symmetry. The role of the FN flavon is played by a singlet
field called the weighton [45], which carries a nonzero
modular weight, but no other charges. The question of
quark and lepton mass and mixing in the context of
modular SU(5) GUTs was first studied in an (T'; ~ A,) x
SU(5) model in [29], then (I'; ~ S3) x SU(5) [25,79], and
(TCy =~ 8,) x SU(5) [80,81]. Most recently, a comprehen-
sive analysis has been performed on (I'; ~A,) x SU(5)
models [82], without restricting the modulus 7 to take any
special values.

In this paper, we shall propose a new modular model
based on (I'y =~ S4) x SU(5) which exploits the large range
of stabilizers studied in [40]. In particular, we shall show
that the minimal 2RHN seesaw model based on CSD(n)

with n = 1 + /6 &~ 3.45, intermediate between CSD(3) and
CSD(4), can be incorporated into an SU(5) GUT, where it is
however subject to charged lepton corrections. We shall also
include a weighton field [45] to ameliorate the large
hierarchies in the charged fermion mass matrices, although
some tuning will remain at the percent level. Using the
stabilizers, we are able to reproduce some of the classic
features of GUT models such as the Gatto-Sartori-Tonin
(GST) [83] and Georgi-Jarlskog (GJ) [84] relations, although
we shall see that these relations apply in a more generalized
form as the limiting cases of a choice of parameters. Indeed
in the case of GJ, this is to be welcomed, since those relations
do not work if strictly imposed.

It is interesting to compare the present model with the
Sy x SU(5) x U(1) GUT model of Hagedorn, King, and
Luhn (HKL) [85,86] (see also [87,88]) where the GST and
GJ relations are used. Many features of the HKL model
may be reproduced without any flavon fields, by replacing
the flavons by modular forms of S with several moduli
assumed to be at their fixed points, thereby drastically
simplifying the model. In particular the HKL model
requires nine flavons as compared to the single weighton
¢ in the modular model. The HKL model also requires
13 driving fields, to drive and align the flavon vacuum
expectation values (VEVs), while the modular model only
requires one driving field y, illustrating the dramatic
simplification of the family of GUT models in the frame-
work of modular symmetry.

The layout of the remainder of the paper is as follows. In
Sec. II we review modular invariance, while in Sec. III we
focus on modular forms of 'y = S, at level four. In Sec. IV
we present the model based on modular S, x SU(5) GUT,
including the fields and the fixed points that we assume, as
well as the resulting Yukawa matrices and the neutrino
mass matrices satisfying CSD(3.45). In Sec. V we discuss
the numerical results of the model, based on a weighton
expansion parameter of 0.1, which ameliorates the hier-
archies in the quark and charged lepton masses, leaving a
residual fine tuning at the percent level, and perform a scan
about a best-fit point, focusing on the charged lepton
corrections to CSD(3.45) neutrino mixing. Section VI
concludes the main body of the paper. In Appendix A
we summarize some relevant aspects of the group theory of
I, = S,. The results of fit at two local minima of y? are
given in Appendix B.

II. THE MODULAR INVARIANCE APPROACH

In this section we recapitulate the concept of modular
symmetry and the formalism of modular invariant super-
symmetric theories [22,89,90]. The modular group
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SL(2, Z) often denoted as I" is the group of 2 x 2 matrices
with integer coefficients and unit determinant under matrix
multiplication [91],

SL(2,7) = {(‘C’ Z)
(1)

The modular group SL(2, Z) is an infinite discrete group,
generated by two generators S and 7 with

N N

which satisfy the multiplication rules

a,b,c,dEZ,ad—bc:l}.

St = (ST} =1, ST =TS (3)

Under the modular group I', the complex modulus 7 in the
upper half-plane with Im(z) > O transforms as

(), y:(“ b)er. 4)

c d

It is easy to show

Im(7)

/(@) =17 (2). “rrd

(5)

In(yr)
Since 4 y induce the same transformation on z, we get a
transformation group SL(2,Z)/{1,8°} =T which is
called an inhomogeneous modular group. The pair of
matrices y and —y are considered to be identical. For

N =1 global supersymmetry, the most general form of the
action is

S= / d*xd*0d*0K(®, ®,7,7) + [W(D,7) + Hel], (6)

where /C is the Kihler potential, WV is the superpotential,
and @ collectively denotes chiral superfields of the theory
and they are separated into sectors ¢'/). Under the action of

modular group I, the supermultiplets ¢'/) of each sector are
assumed to transform as following

o = (ct+d)ip(y)p, (7)

where —k; is the modular weight, and p;(y) is the unitary
representation of the quotient group I'y = I'/T(N) [22] or
its double cover I’y =T'/T'(N) [64]. Here ['(N) is the
principal congruence subgroup of level N,

({2

a:d:1(modN),b:c:0(modN)}.

(8)

The groups T'(N) are slightly different from I'(N) with
[(N) =T(N)/{1,8%} for N = 1,2 and ['(N) = I'(N) for
N > 2. Notice that TV € I'(N) and consequently the
homogeneous finite modular group I'y, can be expressed
in terms of the modular generators S and 7 satisfying
the relations in Eq. (3) together with TV = 1, while the
multiplication rules of I’y are S* = (S7°) = TV for N < 5.
The Kihler potential & is a real gauge-invariant function of
the chiral superfields @, the modulus field z, and their
conjugates. Following [22], we choose a minimal form of
the Kéhler potential,

K(®,®,7,7) = —hA?log(—it + i7)
+ Z(—ir + i)~k | )
T

L0

where h is a positive constant and A is the cutoff scale.
After the modulus 7 gets a vacuum expectation, this Kihler
potential gives the kinetic terms for the scalar components
of the supermultiplet @; and the modulus field 7 as follows:

hA2 ) (22(1)8”(,0(1)
— 0,7 s, 10
(—ir+ iz " T+Z Cirmn U9

Notice that the Kéihler potential can not be fixed by
the modular symmetry [92]; for instance, the operators
(=it + i)k (TP TyW D), for any integer k and
irreducible representation r are always compatible with
modular symmetry. The additional terms with additional
parameters in the Kéhler potential can reduce the predictive
power of the modular invariance approach [92]. In top-
down construction, the modular symmetry always appears
with traditional flavor symmetry, and the modular weights
and Kihler potential, as well as the superpotential, would
be strongly constrained. In particular, the Kihler potential
is found to coincide with the minimal one in Eq. (9) after
the rescaling of fields is considered [65,66,77,93]. The
superpotential »V is a holomorphic gauge-invariant func-
tion of the chiral superfields (/) and 7. It can be expanded
into a power series of supermultiplets @,

W(@,7) = ZYII..Jn(7)¢<11)---€0(1”)- (11)

Each term of the superpotential should be invariant
under the modular transformation, thus ¥, ; (z) should
be modular forms of weight ky and level N and it
transforms in the representation py of the finite modular
group I'y or I'y,

Y(r) > Y(y7) = (et +d)py(r)Y(2).  (12)

If the finite modular group is I'y, ky must be an even
integer while odd ky is allowed for the double-cover groups
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')y [64]. The modular forms of level N span a linear space
of finite dimension for each non-negative weight k. The
integral (even) weight modular forms can be generated
from the tensor products of modular forms of weight one
(two). Modular invariance of the superpotential requires
that the modular weights and representations should fulfill
the conditions

ky = k]l +

otk py®p,®...Qp, 1. (13)

III. MODULAR FORMS OF I'y = S,
AT LEVEL FOUR

In this section we review the construction of the modular

It is easy to compute numerically by writing the eta
function in power series,

7q1/24 Z

n=—00

n n (3n-1) 2' (15)

The linear space of modular forms of weight k and level
four has dimension 2k + 1. In the present work, we are
concerned with the inhomogeneous finite modular group
Iy = S,; the weights of the modular forms have to be even.
There are five independent weight 2 modular forms at level
four and they can be arranged into a doublet 2 and a triplet 3
of the finite modular group S, [40],

forms of level four from the products of n(z) [40], where Y, (%) Y3(7)
n(7) is the Dedekind eta function, Ygz)(f) = ( ! >’ Ygz)(f) = | Y4(o) |. (16)
Y,(1)
0 Y5 (T
n(x) =q"*]J (1 g=er (14)
n=1 where
|

Y, (r) = 16a?e, () — 8(2 + w?)es(z) + w’es(7),

Y,(7) = 16¢,(z) + 8iV/3es(7) + es(2),

Ys(2) = —a2[16¢,(2) + 16(1 = i)e(z) + 4(1 + Dey(s) = es(o)],

Y4(7) = —o[16€,(z) + 8(1 — V3) (=1 + i)es(7) — 2(1 + V3)(1 + i)eq(7) — e5(2)).

Ys(z) = —16e,(7) + 8(1 + V3)(1 = i)es(7) + 2(1 = V3)(1 + i)ey(7) + e5(7), (17)

I
ith @ = e?*/3 and 4 2) (2
with @ e an Yg) — <Y;>Y(2))] :2Y1Y2,
12-4i 6i-10 2
0>~ (4o)n 1 (21) @ _ (y2y0) <Y2>
ei(t) = : . 18 Y — (y Y ) - ,
0 =" (18 2= (), = ()

The modular forms of weight two and level four can also @ 2)o2) ViYs+ Yol
be constructed from the linear combinations of '7(<://:>) Y3' = (Y 2 Y3 )3 = | N¥s+ 1ol ).
(et )/4) (@ +2)/4) A (@13)/4) nn) g (612 153 547 Y\ Y3+ Y)Y,
n((t+1)/4)> n((z+2)/4)> n((z+3)/4)> n(4r) n(t+1/2) Y.Yi— Y.V
where 7/ (7) denotes the derivative of 5(r) with respect to 7. . 2 154 = 2245
The two construction methods give the same g-expansion Y;,) = (Yg ly ; ))3/ = | Y, Ys-Y,Y; (19)
of modular forms up to an overall factor. Note that the two Y\Ys—Y,Y,

triplets, 3 and 3’ in our basis, correspond to 3’ and 3 of
[53,54], respectively. The higher-weight modular forms can
be expressed as polynomials of Y;,345(7). The linearly
independent weight four modular forms can be arranged
into a singlet 1, a doublet 2 and two triplets 3, 3’ of S, as
follows:

There are 13 linearly independent weight six modular
forms which decompose as 191 203 H3D3I
under S,
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o = (r) =viev,
VO (i) —viomy
2Y}y
6) 2) u(4) 1Y
Y2:<ﬁwg>:< 2)
2 2y,
2Y,Y,Y,
6 2 4
Y§) = <Y;)Y; )>3 = | 2V 1LYy |,
2V, Y, Y

YiYs+Y3Y,

YiY; + Y3Ys |,

Y3V, + Y3Y;
Y3Ys - Y3y,

vy = (rdrl) = -| vivs-vivs | (0)

Y3Y, - Y3Y5

Higher-weight modular forms can be built in the same
fashion, see Refs. [53,54] for modular forms of weight
eight and weight ten. Note that in our working basis the
representation matrices are different from those of [53,54],
and they are related to the choices of [53,54] by unitary
transformations. The allowed and forbidden representations
for modular forms of a given (even) weight are summarized
in Table I, not only for ky =2, 4, 6 above, but also for
ky =8, 10 [54].

If a modulus parameter 7 is invariant under the action of
a nontrivial SL(2, Z) transformation y, # £/, we call 7,
the fixed point of y,, where y, is the stabilizer of 7, i.e.,

Y0To = To- (21)

We show the alignments of the modular forms for three
nontrivial fixed points in the fundamental domain in
Table 1II,

. V3 , 1 V3
Tg=1, TST_(U__E—HT’ Trs — —W —§+17
(22)
TABLE I. Summary of the allowed and forbidden modular

forms Yﬁm for a given (even) weight ky = 0, 2, 4, 6, 8, 10. The
allowed and forbidden S, representations r = 1,1’,2,3,3 are
shown in each case. Explicit modular forms are given in the main
text for weights ky = 2, 4, 6.

Weight ky Allowed r Forbidden r
0 1 1,2,3 3
2 2,3 1,1,3%
4 1,2,3,3 1

6 1,1,2,3,%

8 1,2,3,3 1

10 1,1,2,3,%

In addition, we shall be interested in using the
following fixed point outside the fundamental domain, at
y7s =2+ i [40],

Y24 «(0,1,-1), Y2+ «x(0,1,-1). (23)
There are many more possible fixed points [40], but these
shown in Eq. (23) and Table II are the only ones that we

shall need for the model construction, to which we turn in
the next section.

IV. MODULAR S, x SU(5) GUT

In this section we construct a SU(5) GUT model based
on S, modular symmetry, and no flavon field other than the
modulus 7 is used.

A. Fields and symmetries

The model is based on the grand unified group SU(5)
combined with modular S, family symmetry, with the field
content shown in Table IIl. The left-handed quarks and
leptons are unified into the representations 5, 10 and 1 of
SU(5) according to

ds 0 ug —uj u, d,

dj, .0 ut o u, d,
Fun5~ | dS | Ty~10~| 0 0 0wy dy |

e” ... 0 e

-v/, N
Nyg~1, (24)

where the fields with superscript ¢ stands for CP con-
jugated fields (which would be right-handed without the ¢
operation), and @ = 1, ..., 3 is the family index. The three
families are controlled by a family symmetry S,, with F
forming a triplet and the first two families of 7 forming a
doublet, while the third family 7’3 (containing the top
quark) is a singlet, as summarized in Table III. The choice
of the third family 7’3 being a singlet, permits a renorma-
lizable top-quark Yukawa coupling to the singlet Higgs
discussed below. There are two (CP conjugated) right-
handed neutrinos which transform under S, as N, ~ 1', 1.

The S, singlet Higgs fields Hs, Hs and Hzz, each contain
a doublet SU(2); x U(1), representation that eventually
form the standard up (H,) and down (H ;) Higgses of the
minimal supersymmetric standard model, where the H,
emerges as a linear combination of doublets from the H
and Hyz) [94].1 The VEVs of the two neutral Higgses are

'As Hz and Hyz transform differently under U(1), it is clear
that the mechanism which spawns the low energy Higgs doublet
H ; must necessarily break U(1). Although the discussion of any
details of the SU(5) GUT symmetry breaking (which, e.g., could
even have an extra dimensional origin) are beyond the scope of
our paper, we remark that a mixing of Hz and Hzz could be
induced by introducing the pair H3; with U(1) charges +1 in
addition to the standard SU(5) breaking Higgs H),.
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TABLEIL
trg, Where Yo~ —1.045 — 0.603i, Y ~

The values of the modular forms with weights ky = 2, 4, 6 and level four at the fixed points zg, 77 and
1.793 and Y75~ —0.896 — 1.553i. Notice that there are two linearly-

independent modular forms in the representations 3 and 3’ at weight 8 [53,54], and both Y§8> (zgr) and Yy (zgr) are

proportional to (0, 1,0)"
direction (0,0,1) at the point 7 = 7g7.

. Analogously there are three independent triplet modular forms Y

(10) aligned in the

TS:i

2

TsT = @ Trs = —W
Ygz) Ys(1,-1) Yr(0,1) Yr5(1,0)
6% —2Ys(1,1+ 6,1 -6) V30Y(0,1,0) — 2 Yr5(1.1.~3)
y(14) —2Y§ 0 0
Y (). Y3(1,0) s(0.1)
v -2V20Y3(1,-1. 1) V3wY3(0,0,1) —22Y75(1.=3.1)
2 2
vy —%Y%(l,l—\ﬂ,u\/ ~V30Y3(0,0,1) wY Fg(1=1.1)
Y;(’) 0 Y?ST YSTS
Yi{’) 2Y3 ~Yir Yig
v —2Y3(1.-1) (0,0) 0.0)
yfl) 2—\/’5 Y3(1,1+6,1-6) (0,0,0) (0,0,0)
v -2 Y3(1,1 - \ﬂ 1+ \/ V3wY3.(1,0,0) 9 Yis(1,-2,-2)
v —2fwy*(1 ) V3wY3:(1,0,0) — 5 Yis(1,-2,-2)
TABLE III. The modular Sy x SU(5) model with matter and  singlet modular form Y §4) listed in Eq. (26), where the

Higgs fields and their associated representations and modular
weights given by —k;. We have also included a weighton field ¢,
and a driving field y°.

Field Ty T=(T,.T,)' F N, N, Hs Hs Hz ¢ 4°
SU(5) 10 10 51 1 5 5 35 11
Sy 1 2 311 1 1 1 11
k; 4 1 34 -1 =21 1 10

(25)

v v
v, :72&% Ud:727

V911 V91t

where tﬁztanﬁ:z—gandu: \/v3 + 0% =174 GeV.

B. The weighton

The weighton was introduced in [45] as a means of
naturally generating fermion mass hierarchies. The
weighton will develop a vacuum expectation value which
may be driven by a leading order superpotential term

4
4 ¢
Wdriv:)(()(Y; M2

-, (26)

where % is an S, singlet-driving superfield with zero

modular weight, while M is a free dimensionful mass scale,
where we assume M < M ;. This is similar to the usual
driving field mechanism familiar from flavon models
[2,95-100], except for the presence of the lowest-weight

quadratic term ¢2 1s forbidden since Y§2> does not exist, and

we have dropped higher powers such as ¢°, and so on. As
usual [2,95-100], the structure of the driving superpotential
Wiy may be enforced by a U(1), symmetry, with the
driving superfield y° having R = 2, the weighton ¢ and
Higgs superfields having R = 0 and the matter superfields
having R = 1, which prevents other superpotential terms
appezsl.ring.2 The F-flatness condition gives

oW, riv 4 ¢4

which leads to the following VEV of the weighton ¢,
/4
(@) = a3, v (28)

After the weighton ¢ develops a VEV, the nonrenormaliz-
able terms are suppressed by powers of

5=1? (ﬂ)l/z’ (29)

Mfl Mfl

where M, is a dimensionful cutoff flavor scale.

At the low-energy scale, after the inclusion of SUSY breaking
effects, the U(1), symmetry will be broken to the usual discrete
R-parity [95]. Such SUSY breaking effects may also modify the
predictions from modular symmetry [22]. However the study of
SUSY breaking is beyond the scope of this paper.
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C. Yukawa matrices

In this subsection we consider the leading-order Yukawa
operators, allowed by modular symmetry. There are no
flavons, but we shall assume that there are several moduli
which are located at different fixed points, as discussed earlier.
As shown in [65,66,77], different residual symmetries are
preserved at different points in multidimensional moduli
space such that fields which live at different locations in
moduli space feel a different amount of modular symmetry.
However, constructing a model with four different moduli in
the up-type quarks, down-type quarks, and neutrino sectors is
beyond the scope of the present work, and our approach is
purely phenomenological here. Furthermore, concrete mod-
els with several moduli frozen at distinct fixed points could be
constructed, and certain flavons which are bitriplets of the
multiple finite modular groups are generally necessary
[55,57,81]. For the up-type quarks we write down the allowed
nonrenormalizable operators, and allow all possible group
contractions, making use of the weighton field to generate
mass hierarchies of the up and charm quarks as compared to
the top quark mass which appears at the renormalizable level.
For the down-type quarks and charged leptons, the weighton
field can also help to generate the mass hierarchies, and a mild
fine tuning is necessary to obtain the measured Cabibbo
angle. There is a texture zero in the (1,1) element such that the
GST relation is approximately satisfied. The neutrino masses
and mixing arise from having two right-handed neutrinos
with CSD(3.45).

1. Up-type quarks

The Yukawa matrix of the up-type quarks can be con-
structed by considering the nonrenormalizable operators
TTHs, T3THs, and the renormalizable operator 7375Hs
for the (33) element. The nonrenormalizable operators are
suppressed by powers of a common mass scale M ; leading to
powers of the flavor factor ¢ as in Eq. (29). We assume that
the modular symmetry is broken down to the Z5 subgroup
generated by 7'S. We shall use the modular forms at the fixed
point 774 = —@w”, namely the weight-two modular form
Y ;2) = Yrg(1,0)7, the weight four modular form Y. f) =
Y24(0, 1), and the weight six modular form ¥'*) = —¥3,, as
shown in Table II. The most important operators which
generate a contribution to the up-quark Yukawa matrix are’

%C%“Ygt) (TT),Hs + ﬁur?ﬁsz)(TT)sz + 74 Y§?> T5T3H;
+ e, dT5(TY3)) y Hs. (30)

The term (TT);Hs is exactly vanishing because the S
contraction rule for 2®2 — 1" implies (77); = (0,0)".
Although the term ¢°Y gé)(TT)lH 5 would lead to nonvanishing
(12) and (21) entries of up-type quark mass matrix, its contri-
bution is suppressed by ¢°.

Note that the lowest nontrivial modular weight containing the
singlet is weight four and that is zero at the fixed point

Y §4) (r75) = 0. This implies that the doublet contraction
(TT), plays an important role, leading to a diagonal up-type
Yukawa matrix, using the Clebsch-Gordan coefficients for
2 ® 2 in Appendix A, and the fixed point values of the
modular forms above, we have

a,p* 0 0
yl(‘}UT ~ 0 ﬂu&z €uq~5 ’ (31)
0 €L¢$ 7u

where the factors Y7.¢, Y, Yf), and Y7, have been absorbed
into the coupling constants a,, f,, 7., and €,, respectively.
The parameters /3, and y,, can be taken as real by exploiting
the field redefinitions of 7 and T'5. Moreover, the phase of a,,
is irrelevant to both quark masses and CKM mixing matrix,
and its phase can be absorbed into the right-handed charm
quark. However, ¢, is generally a complex parameter. The
suppression factor in Eq. (29) generates the up and charm
quark mass hierarchy naturally, with m, ., P,
assuming a, ~ 3, ~ v, ~ O(1). It is well known that mass
hierarchy among the up quarks is m,, :m, :m, ~ A8:1*: 1 with
A~ 0.22 being the Wolfenstein parameter. As a consequence,
the weighton VEV ¢ is expected to be of order A2,

2. Down-type quarks and charged leptons

We assign the three generations of the matter fields F to
an S, triplet 3, the first two generations of the 10-plet
transform as a doublet 2 under S,. Thus there are two
options: (T1,T>)" ~2 and (T,,T,)" ~2.

a. (Tl, Tz)T ~2

We have the following contractions for 7" and F

TFy+T,F;
T\F3+T)F, |,
T\F\+T,F,

(TF):; ~

T\F,—T,F,
T,F; —T,F, (32)
TF—-T)F,

(TF)y ~

We see that 7| F| and T, F,, which are related to the
down and strange quark masses respectively, appear
simultaneously as the third component of both con-
tractions (TF); and (TF)y. The operators TFHz and
TFHZz combining with modular form Y3 or Yy,
generate the masses of the down quarks and charged
leptons. As a result, the down and strange quark
messes would be of the same order except for the
case that the contributions of (TF); and (TF)y cancel
with each other.
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b. (Tz, TI)T ~ 2
We have the following contractions for 7" and F

TFy, +T,F3
TF3 +TF, |.
T,F\+T,F,
Ty F, — T Fs
T,Fy—TF, |. (33)
IF,—TF,

We see that 7,F, and T|F, appear in the first and
second components of these contractions respectively.
Hence fine tuning is not necessary to explain the mass
hierarchies between the down and strange quarks. This
is the reason why the assignment (7,,7T;)7 ~2 is
chosen in the model [101].

Then the Yukawa matrices of the down-type quarks and the

charged leptons can be deduced from the leading super-

potential operators®

and® (Y$(TF)3)1Hs + and® (YS (TF)3), H5+ﬁdl¢<ys (TF)3),Hs

+ﬂd2¢<Y;§>(TF)3’) Hs + Vd(Y( )F) T3Hs + €d¢2(

8)

+ ad1¢3(Y3 (TF)3)Hp + ad2¢3(Y3’ (TF)3),

O'F),THs

Has + B d(YS) (TF)y) s

" 6 8 ~ 10
+ B (Y (TF)y) Has + vy (Y F) T3 Has + €, (Y " F) T3 Hys. (34)

Notice that the Yukawa couplings to Hzz replicate those of
Hs because both Higgs multiplets Hz and Hgz are Sy
singlets with the same modular weight. The phase of the
coupling y, is irrelevant and it can be absorbed by
redefinition of the supermultiplet F. The modular sym-
metry is assumed to be spontaneously broken down to a Z5
subgroup generated by S7, and the alignments of the

modular forms are Yg@ = Ygé) =3wY3;(1,0,0), Y y®)

33 &
(0,1,0) and Yglo) x (0,0,1) at the fixed point zg7, as
shown in Table II. Using the Clebsch-Gordan coefficients

for the different S, contractions as in the Appendix A and

separating the contributions of Hs and Hzz, we find
0 (agr +an)d® 0
Ysx | (@ —an)d®  (Pa +Pua)b  €d” |
(Bar — ﬂdZ)& 0 Ya
0 (@ +ap)p® 0
Vir | @y —ap)d By +Bd dd | (39)
(B — ﬁiiz)‘% 0 Ya

(6 )
3
(0,0,0) at the fixed point 7 = gz, as shown in table II. Moreover

§8> and Y g,) stand for the two independent-weight eight-triplet
modular forms transforming as 3 and 3’ respectively, and they are
proportional to (0,1,0) at residual modular symmetry conserving

‘Here Y, ) refers to Y (3 1)1 since Y% is vanishing with Y3

point zg7. Y(310) denotes the three independent-weight ten-modu-
lar forms in the representation 3, and its values is proportional to
(0,0,1) at the fixed point 7 = 7g7.

where the convention for the above Yukawa coupling
is F;(¥s),;T; and F;(Vyz);;T;. Notice that the (11)
and (32) elements of )5 and )z can arise from the

operators &55(Y310 (TF)3); H5, ¢5( (TF)3/) Hs,
~ 0)

P (VY (TF);) Hys, and (VY (TF)3,) 7 and they
are suppressed by ¢°. Similarly ¢4( F) T3Hs and

(/’)4( 3 )1T3HE can lead to nonvanishing (13) entry.
The Yukawa matrices of the down-type quarks and the
charged leptons are linear combinations of the two struc-
tures in Eq. (35). Following the construction proposed by
Georgi and Jarlskog [84], we have

Gur = Y5 — 3V, Véor = Vs + V)" (36)

Thus the charged lepton and down quark mass matrices are
given by M, = Véyrvy and My = Y10, respectively.
The phase of y, can be removed by the field redefinition of
the 5 matter field F while all the other parameters are
complex. Since the (11) element of the down quark Yukawa
coupling matrix is vanishing, the Gatto-Sartori-Tonin
(GST) relation 07, ~ \/my/m; [83] is approximately sat-
isfied. However, the (12) and (21) entries are suppressed by
¢® so that the Cabibbo angle is expected to be of order ¢? if
all coupling constants are of order one. Thus, the param-
eters ayy o and af;; ,, should be relatively large to repro-
duce the correct size of Cabibbo angle. This point is
confirmed in the numerical calculation, as shown in Sec. V.
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3. Neutrino Mass and Mixing

In the neutrino sector we have two right-handed neu-
trinos in S, representations N, ~ 1’ and N ~ 1, where the
respective Dirac-Yukawa couplings are determined by the
fixed points from Eq. (23) and Table II

0 1
Y| 1|, YWe|1+v6|. (37
-1 1-6

We note that, in the CSD(n) model, the two columns of
the Dirac mass matrix are proportional to (0,1,—1) and
(1,n,2 —n) respectively, [14,15,19,102], so this corre-
sponds approximately to the case CSD(3.45) [40]. By
comparison, the predictive Littlest Seesaw model and its
variant are the cases of n = 3 [14-18], n =4 [19-21,103]
and n = —1/2 [102] respectively. It has been shown that
the CSD(n) model can be reproduced from the S, flavor
symmetry in the tridirect CP approach [104,105], where
the parameter n is constrained to be a generic real parameter
by the S, flavor symmetry and CP symmetry [104,105].
Here the modular symmetry can fix the alignment param-
eter n to be 1 + v/6 ~ 3.45. This is a remarkable advantage
of modular symmetry with respect to discrete flavor
symmetry.

The most important operators for the neutrino masses are

~ ~ 1
a, @Yy F)yNHs+5,0° (Y5 F)NHs = MV VNN,

Lo - 6) /(6 ~
_EMg NN G- MOYON NG, (38)

The neutrino Dirac mass matrix and the Majorana mass
matrix of right-handed neutrinos are

mp = (ﬁyq;ﬁzY;z)vu, a,,gEY;@vu),

0) 5 6) 5
my = M9 M9 (39)
A O RO

v ¢ 1

where the Clebsch-Gordan coefficients in both contractions
are omitted for notation simplicity, Y 58) and Y;@ are absorbed
into M 58) and M g?) respectively. The heavy Majorana mass
matrix is approximately diagonal to excellent approximation.
The effective light neutrino mass matrix is given by the

seesaw formula m, = —mpmy'm? which implies
2322 272 2
= — ay¢(81)1u Y(;) Yg?)T 3 ﬁp(ﬁ(ol;u Y<32) Ygz)T’ (40)
M; M,

where the two terms are equally suppressed by ¢°. From
Eq. (40), we find the neutrino mass matrix is predicted to be

0 0 0
m,=m,| 0 1 -1
0 -1 1
1 1-v6  1+V6
+me| 1-v6 7-2v6 =5 . (41)
1+v6 =5 7426

It is notable that only three free parameters m,, m,, and 5 are
involved in the neutrino mass matrix. It is straightforward to
check that the column vector (2, —1, —1)7 is an eigenvector of
m, with vanishing eigenvalue. Therefore the neutrino mass
spectrum is normal ordering, and the lightest neutrino is
massless m; = 0, and the neutrino mixing matrix is deter-
mined to be the TM; pattern,

The charged lepton mass matrix given by Eq. (36) is not
diagonal, consequently we have to include the charged lepton
corrections to the lepton mixing matrix. Using the general
formulas for neutrino masses and mixing angles for the
Littlest Seesaw [15] and tridirect model [104,105], we see that
the experimental data can be accommodated very well for
certain values of m,, m,, and 7, as discussed in next section.

V. NUMERICAL ANALYSIS

In this section, we discuss whether the model is
compatible with the experimental data through a detailed
numerical analysis, and we take the VEVs of weighton as
¢ = 0.1 for illustration. The Yukawa matrices in Egs. (31),
(36) and the light neutrino mass matrix in Eq. (41) are
predicted at the GUT scale, thus we should compare
them with the data of fermion masses and mixing param-
eters obtained by performing renormalization group
evolution of their measured values. With regard to the
charged fermion masses and the quark-mixing parameters,
we take a representative set of data at the GUT scale
from [106] for tan = 10 and the SUSY breaking scale
Mgysy = 10 TeV. Regarding the neutrino masses and
mixing angles, we use the values of the latest global fit
NuFIT 5.0 [107], and thus we neglect the effect of
renormalization group evolution from the low-energy scale
to the GUT scale. Since two right-handed neutrinos are
introduced in our model, the lightest neutrino is massless. It
is known that the running of neutrino masses and mixing
parameters is negligible for strongly hierarchical neutrino
spectrum.
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TABLE IV. The best-fit values of the input parameters at the minimum of the y2.

au/Yu 0.05451 /}u/}/u 0.4438

|ad1 /}’d| 54.7737 arg(adl /yd) 0.05954x
1Bai /74l 2.2516 arg(Ba/va) 0.0041617
|y /74l 54.4400 arg(ay, /74) 1.056527x
1Bai /74l 2.2924 arg(By1/va) 1.01751x
l€a/val 0.5470 arg(eq/74) 1.050927
Yalva 0.3494 my/m, 0.1374

lew/7ul 0.4009 arg(e,/7.) 1.99997

lagn /74l 61.1089 arg(ag/74) 1.01548x

1Bar/ vl 2.1808 arg(Ba/v4) 0.9956x

| /74l 55.7477 arg(a, /74) 0.022087

1B/ 7l 2.1003 arg(Bp/va) 1.97997x

€}/ 7al 0.1625 arg(el/vq) 1.9962x
n 133307 $=01

As discussed in Sec. IV C, the up-type quark-Yukawa
couplings have three real parameters «,, f,, 7,, and one
complex parameter €, the down quark and charged lepton
sectors involve 12 parameters ay; i2, Bat.azs Ya> €as Uy g
Pt ao» V> and €/, which are all complex numbers except for
74, and the light neutrino mass matrix only depends on
three real parameters m,, m,, and 7. We optimize the values
of these parameters by using the conventional y? analysis,
and the y? function is defined as

i=1

where O; and o; denote the central values and the 1o errors
of the corresponding quantities shown in Table V, and P;
are the predictions for the corresponding observables as
complex functions of free parameters of the models. We
numerically diagonalize the Yukawa matrices V¢ 1, Ygut
ygUT as well as the light neutrino mass matrix m,,, then we
can obtain the predictions for the masses, mixing angles,
and CP violation phases of both quarks and leptons. The
lepton mixing matrix is parametrized in terms of mixing
angles and CP phases in the convention of PDG para-
metrization [108],

TABLE V. The predicted values of the masses and mixing parameters of quark and lepton in the model. The best
fit values and 1o uncertainties of the quark and lepton parameters are evolved to the GUT scale as calculated in
[106], with the SUSY breaking scale Mgysy = 10 TeV and tan # = 10. The data of lepton mixing angles, Dirac CP
violation phases 5[CP and the neutrino mass squared differences are taken from NuFIT 5.0 [107].

Observables Best-fit 1o Predictions
609, [rad] 0.22736 4 0.00073 0.22736
0%, rad] 0.00349 4 0.00013 0.00349
03, [rad] 0.04015 + 0.00064 0.04015
5Lp[7 69.21330 + 3.11460 69.21632
m,/m, (1.9286 + 0.6017) x 1073 1.9291 x 1073
m./m, (2.8213 £ 0.1195) x 1073 2.8213 x 1073
my/m (5.0523 £ 0.6191) x 1072 5.0532 x 102
mg/m, (1.8241 £ 0.1005) x 1072 1.8240 x 1072
m, [GeV] 87.45553 +2.08874 87.45553
m,, [GeV] 0.96819 + 0.01063 0.96819
sin’ 0, (NO) 0.3040013 0.30402
sin” 613 (NO) 0.0221970 5000 0.02219
sin” 64 (NO) 0.573200%0 0.57302
8cp[°) (NO) 19742 197.01325
m,/m, (4.73689 + 0.04019) x 1073 4.73683 x 1073
m,/m, (5.85684 + 0.04654) x 1072 5.85684 x 1072
m, [GeV] 1.30234 + 0.00679 1.30234
Am3, [107° eV?] (NO) 742402} 7.42000
Am3; [107 eV?] (NO) 2.517:002 251711
p/° (NO) e 17.68308
m [meV] (NO) 0
my[meV] (NO) 8.61394
m3[meV] (NO) 50.17078
peon 2.4057 x 1075
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where ¢;; = cos 0}, s;; = sin 0}, 8- is the Dirac CP phase
and p;, are Majorana CP phases. In our model the
Majorana CP phase p; is unphysical since m; = O there-
fore the only physical Majorana CP phase is p = p,. The
quark mixing matrix is parametrized in a similar way
without Majorana CP phases. The ratios between the
charged fermion masses are included in the y? function,
and the measured masses of the third generation can be
exactly reproduced by adjusting the overall scales of the

mass matrices. Similarly we include the ratio Am3,/Am3,
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instead of Am3, and Am3, individually in y°. The absolute
values of the ratios of the Yukawa couplings are treated as
random numbers between O and 1000, and the phases
of complex couplings vary in the range of [0,2x]. The
numerical minimization of the y? function gives the best-fit
point in parameter space which minimizes the y2, as shown
in Table IV. From the fitted values of the parameters, one
can obtain the predictions for the masses and mixing
parameters in the quark and lepton sectors. The results
of the fit are summarized in Table V. Obviously the model
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FIG. 1. The contour plots of sin? #},, sin” 6}, sin? 0, and m3/m3 in the plane r = m,/m, versus n/x. The cyan, red, green, and blue
areas denote the 3¢ regions of sin® 6},, sin® @}, sin® 65, and m2/m3 respectively. The solid lines denote the 3¢ upper bounds, the thin
lines denote the 36 lower bounds and the dashed lines refer to their best-fit values [107]. The panel (a) is for CSD(3.45) without charged
lepton correction [40]. For the panel (b), the input parameters (except m, m,, and 1) are taken to be the best fit values shown in Table I'V.
The panels (c) and (d) show two very similar plots for another two local minima of y%, namely the first and second local minima,
respectively, discussed in Appendix B.
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can accommodate the experimental data very well; all the
observables fall within the 1o experimental ranges.

The overall mass scales y,v, and y,v, are fixed by
the top quark and tau masses m, ~ 87.4555 GeV, m, ~
1.30234 GeV respectively at GUT scale [106],

7.V, = 87.31479 GeV, Yavq = 0.71748 GeV. (45)
For tan ff = 10, we can obtain the values of the Yukawa
couplings y, and y, as follows:

7. = 0.504, ra = 0.0414. (46)
The absolute values of other couplings can be extracted from
their ratios with y,, and y,; given in Table I'V. Clearly some of
the absolute dimensionless couplings such as y,; are not of
order unity, as they would expected to be according to the
weighton approach. Also we see that the couplings o, 4
and a4, are large (but remain perturbative) in order to
reproduce the observed values of the Cabibbo angle, as has
been emphasized in Sec. IV C2. However, the hierarchy
among the coupling constants is much less than that of quark
masses. As shown in Eq. (36), the charged lepton and down
quark mass matrices are closely related and they depend on
the same set of parameters. Thus we can determine the
bottom quark mass as

Y —
200} ‘ :
— 180 i =
& i ] 3
oo “.“‘\ I
140f o OWIGii TE
120- L L Il L L I ' N | s
0.54 0.56 0.58 0.60 0.62
sin’65;
0.33} ]

:q;: 0.32f 7 —
g SE
0.31F 1
0.30F 5
n " L " n 1 " " 1 L " 1
0.54 0.56 0.58 0.60 0.62
sin’65;

my, ~0.96819 GeV. (47)
It is quite close to tau mass; consequently, approximate b — 7
unification is predicted in the model. The parameter m, is
fixed by requiring that the mass squared difference Am3, =
7.42 x 107 eV? is reproduced,

m, = 22.896 meV. (48)
Thus the absolute values of the light neutrino masses can be
determined,
m; =0meV,

ny, =8.61394meV, m3=>50.17078 meV.

(49)

The neutrino mass spectrum is normal ordering, and the
lightest neutrino is massless as only two right-handed
neutrinos are introduced in the model. Moreover, the
Majorana CP phase p and the effective Majorana mass in
neutrinoless double beta decay are found to be

p=17.68308°,  my;~3.366meV.  (50)

In the present model, the lepton mixing matrix receives
corrections from the charged lepton sector. At the best fitting
point, the charged lepton diagonalization matrix is found to be

220 L B B L A
200} ( ;
180 .
160F ‘I .
140 L T
120-. PR (S SR S S SN T S S ST SR [ ST SR ST S R S S il
030 031 032 033 034
sin’6!,
25F T T T ]
20¢ ’ ]
15F 4 :
10} i ]
Sk ’ .
0' . P B P P 1
0.54 0.56 0.58 0.60 0.62
Sin20é3

FIG. 2. Numerical results for the correlations among the lepton mixing parameters, where the “star” refers to the best fitting point. The
scans were performed about the best fit point discussed in this section and the two local minima discussed in Appendix B.
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FIG. 3. Numerical results for the correlations among the quark mass ratios and mixing parameters, where the “star” refers to the best
fitting point. The scans were performed about the best fit point discussed in this section and the two local minima discussed in Appendix B.

—-0.2763 + 0.9247i —0.0750 4- 0.2510; 0.000063 — 0.00021:

U= 02520-0.0308; —0.9284 4 0.1135;  0.2446 — 0.0299i . (51)
—0.0643 0.2379 0.9692
|
We show the contour plots of lepton mixing angles sin” §,,,  particular symmetry preserving directions, called stabiliz-

sin? @3, sin? 03 and the mass ratio m3/m3 in the plane  ers, without introducing flavons or driving fields. The use
r=my/m, versus n in Fig. 1, where all other input  of multiple moduli at fixed points is justified in the
parameters except r and 7 are fixed to their best-fit values  framework of string theory. It is also possible to use
collected in Table IV. In the original CSD(3.45) model,  weighton fields to account for charged fermion mass
there are two small regions in the  — r plane which can  hierarchies rather than a Froggatt-Nielsen mechanism.
accommodate the measured values of lepton mixing angles  Sych an approach can be applied to flavoured GUTs which
but give CP violation phases of opposite sign. After .5 be greatly simplified using modular forms.

including the charged lepton corrections, we find only a As an example, we have considered a new modular

single small region is phenomenologically viable. Further- 10461 based on (T ~ S4) x SU(S), where all flavons and
more, we numerically scan the parameter space and require

all the obervables in the experimentally preferred 3¢
regions, The correlations between the masses and mixing
parameters are shown in Figs. 2 and 3 for the lepton and
quark sectors respectively.

driving fields are removed, with their effect replaced by
modular forms with moduli assumed to be at various fixed
points, rendering the theory much simpler. The neutrino
sector constitutes a minimal 2RHN seesaw model based
on CSD(n) with n = 1 + /6 ~ 3.45, intermediate between
CSD(3) and CSD(4), however being subject to charged
VL. CONCLUSION lepton corrections. Using the stabilizers, we have repro-

Modular symmetry offers the possibility to provide an ~ duced some of the classic features of GUT models such as
origin of discrete flavor symmetry and to break it along  the GST and GIJ relations, although we have seen that these
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relations apply in a more generalized form as the limiting
cases of a choice of parameters. However, in the case of GJ,
this is to be welcomed, since those relations do not work if
strictly imposed.

In the considered model we have included a single
weighton field to ameliorate the large hierarchies in the
charged fermion mass matrices, although some tuning will
remain at the percent level. The best fit to the parameters of
the model indicates that the largest charged lepton correc-
tions to CSD(3.45) mixing are of order of the Cabibbo
angle, but occurring in both the (1,2) and (2,3) entries of the
charged lepton mixing matrix. Nevertheless the model
leads to robust predictions for lepton mixing parameters,
which we have compared to those from the pure CSD(3.45)
model with no charged lepton corrections. We have
performed a numerical analysis, showing quark and lepton
mass and mixing correlations around the best fit points.
Since the lightest neutrino mass is zero, and the phases are
predicted, the neutrinoless double beta decay parameter is
found to be mgz ~ 3.4 meV which is unobservable in the
near future.

In conclusion, we have shown that conventional field
theory GUT models with flavor symmetry broken by
flavons may be drastically simplified using modular sym-
metry with several moduli assumed to be at their fixed
points. The considered (I'y ~ S4) x SU(5) model results in
a dramatic simplification with the nine flavons and 13
driving fields of the HKL model being replaced by a single
weighton and its driving field.
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APPENDIX A: GROUP THEORY OF I'y = S,

The finite modular group I'y = T'/T'(4) at level N = 4 is
isomorphic to S; which is the permutation group S, of
four objects. Geometrically I'; is the orientation-preserving
symmetry group of the cube (or equivalently the

octahedron). The group I'; can be obtained from the
generators S and 7 of the modular group by imposing
the additional constraint 7% = 1, thus they obey the
following multiplication rules

§? = (ST} =(TS)*=T*=1. (A1)
The group I'y has two one-dimensional irreducible repre-
sentations denoted by 1 and 1/, a two-dimensional repre-
sentation denoted by 2, and two three-dimensional
representations denoted by 3 and 3'. We adopted the same
convention as that of [40]. We have S = T = 1 in the trivial
singlet representations 1 and S =7 = —1 in the singlet
representation 1. For the doublet representation 2, the
generators S and T are represented by

0 1 0 w?
S == N T = )
1 0 o 0
with @ = €?7/3. The triplet representations 3 and 3’ are
given by

(A2)

1 -2 -2
3,3’:S:i% -2 =2 1 |,
-2 1 =2
1 20 2w
T = :l:% -2 20 o |, (A3)
-2 @ 2w
where the “+” and “—" signs are for 3 and 3’ respectively.

Notice that the triplet representations 3 and 3’ correspond
to 3’ and 3 of Refs. [53,54] respectively. In this basis,
the tensor products of two doublets a = (a;,a,)” and
b= (by,b,)T are

a b
( : ) ® < l > = (a1by + asby); @ (a1by — axby)y
2 2

‘12 £2
@ <az£2>

The multiplication laws for the contraction of doublet and
triplet are

(A4)

bl a1b2+a2b3 albz—a2b3
a
<a1) | by | =| atbstayby | & | aibs—axb; | .
272 b3 3 a1b1+a2b2 3 albl—azbz 3
bl ﬂ1b2—02b3 Cllb2+azb3
a
<a1> ® b2 = a1b3—612b1 @ a1b3—|—a2b1
2/2
b3 3 albl—a2b2 3 a1b1+a2b2 3
(A5)
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Finally the contraction rules of two triplets are given by

@ b ayby + aybs + azh,
a | ® | by | =(aiby +aybs +azby), & <d3b3 +ah, —|—a2b1>2
as / 3 by /3
a,by — azb, 2a,by — ayb; — azb,
® | ab, —ayb, @ | 2a3b; —albz—a2b1>
azby —aybsy /5 2a;b5 — aybs — a3b,
@ b ayb, + a bz + asb,
a | | b = (a1by + axb3 + azby); & <a3b; +ayby + ayb, )2
as )y by ) 5
a,by — azb, 2a,by — ayb; — azby
® | a1by—ayby | @ | 2a3b3 —aiby —axby | .
azby —abs ) 4 2a,b, —aybs —azby ) 3
“ b by + aybs + azb
20y +ay b3 + azb,
a | ® | by | =(aib) +axbs+azbhy); & (—(a3b3 +aghy + a2b1)>
as / 3 by ) ¥
2a,by — ayb; — azby a,by — asb,
@ | 2a3b3 —a;by — ab, ® | ab,—ab; | . (A6)
2a,by — a\by —azby ] 4 azby —a1bs ) 5

APPENDIX B: TWO REPRESENTATIVE LOCAL MINIMA OF y?

Since the input parameter space is of high dimension, there are usually some local minima of the y? function besides the
global minimum. We give here two representative local minima with slightly different features, and the best-fit values of the
input parameters are listed in the following. For the first local minimum, we have

)7y = 005744, Bu/ve=04171,  leu/7.| = 04039,  argle,/y.) = 0.07387x,
|(Zd1 /}/d| = 546783, arg(adl/yd) = 00492077,', ‘(Zdz/}/d| = 563682, arg(adz/yd) = 100547477,
\Bar/val = 2.3851, arg(Bai/va) = 0.003877x, Bar/val = 1.9880, arg(Ban/va) = 0.9795x,
oy /rq = 57.8501,  arg(dy/yq) = 1.02773x,  |dp/va| = 58.1969,  arg(aly/y,) = 0.014437,
dl dl d2 d2
B /ral =22578,  arg(B,/ys) = 1.00004372z,  |Bp/val =2.0927,  arg(f,/rs) = 1.9788x,
lea/val = 05067,  arg(ey/vq) = 1.087757,  |€,/yal =0.1507,  arg(€,/y,) = 0.2359x,
Vi /ya =03441,  my/m, =0.1357,  n=1332lx (B1)

For the second local minimum, they are
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TABLE VI. The predicted values of the masses and mixing parameters of quark and lepton at the two representative local minima of .

Predictions
Parameters Bestfit + 1o First local minimum Second local minimum
6%, [rad] 0.22736 + 0.00073 0.22759 0.22729
0%, [rad] 0.00349 + 0.00013 0.00343 0.00349
0%, [rad] 0.04015 + 0.00064 0.04050 0.03928
5Lpl7 69.21330 =+ 3.11460 68.95980 69.42020
m,/m, (1.9286 & 0.6017) x 1073 2.0487 x 1073 1.8561 x 1073
m./m, (2.8213 +£0.1195) x 1073 2.7993 x 1073 2.7968 x 1073
mg/my (5.0523 £0.6191) x 1072 5.0763 x 1072 4.9429 x 102
mg/my, (1.8241 £ 0.1005) x 1072 1.8188 x 1072 1.9564 x 1072
m, [GeV] 87.45553 4 2.08874 87.45553 87.45553
my, [GeV] 0.96819 + 0.01063 0.97177 0.98276
sin? 6%, (NO) 0.3041001 0.30721 0.31340
sin? @}, (NO) 0.022197 0005 0.02231 0.02242
sin® 65, (NO) 0.573000 0.58286 0.57132
5Lp7] (NO) 1973 158.22542 154.42225
m,/m, (4.73689 + 0.04019) x 1073 473926 x 1073 473272 x 1073
m,/m, (5.85684 4- 0.04654) x 1072 5.84221 x 1072 5.87193 x 1072
m, [GeV] 1.30234 =+ 0.00679 1.30234 1.30234
Am3, [107° eV?] (NO) 7421021 7.42000 7.42000
|Am3, | [107* eV?] (NO) 25171958 2.49889 2.51657
p/° (NO) e 9.21346 7.13008
m;[meV] (NO) 0 0
m,[meV] (NO) 8.61394 8.61394
m3[meV] (NO) 49.98889 50.16546
i 4.1205 9.2244

a,/7, = 0.05199,
a1 /74| = 54.8850,
Bur /4] = 21891,
&y /74l = 55.9912,
By /14l = 22935,

leqa/val = 0.5201,

Yy/va = 0.3510,

Bulve = 0.4276,

arg(ay1/vq) = 0.05932x,
arg(Bq1/rq4) = 0.004274x,

arg(ay, /74) = 1.03818ux,
arg(B),/rq) = 1.011137,
arg(ey/vq) = 1.01137x,
mg/m, = 0.1405, 5 =1.3325z.

lew/7u| = 0.3923,
/74 = 60.1485,
\Bar/val = 2.1371,
| /74l = 56.1061,

Bin/val = 2.04182,

lel,/yal = 0.1631,

arg(e,/v,) = 1.9618mx,

arg(adz/yd) = 1032177:,
arg(Ba/va) = 0.9949x,
arg(ap/vq) = 0.02192x,

arg(Bln/14) = 197947,
arg(el,/y,) = 0.04043x,

(B2)

From the fitted parameters, we can obtain the predictions for the masses and mixing parameters of both quarks and leptons,

and the results are summarized in Table VI
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