
All order renormalizable refined Gribov-Zwanziger model with BRST
invariant fermionic horizon function in linear covariant gauges

M. A. L. Capri,1,* S. P. Sorella ,1,† and R. C. Terin 2,‡

1Universidade do Estado do Rio de Janeiro (UERJ), Instituto de Física, Departamento de Física Teórica,
Rua São Francisco Xavier 524, Maracanã, Rio de Janeiro, Brazil, CEP 20550-013

2Instituto Tecnológico de Aeronáutica (ITA), DCTA, Departamento de Física, Praça Marechal Eduardo
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We introduce, within the refined Gribov-Zwanziger setup, a composite Becchi-Rouet-Stora-Tyutin
(BRST) invariant fermionic operator coupled to the inverse of the Faddeev-Popov operator. As a result, an
effective BRST invariant action in Euclidean space-time is constructed, enabling us to pave the first step
towards the study of the behavior of the fermion propagator in the infrared region in the class of the linear
covariant gauges. The aforementioned action is proven to be renormalizable to all orders by means of the
algebraic renormalization procedure.
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I. INTRODUCTION

Despite the nontrivial progress done in the last decades,
see [1] for a general overview, a satisfactory solution of the
Gribov problem [2] is still lacking. As is well known, the
standard Faddeev-Popov gauge fixing quantization pro-
cedure of non-Abelian asymptotically free gauge theories
yields remarkable results in the deep ultraviolet region.
Although, its naive extension to the nonperturbative infra-
red region fails, due to the existence of the Landau pole.
Such a nonperturbative region is deeply affected by the
existence of the so-called Gribov copies [2], i.e., by
equivalent field configurations: configurations which are
related by a gauge transformation while obeying the same
gauge-fixing condition. The whole issue arises from the
observation [2] that a local covariant gauge-fixing is unable
to account in a complete manner for the gauge freedom. It
was soon realized that the Gribov problem is not a
particular problem of some specific gauge-fixing, but an
intrinsic problem related to the nontrivial geometrical
structure of the space of the gauge orbits of non-Abelian
gauge theories [3].
The Gribov problem has been faced under distinct

viewpoints as, for example, the refined-Gribov-

Zwanziger (RGZ) approach [4–9]1 which has been the
object of intensive investigations in recent years, including
the important result of the existence of an exact Becchi-
Rouet-Stora-Tyutin (BRST) invariance, see [11–14], which
has allowed researchers to extend the Gribov-Zwanziger
original construction [2,4,5] from the Landau to the linear
covariant gauges. In the RGZ approach, the domain of
integration in the functional integral is restricted to the so-
called first Gribov region [2] defined as the set of all gauge
field configurations obeying the Landau gauge fixing
condition, ∂μAa

μ ¼ 0 and for which the Faddeev-Popov
operator MabðAÞ ¼ −∂μDab

μ ðAÞ is strictly positive, i.e.,
MabðAÞ > 0. For other recent alternative approaches to the
Gribov problem we quote [15–17], where the gauge-fixing
procedure is supplemented by an averaging over all Gribov
regions by introducing a Boltzmann weight aiming at
favoring field configurations close to the fundamental
modular region (FMR), a region which is contained within
the Gribov region and which is known to be free from
Gribov copies.
It is worth mentioning here that both the refined Gribov-

Zwanziger approach as well as other approaches based on
the study of the Schwinger-Dyson equations [18–21],
renormalization group equations [22], and effective mas-
sive gluon models [23–28], have already provided good
results for the two-point gluon correlation functions in the
infrared region, which are in good agreement with the
lattice numerical simulations; see, for example, [29–33]
and references therein.
In the present work, we shall focus on the RGZ model

and its exact BRST invariance in the class of the linear
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covariant gauges (LCG). As mentioned before, an exact
BRST symmetry [11–14] of the RGZ action has been
constructed out of the nonlocal, transverse and gauge-
invariant composite field ðAh

μ ¼ Ah;a
μ TaÞ,2 introduced in

[5,34], namely,

Ah
μ ¼

�
δμν −

∂μ∂ν

∂2

��
Aν − ig

�
1

∂2
∂A; Aν

�

þ ig
2

�
1

∂2
∂A; ∂ν

1

∂2
∂A

�
þOðA3Þ

�
: ð1Þ

As it is easily checked, expression (1) is left invariant, order
by order in powers of the coupling constant g, by the BRST
transformation, i.e.,

sAh;a
μ ¼ 0; sAa

μ ¼ −Dab
μ ðAÞcb; ð2Þ

where s is the nilpotent BRST operator, ðDab
μ ¼ δab∂μ −

gfabcAc
μÞ is the covariant derivative in the adjoint repre-

sentation of the SUðNÞ gauge group and caðxÞ is the
Faddeev-Popov ghost field. Let us also remind the reader,
for further use, the expression of the gauge-fixed Yang-
Mills action in the linear covariant gauges parametrized by
the gauge parameter α:

SFP ¼
Z

d4x

�
1

4
Fa
μνFa

μν þ iba∂μAa
μ þ

α

2
baba þ c̄a∂μDab

μ cb
�

¼
Z

d4x

�
1

4
Fa
μνFa

μν þ s

�
c̄a∂μAa

μ −
iα
2
c̄aba

��
; ð3Þ

where ba is the auxiliary Nakanishi-Lautrup field, while c̄a

is the Faddeev-Popov antighost. The field strength Fa
μν is

given by

Fa
μν ¼ ∂μAa

ν − ∂νAa
μ þ gfabcAb

μAc
ν: ð4Þ

Following [11–14], for the BRST invariant partition func-
tion in the linear covariant gauges implementing the
restriction to the Gribov region, we have

ZLCG ¼
Z

½DΦ�e−ðSFPþγ4HðAhÞ−4Vγ4ðN2−1ÞÞ; ð5Þ

where ½DΦ� stands for integration over all fields
ðAa

μ; ba; c̄a; caÞ and

HðAhÞ ¼ g2
Z

d4xd4y fabcAh;b
μ ðxÞ½M−1ðAhÞ�adðx; yÞ

× fdecAh;e
μ ðyÞ ð6Þ

is the Gribov-Zwanziger horizon function [2,4,5], with

½MabðAhÞ�−1 ¼ ½−∂μDab
μ ðAhÞ�−1, V the space-time vol-

ume, and N the number of colors. The parameter γ, known
as the Gribov parameter, has mass dimension one. It is not a
free parameter, being determined by the Gribov-Zwanziger
[2,4,5] gap equation,

hHðAhÞi ¼ 4VðN2 − 1Þ; ð7Þ
where the expectation value is taken with respect to the
measure (5).
As is apparent from (6), the horizon function is a

nonlocal expression. Although, the whole partition function
(5) can be cast in a local form following the two steps
outlined in [11–14]. First, we introduce a pair of bosonic
fields ðφ̄;φÞabμ as well as a pair of anticommuting ones
ðω̄;ωÞabμ , known as the Zwanziger fields. These fields
enable us to localize the horizon function, yielding the so-
called Gribov-Zwanziger action

SGZ ¼ SFP −
Z

d4xðφ̄ac
μ MabðAhÞφbc

μ − ω̄ac
μ MabðAhÞωbc

μ Þ

− γ2
Z

d4xgfabcðAhÞaμðφþ φ̄Þbcμ : ð8Þ

Further, we perform a second localization procedure in
order to cast in local form the nonlocal quantity Ah

μ. As
shown in [11–14], this is done by introducing an auxiliary
localizing Stueckelberg field [34–38] ξa by means of

h ¼ eigξ ¼ eigξ
aTa

; ð9Þ

Ah
μ ≡ Ah;a

μ Ta ¼ h†Aμhþ i
g
h†∂μh: ð10Þ

Under a gauge transformation with group element U, one
has

Aμ → AU
μ ¼ U†AμU þ i

g
U†∂μU;

h → hU ¼ U†h; h† → ðhUÞ† ¼ h†U; ð11Þ

from which the gauge invariance of Ah
μ follows immedi-

ately:

Ah
μ → ðAU

μ Þh ¼ Ah
μ: ð12Þ

Expanding expression (10) in powers of ξa, we have a
nonpolynomial infinite series whose first terms read

ðAhÞaμ ¼ Aa
μ − ∂μξ

a þ gfabcAb
μξ

c −
g2

2
fabcξb∂μξ

c

þ higher orders: ð13Þ

Solving now the transversality condition, ∂μAh
μ ¼ 0, for the

auxiliary Stueckelberg field ξa, we get back the nonlocal
2The matrices fTa; a ¼ 1;…; N2 − 1g denote the Hermitian

generators of the gauge group SUðNÞ, ½Ta; Tb� ¼ ifabcTc.
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expression (1). It remains now to write down the starting
action in its local form. This is done by introducing a new
Lagrange multiplier τa which implements the transversality
condition, ∂μAh

μ ¼ 0, as well as the corresponding Jacobian
which, as much as the Faddeev-Popov determinant, can be
rewritten in a local exponential way by means of a new pair
of ghosts ðη; η̄Þ. Finally [11–14], for the localized BRST-
invariant form of the Gribov-Zwanziger action in LCG we
obtain

SGZ ¼ SFP −
Z

d4xðφ̄ac
μ MabðAhÞφbc

μ − ω̄ac
μ MabðAhÞωbc

μ Þ

− γ2
Z

d4xgfabcðAhÞaμðφþ φ̄Þbcμ

þ
Z

d4x τa∂μðAhÞaμ −
Z

d4x η̄a MabðAhÞηb: ð14Þ

The final step is now that of moving from the Gribov-
Zwanziger action to its refined version, a task easily
achieved by adding the BRST invariant dimension two
operators ðAh;a

μ Ah;a
μ Þ and ðφ̄ab

μ φab
μ − ω̄ab

μ ωab
μ Þ. Therefore, for

the local BRST invariant refined Gribov-Zwanziger action
in the LCG gauge one gets

SRGZ ¼ SGZ þ
m2

2

Z
d4 xAh;a

μ Ah;a
μ

−M2

Z
d4xðφ̄ab

μ φab
μ − ω̄ab

μ ωab
μ Þ; ð15Þ

where, analogously to the Gribov parameter γ, the two new
mass parameters ðm;MÞ are determined by their own gap
equations, see [8,9], from which it turns out that the refined
Gribov-Zwanziger setup is energetically favored with
respect to its Gribov-Zwanziger version, Eq. (14).
Both Gribov-Zwanziger and refined Gribov-Zwanziger

actions enjoy the following exact nilpotent BRST sym-
metry defined as

sAa
μ ¼ −Dab

μ cb; sca ¼ g
2
fabccbcc;

sc̄a ¼ iba; sba ¼ 0;

sφab
μ ¼ 0; sωab

μ ¼ 0;

sω̄ab
μ ¼ 0; sφ̄ab

μ ¼ 0;

shij ¼ −igcaðTaÞikhkj; sAh;a
μ ¼ 0;

sτa ¼ 0; sη̄a ¼ 0;

sηa ¼ 0; s2 ¼ 0; ð16Þ

sSGZ ¼ sSRGZ ¼ 0: ð17Þ

The BRST transformation of the Stueckelberg field ξa can
be obtained iteratively by expanding in power series the
BRST transformation of hij in Eqs. (16), yielding

sξa ¼ gabðξÞcb; ð18Þ

with gab given by

gabðξÞ ¼ −δab þ g
2
fabcξc −

g2

12
famr fmbqξqξr þOðξ3Þ:

ð19Þ

As shown in [11–14] the refined Gribov-Zwanziger action,
Eq. (15), gives rise to a set of nontrivial results which we
list below:

(i) Despite its nonpolynomial character, expression (15)
turns out to be renormalizable to all orders.

(ii) The BRST invariance ensures that the parameters
ðγ; m;MÞ will not be affected by the gauge param-
eter α. As such, ðγ; m;MÞ are physical quantities
entering the expression of the correlation functions
of gauge invariant operators.

(iii) Due to the Nielsen identities following from the
BRST invariance, the pole mass of the transverse
component of the gluon propagator turns out to be
independent from the gauge parameter α to all
orders.

(iv) The Nielsen identities also imply that the longi-
tudinal component of the gluon propagator does not
get any quantum correction to all orders, a property
shared also by the studies of the LCG gauge within
the Schwinger-Dyson framework [39,40] as well as
by lattice numerical simulations [41–43].

(v) When specializing to the Landau gauge, α ¼ 0, the
transverse gluon propagator computed from the
RGZ action (15) is in very good agreement with
the most recent lattice simulations; see for example
the analysis performed in [31] where the agreement
is shown to remain valid from the very deep infrared,
p ∼ 0, till the UV region, p ∼ 10 GeV.

(vi) So far, the refined Gribov-Zwanziger setup has
already been employed in a variety of physical
applications as, for example, study of the spectrum
of the glueballs [44,45], ρ-meson mass estimate
[46], study of the topological susceptibility [47],
pomeron physics [48], and thermodynamics of the
Polyakov loop [49].

The aim of the present work is that of establishing the all
orders renormalizability of the refined Gribov-Zwanziger
action, Eq. (15), when the BRST invariant composite
fermionic quark matter operator ψh

ψh ¼ h†ψ ; ð20Þ

and its corresponding nonlocal matter horizon function are
included in the starting action. As we shall see, the addition
of the aforementioned BRST invariant fermionic term will
enable us to pave the first steps towards the nonperturbative
study of the quark propagator in the class of the linear
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covariant gauges, a topic which is under current intensive
investigations.
The paper is organized as follows: In Sec. II we introduce

the BRST-invariant composite fermionic field ψh. In
Sec. III we present the fermionic matter horizon function.
Section IV is devoted to the derivation of the Slavnov-
Taylor identities, translating in functional form the BRST
exact symmetry of the starting action. In Secs. Vand VI we
establish the so-called extended BRST symmetry as well as
the whole set of Ward identities satisfied by our model. In
Sec. VII we prove the all order renormalizability of the
model by means of the algebraic renormalization pro-
cedure. Finally, in Sec. VIII we present our conclusions and
future perspectives.

II. THE BRST INVARIANT COMPOSITE
FERMIONIC FIELD

Within the BRST framework reviewed in the
Introduction, we proceed by exhibiting the construction
of a BRST invariant local, nonpolynomial, fermionic
composite fields ðψhðxÞ; ψ̄hðxÞÞ in the same way as we
have constructed Ah

μðxÞ; see Eqs. (9), (10) and (13). Let us
start by introducing the following spinor quantity3:

ψh;i
α ≡ h†ψ i

α; ð21Þ

where ψ i
α is the complex spinor field and h is given by (9).

As the field ψ transforms as ψ → U†ψ and h† as
h† → h†U, for a finite gauge transformation U, it is
immediate to realize that ψh is gauge invariant. Of course,
the same procedure can be done for the field ψ̄ , giving rise
to the invariant composite field ψ̄h ≡ ψ̄h. Expanding h in
powers of the Stueckelberg field ξa, one gets the infinite
power series

ψh;i
α ¼ ψ i

α − igξaðTaÞijψ j
α

−
g2

2
ξaξbðTaÞijðTbÞjkψk

α þOðξ3Þ: ð22Þ

It is worth mentioning here that a study of the fermionic
quantity ψh as a composite field in Euclidean Yang-Mills
theory was already done in [50], where its renormalizability
was established to all orders in the loop expansion. As a
recent application of the BRST invariant operators
ðψ̄h;ψhÞ, we quote Refs. [51–53] where the renormalizable
non-Abelian Landau-Khalatnikov-Fradkin (LKF) transfor-
mations in the class of the linear covariant gauges were
derived by direct use of ðAh

μ;ψh; ψ̄hÞ, from which it follows
that the correlation functions

hAh
μ1ðx1Þ…Ah

μiðxiÞψhðy1Þ…ψ̄hðyjÞi

are independent from the gauge parameter α, namely

hAh
μ1ðx1Þ…Ah

μiðxiÞψhðy1Þ…ψ̄hðyjÞiα≠0
¼ hAh

μ1ðx1Þ…Ah
μiðxiÞψhðy1Þ…ψ̄hðyjÞiα¼0: ð23Þ

Following [51–53], once expanded in powers of the
Stueckelberg field ξa, Eq. (23) enables one to evaluate
Green’s function

hAh
μ1ðx1Þ…Ah

μiðxiÞψhðy1Þ…ψ̄hðyjÞiα≠0
for a given nonvanishing value of the gauge parameter α
from the knowledge of the corresponding Green’s function
evaluated in the Landau gauge, i.e., α ¼ 0, yielding thus the
desired LKF transformations.
As mentioned in the Introduction the composite oper-

ators ðψ̄h;ψhÞ will be employed to build up an effective
BRST invariant horizon fermionic function which can
allow one to investigate the nonperturbative behavior of
the quark propagator in the linear covariant gauges, a topic
on which we hope to report soon.

III. THE HORIZON FUNCTION FOR THE
MATTER

As outlined in [14,54,55], in analogy with the Gribov-
Zwanziger gauge field horizon function, Eq. (6), we have
provided a rationale for the introduction of an effective
generalized horizon matter function, namely

HΨðAh;ΨÞ ¼ −
Z

d4xd4yðTaÞijΨ̄iðxÞ

× ½M−1ðAhÞ�abðx; yÞðTbÞjkΨkðyÞ; ð24Þ

where Ψ can be either a spinor field or a scalar field in the
representation Ta. The introduction of such matter horizon
function can be understood by observing that, once the
Gribov horizon is introduced into the theory via the
Gribov-Zwanziger horizon function (6), its presence is,
somehow, transmitted to the other matter fields present in
the theory. As one can easily figure out from expression (6),
the Gribov horizon is encoded in the inverse of the

3According to the notations adopted here, the Greek indices
fμ; ν; ρ; σg are the vector indices of the Euclidean space, while
the Greek indices fα; β; γ; δg to spinor indices. The Latin indices
fa; b; c; d; eg, running from 1 to N2 − 1, are the indices of the
adjoint representation of SUðNÞ, while the Latin indices
fi; j; k; lg, running from 1 to N, represent the indices of the
fundamental representation of SUðNÞ. The adopted convention
for the Dirac gamma matrices γμ in Euclidean space is given by

γ4 ¼
�
0 1
1 0

�
; γk ¼ −i

�
0 σk

−σk 0

�
;

γ5 ¼ γ4γ1γ2γ3 ¼
�
1 0

0 −1
�
;

where 1 is the 2 × 2 identity matrix, k ¼ 1, 2, 3, and σk are the
Pauli matrices.
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Fadeev-Popov operator, ½M−1ðAhÞ�ab, which becomes more
and more singular as we are approaching the boundary of the
Gribov region, i.e., the first Gribov horizon.
Although, unlike the Gribov-Zwanziger horizon func-

tion, Eq. (6), for which a well-established derivation based
on the properties of the Gribov region has been provided
[2,4,5], an analogous construction for the horizon matter
function HΨðAh;ΨÞ, Eq. (24), is not yet at our disposal.
Nevertheless, it is worth pointing out that the requirements
of BRST invariance and of renormalizability, see the
following sections, seem to select in a unique way the
expression (24) as a nonperturbative matter term which can
be introduced in order to investigate the behavior of the
quark propagator in the infrared region. From that point of
view, it is interesting to observe that expression (24) yields
a propagator, Eq. (173), exhibiting a quark mass function
Aðp2Þ, Eq. (174), in agreement with the available numeri-
cal lattice simulations. As such, expression (24) can be
regarded as a useful effective nonperturbative matter term
which enjoys the nontrivial properties of preserving both
BRST invariance and all orders renormalizability, while
providing a helpful quark mass function Aðp2Þ.
Thus, investigating the procedure of [14,54,55] in a

BRST invariant environment for the fermionic field in the
linear covariant gauges, we start by considering the
following starting action:

S ¼ SRGZ þ Smatter þ Sσ; ð25Þ

where SRGZ stands for the RGZ action in linear covariant
gauges, Eq. (15), while Smatter and Sσ are given by

Smatter ¼
Z

d4x½iψ̄ iαðγμÞαβDij
μ ψ jβ −mψ ψ̄

iαψ i
α�; ð26Þ

Sσ ¼ −σ3HψðAh;ψhÞ

¼ −σ3
Z

d4xd4yψ̄h;i
α ðxÞTa;ij

× ½M−1ðAhÞ�ab ðx; yÞTb;jkψh;k
α ðyÞ: ð27Þ

The term (26) is the usual fermionic matter term coupled to
the Yang-Mills field through the covariant derivative in the
fundamental representation, Dij

μ ¼ δij∂μ − igTa;ijAa
μ. The

parametermψ is the fermion mass. The term (27) stands for
the effective fermionic horizon term written in an explicitly
BRST invariant fashion by means of the variables
ðψ̄h;ψh; Ah

μÞ. Here, the parameter σ is an effective massive
parameter which plays a role akin to that of the Gribov
parameter γ. Notice also that the horizon function (6) has
mass dimension −4; therefore, it has to be introduced in the
action together with a power four mass parameter, i.e., γ4.
On the other hand, the fermionic horizon function
HψðAh;ψhÞ has mass dimension −3, justifying thus the
presence of the term σ3.

Because Sσ is a nonlocal expression, the first issue to be
faced is that of its localization. Proceeding in a very similar
way as in the case of the horizon function of the gauge
invariant composite field Ah

μ reviewed in the Introduction,
for the local version of Sσ we get

Slocalσ ¼
Z

d4x½λ̄aiα ð−∂μDab
μ ðAhÞÞλα;bi

þ ζ̄aiα ð−∂μDab
μ ðAhÞÞζα;bi

þ σ
3
2ðλ̄aiα Ta;ijψh;jα þ ψ̄h;i

α Ta;ijλajαÞ�; ð28Þ

where ðλaiα ; λ̄aiα Þ are anticommuting localizing auxiliary
spinor fields while ðζaiα ; ζ̄aiα Þ are commuting ones. It is
easy to check out that integration over the auxiliary fields
ðλaiα ; λ̄aiα ; ζaiα ; ζ̄aiα Þ gives back the original nonlocal expres-
sion (27). The action (25) gives the place of an equivalent
local starting action:

Slocal ¼ SRGZ þ Smatter þ Slocalσ ; ð29Þ

where expression (27) has been replaced by (28). The new
local action (29) is left invariant by the BRST trans-
formations (16) together with the BRST transformations
of ðψ ; ψ̄ ; λ; λ̄; ζ; ζ̄Þ,

sψ i
α ¼ −iðTaÞijcaψ j

α; sψ̄ i
α ¼ −iψ̄ j

αðTaÞjica;
sζ̄aiα ¼ 0; sλaiα ¼ 0;

sλ̄aiα ¼ 0; sζaiα ¼ 0; ð30Þ

with

sSlocal ¼ 0: ð31Þ

IV. INTRODUCTION OF EXTERNAL SOURCES

In order to prove the all order renormalizability of the
action Slocal we follow the original procedure devised in
[4,5] and embed Slocal into a more general action by means
of the introduction of a suitable set of external sources. For
the benefit of the reader, let us give a very brief overview of
how this is done.

A. Embedding the model into a more general one

Following [4,5], let us consider the RGZ action (15) and
take a look at the term proportional to Gribov’s parameter
γ2, namely

Sγ2 ¼
Z

d4 x γ2fabc Ah;a
μ ðφþ φ̄Þbcμ : ð32Þ

As shown in [4,5] this term might be seen as a particular
case of a more general term depending on a set of external
sources, i.e.,

ALL ORDER RENORMALIZABLE REFINED GRIBOV-ZWANZIGER … PHYS. REV. D 104, 054048 (2021)

054048-5



SðM;N;U;VÞ¼
Z

d4x½Mac
μνDab

μ ðAhÞφbc
ν þVac

μνDab
μ ðAhÞφ̄bc

ν

−Nac
μνDab

μ ðAhÞωbc
ν þUac

μνDab
μ ðAhÞω̄bc

ν

−Mab
μνVab

μν þNab
μνUab

μν �; ð33Þ

with ðM;VÞ being commuting sources and ðN;UÞ anti-
commuting ones. In fact, when the sources are set to their
physical values,

Mab
μν jphys ¼ Vab

μν jphys ¼ γ2δabδμν;

Nab
μν jphys ¼ Uab

μν jphys ¼ 0; ð34Þ

we have

SðM;N;U; VÞjphys ¼ Sγ2 ; ð35Þ

modulo a vacuum term, 4VðN2 − 1Þ, coming from the
product MV in (33), which is allowed by power counting.
The introduction of this set of external sources allows us to
write the following symmetry transformations:

δφab
μ ¼ ωab

μ ; δωab
μ ¼ 0;

δω̄ab
μ ¼ φ̄ab

μ ; δφ̄ab
μ ¼ 0;

δNab
μν ¼ Mab

μν ; δMab
μν ¼ 0;

δVab
μν ¼ Uab

μν ; δUab
μν ¼ 0: ð36Þ

As much as the BRSToperator s, the operator δ is nilpotent
too. It acts nontrivially only on the variables
ðφ; φ̄;ω; ω̄;M;N;U; VÞ. Moreover, as we shall see later,
the operators s and δ can be combined together in order to
write down a helpful extended generalized nilpotent BRST
operator. Let us notice that the term (33) can be rewritten as
a total δ variation,

SðM;N;U; VÞ ¼ δ

Z
d4x½Nac

μνDab
μ ðAhÞφbc

ν

þ Vac
μνDab

μ ðAhÞω̄bc
ν − Nab

μνVab
μν �; ð37Þ

as well as the RGZ dimension two operator

φ̄ab
μ φab

μ − ω̄ab
μ ωab

μ ¼ δðω̄ab
μ φab

μ Þ: ð38Þ

In fact, making use of ðM;N;U; VÞ the whole local version
of the Gribov-Zwanziger horizon function can be rewritten
as a δ variation. As a consequence, once δwill be combined
together with s to give rise to an extended generalized
BRST operator, the horizon function as well as the RGZ
operator ðφ̄ab

μ φab
μ − ω̄ab

μ ωab
μ Þ will turn out to belong to the

trivial sector of the cohomology of such an extended BRST
operator. With respect to the s operator, the sources
ðM;N;U; VÞ transform as singlets, i.e.,

sMab
μν ¼ sNab

μν ¼ sUab
μν ¼ sVab

μν ¼ 0: ð39Þ

As shown in [4,5], we can introduce an usefulUð4ðN2 − 1ÞÞ
symmetry for SðM;N;U; VÞ, given by

Qab
μνðSðM;N;U; VÞÞ ¼ 0; ð40Þ

with

Qab
μν ¼

Z
d4x

�
φca
μ

δ

δφcb
ν
− φ̄cb

ν
δ

δφ̄ca
μ
þωca

μ
δ

δωcb
ν
− ω̄cb

ν
δ

δω̄ca
μ

þVca
σμ

δ

δVcb
σν
−Mcb

σν
δ

δMca
σμ
þUca

σμ
δ

δUcb
σν
−Ncb

σν
δ

δNca
σμ

�
:

ð41Þ

The trace of this operator can be used to define a quantum
charge for the variables ðφ; φ̄;ω; ω̄;M;N;U; VÞ. Also, this
symmetry enables us to introduce the so-called multi-index
notation, in which a pair of indices is combined into a single
index:

ðφab
ν ; φ̄ab

ν ;ωab
ν ; ω̄ab

ν ;Mab
μν ; Nab

μν ; Uab
μν ; Vab

μνÞ
≡ðφaI; φ̄aI;ωaI; ω̄aI;MaI

μ ; NaI
μ ; UaI

μ ; VaI
μ Þ; ð42Þ

where I ≡ fb; νg is a combination of the color and Lorentz
indices b and ν. We can make use thus of a new set of
indices fI; J; K; L;…g which run from 1 to 4 × ðN2 − 1Þ.
In terms of the multi-index notation, the term (33) takes
the form

SðM;N;U; VÞ

¼ δ

Z
d4x ½NaI

μ Dab
μ ðAhÞφbI þ VaI

μ Dab
μ ðAhÞω̄bI − NaI

μ VaI
μ �

¼
Z

d4x½MaI
μ Dab

μ ðAhÞφbI þ VaI
μ Dab

μ ðAhÞφ̄bI

− NaI
μ Dab

μ ðAhÞωbI þUaI
μ Dab

μ ðAhÞω̄bI

−MaI
μ VaI

μ þ NaI
μ UaI

μ �: ð43Þ

As expected, a similar procedure can be repeated for the
local version of the horizon function for the fermionic
matter term, which can be embedded into a more general
action. For such a purpose, we shall employ the set of
external sources ðΠ; Π̄;Λ; Λ̄Þijαβ, with ðΛ; Λ̄Þ being com-
muting variables and ðΠ; Π̄Þ anticommuting ones, and
write the following expression:
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SðΠ; Π̄;Λ; Λ̄Þ

¼
Z

d4x½Λ̄jk
αβψ̄

h;iαTa;ijλakβ þ Π̄jk
αβψ̄

h;iαTa;ijζakβ

þ Πikβ
α ζ̄akβ Ta;ijψh;jα þ Λikβ

α λ̄akβ Ta;ijψh;jα�: ð44Þ

When the sources attain their physical values

Λij
αβjphys ¼ Λ̄ij

αβjphys ¼ σ
3
2δijδαβ;

Πij
αβjphys ¼ Π̄ij

αβjphys ¼ 0; ð45Þ
the term SðΠ; Π̄;Λ; Λ̄Þ yields

SðΠ;Π̄;Λ;Λ̄Þjphys¼
Z

d4xσ
3
2ðλ̄aiα Ta;ijψh;jαþ ψ̄h;i

α Ta;ijλajαÞ;

ð46Þ
which is exactly the term proportional to σ

3
2 in Eq. (28).

The sources ðΠ; Π̄;Λ; Λ̄Þijαβ are BRST singlets,

sΛij
αβ ¼ sΛ̄ij

αβ ¼ sΠij
αβ ¼ sΠ̄ij

αβ ¼ 0; ð47Þ

from which it immediately follows that sSðΠ; Π̄;Λ; Λ̄Þ ¼ 0.
On the other hand, as done in the case of ðM;N;U; VÞ, a
second nilpotent operator δ̂, δ̂2 ¼ 0, acting only on
ðλ; λ̄; ζ; ζ̄;Π; Π̄;Λ; Λ̄Þ can be introduced as

δ̂λaiα ¼ ζaiα ; δ̂ζaiα ¼ 0;

δ̂ζ̄aiα ¼ λ̄aiα ; δ̂λ̄aiα ¼ 0;

δ̂Λij
αβ ¼ Πij

αβ; δ̂Πij
αβ ¼ 0;

δ̂Π̄ij
αβ ¼ Λ̄ij

αβ; δ̂Λ̄ij
αβ ¼ 0: ð48Þ

Again, the term SðΠ; Π̄;Λ; Λ̄Þ can be rewritten as an exact δ̂
variation,

SðΠ; Π̄;Λ; Λ̄Þ ¼ δ̂

Z
d4x½Π̄jk

αβψ̄
h;iαTa;ijλakβ

þ Λikβ
α ζ̄akβ Ta;ijψh;jα�: ð49Þ

We can also define a new δ̂ invariant dimension two operator

λ̄aiα λ
aiα þ ζ̄aiα ζ

aiα ¼ δ̂ðζ̄aiα λaiαÞ; ð50Þ

which will be considered later on. Furthermore,
SðΠ; Π̄;Λ; Λ̄Þ displays an exact Uð4NÞ symmetry:

Q̂ij
αβðSðΠ; Π̄;Λ; Λ̄ÞÞ ¼ 0; ð51Þ

with

Q̂ij
αβ ¼

Z
d4x

�
λaiα

δ

δλajβ
− λ̄ajβ

δ

δλ̄aiα
þ ζaiα

δ

δζajβ
− ζ̄ajβ

δ

δζ̄aiα

þ Λki
γα

δ

δΛkjβ
γ

− Λ̄kj
γβ

δ

δΛ̄kiα
γ

þ Πki
γα

δ

δΠkjβ
γ

− Π̄kj
γβ

δ

δΠ̄kiα
γ

�
:

ð52Þ

As in the case of (41), the trace of Q̂ij
αβ defines a charge for

ðλ; λ̄; ζ; ζ̄;Π; Π̄;Λ; Λ̄Þ and a new multi-index Î ≡ fj; βg can
be established:

ðλajβ ; λ̄ajβ ; ζajβ ; ζ̄ajβ ;Πij
αβ; Π̄

ij
αβ;Λ

ij
αβ; Λ̄

ij
αβÞ

≡ ðλa
Î
; λ̄a

Î
; ζa

Î
; ζ̄a

Î
;Πi

αÎ
; Π̄i

αÎ
;Λi

αÎ
; Λ̄i

αÎ
Þ: ð53Þ

where the indices fÎ; Ĵ; K̂;…g vary from 1 to 4 × N. In
terms of the new multi-indices, expression (44) can be
rewritten as

SðΠ; Π̄;Λ; Λ̄Þ

¼ δ̂

Z
d4x½Π̄j

αÎ
ψ̄h;iαTa;ijλaÎ þ ΛiÎ

α ζ̄
a
Î
Ta;ijψh;jα�

¼
Z

d4x½Λ̄j
αÎ
ψ̄h;iαTa;ijλaÎ þ Π̄j

αÎ
ψ̄h;iαTa;ijζaÎ

þ ΠiÎ
α ζ̄

a
Î
Ta;ijψh;jα þ ΛiÎ

α λ̄
a
Î
Ta;ijψh;jα�: ð54Þ

Finally, we can replace the full action Slocal, Eq. (29), by a
more general one or, equivalently, we can also state that Slocal

is embedded in the following action:

S1 ¼
Z

d4x

�
1

4
Fa
μνFa

μν þ
α

2
baba þ iba∂μAa

μ þ c̄a∂μDab
μ ðAÞcb þ iψ̄ iαðγμÞαβDij

μ ψ jβ

�

þ
Z

d4x½τa∂μA
h;a
μ þ η̄a∂μDab

μ ðAhÞηb�

þ
Z

d4x½φ̄aI∂μDab
μ ðAhÞφbI − ω̄aI∂μDab

μ ðAhÞωbI þMaI
μ Dab

μ ðAhÞφbI
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þ VaI
μ Dab

μ ðAhÞφ̄bI − NaI
μ Dab

μ ðAhÞωbI þUaI
μ Dab

μ ðAhÞω̄bI −MaI
μ VaI

μ þ NaI
μ UaI

μ �

þ
Z

d4x½λ̄a
Î
ð−∂μDab

μ ðAhÞÞλbÎ þ ζ̄a
Î
ð−∂μDab

μ ðAhÞÞζbÎ

þ Λ̄j
αÎ
ψ̄h;iαTa;ijλaÎ þ Π̄j

αÎ
ψ̄h;iαTa;ijζaÎ þ ΠiÎ

α ζ̄
a
Î
Ta;ijψh;jα þ ΛiÎ

α λ̄
a
Î
Ta;ijψh;jα�

þ
Z

d4x

�
m2

2
Ah;a
μ Ah;a

μ −M2ðφ̄aIφaI − ω̄aIωaIÞ −mψ ψ̄
iαψ i

α þ w2ðλ̄aÎλa
Î
þ ζ̄aÎζa

Î
Þ
�
; ð55Þ

where, in the last line, we have also included the dimension
two invariant fermionic operator of Eq. (50) through the
new mass parameter w2, this term being allowed by both
power counting and symmetry content.
It is quickly checked that, when the externals sources

ðM;N;U; VÞ and ðΠ; Π̄;Λ; Λ̄Þ attain their physical values,
Eqs. (34), (45), expression (55) yields back the local action
Slocal of Eq. (29), with the addition of the invariant and
power counting allowed quantity ðλ̄aÎλa

Î
þ ζ̄aÎζa

Î
Þ. As we

have seen before, expression (55) enjoys the following
exact symmetries:

sS1 ¼ δS1 ¼ δ̂S1 ¼ QIJðS1Þ ¼ Q̂Î ĴðS1Þ ¼ 0: ð56Þ

Evidently, being the action Slocal a particular case of S1,
the all order renormalizability of the latter will imply the
renormalizability of Slocal. Therefore, from now on, we
shall focus on S1.

B. Establishing the Slavnov-Taylor identities

Following the setup of the algebraic renormalization [56]
a key step in the proof of the renormalizability is the
establishment of the Slavnov-Taylor identities, translating
at the functional quantum level the BRST invariance. As we
have several nonlinear transformations as well as several
composite operators and symmetries, the task of writing
down the Slavnov-Taylor identities for the present model,
i.e., for the action S1, requires a few steps which will be
illustrated in the following subsections.
First of all, from the BRST transformations of Eqs. (18),

(19), (16), and (30) one observes that the transformations of
the fields (Aa

μ, ca, ψ i, ψ̄ i) and ξa are nonlinear in the
quantum fields, so that they define composite operators

which need to be properly defined at the quantum level by
means of a suitable set of external sources [56]. This leads
to the following action:

S2 ¼ S1 þ SBRST; ð57Þ

with S1 being given by (55) and SBRST by

SBRST¼
Z

d4x½Ωa
μðsAa

μÞþLaðscaÞþKaðsξaÞ

þðsψ̄ iαÞϒi
αþϒ̄i

αðsψ iαÞ�

¼
Z

d4x

�
Ωa

μDab
μ ðAÞcbþg

2
fabcLacbccþKagabðξÞcb

− iψ̄ iαTa;ijcaϒj
α− iϒ̄i

αTa;ijcaψ jα

�
; ð58Þ

where ðΩa
μ; La; Ka;ϒi

α; ϒ̄
i
αÞ are a set of external BRST

invariant sources

sΩa
μ ¼ sLa ¼ sKa ¼ sϒi

α ¼ ϒ̄i
α ¼ 0: ð59Þ

TABLE I. Quantum numbers of the fields.

Fields A b c c̄ ψ̄ ψ ξ φ̄ φ ω̄ ω α χ τ

Dimension 1 2 0 2 3
2

3
2

0 1 1 1 1 0 0 2
c-ghost number 0 0 1 −1 0 0 0 0 0 −1 1 0 1 0
η-ghost number 0 0 0 0 0 0 0 0 0 0 0 0 0 0
e-charge 0 0 0 0 −1 1 0 0 0 0 0 0 0 0
Uð4ðN2 − 1ÞÞ-charge 0 0 0 0 0 0 0 −1 1 −1 1 0 0 0
Uð4NÞ-charge 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Nature C C A A A A C C C A A C A C

TABLE II. Quantum numbers of the fields.

Fields η η̄ λ̄ λ ζ̄ ζ

Dimension 0 2 1 1 1 1
c-ghost number 0 0 0 0 −1 1
η-ghost number 1 −1 0 0 0 0
e-charge 0 0 −1 1 −1 1
Uð4ðN2 − 1ÞÞ-charge 0 0 0 0 0 0
Uð4NÞ-charge 0 0 −1 1 −1 1
Nature A A A A C C
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The quantum numbers of these sources can be found in
Tables I–IV. The BRST invariance can now be written as a
functional identity known as the Slavnov-Taylor identity:

SðS2Þ ¼ 0; ð60Þ

where SðFÞ is defined by

SðFÞ ¼
Z

d4x
�
δF
δΩa

μ

δF
δAa

μ
þ δF
δLa

δF
δca

þ δF
δKa

δF
δξa

þ iba
δF
δξa

�
;

ð61Þ

with F standing for an arbitrary integrated functional of the
fields and sources.

C. Introducing the external sources for the composite
operators ðAh

μ;ψh;ψ̄hÞ
Besides the sources ðΩa

μ; La; Ka;ϒi
α; ϒ̄

i
αÞ introduced

before, we need to take into account that the quantities
ðAh

μ;ψh; ψ̄hÞ are composite operators too and, as such, they
do require to be introduced through suitable external
sources. We get thus

S3 ¼ S2 þ
Z

d4x ðJ a
μA

h;a
μ þ ψ̄h;i

α Θiα þ Θ̄i
αψ

h;iαÞ; ð62Þ

where S2 is given by S2 while the sources ðJ a
μ;Θi

α; Θ̄i
αÞ are

coupled to ðAh
μ;ψh; ψ̄hÞ. The gauge invariance of

ðAh
μ;ψh; ψ̄hÞ naturally leads to

sJ a
μ ¼ sΘi

α ¼ sΘ̄i
α ¼ 0: ð63Þ

Furthermore, the BRST invariant mass terms built up with
ðAh

μ;ψh; ψ̄hÞ and with the two families of localizing
auxiliary fields ðφ; φ̄;ω; ω̄Þ and ðλ; λ̄; ζ; ζ̄Þ which appear
in the last two lines of expression (55) can be treated as
composite operators coupled to the sources ðJ; Jψ ; Jφ; JλÞ,
which replace the mass parameters ðm2; mψ ;M2; w2Þ,
namely

SðJ; Jψ ; Jφ; JλÞ ¼
Z

d4x½JAh;a
μ Ah;a

μ þ Jψ ψ̄ i
αψ

iα

þ Jφðφ̄aIφaI − ω̄aIωaIÞ
þ Jλðλ̄aÎλaÎ þ ζ̄aÎζa

Î
Þ�: ð64Þ

At the end, we shall set

JðxÞjphys ¼
m2

2
;

JψðxÞjphys ¼ −mψ ; JφðxÞjphys ¼ −M2;

JλðxÞjphys ¼ w2;

ð65Þ

thus recovering the mass terms of S1. From the invariance
of the mass terms it follows that

sJ ¼ sJψ ¼ sJφ ¼ sJλ ¼ 0: ð66Þ

So far, the action we have constructed is given by the
expression S3, Eq. (62), with the masses replaced by the
local sources ðJ; Jψ ; Jφ; JλÞ, i.e., with the last two lines of
Eq. (55) replaced by the term (64). Of course, at the end,
when the sources attain their physical values, Eq. (65), the

TABLE III. Quantum numbers of the sources.

Sources Ω L K J Jψ J M N U V Jφ Kφ Ξ X Y

Dimension 3 4 4 2 1 3 2 2 2 2 2 2 3 3 3
c-ghost number −1 −2 −1 0 0 0 0 −1 1 0 0 1 0 1 0
η-ghost number 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 −1
e-charge 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Uð4ðN2 − 1ÞÞ-charge 0 0 0 0 0 0 −1 −1 1 1 0 0 0 1 1
Uð4NÞ-charge 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Nature A C A C C C C A A C C A A C A

TABLE IV. Quantum numbers of the sources.

Sources X̄ Ȳ ϒ̄ ϒ Θ̄ Θ Λ̄ Λ Π̄ Π

Dimension 3 3 5
2

5
2

5
2

5
2

3
2

3
2

3
2

3
2

c-ghost number −1 0 −1 −1 0 0 0 0 −1 1
η-ghost number −1 −1 0 0 0 0 0 0 0 0
e-charge 0 0 −1 1 −1 1 0 0 0 0
Uð4ðN2 − 1ÞÞ-charge −1 −1 0 0 0 0 0 0 0 0
Uð4NÞ-charge 0 0 0 0 0 0 −1 1 −1 1
Nature C A C C A A C C A A
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action S3 is recovered. In order to clarify the notation, let us
define a new action

S4 ≡ S3jmasses→sources; ð67Þ
although, the action S4 is not yet the final expression for the
complete tree-level action which will be taken as the
starting point. Two more steps are needed, as illustrated
below. As we have seen before, besides the BRST

invariance, we have additional global symmetries, namely
ðδ; δ̂Þ, which will turn out to be very helpful for the
algebraic proof of the renormalizability when translated
into Ward identities. To that aim we shall introduce extra
local composite operators encoded in the term Sextra

S5 ¼ S4 þ Sextra; ð68Þ
with Sextra being given by

Sextra ¼
Z

d4x½Ξa
μ Dab

μ ðAhÞηb þ Γabηaηb − XIηaω̄aI − YIηaφ̄aI − X̄abIηaωbI

− ȲabIηaφbI − ZÎηaλ̄a
Î
−WÎηaζ̄a

Î
− Z̄abÎηaλb

Î
− W̄abÎηaζb

Î

þΦi
αψ̄

h;jαTa;jiηa þ Φ̄iαTa;ijηaψh;j
α þ Kφω̄

aIφaI þ Kλλ̄
aÎζa

Î
�: ð69Þ

This extra term is left invariant by the three operators
ðs; δ; δ̂Þ provided the new external local sources transform
as

sðΞ;Γ;Φ; Φ̄; X; X̄; Y; Ȳ; Z; Z̄;W; W̄; Kφ; KλÞ ¼ 0; ð70Þ

δðΞ;Γ;Φ; Φ̄; Z; Z̄;W; W̄; KλÞ ¼ 0;

δYI ¼ XI; δXI ¼ 0;

δX̄abI ¼ −ȲabI; δȲabI ¼ 0;

δJφ ¼ Kφ; δKφ ¼ 0; ð71Þ

δ̂ðΞ;Γ; ;Φ; Φ̄X; X̄; Y; Ȳ; KφÞ ¼ 0;

δ̂ZÎ ¼ −WÎ; δ̂WÎ ¼ 0;

δ̂W̄abÎ ¼ Z̄abÎ; δ̂Z̄abÎ ¼ 0;

δ̂Jλ ¼ Kλ; δ̂Kλ ¼ 0; ð72Þ

where we have extended the δ and δ̂ transformations to the
sources Jφ and Jλ, respectively.
The final step is now that of introducing pure vacuum

terms in the external sources, allowed by the power
counting, namely

S6 ¼ S5 þ SPC; ð73Þ

with

SPC ¼
Z

d4x

�
κ1
2
J2 þ κ2JJ2ψ þ κ3J4ψ

þ ϱJψ ðΛ̄iαÎΛi
αÎ
− Π̄iαÎΠi

αÎ
Þ
�
; ð74Þ

where ðκ1; κ2; κ3; ϱÞ are arbitrary coefficients needed to
take into account the UV divergences present in the
correlation functions:

hðAhAhÞxðAhAhÞyi;
hðψ̄ψÞxðψ̄ψÞyðAhAhÞzi;
hðψ̄ψÞxðψ̄ψÞyðψ̄ψÞzðψ̄ψÞwi;
hðψ̄ψÞxððψ̄hTλÞyðλ̄TψhÞz − ðψ̄hTζÞyðζ̄TψhÞzÞi:

Other possible combinations in the external sources like J2φ,
J2λ , J

2
ψJφ, J2ψJλ, JJφ; JJλ, and JφJλ are forbidden, since

they are not left invariant by the transformations (71), (72)
of Jφ and Jλ, meaning in fact that the correlation functions

hðφ̄φ − ω̄ωÞxðφ̄φ − ω̄ωÞyi;
hðλ̄λþ ζ̄ζÞxðλ̄λþ ζ̄ζÞyi;
hðψ̄ψÞxðψ̄ψÞyðφ̄φ − ω̄ωÞzi;
hðψ̄ψÞxðψ̄ψÞyðλ̄λþ ζ̄ζÞzi;
hðAhAhÞxðφ̄φ − ω̄ωÞyi;
hðAhAhÞxðλ̄λþ ζ̄ζÞyi;
hðφ̄φ − ω̄ωÞxðλ̄λþ ζ̄ζÞyi

are not UV divergent.

V. INTRODUCTION OF THE EXTENDED
GENERALIZED BRST OPERATOR AND OF THE

COMPLETE TREE-LEVEL ACTION Σ

In this section, we shall introduce a unique generalized
BRST operator encoding all three operators ðs; δ; δ̂Þ. First
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4The parameters ðα; χÞ do not transform under ðδ; δ̂Þ,

δα ¼ δχ ¼ δ̂α ¼ δ̂χ ¼ 0: ð78Þ

of all, following [57], let us extend the action of the
operator s on the gauge parameter α, a very powerful trick
to control the dependence of the invariant local counterterm
as well as of Green’s functions of the theory from α. To that
end [57], we define the action of s on the parameter α as

sα ¼ χ; sχ ¼ 0; ð75Þ

where χ is a Grassmann parameter with ghost number 1
which will be set to zero at the very end. According to [57],
the linear covariant gauge-fixing term acquires now a χ
dependent part, namely

s
Z

d4x

�
−
iα
2
c̄aba

�
¼

Z
d4x

�
−
iχ
2
c̄aba þ α

2
baba

�
;

ð76Þ

which is taken into account by introducing it in the final
complete tree-level action Σ given by

Σ ¼ S6 −
i
2

Z
d4x χ c̄aba; ð77Þ

where S6 stands for the expression of Eq. (73). As it is
easily checked, the action Σ above is left invariant by all
three operators4 ðs; δ; δ̂Þ:

sΣ ¼ δΣ ¼ δ̂Σ ¼ 0: ð79Þ

Therefore, noticing that

s2 ¼ 0; δ2 ¼ 0; δ̂2 ¼ 0; fs; δg ¼ 0;

fs; δ̂g ¼ 0; fδ; δ̂g ¼ 0; ð80Þ

it turns out to be very helpful to join all three operators
ðs; δ; δ̂Þ into a unique generalized BRST nilpotent operator
Q defined by

Q ¼ sþ δþ δ̂; Q2 ¼ 0: ð81Þ

For further use, let us enlist below the whole set of Q
transformations of all fields, sources, and parameters
introduced so far:

(i) The nonlinear Q transformations:

QAa
μ ¼ −Dab

μ ðAÞcb;
Qca ¼ g

2
fabccbcc;

Qψ i
α ¼ −iTa;ijcaψ j

α;

Qψ̄ i
α ¼ −iψ̄ j

αTa;jica;

Qξa ¼ gabðξÞcb; ð82Þ

(ii) The Q-doublet transformations:

Qc̄a ¼ iba; Qba ¼ 0; Qα ¼ χ; Qχ ¼ 0;

QφaI ¼ ωaI; QωaI ¼ 0; Qω̄aI ¼ φ̄aI; Qφ̄aI ¼ 0;

QNaI
μ ¼ MaI; QMaI

μ ¼ 0; QVaI
μ ¼ UaI; QUaI

μ ¼ 0;

QλaÎ ¼ ζaÎ; QζaÎ ¼ 0; Qζ̄aÎ ¼ λ̄aÎ; Qλ̄aÎ ¼ 0;

QΛiÎ
α ¼ ΠiÎ

α ; QΠiÎ
α ¼ 0; QΠ̄iÎ

α ¼ Λ̄iÎ
α ; QΛ̄iÎ

α ¼ 0;

QJφ ¼ Kφ; QKφ ¼ 0; QJλ ¼ Kλ; QKλ ¼ 0;

QYI ¼ XI; QXI ¼ 0; QX̄abI ¼ −ȲabI; QȲabI ¼ 0;

QZÎ ¼ −WÎ; QWÎ ¼ 0; QW̄abÎ ¼ Z̄abÎ ; QZ̄abÎ ¼ 0; ð83Þ

(iii) The Q-singlet transformations:

Q ðηa; η̄a; τa; J; Jψ ;Ωa
μ; La; Ka;ϒi

α; ϒ̄
i
α;J a

μ;Θi
α; Θ̄i

α;Ξa
μ;Γab;Φi

α; Φ̄i
αÞ ¼ 0: ð84Þ

Let us end this section by presenting the explicit expression of the complete tree-level starting action Σ of Eq. (77):
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Σ ¼
Z

d4x

�
1

4
Fa
μνFa

μν þ iψ̄ iαðγμÞαβDij
μ ψ jβ þ JAh;a

μ Ah;a
μ þ Jψ ψ̄ iαψ i

α

þ ðJ a
μ − ∂μτ

aÞAh;a
μ þ ðΞa

μ − ∂μη̄
aÞDab

μ ðAhÞηb þ ψ̄h;i
α Θiα þ Θ̄i

αψ
h;iα

þ Γabηaηb þΦi
αψ̄

h;jαTa;jiηa þ Φ̄i
αTa;ijηaψh;jα þ κ1

2
J2 þ κ2JJ2ψ þ κ3J4ψ

−
i
2
χc̄aba þ α

2
baba þ iba∂μAa

μ − ðΩa
μ þ ∂μc̄aÞDab

μ ðAÞcb þ g
2
fabcLacbcc

þ KagabðξÞcb − iψ̄ iαTa;ijcaϒj
α − iϒ̄i

αTa;ijcaψ jα þ φ̄aI∂μDab
μ ðAhÞφbI

− ω̄aI∂μDab
μ ðAhÞωbI þMaI

μ Dab
μ ðAhÞφbI − NaI

μ Dab
μ ðAhÞωbI þUaI

μ Dab
μ ðAhÞω̄bI

þ VaI
μ Dab

μ ðAhÞφ̄bI þ Kφω̄
aIφaI þ Jφðφ̄aIφaI − ω̄aIωaIÞ −MaI

μ VaI
μ þ NaI

μ UaI
μ

− λ̄aÎ∂μDab
μ ðAhÞλb

Î
− ζ̄aÎ∂μDab

μ ðAhÞζb
Î
þ Λ̄jÎ

α ψ̄h;iαTa;ijλa
Î
− Π̄jÎ

α ψ̄h;iαTa;ijζa
Î

þ ΠiÎ
α ζ̄

a
Î
Ta;ijψh;jα þ ΛiÎ

α λ̄
a
Î
Ta;ijψh;jα þ Kλζ̄

aÎλa
Î
þ Jλðλ̄aÎλaÎ þ ζ̄aÎζa

Î
Þ

þ ϱJψ ðΛ̄iαÎΛi
αÎ
− Π̄iαÎΠi

αÎ
Þ − XIηaω̄aI − YIηaφ̄aI − ȲabIηaφabI − X̄abIηaωabI

− Z̄abÎηaλb
Î
− W̄abÎηaζb

Î
−WÎηaζ̄a

Î
− ZÎηaλ̄a

Î
�; ð85Þ

with

QΣ ¼ 0: ð86Þ
The expression (85) as well as the generalized identity (86)
will be taken as the starting point for the forthcoming proof
of the algebraic all orders renormalization of the action
Slocal, Eq. (29). We remind the reader in fact that Slocal is
obtained from Σ, Eq. (85), by taking the particular values
(34), (45), (65), while setting the remaining sources and the
Grassmannian parameter χ to zero. Slocal can be thought of
thus as a particular case of the more general action Σ which
enjoys a very rich set of Ward identities, as we shall see in
the next section.
It is helpful here to provide the mass dimensions and the

other quantum numbers of all fields and sources appearing
in the complete action Σ. These quantum numbers are
displayed in the tables below (up to Table V), where the

commuting (C) or anticommuting (A) nature of each
variable is also shown, being determined as the sum of
the ghost charges and of the so-called e-charge (i.e., the
spinor index). When this sum is even, the corresponding
field/source is considered a commuting variable, otherwise
it is an anticommuting one.

VI. WARD IDENTITIES

The tree-level extended action Σ defined by (85) enjoys a
large set of Ward identities which we enlist below:

(i) The generalized Slavnov-Taylor identity translating
in functional form the exact invariance (86):

BðΣÞ ¼ 0; ð87Þ

with

TABLE V. Quantum numbers of the extra sources.

Extra sources Jλ Kλ Z̄ W̄ Z W Φ̄ Φ Γ

Dimension 2 2 3 3 3 3 5
2

5
2

4
c-ghost number 0 1 0 −1 0 1 0 0 0
η-ghost number 0 0 −1 −1 −1 −1 −1 −1 −2
e-charge 0 0 −1 −1 1 1 −1 1 0
Uð4ðN2 − 1ÞÞ-charge 0 0 0 0 0 0 0 0 0
Uð4NÞ-charge 0 0 −1 −1 1 1 0 0 0
Nature C A C A C A A A C
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BðΣÞ ¼
Z

d4x

�
δΣ
δAa

μ

δΣ
δΩa

μ
þ δΣ
δca

δΣ
δLa þ

δΣ
δξa

δΣ
δKa þ

δΣ
δϒi

α

δΣ
δψ̄ i;α þ

δΣ
δϒ̄i

α

δΣ
δψ i;α þ iba

δΣ
δc̄a

þ ωaI δΣ
δφaI þ φ̄aI δΣ

δω̄aI þMaI
μ

δΣ
δNaI

μ
þ UaI

μ
δΣ
δVaI

μ
þ Kφ

δΣ
δJφ

þ XI δΣ
δYI − ȲabI δΣ

δX̄abI

þ λ̄aÎ
δΣ
δζ̄a

Î

þ ζaÎ
δΣ
δλa

Î

þ Λ̄iαÎ δΣ
δΠ̄i

αÎ

þ ΠiαÎ δΣ
δΛi

αÎ

þ Kλ
δΣ
δGλ

−WÎ δΣ
δZÎ

þ Z̄abÎ δΣ
δW̄ab

Î

�
þ χ

∂Σ
∂α : ð88Þ

For further use, let us introduce the so-called nilpotent linearized Slavnov-Taylor operator BΣ [56],

BΣ ¼
Z

d4x

�
δΣ
δAa

μ

δ

δΩa
μ
þ δΣ
δΩa

μ

δ

δAa
μ
þ δΣ
δca

δ

δLa þ
δΣ
δLa

δ

δca
þ δΣ
δξa

δ

δKa þ
δΣ
δKa

δ

δξa

þ δΣ
δϒi

α

δ

δψ̄ i;α þ
δΣ
δψ̄ i;α

δ

δϒi
α
þ δΣ
δϒ̄i

α

δ

δψ i;α þ
δΣ
δψ i;α

δ

δϒ̄i
α

þ iba
δ

δc̄a
þ ωaI δ

δφaI

þ φ̄aI δ

δω̄aI þMaI
μ

δ

δNaI
μ
þ UaI

μ
δ

δVaI
μ
þ Kφ

δ

δJφ
þ XI δ

δYI − ȲabI δ

δX̄abI þ λ̄aÎ
δ

δζ̄a
Î

þ ζaÎ
δ

δλa
Î

þ Λ̄iαÎ δ

δΠ̄i
αÎ

þ ΠiαÎ δ

δΛi
αÎ

þ Kλ
δ

δJλ
−WÎ δ

δZÎ
þ Z̄abÎ δ

δW̄ab
Î

�
þ χ

∂
∂α ; ð89Þ

with

BΣBΣ ¼ 0: ð90Þ

The linearized nilpotent operator BΣ plays a pivotal role in
the analysis of the algebraic renormalization due to the fact
that the most general local invariant counterterm which can
be freely added to any loop order can be characterized in
terms of the cohomology of BΣ in the space of the local
integrated polynomials in the fields, sources, and their
derivatives [56].
(ii) The antighost Ward identity:

δΣ
δc̄a

þ ∂μ
δΣ
δΩa

μ
¼ i

2
χba: ð91Þ

Notice that the right-hand side of Eq. (91) is a linear
breaking, i.e., a breaking linear in the quantum
fields. As such, it will be not affected by quantum
corrections [56].

(iii) The equation of motion of the Lagrange multiplier
ba:

δΣ
δba

¼ i∂μAa
μ þ αba −

i
2
χc̄a; ð92Þ

expressing in functional form the linear covariant
gauge-fixing condition adopted here. Again, the
right-hand side of Eq. (92) is a linear breaking,
not affected by the quantum corrections.

(iv) The τa Ward identity:
Analogously to the antighost Ward identity, the

equation of motion of the τa field and the variation of
the action with respect to the source J a

μ, yield the
following Ward identity:

δΣ
δτa

− ∂μ
δΣ
δJ a

μ
¼ 0: ð93Þ

(v) The antighost η̄a Ward identity:

δΣ
δη̄a

þ ∂μ
δΣ
δΞa

μ
¼ 0: ð94Þ

Note that the presence of the composite field
operator Dab

μ ðAhÞηb, coupled to the source Ξa
μ, is

needed in order to establish this identity.
(vi) The integrated linearly broken ηa-ghost Ward

identity:

Z
d4x

�
δΣ
δηa

þ gfabcη̄b
δΣ
δτc

− gfabcΞb
μ
δΣ
δJ c

μ

�

¼
Z

d4xðX̄abIωbI − ȲabIφbI þ Xω̄aI

− YIφ̄aI þ ZÎ λ̄a
Î
−WÎ ζ̄a

Î
þ Z̄abÎλb

Î

− W̄abÎζb
Î
þ Γabηb þΦi

αψ̄
h;jαTa;ji

− Φ̄iαTa;ijψh;j
α Þ: ð95Þ
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(vii) The global Uð4ðN2 − 1ÞÞ symmetry:

UIJðΣÞ ¼ 0; ð96Þ
with

UIJðΣÞ¼
Z

d4x

�
φaI δΣ

δφaJ− φ̄aJ δΣ
δφ̄aIþωaI δΣ

δωaJ

− ω̄aJ δΣ
δω̄aI−MaJ

μ
δΣ

δMaI
μ
þVaI

μ
δΣ
δVaJ

μ

−NaJ
μ

δΣ
δNaI

μ
þUaJ

μ
δΣ
δUaI

μ
þXJ δΣ

δXI

þYI δΣ
δYJ− X̄abJ δΣ

δX̄abI− ȲabJ δΣ
δȲabI

�
: ð97Þ

(viii) The Uð4NÞ symmetry:

ÛÎ ĴðΣÞ ¼ 0; ð98Þ
where

ÛÎ ĴðΣÞ ¼
Z

d4x

�
λaÎ

δΣ
δλa

Ĵ

− λ̄aĴ
δΣ
δλ̄a

Î

þ ζaÎ
δΣ
δζa

Ĵ

− ζ̄aĴ
δΣ
δζ̄a

Î

þ ΛiαÎ δΣ
δΛi

αĴ

− Λ̄iαĴ δΣ
δΛ̄i

αÎ

þ ΠiαÎ δΣ
δΠi

αĴ

− Π̄iαĴ δΣ
δΠ̄i

αÎ

þ ZĴ δΣ
δZÎ

þWÎ δΣ
δWĴ

− Z̄abĴ δΣ
δZ̄ab

Î

− W̄abĴ δΣ
δW̄ab

Î

�
:

ð99Þ

(ix) The e-charge, or spinor number Ward identity:

N eðΣÞ ¼ 0;

N eðΣÞ ¼
Z

d4x

�
ψ iα δΣ

δψ i
α
− ψ̄ iα δΣ

δψ̄ i
α
þϒiα δΣ

δϒi
α

− ϒ̄iα δΣ
δϒ̄i

α

þ Θiα δΣ
δΘi

α
− Θ̄iα δΣ

δΘ̄i
α

þ λaÎ
δΣ
δλa

Î

− λ̄aÎ
δΣ
δλ̄a

Î

þ ζaÎ
δΣ
δζa

Î

− ζ̄aÎ
δΣ
δζ̄a

Î

þΦiα δΣ
δΦi

α
− Φ̄iα δΣ

δΦ̄i
α
þ ZÎ δΣ

δZÎ

þWÎ δΣ
δWÎ

− Z̄abÎ δΣ
δZ̄ab

Î

− W̄abÎ δΣ
δW̄ab

Î

�
:

ð100Þ

(x) The linearly broken identities:

δΣ
δφ̄aI þ ∂μ

δΣ
δMaI

μ
þ gfabcVbI

μ
δΣ
δJ c

μ
¼ −JφφaI þ YIηa;

ð101Þ

δΣ
δφaI þ ∂μ

δΣ
δVaI

μ
− gfabcφ̄bI δΣ

δτc
þ g fabcMbI

μ
δΣ
δJ c

μ

¼ −Jφφ̄aI − Kφω̄
aI þ ȲbaIηb; ð102Þ

δΣ
δω̄aI þ ∂μ

δΣ
δNaI

μ
− gfabcUbI

μ
δΣ
δJ c

μ

¼ JφωaI − Kφφ
aI − XIηa; ð103Þ

δΣ
δωaI þ ∂μ

δΣ
δUaI

μ
− gfabcω̄bI δΣ

δτc
þ gfabcNbI

μ
δΣ
δJ c

μ

¼ −Jφω̄aI − X̄baIηa: ð104Þ

(xi) The linearly broken integrated Ward identities for
the matter sector:

Z
d4x

�
δΣ
δζaÎ

þ gfabcζ̄b
Î

δΣ
δτc

− Π̄iα
Î
Ta;ij δΣ

δΘj
α

�

¼
Z

d4xðJλζ̄aÎ − W̄ba
Î
ηbÞ; ð105Þ

Z
d4x

�
δΣ
δλaÎ

þ gfabc
δΣ
δτc

λ̄b
Î
þ Ta;ijΛ̄iα

Î

δΣ
δΘj

α

�

¼
Z

d4x ðJλλ̄aÎ þ Kλζ̄
a
Î
þ Z̄ba

Î
ηbÞ; ð106Þ

Z
d4x

�
δΣ
δζ̄aÎ

þ Πiα
Î
Ta;ij δΣ

δΘ̄j
α

�

¼
Z

d4 x ðJλζaÎ −WÎη
a − Kλλ

a
Î
Þ; ð107Þ

Z
d4 x

�
δΣ
δλ̄aÎ

þ Λiα
Î
Ta;ij δΣ

δΘ̄j
α

�

¼
Z

d4x ðJλλaÎ þ ZÎη
aÞ: ð108Þ

(xii) The η-ghost number identity:
A ghost number can be assigned to the anticom-

muting fields ðη̄; ηÞ and to the source Ξμ, resulting in
the following η-ghost number Ward identity:
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N η-ghostðΣÞ ¼
Z

d4x

�
ηa

δΣ
δηa

þ −η̄a
δΣ
δη̄a

− Ξa
μ
δΣ
δΞa

μ
− XI δΣ

δXI − YI δΣ
δYI − X̄abI δΣ

δX̄abI

− ȲabI δΣ
δȲabI − ZÎ δΣ

δZÎ
−WÎ δΣ

δWÎ
− Z̄abÎ δΣ

δZ̄ab
Î

− W̄abÎ δΣ
δW̄ab

Î

− 2Γab δΣ
δΓab

�
¼ 0: ð109Þ

(xiii) The c-ghost number identity:
Analogously, we have also the usual c-ghost number in the Faddeev-Popov sector, expressed by

N c-ghostðΣÞ ¼
Z

d4x

�
ca

δΣ
δca

− c̄a
δΣ
δc̄a

þ ωaI δΣ
δωaI − ω̄aI δΣ

δω̄aI −ϒiα δΣ
δϒi

α
− ϒ̄iα δΣ

δϒ̄i
α

−Ωa
μ
δΣ
δΩa

μ
− 2La δΣ

δLa − Ka δΣ
δKa þ UaI

μ
δΣ
δUaI

μ
− NaI

μ
δΣ
δNaI

μ
þ Kφ

∂Σ
δKφ

þ XI δΣ
δXI

− X̄abI δΣ
δX̄abI þ ζaÎ

δΣ
δζa

Î

− ζ̄aÎ
δΣ
δζ̄a

Î

þ ΠiαÎ δΣ
δΠi

αÎ

− Π̄iαÎ δΣ
δΠ̄i

αÎ

þ Kλ
δΣ
δKλ

þ BÎ δΣ
δBÎ

− B̄abÎ δΣ
δB̄ab

Î

�
þ χ

∂Σ
∂χ ¼ 0: ð110Þ

(xiv) The exactly RIJ symmetry:

RIJðΣÞ ¼ 0; ð111Þ

with

RIJðΣÞ ¼
Z

d4x

�
φaI δΣ

δωaJ − ω̄aJ δΣ
δφ̄aI þ VaI

μ
δΣ
δUaJ

μ

− NaI
μ

δΣ
δMaJ

μ
þ X̄abJ δΣ

δȲabI þ YI δΣ
δXJ

�
:

ð112Þ

(xv) Identities that mix the Zwanziger ghosts with the
ðη; η̄Þ ghosts

WI
ð1ÞðΣÞ ¼

Z
d4x

�
ω̄aI δΣ

δη̄a
þ ηa

δΣ
δωaI þ NaI

μ
δΣ
δΞa

μ

þ Jφ
δΣ
δXI þ X̄abI δΣ

δΓab

�
¼ 0; ð113Þ

WI
ð2ÞðΣÞ ¼

Z
d4x

�
φ̄aI δΣ

δη̄a
− ηa

δΣ
δφaI þMaI

μ
δΣ
δΞa

μ

− Jφ
δΣ
δYI þ Kφ

δΣ
δXI − ȲabI δΣ

δΓab

�
¼ 0;

ð114Þ

WI
ð3ÞðΣÞ¼

Z
d4x

�
φaI δΣ

δη̄a
−ηa

δΣ
δφ̄aI−gfabc

δΣ
δȲabI

δΣ
δτc

−VaI
μ

δΣ
δΞa

μ
þJφ

δΣ
δȲaaIþYI δΣ

δΓaa

�
¼0;

ð115Þ

WI
ð4ÞðΣÞ ¼

Z
d4x

�
ωaI δΣ

δη̄a
− ηa

δΣ
δω̄aI

þ gfabc
δΣ

δX̄abI

δΣ
δτc

þUaI
μ

δΣ
δΞa

μ
þ Jφ

δΣ
δX̄aaI

þ Kφ
δΣ

δȲaaI þ XI δΣ
δΓaa

�
¼ 0: ð116Þ

(xvi) Identities that mix the ghosts related to fermionic
matter fields with the ðη; η̄Þ ghosts:

WÎ
ð1ÞðΣÞ ¼

Z
d4x

�
ηa

δΣ
δλa

Î

þ λ̄aÎ
δΣ
δη̄a

þ Λ̄iαÎ δΣ
δΦi

α

þ Jλ
δΣ
δZÎ

− Z̄abÎ δΣ
δΓab

�
¼ 0; ð117Þ

WÎ
ð2ÞðΣÞ ¼

Z
d4x

�
ζ̄aÎ

δΣ
δη̄a

− ηa
δΣ
δζa

Î

þ Π̄iαÎ δΣ
δΦi

α

− Jλ
δΣ
δWÎ

þ Kλ
δΣ
δZÎ

− W̄abÎ δΣ
δΓab

�
¼ 0;

ð118Þ
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WÎ
ð3ÞðΣÞ ¼

Z
d4x

�
ηa

δΣ
δλ̄a

Î

þ λaÎ
δΣ
δη̄a

− ΛiαÎ δΣ
δΦ̄i

α

− Jλ
δΣ
δZ̄aa

Î

− Kλ
δΣ

δW̄aa
Î

− ZÎ δΣ
δΓaa

�
¼ 0;

ð119Þ

WÎ
ð4ÞðΣÞ ¼

Z
d4x

�
ζaÎ

δΣ
δη̄a

þ ηa
δΣ
δζ̄a

Î

þ ΠiαÎ δΣ
δΦ̄i

α

þ Jλ
δΣ

δW̄aa
Î

−WÎ δΣ
δΓaa

�
¼ 0: ð120Þ

VII. ALGEBRAIC RENORMALIZATION
ANALYSIS

In Sec. VI, we displayed all Ward identities that the tree-
level action Σ, Eq. (85), obeys. We can focus thus on the
search of the most general counterterm in order to check out
the renormalizability of our model. To that aim it turns out

to be helpful to adopt a slightly different notation and
reparametrize the fields and sources as

ðAa
μ; ba; ξa; α; τa;J a

μ; JÞ

→

�
1

g
Aa
μ; gba;

1

g
ξa;

1

g2
α; gτa; gJ a

μ; g2J

�
: ð121Þ

A. Algebraic characterization of the most general
counterterm

In order to characterize the most general local invariant
counterterm which can be freely added to all orders in
perturbation theory, we follow the setup of the algebraic
renormalization [56] and perturb the tree-level action Σ by
adding an integrated local quantity in the fields and sources,
ΣCT, with dimension bounded by four and vanishing c-
ghost number. We demand thus that the perturbed action,
ðΣþ ϵΣCTÞ, where ϵ stands for an expansion parameter,
fulfills to the first order in ϵ the same Ward identities
obeyed by the starting action Σ, i.e.,

BΣðΣþ ϵΣCTÞ ¼ Oðϵ2Þ;�
δ

δc̄a
þ ∂μ

δ

δΩa
μ

�
ðΣþ ϵΣCTÞ −

i
2
χba ¼ Oðϵ2Þ;

δ

δba
ðΣþ ϵΣCTÞ ¼ i∂μAa

μ þ αba −
i
2
χc̄a þOðϵ2Þ;

�
δ

δτa
− ∂μ

δ

δJ a
μ

�
ðΣþ ϵΣCTÞ ¼ Oðϵ2Þ;

UIJðΣþ ϵΣCTÞ ¼ Oðϵ2Þ;
ÛĴ

Î
ðΣþ ϵΣCTÞ ¼ Oðϵ2Þ;

N eðΣþ ϵΣCTÞ ¼ Oðϵ2Þ;
N c−ghostðΣþ ϵΣCTÞ ¼ Oðϵ2Þ;
N η−ghostðΣþ ϵΣCTÞ ¼ Oðϵ2Þ;�

δ

δφ̄aI þ ∂μ
δ

δMai
μ
þ fabcVbI

μ
δ

δJ c
μ

�
ðΣþ ϵΣCTÞ ¼ −J̃φaI þ YIηa þOðϵ2Þ;

�
δ

δφaI þ ∂μ
δ

δVaI
μ
− fabcφ̄bI δ

δτc
þ fabcMbI

μ
δ

δJ c
μ

�
ðΣþ ϵΣCTÞ ¼ −J̃φ̄aI −Hω̄aI þ ȲbaIηb þOðϵ2Þ

�
δ

δω̄aI þ ∂μ
δ

δNaI
μ
− fabcUbI

μ
δ

δJ c
μ

�
ðΣþ ϵΣCTÞ ¼ J̃ωaI −HφaI − XIηa þOðϵ2Þ;

�
δ

δωaI þ ∂μ
δ

δUaI
μ
− fabcω̄bI δ

δτc
þ fabcNbI

μ
δ

δJ c
μ

�
ðΣþ ϵΣCTÞ ¼ −J̃ω̄aI − X̄baIηb þOðϵ2Þ;

Z
d4x

�
δ

δζaÎ
þ fabcζ̄b

Î

δ

δτc
− Π̄iα

Î
ðTaÞij δ

δΘj
α

�
ðΣþ ϵΣCTÞ ¼

Z
d4x ðG̃ζ̄a

Î
þ Pλ̄a

Î
− B̄ba

Î
ηbÞ þOðϵ2Þ;
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Z
d4x

�
δ

δλaÎ
þ fabc

δ

δτc
λ̄b
Î
þ ðTaÞijΛ̄iα

Î

δ

δΘj
α

�
ðΣþ ϵΣCTÞ ¼

Z
d4xðG̃λ̄a

Î
þ Z̄ba

Î
ηbÞ þOðϵ2Þ;

Z
d4x

�
δ

δζ̄aÎ
þ Πiα

Î
ðTaÞij δ

δΘ̄j
α

�
ðΣþ ϵΣCTÞ ¼

Z
d4xðG̃ζa

Î
− BÎη

a − B̄ba
Î
ηbÞ þOðϵ2Þ;

Z
d4x

�
δ

δλ̄aÎ
þ Λiα

Î
ðTaÞij δ

δΘ̄j
α

�
ðΣþ ϵΣCTÞ ¼

Z
d4xðG̃λa

Î
þ Pζa

Î
þ ZÎη

aÞ þOðϵ2Þ;

RijðΣþ ϵΣCTÞ ¼ Oðϵ2Þ;�
δ

δη̄a
þ ∂μ

δ

δΞa
μ

�
ðΣþ ϵΣCTÞ ¼ Oðϵ2Þ;

Z
d4x

�
δ

δηa
þ fabcη̄b

δ

δτc
− fabcΞb

μ
δ

δJ c
μ

�
ðΣþ ϵΣCTÞ ¼

Z
d4xð−ȲabIφbI þ X̄abIωbI þ Xω̄aI − YIφ̄aI

þ ZÎ λ̄a
Î
− BÎ ζ̄a

Î
þ Z̄abÎλb

Î
− B̄abÎζb

Î
þ Γabηb þΦi

αψ̄
ðhÞjαðTaÞji − Φ̄iαðTaÞijψ ðhÞj

α Þ þOðϵ2Þ;
WI

ð1;2;3;4ÞðΣþ ϵΣCTÞ ¼ Oðϵ2Þ:
WÎ

ð1;2;3;4ÞðΣþ ϵΣCTÞ ¼ Oðϵ2Þ: ð122Þ

Looking at the first condition of Eqs. (122), one gets

BΣΣCT ¼ 0; ð123Þ
where BΣ is the linearized nilpotent Slavnov-Taylor oper-
ator defined in (89). Equation (123) means that the invariant
counterterm ΣCT belongs to the cohomology of BΣ in the
space of the integrated local polynomials in the fields and
sources with c-ghost number zero and bounded by dimen-
sion four. From the general results on the cohomology of
Yang-Mills theories, see [56], the most general solution for
ΣCT can be written as

ΣCT ¼ Δþ BΣΔð−1Þ; ð124Þ
with Δ and Δð−1Þ being the nontrivial and trivial solutions
of Eq. (123), respectively. In particular, for the nontrivial
term Δ, we have

BΣΔ ¼ 0; Δ ≠ BΣT; ð125Þ

for some local integrated field polynomial T. Note also that,
according to the quantum numbers of the fields, Δð−1Þ is an
integrated polynomial of dimension four, c-ghost number
−1 and η-number equal to zero. One can appreciate now the
usefulness of the introduction of the generalized extended
BRST operator Q. In fact, from Eqs. (82), (83), (84) one
sees that the auxiliary fields and sources introduced to
implement the restriction of the functional measure to the
Gribov region in a local fashion transform as doublets5

under Q. As a consequence [56], they can appear only in
the exact trivial part of the cohomology of BΣ, that is they
can enter only in the term Δð−1Þ. Therefore, excluding the
doublet pairs, the most general expression for Δ can be
written as

Δ ¼
Z

d4x

�
a0
4g2

Fa
μνFa

μν þ a1Jψ ψ̄ i
αψ

i;α þ a2ð∂μðAhÞaμÞð∂νðAhÞaνÞ þ a3ð∂μðAhÞaνÞð∂μðAhÞaνÞ

þ a4fabcðAhÞaμðAhÞbν∂μðAhÞcν þ πabcdðAhÞaμðAhÞbμðAhÞcνðAhÞdν þ Ĵ a
μOa

μðA; ξÞ þ ðJ þ J2ψ ÞOðA; ξÞ
þ a5ð∂μη̄

a þ Ξa
μÞð∂μη

aÞ þ fabcð∂μη̄
a þ Ξa

μÞPb
μðA; ξÞηc þ a6

κ1
2
J2 þ Θ̄i;αF i

αðψ ; ξÞ
þ Θi;αF̄ i

αðψ̄ ; ξÞ þ Φ̄i;αðTaÞijηaWj
αðψ ; ξÞ þΦi;αðTaÞijηaW̄j

αðψ̄ ; ξÞ þ a7κ2J2ψJ þ a8κ3J4ψ �; ð127Þ

where ða0; a1;…; a8; πÞ are arbitrary dimensionless coef-
ficients and Oa

μðA; ξÞ, OðA; ξÞ, Pb
μðA; ξÞ are local expres-

sions in the fields Aa
μ and ξa with ghost number zero and

dimensions (1,1,2), respectively. Moreover, Wi
αðψ ; ξÞ and

W̄i
αðψ ; ξÞ are local functionals of ψ i

α and ξa while F̄ i
αðψ̄ ; ξÞ

and W̄i
αðψ̄ ; ξÞ are local expressions of ψ̄ i

α and ξa. Also, in

5We remind the reader here that a pair of variables ðω; βÞ is a
doublet if

Qω ¼ β; Qβ ¼ 0: ð126Þ
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expression (127) use has been made of the fact that, from
the Ward identity (93), the variables ðτa;J a

μÞ can enter only
through the combination

Ĵ a
μ ¼ J a

μ − ∂μτ
a: ð128Þ

It is worth observing that the quantities ðOa
μðA; ξÞ;

OðA; ξÞ;Pb
μðA; ξÞÞ as well as ðWi

αðψ ; ξÞ; W̄i
αðψ ; ξÞ;

F̄ i
αðψ̄ ; ξÞ; W̄i

αðψ̄ ; ξÞÞ are fully independent from the exter-
nal sources. As a consequence, the action of the linearized
operator BΣ reduces to that of the BRSToperator s, namely,
from Eq. (126), one gets

BΣOa
μðA; ξÞ ¼ QOa

μðA; ξÞ ¼ sOa
μðA; ξÞ ¼ 0; ð129Þ

BΣOðA; ξÞ ¼ QOðA; ξÞ ¼ sOðA; ξÞ ¼ 0; ð130Þ

BΣP
a
μðA; ξÞ ¼ QPa

μðA; ξÞ ¼ sPa
μðA; ξÞ ¼ 0; ð131Þ

BΣF i
αðψ ; ξÞ ¼ QF i

αðψ ; ξÞ ¼ sF i
αðψ ; ξÞ ¼ 0; ð132Þ

BΣF̄ i
αðψ̄ ; ξÞ ¼ QF̄ i

αðψ̄ ; ξÞ ¼ sF̄ i
αðψ̄ ; ξÞ ¼ 0; ð133Þ

BΣWi
αðψ ; ξÞ ¼ QWi

αðψ ; ξÞ ¼ sWi
αðψ ; ξÞ ¼ 0; ð134Þ

BΣW̄i
αðψ̄ ; ξÞ ¼ QW̄i

αðψ̄ ; ξÞ ¼ sW̄i
αðψ̄ ; ξÞ ¼ 0; ð135Þ

which imply that Oa
μðA; ξÞ, OðA; ξÞ, Pb

μðA; ξÞ, F i
αðψ ; ξÞ,

F̄ i
αðψ̄ ; ξÞ, Wi

αðψ ; ξÞ, and W̄i
αðψ̄ ; ξÞ are BRST invariant. In

[50] and [58], the general solution of Eqs. (129)–(133) were
obtained, yielding

Oa
μðA; ξÞ ¼ b1ðAhÞaμ; ð136Þ

OðA; ξÞ ¼
�
b2 þ b02

2

�
ðAhÞaμðAhÞaμ; ð137Þ

Pa
μðA; ξÞ ¼ b3ðAhÞaμ; ð138Þ

F i
αðψ ; ξÞ ¼ b4ψ

ðhÞi
α ; ð139Þ

F̄ i
αðψ̄ ; ξÞ ¼ b5ψ̄

ðhÞi
α ; ð140Þ

with ðb1; b2; b02; b3; b4; b5Þ free dimensionless parameters.
Let us consider thus Eqs. (134) and (135), that is

sWi
αðψ ; ξÞ ¼ 0; ð141Þ

sW̄i
αðψ̄ ; ξÞ ¼ 0: ð142Þ

It is immediate to realize that they have the same structure
of Eqs. (132) and (133). As a consequence, they can be
solved by repeating exactly the same analysis presented in
[50]. Skipping the intermediate algebraic manipulations,
for ðWi

αðψ ; ξÞ; W̄i
αðψ̄ ; ξÞÞ we get

Wi
αðψ ; ξÞ ¼ b6ψ

ðhÞi
α ;

W̄i
αðψ̄ ; ξÞ ¼ b7ψ̄

ðhÞi
α ; ð143Þ

with ðb6; b7Þ constant free parameters. Therefore, after
imposing the constraints (129)–(134), for the cohomolog-
ical nontrivial term Δ we get

Δ ¼
Z

d4x

�
a0
4g2

Fa
μνFa

μν þ a1Jψ ψ̄ i
αψ

i;α þ a2ð∂μðAhÞaμÞð∂νðAhÞaνÞ þ a3ð∂μðAhÞaνÞð∂μðAhÞaνÞ

þ a4fabcðAhÞaμðAhÞbν∂μðAhÞcν þ πabcdðAhÞaμðAhÞbμðAhÞcνðAhÞdν þ b1Ĵ
a
μðAhÞaμ

þ
�
b2

J
2
þ b02

J2ψ
2

�
ðAhÞaμðAhÞaμ þ a5ð∂μη̄

a þ Ξa
μÞð∂μη

aÞ þ b3fabcð∂μη̄
a þ Ξa

μÞðAhÞbνηc

þ a6
κ1
2
J2 þ b4Θ̄i;αψ ðhÞi

α þ b5Θi;αψ̄ ðhÞi
α þ b6Φ̄i;αðTaÞijηaψ ðhÞi

α þ b7Φi;αðTaÞijηaψ̄ ðhÞi
α þ a7κ2J2ψJ þ a8κ3J4ψ

�
: ð144Þ

Let us also point out here that the parameters ðα; χÞ form a
Q doublet, so that they cannot appear in the nontrivial
sector of theQ cohomology, meaning that these parameters
are not present in Δ. A further reduction of the free
parameters appearing in the expression (144) is possible
by making use of the following argument. If the values of
the extra sources are set to zero as

J ¼ J̃ ¼ M ¼ N ¼ V ¼ U ¼ H ¼ χ ¼ K ¼ J

¼ Ξ ¼ Γ ¼ X ¼ Y ¼ X̄ ¼ Ȳ ¼ 0 ð145Þ

as well as

ϒ ¼ ϒ̄ ¼ Λ ¼ Λ̄ ¼ Θ ¼ Θ̄ ¼ Φ ¼ Φ̄ ¼ L ¼ Ω ¼ 0;

ð146Þ

the tree-level complete action Σ reduces to

Σ → ΣLCGM; ð147Þ
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where

ΣLCGM ¼
Z

d4x

�
1

4g2
Fa
μνFa

μν þ iψ̄ i;αðγμÞαβDij
μ ψ j;β

− Jψ ψ̄ i
αψ

i;α þ iba∂μAa
μ þ

α

2
baba þ c̄a∂μDab

μ cb

− φ̄ac
μ MðAhÞφbc

μ þ ω̄ac
μ MabðAhÞωbc

μ

þ τa∂μðAhÞaμ − η̄aMabðAhÞηb

þ λ̄aiα ð−∂μDab
μ ðAhÞÞλα;bi þ ζ̄aÎð−∂μDab

μ ðAhÞÞζb
Î

þ σ
3
2ðλ̄aiα ðTaÞijψh;jα þ ψ̄h;i

α ðTaÞijλajαÞ
�

ð148Þ

is nothing but the Yang-Mills action with the fermionic
matter fields in the fundamental representation, gauge-fixed
in the (LCG) linear covariant gauge, with the addition of the
following terms:

−
Z

d4xðφ̄ac
μ MabðAhÞφbc

μ − ω̄ac
μ MabðAhÞωbc

μ

þ τa∂μðAhÞaμ − η̄aMabðAhÞηbÞ; ð149Þ

−
Z

d4xðλ̄aiα ∂μDab
μ ðAhÞλα;bi þ ζ̄aÎ∂μDab

μ ðAhÞζb
Î

− σ
3
2λ̄aiα ðTaÞijψh;jα − σ

3
2ψ̄h;i

α ðTaÞijλajαÞ: ð150Þ

Nevertheless, upon integration over ðφ̄;φ; ω̄;ω; τ; η̄;
η; λ; λ̄; ζ; ζ̄Þ, the terms (149) and (150) give rise to a unity.
As a consequence, the correlation functions of the original
fields ðA; c̄; c; b;ψ ; ψ̄Þ are the same as those computed with
the standard Yang-Mills action in the linear covariant
gauges, Eq. (3), supplemented with the usual spinor matter

term. From this remark, it follows that, in the limits (145)
and (146), the counterterm (144) reduces to the well-known
standard Yang-Mills counterterm in linear covariant
gauges, see for instance [50,58,59]. This implies that

a2 ¼ a3 ¼ a4 ¼ 0; a5 ¼ b3; πabcd ¼ 0; ð151Þ

yielding

Δ ¼
Z

d4x

�
a0
4g2

Fa
μνFa

μν þ b1Ĵ
a
μðAhÞaμ

þ
�
b2

J
2
þ b02

J2ψ
2

�
ðAhÞaμðAhÞaμ

þ b3ð∂μη̄
a þ Ξa

μÞDab
μ ðAhÞηb þ a6

κ1
2
J2 þ b4Θ̄ψ

ðhÞi
α

þ b5Θψ̄
ðhÞi
α þ b6Φ̄i;αðTaÞijηaψ ðhÞi

α

þ b7Φi;αðTaÞijηaψ̄ ðhÞi
α þ a7κ2J2ψJ þ a8κ3J4ψ

�
; ð152Þ

where, from the Ward identity (95), use has been made of
the constraint

a5 ¼ b3 ¼ −b1: ð153Þ

Let us turn now our attention to the exact part, Δð−1Þ, of the
cohomology of the linearized operator BΣ. The term Δð−1Þ
is a local integrated expression in the fields and sources
with c-ghost number (−1). Moreover, by considering the
quantum numbers of all fields and sources given in
Tables I–Vas well as the set of constraints (122), the most
general expression for Δð−1Þ can be written down as

Δð−1Þ ¼
Z

d4x½fab1 ðξ;αÞðΩa
μ þ ∂μc̄aÞAb

μ þ fab2 ðξ; αÞcaLb þ Kafabðξ; αÞξb

− b1ðVaI
μ NaI

μ þ VaI
μ Dab

μ ðAhÞω̄bI þ NaI
μ Dab

μ ðAhÞφbI þ ð∂μω̄
aIÞDab

μ ðAhÞφbIÞ
þ f3ðξ; αÞðψ̄ i;αϒi

α þ ϒ̄i;αψ i
αÞ þ b4ððTaÞijψh;iαζ̄aÎΛj

αÎ
þ ðTaÞijψ̄h;iαλaÎΠ̄j

αÎ
Þ

þ f4ðξ; αÞð∂2λaÎÞζ̄a
Î
þ f5ðξ; αÞϱJψΛiαÎΠ̄i

αÎ
�; ð154Þ

with fab1 ðξ; αÞ, fab2 ðξ; αÞ, f3ðξ; αÞ; f4ðξ; αÞ; f5ðξ;αÞ, and fabðξ;αÞ being arbitrary functions of ξa and of the gauge
parameter α. Invoking again the limits (145) and (146), we are able to conclude that

fab1 ðξ;αÞ ¼ δabd1; fab2 ðξ; αÞ ¼ δabd2; f3ðξ; αÞ ¼ d3; f4ðξ; αÞ ¼ d4; f5ðξ; αÞ ¼ d5; ð155Þ

where ðd1; d2; d3; d4; d5Þ are free constant parameters which might depend on the gauge parameter α. Acting thus with the
operator BΣ on Δð−1Þ, we obtain
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BΣΔð−1Þ ¼
Z

d4x

�
d1

�
δΣ
δAa

μ
þ i∂μbaAa

μ

�
− d1ðΩa

μ þ ∂μc̄aÞ
δΣ
δΩa

μ
þ d2

�
δΣ
δLa L

a þ δΣ
δca

ca
�
þ δΣ
δξa

fabðξÞξb

− Kb δΣ
δKa

�∂fbc
∂ξa ξc þ fbaðξÞ

�
þ d3ðψ̄ i;αϒi

α þ ϒ̄i;αψ i
αÞ þ b1fabcðAhÞcμðUaI

μ ω̄bI þ VaI
μ φ̄bI þMaI

μ φbI

− NaI
μ ωbI − ωaI∂μω̄

bI − φaI∂μφ̄
bIÞ − b1ðUaI

μ NaI
μ þ VaI

μ MaI
μ þ UaI

μ ∂μω̄
aI þ VaI

μ ∂μφ̄
aI þMaI

μ ∂μφ
aI

− NaI
μ ∂μω

aI þ ð∂μφ̄
aIÞ∂μφ

aI − ð∂μω̄
aIÞ∂μω

aI þ λ̄aÎ∂2λa
Î
þ ζaÎ∂2ζ̄a

Î
Þ þ b4ðλ̄aÎðTaÞijψh;iαΛj

αÎ

− ðTaÞijΠjαÎψh;i
α ζ̄a

Î
− ζaÎðTaÞijψ̄h;iαΠ̄j

αÎ
þ ðTaÞijΛ̄jαÎψ̄h;i

α λa
Î
Þ þ d5ϱJψðΛ̄iαÎΛi

αÎ
þ ΠiαÎΠ̄i

αÎ
Þ

þ χ
∂d1
∂α ðΩa

μ þ ∂μc̄aÞAa
μ þ χ

∂d2
∂α Laca þ χKa ∂fab

∂α ξb þ χζ̄a
Î

∂d4
∂α ð∂2λaÎÞ þ χϱJψ

∂d5
∂α ΛiαÎΠ̄i

αÎ

�
: ð156Þ

Substituting expressions (152) and (156) in Eq. (124), the most general allowed local invariant counterterm turns out to be

ΣCT ¼ Δþ BΣΔð−1Þ ¼
Z

d4x

�
a0
4g2

Fa
μνFa

μν þ a1Jψ ψ̄ i;αψ i
α þ b1ðĴ a

μðAhÞaμ − ð∂μη̄
a þ Ξa

μÞDab
μ ðAhÞηbÞ

þ
�
b2

J
2
þ b02

J2ψ
2

�
ðAhÞaμðAhÞaμ þ b1

κ1
2
J2 þ a7κ2J2ψJ þ a8κ3J4ψ þ δΣ

δξa
fabðξÞξb

þ d1

�
δΣ
δAa

μ
þ i∂μbaAa

μ − ðΩa
μ þ ∂μc̄aÞ

δΣ
δΩa

μ

�
þ d2

�
δΣ
δLa L

a þ δΣ
δca

ca
�

− Kb δΣ
δKa

�∂fbc
∂ξa ξc þ fbaðξÞ

�
þ d3ðψ̄ i;αϒi

α þ ϒ̄i;αψ i
αÞ þ b1fabcðAhÞcμðUaI

μ ω̄bI

þ VaI
μ φ̄bI þMaI

μ φbI − NaI
μ ωbI − ωaI∂μω̄

bI − φaI∂μφ̄
bIÞ

− b1ðUaI
μ NaI

μ þ VaI
μ MaI

μ þUaI
μ ∂μω̄

aI þ VaI
μ ∂μφ̄

aI þMaI
μ ∂μφ

aI − NaI
μ ∂μω

aI

þ
�
∂μφ̄

aIÞ∂μφ
aI − ð∂μω̄

aIÞ∂μω
aI þ λ̄aÎ∂2λa

Î
þ ζaÎ∂2ζ̄a

Î
Þ þ b4ðΘ̄ψ ðhÞi

α þ Θψ̄ ðhÞi
α

þ λ̄aÎðTaÞijψh;iαΛj
αÎ
− ðTaÞjiΠiαÎψh;j

α ζ̄a
Î
− ζaÎðTaÞijψ̄h;iαΠ̄j

αÎ
þ ðTaÞjiΛ̄iαÎψ̄h;j

α λa
Î

þ Φ̄i;αðTaÞijηaψ ðhÞj
α þΦi;αðTaÞijηaψ̄ ðhÞj

α Þ þ d5ϱJψðΛ̄iαÎΛi
αÎ
þ ΠiαÎΠ̄i

αÎ
Þ

þ χ
∂d1
∂α ðΩa

μ þ ∂μc̄aÞAa
μ þ χ

∂d2
∂α Laca þ χKa ∂fab

∂α ξb þ χζ̄a
Î

∂d4
∂α ð∂2λaÎÞ

þ χϱJψ
∂d5
∂α ΛiαÎΠ̄i

αÎ

�
: ð157Þ

Having found the most general local counterterm, Eq. (157), compatible with all Ward identities of the tree-level action Σ,
the final step in the proof of the renormalizability of Σ is to check out the stability of Σ [56], that is to show that the
counterterm ΣCT can be reabsorbed in the starting action Σ through a redefinition of the fields, parameters, and sources. This
final step is greatly simplified by recasting expression (157) in the so-called parametric form [56], namely

ΣCT ¼ −a0g2
∂Σ
∂g2 þ 2d1α

∂Σ
∂α þ ðb1 þ 2b2Þκ1

∂Σ
∂κ1 þ ½ða7 þ 2a1 þ b2Þκ2 þ b02κ1�

∂Σ
∂κ2

þ ½ða8 þ 4a1Þκ3 þ b02κ2�
∂Σ
∂κ3 þ a1

Z
d4xJψ

∂Σ
∂Jψ þ b1

Z
d4x

�
J a

μ
δΣ
δJ a

μ
þ τa

δΣ
δτa

þ 1

2

�
η̄a

δΣ
δη̄a

þ ηa
δΣ
δηa

þ Ξa
μ
δΣ
δΞa

μ
− Γab δΣ

δΓab

��
þ d3

Z
d4x

�
δΣ
δϒα

i ϒα
i þ ϒ̄i

α
δΣ
δϒ̄i

α

−
δΣ
δψα

i ψα
i − ψ̄ i

α
δΣ
δψ̄ i

α

�
þ
Z

d4x ðb2J þ b02J
2
ψ Þ

δΣ
δJ

− d1

Z
d4 x ba

δΣ
δba

− d1

Z
d4 x c̄a

δΣ
δc̄a
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þ
Z

d4x

�
d1Aa

μ
δΣ
δAa

μ
− d1Ωa

μ
δΣ
δΩa

μ
þ d2La δΣ

δLa þ d2ca
δΣ
δca

þ fabðξÞξb δΣ
δξa

− Ka δΣ
δKa

�∂fbc
∂ξa ξc þ fbaðξÞ

��
−
b1
2

Z
d4x

�
φ̄aI δΣ

δφ̄aI þ φaI δΣ
δφaI þ ω̄aI δΣ

δω̄aI þ ωaI δΣ
δωaI

þMaI
μ

δΣ
δMaI

μ
þ VaI

μ
δΣ
δVaI

μ
þ NaI

μ
δΣ
δNaI

μ
þ UaI

μ
δΣ
δUaI

μ
þ 2J̃

δΣ
δJ̃

þ 2H
δΣ
δH

þ 2G̃
δΣ
δG̃

þ 2P
δΣ
δP

þ 2ϱ
∂Σ
∂ϱ

�
þ
Z

d4x

��
d5 þ b4 − b1

2

�
λ̄aÎ

δΣ
δλ̄a

Î

þ
�
d5 − b1 − b4

2

�
λaÎ

δΣ
δλa

Î

þ
�
b1 þ b4 þ d5

2

��
ζ̄aÎ

δΣ
δζ̄a

Î

þ Π̄iαÎ δΣ
δΠ̄i

αÎ

þ ΛiαÎ δΣ
δΛi

αÎ

þ Λ̄iαÎ δΣ
δΛ̄i

αÎ

�

þ
�
b1 þ d5 − b4

2

��
ζaÎ

δΣ
δζa

Î

þ ΠiαÎ δΣ
δΠi

αÎ

�
−
�
b4 þ d5

2

��
ZÎ δΣ

δZÎ
þ BÎ δΣ

δBÎ

�

þ
�
b4 − d5

2

��
Z̄abÎ δΣ

δZ̄ab
Î

þ B̄abÎ δΣ
δB̄ab

Î

�
þ b4

Z
d4x

�
Θiα δΣ

δΘi
α
þ Θ̄iα δΣ

δΘ̄i
α
þΦiα δΣ

δΦi
α
þ Φ̄iα δΣ

δΦ̄i
α

�
; ð158Þ

or, equivalently:

ΣCT ¼ RΣ; ð159Þ

with R being the operator

R ¼ −a0g2
∂
∂g2 þ 2d1α

∂
∂αþ ðb1 þ 2b2Þκ1

∂
∂κ1 þ ½ða7 þ 2a1 þ b2Þκ2 þ b02κ1�

∂
∂κ2

þ ½ða8 þ 4a1Þκ3 þ b02κ2�
∂
∂κ3 þ a1

Z
d4xJψ

∂
∂Jψ þ b1

Z
d4x

�
J a

μ
δ

δJ a
μ
þ τa

δ

δτa

þ 1

2

�
η̄a

δ

δη̄a
þ ηa

δ

δηa
þ Ξa

μ
δ

δΞa
μ
− Γab δ

δΓab

��
þ d3

Z
d4x

�
δ

δϒα
iϒα

i þ ϒ̄i
α

δ

δϒ̄i
α

−
δ

δψα
i ψα

i − ψ̄ i
α

δ

δψ̄ i
α

�
þ
Z

d4xðb2J þ b02J
2
ψ Þ

δ

δJ
− d1

Z
d4xba

δ

δba
− d1

Z
d4x c̄a

δ

δc̄a

þ
Z

d4x

�
d1Aa

μ
δ

δAa
μ
− d1Ωa

μ
δ

δΩa
μ
þ d2La δ

δLa þ d2ca
δ

δca
þ fabðξÞξb δ

δξa

− Ka δ

δKa

�∂fbc
∂ξa ξc þ fbaðξÞ

��
−
b1
2

Z
d4x

�
φ̄aI δ

δφ̄aI þ φaI δ

δφaI þ ω̄aI δ

δω̄aI þ ωaI δ

δωaI

þMaI
μ

δ

δMaI
μ
þ VaI

μ
δ

δVaI
μ
þ NaI

μ
δ

δNaI
μ
þ UaI

μ
δ

δUaI
μ
þ 2J̃

δ

δJ̃
þ 2H

δ

δH
þ 2G̃

δ

δG̃

þ 2P
δ

δP
þ 2ϱ

∂
∂ϱ

�
þ
Z

d4x

��
d5 þ b4 − b1

2

�
λ̄aÎ

δ

δλ̄a
Î

þ
�
d5 − b1 − b4

2

�
λaÎ

δ

δλa
Î

þ
�
b1 þ b4 þ d5

2

��
ζ̄aÎ

δ

δζ̄a
Î

þ Π̄iαÎ δ

δΠ̄i
αÎ

þ ΛiαÎ δ

δΛi
αÎ

þ Λ̄iαÎ δ

δΛ̄i
αÎ

�

þ
�
b1 þ d5 − b4

2

��
ζaÎ

δ

δζa
Î

þ ΠiαÎ δ

δΠi
αÎ

�
−
�
b4 þ d5

2

��
ZÎ δ

δZÎ
þ BÎ δ

δBÎ

�

þ
�
b4 − d5

2

��
Z̄abÎ δ

δZ̄ab
Î

þ B̄abÎ δ

δB̄ab
Î

�
þ b4

Z
d4x

�
Θiα δ

δΘi
α
þ Θ̄iα δ

δΘ̄i
α
þΦiα δ

δΦi
α
þ Φ̄iα δ

δΦ̄i
α

�
: ð160Þ
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B. Stability of the tree-level action Σ and the
renormalization factors

As said before, in order to complete the all order
algebraic renormalization analysis of our model, we have
to show that the counterterm (158) can be reabsorbed into
the starting action (85) by redefining the fields, sources, and
parameters. This procedure can be done in a quick way with
the help of the parametric form obtained in (158).
According to the general setup of the algebraic renormal-
ization [56], we have to show that

Σ½Φ0� ¼ Σ½Φ� þ ϵΣCT½Φ� þOðϵ2Þ; ð161Þ
where ϵ is the expansion parameter and fΦg stands for all
fields, sources, and parameters of the theory. As usual, the

notation fΦ0g refers to the bare or redefined quantities. To
find out the explicit form of the redefined quantities fΦ0g
we make use of the parametric equation (159), from which
we immediately get

Σ½Φ0� ¼ Σ½Φ� þ ϵRΣ½Φ� þOðϵ2Þ; ð162Þ

where the redefined quantities fΦ0g are given by

Φ0 ¼ ð1þ ϵRÞΦ: ð163Þ

From Eq. (163) we can read off the whole set of
redefinitions for all fields, parameters, and sources, as
given below:

A0 ¼ Z1=2
A A; b0 ¼ Z1=2

b b; c0 ¼ Z1=2
c c; c̄0 ¼ Z1=2

c̄ c̄;

ξa0 ¼ Zab
ξ ðξÞξb; τ0 ¼ Z1=2

τ τ; η0 ¼ Z1=2
η η; η̄0 ¼ Z1=2

η̄ η̄;

ψ̄0 ¼ Z1=2
ψ̄ ψ̄ ; ψ0 ¼ Z1=2

ψ ψ ; Θ̄0 ¼ ZΘ̄Θ̄; Θ0 ¼ ZΘΘ;

φ̄0 ¼ Z1=2
φ̄ φ̄; φ0 ¼ Z1=2

φ φ; ω̄0 ¼ Z1=2
ω̄ ω̄; ω0 ¼ Z1=2

ω ω;

Ω0 ¼ ZΩΩ; L0 ¼ ZLL; Ka
0 ¼ Zab

K ðξÞKb; J 0 ¼ ZJ J ;

α0 ¼ Zαα; M0 ¼ ZMM; V0 ¼ ZVV; H0 ¼ ZHH

N0 ¼ ZNN; U0 ¼ ZUU; Ξ0 ¼ ZΞΞ; X0 ¼ ZXX;

Y0 ¼ ZYY; X̄0 ¼ ZX̄X̄; Ȳ0 ¼ ZȲȲ; Γ0 ¼ ZΓΓ;

λ̄0 ¼ Z1=2
λ̄

λ̄; λ0 ¼ Z1=2
λ λ; ζ̄0 ¼ Z1=2

ζ̄
ζ̄; ζ0 ¼ Z1=2

ζ ζ;

G̃0 ¼ ZG̃G̃; P0 ¼ ZPP; ϱ0 ¼ Zϱϱ; Jψ0 ¼ ZJψJψ ;

Π0 ¼ ZΠΠ; Π̄0 ¼ ZΠ̄Π̄; Λ̄0 ¼ ZΛ̄Λ̄; Λ0 ¼ ZΛΛ:;

Z0 ¼ ZZZ; Z̄0 ¼ ZZ̄Z̄; B̄0 ¼ ZB̄B̄; B0 ¼ ZBB;

Φ0 ¼ ZΦΦ; Φ̄0 ¼ ZΦ̄Φ̄; ϒ̄0 ¼ Zϒ̄ϒ̄; ϒ0 ¼ Zϒϒ;

J̃0 ¼ ZJ̃J̃; g0 ¼ Zgg; ð164Þ

and

� J0
J2ψ ;0

�
¼

�
ZJ ZJ;Jψ
0 Z2

Jψ

��
J

J2ψ

�
;

0
B@

κ1;0

κ2;0

κ3;0

1
CA ¼

0
BB@

Zκ1 0 0

Zκ2κ1 Zκ2 0

0 Zκ3κ2 Zκ3

1
CCA
0
BB@

κ1

κ2

κ3

1
CCA; ð165Þ

with

ZJ ¼ 1þ ϵðb2 þ b02Þ; ZJ;Jψ ¼ ϵb02; ZJψ ¼ 1þ ϵa1;

Zκ1 ¼ 1þ ϵðb1 þ 2b2Þ; Zκ2 ¼ 1þ ϵða7 þ 2a1 þ b2Þ; Zκ3 ¼ 1þ ϵða8 þ 4a1Þ ð166Þ

and
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Z1=2
A ¼ 1þ ϵd1; Z1=2

c ¼ 1þ ϵd2; Zg ¼ 1 − ϵ
a0
2
; Z1=2

τ ¼ 1þ ϵb1;

Z1=2
Θ̄ ¼ Z1=2

Θ ¼ ZΦ ¼ ZΦ̄ ¼ 1þ ϵb4; Zϒ ¼ Zϒ̄ ¼ Z
−1
2

ψ ¼ Z
−1
2

ψ̄ ¼ 1þ ϵd3;

Zab
ξ ðξÞ ¼ δab þ ϵfabðξÞ; Zab

K ðξÞ ¼ δab − ϵ

�
fbaðξÞ þ ∂fbc

∂ξa ξc
�
: ð167Þ

For the other fields, sources, and parameters, the following
relations hold:

Z1=2
A ¼ Z−1

Ω ¼ Z−1=2
c̄ ¼ Z−1=2

b ¼ Z1=2
α ;

Z1=2
τ ¼ Zη̄ ¼ Zη ¼ Z2

Ξ ¼ Z2
Γ ¼ ZJ ;

Z1=2
c ¼ ZL; ZX ¼ ZY ¼ ZX̄ ¼ ZȲ ¼ 1: ð168Þ

Looking at the renormalization factors of fields and sources
introduced in order to implement the Gribov horizon
related to the gauge invariant composite bosonic field
sector, we have

Z−1=4
τ ¼ Z1=2

φ̄ ¼ Z1=2
φ ¼ Z1=2

ω̄ ¼ Z1=2
ω ¼ ZM ¼ ZV

¼ ZN ¼ ZU ¼ Z1=2
J̃

¼ Z1=2
H ¼ Z1=2

G̃

¼ Z1=2
P ¼ Z1=2

ϱ ; ð169Þ

while the renormalization factors of fields and sources
associated with the horizonlike term of the fermionic
gauge-invariant composite fields are given by

Z1=2
λ ¼ 1þ ϵ

�
d5 − b1 − b4

2

�
;

Z1=2
λ̄

¼ 1þ ϵ

�
d5 þ b4 − b1

2

�
;

Zζ̄ ¼ ZΠ̄ ¼ ZΛ̄ ¼ ZΛ ¼ 1þ ϵ

�
b1 þ b4 þ d5

2

�
;

Zζ ¼ ZΠ ¼ 1þ ϵ

�
b1 þ d5 − b4

2

�
;

ZZ ¼ ZB ¼ 1 − ϵ

�
b4 þ d5

2

�
;

ZZ̄ ¼ ZB̄ ¼ 1þ ϵ

�
b4 − d5

2

�
: ð170Þ

In particular, from the physical values of the sources J and
Jψ , Eq. (65), we obtain the renormalization of the corre-
sponding mass parameters, i.e.,

m2
0 ¼ m2 þ ϵðb2m2 þ b02m

2
ψÞ;

mψ ;0 ¼ mψ þ ϵa1mψ : ð171Þ

As one can observe, there is a mixing between the mass
parameters, indicating that even if the gauge-invariant

operator Ah
μAh

μ would have not been introduced from the
beginning, i.e., ðm2 ¼ 0Þ, it shows up through quantum
corrections if the theory contains a fermionic mass param-
eter like mψ . Finally, we notice the relationship

ZJZ
1=2
φ Z1=2

φ̄ ¼ 1; ð172Þ

telling us that ZJ can be obtained from the knowledge of
ðZφ; Zφ̄Þ.
Therefore, after performing a proper redefinition of the

fields, sources, and parameters, Eqs. (166), (167), (168),
(169), (170), (171), (172), the most general local invariant
counterterm ΣCT compatible with all Ward identities can be
fully reabsorbed in the tree-level action (85), providing thus
an all order purely algebraic proof of the renormalizability
of Σ.
Let us end this section by observing that, due to the

dimensionless character of the Stueckelberg field ξa, the
renormalization factors ðZab

ξ ðξÞ; Zab
K ðξÞÞ are nonlinear in

ξa, a well-known feature of dimensionless fields, see
[50,58–60]. It is worth pointing out that the renormalization
factors related to the massive Gribov parameters γ2 and σ3

are not independent quantities of the model, i.e., they are
expressed in terms of other renormalization factors.
Moreover, the renormalization factor of the source J,
Eq. (166), gives rise to a mixing between the coefficients
related to the bosonic and fermionic gauge invariant
composite fields encoded in the mixing matrix for ZJ.
Finally, we observe that Eq. (172) implies that the three
vertex ðAhφφ̄Þ is not renormalized, as already noticed
in [13,61].

VIII. CONCLUSION

In this work we have studied the BRST symmetry
content and the all orders algebraic renormalization
of an effective fermionic model in which the inverse of
the Faddeev-Popov operator, ½MabðAhÞ�−1 ¼
½−∂μDab

μ ðAhÞ�−1, where Ah
μ is the dressed gauge invariant

field of Eq. (1), has been coupled in a gauge invariant
fashion to the gauge invariant spinor quantities ðψ̄h;ψhÞ,
Eqs. (21) and (22), giving rise to the effective horizon
matter term Sσ of Eq. (27).
After a suitable localization procedure, the gauge invari-

ant nature of ðAh
μ; ψ̄h;ψhÞ has allowed us to quantize the

theory in the class of the linear covariant gauges, as
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observed from the gauge fixing term of the local action
Slocal, Eq. (29).
The proof of the all orders algebraic renormalization of

Slocal has been achieved by embedding it into a more
general action Σ, Eq. (85), which fulfills a very rich set of
Ward identities. The action Slocal is in fact reobtained from
the generalized action Σ when the external sources attain
the values (34), (45), (65), while setting the remaining
sources and the Grassmannian parameter χ to zero.
As already mentioned in the first sections of the work,

the main reason behind the construction of the renormaliz-
able local action Slocal relies on the resulting fermion
propagator, whose tree-level expression turns out to be

hψ̄ i
αðpÞψ j

βð−pÞi ¼
−ipμðγμÞαβ þAðp2Þδαβ

p2 þA2ðp2Þ δij; ð173Þ

where Aðp2Þ is the so-called mass function, given by

Aðp2Þ ¼ mψ þ g2
N2 − 1

2N
σ3

p2 þ w2
: ð174Þ

In particular, in the Landau gauge, corresponding to set the
gauge parameter α to 0, the mass function Aðp2Þ turns out
to be in rather good agreement with the numerical lattice
simulations, see for instance [62,63] and references therein.
As such, the action Slocal can be seen as the first step

towards the nonperturbative investigation of the possible

dependence of the quark propagator from the gauge
parameter α in the class of the linear covariant gauges, a
topic under current intensive studies.
Further relevant topics which could be exploited by

means of Slocal are the study of the gauge dependence of the
quark-gluon vertex in the linear covariant gauges as well as
the related applications within the framework of the Bethe-
Salpeter equations for the bound states.
Let us end by mentioning the issue of the possible

extension of the whole setup presented here to the case of
finite temperature, a topic which we plan on investigating
sometime in the near future. Such an extension would
enable us to investigate aspects related to the chiral
symmetry restoration as well as to the confinement-decon-
finement transition and respective critical temperatures.
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