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Large momentum effective field theory (LaMET) enables the extraction of parton distribution functions
(PDF’s) directly on a Euclidean lattice through a factorization theorem that relates the computed quasi-
PDF’s to PDF’s. We apply chiral perturbation theory (ChPT) to LaMET to further separate soft scales, such
as light quark masses and lattice size, to obtain leading model independent extrapolation formulas for
extrapolations to physical quark masses and infinite volume. We find that the finite volume effect is reduced
when the nucleon carries a finite momentum. For nucleon momentum greater than 1 GeV and the lattice
size L and pion mass mπ satisfying mπL ≥ 3, the finite volume effect is less than 1% and is negligible for
the current precision of lattice computations. This can be interpreted as a Lorentz contraction of the nucleon
size in the z-direction which makes the lattice size effectively larger in that direction. We also find that the
quark mass dependence in the infinite volume limit computed with nonzero nucleon momentum reproduces
the previous result computed at zero momentum, as expected. Our approach can be generalized to other
parton observables in LaMET straight forwardly.

DOI: 10.1103/PhysRevD.104.054508

I. INTRODUCTION

Large momentum effective theory (LaMET) enables
computations of parton distribution functions (PDF’s) of
hadrons on a Euclidean lattice. LaMET relates equal-time
spatial correlators (whose Fourier transforms are called
quasi-PDF’s) to PDF’s in the infinite hadron momentum
limit [1,2]. For large but finite momenta accessible on a
realistic lattice, LaMET relates quasi-PDF’s to physical
ones through a factorization theorem, which involves a
matching coefficient and power corrections that are sup-
pressed by the hadron momentum:

q̃ðx; Pz; aÞ ¼
Z

1

−1

dy
jyjZ

�
x
y
; yPz; a; μ

�
qðy; μÞ

þO
�
M2

P2
z
;
Λ2
QCD

P2
z

�
; ð1Þ

where x and y are momentum fractions of the parton with
respect to the hadron, Pz is the hadron momentum, q̃ is the

quasi-PDF defined computed on a lattice with lattice
spacing a while q̃ is the PDF defined at the scale μ:M
is the hadron mass and ΛQCD is the strong interaction scale.
The hierarchy of scales follows

π

a
≫ Pz ≫ M; ΛQCD ≫

π

L
; ð2Þ

with L is the size of the lattice, such that the power
correction is small. q̃ and q have the same infrared physics.
Their difference in the ultraviolet is compensated by the
matching kernel Z. The proof of factorization was devel-
oped in Refs. [3–5].
Since LaMET was proposed, a lot of progress has been

made in the theoretical understanding of the formalism
[4,6–62]. The method has been applied in lattice calcu-
lations of PDF’s for the nucleon [19,25,26,28,63–77], π
[78–80] and K [81] mesons. Despite limited volumes and
relatively coarse lattice spacings, the state-of-the-art
nucleon isovector quark PDF’s, determined from lattice
data at the physical point, have shown reasonable agree-
ment [66,67] with phenomenological results extracted from
the experimental data. Encouraged by this success, LaMET
has also been applied to Δþ [82] and twist-three PDF’s
[83–85], as well as gluon [86], strange and charm distri-
butions [87]. It was also applied to meson distribution
amplitudes [20,88–90] and generalized parton distributions
(GPD’s) [91–94]. More recently, attempts have been made
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to generalize LaMET to transverse momentum dependent
(TMD) PDF’s [95–102] to calculate the nonperturbative
Collins-Soper evolution kernel [97,103,104] and soft
functions [105] on the lattice. LaMETalso brought renewed
interests in earlier approaches [106–112] and inspired
new ones [113–128]. For recent reviews, see, e.g.,
Refs. [129–133]. The renormalon ambiguity in the match-
ing kernel Z was first studied in Ref. [48] which implies
the power correction due to higher twist effect should
be OðΛ2

QCD=x
2P2

zÞ to cancel the renormalon ambiguity.
However, the study of bubble chain diagrams of Ref. [134]
did not find the slow convergence of the kernel at three loop
order, indicating that the renormalon effect could be mild to
this order in quasi-PDFs.
Despite the progress made in LaMET, the LaMET

factorization theorem of Eq. (1) makes no attempt to
separate the light quark mass scales mu;d and L from
scales such as ΛQCD or Λχ (the scale of chiral symmetry
breaking). Thus q̃ is a function of all these scales, while q is
expected to have the same quark mass dependence as q̃ but
no volume dependence. As lattice exploration of the mu;d

and L parameter space requires a significant amount of
computing resources, model independent formulas to guide
the extrapolations to physical quark masses and infinite
volume are of practical importance. An effective field
theory (EFT) approach such as chiral perturbation theory
(ChPT) is ideal for this purpose, as EFT only relies on the
symmetries and the scale separation of the system, hence
the results are model independent.
ChPT has been successfully applied to many aspects of

meson [135], single- [136,137], and multinucleon systems
(see [138–143] for reviews). In particular, ChPT has been
applied to PDF’s in the meson and single nucleon systems,
first in Refs. [144–146] then in [147–152] with more
applications in PDF’s as well as other light-cone dominated
observables such as generalized parton distributions
(GPD’s) [153–158]. ChPT has also been applied to multi-
nucleon sectors to study the EMC effect [159,160] and the
connection between the EMC effect and short range
correlations [161,162].
In this work, we establish the procedure to apply ChPT

to LaMET. The previous success of ChPT can then be
directly carried over to LaMET straightforwardly. As an
example, we work out the light quark mass dependence and
finite volume corrections to nucleon quasi-PDF’s. Other
applications such as the quenched, partially quenched, and
mixed action artifacts, generalizing from SU(2) to SU(3), as
well as the off-forward kinematics study of GPD’s and so
on, can all be studied within this framework.

II. APPLYING CHPT TO QUASI-PDFS

In this section, we apply ChPT to both unpolarized and
polarized isovector nucleon quasi-PDF’s. The application
to other quasiobservables can follow the same procedure.

For the unpolarized nucleon quasi-PDF, the equal-time
correlator computed on the lattice is

hðz; PzÞ ¼
1

2Pz
hNðPÞjψ̄ðzÞγzWðz; 0Þψð0ÞjNðPÞi; ð3Þ

where jNðPÞi is a nucleon state with momentum Pμ ¼
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ P2

z

p
; 0; 0; PzÞ and the Wilson line is

Wðz; 0Þ ¼ exp

�
igsλμ

Z
z

0

dz0Aμðz0λνÞ
�
; ð4Þ

with gs is the strong coupling constant and λμ ¼
ð0; 0; 0;−1Þ. The Fourier transform of this correlator yields
the unpolarized quasi-PDF

q̃ðx; PzÞ ¼ Pz

Z
∞

−∞

dz
2π

eixPzzhðz; PzÞ: ð5Þ

Using γt instead of γz in Eq. (3) to avoid mixing with
another operator of the same mass dimension [13,27] will
not affect the chiral and finite volume corrections computed
in this work.
For the longitudinally polarized quasi-PDF, the equal-

time correlator computed on the lattice is

Δhðz;PzÞ¼
1

2Msz
hNðP;sÞjψ̄ðzÞγzγ5Wðz;0Þψð0ÞjNðP;sÞi;

ð6Þ

with the nucleon polarization vector sμ ¼
ðPz; 0; 0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ P2

z

p
Þ=M. And the corresponding quasi-

PDF for quark helicity distribution is

Δq̃ðx; PzÞ ¼ Pz

Z
∞

−∞

dz
2π

eixPzzΔhðz; PzÞ: ð7Þ

For the transversely polarized quasi-PDF, the equal-time
correlator computed on the lattice is

δhðz; PzÞ ¼
1

2Pzsx
hNðP; sÞjψ̄ðzÞγxγzγ5Wðz; 0Þ

× ψð0ÞjNðP; sÞi; ð8Þ

with the nucleon polarization vector sμ ¼ ð0; 1; 0; 0Þ. The
corresponding quasi-PDF for quark helicity distribution is

Δq̃ðx; PzÞ ¼ Pz

Z
∞

−∞

dz
2π

eixPzzΔhðz; PzÞ: ð9Þ

Replacing γz in Eq. (8) by γt to avoid mixing with another
operator of the same mass dimension [13,27] will not affect
the chiral and finite volume corrections computed in
this work.
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Under the operator product expansion (OPE), the quark
bilinear operators become

λμψ̄ðzÞΓμWðz; 0Þψð0Þ

≃
X∞
n¼0

ðizÞn
n!

λμλμ1λμ2…λμn ψ̄Γ
μiDμ1iDμ2…iDμnψ ; ð10Þ

with λμΓμ ¼ γz, γzγ5, γx⊥γzγ5 for the unpolarized, helicity
and transversity cases, respectively. The λμλμ1λμ2…λμn
tensor is symmetric but not traceless. But the nucleon
matrix elements of the trace parts areOðM2=P2

z ;Λ2
QCD=P

2
zÞ

corrections whose sizes are power suppressed [1,19].
Therefore, we only need to concentrate on the symmetric
traceless parts:

Oμμ1μ2…μn
q ¼ ψ̄γðμiDμ1iDμ2…iDμnÞψ ; ð11Þ

ΔOμμ1μ2…μn
q ¼ ψ̄γðμγ5iDμ1iDμ2…iDμnÞψ ; ð12Þ

δOxμμ1μ2…μn
q ¼ ψ̄γ½xγðμ�γ5iDμ1iDμ2…iDμnÞψ ; ð13Þ

where ð…Þ means symmetrization of the enclosed Lorentz
indices with the trace parts subtracted and ½…� means the
enclosed indices are antisymmetrized. For instance,

Oμμ1
q ¼ ψ̄γðμDμ1Þψ

¼ 1

2
ψ̄ðγμDμ1 þ γμ1DμÞψ −

1

d
gμμ1 ψ̄Dψ ; ð14Þ

with d the spacetime dimension and

δOxμ
q ¼ ψ̄γ½xγμ�γ5ψ ¼ 1

2
ψ̄ðγxγμ − γμγxÞγ5ψ : ð15Þ

These operators are irreducible representations of the
Lorentz group and are of the leading twist (twist-2).
Their nucleon matrix elements give rise to moments of
nucleon PDFs.
We will use the technique developed in Refs. [144–146]

to match the quark level twist-2 operators to hadronic level
operators using ChPT. The Lagrangian of ChPT is given
by [136,137]

L ¼ F2
π

4
trð∂μΣ∂μΣ†Þ þ ηtrðMΣ† þM†ΣÞ

þ N̄iv ·DN þ 2gAN̄S · AN þ…; ð16Þ

where the pion decay constant Fπ ¼ 93 GeV, the pion field

Σ ¼ e
i
Fπ
Π; Π ¼

�
π0

ffiffiffi
2

p
πþffiffiffi

2
p

π− −π0

�
;

the quark mass matrix M ¼ diagðmu;mdÞ, and η is the
parameter connecting the quark mass and pion mass at the

leading order. We will work in the isospin symmetric limit
mu ¼ md. N is the SU(2) doublet nucleon field. The
nucleon velocity vμ ¼ Pμ=M is the ratio of the nucleon
momentum Pμ and the nucleon mass M. Dμ ¼ ∂μ − iVμ,
where the pion vector current Vμ ¼ i

2
ðu∂μu† þ u†∂μuÞ and

u2 ¼ Σ. gA ¼ 1.25 is the axial-vector coupling. The
nucleon spin vector Sμ ¼ i

2
σμνvνγ5. The axial vector current

Aμ ¼ i
2
ðu∂μu† − u†∂μuÞ. The small expansion parameter ϵ

in the perturbation theory is the ratio of the light to heavy
scales in the problem. The light scales are the pion massmπ

and the typical momentum transfer q, while the heavy
scales are the nucleon mass M and the induced scales
Λχ ¼ 4πFπ arising from the loop expansion [136].
Although the 1=M expansion of ChPT looks like a

nonrelativistic expansion, the ChPT formulation is actually
fully relativistic. The expansion requires the nucleon
momentum Mvþ k has small off-shellness which means
2v · kþ k2=M ≪ M, but there is no restriction on v.
Therefore ChPT can still be applied in our analysis where
the nucleon is relativistic.
Now, each operator in Eqs. (11)–(13) can be rewritten as

a sum of an infinite number of hadronic operators of the
same symmetries. The hadronic operators can then be
organized by their mass dimensions dO with each operator
counted as order ϵdO. Therefore, operators of smaller mass
dimension are more important in the power counting. The
isovector combinations of the lowest dimensional operators
in the matching are

Oμμ1μ2…μn
u−d ¼ cðnÞ1 N̄vðμvμ1…vμnÞðuτ3u† þ u†τ3uÞN

þ c̃ðnÞ1 N̄Sðμvμ1…vμnÞðuτ3u† − u†τ3uÞN
þ � � � ; ð17Þ

ΔOμμ1μ2…μn
u−d ¼ cðnÞ2 N̄Sðμvμ1…vμnÞðuτ3u† þ u†τ3uÞN

þ c̃ðnÞ2 N̄vðμvμ1…vμnÞðuτ3u† − u†τ3uÞN
þ � � � ; ð18Þ

δOxμμ1μ2…μn
u−d ¼ cðnÞ3 N̄S½xvðμ�vμ1…vμnÞðu†τ3u† þ uτ3uÞN

þ c̃ðnÞ3 N̄S½xSðμ�vμ1…vμnÞðu†τ3u† − uτ3uÞN
þ � � � : ð19Þ

The quark level operators on the left-hand sides of these
equations arise from OPE’s. They encode the physics
below the energy scale Λ, while the Wilson coefficients
encode the physics above Λ. By matching these quark level
operators to the most general combinations of hadronic
level operators with the same symmetries, we further

introduce a scale Λχ below Λ. The c̃ðnÞi and cðnÞi coefficients
encode the physics between Λ and Λχ , while the hadronic
level operators encode physics below Λχ. The operators
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with coefficients cðnÞi ðc̃ðnÞi Þ have even(odd) number of pion
fields. These nucleon operators are shown as the filled
squares in diagrams (a)–(d) of Fig. 1. For the unpolarized
case, the n ¼ 0 pionic operator

Oμ
u−d;π ≃ að0ÞF2

πtrðΣ†τ3i∂μΣþ Στ3i∂μΣ†Þ ð20Þ

can also appear in diagrams (e) and (f). They are of the
same order in the power counting as diagrams (a)–(d). For
n > 0, (e) and (f) become higher order diagrams.

III. RESULTS

We are interested in the finite volume effect for the
nucleon quasi-PDF evaluated at nucleon momentum Pz on
a Euclidean lattice. We will work with a lattice with length
L in the three spatial directions but the size of the time

direction is infinite. Assuming the nucleon and pion fields
both satisfy periodic boundary conditions in the spatial
directions, such that their momenta are quantized as p⃗n ¼
2πn⃗=L in the reciprocal lattice space, with n⃗ ¼ ðnx; ny; nzÞ
and ni are integers. Poisson’s formula provides a nice way
to separate a discrete momentum sum into a momentum
integration in the infinite volume limit and corrections
caused by finite volume effect:

1

L3

X
n⃗

f

�
p⃗n ¼

2πn⃗
L

�

¼
Z

d3p⃗
ð2πÞ3 fðp⃗Þ þ

X
n⃗≠0

Z
d3p⃗
ð2πÞ3 e

in⃗·p⃗Lfðp⃗Þ: ð21Þ

Our results for the nucleon twist-2 matrix elements at one
loop order are

hOμμ1���μm
u−d i ¼ hOμμ1���μm

u−d i0
�
1 − ð1 − δm0Þ

�
3g2A þ 1

16π2F2
π
m2

π log
m2

π

Λ2
n
þ m2

π

4π2F2
π

X
n⃗≠0

�
K1ðnmπLÞ
nmπL

þ 3g2AJ

�
nmπL;

n⃗ · v⃗
n

����
;

hΔOμμ1���μm
u−d i ¼ hΔOμμ1���μm

u−d i0
�
1 −

2g2A þ 1

16π2F2
π
m2

π log
m2

π

ðΔΛnÞ2
−

m2
π

4π2F2
π

X
n⃗≠0

�
K1ðnmπLÞ
nmπL

þ 2g2AJ

�
nmπL;

n⃗ · v⃗
n

���
;

hδOμμ1���μm
u−d i ¼ hδOμμ1���μm

u−d i0
�
1 −

4g2A þ 1

32π2F2
π
m2

π log
m2

π

ðδΛnÞ2
−

m2
π

8π2F2
π
m2

π

X
n⃗≠0

�
K1ðnmπLÞ
nmπL

þ 4g2AJ

�
nmπL;

n⃗ · v⃗
n

���
; ð22Þ

where

J

�
nmπL;

n⃗ · v⃗
n

�
¼−

K1ðnmπLÞ
nmπL

þ1

3

�
1þðn⃗ · v⃗Þ2

n2

�
K2ðnmπLÞ

þ
Z

∞

0

dααð1−cosðαn⃗ · v⃗mπLÞÞ
�
K0ðnmπL

ffiffiffiffiffiffiffiffiffiffiffiffi
1þα2

p
Þ−1

3

�
1þðn⃗ · v⃗Þ2

n2

�
nmπL

ffiffiffiffiffiffiffiffiffiffiffiffi
1þα2

p
K1ðnmπL

ffiffiffiffiffiffiffiffiffiffiffiffi
1þα2

p
Þ
�
;

ð23Þ

FIG. 1. Leading Feynman diagrams in ChPT for nucleon twist-2 matrix elements. The dashed lines are pions, solid lines are nucleons,
and the filled squares are the operators. Diagram (a) is the tree level diagram and diagram (d) denotes the wave function renormalization.
Diagrams (e) and (f) only contribute to the unpolarized n ¼ 0 case to preserve the fermion number conservation. They are higher order
in the power counting when n > 0.
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and where the subscript 0 indicates that the corresponding
matrix elements are evaluate first in the infinite volume
limit, then in the chiral limit such that mπL → ∞. n ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2x þ n2y þ n2z

q
and n⃗ · v⃗ ¼ nzPz=M. ni in Eq. (22) plays

the role to label the number of times the pion crosses the
boundary of lattice in the i-direction. These matrix ele-
ments determine the mth moment of the PDF defined asR
dxxmqðxÞ. The δm0 in the unpolarized case yields the

required (u − d) quark number conservation in the proton.
This implies that there is a δðxÞ contribution in qðxÞ

because it contributes to the zeroth moment but not any
other moment.
In Eq. (22), the n independent part is the infinite volume

result whose leading quark-mass dependence reproduces
the previous results of Refs. [163,164]. The scales
Λn;ΔΛn; δΛn are associated with counterterms at the m2

π

order that need to be fit to data. Converting from the
moments to distributions in the momentum fraction x, both
the PDF and quasi-PDF has the leading quark mass
dependence

qu−dðxÞ ¼ qu−d;0ðxÞ
�
1 −

3g2A þ 1

16π2F2
π
m2

π log
m2

π

Λ2
χ

�
þ cu−d;0ðxÞm2

π þ δðxÞ
�
3g2A þ 1

16π2F2
π
m2

π log
m2

π

Λ2
χ
−m2

π

Z
1

−1
dxcu−d;0ðxÞ

�
;

Δqu−dðxÞ ¼ Δqu−d;0ðxÞ
�
1 −

2g2A þ 1

16π2F2
π
m2

π log
m2

π

Λ2
χ

�
þ Δcu−d;0ðxÞm2

π;

δqu−dðxÞ ¼ δqu−d;0ðxÞ
�
1 −

4g2A þ 1

32π2F2
π
m2

π log
m2

π

Λ2
χ

�
þ δcu−d;0ðxÞm2

π; ð24Þ

where the functions q; c;Δq;Δc; δq; δc are mπ indepen-
dent. Quark number conservation

R
1
−1 dxqu−dðxÞ ¼R

1
−1 dxqu−d;0ðxÞ ¼ 1 is preserved. The delta function in
qu−dðxÞ appears because we truncate the chiral expansion at
one loop order. Should we go to higher loop orders, the
delta function will be smeared into a more smooth function.
In Fig. 2, we show the finite volume effect of the

unpolarized twist-2 matrix elements of Eq. (22) for
m ≠ 0 by taking the ratio of the matrix elements at finite
and infinite volumes. We see that the finite volume effect is
not monotonic in Pz nor inmπL, due to partial cancelations

of several different contributions. However, the absolute
value of the finite volume effect for a moving proton
(Pz ≠ 0) is always smaller than a rest one (Pz ¼ 0) for any
value of mπL. For Pz=M ≥ 1 and mπL ≥ 3, the finite
volume effect is less than 1% and is negligible for the
current precision of lattice computations. This can be
interpreted as an effect due to the Lorentz contraction in
the z-direction which makes the box size effectively bigger
in that direction.
The finite volume effect for equal time correlators of

Eqs. (3), (6), and (8) can be derived from Eq. (22):

hu−dðz; PzÞ ¼ h∞u−dðz; PzÞ
�
1 −

m2
π

4π2F2
π

X
n⃗≠0

�
K1ðnmπLÞ
nmπL

þ 3g2AJ

�
nmπL;

n⃗ · v⃗
n

���

þ m2
π

4π2F2
π

X
n⃗≠0

�
K1ðnmπLÞ
nmπL

þ 3g2AJ

�
nmπL;

n⃗ · v⃗
n

��
;

Δhu−dðz; PzÞ ¼ Δh∞u−dðz; PzÞ
�
1 −

m2
π

4π2F2
π

X
n⃗≠0

�
K1ðnmπLÞ
nmπL

þ 2g2AJ

�
nmπL;

n⃗ · v⃗
n

���
;

δhu−dðz; PzÞ ¼ δh∞u−dðz; PzÞ
�
1 −

m2
π

8π2F2
π
m2

π

X
n⃗≠0

�
K1ðnmπLÞ
nmπL

þ 4g2AJ

�
nmπL;

n⃗ · v⃗
n

���
: ð25Þ

Tomimic the finite volume effect on an equal time correlator
computed in lattice QCD, we generate the infinite volume
result by using the unpolarized isovector PDF extracted by
theCTEQ-JLab collaboration (CJ12) [165]. The procedure is

to perform thematching fromPDFdefined in theMS scheme
to the quasi-PDF defined in the RI/MOM scheme, then we
Fourier transform the quasi-PDF to produce the infinite
volume equal time correlator h∞u−dðz; PzÞ.
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In Fig. 3 we use Eq. (25) to show the finite volume effect
in hu−d. We have used αs ¼ 0.283, pz

R ¼ 1.2 GeV,
μ ¼ 3.1 GeV, μR ¼ 2.4 GeV, and mπ ¼ 0.220 GeV in
the matching. In Fig. 4, dependence on different Pz’s is
shown. Again, these figures show that finite volume effect
is negligible for current lattice computations of quasi-PDFs.
We have used similar parameters as the lattice calculation
of Ref. [166], where the size of finite volume effect is found
to be smaller than the error of the calculation and is
consistent with our result within errors.
Equation (25) shows that the combinations of correla-

tors Δhu−dðz; PzÞ=Δh∞u−dðz; PzÞ − 1 and δhu−dðz; PzÞ=
δh∞u−dðz; PzÞ − 1 are especially simple. They do not depend
on the correlators Δhu−dðz; PzÞ nor δhu−dðz; PzÞ.
Furthermore, they do not depend on z. Their dependence
on mπL is very similar to Fig. 2(b) and hence will not be
shown again here.
In other versions of heavy baryon chiral perturbation,

one could includeΔ resonances or generalize the formalism
from SU(2) to SU(3). Some of the quark mass dependence
of PDF’s and GPD’s is already computed in these theories.
However, we do not expect the finite volume effect changes
a lot by adding those heavier degrees of freedom.
Therefore, our conclusion on the smallness of the finite
volume effects of quasi-PDF’s in these theories will stay
the same.

FIG. 3. The (a) real and (b) imaginary parts of the equal time correlator for an unpolarized proton in the infinite volume limit h∞u−dðzÞ.
This quantity is constructed using the proton isovector PDF extracted by the CTEQ-JLab collaboration (CJ12) [165] then matched to a
quasi-PDF with Pz ¼ 1.3 GeV. The finite volume contribution is shown in (c) and (d), which is much smaller than other errors in a
typical lattice QCD computation.

FIG. 2. Finite volume effect for the unpolarized twist-2 matrix
element of Eq. (22) for m ≠ 0 shown as a function of (a) Pz and
(b) mπL. The absolute value of the finite volume effect for a
moving proton (Pz ≠ 0) is always smaller than a rest one
(Pz ¼ 0) for any value of mπL. For Pz=M ≥ 1 and mπL ≥ 3,
the finite volume effect is less than 1%.
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IV. CONCLUSION

LaMET enables the extraction of PDFs directly on a
Euclidean lattice through a factorization theorem that
relates the computed quasi-PDF’s to PDF’s. We have
applied ChPT to LaMET to further separate soft scales,
such as light quark masses and lattice size, to obtain leading
model independent extrapolation formulas for extrapola-
tions to physical quark masses and infinite volume.
We find that the finite volume effect is reduced when the

nucleon carries a finite momentum. For Pz=M > 1 GeV
andmπL ≥ 3, the finite volume effect is less than 1% and is
negligible for the current precision of lattice computations.
This can be interpreted as a Lorentz contraction of the
nucleon size in the z-direction which makes the lattice size
effectively larger in that direction. We also find that the
quark mass dependence in the infinite volume limit

computed with non-zero nucleon momentum reproduces
the previous result computed at zero momentum, as
expected.
In this work, we establish the procedure to apply ChPT

to LaMET. The previous success of ChPT can then be
directly carried over to LaMET straight forwardly. Other
applications such as the quenched, partially quenched, and
mixed action artifacts, generalizing from SU(2) to SU(3), as
well as the off-forward kinematics study of GPD’s and so
on, can all be studied within this framework.
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APPENDIX: INTEGRALS OF THE FINITE VOLUME CORRECTIONS

In this Appendix, we show how the integrals involved in the diagrams of Fig. 1 are computed. First, diagram (c) depends
on the integral

I1 ¼
X
n⃗≠0

Z
d4k
ð2πÞ4 e

in⃗·k⃗L 1

k2 −m2
¼

X
n⃗≠0
n4¼0

Z
d4kE
ð2πÞ4 e

in·kEL
−i

k2E þm2
¼ −

im2

4π2
X
n⃗≠0
n4¼0

1

nmL
K1ðnmLÞ; ðA1Þ

where a Wick rotation k0 → ik4 to Euclidean space is performed after the first equal sign with nμ ¼ ðn⃗; n4Þ and
n ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
4
i¼1 n

2
i

p
. We have also used the d-dimensional integral [167,168],

X
n≠0

Z
ddkE
ð2πÞd e

in·kEL
1

ðk2E þ Δ2Þa ¼
2

ð4πÞd=2ΓðaÞ
�
nL
2Δ

�
a−d=2

Ka−d=2ðnΔLÞ: ðA2Þ

FIG. 4. Same as Fig. 3 but with different Pz’s.
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Analogously, diagrams (b), (d), and (e) depend on the integral

I2 ¼
X
n⃗≠0

Z
d4k
ð2πÞ4 e

in⃗·k⃗L ðS · kÞ2
ðk2 −m2Þðv · kÞ2

¼ −8im2
X
n⃗≠0
n4¼0

Z
∞

0

dααe−iαmn·vL

Z
d4k
ð2πÞ4 e

in·kL ðS · kÞ2
½k2 þ ð1þ α2Þm2�3

¼ 4im2fSμ; Sνg
X
n⃗≠0
n4¼0

Z
∞

0

dα
α

L2
e−iαmn·vL ∂2

∂nμ∂nν
Z

d4k
ð2πÞ4 e

in·kL 1

½k2 þ ð1þ α2Þm2�3

¼ im2

16π2
ðvμvν þ gμνÞ

X
n⃗≠0
n4¼0

Z
∞

0

dααe−iαmn·vL ∂2

∂nμ∂nν
�

nffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p
mL

�
K1ðn

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p
mLÞ; ðA3Þ

whereWick rotation is performed and all 4-vectors are defined in Euclidean space after the first equal sign and we have used
the anticommutation relation in Euclidean space:

fSμ; Sνg ¼ 1

2
ðvμvν þ gμνÞ ðA4Þ

The derivative on K1 yields

∂2

∂nμ∂nν
�

nffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p
mL

�
K1ðn

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p
mLÞ ¼ −gμνK0ðn

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p
mLÞ þ nμnν

n

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p
mLK1ðn

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p
mLÞ: ðA5Þ

Therefore, the final result of I2 is

I2 ¼
im2

16π2
X
n⃗≠0
n4¼0

Z
∞

0

dααe−iαmn·vL

�
−3K0ðn

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p
mLÞ þ

�
1þ ðn · vÞ2

n2

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p
nmLK1ðn

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p
mLÞ

�

¼ im2

16π2
X
n⃗≠0

Z
∞

0

dαα cosðαmn⃗ · v⃗LÞ
��

1þ ðn⃗ · v⃗Þ2
n2

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p
nmLK1ð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p
nmLÞ − 3K0ð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p
nmLÞ

�
: ðA6Þ

In the final step, we drop the sine function in e−iαmn⃗·v⃗L since the summation over n⃗ cancels all the terms odd in n⃗.
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