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We present a computation of the global soft function for single inclusive hadronic jet production at next-
to-next-to-leading order in the strong coupling constant involving four lightlike Wilson lines. Our soft
function belongs to SCETI observables, which are not sensitive the rapidity divergences and obey the non-
Abelian exponentiation theorem. We provide the calculation of the soft function involving four collinear
light-cone directions for all 2 → 2 processes extending the previous result. We perform the threshold
resummation for these processes at the next-to-next-to-leading logarithmic accuracy and present the
corresponding numerical results.
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I. INTRODUCTION

The new data obtained with increasingly high precision
at the Large Hadron Collider (LHC) and other experiments
provide an opportunity to search for new physics from a
small mismatch between the Standard Model (SM) theo-
retical predictions and experimental measurements. The
only available theoretical tool for making such predictions
from the first principles is the Quantum Chromodynamics
(QCD) perturbative expansion in the strong coupling con-
stant αS or αSL if the large logarithm L of the fraction of
scales is present. To reliably interpret the collider data, the
precision of QCD theoretical predictions has to match the
small experimental errors. Such calculations are carried out
at fixed-order in QCD perturbation theory and may include
the resummation of large logarithms in particular regions of
phase space by analytic resummation or through the use of
parton-shower simulations. These days, considerable efforts
have been made towards the development of theoretical
predictions for physical processes at colliders with complete
control over the final-state kinematics beyond the next-to-
leading order (NLO) accuracy. With regards to fixed-order
calculations, over the past few years significant results have

been achieved. These include the calculations of fully
differential gluon-gluon fusion Higgs production [1,2],
the single jet production in deep-inelastic scattering [3] at
N3LO in the strong coupling constant, the next-to-next-to-
leading order (NNLO) calculations of the single inclusive jet
or dijet production [4], V=N þ j processes [5–11], Higgs
production through the vector boson fusion [12,13], single
top [14–16] and tt̄ production [17,18] at the LHC, the jet
productions in deep-inelastic scattering [19,20], and the
heavy flavor production in deep-inelastic neutrino scattering
[21]. The developments in the higher order calculations rely
on the new higher loop calculations as well as on the new
theoretical schemes for treating the singularities in the real
emissions. The current status of the loop calculations for the
collider processes can be illustrated by the calculation of the
analytic two-loop five-point amplitude [22–24], as well as
by the new ideas that appear [25–28].
Jets are crucial at high-energy particle and nuclear physics

frontiers serving as a tool for precision tests of the SMaswell
as for the searches for new physics at the TeV scale at the
LHC.As demonstrated by themeasurements at the LHC and
the Relativistic Heavy Ion Collider, they are also unique
probes of nonperturbative dynamics, such as collinear
parton distribution functions (PDFs) [29] and transverse
momentumdependent parton distribution functions [30], the
intrinsic spin of the nucleon [31–33], and the hot medium
effects in the quark-gluon plasma [34–36]. The experimental
advances are supplemented by the progress in the develop-
ment of new jet substructure techniques [37,38], accurate
extractions of the SM parameters [39], as well as the three-
dimensional tomographic images of nucleons [40–45] out of
jets. These developments will receive additional impetus
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at the future Electron-Ion Collider [46,47], additionally
enabling the possibility to consider the polarization degrees
of freedom.
The double differential cross section for the pp →

jetþ X process has the following form [48]:

p2
Td

2σ

dp2
Tdη

¼
X
i1;i2

Z
Vð1−WÞ

0

dz
Z

1−1−V
1−z

VW
1−z

dv x21fi1ðx1Þx22fi2ðx2Þ

×
d2σ̂i1i2
dvdz

ðv; z; pT; RÞ; ð1Þ

withpT being the transversemomentumand η the rapidity of
the signal jet, and whereV ¼ 1 − pTe−ηffiffi

S
p ,VW ¼ pTe−ηffiffi

S
p , and the

hadronic center-of-mass energy is
ffiffiffi
S

p
. The PDFs fi depend

on the momentum fractions x1 ¼ VW
vð1−zÞ and x2 ¼ 1−V

ð1−vÞð1−zÞ,
and the sum is taken over all partonic channels, initiating the
process with the cross sections given by σ̂i1i2. The kinematic
variables are defined as t ¼ ðp1 − p3Þ2 andu ¼ ðp2 − p3Þ2,
with p1;2 being the momenta of the two incoming partons,
p3 being the momentum of the parton which initiates the
signal jet, and p4 being the momentum of the recoiling
systemagainst the signal jet. The partonic cross sections σ̂i1i2
are functions of pT and the partonic kinematic variables
s ¼ x1x2S, v ¼ u

uþt, and z. They can be further factorized in
the R → 0 and z → 0 limit:

d2σ̂i1i2
dvdz

¼ s
Z

dsXdscdsGδðzs − sX − sG − scÞ

× Tr½Hi1i2ðv; pT; μh; μÞSGðsG; μsG ; μÞ�
× JXðsX; μX; μÞ

X
m

Tr½JmðpTR; μJ; μÞ

⊗Ω Sc;mðscR; μsc; μÞ�; ð2Þ
with the traces taken in color space. The sum is taken over all
collinear splittings with m being the energetic collinear
partonmultiplicity, andwith the associated angular integrals
denoted by ⊗Ω [49]. The jet is constructed by the anti-kT
algorithm [50], and the finite mass of the signal jet is
allowed. Resummation is performed by solving the renorm-
alization group (RG) equation in Soft-Collinear Effective
Theory (SCET) [51–56]. The hard functionH describes the
effect of hard radiation and is known toNNLO for numerous
phenomenologically interesting processes containing final-
state jets [57–63]. The jet function describes the final jet
collinear radiation, and the recoil jet function JX is known to
three loops both for the quark and gluon jets [64,65] while
the signal jet function Jm is known to two loops for the quark
jet [66]. The global soft function SG is the focus of our paper.
It accounts for the wide-angle soft radiation which cannot
resolve the small radius R of the jet.
Threshold logarithms play a role near the exclusive

phase space boundary when the production of the signal jet

becomes possible and the invariant mass
ffiffiffiffiffi
s4

p
of the

recoiling jet vanishes. The signal jet, however, has a finite
invariant mass at the threshold, and radiation inside the jet
cone is possible. After the cancellation of infrared diver-
gences, the logarithms of the form αnSðlnkðzÞ=zÞþ remain,
with k ≤ 2n − 1, z ¼ s4=s, and s being the partonic center-
of-mass energy. These terms are large in the threshold limit
z → 0 and have to be resummed to all orders in order to
obtain reliable perturbative results. Since the parton lumi-
nosity functions are steeply falling, these terms dominate
over a wide range of the jet-pT even when far from the
hadronic threshold as shown in [67].
The global soft function SG, which is the focus of our

paper, is defined in terms of Wilson lines along the

directions nμi ¼ pμ
i

Ei
of the partons participating in the hard

scattering. With the use of the color-space formalism
[68,69], the Wilson line for a particle in a color represen-
tation with generators Ta

i is defined as a path ordered
exponential:

SiðxÞ ¼ P exp

�
igS

Z
0

−∞
dt ni · Aaðxþ tniÞTa

i

�
: ð3Þ

For a gluon carrying a color index c, the generator is
ðTaÞbc ¼ −ifabc. For an outgoing quark (or incoming
antiquark) with index ν, the generator is ðTaÞμν ¼ taμν
and for an incoming quark (or outgoing antiquark), the
generator is ðTaÞμν ¼ −taνμ, respectively. The soft function
measures the probability of the soft emissions from N
Wilson lines with the momentum component ω ¼ nN · pX
along the recoiling jet direction and is defined as

S ¼
X
X

δ

�
ω −

X
i

nN · ki

�

× h0jðS1S2 � � � SNÞ†jXihXjðS1S2 � � � SNÞj0i; ð4Þ

where Si ≡ Sið0Þ. Our soft function belongs to SCETI
observables which obey the non-Abelian exponentiation
theorem [70,71]. At NNLO for the case of three collinear
directions, N ¼ 3, the soft function was calculated in [72]
and recently at next-to-next-to-next-to-leading order [73].
The aim of our paper is to extend this approach for the case
of four collinear directions, N ¼ 4, and calculate the global
soft function for a p1p2 → p3p4 process with p2

i ¼ 0 to the
next-to-next-to-leading order in αs. For the case of four
collinear directions, the color structure is not diagonal as
for the case of three collinear directions. For each color
configuration, we calculate the corresponding matrix ele-
ments and perform the resummation of the large loga-
rithms. Our manuscript is organized as follows. In Sec. II,
we provide the derivation and the analytical results on the
soft function involving four light-cone directions. In
Sec. III, we perform renormalization and resummation.
In Sec. IV, we provide the corresponding numerical results,
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and we conclude in Sec. V. Auxiliary relations are provided
in Appendix.

II. DERIVATION

Unlike [72], instead of calculating the soft function
diagram-by-diagram, we use the corresponding matrix
elements. The formal form of the global soft function
for i real emissions is given by

SGðωÞ ¼
Z Y

i

ddki
ð2πÞd−1 δðk

2
i Þθðk0i ÞjMj2eik½fkig�

× δ

�
ω −

X
i

n4 · ki

�
; ð5Þ

where n4 is the lightlike vector along the momentum p4,
p4 ¼ E4n4, and we have assumed that the eikonal matrix
element, jMj2eik, has already included the virtual
corrections.
For later use, we employ the notation

½dki�≡ ddki
ð2πÞd−1 δðk

2
i Þθðk0i Þ: ð6Þ

Our situation is similar to [72], with the only difference
being that in [72] there are only three eikonal directions but
in our case we have four eikonal directions, n1 to n4, which
complicates the color structure in jMj2eik quite a lot.

The leading order soft function is Sð0ÞG ðωÞ ¼ δðωÞ. At
NLO, we only have one emission and the matrix element
is given by

jMj2eik ¼ −g2s
X4

i;j¼1;i≠j
Ti · Tj

ni · nj
ni · knj · k

; ð7Þ

and therefore:

Sð1ÞG ðωÞ ¼ −g2s
X4

i;j¼1;i≠j
Ti · Tj

Z
ddki

ð2πÞd−1 δðk
2Þθðk0Þ

×
ni · nj

ni · knj · k
δ

�
ω −

X
i

n4 · k

�
ð8Þ

(see [74] for all the notations, especially the color
factor Ti).
For the terms in the sum corresponding to i ¼ 4 or j ¼ 4,

the integration will be scaleless after we use the δ function
to remove the integral over n4 · k, and hence these terms are
zero. For i ≠ 4 and j ≠ 4, following [72], we get

Sð1ÞG ðωÞ ¼
X

i;j≠4;i≠j
Ti · Tj

g2s
ð2πÞd−1

2π1−ϵ

Γð1 − ϵÞ
1

ϵ

�
ni4nj4
2nij

�
ϵ

×
1

μ

�
ω

μ

�
−1−2ϵ

; ð9Þ

and here we have defined nij ¼ ni · nj.
The NNLO contribution contains the double-real emis-

sion of qq̄ and gg, the real-virtual contribution, and the
exponentiation of the NLO. We consider each of these
separately and summarize the results. First consider the
double-real emission. In this case we have

Sð2ÞG;rðωÞ ¼
Z Y2

i¼1

ddki
ð2πÞd−1 δðk

2
i Þθðk0i ÞjMj2eik½fkig�

× δðω − n4 · ðk1 þ k2ÞÞ: ð10Þ

The matrix element for qq̄ pair is given by Eqs. (95)–(97) in
[74] and for the gluon pair the matrix element is given by
Eqs. (108)–(110) in [74]. As a first step we calculate the I ij

and Sij defined in [74] by decomposing them into the
functions in [72]. For the qq̄ pair we have one term that
comes from

Sð2ÞG;rðωÞ ¼ ð4πμ2ϵαsÞ2TR

X4
i;j¼1

Z Y2
i¼1

ddki
ð2πÞd−1 δðk

2
i Þθðk0i ÞI ijðk1; k2Þδðω − n4 · ðk1 þ k2ÞÞ

¼ ð4πμ2ϵαsÞ2TR

X4
i;j¼1

Z
ddq
ð2πÞd θðq

0Þθðq2Þδðω − n4 · qÞĨ ijðqÞ

×
Z Y2

i¼1

ddki
ð2πÞd−1 δðk

2
i Þθðk0i Þð2πÞdδðdÞðq − k1 − k2Þ: ð11Þ

Here,

Ĩ ijðqÞ ¼ −
2nij

ni · qnj · qðq2Þ
; ð12Þ

where we have neglected the asymmetric part in k1 and k2
which will also contribute. The third line is the 2-body
phase space volume for a particle with momentum q
decaying into k1 and k2, which is
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P2 ¼ 2−3þ2ϵπ−1þϵ Γð1 − ϵÞ
Γð2 − 2ϵÞ ðq

2Þ−ϵ ð13Þ

[see [75], Eq. (A.1) and Eq. (A.9)].
Therefore, we have

Sð2ÞG;rðωÞ ¼ −ð4πμ2ϵαsÞ2TR2
−2þ2ϵπ−1þϵ Γð1 − ϵÞ

Γð2 − 2ϵÞ
1

ð2πÞd

×
X4
i≠j¼1

Z
ddqθðq0Þθðq2Þδðω − n4 · qÞ

×
nij

ni · qnj · qðq2Þ1þϵ;
ð14Þ

where the second line is I2 of Eq. (41) in [72]. With regards
to the real-virtual contribution, we have one real emission
and one loop which leads to

Sð2ÞG;vðωÞ ¼
Z

ddk1
ð2πÞd−1 δðk

2
1Þθðk01ÞjMj2eik;v½k1�

× δðω − n4 · k1Þ; ð15Þ

where the matrix element can be found in Eq. (26) of [76].
Once we figure out the matrix element, the integration is
straightforward as NLO. For the soft quark pair emission,
the matrix element is given by [74]:

ð4παsμ2ϵÞ2TR

Xn
i;j¼1

I ijjMijj2; ð16Þ

where

I ij ¼ −
2nijk1 · k2 þ ni · ðk1 − k2Þnj · ðk1 − k2Þ
2ðk1 · k2Þ2ni · ðk1 þ k2Þnj · ðk1 þ k2Þ

: ð17Þ

The non-Abelian piece of the double-gluon matrix
element is given by [74]:

−CAð4παsμ2ϵÞ2
Xn
i;j¼1

Ti · TjSijjMijj2; ð18Þ

where Sij can be written as

Sij ¼ Ss:o:
ij −

1

2

ni · k1nj · k2þnj · k1ni · k2
ni · ðk1þ k2Þnj · ðk1þ k2Þ

Ss:o:
ij

þð1− ϵÞI ij− ð1þ ϵÞ nij
k1 · k2ni · ðk1þ k2Þnj · ðk1þ k2Þ

ð19Þ

with the strong-ordering limit being

Ss:o:
ij ¼ nij

k1 · k2

�
1

ni · k1nj · k2
þ i ↔ j

�

−
n2ij

ni · k1nj · k1ni · k2nj · k2
: ð20Þ

With regards to the double-gluon emission, we first focus
on the term

Ss:o:
ij −

1

2

ni · k1nj · k2 þ nj · k1ni · k2
ni · ðk1 þ k2Þnj · ðk1 þ k2Þ

Ss:o:
ij ; ð21Þ

which can be decomposed to

nij
q2

×

�
nj · ðk1þ2k2Þ
nj ·qni ·k1nj ·k2

þ nj · ðk1−k2Þ
ni ·qnj ·qnj ·k2

�
þ i↔ j ð22Þ

and

−
n2ij

ni · k1nj · k1ni · k2nj · k2
ð23Þ

and

2
nij

2ni · qnj · q

�
nij

2ni · k1nj · k2
þ i ↔ j

�
; ð24Þ

where we have defined q ¼ k1 þ k2.
Therefore we have

SggG;ij;1ðωÞ ¼
�
1

2π

�
2d−2

ð2I7;2 þ 2I6 − I4Þ þ 2Is:o:3 ð25Þ

where I7;2, I6, and I4 are given in [72] and Is:o:3 is given by

Is:o:3 ¼ 2

Z
ddqδðω−n4 ·qÞ

nij
2ni ·qnj ·q

×
Z

½dk1�½dk2�
nij

2ni ·k1nj ·k2
δðdÞðq−k1−k2Þ; ð26Þ

which is:

2π1−ϵ
�
1

2π

�
2d−2 Γð−ϵÞ

Γð1−2ϵÞ
Ωd−3

4

1

ω

�
4ω2

nþ4 n
−
4

�−2ϵ

×41þ2ϵ
ffiffiffi
π

p Γð1
2
−ϵÞ

Γð1−ϵÞ
1

2

ffiffiffi
π

p Γð−2ϵÞ
Γð1

2
−2ϵÞ

×
Z

du2×ð1−u2Þ−ϵðu2Þ−1−2ϵ

× 2F1ð−ϵ;−ϵ;1−ϵ;1−u2Þ2F1ð−2ϵ;−2ϵ;1−ϵ;u2Þ: ð27Þ

Expanding the hypergeometric function and performing the
integration over u2, we get
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Is:o:3 ¼ 1

4π2
cR
16π2

1

ω

�
4ω2

nþ4 n
−
4

�−2ϵ�
−

1

2ϵ3
þ 7π2

12ϵ
þ 43

3
ζ3 þ

121π4

720
ϵ

�
: ð28Þ

Here we have defined cR ¼ ð4πÞ2ϵe−2ϵγE . Therefore, we have

SggG;ij;1ðωÞ ¼
1

4π2
cR
16π2

1

ω

�
4ω2

nþ4 n
−
4

�−2ϵ

×

�
−

2

ϵ3
−

2

ϵ2
þ
�
−4þ 4

3
π2
�
1

ϵ
þ
�
−8þ π2 þ 202

3
ζ3

�
þ
�
−16þ 2π2 þ 124

3
ζ3 þ

229

180
π4
�
ϵ

�
: ð29Þ

Now we turn to the second line of Sij, which is

ð1 − ϵÞI ij þ ð1þ ϵÞ −2nij
q2ni · qnj · q

: ð30Þ

The second term is given by

ð1þ ϵÞ ×
�
−

2nij
q2ni · qnj · q

�
¼ ð1þ ϵÞ × Ĩ ijðqÞ: ð31Þ

Therefore we find

SggG;ij;2;þðωÞ ¼ −ð1þ ϵÞ × 2−2þ2ϵπ−1þϵ Γð1 − ϵÞ
Γð2 − 2ϵÞ

1

ð2πÞd × I2; ð32Þ

which is

SggG;ij;2;þðωÞ ¼
1

4π2
cR
16π2

1

ω

�
4ω2

nþ4 n
−
4

�−2ϵ�
−

1

ϵ2
−
3

ϵ
− 6þ π2

2
þ
�
−12þ 3π2

2
þ 62

3
ζ3

�
ϵ

�
: ð33Þ

For the first term, it can be related to the jMj2 for producing a qq̄ pair:

Z
ddq
ð2πÞd δðω − n4 · qÞ

Z
dPSI ijð2πÞdδðdÞðq − k1 − k2Þ ¼ 2

Z
ddq
ð2πÞd δðω − n4 · qÞImΠμνðq → qÞ nμi

n · q

nνj
nj · q

1

ðq2Þ2 : ð34Þ

The sign on the right-hand side of the equation is determined from the fact that the matrix element involving the virtual
quark loop has an additional factor of ð−iÞ2i2 ¼ 1 (vertices plus virtual photon propagators). This gives

2ð−8Þ 1

ð4πÞ2−ϵ ΓðϵÞ
Γ2ð2 − ϵÞ
Γð4 − 2ϵÞ Im½eiπϵ�

Z
ddq
ð2πÞd δðω − n4 · qÞðq2gμν − qμqνÞðq2Þ−ϵ

nμi
n · q

nνj
nj · q

1

ðq2Þ2

¼ 2ð−8Þ 1

ð4πÞ2−ϵ ΓðϵÞ
Γ2ð2 − ϵÞ
Γð4 − 2ϵÞ Im½eiπϵ�

Z
ddq
ð2πÞd δðω − n4 · qÞ

nij
n · q

1

nj · q
1

ðq2Þ1þϵ

¼ 2ð−8Þ 1

ð4πÞ2−ϵ ΓðϵÞ
Γ2ð2 − ϵÞ
Γð4 − 2ϵÞ sin½πϵ�

1

ð2πÞd × I2: ð35Þ

Therefore we have from the first ð1 − ϵÞI ij term:

SggG;ij;2;qqðωÞ ¼
1

4π2
cR
16π2

1

ω

�
4ω2

nþ4 n
−
4

�−2ϵ�
−

2

3ϵ2
−

4

9ϵ
−
26

27
þ π2

3
þ
�
2π2

9
−
160

81
þ 124

9
ζ3

�
ϵ

�
: ð36Þ
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Regarding the qq̄ pair emission, we have from the I ij contribution:

Sqq̄G;ijðωÞ ¼
1

4π2
cR
16π2

1

ω

�
4ω2

nþ4 n
−
4

�−2ϵ�
−

2

3ϵ2
−
10

9ϵ
−
56

27
þ π2

3
þ
�
5π2

9
−
328

81
þ 124

9
ζ3

�
ϵ

�
: ð37Þ

The real-virtual matrix element is given by

−ðgsμϵÞ4×
�
−

1

4π2
ð4πÞϵ
ϵ2

Γ3ð1− ϵÞΓ2ð1þ ϵÞ
Γð1−2ϵÞ ðS2þS3Þ

�
¼ð4παsμ2ϵÞ2×

�
1

4π2
ð4πÞϵ
ϵ2

Γ3ð1− ϵÞΓ2ð1þ ϵÞ
Γð1−2ϵÞ ðS2þS3Þ

�
; ð38Þ

where

S2 ¼ CA cosðπϵÞ
X
i≠j

½SijðqÞ�1þϵjMi;jðpÞj2 ð39Þ

and

S3 ¼ 2 sinðπϵÞ
X
i≠j≠k

SkiðqÞ½SijðqÞ�ϵðλij − λiq − λjqÞjMk;i;jðpÞj2: ð40Þ

Here,

SijðqÞ≡ nij
2ni · qnj · q

jMk;i;jðpÞj2 ¼ fabchM0ðpÞjTa
kT

b
i T

c
j jM0ðpÞi ð41Þ

and λAB ¼ 1 if A and B are both incoming or outgoing,
otherwise λAB ¼ 0. Integrating over the phase space gives

Z
½dq�δðω − n4 · qÞS2

¼ CA cosðπϵÞ
Z

½dq�δðω − n4 · qÞ½SijðqÞ�1þϵ

¼ CA cosðπϵÞ
�
1

2π

�
d−1

× I7;1: ð42Þ

Therefore, its contribution, except for the ð4παsμ2ϵÞ2 factor,
is given by

SG;rv;2 ¼
CA

4π2
cR
16π2

1

ω

�
4ω2

nþ4 n
−
4

�−2ϵ

×

�
−

1

ϵ3
þ π2

2ϵ
þ 80

3
ζ3 þ

47π4

120
ϵ

�
: ð43Þ

Now we turn to S3 which only contributes to four or more
external hard partons. S3 vanishes since the origin of the S3
term is the 3-gluon vertex and the antisymmetric part of the
other pieces connected to three different eikonal lines.
Finally, the coupling renormalization term is given by

−
αs
2π

×
11CA − 2nF

6ϵ
× NLO: ð44Þ

A. Summary of results

We summarize our results as follows. The NLO soft
function is given by

Sð1ÞG ðω; μÞ ¼
X

i≠j;i;j≠4
Ti · TjS

ð1Þ
G;ijðω; μÞ; ð45Þ

where

Sð1ÞG;ijðω; μÞ ¼
αs
2π

Lð1Þ
ij

�
2

ϵ
−
π2

6
ϵ −

14ζ3
3

ϵ2 þOðϵ3Þ
�

ð46Þ

with

Lð1Þ
ij ¼

�
ni4nj4
2nij

�
ϵ 1

μ

�
ω

μ

�
−1−2ϵ

: ð47Þ

1. NNLO contribution

The NNLO soft function is given by

Sð2ÞG ðω;μÞ

¼ 1

4

X
i≠j;i;j≠4

X
k≠l;k;l≠4

fTi · Tj; Tk · TlgSabij;klðω;μÞ

þ
X

i≠j;i;j≠4
Ti · TjðSCA

ij ðω;μÞ þ SNF
ij ðω;μÞ þ Srenij ðω;μÞÞ:

ð48Þ
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The individual contributions are given by

Sabij;klðω; μÞ ¼
�
αs
2π

�
2

Lij;kl

�
−

4

ϵ3
þ 10π2

3ϵ
þ 248ζ3

3

þ 25π4

18
ϵþOðϵ2Þ

�
; ð49Þ

SCA
ij ðω;μÞ ¼

α2sCA

4π2
Lð2Þ
ij

�
11

6ϵ2
þ 1

ϵ

�
67

18
−
π2

6

�

þ 202

27
−
11π2

12
− 7ζ3

þ
�
1214

81
−
67π2

36
−
11π4

45
−
341

9
ζ3

�
ϵþOðϵ2Þ

�
;

ð50Þ

SNF
ij ðω; μÞ ¼ α2sTRNF

4π2
Lð2Þ
ij

�
−

2

3ϵ2
−
10

9ϵ
−
56

27
þ π2

3

þ
�
5π2

9
−
328

81
þ 124

9
ζ3

�
ϵþOðϵ2Þ

�
; ð51Þ

Srenij ðω; μÞ ¼ α2s
4π2

11CA − 2NF

3

× Lð1Þ
ij

�
−

1

ϵ2
þ π2

12
þ 7

3
ζ3ϵþOðϵ2Þ

�
: ð52Þ

Here,

Lð2Þ
ij ¼ 1

ω

�
4ω2

nþ4 n
−
4

1

μ2

�−2ϵ
¼

�
ni4nj4
2nij

�
2ϵ 1

μ

�
ω

μ

�
−1−4ϵ

ð53Þ

and

Lij;kl ¼
�
ni4nj4
2nij

�
ϵ
�
nk4nl4
2nkl

�
ϵ 1

μ

�
ω

μ

�
−1−4ϵ

: ð54Þ

B. Plus expansion of our results in ϵ

We perform the plus expansion of our results with the use
of the formula

1

x1þα ¼ −
δðxÞ
α

þ
X∞
n¼0

ð−αÞn
�
θðxÞ lnnðxÞ

x

�
þ
: ð55Þ

We use the conventions ðijÞ ¼ lnðni4nj4
2nij

Þ and ðijklÞ ¼
lnðni4nj4nk4nl4

4nijnkl
Þ. We show that

Sð1ÞG ðω; μÞ ¼
X

i≠j;i;j≠4
ðTi · TjÞ

αS
2π

�
−

1

ϵ2
δðωÞ þ 1

ϵ

�
2

�
θðωÞ
ω

�
þ
− δðωÞðijÞ

�

þ δðωÞ
�
π2

12
−
1

2
ðijÞ2

�
þ 2ðijÞ

�
θðωÞ
ω

�
þ
− 4

�lnðωμÞ
ω

�
þ

�
: ð56Þ

The divergent and finite parts are given by

Sabij;kljDivergent ¼
α2S
4π2

X4
i≠j;i;j≠4

X4
k≠l;k;l≠4

fTi · Tj; Tk · Tlg
�
δðωÞ
2ϵ4

þ 1

2ϵ3

�
δðωÞðijklÞ − 4

�
θðωÞ
ω

�
þ

�

þ 1

ϵ2

�
−2

�
θðωÞ
ω

�
þ
ðijklÞ þ δðωÞ

�
−
5π2

12
þ 1

4
ðijklÞ2Þ þ 8

�lnðωμÞ
ω

�
þ

�

þ 1

ϵ

�
δðωÞ

�
−
31ζ3
3

−
5π2ðijklÞ

12
þ ðijklÞ3

12

�
þ
�
θðωÞ
ω

�
þ
ð5π

2

3
− ðijklÞ2Þ

�

þ 1

ϵ

�
8ðijklÞ

�lnðωμÞ
ω

�
þ
− 16

�ln2ðωμÞ
ω

�
þ

��
; ð57Þ

Sabij;kljFinite ¼
α2S
4π2

X4
i≠j;i;j≠4

X4
k≠l;k;l≠4

fTi · Tj; Tk · Tlg
�
δðωÞ

�ðijklÞ4
48

−
25π4

144
−
31ζ3
3

ðijklÞ − 5π2

24
ðijklÞ2Þ

þ
�
θðωÞ
ω

�
þ

�
124ζ3
3

þ 5π2

3
ðijklÞ − ðijklÞ3

3

�
þ
�lnðωμÞ

ω

�
þ

�
4ðijklÞ2 − 20π2

3

�

−16ðijklÞ
�ln2ðωμÞ

ω

�
þ
þ 64

3

�ln3ðωμÞ
ω

�
þ

�
; ð58Þ
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SCA
ij jDivergent ¼

α2SCA

4π2
X4

i≠j;i;j≠4
ðTi · TjÞ

�
−
11δðωÞ
24ϵ3

þ δðωÞ
ϵ2

�
π2

24
−
67

72

�

þ δðωÞ
ϵ

�
11π2

48
þ 7ζ3

4
−
101

54
þ
�
π2

12
−
67

36

�
· ðijÞ − 11

12
ðijÞ2

�

þ 1

ϵ

�
67

18
−
π2

6
þ 11

3
ðijÞ

��
θðωÞ
ω

�
þ
−
22

3ϵ

�lnðωμÞ
ω

�
þ

�
; ð59Þ

SCA
ij jFinite ¼

α2SCA

4π2
X4

i≠j;i;j≠4
ðTi · TjÞ

��
θðωÞ
ω

�
þ

�
202

27
−
11π2

12
− 7ζ3 þ ðijÞ

�
67

9
−
π2

3

�
þ 11

3
ðijÞ2

�

þδðωÞ
�
341ζ3
36

þ 11π4

180
þ 67π2

144
−
607

162
þ ðijÞ

�
7ζ3
2

þ 11π2

24
−
101

27

�
þ ðijÞ2

�
π2

12
−
67

36

�
−
11

18
ðijÞ3

�

þ
�lnðωμÞ

ω

�
þ

�
2π2

3
−
134

9
−
44

3
ðijÞ

�
þ 44

3

�ln2ðωμÞ
ω

�
þ

�
; ð60Þ

SNF
ij jDivergent ¼

α2STRNF

4π2
X4

i≠j;i;j≠4
ðTi · TjÞ

�
δðωÞ
6ϵ3

þ 1

ϵ2

��
5

18
þ ðijÞ

3

�
δðωÞ − 2

3

�
θðωÞ
ω

�
þ

�

þ 1

ϵ

��
14

27
−
π2

12
þ 5

9
ðijÞ þ ðijÞ2

3

�
δðωÞ −

�
10

9
þ 4ðijÞ

9

��
θðωÞ
ω

�
þ
þ 8

3

�lnðωμÞ
ω

�
þ

��
; ð61Þ

SNF
ij jFinite ¼

α2STRNF

4π2
X4

i≠j;i;j≠4
ðTi · TjÞ

��
θðωÞ
ω

�
þ

��
π2

3
−
56

27

�
−
20

9
ðijÞ − 4

3
ðijÞ2

�

þδðωÞ
��

82

81
−
5π2

36
−
31ζ3
9

�
þ ðijÞ

�
28

27
−
π2

6

�
þ 5

9
ðijÞ2 þ 2

9
ðijÞ3

�

þ
�lnðωμÞ

ω

�
þ

�
40

9
þ 16

3
ðijÞ

�
−
16

3

�ln2ðωμÞ
ω

�
þ

�
; ð62Þ

Srenij jDivergent ¼
α2S
4π2

·
11CA − 2NF

3

X4
i≠j;i;j≠4

ðTi · TjÞ
�
δðωÞ
2ϵ3

þ 1

ϵ2

�ðijÞδðωÞ
2

−
�
θðωÞ
ω

�
þ

�

þ 1

ϵ

��ðijÞ2
4

−
π2

24

�
δðωÞ þ 2

�lnðωμÞ
ω

�
þ
− ðijÞ

�
θðωÞ
ω

�
þ

��
; ð63Þ

Srenij jFinite ¼
α2S
4π2

·
11CA − 2NF

3

X4
i≠j;i;j≠4

ðTi · TjÞ ·
��

π2

12
−
ðijÞ2
2

��
θðωÞ
ω

�
þ

þδðωÞ
�
−
7ζ3
6

−
π2ðijÞ
24

þ ðijÞ3
12

�
þ 2ðijÞ

�lnðωμÞ
ω

�
þ
− 2

�ln2ðωμÞ
ω

�
þ

�
: ð64Þ

III. RENORMALIZATION AND RESUMMATION

In this section we perform the renormalization and resummation which can be conveniently done in Laplace space.
Therefore, we perform the Laplace transformation first:

S̃ðL; μÞ ¼
Z

∞

0

dω e−ρωSðω; μÞ; ρ ¼ 1

ξeγE
: ð65Þ
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The Laplace-transformed soft function is expressed in terms of the logarithm of the Laplace-space variable L ¼ lnðμξÞ. The
Laplace transformation is performed using an identity,

Z
∞

0

dω e−ρωω−1−nϵ ¼ e−nϵγEΓð−nϵÞξ−nϵ; ð66Þ

with γE ≈ 0.577 being the Euler constant. For further convenience, we split the scale L and kinematics parts lij of the
logarithms:

Lij ¼ ln

�
μ

ξ

ffiffiffiffiffiffiffiffiffiffiffiffi
ni4nj4
2nij

r �
¼ ln

�
μ

ξ

�
|fflfflffl{zfflfflffl}

¼L

þ ln

� ffiffiffiffiffiffiffiffiffiffiffiffi
ni4nj4
2nij

r �
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

¼lij

¼ Lþ lij; ð67Þ

Lij;kl ¼ ln

�
μ

ξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ni4nj4nk4nl4

4nijnkl
4

r �
¼ ln

�
μ

ξ

�
|fflfflffl{zfflfflffl}

¼L

þ 1

2
ln

� ffiffiffiffiffiffiffiffiffiffiffiffi
ni4nj4
2nij

r �
|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

¼1
2
lij

þ 1

2
ln

� ffiffiffiffiffiffiffiffiffiffiffiffi
nk4nl4
2nkl

r �
|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

¼1
2
lkl

¼ Lþ 1

2
lij þ

1

2
lkl: ð68Þ

NLO contribution takes the form

S̃ð1ÞG ðξ; μÞ ¼ αS
2π

X4
i≠j;i;j≠4

ðTi · TjÞS̃ð1ÞG;ijðξ; μÞ; ð69Þ

S̃ð1ÞG;ijðξ; μÞ ¼ −
1

ϵ2
−
2Lij

ϵ
− 2L2

ij −
π2

4
þ ϵ

�
4L2

ij

3
−
π2Lij

2
−
ζ3
3

�

− ϵ2
�
2L4

ij

3
þ π2

2
L2
ij þ

2ζ3
3

Lij þ
19π4

480

�
þOðϵ3Þ: ð70Þ

NNLO contribution consists of four parts:

S̃ð2ÞG ðξ; μÞ ¼ S̃abðξ; μÞ þ S̃CAðξ; μÞ þ S̃Nfðξ; μÞ þ S̃CoupRenðξ; μÞ: ð71Þ

The bare NNLO soft function has the form:

S̃GðξÞBare ¼ 1̂þ S̃ð1ÞG ðξ; μÞ þ S̃ð2ÞG ðξ; μÞ þOðα3SÞ; ð72Þ

where 1̂ is a unit matrix in a color space. The complete NNLO soft function is obtained by multiplying Eq. (72) by the tree-
level color matrix. These matrices for all channels are provided in Appendix B. The Abelian part of NNLO has the form:

S̃abðξ; μÞ ¼ S̃abðξ; μÞDivergent þ S̃abðξ; μÞFinite; ð73Þ

S̃abðξ; μÞDivergent ¼
α2S
4π2

X4
i≠j;i;j≠4

X4
k≠l;k;l≠4

fTi · Tj; Tk · Tlg
�
1

4ϵ4
þ Lij;kl

ϵ3
þ 2L2

ij;kl

ϵ2
þ π2

8ϵ2
þ 8L3

ij;kl

3ϵ
þ π2Lij;kl

2ϵ
þ ζ3
6ϵ

�
; ð74Þ

S̃abðξ; μÞFinite ¼
α2S
4π2

X4
i≠j;i;j≠4

X4
k≠l;k;l≠4

fTi · Tj; Tk · Tlg
�
8L4

ij;kl

3
þ π2L2

ij;kl þ
2ζ3Lij;kl

3
þ 17π4

480

�
: ð75Þ

The double-gluon emission and real-virtual contribution are given by:

S̃CAðξ; μÞ ¼ S̃CAðξ; μÞDivergent þ S̃CAðξ; μÞFinite; ð76Þ
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S̃CAðξ; μÞDivergent ¼
α2SCA

4π2
X4

i≠j;i;j≠4
ðTi · TjÞ

�
−

11

24ϵ3
−
11Lij

6ϵ2
−

67

72ϵ2

þ π2

24ϵ2
−
11L2

ij

3ϵ
−
67Lij

18ϵ
þ π2Lij

6ϵ
þ 7ζ3

4ϵ
−
101

54ϵ
−
55π2

144ϵ

�
; ð77Þ

S̃CAðξ; μÞFinite ¼
α2SCA

4π2
X4

i≠j;i;j≠4
ðTi · TjÞ

�
−
44L3

ij

9
þ π2L2

ij

3
−
67L2

ij

9
þ 7ζ3Lij

−
55π2

36
Lij −

202

27
Lij −

11ζ3
36

þ 7π4

60
−
335π2

432
−
607

162

�
: ð78Þ

The qq̄ emission contribution has the form:

S̃NFðξ; μÞ ¼ S̃NFðξ; μÞDivergent þ S̃NFðξ; μÞFinite; ð79Þ

S̃NFðξ; μÞDivergent ¼
α2SNFTR

4π2
X

i≠j;i;j≠4
ðTi · TjÞ

�
1

6ϵ3
þ 2Lij

3ϵ2
þ 5

18ϵ2
þ 4L2

ij

3ϵ
þ 10Lij

9ϵ
þ 14

27ϵ
þ 5π2

36ϵ

�
; ð80Þ

S̃NFðξ; μÞFinite ¼
α2SNFTR

4π2
X

i≠j;i;j≠4
ðTi · TjÞ

�
16L3

ij

9
þ 20L2

ij

9
þ 5π2Lij

9
þ 56Lij

27
þ ζ3

9
þ 25π2

108
þ 82

81

�
: ð81Þ

Finally, the renormalization of the coupling constant is:

S̃CoupRenðξ; μÞ ¼ S̃CoupRenðξ; μÞDivergent þ S̃CoupRenðξ; μÞFinite; ð82Þ

S̃CoupRenðξ; μÞDivergent ¼
α2Sβ0
4π2

X
i≠j;i;j≠4

ðTi · TjÞ
�
1

2ϵ3
þ Lij

ϵ2
þ L2

ij

ϵ
þ π2

8ϵ

�
; ð83Þ

S̃CoupRenðξ; μÞFinite ¼
α2Sβ0
4π2

X
i≠j;i;j≠4

ðTi · TjÞ
�
2L3

ij

3
þ π2Lij

4
þ ζ3

6

�
: ð84Þ

The soft function is multiplicatively renormalized as

S̃Gðξ; μÞRenormalized ¼ Zðξ; μÞS̃GðξÞBareðZðξ; μÞÞ†; ð85Þ

Zðξ;μÞ¼ 1−
αS
2π

X
i≠j;i;j≠4

ðTi ·TjÞ
�
Γ0

2ϵ2
þð2Lij− iπλijÞΓ0þ2γ0

2ϵ

�

þ
�
αS
2π

�
2 X
i≠j;i;j≠4

ðTi ·TjÞ
�
3β0Γ0

16ϵ3
−
Γ1−β0ðð2Lij− iπλijÞΓ0þ2γ0Þ

8ϵ2
−
ð2Lij− iπλijÞΓ1þ2γ1

4ϵ

�

þ1

4

�
αS
2π

�
2 X
i≠j;i;j≠4

X
k≠l;k;l≠4

fTi ·Tj;Tk ·Tlg
�
Γ0

2ϵ2
þð2Lij− iπλijÞΓ0þ2γ0

2ϵ

��
Γ0

2ϵ2
þð2Lkl− iπλklÞΓ0þ2γ0

2ϵ

�
: ð86Þ

The anomalous dimension is given by

Γðξ; μÞ ¼
X4

i;j¼1;i≠j
Ti · Tjð2Lij − iλijÞΓþ 2γ; ð87Þ
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Γ ¼
X∞
n¼1

Γn

�
αS
2π

�
n
; γ ¼

X∞
n¼1

γn

�
αS
2π

�
n
; ð88Þ

with the first two coefficients given by

Γ0 ¼ −1; Γ1 ¼
�
π2

6
−
67

18

�
CA þ 10

9
nFTR; ð89Þ

γ0 ¼ 0; γ1 ¼ CA

�
11π2

144
þ 7ζ3

4
−
101

54

�
þ nFTR

�
14

27
−
π2

36

�
: ð90Þ

Both the finite parts and an interplay of the NLO and the ZNLO (the term in Z proportional to ∼αS) contribute to the
renormalized soft function,

S̃Gðξ; μÞRenormalized ¼ 1þ ðS̃ð1ÞG ðξ; μÞÞFinite þ ðS̃ð2ÞG ðξ; μÞÞFinite þ ðS̃ð1ÞG ðξ; μÞ · Z†
NLOÞFinite þ ðZNLO · S̃ð1ÞG ðξ; μÞÞFinite; ð91Þ

where

ðS̃ð1ÞG ðξ; μÞ · Z†
NLOÞFinite þ ðZNLO · S̃ð1ÞG ðξ; μÞÞFinite

¼ α2S
4π2

X
i≠j;i;j≠4

X
k≠l;k;l≠4

fTi · Tj; Tk · Tlg
�
−
19π4

960
−
2ζ3Lij

3
−
π2L2

ij

4
−
π2LijLkl

2
þ 4LijL2

kl

3
−
L4
ij

3

�
: ð92Þ

The RG equation has the form:

d
d lnðμÞ S̃Gðξ; μÞ ¼ Γðξ; μÞS̃Gðξ; μÞ þ S̃Gðξ; μÞΓðξ; μÞ†; ð93Þ

and its solution is given by:

S̃Gðξ; μÞResummed ¼ 1þ αS
2π

X4
i;j¼1;i≠j

Ti · Tj½2Γ0L2 þ 4LðΓ0lij þ γ0Þ� þ S̃ð1ÞG ðL ¼ 0Þ

þ
�
αS
2π

�
2 X4
i;j¼1;i≠j

Ti · Tj

�
2β0Γ0L3

3
þ 2L2β0ðΓ0lij þ γ0Þ

�
þ Lβ0S̃

ð1Þ
G ðL ¼ 0Þ

þ
�
αS
2π

�
2 X4
i;j¼1;i≠j

Ti · Tjð2Γ1L2 þ 4Lðlij þ γ1ÞÞ þ
1

4

�
αS
2π

�
2 X4
i;j¼1;i≠j

X4
k; l¼1;k≠l

fTi · Tj; Tk · Tlg

× ð2Γ0L2 þ 4LðΓ0lij þ γ0Þ þ S̃ð1ÞG;ijðL ¼ 0ÞÞð2Γ0L2 þ 4LðΓ0lkl þ γ0Þ þ S̃ð1ÞG;klðL ¼ 0ÞÞ

− 4π

�
αS
2π

�
2 X
i≠j≠k≠4

fabcTa
i T

b
jT

c
l ðΓ0λijð2L2Γ0ljl þ LS̃ð1ÞG;jlðL ¼ 0ÞÞ þ S̃NNLOG;ijl ðL ¼ 0ÞÞ

þ S̃ð2ÞG ðL ¼ 0Þ: ð94Þ

Note that S̃NNLOG;ijl ðξ; μÞ ¼ 0, as we discussed in Sec. II. In the next section we provide the numerical results and perform
the threshold resummation.

IV. NUMERICAL RESULTS

In this section we perform a numerical integration of Eq. (93). To facilitate the usage of our results by other research
groups, we make our numerical code publicly available on GitHub1 repository. The solution is given by:

1https://github.com/BalytskyiJaroslaw/NNLLs
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SResummed
G ¼ exp

�
U

�
μ; ln

�
μs
ξ

���
SRenormalized
G

�
αðμsÞ; ln

�
μs
ξ

��
exp

�
U

�
μ; ln

�
μs
ξ

���†
; ð95Þ

with the evolution operator being:

U

�
μ; ln

�
μs
ξ

��
¼

X4
i;j¼1;i≠j

2Ti · Tj

Z
αSðμÞ

αSðμsÞ

dαS
βðαSÞ

ΓðαSÞ
Z

αS

αSðμsÞ

dα0S
βðα0SÞ

þ
Z

αSðμÞ

αSðμsÞ

dαS
βðαSÞ

� X4
i;j¼1;i≠j

Ti · Tjð2lij − iλijÞΓðαSÞ þ 2γðαSÞ
�

þ
X4

i;j¼1;i≠j
2Ti · Tj ln

�
μs
ξ

�Z
αSðμÞ

αSðμsÞ

dαS
βðαSÞ

ΓðαSÞ: ð96Þ

In this work, instead of using μs and μ, we show
equivalently the numerical results for the soft function in
terms of the logarithm L and different values of αSðμsÞ. In
the range of ∼0.1–1 TeV the value of the strong coupling
constant is of order αS ∼ 0.1, and the theory is strongly
interacting on the scales below 1 GeV [77]. We provide
numerical results for several representative values of αS. We
introduce the following reference vectors:

8>>><
>>>:

n01 ¼ ð1; 0; 0; 1Þ;
n02 ¼ ð1; 0; 0;−1Þ;
n03 ¼ ð1; 0; 1; 0Þ;
n04 ¼ ð1; 0;−1; 0Þ:

As a reference for other research groups that may want to
perform this calculation, we calculate numerically the
renormalized soft function for αS ¼ 0.118 and represent
our results for each color channel as a function of
L ¼ lnðμξÞ. To demonstrate the size of the NNLO contri-
bution in comparison with the NLO in Eq. (91), in
Figs. 1–3 we plot the ratio of the color traces of the
NNLO to the NLO soft function,

Tr½SNNLO�
Tr½SNLO�

¼ Tr½½θTθ� · S̃Gðξ; μÞRenormalized�
Tr½½θTθ�ð1þ ðS̃ð1ÞG ðξ; μÞÞFiniteÞ�

; ð97Þ

FIG. 1. The ratios of NNLO to NLO soft function and the NNLO to NLO contribution for the qQ → qQ and qq̄ → Q̄Q color
channels.

FIG. 2. The ratios of NNLO to NLO soft function and the NNLO to NLO contribution for the qQ̄ → qQ̄ and qq̄ → gg color channels.
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and the ratio of the NNLO contribution to the NLO
contribution,

Tr½NNLO contribution�
Tr½NLO contribution�

¼ Tr½½θTθ�fS̃Gðξ; μÞRenormalized − 1̂ − ðS̃ð1ÞG ðξ; μÞÞFiniteg�
Tr½½θTθ�ðS̃ð1ÞG ðξ; μÞÞFinite�

:

ð98Þ
Finally, we provide the numerical results for the next-to-

next-to-leading logarithmic (NNLL) and next-to-leading
logarithmic (NLL) soft functions and compare them. To
perform matrix exponentiation and integration numerically,
we utilized the Mathematica functions MatrixExp and

NIntegrate, respectively. To provide a reference for other
researchers who would like to perform this calculation, we
carry out the resummation for the values of the strong
coupling constant at the soft scale αSðμsÞ ¼ ½0.12; 0.10;
0.20; 0.40� and perform the evolution to the final value at
the hard scale αSðμhÞ ¼ 0.118. To demonstrate the impact
of resummation, we provide the ratio of absolute values of
the color traces of NNLL vs NLL soft function in Figs. 4–6
as a function of L ¼ lnð ξμsÞ. To perform resummation for
other input values, one would need to call the function
EvolvedNNLO ½αInitial; αFinal; L� in our numerical code
for each color channel with the values of αSðμsÞ and αSðμhÞ
corresponding to the αInitial and αFinal variables in our
code, respectively.

FIG. 3. The ratios of NNLO to NLO soft function and the NNLO to NLO contribution for the qg → qg and gg → gg color channels.

FIG. 4. The ratios of the resummed NNLO and NLO soft function for different values of αðμsÞ for qQ → qQ and qq̄ → Q̄Q color
channels.

FIG. 5. The ratios of the resummed NNLO and NLO soft function for different values of αðμsÞ for qQ̄ → qQ̄ and qq̄ → gg color
channels.
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V. CONCLUSIONS

In this manuscript we performed a calculation of the
global soft function for single inclusive jet production
involving four light-cone directions. In comparison with
the soft function involving three light-cone directions, the
color structure is not diagonal, which complicates the color
structure. We showed by an explicit calculation that the
tripole contribution proportional to T1 · T2 · T3 vanishes.
We performed resummation for each color channel with
the use of the color-space formalism and show that the
effects of resummation are quite significant. To give
definite predictions, one has to combine the soft function,
which we calculated in this paper, with the NNLO jet

and hard functions, which we will refer to in our future
work.
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APPENDIX A: INTEGRATIONS

1. Strongly ordered soft function

We consider

Is:o:1 ¼
Z

ddqδðdÞðq − k1 − k2Þ
Z

½dk1�½dk2�
1

k1 · k2

nij
ni · k1nj · k2

δðω − n4 · k1 − n4 · k2Þ

¼
Z

ddq
4

q2
δðω − n4 · qÞ

Z
½dk1�½dk2�

nij
2ni · k1nj · k2

δðdÞðq − k1 − k2Þ

¼ 4π1−ϵ
�
1

2π

�
2d−2 Γð−ϵÞ

Γð1 − 2ϵÞ
Z

ddqδðω − n4 · qÞ

× ðq2Þ−1−ϵq−2−2ϵ⊥
�
2ni · qnj · q

nij

�
ϵ

2F1

�
−ϵ;−ϵ; 1 − ϵ;

nijq2

2ni · qnj · q
:

�
ðA1Þ

Now we let

qμ ¼ qþ
nμiffiffiffiffiffiffiffiffi
2nij

p þ q−
nμjffiffiffiffiffiffiffiffi
2nij

p þ qμ⊥; ðA2Þ

and further,

qþ ¼ ω

n−4
xy; q− ¼ ω

nþ4
x̄y; q⊥ ¼ ωffiffiffiffiffiffiffiffiffiffiffi

nþ4 n
−
4

p ffiffiffiffiffi
xx̄

p
yu; ðA3Þ

to find

FIG. 6. The ratios of the resummed NNLO and NLO soft function for different values of αðμsÞ for qg → qg and gg → gg color
channels.
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4π1−ϵ
�
1

2π

�
2d−2 Γð−ϵÞ

Γð1 − 2ϵÞ
Ωd−3

2

Z
dqþ dq− dq⊥ dcθ q1−2ϵ⊥ s−1−2ϵθ δðω − n4 · qÞ

×

�
ω2

nþ4 n
−
4

�−2−ϵ
ðxx̄Þ−2−ϵ½y2�−2−ϵð1 − u2Þ−1−ϵðu2Þ−1−ϵ2F1ð−ϵ;−ϵ; 1 − ϵ; 1 − u2Þ; ðA4Þ

which is:

4π1−ϵ
�
1

2π

�
2d−2 Γð−ϵÞ

Γð1 − 2ϵÞ
Ωd−3

2

Z
dx dy du dcθ

�
ω2

nþ4 n
−
4

�
3=2

ðxx̄Þ1=2y2

×

�
ω2

nþ4 n
−
4

xx̄y2u2
�

1=2−ϵ
s−1−2ϵθ

1

ω
δ

�
1 −

y
2
þ ffiffiffiffiffi

xx̄
p

yucθ

�

×

�
ω2

nþ4 n
−
4

�−2−ϵ
ðxx̄Þ−2−ϵ½y2�−2−ϵð1 − u2Þ−1−ϵðu2Þ−1−ϵ2F1ð−ϵ;−ϵ; 1 − ϵ; 1 − u2Þ: ðA5Þ

This simplifies to

4π1−ϵ
�
1

2π

�
2d−2 Γð−ϵÞ

Γð1 − 2ϵÞ
Ωd−3

2

1

ω

�
4ω2

nþ4 n
−
4

�−2ϵ Z
dx du dcθ

× s−1−2ϵθ ð1 − 2
ffiffiffiffiffi
xx̄

p
u cθÞ4ϵðxx̄Þ−1−2ϵð1 − u2Þ−1−ϵðu2Þ−1=2−2ϵ2F1ð−ϵ;−ϵ; 1 − ϵ; 1 − u2Þ: ðA6Þ

Integrating over cθ gives

4π1−ϵ
�
1

2π

�
2d−2 Γð−ϵÞ

Γð1 − 2ϵÞ
Ωd−3

4

1

ω

�
4ω2

nþ4 n
−
4

�−2ϵ
41þ2ϵ

ffiffiffi
π

p Γð1
2
− ϵÞ

Γð1 − ϵÞ

×
Z

dx du22F1

�
1

2
− 2ϵ;−2ϵ; 1 − ϵ; 4xx̄u2

�
ð4xx̄Þ−1−2ϵð1 − u2Þ−1−ϵðu2Þ−1−2ϵ2F1ð−ϵ;−ϵ; 1 − ϵ; 1 − u2Þ: ðA7Þ

Now we let 4xx̄ ¼ t to find

4π1−ϵ
�
1

2π

�
2d−2 Γð−ϵÞ

Γð1 − 2ϵÞ
Ωd−3

4

1

ω

�
4ω2

nþ4 n
−
4

�−2ϵ
41þ2ϵ

ffiffiffi
π

p Γð1
2
− ϵÞ

Γð1 − ϵÞ

×
1

2

Z
dt du22F1

�
1

2
− 2ϵ;−2ϵ; 1 − ϵ; tu2

�
ðtÞ−1−2ϵð1 − tÞ−1=2ð1 − u2Þ−1−ϵðu2Þ−1−2ϵ2F1ð−ϵ;−ϵ; 1 − ϵ; 1 − u2Þ; ðA8Þ

which gives

4π1−ϵ
�
1

2π

�
2d−2 Γð−ϵÞ

Γð1 − 2ϵÞ
Ωd−3

4

1

ω

�
4ω2

nþ4 n
−
4

�−2ϵ
41þ2ϵ

ffiffiffi
π

p Γð1
2
− ϵÞ

Γð1 − ϵÞ
1

2

ffiffiffi
π

p Γð−2ϵÞ
Γð1

2
− 2ϵÞ

×
Z

1

0

du2ð1 − u2Þ−1−ϵðu2Þ−1−2ϵ2F1ð−ϵ;−ϵ; 1 − ϵ; 1 − u2Þ2F1ð−2ϵ;−2ϵ; 1 − ϵ; u2Þ; ðA9Þ

which is

4π1−ϵ
�
1

2π

�
2d−2 Γð−ϵÞ

Γð1 − 2ϵÞ
1

4

2π1=2−ϵ

Γð1=2 − ϵÞ
1

ω

�
4ω2

nþ4 n
−
4

�−2ϵ
41þ2ϵ

ffiffiffi
π

p Γð1
2
− ϵÞ

Γð1 − ϵÞ
1

2

ffiffiffi
π

p Γð−2ϵÞ
Γð1

2
− 2ϵÞ

×
Z

1

0

du2ð1 − u2Þ−1−ϵðu2Þ−1−2ϵ2F1ð−2ϵ;−2ϵ; 1 − ϵ; u2Þð1þ ϵ2Li2ð1 − u2Þ þOðϵ3ÞÞ: ðA10Þ

Here we need to expand 2F1ð−ϵ;−ϵ; 1 − ϵ; 1 − u2Þ to Oðϵ3Þ. The Oðϵ3Þ term is lengthy and thus we suppressed its
expression.
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The integration gives:

Is:o:1 ¼ 1

4π2
cR
16π2

�
2

ϵ2
− 2π2 −

112

3
ζ3ϵ −

π4

3
ϵ2
�
1

ω

�
4ω2

nþ4 n
−
4

�−2ϵ�
−

3

2ϵ
−
π2

6
ϵþ 13ζ3ϵ

2 þ 31

180
π4ϵ3 −

π2

12
ϵ −

π4

720
ϵ3 − ϵ2ζ3

�

¼ 1

4π2
cR
16π2

1

ω

�
4ω2

nþ4 n
−
4

�−2ϵ�
−

3

ϵ3
þ 5π2

2ϵ
þ 80ζ3 þ

161

120
π4ϵ

�
: ðA11Þ

The rest term for Ss:o: is given by −ð2πÞ2−2d × I4 in [72], which is

Is:o:2 ¼ −
1

4π2
cR
16π2

1

ω

�
4ω2

nþ4 n
−
4

�−2ϵ�
−

4

ϵ3
þ 10π2

3ϵ
þ 248

3
ζ3 þ

25

18
π4ϵ

�
: ðA12Þ

Therefore we have for the strongly ordered limit contribution

Ss:o:G;ijðωÞ ¼
1

4π2
cR
16π2

1

ω

�
4ω2

nþ4 n
−
4

�−2ϵ�
−

2

ϵ3
þ 5π2

3ϵ
þ 232

3
ζ3 þ

233

180
π4ϵ

�
: ðA13Þ

2. Calculation of I7;2
ð2πÞ2−2d × I7;2 is defined asZ

ddqδðω − n4 · qÞ
Z

½dk1�½dk2�
nij
q2

nj · ðk1 þ 2k2Þ
nj · qni · k1nj · k2

δðdÞδðq − k1 − k2Þ

¼ 1

2
Is:o:1 þ

Z
ddqδðω − n4 · qÞ

nij
q2

1

nj · q

Z
½dk1�½dk2�

1

ni · k1
δðdÞδðq − k1 − k2Þ

¼ 1

2
Is:o:1 þ π1−ϵ

�
1

2π

�
2d−2 Γð−ϵÞ

2Γð1 − 2ϵÞ
Z

ddqδðω − n4 · qÞ
nij

ðq2Þ1þϵ

1

ni · qnj · q

¼ 1

2
Is:o:1 þ π1−ϵ

�
1

2π

�
2d−2 Γð−ϵÞ

2Γð1 − 2ϵÞ I2

¼ 1

ð2πÞ2
cR
16π2

1

ω

�
4ω2

nþ4 n
−
4

�−2ϵ�
−

2

ϵ3
þ 3π2

2ϵ
þ 151

3
ζ3 þ

11

12
π4ϵ

�
: ðA14Þ

3. Calculation of I6
ð2πÞ2−2d × I6 is defined as

Z
ddqδðω − n4 · qÞ

nij
q2

Z
½dk1�½dk2�

nj · ðk1 − k2Þ
ni · qnj · qnj · k2

δðdÞδðq − k1 − k2Þ

¼
Z

ddqδðω − n4 · qÞ
Z

½dk1�½dk2�
�
nij
q2

1

ni · qnj · k2
−
nij
q2

2

ni · qnj · q

�
δðdÞδðq − k1 − k2Þ

¼
Z

ddqδðω − n4 · qÞ
nij
q2

1

ni · q

Z
½dk1�½dk2�

1

nj · k2
δðdÞδðq − k1 − k2Þ

−
Z

ddqδðω − n4 · qÞ
nij
q2

2

ni · qnj · q

Z
½dk1�½dk2�δðdÞδðq − k1 − k2Þ

¼
�
1

2π

�
2d−2 π1−ϵ

2

�
Γð−ϵÞ

Γð1 − 2ϵÞ −
2Γð1 − ϵÞ
Γð2 − 2ϵÞ

� Z
ddqδðω − n4 · qÞ

nij
ðq2Þ1þϵ

1

ni · qnj · q

¼
�
1

2π

�
2d−2 π1−ϵ

2

�
Γð−ϵÞ

Γð1 − 2ϵÞ −
2Γð1 − ϵÞ
Γð2 − 2ϵÞ

�
I2

¼
�
1

2π

�
2d−2 −π cscð2ϵπÞΓ2ð−ϵÞ

ð1 − 2ϵÞΓð1 − 4ϵÞ
1

ω

�
4ω2

nþ4 n
−
4

�−2ϵ
: ðA15Þ
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APPENDIX B: COLOR STRUCTURE

For the case of four or more partons involved, the color
structure is not diagonal anymore, like in [72], since the
color conservation relation alone is not sufficient to express
all products T⃗i · T⃗j in terms of T⃗2

i . Therefore, we calculate
the action of T⃗i · T⃗j on the color basis, and the matrices

ðωijÞIJ¼hθIjT⃗i ·T⃗jjθJi factorizing them as ω ¼ hθjAjθi ¼]½θTθ�
Tree level

½AT �, where ]½θTθ�
Tree level

- tree level color matrix. It is

convenient to calculate it in the form: ω ¼ hθjAjθi ¼
½θTθ�|ffl{zffl}
Tree level

½AT �, where ½θTθ�|ffl{zffl}
Tree level

—tree-level color matrix. We

consider each channel separately. Here Nc ¼ 3 represents

the number of colors, CF ¼ N2
c−1
2Nc

, and CA ¼ Nc.

1. Channel q1Q2 → q3Q4

Our color basis follows the conventions of [78,79]:

� jθ1i ¼ ðq̄i4δi4i1qi1Þðq̄i3δi3i2qi2Þ
jθ2i ¼ ðq̄i4δi4i2qi2Þðq̄i3δi3i1qi1Þ

; ½θTθ� ¼
�
N2

c Nc

Nc N2
c

�
;

T1 · T2 ¼
�− 1

2Nc

1
2

1
2

− 1
2Nc

�
; T1 · T3 ¼

� 1
2Nc

0

− 1
2

−CF

�
;

T1 · T4 ¼
�−CF − 1

2

0 1
2Nc

�
;

ω12 ¼
�
N2

c − 1

2

�
·

�
0 1

1 0

�
;

ω13 ¼
�
1 − N2

c

2

�
·

�
0 1

1 Nc

�
;

ω14 ¼
�
1 − N2

c

2

�
·

�
Nc 1

1 0

�
:

By color conservation: ω23¼ω14, ω24¼ω13, ω34 ¼ ω12.

2. Channel q1q̄2 → Q̄3Q4

Our color basis follows the conventions of [78,79]:

� jθ1i ¼ ðq̄i4δi4i1qi1Þðq̄i2δi2i3qi3Þ
jθ2i ¼ ðq̄i4δi4i3qi3Þðq̄i2δi2i1qi1Þ

; ½θTθ� ¼
�
N2

c Nc

Nc N2
c

�
;

T1 · T2 ¼
� 1

2Nc
0

− 1
2

−CF

�
; T1 · T3 ¼

�− 1
2Nc

1
2

1
2

− 1
2Nc

�
;

T1 · T4 ¼
�−CF − 1

2

0 1
2Nc

�
;

ω12 ¼
�
1 − N2

c

2

�
·

�
0 1

1 Nc

�
;

ω13 ¼
�
N2

c − 1

2

�
·

�
0 1

1 0

�
;

ω14 ¼
�
1 − N2

c

2

�
·

�
Nc 1

1 0

�
:

By color conservation: ω23¼ω14, ω24¼ω13, ω34 ¼ ω12.

3. Channel q1Q̄2 → q3Q̄4

Our color basis follows the conventions of [78,79]:

� jθ1i ¼ ðq̄i2δi2i1qi1Þðq̄i3δi3i4qi4Þ
jθ2i ¼ ðq̄i2δi2i4qi4Þðq̄i3δi3i1qi1Þ

; ½θTθ� ¼
�
N2

c Nc

Nc N2
c

�
;

T1 · T2 ¼
�−CF − 1

2

0 1
2Nc

�
; T1 · T3 ¼

� 1
2Nc

0

− 1
2

−CF

�
;

T1 · T4 ¼
�− 1

2Nc

1
2

1
2

− 1
2Nc

�
:

ω12¼
�
1−N2

c

2

�
·

�
Nc 1

1 0

�
; ω13¼

�
1−N2

c

2

�
·

�
0 1

1 Nc

�
;

ω14¼
�
N2

c−1

2

�
·

�
0 1

1 0

�
:

By color conservation: ω23¼ω14, ω24¼ω13, ω34 ¼ ω12.

4. Channel q1q̄2 → g3g4
For convenience, for the channels with two (anti)quarks

and two gluons, we rescale the Gell-Mann matrices, leaving
the color operators the same.
Our conventions follow [80]:

trðtatbÞ ¼ δab; trðTaTbÞ ¼ δab

2
⇒ ta ¼

ffiffiffi
2

p
Ta:

The color basis and tree-level color matrix are:

8>><
>>:

jθ1i ¼ ðξ̄i2ðta3ta4Þi2i1ξi1ÞAa3Aa4

jθ2i ¼ ðξ̄i2ðta4ta3Þi2i1ξi1ÞAa3Aa4

jθ3i ¼ ðξ̄i2δa3a4δi2i1ξi1ÞAa3Aa4

;

½θTθ� ¼
�
N2

c − 1

Nc

�
·

0
B@

N2
c − 1 −1 Nc

−1 N2
c − 1 Nc

Nc Nc N2
c

1
CA;
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T1 ·T2 ¼

0
B@

1
2Nc

0 0

0 1
2Nc

0

− 1
2

− 1
2

−CF

1
CA; T1 ·T3 ¼

0
B@
0 0 1

2

0 −Nc
2

− 1
2

1
2

0 0

1
CA;

T1 ·T4 ¼

0
B@
−Nc

2
0 − 1

2

0 0 1
2

0 1
2

0

1
CA;

T3 · T4 ¼

0
B@

− Nc
2

0 0

0 − Nc
2

0

− 1
2

− 1
2

−Nc

1
CA;

ω12 ¼
�
N2

c − 1

Nc

�
·

0
BB@

− 1
2Nc

−N2
cþ1
2Nc

1
2
ð1−N2

cÞ
−N2

cþ1
2Nc

− 1
2Nc

1
2
ð1−N2

cÞ
1
2
ð1−N2

cÞ 1
2
ð1−N2

cÞ Nc
2
ð1−N2

cÞ

1
CCA;

ω13 ¼
�
N2

c − 1

2

�
·

0
B@

1 1 Nc

1 ð1 − N2
cÞ −Nc

Nc −Nc 0

1
CA;

ω14 ¼
�
N2

c − 1

2

�
·

0
B@

1 − N2
c 1 −Nc

1 1 Nc

−Nc Nc 0

1
CA;

ω34 ¼ Ncð1 − N2
cÞ ·

0
B@

Nc
2

0 1

0 Nc
2

1

1 1 Nc

1
CA:

By color conservation, ω24 ¼ ω13, ω23 ¼ ω14.

5. Channel q1g2 → g3q4
For convenience, for the channels with two (anti)quarks

and two gluons, we rescale the Gell-Mann matrices, leaving
the color operators the same.
Our conventions follow [80]:

8>><
>>:

jθ1i ¼ ðξ̄i4ðta3ta2Þi4i1ξi1ÞAa3Aa2

jθ2i ¼ ðξ̄i4ðta2ta3Þi4i1ξi1ÞAa3Aa2

jθ3i ¼ ðξ̄i4δa2a3δi4i1ξi1ÞAa3Aa4

;

½θTθ� ¼
�
N2

c − 1

Nc

�
·

0
B@

N2
c − 1 −1 Nc

−1 N2
c − 1 Nc

Nc Nc N2
c

1
CA;

T1 · T2 ¼

0
B@

−Nc
2

0 − 1
2

0 0 1
2

0 1
2

0

1
CA; T1 · T3 ¼

0
B@

0 0 1
2

0 −Nc
2

− 1
2

1
2

0 0

1
CA;

T1 · T4 ¼

0
B@

1
2Nc

0 0

0 1
2Nc

0

− 1
2

− 1
2

−CF

1
CA;

T2 · T3 ¼

0
B@

− Nc
2

0 0

0 − Nc
2

0

− 1
2

− 1
2

−Nc

1
CA;

ω12 ¼
�
N2

c − 1

2

�
·

0
B@

1 − N2
c 1 −Nc

1 1 Nc

−Nc Nc 0

1
CA;

ω13 ¼
�
N2

c − 1

2

�
·

0
B@

1 1 Nc

1 1 − N2
c −Nc

Nc −Nc 0

1
CA

ω14 ¼
�
1 − N2

c

2Nc

�
·

0
B@

1
Nc

N2
cþ1
Nc

N2
c − 1

N2
cþ1
Nc

1
Nc

N2
c − 1

N2
c − 1 N2

c − 1 NcðN2
c − 1Þ

1
CA;

ω23 ¼ Ncð1 − N2
cÞ ·

0
B@

Nc
2

0 1

0 Nc
2

1

1 1 Nc

1
CA:

6. Channel gg → gg

Our conventions follow [81]:

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

jθ1i ¼ trðta1ta2ta3ta4ÞAa1Aa2Aa3Aa4

jθ2i ¼ trðta1ta2ta4ta3ÞAa1Aa2Aa3Aa4

jθ3i ¼ trðta1ta4ta2ta3ÞAa1Aa2Aa3Aa4

jθ4i ¼ trðta1ta3ta2ta4ÞAa1Aa2Aa3Aa4

jθ5i ¼ trðta1ta3ta4ta2ÞAa1Aa2Aa3Aa4

jθ6i ¼ trðta1ta4ta3ta2ÞAa1Aa2Aa3Aa4

jθ7i ¼ trðta1ta2Þtrðta3ta4ÞAa1Aa2Aa3Aa4

jθ8i ¼ trðta1ta3Þtrðta2ta4ÞAa1Aa2Aa3Aa4

jθ9i ¼ trðta1ta4Þtrðta2ta3ÞAa1Aa2Aa3Aa4 :

;
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The tree-level matrix in our basis is:

½θTθ�¼ CF

8CA

0
BBBBBBBBBBBBBBBBBB@

a b b b b c d −e d

b a b b c b d d −e
b b a c b b −e d d

b b c a b b −e d d

b c b b a b d d −e
c b b b b a d −e d

d d −e −e d d d ·e e2 e2

−e d d d d −e e2 d ·e e2

d −e d d −e d e2 e2 d ·e

1
CCCCCCCCCCCCCCCCCCA

;

with the conventions:

8>>>>>><
>>>>>>:

a ¼ C4
A − 3C2

A þ 3

b ¼ 3 − C2
A

c ¼ 3þ C2
A

d ¼ 2C2
ACF

e ¼ CA

;

ðT1 ·T2Þ¼

0
BBBBBBBBBBBBBBBBBB@

−CA
2

0 0 0 0 0 0 0 −1
2

0 −CA
2

0 0 0 0 0 −1
2

0

0 0 0 0 0 0 0 1
2

1
2

0 0 0 0 0 0 0 1
2

1
2

0 0 0 0 −CA
2

0 0 −1
2

0

0 0 0 0 0 −CA
2

0 0 −1
2

−1
2

−1
2

0 0 −1
2

−1
2

−CA 0 0

0 0 1
2

1
2

0 0 0 0 0

0 0 1
2

1
2

0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCA

;

ðT1 ·T3Þ¼

0
BBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 1
2

0 1
2

0 −CA
2

0 0 0 0 −1
2

0 0

0 0 −CA
2

0 0 0 0 0 −1
2

0 0 0 −CA
2

0 0 0 0 −1
2

0 0 0 0 −CA
2

0 −1
2

0 0

0 0 0 0 0 0 1
2

0 1
2

1
2

0 0 0 0 1
2

0 0 0

0 −1
2

−1
2

−1
2

−1
2

0 0 −CA 0

1
2

0 0 0 0 1
2

0 0 0

1
CCCCCCCCCCCCCCCCCCA

;

ðT1 ·T4Þ¼

0
BBBBBBBBBBBBBBBBBB@

−CA
2

0 0 0 0 0 −1
2

0 0

0 0 0 0 0 0 1
2

1
2

0

0 0 −CA
2

0 0 0 0 −1
2

0

0 0 0 −CA
2

0 0 0 −1
2

0

0 0 0 0 0 0 1
2

1
2

0

0 0 0 0 0 −CA
2

−1
2

0 0

0 1
2

0 0 1
2

0 0 0 0

0 1
2

0 0 1
2

0 0 0 0

−1
2

0 −1
2

−1
2

0 −1
2

0 0 −CA

1
CCCCCCCCCCCCCCCCCCA

:

Using the following conventions:

8>>>>>>>>><
>>>>>>>>>:

t ¼ N2
c − 1

u ¼ − N4
c
2
þ N2

c − 1

v ¼ N2
c−2
2

x ¼ −N2
c − 1

y ¼ Nc · ð1 − N2
cÞ

z ¼ − N3
c
2

;

ω-matrices are expressed as:

ω12¼
CF

8
·

0
BBBBBBBBBBBBBBBBBB@

u −1 v v −1 x y 0 z

−1 u v v x −1 y z 0

v v t t v v Nc −z −z
v v t t v v Nc −z −z
−1 x v v u −1 y z 0

x −1 v v −1 u y 0 z

y y Nc Nc y y Nc ·y −N2
c −N2

c

0 z −z −z z 0 −N2
c 0 N2

c

z 0 −z −z 0 z −N2
c N2

c 0

1
CCCCCCCCCCCCCCCCCCA

;

ω13¼
CF

8
·

0
BBBBBBBBBBBBBBBBBB@

t v v v v t −z Nc −z
v u −1 −1 x v z y 0

v −1 u x −1 v 0 y z

v −1 x u −1 v 0 y z

v x −1 −1 u v z y 0

t v v v v t −z Nc −z
−z z 0 0 z −z 0 −N2

c N2
c

Nc y y y y Nc −N2
c Nc ·y −N2

c

−z 0 z z 0 −z N2
c −N2

c 0

1
CCCCCCCCCCCCCCCCCCA

;
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ω14 ¼
CF

8
·

0
BBBBBBBBBBBBBBBBBB@

u v −1 −1 v x z 0 y

v t v v t v −z −z Nc

−1 v u x v −1 0 z y

−1 v x u v −1 0 z y

v t v v t v −z −z Nc

x v −1 −1 v u z 0 y

z −z 0 0 −z z 0 N2
c −N2

c

0 −z z z −z 0 N2
c 0 −N2

c

y Nc y y Nc y −N2
c −N2

c Nc · y

1
CCCCCCCCCCCCCCCCCCA

:
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