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We present a computation of the global soft function for single inclusive hadronic jet production at next-
to-next-to-leading order in the strong coupling constant involving four lightlike Wilson lines. Our soft

function belongs to SCET] observables, which are not sensitive the rapidity divergences and obey the non-

Abelian exponentiation theorem. We provide the calculation of the soft function involving four collinear

light-cone directions for all 2 — 2 processes extending the previous result. We perform the threshold

resummation for these processes at the next-to-next-to-leading logarithmic accuracy and present the

corresponding numerical results.
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I. INTRODUCTION

The new data obtained with increasingly high precision
at the Large Hadron Collider (LHC) and other experiments
provide an opportunity to search for new physics from a
small mismatch between the Standard Model (SM) theo-
retical predictions and experimental measurements. The
only available theoretical tool for making such predictions
from the first principles is the Quantum Chromodynamics
(QCD) perturbative expansion in the strong coupling con-
stant ag or agL if the large logarithm L of the fraction of
scales is present. To reliably interpret the collider data, the
precision of QCD theoretical predictions has to match the
small experimental errors. Such calculations are carried out
at fixed-order in QCD perturbation theory and may include
the resummation of large logarithms in particular regions of
phase space by analytic resummation or through the use of
parton-shower simulations. These days, considerable efforts
have been made towards the development of theoretical
predictions for physical processes at colliders with complete
control over the final-state kinematics beyond the next-to-
leading order (NLO) accuracy. With regards to fixed-order
calculations, over the past few years significant results have
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been achieved. These include the calculations of fully
differential gluon-gluon fusion Higgs production [1,2],
the single jet production in deep-inelastic scattering [3] at
N3LO in the strong coupling constant, the next-to-next-to-
leading order (NNLO) calculations of the single inclusive jet
or dijet production [4], V/N + j processes [5-11], Higgs
production through the vector boson fusion [12,13], single
top [14-16] and ¢f production [17,18] at the LHC, the jet
productions in deep-inelastic scattering [19,20], and the
heavy flavor production in deep-inelastic neutrino scattering
[21]. The developments in the higher order calculations rely
on the new higher loop calculations as well as on the new
theoretical schemes for treating the singularities in the real
emissions. The current status of the loop calculations for the
collider processes can be illustrated by the calculation of the
analytic two-loop five-point amplitude [22-24], as well as
by the new ideas that appear [25-28].

Jets are crucial at high-energy particle and nuclear physics
frontiers serving as a tool for precision tests of the SM as well
as for the searches for new physics at the TeV scale at the
LHC. As demonstrated by the measurements at the LHC and
the Relativistic Heavy Ion Collider, they are also unique
probes of nonperturbative dynamics, such as collinear
parton distribution functions (PDFs) [29] and transverse
momentum dependent parton distribution functions [30], the
intrinsic spin of the nucleon [31-33], and the hot medium
effects in the quark-gluon plasma [34—36]. The experimental
advances are supplemented by the progress in the develop-
ment of new jet substructure techniques [37,38], accurate
extractions of the SM parameters [39], as well as the three-
dimensional tomographic images of nucleons [40-45] out of
jets. These developments will receive additional impetus
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at the future Electron-lon Collider [46,47], additionally
enabling the possibility to consider the polarization degrees
of freedom.

The double differential cross section for the pp —
jet + X process has the following form [48]:

212 _ _1=v
prdic /V(l W) /1 g2 2
— E dz dvxtf; (x))x3f (x2)
3 1J i 2J i
dpzdn i Jo —IVXZ 1 '
dza'iliz
_ “hia R 1
X ~Todz (v.z, pr.R), (1)

with p7 being the transverse momentum and 7 the rapidity of
the signal jet, and where V = 1 — ”i/e—r’, VW = ”i/‘:', and the
hadronic center-of-mass energy is v/S. The PDFs f; depend
on the momentum fractions x; = (‘; 5 and x; = %,
and the sum is taken over all partonic channels, initiating the
process with the cross sections given by 6; ;,. The kinematic
variables are definedast = (p, — p3)?andu = (p, — p3)>,
with p;, being the momenta of the two incoming partons,
p3 being the momentum of the parton which initiates the
signal jet, and p, being the momentum of the recoiling
system against the signal jet. The partonic cross sections 6; ;,
are functions of pT and the partonic kinematic variables
s = x1x,8, v = !5, and z. They can be further factorized in

the R — 0 and z — O limit:

Cou, /d dsdsgo( )
dUdZ =S Sxds.dsgo(ZS Sx SG Se
XTr[Hiliz(v’pT?ﬂh’”)SG(SGu“SGﬂﬂ)]

x JX(SXv.uX’”)ZTr[Jm(pTRvﬂjvﬂ)

m

®Q Sc.m(scR1 ﬂsc’/’t”’ (2)

with the traces taken in color space. The sum is taken over all
collinear splittings with m being the energetic collinear
parton multiplicity, and with the associated angular integrals
denoted by ®q [49]. The jet is constructed by the anti-k;
algorithm [50], and the finite mass of the signal jet is
allowed. Resummation is performed by solving the renorm-
alization group (RG) equation in Soft-Collinear Effective
Theory (SCET) [51-56]. The hard function H describes the
effect of hard radiation and is known to NNLO for numerous
phenomenologically interesting processes containing final-
state jets [57-63]. The jet function describes the final jet
collinear radiation, and the recoil jet function Jy is known to
three loops both for the quark and gluon jets [64,65] while
the signal jet function J,, is known to two loops for the quark
jet[66]. The global soft function S is the focus of our paper.
It accounts for the wide-angle soft radiation which cannot
resolve the small radius R of the jet.

Threshold logarithms play a role near the exclusive
phase space boundary when the production of the signal jet

becomes possible and the invariant mass /sy of the
recoiling jet vanishes. The signal jet, however, has a finite
invariant mass at the threshold, and radiation inside the jet
cone is possible. After the cancellation of infrared diver-
gences, the logarithms of the form o/ (In*(z)/z), remain,
with k < 2n — 1, z = s4/s, and s being the partonic center-
of-mass energy. These terms are large in the threshold limit
z = 0 and have to be resummed to all orders in order to
obtain reliable perturbative results. Since the parton lumi-
nosity functions are steeply falling, these terms dominate
over a wide range of the jet-pr even when far from the
hadronic threshold as shown in [67].

The global soft function S, which is the focus of our
paper, is deﬁned in terms of Wilson lines along the

directions n// -  of the partons participating in the hard

scattering. Wlth the use of the color-space formalism
[68,69], the Wilson line for a particle in a color represen-
tation with generators 7¢ is defined as a path ordered
exponential:

0
Si(x) =P exp (igs/ dtn; - A%(x + tn,-)Tj-‘). (3)

For a gluon carrying a color index c, the generator is
(T*)p. = —if ape- For an outgoing quark (or incoming
antiquark) with index v, the generator is (7¢),, = t],
and for an incoming quark (or outgoing antiquark), the
generator is (7¢),, = —1f,, respectively. The soft function
measures the probability of the soft emissions from N
Wilson lines with the momentum component @ = ny - px
along the recoiling jet direction and is defined as

S:;(i(w—ZnApki)
X (0[(818; - Sy)T[X)(X[(S1S5--- Sy)[0),  (4)

where S; = S,;(0). Our soft function belongs to SCET;
observables which obey the non-Abelian exponentiation
theorem [70,71]. At NNLO for the case of three collinear
directions, N = 3, the soft function was calculated in [72]
and recently at next-to-next-to-next-to-leading order [73].
The aim of our paper is to extend this approach for the case
of four collinear directions, N = 4, and calculate the global
soft function for a p; p, — p3p4 process with p? = 0 to the
next-to-next-to-leading order in a,. For the case of four
collinear directions, the color structure is not diagonal as
for the case of three collinear directions. For each color
configuration, we calculate the corresponding matrix ele-
ments and perform the resummation of the large loga-
rithms. Our manuscript is organized as follows. In Sec. II,
we provide the derivation and the analytical results on the
soft function involving four light-cone directions. In
Sec. III, we perform renormalization and resummation.
In Sec. IV, we provide the corresponding numerical results,
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and we conclude in Sec. V. Auxiliary relations are provided
in Appendix.

I1. DERIVATION

Unlike [72], instead of calculating the soft function
diagram-by-diagram, we use the corresponding matrix
elements. The formal form of the global soft function
for i real emissions is given by

/H d4 k
5(w_ Z . k) (5)

where ny is the lightlike vector along the momentum py,
ps = E4ny, and we have assumed that the eikonal matrix
element, |M|?,, has already included the virtual
corrections.

For later use, we employ the notation

S(k7)O(k]) I M2y [{i}]

d/k;

[dk;] = (27)"

LS()(KY). (6)

Our situation is similar to [72], with the only difference
being that in [72] there are only three eikonal directions but
in our case we have four eikonal directions, n; to n4, which
complicates the color structure in |M|?, quite a lot.

The leading order soft function is Sg)) (w) = 6(w). At
NLO, we only have one emission and the matrix element
is given by

PHYS. REV. D 104, 054032 (2021)
S (w) = —¢? Z ——— - 5(k*)0(K°)

dk

T;-T,
i,j=Li#j )
M s — Tk 8
Xni-knj-k ((u 2”4 > ®)

(see [74] for all the notations,
factor 7).

For the terms in the sum corresponding to i = 4 or j = 4,
the integration will be scaleless after we use the 6 function
to remove the integral over ny - k, and hence these terms are
zero. For i # 4 and j # 4, following [72], we get

1—e€
(1) g 2r 1 < i4nj4)e
S5 (w) = T;-T; —
“ i.j;# T2r)d'T(1—€e)e \ 2n

O

and here we have defined n;; e

The NNLO contribution contains the double-real emis-
sion of gg and gg, the real-virtual contribution, and the
exponentiation of the NLO. We consider each of these
separately and summarize the results. First consider the
double-real emission. In this case we have

2 d
/ [, d k 2)0(k0) My [k, )]

X 8(w—ny - (ki + k). (10)

especially the color

=n;-n

The matrix element for ¢g pair is given by Egs. (95)—(97) in
[74] and for the gluon pair the matrix element is given by

|M|elk — Z T, T k (7) Egs. (108)—(110) 1'n [74]. As a first step We calculatt.a the 7;;
=y n; and S;; defined in [74] by decomposing them into the
functions in [72]. For the gg pair we have one term that
and therefore: comes from
2) 4 z d%
Sg (@) = (dmp*ay)’ Ty Z / H—(2 )dl_l S(k7)O(k))Zij(ky, ko )(w = my - (ky + k)
ij=17 i=1
4 diq -
= (4np*a,) T Z 0(q*)5(w — ny - 9)Z;(q)
ij=1
ddk
1 H )0 (2269 (g — ki ko). (1)
l
Here, where we have neglected the asymmetric part in k; and &,
which will also contribute. The third line is the 2-body
~ (q) = 2n;; (12) phase space volume for a particle with momentum ¢
ii\4) == qn; - q(¢?)’ decaying into k; and k,, which is
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I'(1-e)
P, = 2—3+2€ —1+4e 2\—€ 1
2 T F(2 _ 26) (q ) ( 3)
[see [75], Eq. (A.1) and Eq. (A.9)].
Therefore, we have
I'(1 - 1
S2) (@) = —(4mia, T2 2 et LU L

(2 -2e¢) (27)¢

i#j=1

4
x D /dqu(qo)G(qzﬁ(w—M‘CI)

x (14)

n;-qn;- Q(q2)1+€v

where the second line is 7, of Eq. (41) in [72]. With regards

to the real-virtual contribution, we have one real emission
and one loop which leads to

5 d?k
Sg (@) = / W
Xé(a)—l’l4'kl), (15)

S(kD)O(KY) M2, [k ]

eik,v

where the matrix element can be found in Eq. (26) of [76].
Once we figure out the matrix element, the integration is
straightforward as NLO. For the soft quark pair emission,
the matrix element is given by [74]:

(4magu®)’ T Z Iij|Mij :

i,j=1

, (16)

where

2n;iky - ky +n; - (ky = ko)nj - (ky — k)

P — J . (17
! 2(ky - ky)?n; - (ky + ko)nj - (ky + ko) (17)

The non-Abelian piece of the double-gluon matrix
element is given by [74]:

—Cy(4magu®)? Z T T;Si;| M (18)
=

where S;; can be written as

1n,--k1nj-k2—|—nj-k1n,--k2

Si' = S50 _ 5.0.

! Yoo 2 (ky+k)ng - (k k) Y

n..

+(1-€¢)Z;;—(1+e¢€ e
(L=eT=( )kl'k2ni'<k1+k2)nj'(k1+k2)

(19)

with the strong-ordering limit being

njj 1 i
= 1 <>
kl‘k2 ni-klnj-kz J
2

4 (20)

n;- klnj . kll’li 'kznj . kz'

S.0.

n

With regards to the double-gluon emission, we first focus
on the term

sy Ak o by bt by g, o)
P2 (ky Fko)ny - (ky k) Y

which can be decomposed to

g (ki +2k (ki —k
n_,;X(nJ(H' 2) n;-(ky 2)>—|—i<—>j (22)
q nj-qn;-kinj-ky n;-qni-qn;-ky
and
i (23)
n,--klnj-klni-kznj-kz
and

pJ—_ /N (24)
2fli‘ql’lj'q 2n,~-k1n/~-k2 ’

where we have defined ¢ = k| + k,.
Therefore we have

1)\ 2d-2
$Gija(@) = <g> (272 + 216 — 1) +2I5%|  (25)

where 17 ,, I, and 1 are given in [72] and 5" is given by
nij

150 =2 dd S _ .
3 / qo(w—ny q>2ni~qnj-q

n;;
X /[dkﬂ[dkz]mfs(d) (q—ki—ky),  (26)
i j

which is:

2 l—e 1 2d-2 F(—E) Qd—31 4(1)2 —2e
T 2z] T(-26) 4 w\njn;

'(—2e)

Vrr—2e)

r-e)1
x 41+2€\/Er(i _6)2

X/duZX(l_MZ)—e(MZ)—l—Ze
X, Fi(—e,—e,1—-¢,1 —uz)zFl(—Ze,—Ze,l —e,u?). (27)

Expanding the hypergeometric function and performing the
integration over u”, we get
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1 cg 1 [ 40*\ 2% 1 72* 43
[0 — - [ B B
P 4’ 16w (nin;) 2@ T 12e T3 Gt

Here we have defined ¢z = (47)*e~2¢7=. Therefore, we have

1217

(28)

720

1 C 1 4(02 —2e
Sgg” :——R_ -
G.ij1 (@) 472 1672 @ <n2f ny )
s 4 N1 202 124 229
) [_6_3 ?+ <—4+§7F2>E+ (_8+ﬂ2+7§3> +< 16 + 27° —l——C; 120 4)6]. (29)

Now we turn to the second line of S;;, which is

—2n

ij

(1=e)Z;+(1+e)—5——. (30)
qn;-qn;-q
The second term is given by
(e x (- 28] = (140 xTy(0) 61)
X | -—————) = €)X ZL;i(q).
a’ni-qn;-q !
Therefore we find
SU (@) = —(1+e) x 22t LU ZE) 1y (32)
Giij2.+ r(2-2¢) (2n)d " %
which is
1 cg 1 [40®>\ 2/ 1 n? 3n* 62
s _ Lo Lfdom AN/ 1 5 6+Z 4 (-1242% 33
Gij2+(®@) 4ﬂ216ﬂ2w<ning> < e € * +< + 2 T3 CB)) (33)
For the first term, it can be related to the | M|? for producing a ¢g pair:
diq diq nt nio ]
—— 5w —ny - dPSZ;;(2x)%6\ 9 (g — k) — k :2/ ) ImI1 ! . (34
[ i@ =) [ ST, ki~ ko) =2 [ S 60— g~ ) M 34

The sign on the right-hand side of the equation is determined from the fact that the matrix element involving the virtual

quark loop has an additional factor of (—i)?i> = 1 (vertices plus virtual photon propagators). This gives
(2 -e) diq Fonh 1
2(-8 r Imle™] | ——5(w — ny - 2 _ 2y-e M0
() G ) s =20y 1] [ Gt (a0 = g0 )y s
1 I2(2-¢) ; dq n 1 1
=2(-8 r Im|e™ 8(w—ny - q)—
(=8) G 1) rg = Imle ]/(2ﬂ)d (@=n-a) an;-q (g
1 rR2-e) 1
=2(-8 r —— X I,. 35
( )(4”)2_é (6)1“(4 ~20) sin[ze] a2 (35)
Therefore we have from the first (1 —¢)Z;; term:
1 cgp 1 [ 4a*\7% 2 4 26 2 [222 160 124
599 - R - - T _ =y Z 2= _ =77 . 36
Gii2ad®) = 2162 o <n;{n;> ( 32 9 277379 TR "o 46) (36)
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Regarding the gg pair emission, we have from the Z;; contribution:

p 1 cp 1 [ 40?\ 7% 2 10 56 n? 572 328 124
Sqq.. :——R— _— _ - R - - - . 37
G’”(w) 4n? 167z2a)<nin;> < 3¢ 9e 27+ 3 + [ 9 81 + 9 §3}€> (37)
The real-virtual matrix element is given by
1 (472)°T3(1—€e)I2(1 +¢) 1 (47)T3(1—€)2(1 +¢)
—(gupuc)* x |- S,+83) =4 26)2 S,+S3), (38
(gs/") X 42 &2 F(1—2€) ( 2+ 3) (”as,“ ) X 42 &2 F(1—2€) ( 2+ 3) ( )
where
Sy =Cy COS(W)Z[SU‘(‘1)]H€|Mi,j(l9)|2 (39)
i#]
and
S3 = 2 sin(ze) Z Ski(Q)[Sij(fI)]e(ﬂij = Aig — ijq)|Mk,i,j(P)|2- (40)
i#j#k
Here,
— ij 2 _ 0 abc 0
Sij(‘]) :m|Mk,i,j<p)| = fabC<M (p)|TkTi Tj’M (P)> (41)
|
and A4 =1 if A and B are both incoming or outgoing, A. Summary of results

otherwise 1,5 = 0. Integrating over the phase space gives

function is given by

/[dq}é(w —ny-q)S,

We summarize our results as follows. The NLO soft

1 1
Sg (w.p) = > 1 TjSE?.)ij (45)
Lte i#].1,j#4
= Cycos(ze) | [dg]d(w — ny - q)[Sij(q)]
where
C, cos( )(1>d" I (42) a (2 @ 14
= Cycos(me) | — X I7. (1) _% 0 3.2 3
A 2 B Scij(@ 1) = 5, Lij (E_F —3 ¢ Toe )> “e)
Therefore, its contribution, except for the (4za,u>¢)?* factor, ~ with
1s given by L(l) _ <ni4nj4>el <9>—1—26 (47)
o _Cacp 1[40\ TNy ) ok
G2 T 42 1672 w nyng
1 2 80 477 1. NNLO contribution
X|—=+—+=0G+——¢). (43) L
e 2e¢ 3 120 The NNLO soft function is given by
Now we turn to S3 which only contributes to four or more S<G2 ) (w, 1)
external hard partons. S5 vanishes since the origin of the S5 1 )
term is the 3-gluon vertex and the antisymmetric part of the =2 Z Z {T;-T;.Ty- TI}S?j,kl(w’/‘)
other pieces connected to three different eikonal lines. ) LJE4 KELK 14
Finally, the coupling renormalization term is given by + Z T, T,( Sl_CjA (0.1) + Sé\][-F (@, 1) + S5 (@, ).
a, 11C, —2n Fr
s AT F
—-—x——xNLO. 44
2n . 6e x (44) (48)
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The individual contributions are given by Here,
a2 4 107% 248,
S (w,p) = ==) Liiny|l——=
zj.kl(w ﬂ) (27[) /kl|: 3 + 3¢ + 3 L(Z) B l ( 4o’ i —2¢ _ (nunj 26‘1 ® —1—4e (53)
257 U@ \nyng —\ 2ny;
a CA 11 1 /67 7T2 and
Sit (o, LS ———
i@ =" [66+ <18 6>
202 11#°
IR —— NN ; € €] —1-4¢
et o () 0™
(1214 672 11! 3414 Lo i s
p— —_— —_— € .
81 36 45 :
(50) B. Plus expansion of our results in €
Ny ATpNp () 27 10 56 2 We perform the plus expansion of our results with the use
Sij (@, ) = yp i <—3€2—9€ - ﬁJr? of the formula
572> 328 124
Pt aler o). 6 .
9 8l 1 5(x) L, (0(x) In"(x)
== 3" (M)
Sren( ) % IICA - 2NF n=0 +
L w, = _—
Y - 3

XL(1)<_12+”2+;(:3€+0(€2)>. (52) We use the conventions (ij)zln(%) and (ijkl) =

12 IH(W). We show that

Wwn= 3 @13 |-+ (%) - sen)

i#)1,j#4

vt (55 -3 62) <200 (%) a("P) . (56

The divergent and finite parts are given by

S, |bivergent = 2 Z Z (T, T;, T T} {52(6) 213 (5(0))(le1) 4<@)+>

i1, 4 kAL e 14

+€iz <—2<(5))+(ijkl) +6(o) <—5122+ L) + S(mf)> +>
1 (6(0)) (_31§3 _SE(ik) | (ijkl)3> . <e(w)> (5312_ (ijkl)2)>

3 12 12 w

+£ (8(ijkl) (lnf)>+ - 16(11115%)))], (57)
@L(”ﬁg 535 =) ¢ <l“f)>+(4<ffkf>2—2%—”2>

—16(ijkl) (@) . + 634 (mSCE;‘)) J : (58)
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2 4 2
C, asCy 116(w) 6(w) (7> 67
Sij |Divergent a2 Z (T Tj) |:_ 2463 + 2 \24 D)

S(w) (112> 73 101 (7 67\ .. 11
+T<K+T‘s—4+ 12736) )~
1/67 22 11, .\ (6(w) 22 (In(%)
w0 w0 )
2 4 2
C, asCy 0(w) 202 11x° 67 =« 1, .,
Cal . —TS—A T..T)| (22 e T A I
e =5t > 11| (%) (- 70 @) (5-5) +5 )
i#J)50,j#4
3414, et 6722 607 . (7¢  1lx 101\ /2% 67\ 11 |
+5(w)< 36 180 | 144 162+(U)<2 T T ) P17 36) T1s W)

L5540 0]

5 o = ST 3 (1) [l He 5 (0).)
4

i# )30, j#4

S 2 e ()
sijfwm—“sTRNFl;# won)[(%2) ((5-3)-Fu-50r)
so) (-2 - 20+ w) (B-5) + 5w+ 5 07)
) (650 503)
Pl S NG 5~ g ) 1 () (00
£ ) ()]

1 e = a3 11C, = 2Ny i (7,7 Kn_z _(ij>2> <9<w>)

2
4w 3 i) A4

() ()

III. RENORMALIZATION AND RESUMMATION

(59)

(60)

(61)

(62)

(63)

(64)

In this section we perform the renormalization and resummation which can be conveniently done in Laplace space.

Therefore, we perform the Laplace transformation first:

(L) = | dwerS(w.p), p=—o.
L) = [T awersom. o=
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The Laplace-transformed soft function is expressed in terms of the logarithm of the Laplace-space variable L = ln(ﬁ). The
Laplace transformation is performed using an identity,

/oo dw e—pmw—l—ne —_ e‘”SVEF(—ne)f_”e, (66)
0

with y = 0.577 being the Euler constant. For further convenience, we split the scale L and kinematics parts /;; of the
logarithms:

Mo Mg NigNjy
L.=In(=,/—>|=In In — | =L+ 67
; n<§ 2njj) (5)+ ( %) 1, (67)
=L :Iij
2N oo 2 1 o 1 NiaNiy 1 !
Ly = In (2 ofliltaltiallin ) (R 2 (O Riafia) o g (e g Ty g 68
L ! (5 4nijnkl ) n<5> +2 n( 2”ij ) +2 " 2ny +2 Y +2 . ( )
——
=L :%Zij :%lkl

NLO contribution takes the form

(1 a 1
GEm =523 (1, T)S;(En). (69)
i#]50,j#4
(1 ij 2 ij ij 3
S U) = ——m——L =2 —— -2
Gl =gy =gt <3 2 3>
2L g2 20 1974
_ 2 o Zog2 553,00 270 o0(e3). 70
€<3+2”+3 i+ 450 ) TO) (70)
NNLO contribution consists of four parts:
3 p) = 5 (&,p) + 8 (&, ) + 8V (&, ) + S0P Ren (&, ). (71)
The bare NNLO soft function has the form:
So(ePre =1+ 30 (& u) + 35 (E.1) + O(a}), (72)

where 1 is a unit matrix in a color space. The complete NNLO soft function is obtained by multiplying Eq. (72) by the tree-
level color matrix. These matrices for all channels are provided in Appendix B. The Abelian part of NNLO has the form:

Sab(é? M) = Svab (67 ﬂ)Divergent + S‘ab (67 ﬂ)Finite? (73)
1 w o 2LE.  x2 8L mLiu
Cab U L, L, L,
N (6 M)Dlvergem 4 2 § § {T Tj’ Tk : Tl} |:4 4 + + 62 862 3¢ 2e a ’ (74)

i#], 0, j#4 k#Lk [#4

“ab ;Bkl 9r2 205L; 177
N (5 ,bl Finite — 2 Z Z {T T]’ Tk Tl} +r Lij,kl + 3 + 480 . (75)
i#j.0,j#F4 k#Lk 1#4
The double-gluon emission and real-virtual contribution are given by:
SCa (&, p) = 8 (&, M) pivergent T SCA(E, 1) Finites (76)
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- azC 11 11L;; 67
SCA(iv/'l)Divergem S A Z (T T] |: ’

2463 662 1262

)5l j#4
72 1L} 67L; °L; 7¢ 101 55727
+—- - + +-=——— ,
24¢*  3e 18¢ 6e 4e  S4e 144e

TC _ “sCA
N A(é ﬂ Finite — Z
i i j4

5572 202 11¢; 77 33572 607]

4Ly ALy 6TL
. _67L;
9 3 9

36 U277 36 T 60 432 162

The gg emission contribution has the form:

S'NF (57 ,Lt) SNF (5 /")Dlvergent + S (5 #)lete’

2L;; 5 4Ly 10L; 14 577
+ =+ +oa

(04 NFTR 1
SN (§ ﬂ)D1vergent 547 Z T T; ) |:6 3 +
)5 J#4

N
SV, ) Einite =
i 4

Finally, the renormalization of the coupling constant is:

SCOMP Ren (é:v /") = SCW‘D fen (‘5’ ﬂ)Divergent + SvCoup Ren (5* ﬂ)Finite’

71'2

. azp 1 L, L%
SCoup Ren(a ﬂ)Divergent = 4S 2 Z <T T ) |:F + _ZJ + _j + 8€:|
i3 j#4

- a L 7’L;;
SCoupRen (6 /’l Finite — Sﬁo Z T T |: 4 . + %:| .
i# )i, j#4

The soft function is multiplicatively renormalized as

SG(g’ﬂ)Renormalized —_ Z(f,ﬂ)gc(f)Bare(Z<§,ﬂ)>T,

ZEw=1-2%" (T,-.T)<F°+(2Li/"'”’1ij)ro+2yo)

e 262 2e

( ) > (TT)) <3ﬁ0F0 F‘_ﬂO((ZLiJ‘_’.”’Iij)FO‘FZYo)_(2Lij—i”/1ij)rl+271>

2
e 1663 8¢ de

32 T182 T 3e 9¢ ' 27¢ ' 36el’

aSNFTR S (1,1, 16L3 20L7  5a’Ly  56L; {3 257 82
9 9 27 9 108 81

4 \2m 2¢e 2¢2 2e

The anomalous dimension is given by

C(@Ep)= Y T; T;j(2L;—idy)l + 2y,

054032-10
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+—(—> >y {T,--Tj,Tk-T,}<p+ —+
i#)30,j#4 k#Lk 1#4
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N > ag n N - ag n
F*Zl—‘n (%) s Y*;}’n (2_”> ) (88)

n=1

with the first two coefficients given by

z* 67 10
FO = —1, F] = (6 _18> CA —l-?inR, (89)
0 c 1172 +7C3 101 T 14 2 (90)
=0, = —_— n —_—— .
70 =a\Taa T g Tsa ) TR 277 36

Both the finite parts and an interplay of the NLO and the Zy; o (the term in Z proportional to ~ag) contribute to the
renormalized soft function,

SwG (fv Iu)Renormalized =1 + (S'g)(é’ M))Finite + (Sg)(év ﬂ))Finile + (Sg)<§’ ﬂ) ! ZLLO)Finite + <ZNLO ' S‘(Gl)(g’:"O)Finite’ (91)

where

~(1 =(1
(SE;)(LE,#) 'ZIT\ILO)Finite + (Znio - SE;)@J‘))Finite

2 4 272 2 2 4
aS 194 2é3L1] T LU T Liijl 4Liijl Ll]
= T<-T»T-T}— — — — + -4 (92)
2 { i jotk [
T i¢;¢4k¢;¢4 960 3 4 2 3 3
The RG equation has the form:
d - - -
Sc(E.pu) =T(E,u)Sq(E p) + Sg(E )T (E, )T, 93
Tin() 6(&n) =T(& 1)Sc (&) + S (& )T (. ) (93)
and its solution is given by:
4
- a -
So(gpRenmmed = 1425 3 T, T[200L2 +4L(Toly; + 70)] + 35 (L = 0)
i,j=Li#j
ag\? & 2B, L3 -1
+ <2;> | IZ;'T,- T {030 +2L2By(Toly + yo)] + LBSW (L = 0)
i,j=1,i#j
4 4 4
ag 2 2 1 ag 2
- (E) | Z Ti TN L2 + 4L (L + 1)) + 4 (ﬁ) | Z | Z_ {T;-T;. T T}
i,j=1,i#j i,j=1,i#j k, 1=1,k#l
x (20GL? + 4L(Toly; + 7o) + S0 (L = 0))(2ML? + 4L (Tolyy + 7o) + S5 (L = 0))
2 ~ ~
~4n (;‘) S FETOTITS (Cody (LTl + L3Y)(L = 0)) + 3XNO(L = 0))
e
+32(L = 0). (94)

Note that Sgﬁ},‘)(g, u) = 0, as we discussed in Sec. II. In the next section we provide the numerical results and perform

the threshold resummation.

IV. NUMERICAL RESULTS

In this section we perform a numerical integration of Eq. (93). To facilitate the usage of our results by other research
groups, we make our numerical code publicly available on GitHub' repository. The solution is given by:

lhttps://github.com/BalytskyiJ aroslaw/NNLLs
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) ) e

with the evolution operator being:

) dag as da
.1 2
U("’“( )) 27& s / oy Blas) | %wmag)

as() d 4

as(ug) ﬂ(aS)

>

Lj=Li#]

In this work, instead of using u, and p, we show
equivalently the numerical results for the soft function in
terms of the logarithm L and different values of ag(yy). In
the range of ~0.1-1 TeV the value of the strong couphng
constant is of order ag ~ 0.1, and the theory is strongly
interacting on the scales below 1 GeV [77]. We provide
numerical results for several representative values of ag. We
introduce the following reference vectors:

A
n, = (1,0,0,1),
/ P f—
ny = (1,0,0,—1),
—
ny = (10,1, 0)
[
ny = (1,0,-1,0).
6 .
f=4 4
&3 ’
S R
s N .
o A} ’
g 2 \\ , ___ TIrSwol
4 AN ’ Tr[Su.ol
g N , Tr[NNLO Contribution]
'61 N v ~""  TrINLO Contribution]
= S 7
go DRI
-4 -2 0 2 4
L
FIG. 1.
channels.
©
€30
=4
o 25
o
820
1<} Tr[Suuol
:1.5 T TiSwol
IS 1.0 __ TrNNLO Contribution)
> Tr[NLO Contribution]
L 0.5
3
= 0.0
4

i,j=1,i#j

I as(u) dag
2T; - T;In( == r . 96
b n(f) /as(,m Blas) (as) 0)

As a reference for other research groups that may want to
perform this calculation, we calculate numerically the
renormalized soft function for ag = 0.118 and represent
our results for each color channel as a function of

= In(§). To demonstrate the size of the NNLO contri-
bution in comparison with the NLO in Eq. (91), in
Figs. 1-3 we plot the ratio of the color traces of the
NNLO to the NLO soft function,

Tr[Sxnio) _ Tr[[076] - S‘G
Tr[Sxiol  Tr[[070)(1 + (SE;')((S, 1)) Finite )] ’

( é‘ U ) Renormalized]

97)

2
530 ’
< A ’
=} \ 7
5 25 N ,
o A ’
© 2.0 \ .
=4 N 4 TSiuol
1015 N ‘ T[Syl
ps . . NLO
1> 1.0 . S ___ TiINNLO Contribution]
o \ Tr[NLO Contribution]
S ’
L 05 o .
7] ~ .
k<] ~ .
75 00 Sele”
o
-4 -2 0 2 4

The ratios of NNLO to NLO soft function and the NNLO to NLO contribution for the ¢Q — ¢Q and ¢g — QQ color

TrlSwaol
TriSniol

__ TrINNLO Contribution]
Tr[NLO Contribution]

Ratios for G - g g color channel
O O = =2 N N W
o o O o o o O

FIG.2. The ratios of NNLO to NLO soft function and the NNLO to NLO contribution for the g0 — gQ and gg — gg color channels.
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TriSwuio

TriSuiol

__ TrINNLO Contribution]
Tr[NLO Contribution]

Ratios for gg - qg color channel

E .
S gl /!
6
S \ ’
= \ ’
o \ ’
]
o \ ,
2 4 A ,/ TSwuol
T \\ ¢ TriSniol
> A ’ Tr[NNLO Contribution
>2 \ . - .. TrINNLO Coniribution]
= N ’ Tr[NLO Contribution]
o ~ ’
k]
Bl
o= ~ ,
- ~
® 0 ~ -
K] <~
-2 2 0 2 4

FIG. 3. The ratios of NNLO to NLO soft function and the NNLO to NLO contribution for the gg — gg and gg — gg color channels.

and the ratio of the NNLO contribution to the NLO
contribution,

Tr[NNLO contribution]
Tr[NLO contribution|
< enormalize 1 T(l
_ Te[[0701{S6 (& p)Reromained — T — (5! (6, 4)) e}
Te([6070)(35 (& 1)

(98)

Finally, we provide the numerical results for the next-to-
next-to-leading logarithmic (NNLL) and next-to-leading
logarithmic (NLL) soft functions and compare them. To
perform matrix exponentiation and integration numerically,
we utilized the Mathematica functions MatrixExp and

g 35
230
g 25
S20 — ag(Hs)=0.12
% 15l --- as(ue)=0.10
g o - as(Us)=0.20
s — ag(4s)=0.40
805
& 00

FIG. 4. The ratios of the resummed NNLO and NLO soft function

Nintegrate, respectively. To provide a reference for other
researchers who would like to perform this calculation, we
carry out the resummation for the values of the strong
coupling constant at the soft scale ag(u,) = [0.12,0.10,
0.20, 0.40] and perform the evolution to the final value at
the hard scale ag(u;,) = 0.118. To demonstrate the impact
of resummation, we provide the ratio of absolute values of
the color traces of NNLL vs NLL soft function in Figs. 4-6

as a function of L = ln(f). To perform resummation for

other input values, one would need to call the function
EvolvedNNLO [alnitial, aFinal, L] in our numerical code
for each color channel with the values of ag(u,) and ag(uy)
corresponding to the alnitial and aFinal variables in our
code, respectively.

— ag(ug)=0.12
-~ ag(g)=0.10

- ag(p5)=0.20
— as(5)=0.40

channels.

©

£

S

S

5

o

[é 1| — as(us)=0.12 — as(Hs)=0.12
15 --- as(us)=0.10 --- ag(s)=0.10
5] a(115)=0.20 as(Hs)=0.20
S — ag(us)=0.40 — ag(ps)=0.40
05

Qo

§ 0.0

FIG. 5. The ratios of the resummed NNLO and NLO soft function for different values of a(u,) for g0 — ¢gQ and ¢g — gg color

channels.
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— ag(p15)=0.12
--- ag(4g)=0.10

- ag(p)=0.20
— ag(15)=0.40

Ratios for gg = g g color channel

o O N

IS

Ratios for gg - gg color channel

o = N W

-4 -2 0 2 4

FIG. 6. The ratios of the resummed NNLO and NLO soft function for different values of a(u,) for ¢g — gg and gg — gg color

channels.

V. CONCLUSIONS

In this manuscript we performed a calculation of the
global soft function for single inclusive jet production
involving four light-cone directions. In comparison with
the soft function involving three light-cone directions, the
color structure is not diagonal, which complicates the color
structure. We showed by an explicit calculation that the
tripole contribution proportional to 7' - T, - T3 vanishes.
We performed resummation for each color channel with
the use of the color-space formalism and show that the
effects of resummation are quite significant. To give
definite predictions, one has to combine the soft function,
which we calculated in this paper, with the NNLO jet

and hard functions, which we will refer to in our future
work.
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APPENDIX A: INTEGRATIONS

1. Strongly ordered soft function

We consider

Ii.o. — /ddqé(d>(q - kl - kz) /[dkl][de] k

_/ddqéé(w—m'Q)/{dk‘“dkz]#

1 nij
o(w—ny-ki—ny-k
1'k2"i'k1nj'k2< 4Ky 4 ko)
8D(qg—k; -k
n; -k, (g — ki —ka)

e[ D o

2ni.qn..q € I’l,q2
% (q2)—1—eq—2—2€< J 1 Fi|—€,—e€1—¢, — v (Al)
+ nj : 2n;-qn;-q
Now we let
n’.‘ I’l!-t
# = — + g —=—=+dq, A2
7" =q. 2y q NeTD q| (A2)
and further,
0] @ [ =
gy =-——Xxy, g =Xy, gL =——=Vxbyu, (A3)
ny ny nyn,
to find
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11242 T'(—e) Q4
4rl—e {%} 7F(1(— 2)6) —dz 3/d‘1+ dg_dg, dcy ‘IJ_ s _1 2e5( —ny-q)
a)2 —2—€
() R ) ) R e e = ), (A4
4Ny

which is:

17242 1(- Q 2 3/2
T R B R
P n,n

(1-2¢) 2 i
2 1/2—€ 1
X (nfn‘ xfcyzuz) s51—2e 56(1 - % + \/Eyucf;)
41y
a)2 —2—¢ ~
X ( — _> (xx)72 [y 72 (1 — u?) "¢ (u?) 71 F (e, —e, 1 — e, 1 — u?). (A5)
ny ny

This simplifies to

17242 (=€) Q41
Ar'=e| — (7€) Qasl / dxdude,
2n I(1-2¢) 2 w\njng

x 53172 (1 = 27/ ) (48) 241 = ) ()P F (e —e T — e 1 = i), (A6)

Integrating over c, gives

e [%] - Iﬁ(rl(:€2>€) 92_3 é <n3222 > ]He\/_l“ (( 1- e))

1
X /dx du?,F, <§ —2¢,-2¢,1—¢, 4x)'cu2) (4xx)7172¢(1 = u?) "1 ()12 F (=6, —e, 1 — e, 1 —u?). (A7)

Now we let 4xx = ¢ to find

A () e

1 1
x3 / drdu, F, (5 _2e, 21—, nﬂ) (1)71726(1 = 1)712(1 = )1 (u2) 12 F (=6, —¢, 1 — e, 1 — ), (A8)

which gives

1722 (=€) Qs [ 40* 7% rd-e 1 I'(=2¢)
4l | — 30 Al+2e 2 :
" {271} [(1-2) 4 w\njn; \/EF(l—G)Z\/EF(%—z)
1
X / du?(1 —u?)~'=¢(u?)172,F (e, —€, 1 — €, 1 — u?),F1(=2¢,-2¢,1 —€,u?), (A9)
0
which is
17242 1(- 1 2 1/2—€ 1 A 1 (=2
4rl—e| — (ze) 1 2z - f)_ 41+2e\/— rG 6)_\/— E €)
2z I'(1-2€)4T(1/2 —€) w \nyn; [(1-¢)2" " T'(-2e)
1
y A Q2 (1 = 1) 16 (1) 12 F, (<26, <2e, 1 — e, 1?)(1 + ELiy(1 — #?) + O(eY)). (A10)

Here we need to expand ,F;(—e,—¢,1 —€,1 —u?) to O(e?). The O(e?) term is lengthy and thus we suppressed its
expression.
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The integration gives:

1 cp [2 112 1 [ 4w e/ 3 7 31 n? at
50 = Z_9 2__ = _ 2 - _ - _= 13 o 3__ _ - 3_ .2
1T 422 1622 { G B ] w(nzn;> ( 266 TGS T g T ¢ T T ¢h

1 cx 1 /402 \2%/ 3 5z2 161
=——— 8083 + —~n* All
47* 167° w (nj(n;) ( S 2e T Gt 120" €> (A1l)
The rest term for S* is given by —(27)>72¢ x I, in [72], which is
1 cg 1 [40®>\72/ 4 107°> 248 25
po__ L er 1 _ 4 10a7 288 B ), A2
2 A2 1677 (n;{n;> ST e Ty et Te (A12)
Therefore we have for the strongly ordered limit contribution
1 cg 1[4 \72( 2 52% 232 233
Guo (g = 1 1 _2 w232, 28 ). Al3
61 @) = 2l o <n;fn;) FT 3 T3 e T g (A13)

2. Calculation of I,
(27)*724 x 15, is defined as

i nje (ky + 2ky)
d?q6(w — n, - dk,|[dk n; - 8D(g — ki —k
/ q (0) ny Q)/[ 1“ Z]q —qn; - k]n Tk (q 1 2)

1 n;; 1
=B+ / dq8(w — ny - q) =~ /[dkd[dkﬂ "

1
8Ds(qg—ky —k
#niq k (q— ki —ky)

iRl
1 1\2-2  T(=¢) ni; 1
— _ 50 l—e | — dd S _ . 2
PR <27z> 2F(1—2€)/ 98(@ =14 q) (@) n; - qn; - q
_ 11&0. + 1—€ 1242 F<_€) I
200 T \2r) a1 —26)?

1 cg 1 [4a?\ 72 2 37[2 15 11 Y
_ - _ . Al4
(2z)? 167° w (nin;) < ST e T Cg (A14)

3. Calculation of I

(27)?724 x I4 is defined as

n::

[ dtasto-ny- )% [laklioe) O I 05 -k, k)

q ni-gn;-qn;-ky

~ [ @b -ni-a) / [dk][dkﬂ( Lty 2 )6<">5<q—k1—k2>

2nioqnjky ¢ nioqn;-q

1 1
- / dg8(0 — ny - g) "2 / 4k ][dky] —— 63 — K, — k)
fl n;-q n;- K
L2
—/ddq5( W — Ny - Q)nj/[dkl][dkz]5(d)5(‘1—k1 —kz)
q n;-qn;-q

- e [ e G
_ (L)Qd 271 6[ I'(—e¢) 2F(1 —€;:| I,

I'(1-2¢) T(2-2
1 2 —zwesc(2en)2(—€) 1 [ daw® \ %€
— (E) (1 =26)[(1 —4¢) w (n4 n4) : (A15)
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APPENDIX B: COLOR STRUCTURE

For the case of four or more partons involved, the color
structure is not diagonal anymore, like in [72], since the
color conservation relation alone i is not sufficient to express
all products T T in terms of T Therefore, we calculate
the action of T, Tj on the color basis, and the matrices
(wij),J:(€,|T)i‘Tj|91> factorizing them as @ = (0|A|0) =
[076] [AT], where [076] - tree level color matrix. It is

Tree level Tree level
convenient to calculate it in the form: o = (0|A|0) =

[070] [AT], where [070] —tree-level color matrix. We
——
Tree level Treelevel

consider each channel separately Here N, =3 represents
the number of colors, Cp = 2N ,and Cy =

1. Channel ¢,0, — ¢304
Our color basis follows the conventions of [78,79]:
{ 01) = (4,01,i,9:,)(@:,01,,41,) 070) = (N% NL->
02) = (@1,61,1,9:,)(@1,61,1,91,) N, N?

1-N? 0 1
w3 = > : 1 N >

1—N% N, 1
W4 = 3 . 1 0 .

By color conservation: w,3 =m14, W24 =013, W34 = D1>.

2. Channel ¢,G, — 050,
Our color basis follows the conventions of [78,79]:

{ 0)) = (C_]i45i4i1‘b,)(Qizéizig%g). 670] = <N% NC>
|62> (QI45l4l;qt3)(Zli25izi]Qil) ’ Nc N%

1-N2\ [0 1
oe=(55) (1w )
N2 -1 0 1
“’13:< 2 )(1 0>;

1—N% N, 1
e () ()

By color conservation: w,3 =4, @y =013, W34 = @15.

3. Channel ¢,0, — ¢;0,

Our color basis follows the conventions of [78,79]:
{ 01) = (@:,04,, Qil)(Qi35i3i4Qi4)_ 670] <N3 NC>
102) = (1,64,1,9:,)(@1,61,1,41,) N, N:

1-N?2 N, 1 1-N2\ /0 1
o (57) (7o) o= (57) ()
NZ-1\ /01
“”“:< 2 )(1 0>'

By color conservation: wy; = w14, 4 = w13, W34 = O1;.

4. Channel ¢q,q, — g3g4

For convenience, for the channels with two (anti)quarks
and two gluons, we rescale the Gell-Mann matrices, leaving
the color operators the same.

Our conventions follow [80]:

ab

tr(191?) = 50, w(T9T?) = — = 1* = V2T*.

The color basis and tree-level color matrix are:

|9 > ( (t(h[uA)thléll)Aa3Aa4
|92> = (51'2 (ta4ta3)i2i]€i1) a3Aa4 ’
103) = (£,6%6,,i,&i ) Aa A,
N—1 -1 N,
T N2 -1 5
o= (=) | -1 N-1 N
‘ N, N, N?
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w, 00 0 5
— 1 . _ N, 1.
Tl'Tz— 0 ZNC 0 5 Tl'T3— O —7 —z )
-1 1 ¢, 10 0
N, 1
-7 0 =
T,-T,=| 0 0 1|,
0 1o
Nc
~% 0 0
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By color conservation, w,, = w13, W3 = ®134.

5. Channel ¢q,2, — 2394

For convenience, for the channels with two (anti)quarks
and two gluons, we rescale the Gell-Mann matrices, leaving
the color operators the same.
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Using the following conventions:
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The tree-level matrix in our basis is:
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with the conventions:
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