
Transverse momentum dependent parton densities
in processes with heavy quark generations

A. V. Kotikov,1,* A. V. Lipatov,1,2,† and P. M. Zhang3,‡
1Joint Institute for Nuclear Research, Dubna 141980, Moscow region, Russia

2Skobeltsyn Institute of Nuclear Physics, Lomonosov Moscow State University, Moscow 119991, Russia
3School of Physics and Astronomy, Sun Yat-sen University, Zhuhai 519082, China

(Received 23 July 2021; accepted 3 September 2021; published 28 September 2021)

We study the heavy quark production processes with the transverse momentum dependent (unintegrated)
gluon distribution function in a proton which is obtained recently using the Kimber-Martin-Ryskin
prescription from the Bessel-inspired behavior of parton densities at small Bjorken x values. Our results

agree with the latest HERA experimental data for reduced cross sections σcc̄redðx;Q2Þ and σbb̄redðx;Q2Þ, and
also for deep inelastic structure functions Fc

2ðx;Q2Þ and Fb
2ðx;Q2Þ in a wide range of x and Q2 values.

Comparisons with the predictions based on the Ciafaloni-Catani-Fiorani-Marchesini evolution equation
and with the results of conventional pQCD calculations performed at the first three orders of perturbative
expansion are presented.
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I. INTRODUCTION

Recently, the important new data of the cross sections for
the open charm and beauty production in neutral current
deep inelastic electron-proton scattering (DIS) have been
obtained by combining the results of H1 and ZEUS
Collaborations at HERA [1]. Measurements have shown
that heavy flavor production in DIS proceeds predomi-
nantly via the photon-gluon fusion process, γg → QQ̄,
where Q is the heavy quark. The cross section therefore
depends strongly on the gluon distribution in the proton
and heavy quark mass. Moreover, an analysis of the data in
the framework of perturbative quantum chromodynamics
(QCD) has been done [1], where the massive fixed-flavor-
number scheme and different implementations of the
variable-flavor-number scheme were used.
The theoretical description of the heavy quark produc-

tion processes can also be performed with the transverse
momentum dependent (TMD), or unintegrated functions of
the density of partons (quarks and/or gluons) in a proton
[2,3]. These quantities, depending on the fraction x of the
longitudinal momentum carried by the parton in the proton,
the two-dimensional transverse momentum of the parton k2T ,

and the hard scale μ2 of a complex process, contain non-
perturbative (including the transverse momentum) informa-
tion of the proton structure. The TMD factorization theorems
provide the necessary basis to separate hard parton physics
(which is described in terms of perturbative QCD) and soft
parton physics. Currently, there are a number of factorization
approaches which include the dependence of the parton
distribution function’s (PDFs) on the transverse momentum,
for example, the Collins-Soper-Sterman [4] approach devel-
oped for semi-inclusive processes with a finite and nonzero
ratio between the rigid scale μ2 and total energy s, as well as
the approach to high-energy factorization [5,6] (or kT-
factorization [7]) which is valid at a fixed limit of the hard
scale and at high energies.
With the high-energy factorization, the TMD density of

gluons satisfies the Balitsky-Fadin-Kuraev-Lipatov (BFKL)
[8] or Ciafaloni-Catani-Fiorani-Marchesini (CCFM) [9]
evolution equations, which resum the contributions of large
logarithm terms proportional to αns lnn s ∼ αns lnn 1=x. These
terms are important at high energy s (or, equivalently, at low x
values). Thus, high-order radiative corrections can be effec-
tively taken into account in the cross sections [namely, the
part of the next-to-leading order (NLO) þ of the next-
to-leading order (NNLO) þ::: terms corresponding to the
emission of the original gluons]. Phenomenological appli-
cations of the high-energy factorization approach augmented
by the CCFM are well known in the literature (see, for
example, [10–20] and references therein).
In addition to the CCFM equation, there are also other

approaches to determining the TMD PDFs in a proton,
namely the parton branching approach (PB) [21] and the
Kimber-Martin-Ryskin (KMR) recipe [22] based on the
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usual Dokshitser-Gribov-Lipatov-Altarelli-Parisi (DGLAP)
[23] equations. The first one (PB) gives a numerical iterative
solution of the DGLAP evolution equations for collinear and
TMD PDFs using the concept of resolvable and nonresolv-
able branching and the Sudakov’s formalism to describe the
evolution of a parton from one scale to another without
decidable branching. The splitting kinematics at each
branching vertex is described by the DGLAP equations
and the angular ordering condition for parton emission,
which can be used instead of the usual DGLAP ordering by
virtuality. The KMR approach is a formalism invented to
construct TMD PDFs from well-known traditional (collin-
ear) PDFs under the key assumption that the dependence of
parton distributions on transverse momentum comes only in
the last stage of evolution. It is believed that the KMR
procedure effectively takes into account the main part of
next-to-leading (NLL) logarithmic terms corresponding to
the real gluon emission at the last step of evolution cascade.
The KMR approach is currently explored in NLO [24] and
commonly used in phenomenological applications (see, for
example, [11,13–19] and references therein), where the usual
PDFs (for example, theNNPDF [25] or CTEQ [26] ones) are
accepted numerically as input. The relationships between PB
and KMR scenarios [27], as well between PB and CCFM
approaches [28] have been discussed.
The KMR formalism was used in our recent work [29]

for analytical calculations of the TMD PDFs, where we
adopted the expressions for usual PDFs obtained with the
generalized double asymptotic scaling (DAS) approach
[30–33]. The scaling, related to the asymptotic behavior of
DGLAP evolution, was discovered many years ago [34]. It
was shown [30–32] that the flat initial conditions for the
DGLAP equations used in the generalized DAS scheme
lead to the Bessel-like behavior of PDFs at small x values.
With above results, we obtained the analytical expressions
for the TMD quark and gluon densities [29] in the leading
order (LO).1 In Ref. [29], we have implemented various
kinematic constraints that exist in the KMR recipe (namely,
angular and strict ordering conditions) and investigated the
relationship between the differential and integral formula-
tions of the KMR procedure recently mentioned in [36].
In the present paper we analyze the combined H1 and

ZEUS experimental data [1] for the (reduced) charm and
beauty cross sections σcc̄red and σbb̄red, and charm and beauty
contributions to the proton structure functions (SFs)
F2ðx;Q2Þ and FLðx;Q2Þ[37–39], as well their ratio for
different Q2 values. Studying the earlier data on the charm
SF Fc

2 in the proton from H1 [40] and ZEUS [41]
Collaborations at HERA for x ∼ 10−4, it was found that
the charm contribution to the total proton SF F2 is about
25%, which is significantly larger than that one found by

the European Muon Collaboration at CERN [42] for large
x, where SF Fc

2 was only 1% of F2. Such a large value of Fc
2

attracted extensive experimental and theoretical studies of
heavy quark production processes (see, for example, the
data [1] studied in this paper, as well as the experimental
data [43] from LHCb Collaboration at CERN for the
prompt charm production in pp collisions). Theoretical
studies usually serve to confirm that HERA and LHC
data can be described by the perturbative charm gene-
ration within (see, for example, reviews [44–46] and
references therein). We also note here that, historically,
the kT-factorization was introduced and tested in the study
of these processes (see [5–7]).
The production of charmed mesons at hadron colliders is

dominated by the gg → cc̄ subprocess; therefore it provides
a sensitive probe of the gluon density at small x. In
particular the data [43] of LHCb Collaboration provides
the information on the gluon for small x around x ∼ 10−6

(see [47] and discussions therein). This very small-x region
is also crucial for the calculations of signal and background
processes for ultra-high energy neutrino astrophysics (see
[48,49] for calculations of the high energy neutrino cross
section and the prompt atmospheric neutrino flux, respec-
tively). The survey of the heavy quark production will be
continued at future lepton-hadron and hadron-hadron
colliders, such as LHeC, FCC-eh and FCC-hh, respectively
(for a review, see [50,51] and references therein).
To study the process of the heavy quark production, we

produce the kT-factorization predictions in two ways,
namely, the framework of DAS approach and CCFM
evolution equation. The direct comparison of these pre-
dictions is interesting and could be rather useful to evaluate
the TMD parton (mainly gluon) density in a proton. We
calculate the high-energy asymptotics of the heavy quark
parts of the SFs F2 and FL at the first three orders of
perturbation theory and present the numerical comparison
of these higher-order predictions with corresponding
results of the kT-factorization calculations.
The outline of our paper is following. In Secs. II and III we

briefly describe our theoretical input. Section IV presents
our numerical results for the reduced charm and beauty
cross sections and charm and beauty parts of SFs F2ðx;Q2Þ
and FLðx;Q2Þ in a wide Q2 range. Section V contains our
conclusions. In Appendix A we present the high energy
asymptotics of the heavy quark contribution to the SFs F2

and FL at the first three orders of perturbation theory.
Appendix B contains the simple approximations of these
formulas for the ratio of the heavy quark parts of the SFs F2

and FL, which could be useful for subsequent applications.

II. kT-DEPENDENT WILSON COEFFICIENT
FUNCTIONS

The differential cross section σQQ̄ (hereafter Q ¼ c; b)
can be presented in the simple form,

1The obtained TMD PDFs are now implemented in the TMDLIB

package [3] and are publicly available. Moreover, they are
included in the Monte Carlo event generator PEGASUS [35].
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d2σQQ̄

dxdy
¼ 2πα2

xQ4

��
1 − yþ y2

2

�
FQ
2 ðx;Q2Þ − y2

2
FQ
L ðx;Q2Þ

�
;

ð1Þ

where FQ
k ðx;Q2Þ (hereafter k ¼ 2; L) are heavy quark parts

of the proton SFs Fkðx;Q2Þ, x and y are the usual Bjorken
scaling variables. Here we present the basic elements of the
relations between SFs FQ

2 ðx;Q2Þ and FQ
L ðx;Q2Þ and TMD

PDFs. More details can be found in [52].
In the kT-factorization approach, the SFs FQ

k ðx;Q2Þ are
driven at small x by gluons and related in the following way
to the TMD gluon distribution fgðx; k2T; μ2Þ:

FQ
k ðx;Q2Þ ¼

Z
1

x

dx0

x0

Z
dk2T
k2T

Ck;gðx;Q2; m2; k2T; μ
2Þ

× fg

�
x
x0
; k2T; μ

2

�
: ð2Þ

The functions Ck;gðx;Q2; m2
f; k

2
T; μ

2Þ are regarded as the
structure functions of the off shell gluons with virtuality k2T
(hereafter we call them as Wilson coefficient functions).
Following [52], we do not use the Sudakov decomposi-
tion, which is sometimes quite convenient in high-energy
calculations. Here we only note that the property between
four-dimensional k2 and k2T , i.e., k

2 ¼ −k2T , comes from the
fact that the Bjorken parton variable x in the standard and in
the Sudakov approaches coincide.
The kT-dependent Wilson coefficient functions have the

following form:

Ck;gðxÞ ¼
1

β̃4

�
β̃2CF

k;gðxÞ − 12bx2
qαqβ

Q2
CA
k;gðxÞ

�
; ð3Þ

where CF
k;gðxÞ and CA

k;gðxÞ corresponds to the application of
the Feynman Pαβ

F polarization tensor and additional tensor
of the gluon polarization Pαβ

A (see Ref. [52]),

P̂αβ
F ¼ −

1

2
gαβ; P̂αβ

A ¼ 6bx2

β̃2
qαqβ

Q2
: ð4Þ

Hereafter,

β̃2 ¼ 1− 4bx2; b¼−
k2

Q2
≡ k2T
Q2

; a¼m2

Q2
; Q2 > 0;

ð5Þ

and we omitted the dependence of the coefficient functions
on the heavy quark mass m, Q2, k2T and hard scale μ2.
The results for the coefficient functions Ck;gðxÞ have

been calculated in Ref. [52], which have the following form
ðj ¼ F;AÞ:

Cj
2;gðxÞ ¼

e2Qas
β̃2

�
fð1Þj þ 3

2β̃2
fð2Þj

�
Θðx1 − xÞ ð6Þ

Cj
L;gðxÞ ¼

e2Qas
β̃2

�
4bx2fð1Þj þ ð1þ 2bx2Þ

β̃2
fð2Þj

�
Θðx1 − xÞ

¼ e2Qas
β̃2

fð2Þj Θðx1 − xÞ þ 4bx2Cj
2;g; ð7Þ

where as ¼ αs=ð4πÞ is the strong coupling constant, and
Θðx1 − xÞ is the Heaviside step function with

x1 ¼
1

1þ 4aþ b
: ð8Þ

The functions fðiÞj ði ¼ 1; 2Þ ðJ ¼ A; FÞ in the r.h.s. of
Eqs. (6) and (7) have the following form

fð1ÞF ¼ −2β̄½1− ð1− 2xð1þ b− 2aÞ½1− xð1þ bþ 2aÞ�Þf1
þ ð2a− bÞð1− 2aÞx2f2�; ð9Þ

fð2ÞF ¼ 8xβ̄½ð1 − ð1þ bÞxÞ
− 2xðbxð1 − ð1þ bÞxÞð1þ b − 2aÞ þ aβ̃2Þf1
þ bx2ð1 − ð1þ bÞxÞð2a − bÞf2�

fð1ÞA ¼ −β̄
�
1 − xð1þ bÞ

x

− 2ðxð1 − xð1þ bÞÞð1þ b − 2aÞ þ aβ̃2Þf1
− xð1 − xð1þ bÞÞð1 − 2aÞf2

�
; ð10Þ

fð2ÞA ¼ 4β̄ð1− ð1þbÞxÞ2½2− ð1þ 2bx2Þf1 −bx2f2� ð11Þ

and

β̄2 ¼ 1 −
4ax

ð1 − ð1þ bÞxÞ ; f1 ¼
1

β̃ β̄
ln
1þ β̄ β̃

1 − β̄ β̃
;

f2 ¼
−4

1 − β̄2β̃2
: ð12Þ

A. The case of on shell gluons

In the particular case of on shell initial gluons, when
k2T ¼ 0, we have (see [52] for more details),

Ck;gðxÞ ¼ e2Qasðμ2ÞBð0Þ
k;gðx; aÞ; ð13Þ

where
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Bð0Þ
2;gðx; aÞ ¼ x

�
fð1Þðx; aÞ þ 3

2
fð2Þðx; aÞ

�
¼ −2xβ½ð1 − 4xð2 − aÞð1 − xÞÞ
− ð1 − 2xð1 − 2aÞ þ 2x2ð1 − 6a − 4a2ÞLðβÞ�;

ð14Þ

Bð0Þ
L;gðx; aÞ ¼ xfð2Þðx; aÞ ¼ 8x2β½ð1 − xÞ − 2xaLðβÞ� ð15Þ

with fðiÞðx; aÞ ¼ fðiÞF ðx; a; b ¼ 0Þ ði ¼ 1; 2Þ and

β2 ¼ β̄2ðb ¼ 0Þ ¼ 1 −
4ax

ð1 − xÞ ; LðβÞ ¼ 1

β
ln
1þ β

1 − β
:

ð16Þ

Here Bð0Þ
k;gðx; aÞ is the LO collinear Wilson coefficient func-

tion. Equations (14) and (15) coincide with the results [53].

III. KIMBER-MARTIN-RYSKIN APPROACH

Here we present the main elements of TMD PDFs, based
on the KMR prescription in so-called integral formulation
(see [36]) and the DAS approach for usual PDFs. More
details, including the differential formulation of the KMR
prescription, can be found in our previous paper [29].
The TMD quark and gluon distributions (hereafter

a ¼ q; g),

faðx; k2T; μ2Þ ¼ Taðμ2; k2TÞ
X
a0

Z
x0

x

dz
z
Paa0 ðz; k2TÞ

×Da

�
x
z
; k2T

�
; x0 ¼ 1 − Δ; ð17Þ

where Daðx; μ2Þ are the conventional PDFs, faðx; μ2Þ ¼
xDaðx; μ2Þ, Taðμ2; k2TÞ are the Sudakov form factors and
Paa0 ðz; μ2Þ are the DGLAP splitting functions (see, for
example, (2.56)–(2.60) in [54]),

Paa0 ðz; μ2Þ ¼ 2asðμ2ÞPðLOÞ
aa0 ðzÞ þ � � � ð18Þ

A. Sudakov form factors Taðμ2;k2TÞ
The Sudakov form factor Taðμ2; k2TÞ has the following

form [see (2.4) in[36]]:

Taðμ2; k2TÞ ¼ exp

�
−
Z

μ2

k2T

dp2

p2

X
a0

Z
x0

0

dzzPa0aðz; p2Þ
�
:

ð19Þ

When Δ is a constant, we have

Taðμ2; k2TÞ ¼ exp½−daRaðΔÞs1�; ð20Þ

where

s1 ¼ ln
�
asðk2TÞ
asðμ2Þ

�
; da ¼

4Ca

β0
; Cq ¼ CF; Cg ¼ CA; β0 ¼

CA

3
ð11 − 2φÞ; φ ¼ f

CA
¼ f

3
;

RqðΔÞ ¼ ln

�
1

Δ

�
−
3x20
4

; RgðΔÞ ¼ ln

�
1

Δ

�
−
�
1 −

φ

4

�
x20 þ

1 − φ

12
x30ð4 − 3x0Þ; ð21Þ

and CA ¼ Nc, CF ¼ ðN2
c − 1Þ=ð2NcÞ for the color SUðNcÞ group and f is the number of active quarks.

B. Conventional PDFs

At LO, the conventional sea quark and gluon densities faðx; μ2Þ can be written as follows:

faðx; μ2Þ ¼ fþa ðx; μ2Þ þ f−a ðx; μ2Þ;

fþg ðx; μ2Þ ¼ ðAg þ CAqÞI0ðσÞe−d̄þs þOðρÞ; C ¼ CF

CA
¼ 4

9
;

fþq ðx; μ2Þ ¼
φ

3
ðAg þ CAqÞρI1ðσÞe−d̄þs þOðρÞ;

f−g ðx; μ2Þ ¼ −CAqe−d−s þOðxÞ; f−q ðx; μ2Þ ¼ Aqe−d−s þOðxÞ; ð22Þ

where IνðσÞ ðν ¼ 0; 1Þ are the modified Bessel functions. And

s ¼ ln

�
asðQ2

0Þ
asðμ2Þ

�
; asðμ2Þ ¼

1

β0 lnðμ2=Λ2
LOÞ

; σ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jd̂þjs ln

�
1

x

�s
; ρ ¼ σ

2 lnð1=xÞ ; ð23Þ
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and

d̂þ ¼ −
4CA

β0
; d̄þ ¼ 1þ 4fð1 − CÞ

3β0
; d− ¼ 4Cf

3β0
ð24Þ

are the singular and regular parts of the anomalous dimensions, β0 is the first coefficient of the QCD β-function in the
MS-scheme. The results for the parameters Aa and Q2

0 can be found in [30,55] with αsðMZÞ ¼ 0.1168.

C. TMDs in KMR approach

Now we can use (17) to find the results for TMDs without derivatives. After some algebra we have

faðx; k2T; μ2Þ ¼ 4Caasðk2TÞTaðμ2; k2TÞ

×

�
DaðΔÞfa

�
x
x0

; k2T

�
þDþ

a fþa

�
x
x0

; k2T

�
þD−

a f−a

�
x
x0

; k2T

��
: ð25Þ

Also we can obtain (see more details in [29])

DqðΔÞ ¼ ln

�
1

Δ

�
−
x0
4
ð2þ x0Þ; DgðΔÞ ¼ ln

�
1

Δ

�
− x0 þ

x20
4
−
x30
3
;

D−
q ðΔÞ ¼ −

x0φ
2

�
1 − x0 þ

2x20
3

�
; D−

g ðΔÞ ¼ 0; Dþ
g ¼ 1

ρ̄g
− x0 þ

x20
4
þ Cφ

3
;

Dþ
q ¼ 3x0

2C

�
1

ρ̄s

�
1 − x0 þ

2x20
3

�
−
�
1 −

x0
2
þ 2x20

9

��
; ð26Þ

where

1

ρg
¼ 1

ρ

I1ðσÞ
I0ðσÞ

;
1

ρq
¼ 1

ρ

I0ðσÞ
I1ðσÞ

; σ̄ ¼ σ

�
x →

x
x0

�
; ρ̄a ¼ ρa

�
x →

x
x0

�
: ð27Þ

D. Other prescriptions

1. For the phenomenological applications, we use the
cutoff parameter Δ in the angular ordering [36] (the case of
strong ordering can be found in [29]),

Δang ¼
kT

kT þ μ
: ð28Þ

In all above cases, except the results for Taðμ2; k2TÞ, we can
simply replace the parameter Δ by Δang. For the Sudakov
form factors, we note that the parameters Δ contribute to
the integrand in (19); therefore the momentum dependence
changes the results in (20). To perform the correct evalu-
ation of the integral (19), we should recalculate the p2

integration in (19),

TðangÞ
a ðμ2; k2TÞ ¼ exp

�
−4Ca

Z
μ2

k2T

dp2

p2
asðp2ÞRaðΔangÞ

�
:

ð29Þ

The analytic evaluation of TðangÞ
a ðμ2; k2TÞ is a very

cumbersome procedure, which will be accomplished in

the future. In the following we use the numerical results

for TðangÞ
a ðμ2; k2TÞ.

2. As it was shown [32], the fits of the experimental
data for SF F2 are not very well at low Q2 values. To solve
this problem, one can modify the strong-coupling con-
stant in the infrared region [30]. Specifically, usually there
are two kinds of modifications: the “frozen” coupling
constant (see, for example, [30,56]) and the analytic one
[57,58], which effectively increase the strong coupling
constant argument at small μ2 values, in accordance
with [59,60]. As one can see from [30,55,61], both
modifications can describe the F2ðx;Q2Þ data in the small
Q2 range better than the canonical fit significantly.
However, the “frozen” coupling constant leads to a better
agreements with data sets as shown in [29]. Thus, we
will use it in our present analysis. Let us introduce the
freezing of the strong coupling constant by changing it as
μ2 → μ2 þM2

ρ, whereMρ is the ρ meson mass [56]. Then,
in the formulas of Sec. III we introduce the following
replacement:

αsðμ2Þ → αfrðμ2Þ ¼ αsðμ2 þM2
ρÞ: ð30Þ
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3. In the phenomenological applications (see Sec. IV),
the calculated TMD parton densities will be used to predict

the reduced cross sections σQQ̄
red and the proton SFs

FQ
k ðx;Q2Þ. According to the kT-factorization theorem

[5,7], the theoretical predictions for these observables
can be obtained by convolution (2) of the TMD gluon
densities and corresponding off shell production ampli-
tudes. So, we need the TMD quark and gluon distributions
in rather broad range of the x variable, i.e., beyond the
standard x range ðx ≤ 0.05Þ.
It was shown (see [29] and discussions therein) that the

analytic expressions for TMD parton densities can be
modified in the form,

faðx; k2T; μ2Þ → faðx; k2T; μ2Þ
�
1 −

x
x0

�
βaðsÞ

; ð31Þ

which is in agreement with a similar modifications of
conventional PDFs (see, for example, the recent paper [62],
where the similar extension has been done in the case of the
EMC effect from the study of shadowing [63] at low x to
antishadowing effect at x ∼ 0.1–0.2). The value of βað0Þ
can be estimated from the quark counting rules [64],

βvð0Þ ∼ 3; βgð0Þ ∼ βvð0Þ þ 1 ∼ 4;

βqð0Þ ∼ βvð0Þ þ 2 ∼ 5; ð32Þ

where v marks the valence part of quark density. Usually
βvð0Þ, βgð0Þ, βqð0Þ are determined from fits of experi-
mental data (see, for example [65–67]). In our analysis, we
use the numerical values of βgð0Þ ¼ 3.03 which have been
extracted [29] from the fit to the inclusive b-jet production
data taken by the CMS [68] and ATLAS [69]
Collaborations in pp collisions at

ffiffiffi
s

p ¼ 7 TeV.

IV. PHENOMENOLOGICAL APPLICATIONS

We are now in a position to apply the TMD parton
densities, obtained in [29] and shown above, for phenom-
enological applications. In the present paper we consider
the reduced charm and beauty cross sections σcc̄red and σbb̄red
and charm and beauty contributions to the deep inelastic
proton SFs F2ðx;Q2Þ, which are directly related with
the gluon content of the proton. The observables were
measured in ep collisions at HERA with a rather good
accuracy (see [1] and [37–39]). In the following we will use
latest TMD gluon density in a proton, obtained from the
numerical solution of the CCFM evolution equation,
namely, JH’2013 set 2 one [70]. Our choice is motivated
mainly by the fact that the CCFM equation smoothly
interpolates between the small-x BFKL gluon dynamics
and conventional DGLAP one, as it was mentioned above.
The input parameters of starting (initial) gluon distribution
implemented into the JH’2013 set 2 were fitted to describe
the high-precision DIS data on structure functions

F2ðx;Q2Þ and Fc
2ðx;Q2Þ at x ≤ 5 × 10−3 (see [70] for

more information). Of course, we use the same coefficient
functions (6) and (7) when we calculate the charm and
beauty reduced cross sections and proton structure func-
tions with the CCFM-evolved TMD gluon density.
Everywhere below, we always fix the charm and beauty
masses to mc ¼ 1.65 GeV and mb ¼ 4.78 GeV [71]. We
use the one-loop formula for the QCD coupling αs with
nf ¼ 4 quark flavors at ΛQCD ¼ 143 MeV [that corre-
sponds to αsðm2

ZÞ ¼ 0.1168] for the analytically calculated
TMD gluon density as described above. In the case of
CCFM-evolved gluon, we apply the two-loop expression
for αs with nf ¼ 4 and ΛQCD ¼ 200 MeV, as it is fixed by
the fit [70].

A. Reduced cross sections σQQ̄red and SFs FQ
k ðx;Q2Þ

Usually the differential cross section (1) of heavy quark
production in the deep inelastic scattering is represented in

terms of reduced cross sections σQQ̄
red , which are defined as

follows:

d2σQQ̄

dxdy
¼ 2πα2

xQ4

�
1 − yþ y2

2

�
σQQ̄
red : ð33Þ

Hence, with (1) and (33) the reduced cross section σQQ̄
red can

be easily rewritten through FQ
2 ðx;Q2Þ and FQ

L ðx;Q2Þ as

σQQ̄
red ¼ FQ

2 ðx;Q2Þ − y2

1þ ð1 − yÞ2 F
Q
L ðx;Q2Þ

¼ FQ
2 ðx;Q2Þ

�
1 −

y2

1þ ð1 − yÞ2 R̄
Qðx;Q2Þ

�
; ð34Þ

where the ratio R̄Qðx;Q2Þ in defined as

R̄Qðx;Q2Þ ¼ FQ
L ðx;Q2Þ

FQ
2 ðx;Q2Þ : ð35Þ

The evaluation below is based on the formulas (34) and
(2) with the coefficient functions as given by (6)–(12).
Our numerical results for reduced cross sections σcc̄red

and σbb̄red are shown in Figs. 1 and 2, respectively, in
comparison with the latest H1 and ZEUS data [1]. The
shaded bands represent the theoretical uncertainties of our
calculations. We find that the kT-factorization predictions
obtained using derived analytical expressions for TMD
gluon density in a proton are in perfect agreement with
the HERA data in a wide region of x and Q2 within the
theoretical and experimental uncertainties, both in normali-
zation and shape. These results tend to slightly overshoot
the JH’2013 set 2 predictions in the region of small x and
especially at low Q2. At larger Q2 and/or moderate or
large x ≥ 10−2 the CCFM-evolved gluon density tends to

KOTIKOV, LIPATOV, and ZHANG PHYS. REV. D 104, 054042 (2021)

054042-6



overestimate the HERA data, which could be understood by
the determination of corresponding input parameters at small
x only (see [70]). To estimate the scale uncertainties we
introduce the standard variations (by a factor of 2) in default
renormalization and factorization scales, which are set to be
equal to μ2R ¼ 4m2

Q þQ2 and μ2F ¼ Q2, respectively. To
show the contribution of the longitudinal structure functions

Fc
Lðx;Q2Þ and Fb

Lðx;Q2Þ, we present also the results for
Fc
2ðx;Q2Þ and Fb

2ðx;Q2Þ as dotted curves in Figs. 1 and 2.

The difference between the estimated σQQ̄
red and FQ

2 ðx;Q2Þ is
due to the contribution of the longitudinal SFs FQ

L ðx;Q2Þ, as
it can been clearly seen from (34). So, our calculations show
that these contributions are rather important at low x.

FIG. 1. The reduced charm cross sections σcc̄redðx;Q2Þ as a function of x calculated at differentQ2 values. The predictions obtained with
analytical TMD gluon density in a proton and CCFM-evolved one are shown by the solid green and yellow curves, respectively. The
shaded bands correspond to the scale uncertainties of our calculations. The dashed curves represent the contributions from SF Fc

2ðx;Q2Þ,
as it is described in the text. The experimental data are from H1 and ZEUS [1].
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In order to show the difference between σQQ̄
red and

FQ
2 ðx;Q2Þ more clearly, in Figs. 3 and 4 we compare

our results for SFs Fc
2ðx;Q2Þ and Fb

2ðx;Q2Þ with the latest
ZEUS [37] and H1 [38,39] data. Our predictions for the
reduced cross sections σcc̄red and σbb̄red are presented here as
dotted curves. One can see again that the results obtained
with analytically evaluated TMD gluon density are in good

agreement with the latest HERA data for both structure
functions Fc

2ðx;Q2Þ and Fb
2ðx;Q2Þ in a wide region of x

and Q2. The CCFM-evolved gluon JH’2013 set 2 provides
a bit worse description of the HERA data, although these
results are rather close to the measurements. We find that
the discrepancy between two considered approaches tends
to be more clearly pronounced at large Q2.

FIG. 2. The reduced beauty cross sections σbb̄redðx;Q2Þ as a function of x calculated at different Q2 values. Notation of all curves is the
same as in Fig. 1. The experimental data are from H1 and ZEUS [1].
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B. Ratio R̄Qðx;Q2Þ
Following the results of [52] and using our coefficient

functions obtained in Sec. II and TMD gluon density
presented in Sec. III, now we can produce predictions
for the ratio R̄Qðx;Q2Þ according to (35). Results for
R̄cðx;Q2Þ are presented in Fig. 5, where we plot this ratio
as a function of x in a wide Q2 range. As earlier, we have

applied two TMD gluon densities in a proton discussed
above.2

Our calculations indicate approximately flat (indepen-
dent of x) behavior of R̄cðx;Q2Þ with R̄c ∼ 0.1 at low

FIG. 3. The charm contribution to the proton structure function F2ðx;Q2Þ as a function of x calculated at differentQ2 values. Notation
of all curves is the same as in Fig. 1, except that the solid and dotted lines represent contributions from Fc

2ðx;Q2Þ and σcc̄redðx;Q2Þ
respectively. The experimental data are from ZEUS [37] and H1 [38].

2The predictions for the ratio R̄bðx;Q2Þ are rather similar and
not shown here.
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Q2 ∼ 5 GeV2 and R̄c ∼ 0.3–0.4 at higher Q2 ∼ 200 GeV2.
The results obtained with our TMD gluon and CCFM-
evolved one are in a good agreement to each other. The
difference between them is visible at very large Q2 only.
Moreover, the obtained predictions are in good agreement
with [52], which were obtained with the rather old
representations for the TMD gluon density (see [72] and
more recent [3]).

Next, we would like to compare the results for the ratio
R̄cðx;Q2Þ, obtained in kT-factorization with the one
R̂cðx;Q2Þ [see (A4)], where the ratio R̂cðx;Q2Þ was
obtained in the conventional (collinear) QCD factorization
at first three orders of perturbation theory (see Appendix A)
represented by the solid, dashed and dotted gray curves in
Fig. 5. To evaluate the latter, we have used the LO DAS
parton densities presented in Sec. III B. Note that the results

FIG. 4. The beauty contribution to the proton structure function F2ðx;Q2Þ as a function of x calculated at differentQ2 values. Notation
of all curves is the same as in Fig. 2, except that the solid and dotted lines represent contributions from Fb

2ðx;Q2Þ and σbb̄redðx;Q2Þ
respectively. The experimental data are from ZEUS [37] and H1 [39].
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for this ratio can be found in [73], using the powerlike
behavior x−Δ of the collinear PDFs.
Our calculations show that thekT-factorization predictions

rather close to the results obtained beyondLOof the collinear
perturbation theory. This is in complete agreement with the
usual statement about the property of kT-factorization, which
resums the main part of higher order pQCD contributions at
the small x. Indeed, the LO results obtained in the collinear
perturbation theory lead to too small values for the ratio
R̂cðx;Q2Þ. Moreover, the LO collinear Wilson coefficients
have no singularities at the first Mellin moment; thus the
collinear PDFs cancel out exactly with respect to R̂cðx;Q2Þ
(see discussions in Appendix B). The corresponding NLO
andNNLOcollinearWilson coefficients have singularities at
the first Mellin moment and thus lead to the x-dependence of
the ratio R̂cðx;Q2Þ. However, theQ2-dependence of the ratio
R̂cðx;Q2Þ in the NLO and NNLO results are noticeably
different from the corresponding Q2-dependence evaluated
with the TMD gluons. In fact, in the kT-factorization
approach the ratio R̄cðx;Q2Þ grows fast when Q2 increased
whereas in collinear perturbation theory the ratio R̂cðx;Q2Þ
grows slowly. Moreover, at the large Q2 values ðQ2 ≥
12 GeV2Þ collinear results become practically independent
of the orders of perturbation theory, since the coupling
constant becomes very small.
Of course, the difference between the predicted

R̄cðx;Q2Þ and R̂cðx;Q2Þ ratios at moderate and large Q2

is unclear especially because there are no experimental data
for the SF Fc

Lðx;Q2Þ and, accordingly, for the ratio
R̄cðx;Q2Þ. Indeed, the kT-factorization with the estimated
R̄cðx;Q2Þ leads to a good agreement between experimental
data and theoretical predictions for both reduced cross
sections σcc̄red and SF Fc

2ðx;Q2Þ, as one can see in Figs. 1 and
3. From another side, the experimental data for both σcc̄red
and Fc

2ðx;Q2Þ are in good agreement with the correspond-
ing theoretical predictions obtained in the framework of
collinear approach [1,37–39] (see also Sec. II.5 in the
recent review [46]). However, we would like to notice that
there is a quite similar situation between the exclusive
reduced cross section σredðx;Q2Þ and F2ðx;Q2Þ: exper-
imental data for both observables are in good agreement
with the corresponding theoretical predictions (see [74] and
discussions therein), where the calculated SF FLðx;Q2Þ is
known to be very sensitive to low x resummation (see, for
example, Sec. IX.3 in the recent review [46]). But, apart of
Fc
Lðx;Q2Þ, SF FLðx;Q2Þ is measured at the HERA (see

[75] and references therein). Therefore, it seems that in
order to understand the difference between the predictions
for R̄cðx;Q2Þ and R̂cðx;Q2Þ ratios at large Q2 one has to
investigate the SF FLðx;Q2Þ using the same approaches,
which is out of the scope of our present work. We plan to
perform such investigation in forthcoming study and then
return to the study of the heavy quark parts and, corre-
spondingly, the ratio R̄cðx;Q2Þ.

FIG. 5. The ratio R̂cðx;Q2Þ as a function of x calculated at differentQ2 values. Notation of green and yellow solid curves is the same as
in Fig. 1. The collinear results for R̂c

LOðx;Q2Þ, R̂c
NLOðx;Q2Þ and R̂c

NNLOðx;Q2Þ are represented by solid, dashed and dotted gray curves,
respectively.
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V. CONCLUSIONS

We have studied the heavy quark production processes
using the transverse momentum dependent gluon distri-
bution function in a proton obtained recently [29] using
the Kimber-Martin-Ryskin prescription from the Bessel-
inspired behavior of parton densities at small Bjorken x
values. The Bessel-like behavior of parton densities at
small Bjorken x was obtained [30–33] in-turn in the case of
the flat initial conditions for DGLAP evolution equations in
the double scaling QCD approximation. To construct the
TMD parton distributions we implemented [29] the differ-
ent treatments of the kinematical constraint reflecting the
angular and strong ordering conditions, and discussed the
relations between the differential and integral formulation
of the KMR approach. Additionally, we have tested the
TMD gluon density obtained from the numerical solution
of the CCFM evolution equation, which smoothly inter-
polates between the small-x BFKL dynamics and large-x
DGLAP ones.

We have considered the (reduced) cross sections σQQ̄
red

(where Q ¼ c,b) and charm and beauty contributions to
the deep inelastic proton SFs F2ðx;Q2Þ and FLðx;Q2Þ.
To show the importance of the longitudinal structure
function Fc

Lðx;Q2Þ and Fb
Lðx;Q2Þ, we compare the results

for σcc̄red and σ
bb̄
red with the SFs and F

c
2ðx;Q2Þ and Fb

2ðx;Q2Þ.
We achieved a good agreement between the HERA
experimental data for these observables and our theoretical
predictions and demonstrated the importance of the con-
tributions of Fc

Lðx;Q2Þ and Fb
Lðx;Q2Þ at small x. Con-

cerning the ratio of the proton SFs, namely, R̄cðx;Q2Þ ¼
Fc
Lðx;Q2Þ=Fc

2ðx;Q2Þ, we show that the results of kT-
factorization calculations are similar to the ones obtained
beyond LO of collinear perturbation theory. This effect
is clearly visible for Q2 ≤ 12 GeV2. However, starting
with Q2 ≥ 12 GeV2, the kT-factorization leads to larger
values for the ratio R̂cðx;Q2Þ, which needs additional
investigations.
As we discussed already in Sec. IV B, in the next step we

plan to study the longitudinal structure function FLðx;Q2Þ
and compare the results with the previous ones [61,76] and
[59,77,78] obtained in the framework of kT-factorization
and collinear perturbation theory, respectively. This study is
important in itself and will provide some clues to solve the
problem of differences in the predictions for the ratio
R̄cðx;Q2Þ obtained between the framework of kT-factori-
zation approach and conventional (collinear) QCD factori-
zation (see Sec. IV B).
Moreover, we plan to extend the present analysis beyond

the LO approximation, in order to obtain the results for
the NLO TMD parton densities using the corresponding
NLO results [30–32] for the standard PDFs in the gener-
alized DAS approach. We will check also the results for the
NLO matrix elements (see [27,79] and references and
discussions therein). These results seem to be extremely

important for future experiments, in particular, at the
Electron-Ion Collider (EIC) and Electron-Ion Collider in
China (EiCC) (see [80,81] and discussions and references
therein). With the EIC, an essential low x (up to x ∼ 10−4)
region is expected to be probed, thus providing us with new
and precise data for DIS SFs, especially data for longi-
tudinal SF FLðx;Q2Þ. The EiCC could provide a new
information on the light and sea quark density in a proton,
which is, of course, important to produce and update the
theoretical high-order predictions for FLðx;Q2Þ. Moreover,
EIC and EiCC measurements could be important to
distinguish between the different noncollinear QCD evolu-
tion scenarios widely discussed at present (see, for example,
review [2]).
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APPENDIX A: COLLINEAR APPROACH

It is easy to obtain the following results in the collinear
generalized DAS approach (see [82,83]):

F̂Q
k ðx;Q2Þ ¼ Ck;gðx;Q2; m2

QÞ ⊗ fgðx;Q2Þ; ðA1Þ

where the SFs obtained in the generalized DAS approach,
were marked as F̂Q

k ðx;Q2Þ. Here ⊗ is the Mellin con-
volution,

Ck;gðx;Q2; m2
fÞ ⊗ fgðx;Q2Þ

¼
Z

1

x=x2

dy
y
Ck;gðx=y;Q2; m2

fÞfgðy;Q2Þ

¼
Z

x2

x

dy
y
Ck;gðy;Q2; m2

fÞfgðx=y;Q2Þ; ðA2Þ

where

x2 ¼ x1ðb ¼ 0Þ ¼ 1

1þ 4aQ
: ðA3Þ

It can be represented as

R̂Qðx;Q2Þ ¼ F̂Q
L ðx;Q2Þ

F̂Q
2 ðx;Q2Þ ¼

CL;gðx;Q2; m2
QÞ ⊗ fgðx;Q2Þ

C2;gðx;Q2; m2
QÞ ⊗ fgðx;Q2Þ ;

ðA4Þ
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where fgðx;Q2Þ is given in (22). In fact, the ratio R̂Qðx;Q2Þ
depends slowly on nonperturbative input fgðx;Q2Þ, which
contributes to the both numerator and denominator of the
ratio R̂Qðx;Q2Þ.
Using the results of kT-factorization and BFKL approach

[5,84] (see also [85,86]), the results for the high
energy limit of collinear coefficient functions of the heavy
quark production process in all orders of perturbation
theory were obtained. Thus, using the results [84] below
we give formulas for the high energy asymptotic of
collinear coefficient functions of the heavy quark produc-
tion process in the first three orders of the perturbation
theory.

1. LO

Taking the LO Wilson coefficient (13), results (14) and
(15) for on shell coefficient functions and the PDFs
considered in the Sec. III B, for the ratio R̂Q

LOðx;Q2Þ we
have

R̂Q
LOðx;Q2Þ ¼ Bð0Þ

L;gðx;Q2; m2
QÞ ⊗ fgðx;Q2Þ

Bð0Þ
2;gðx;Q2; m2

QÞ ⊗ fgðx;Q2Þ
; ðA5Þ

where the dependence of gluon density fgðx;Q2Þ should
be rather weak. In fact, there is no x-dependence at all
(see Fig. 5), which is associated with the property of
the Mellin convolution (A2) in the low x region (see
Appendix B).

2. NLO

Through NLO, we have

Ck;gðxÞ ¼ e2Qasðμ2Þ½Bð0Þ
k;gðx; aÞ þ asðμ2ÞBð1Þ

k;gðx; aÞ�: ðA6Þ

The NLO coefficient functions Bð1Þ
k;gðx; aÞ of photon-gluon

fusion subprocess are rather lengthy and only available as
computer codes [87]. Following [82,83], it is sufficient to
work in the high energy regime, defined by x ≪ 1, where
the compact form was assumed3 [84–86],

Bð1Þ
k;gðx; aÞ ¼ β½Rð1Þ

k;gð1; aÞ þ 4CAB
ð0Þ
k;gð1; aÞLμ�;

Lμ ¼ ln
M2

μ2
; M2 ¼ 4m2; ðA7Þ

with

Rð1Þ
2;gð1; aÞ ¼

8

9
CA½5þ ð13 − 10aÞJðaÞ þ 6ð1 − aÞIðaÞ�;

Rð1Þ
L;gð1; aÞ ¼ −

16

9
CAx2f1 − 12a − ½3þ 4að1 − 6aÞ�JðaÞ

þ 12að1þ 3aÞIðaÞg ðA8Þ

and

Bð0Þ
2;gð1; aÞ ¼

2

3
½1þ 2ð1 − aÞJðaÞ�;

Bð0Þ
L;gð1; aÞ ¼

4

3
x2½1þ 6a − 4að1þ 3aÞJðaÞ�; ðA9Þ

where4

JðaÞ ¼ −
ffiffiffiffiffi
x2

p
ln t; t ¼ 1 − ffiffiffiffiffi

x2
p

1þ ffiffiffiffiffi
x2

p ; ðA10Þ

IðaÞ ¼ −
ffiffiffiffiffi
x2

p �
ζð2Þ þ 1

2
ln2t − lnðax2Þ ln tþ 2Li2ð−tÞ

�
ðA11Þ

with

Li2ðxÞ ¼ −
Z

1

0

dy
y
lnð1 − xyÞ ðA12Þ

being the dilogarithmic function. We would like to mention

that Bð0Þ
k;gð1; aÞ is the first moment of the LO Wilson

coefficients Bð0Þ
k;gðx; aÞ [see (14) and (15)],

Bð0Þ
k;gðn; aÞ ¼

Z
x2

0

dxxn−2Bð0Þ
k;gðx; aÞ: ðA13Þ

So, at the NLO for the ratio R̂Qðx;Q2Þ we have

R̂Q
NLOðx;Q2Þ ¼ ½Bð0Þ

L;gðx;aÞþasðμ2ÞBð1Þ
L;gðx;aÞ�⊗ fgðx;Q2Þ

½Bð0Þ
2;gðx;aÞþasðμ2ÞBð1Þ

2;gðx;aÞ�⊗ fgðx;Q2Þ
;

ðA14Þ

where the LO gluon density fgðx;Q2Þ given by (22) is used
because its contribution to the ratio R̂Q

NLOðx;Q2Þ is strongly
suppressed (see Appendix B).

3. NNLO

Following to the results [86], for the coefficient function
we have

3Following Ref. [84], we will use the case M2 ¼ 4m2 in the
collinear approach. We would like to note that in the original
papers [85,86] the scale M2 ¼ m2 has been used, which is
inconsistent with the results in Eqs. (A10), (A11) and (A18).

4The functions JðaÞ and IðaÞ in (A10) and (A11) coincide with
ones in [82] and differ from ones in [84–86] by an additional
factor 4a. The function KðaÞ in (A18) coincides with the
combination 4a½KðaÞ þ lnð4ax2ÞIðaÞ�.
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Ck;gðxÞ ¼ e2Qasðμ2Þ½Bð0Þ
k;gðx; aÞ þ asðμ2ÞBð1Þ

k;gðx; aÞ þ a2sðμ2ÞBð2Þ
k;gðx; aÞ�; ðA15Þ

where the coefficient Bð2Þ
k;gðx; aÞ has the compact form in the high energy regime,

Bð2Þ
k;gðx; aÞ ¼ β lnð1=xÞ½Rð2Þ

k;gð1; aÞ þ 4CAR
ð1Þ
k;gð1; aÞLμ þ 8C2

AB
ð0Þ
k;gð1; aÞL2

μ� þOðx0Þ; ðA16Þ

with

Rð2Þ
2;gð1; aÞ ¼

32

27
C2
A½46þ ð71 − 92aÞJðaÞ þ 3ð13 − 10aÞIðaÞ − 9ð1 − aÞKðaÞ�;

Rð1Þ
L;gð1; aÞ ¼

64

27
C2
Ax2f34þ 240a − ½3þ 136aþ 480a2�JðaÞ þ 3½3þ 4að1 − 6aÞ�IðaÞ

þ 18að1þ 3aÞKðaÞg; ðA17Þ

where JðaÞ and IðaÞ are defined by (A10) and (A11), respectively, and

KðaÞ ¼ −
ffiffiffiffiffi
x2

p �
4ðζð3Þ þ Li3ð−tÞ − Li2ð−tÞ ln t − 2S1;2ð−tÞÞ þ 2 lnðax2Þ

× ðζð2Þ þ 2Li2ð−tÞÞ −
1

3
ln3t − ln2ðax2Þ ln tþ lnðax2Þln2t

�
; ðA18Þ

where t is given in (A10) and

Li3ðxÞ ¼
Z

1

0

dy
y
lnðyÞ lnð1 − xyÞ; S1;2ðxÞ ¼

1

2

Z
1

0

dy
y
ln2ð1 − xyÞ ðA19Þ

are the trilogarithmic function Li3ðxÞ and Nilsen Polylogarithm S1;2ðxÞ (see [88]). The results for KðaÞ in the form of
harmonic Polylogarithms [89] can be found in [86].
So, at the NNLO for the ratio R̂Qðx;Q2Þ we have

R̂Q
NNLOðx;Q2Þ ¼ ½Bð0Þ

L;gðx; aÞ þ asðμ2ÞBð1Þ
L;gðx; aÞ þ a2sðμ2ÞBð2Þ

L;gðx; aÞ� ⊗ fgðx;Q2Þ
½Bð0Þ

2;gðx; aÞ þ asðμ2ÞBð1Þ
2;gðx; aÞ þ a2sðμ2ÞBð2Þ

2;gðx; aÞ� ⊗ fgðx;Q2Þ
; ðA20Þ

where the LO gluon density fgðx;Q2Þ given by (22) is used because its contribution to the ratio R̂Q
NNLOðx;Q2Þ is strongly

suppressed (see Appendix B).

APPENDIX B: COLLINEAR RESULTS IN DAS APPROACH

The use of the DAS approach for the PDFs makes it possible to simplify the formulas for the relation R̂Qðx;Q2Þ
significantly. We will show this below.
Taking the results (14) and (15) for on shell coefficient functions and the PDFs considered in the Sec. III B, it is easily to

obtain the following LO results in the generalized DAS approach (see [82]):

F̂Q
k ðx;Q2Þ ¼ Mk;gð1; Q2; m2

QÞfgðx;Q2Þ; ðB1Þ

where Mk;gð1; Q2; m2Þ is the first Mellin moment (n ¼ 1) [see (A10)]. The Mellin moments can be defined as

Mk;gðn;Q2; m2
QÞ ¼

Z
x2

0

dxxn−2Cg
kðx;Q2; m2

QÞ; ðB2Þ

where x2 is given by (A3). In fact, the nonperturbative input fgðx;Q2Þ does cancel in the R̂f ratio, and we have
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R̂Qðx;Q2Þ ¼ F̂Q
L ðx;Q2Þ

F̂Q
2 ðx;Q2Þ ¼

ML;gð1; Q2; m2
QÞ

M2;gð1; Q2; m2
QÞ

: ðB3Þ

In this case the moments Mk;gð1; Q2; m2
QÞ have no singularities at n → 1.

1. LO

Taking the integral (B2) which leads to (A13) at the LO, we can obtain the results (A9), using (see [82]) the following
auxiliary formulas5:

Z
x2

0

dxxmβ ¼

8>>><
>>>:

1 − 2aJðaÞ; if m ¼ 0
x2
2
½1þ 6a − 4að1þ 3aÞJðaÞ�; if m ¼ 1

x2
2

3
½ð1þ 3aÞð1þ 10aÞ − 6að1þ 6aþ 10a2ÞJðaÞ�; if m ¼ 2

; ðB4Þ

Z
b

0

dxxmLðβÞ ¼

8>>><
>>>:

JðaÞ; if m ¼ 0

− x2
2
½1 − ð1þ 2aÞJðaÞ�; if m ¼ 1

− x2
2

6
½3ð1þ 2aÞ − 2ð1þ 4aþ 6a2ÞJðaÞ�; if m ¼ 2.

ðB5Þ

So, at the LO the small-x approximation formula (A5)
reads

R̂Q
LOðx;Q2Þ ¼ 2x2

1þ 6aQ − 4aQð1þ 3aQÞJðaQÞ
1þ 2ð1 − aQÞJðaQÞ

; ðB6Þ

which is x-independent, in full agreement with the numeri-
cal evaluation of the R̄Q

LOðx;Q2Þ in (A5).

2. NLO

At NLO, the coefficient function Cg
kðxÞ has the form

(A6) with the NLO coefficients Bð1Þ
k;gðx; aÞ given by (A7)

and (A8). Its moments Mk;gðn;Q2; μ2Þ exhibit the corre-
sponding structure,

Mk;gðn;Q2; μ2Þ ¼ e2Qasðμ2Þ½Bð0Þ
k;gðn; aÞ þ asðμ2ÞBð1Þ

k;gðn; aÞ�:
ðB7Þ

The Mellin transforms of Bð1Þ
k;gðx; aÞ exhibit singularities in

the limit n → 1, which lead to modifications in (B1). As
was shown [90], the terms involving 1=δ at n ¼ 1þ δ → 1
[which correspond to singularities of the Mellin moments
Mk;gðnÞ (see (B2)] at n → 1) depend on the exact form of
the asymptotic low-x behavior encoded in fgðx; μ2Þ. Using

the results for fgðx; μ2Þ from (22), we obtain the modifi-
cation (see [82] and discussions therein),

1

δ
→

1

δ̃�
;

1

δ̃þðxÞ
≈

1

ρgðx; μÞ
;

1

δ̃−ðxÞ
≈ ln

1

x
; ðB8Þ

where ρgðx; μÞ are given by (27).
Because the ratio f−g ðx;Q2Þ=fþg ðx;Q2Þ is rather small at

the Q2 values considered, the expression (B1) is modified
to become

F̂Q
k ðx;Q2Þ ≈ M̃k;gð1; μ2; aÞxfgðx; μ2Þ; ðB9Þ

where M̃k;gð1; μ2Þ is obtained from Mk;gðn; μ2Þ by taking
the limit n → 1 and replacing 1=ðn − 1Þ → 1=δ̃þ in

Bð1Þ
k;gðn; aÞ. Consequently, one needs to substitute only

Bð1Þ
k;gð1; aÞ → B̃ð1Þ

k;gð1; aÞ ðB10Þ

in the NLO part of (B16), i.e.,

M̃k;gð1; Q2; μ2Þ ¼ e2Qasðμ2Þ½Bð0Þ
k;gð1; aÞ þ asðμ2ÞB̃ð1Þ

k;gð1; aÞ�:
ðB11Þ

Using the identity,

1

I0ðσðx̂ÞÞ
Z

1

x̂

dy
y
β

�
x
y

�
I0ðσðyÞÞ

≈
1

δ̃þðx̂Þ
þ ϕ1ðaÞ≡ 1

δ̂þ
; x̂ ¼ x

x2
; ðB12Þ

5In the original paper [82] the second result in (B4) was
presented with an error “… 1 − 2a …” instead of the correct
expression “… 1þ 6a …,” and the third result in (B5) was
presented with an error “… x22=3 …” instead of the correct
expression “… x22=6 …”
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where

ϕ1ðaÞ ¼ − lnðax2Þ − ĴðaÞ; ĴðaÞ ¼ JðaÞ
x2

; ðB13Þ

we find the Mellin transform (B2) of (A7),

B̃ð1Þ
k;gð1; aÞ ≈

1

δ̂þ
½Rð1Þ

k;gð1; aÞ þ 4CaB
ð0Þ
k;gð1; aÞLμ�; ðB14Þ

where Rð1Þ
k;gð1; aÞ and Bð0Þ

k;gð1; aÞ are given in (A8) and (A9), respectively.

So, at the NLO for the ratio R̂Qðx;Q2Þ we have

R̂Q
NLOðx;Q2Þ ≈ M̃L;gð1; Q2; m2

fÞ
M̃2;gð1; Q2; m2

fÞ
¼ Bð0Þ

L;gð1; aÞ þ asðμ2ÞB̃ð1Þ
L;gð1; aÞ

Bð0Þ
2;gð1; aÞ þ asðμ2ÞB̃ð1Þ

2;gð1; aÞ
; ðB15Þ

where the ratio has some x-dependence coming from the corresponding x-dependence of δ̂þ in (B12). The x-dependence is
in rather good agreement with the numerical results in (A20).

3. NNLO

At NNLO, the coefficient function Cg
kðxÞ has the form (A15) with the NNLO coefficients Bð2Þ

k;gðx; aÞ given in Eqs. (A16)
and (A17). Its moment M2;gðn;Q2; μ2Þ exhibits the corresponding structure,

Mk;gðn;Q2; μ2Þ ¼ e2Qasðμ2Þ½Bð0Þ
k;gðn; aÞ þ asðμ2ÞBð1Þ

k;gðn; aÞ þ a2sðμ2ÞBð2Þ
k;gðn; aÞ�: ðB16Þ

The Mellin transforms of Bð2Þ
k;gðx; aÞ exhibit singularities in the limit n → 1, which have the form,

1

ðn − 1Þ2 →
1

δ̃2þþ
¼ 1

ρ2ðx; μÞ
I2ðσÞ
I0ðσÞ

; ðB17Þ

where all definitions can be found in (7) and (23). So, by analogy with the NLO case, we have

M̃k;gð1; Q2; μ2Þ ¼ e2Qasðμ2Þ½Bð0Þ
k;gð1; aÞ þ asðμ2ÞB̃ð1Þ

k;gð1; aÞ þ a2sðμ2ÞB̃ð2Þ
k;gð1; aÞ�: ðB18Þ

Using the identity,

1

I0ðσðx̂ÞÞ
Z

1

x̂

dy
y
β

�
x
y

�
ln

�
y
x

�
I0ðσðyÞÞ ≈

1

δ̃2þþðx̂Þ
≡ 1

δ̂2þþ
; x̂ ¼ x

x1
; ðB19Þ

we find the Mellin transform (B2) of (A7),

B̃ð2Þ
k;gð1; aÞ ≈

1

δ̂2þþ
½Rð2Þ

k;gð1; aÞ þ 4CAR
ð1Þ
k;gð1; aÞLμ þ 8C2

AB
ð0Þ
k;gð1; aÞL2

μ�; ðB20Þ

with Rð2Þ
k;gð1; aÞ, Rð1Þ

k;gð1; aÞ and Bð0Þ
k;gð1; aÞ are given in (A17), (A8) and (A9), respectively.

So, for the ratio R̂Qðx;Q2Þ we have

R̂Q
NNLOðx;Q2Þ ≈ Bð0Þ

L;gð1; aÞ þ asðμ2ÞB̃ð1Þ
L;gð1; aÞ þ a2sðμ2ÞB̃ð2Þ

L;gð1; aÞ
Bð0Þ
2;gð1; aÞ þ asðμ2ÞB̃ð1Þ

2;gð1; aÞ þ a2sðμ2ÞB̃ð2Þ
2;gð1; aÞ

; ðB21Þ

where the ratio has some x-dependence coming from the corresponding x-dependence of δ̂þþ in (B19). The x-dependence is
in rather good agreement with the numerical results in (A20).
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