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Understanding the origin and mechanism of the transverse polarization of hyperons produced in
unpolarized proton-proton collision, pp → Λ↑X, has been one of the longstanding issues in high-energy
spin physics. In the framework of the collinear factorization applicable to large-pT hadron productions, this
phenomenon is a twist-3 observable which is caused by multiparton correlations either in the initial protons
or in the process of fragmentation into the hyperon. We derive the twist-3 gluon fragmentation function
(FF) contribution to this process in the leading order (LO) with respect to the QCD coupling constant.
Combined with the known results for the contribution from the twist-3 distribution function and the
twist-3 quark FF, this completes the LO twist-3 cross section. We also found that the model-independent
relations among the twist-3 gluon FFs based on the QCD equation of motion and the Lorentz invariance
property of the correlation functions guarantee the color gauge invariance and the frame independence of
the cross section.
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I. INTRODUCTION

It has been known that the hyperons produced in
unpolarized proton-proton collisions are polarized perpen-
dicularly to the scattering plane, pp → Λ↑X1 [1–11]. The
observed polarizations show a tendency that they become
larger in the forward rapidity region, where the asymmetry
is as large as 30%. Hyperon polarization was also observed
in other reactions such as γp → Λ↑X [12,13], quasireal
photoproduction of Λ’s in lepton scattering [14,15], and
electron-positron collisions, eþe− → Λ↑X [16,17]. These
transverse polarizations in unpolarized collisions are the
examples of the transverse single spin asymmetries (SSAs),
where only one particle participating in the scattering
process is polarized. Another well-known SSA is the
asymmetry with regard to the initial (transverse) spin
such as p↑p → hX (h ¼ π; K; η; jet, etc.) [18–23] and

ep↑ → ehX [24,25]. For the last several decades, many
efforts have been made to understand the origin and
mechanism for these large SSAs, since perturbative
QCD at twist-2 level gives almost zero SSAs [26].
For a high-energy collision in which particles with large

transverse momentum are produced, the cross section can
be computed in the framework of the collinear factorization
of perturbative QCD. In this framework, SSAs appear as
twist-3 observables to which nonperturbative multiparton
correlation functions contribute instead of collinear twist-2
parton distribution functions (PDFs) and/or fragmentation
functions (FFs). Through the studies of SSAs, the tech-
nique of calculating the twist-3 cross section has made
much progress and has been applied to many relevant
processes in the leading order (LO) with respect to the QCD
coupling. For example, the complete LO cross section
for p↑p → hX (h ¼ π; D; γ; γ�) has been derived [27–40],
and the Relativistic Heavy Ion Collider data have been
analyzed and interpreted, which suggests the main source
of the asymmetry is the twist-3 fragmentation contribu-
tion [41,42].
In this paper, we study pp → Λ↑X in the collinear

twist-3 factorization. Two kinds of twist-3 cross sections
contribute to this process: (i) twist-3 unpolarized PDF in
one of the initial proton convoluted with the twist-2

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

1Here, Λ collectively denotes spin-1=2 hyperons such as Λ Σ,
Ξ, etc.
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“transversity” FF for the final hyperon and the twist-2
unpolarized PDF in another proton and (ii) twist-3 FFs for
the polarized hyperon convoluted with the twist-2 unpo-
larized PDFs in the initial protons. The complete LO cross
section for i was derived in Refs. [43–45]. The second one
(ii) can be further classified into two, depending on whether
the twist-3 FF is of ii-a) quark-gluon correlation type or of
ii-b) gluon correlation type. The complete LO cross section
for ii-a was derived in Ref. [46], while ii-b has not been
studied so far. In this paper, we focus on the ii-b
contribution and derive the corresponding cross section,
which completes the LO twist-3 cross section for this
process. (A short version of the present work was presented
in Refs. [47,48].) We develop a formalism for deriving the
gauge- and frame-independent contribution to this twist-3
cross section from the purely gluonic FFs and present the
result for pp → Λ↑X.
Besides the intrinsic importance of the formal develop-

ment, we emphasize the phenomenological relevance of the
twist-3 gluon FFs in pp → Λ↑X in comparison to AN in
p↑p → πX. In the latter case, the twist-3 quark FFs for the
unpolarized final pion are considered to be the main source
of the asymmetry. Since both asymmetries show a similar
tendency, i.e., increase in the forward direction, one may
expect the twist-3 fragmentation contribution to also be
important for pp → Λ↑X. Owing to the chiral-odd nature
of the twist-3 quark FFs for p↑p → πX, there are no
counter FFs in the gluon sector for this process. On the
other hand, for pp → Λ↑X, the chiral-even twist-3 quark
FFs accompany the twist-3 gluon FFs, which could play an
important role in the asymmetry, given that the gluons are
ample in the collision environment and the effect of their
correlations leading to hyperon polarizations could be
sizable. In addition, since these chiral-even quark and
gluon twist-3 FFs mix under renormalization, inclusion

of the twist-3 gluon FFs becomes necessary even in LO
when one includes correct scale dependence of these twist-
3 FFs. Therefore, the present work will be important for a
phenomenology as well.
The remainder of this paper is organized as follows. In

Sec. II, we introduce the complete set of the gluonic FFs for
spin-1=2 hadron up to twist 3 defined from correlators of
two- and three-gluon field strengths, which are necessary to
derive the twist-3 cross section. We also recall from
Ref. [49] the exact relations among those FFs based on
the QCD equation of motion and the Lorentz invariance,
which play a crucial role in guaranteeing the gauge and
Lorentz invariance of the cross section.2 In Sec. III, we
develop a formalism to derive the twist-3 gluon FF
contribution to the twist-3 cross section and present the
corresponding LO cross section for pp → Λ↑X. We will
discuss how the Lorentz invariance of the twist-3 cross
section is realized, using the relations introduced in Sec. II.
Gauge invariance of the cross section is discussed in
Appendix B. Section IV is devoted to a brief summary.
In other Appendixes, we discuss some technical aspects of
the actual calculations.

II. GLUON FRAGMENTATION FUNCTIONS

A. Three types of twist-3 gluon
fragmentation functions

In this section, we introduce twist-3 gluon FFs for a spin-
1=2 baryon relevant to pp → Λ↑X [49,53,54] and sum-
marize their basic properties derived in Ref. [49]. They are
classified into three types; intrinsic, kinematical, and
dynamical FFs. The intrinsic twist-3 gluon FFs are defined
as the Fourier transform of the light-cone correlator of the
gluon’s field strength Fμν

a ,

Γ̂αβðzÞ ¼ 1

N2 − 1

X
X

Z
dλ
2π

e−i
λ
zh0jð½∞w; 0�Fwβð0ÞÞajhðPh; ShÞXihhðPh; ShÞXjðFwαðλwÞ½λw;∞w�Þaj0i

¼ −gαβ⊥ ĜðzÞ − iMhϵ
PhwαβðSh · wÞΔĜðzÞ − iMhϵ

PhwS⊥½αwβ�ΔĜ3TðzÞ þMhϵ
PhwS⊥fαwβgΔĜ3T̄ðzÞ; ð1Þ

where N ¼ 3 is the number of colors, jhðPh; ShÞi is the
baryon state with the 4-momentum Ph (P2

h ¼ M2
h) and the

spin vector Sh (S2h ¼ −M2
h), and ½λw;∞w� is the gauge link

in the adjoint representation connecting λw and ∞w. For
the transversely polarized baryon, we use the spin vector S⊥
normalized as S2⊥ ¼ −1. In the twist-3 accuracy, Ph can be
regarded as lightlike. For a baryon with large momentum,

Ph ≃ ðjP⃗hj; P⃗hÞ, another lightlike vector w is defined as
w ¼ 1=ð2jP⃗hj2ÞðjP⃗hj;−P⃗hÞ, which satisfies Ph · w ¼ 1. In
(1), we use the notation Fwβ ≡ Fμβwμ, and fg (½�) implies
the symmetrization (antisymmetrization) of Lorentz
indices, i.e., for arbitrary 4-vectors aα and bβ, afαbβg ≡
aαbβ þ aβbα and a½αbβ� ≡ aαbβ − aβbα. ĜðzÞ and ΔĜðzÞ
are twist 2, and ΔĜ3TðzÞ and ΔĜ3T̄ðzÞ are twist 3. We also
note ΔĜ3T̄ðzÞ is naively T odd, contributing to SSAs. Each
function in (1) has a support on 0 < z < 1.
The kinematical FFs contain the transverse derivative of

the correlation functions of the field strengths,

2The importance of these relations for the frame independence
of the twist-3 cross sections has been realized for the twist-3
quark distribution functions and FFs [46,50–52].
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Γ̂αβγ
∂ ðzÞ ¼ 1

N2 − 1

X
X

Z
dλ
2π

e−i
λ
zh0jð½∞w; 0�Fwβð0ÞÞajhðPh; S⊥ÞXihhðPh; S⊥ÞXjðFwαðλwÞ½λw;∞w�Þaj0i∂⃖γ

¼ −i
Mh

2
gαβ⊥ ϵPhwS⊥γĜð1Þ

T ðzÞ þMh

2
ϵPhwαβSγ⊥ΔĜ

ð1Þ
T ðzÞ − i

Mh

8
ðϵPhwS⊥fαgβgγ⊥ þ ϵPhwγfαSβg⊥ ÞΔĤð1Þ

T ðzÞ; ð2Þ

where each function is defined to be real. The kinematical FFs are related to the k2T=M
2
h-moment of the transverse-

momentum-dependent FFs [53]. Each function in (2) has a support on 0 < z < 1.
To define the dynamical FFs, we introduce the light-cone correlation functions of three field strengths,

Γ̂αβγ
F;abc

�
1

z1
;
1

z2

�
¼

X
X

Z
dλ
2π

Z
dμ
2π

e−i
λ
z1e−iμð

1
z2
− 1
z1
Þh0jFwβ

b ð0ÞjhðPh; S⊥ÞXihhðPh; S⊥ÞXjFwα
a ðλwÞgFwγ

c ðμwÞj0i; ð3Þ

where the gauge link operators are suppressed for simplicity. The color indices of this correlator can be expanded in terms of
the antisymmetric and symmetric structure constants of color SU(N), −ifabc and dabc, as

Γ̂αβγ
F;abc

�
1

z1
;
1

z2

�
¼ ifabc

N
Γ̂αβγ
FA

�
1

z1
;
1

z2

�
þ dabc

N
N2 − 4

Γ̂αβγ
FS

�
1

z1
;
1

z2

�
: ð4Þ

The dynamical FFs can be defined from Γ̂αβγ
FA ð1z0 ; 1zÞ and Γ̂αβγ

FS ð1z0 ; 1zÞ:

Γ̂αβγ
FA

�
1

z1
;
1

z2

�
¼ −ifabc

N2 − 1

X
X

Z
dλ
2π

Z
dμ
2π

e−i
λ
z1e−iμð

1
z2
− 1
z1
Þh0jFwβ

b ð0ÞjhðPh; S⊥ÞXihhðPh; S⊥ÞXjFwα
a ðλwÞgFwγ

c ðμwÞj0i

¼ −Mh

�
N̂1

�
1

z1
;
1

z2

�
gαγ⊥ ϵPhwS⊥β þ N̂2

�
1

z1
;
1

z2

�
gβγ⊥ ϵPhwS⊥α − N̂2

�
1

z2
−

1

z1
;
1

z2

�
gαβ⊥ ϵPhwS⊥γ

�
; ð5Þ

Γ̂αβγ
FS

�
1

z1
;
1

z2

�
¼ dabc

N2 − 1

X
X

Z
dλ
2π

Z
dμ
2π

e−i
λ
z1e−iμð

1
z2
− 1
z1
Þh0jFwβ

b ð0ÞjhðPh; S⊥ÞXihhðPh; S⊥ÞXjFwα
a ðλwÞgFwγ

c ðμwÞj0i

¼ −Mh

�
Ô1

�
1

z1
;
1

z2

�
gαγ⊥ ϵPhwS⊥β þ Ô2

�
1

z1
;
1

z2

�
gβγ⊥ ϵPhwS⊥α þ Ô2

�
1

z2
−

1

z1
;
1

z2

�
gαβ⊥ ϵPhwS⊥γ

�
: ð6Þ

Correlation functions (5) and (6), respectively, define two independent set of the complex functions fN̂1; N̂2g and fÔ1; Ô2g
due to the exchange symmetry of the field strengths. Functions N̂1 and Ô1 satisfy the relations

N̂1

�
1

z1
;
1

z2

�
¼ −N̂1

�
1

z2
−

1

z1
;
1

z2

�
;

Ô1

�
1

z1
;
1

z2

�
¼ Ô1

�
1

z2
−

1

z1
;
1

z2

�
: ð7Þ

The real parts of these four FFs are T even, and the imaginary parts are T odd, the latter being the sources of SSAs.
N̂1;2ð 1z1 ; 1

z2
Þ and Ô1;2ð 1z1 ; 1z2Þ have a support on 1

z2
> 1 and 1

z2
> 1

z1
> 0.

For the derivation of the twist-3 gluon FF contribution to pp → Λ↑X, one also needs another dynamical FF,

Δ̃α
ij

�
1

z1
;
1

z2

�
¼ 1

N

X
X

Z
dλ
2π

Z
dμ
2π

e−i
λ
z1e−iμð

1
z2
− 1
z1
Þh0jFwα

a ðμwÞjhXihhXjψ̄ jðλwÞtaψ ið0Þj0i

¼ Mh

�
eαPhwS⊥ð=PhÞijD̃FT

�
1

z1
;
1

z2

�
þ iSα⊥ðγ5=PhÞijG̃FT

�
1

z1
;
1

z2

��
; ð8Þ

where we explicitly wrote spinor indices i, j. D̃FT and G̃FT are also complex functions, with the T-even real part and the
T-odd imaginary part. They have a support on 1

z1
> 0, 1

z2
< 0 and 1

z1
− 1

z2
> 1. As was shown in Ref. [49], the constraint

relations for the twist-3 gluon FFs involve these quark-gluon correlation functions. We collectively call the functions in (5),
(6), and (8) dynamical twist-3 FFs.
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B. Constraint relations among the twist-3 gluon FFs

Three types of the twist-3 gluon FFs defined in the
previous subsection are not independent from each other
but are related by the QCD equation-of-motion (EOM) and
the Lorentz invariance properties of the correlation func-
tions (LIRs). In Ref. [49], the complete set of those
relations is derived. Here, we recall those relations, which,

as we will see in the next section, play a crucial role in
guaranteeing the Lorentz and gauge invariance of the twist-
3 cross sections for pp → Λ↑X. Here, we quote from
Ref. [49] the relevant relations.
First, the intrinsic FFsΔĜ3T̄ðzÞ can be written in terms of

the kinematical FFs and the dynamical ones as (see Eq. (50)
of Ref. [49]),

1

z
ΔĜ3T̄ðzÞ ¼ −ℑD̃FTðzÞ þ

Z
1=z

0

d

�
1

z0

��
1

1
z −

1
z0

�
ℑ

�
2N̂1

�
1

z0
;
1

z

�
þ N̂2

�
1

z0
;
1

z

�
− N̂2

�
1

z
−
1

z0
;
1

z

��

þ 1

2
ðĜð1Þ

T ðzÞ þ ΔĤð1Þ
T ðzÞÞ; ð9Þ

where D̃FTðzÞ is defined as

D̃FTðzÞ≡ 2

CF

Z
1=z

0

d

�
1

z1

�
D̃FT

�
1

z1
;
1

z1
−
1

z

�
; ð10Þ

with CF ¼ N2−1
2N and ID̃FT indicates the imaginary part of D̃FT . The kinematical FFs can be expressed in terms of the

dynamical ones as (see Eqs. (74) and (75) of Ref. [49]):

Ĝð1Þ
T ðzÞ¼−

2

z2

Z
1=z

1

d

�
1

z2

�
z32ℑD̃FTðz2Þþ

4

z2

Z
1=z

1

d

�
1

z2

�
z32

Z
1=z2

0

d

�
1

z1

�
1

1=z2−1=z1
ℑ

�
N̂1

�
1

z1
;
1

z2

�
− N̂2

�
1

z2
−
1

z1
;
1

z2

��

þ 2

z2

Z
1=z

1

d
�
1

z2

�
z22

Z
1=z2

0

d
�
1

z1

�
1

ð1=z2−1=z1Þ2
ℑ
�
N̂1

�
1

z1
;
1

z2

�
þ N̂2

�
1

z1
;
1

z2

�
−2N̂2

�
1

z2
−
1

z1
;
1

z2

��
; ð11Þ

and

ΔĤð1Þ
T ðzÞ ¼ −

4

z4

Z
1=z

1

d
�
1

z2

�
z52ℑD̃FTðz2Þ þ

8

z4

Z
1=z

1

d
�
1

z2

�
z52

Z
1=z2

0

d
�
1

z1

�
1

1=z2 − 1=z1
ℑ
�
N̂1

�
1

z1
;
1

z2

�
þ N̂2

�
1

z1
;
1

z2

��

þ 4

z4

Z
1=z

1

d

�
1

z2

�
z42

Z
1=z2

0

d

�
1

z1

�
1

ð1=z2 − 1=z1Þ2
ℑ

�
N̂1

�
1

z1
;
1

z2

�
þ N̂2

�
1

z1
;
1

z2

��
: ð12Þ

From (9), (11), and (12), the intrinsic FF ΔĜ3T̄ðzÞ is also written by the dynamical ones. For the derivation of the twist-3
cross section for pp → Λ↑X, one needs derivatives of the kinematic FFs. From (11) and (12), we can obtain those
derivatives in terms of the kinematical FFs themselves and the dynamical ones as

1

z
∂

∂ð1=zÞ ½Ĝ
ð1Þ
T ðzÞ� ¼ −2ℑD̃FTðzÞ þ 2Ĝð1Þ

T ðzÞ þ 4

Z
1=z

0

d

�
1

z0

�
1

1
z −

1
z0
ℑ

�
N̂1

�
1

z0
;
1

z

�
− N̂2

�
1

z
−
1

z0
;
1

z

��

þ 2

z

Z
1=z

0

d

�
1

z0

�
1

ð1z − 1
z0Þ2

ℑ

�
N̂1

�
1

z0
;
1

z

�
þ N̂2

�
1

z0
;
1

z

�
− 2N̂2

�
1

z
−
1

z0
;
1

z

��
; ð13Þ

and

1

z
∂

∂ð1=zÞ ½ΔĤ
ð1Þ
T ðzÞ� ¼ −4ℑD̃FTðzÞ þ 4ΔĤð1Þ

T ðzÞ þ 8

Z
1=z

0

d

�
1

z0

�
1

1
z −

1
z0
ℑ

�
N̂1

�
1

z0
;
1

z

�
þ N̂2

�
1

z0
;
1

z

��

þ 4

z

Z
1=z

0

d

�
1

z0

�
1

ð1z − 1
z0Þ2

ℑ

�
N̂1

�
1

z0
;
1

z

�
þ N̂2

�
1

z0
;
1

z

��
: ð14Þ

In the next section, we will use (9), (13), and (14) to write the twist-3 gluon FF contribution to pp → Λ↑X in a frame-
independent form.
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III. TWIST-3 GLUON FRAGMENTATION
CONTRIBUTION TO pp → Λ↑X

In this section, we develop a formalism for calculating
the twist-3 gluon fragmentation contribution to

pðpÞ þ pðp0Þ → Λ↑ðPh; S⊥Þ þ X; ð15Þ

where p, p0, and Ph are the momenta of the particles and S⊥
is the transverse spin vector of Λ↑. We work in Feynman
gauge so that one can check the appearance of the gauge-
invariant FFs explicitly. As in the case of the twist-3 quark
FF [46,55], naively T-odd FFs give rise to the cross section
as a nonpole contribution. The twist-3 FF contribution to
(15) can be written as

Eh
dσðp; p0; Ph; S⊥Þ

d3Ph
¼ 1

16π2SE

Z
dx
x
f1ðxÞ

Z
dx0

x0
f1ðx0ÞWq;gðxp; x0p0; Ph=z; S⊥Þ; ð16Þ

whereSE ¼ ðpþ p0Þ2 is the center-of-mass energy squared;

Eh ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

h þ P⃗2
h

q
is the energy of the hyperon; x, x0 are the

momentum fractions of the partons coming out of the initial
nucleons; and f1ðxÞ is the unpolarized quark or gluon
distributions in the nucleon.Wq (Wg) is the hadronic tensor
representing the partonic hard scattering followed by the

fragmentation of a quark (gluon) into the final Λ↑. In (16),
summation over all possible channels is implied. The LO
cross section forWqwas derived inRef. [46]. Here,we focus
on the twist-3 gluon fragmentation contributionWg in (16),
which is diagrammatically shown in Fig. 1. Wg consists of
three terms corresponding to Figs. 1(a)–1(c),

Wgðxp; x0p0; Ph; S⊥Þ≡WðaÞ
g þWðbÞ

g þWðcÞ
g

¼
Z

d4k
ð2πÞ4 ½Γ

ð0Þ;μν
ab ðkÞSð0Þ;abμν ðkÞ� þ 1

2

Z
d4k
ð2πÞ4

Z
d4k0

ð2πÞ4 ½Γ
ð1Þ;μνλ
L;abc ðk; k0ÞSð1Þ;abcL;μνλ ðk; k0Þ

þ Γð1Þ;μνλ
R;abc ðk; k0ÞSð1Þ;abcR;μνλ ðk; k0Þ�; ð17Þ

where the factor 1=2 in front of WðbÞ
g and WðcÞ

g takes into account the exchange symmetry of the gluon fields in the

fragmentation matrix elements. The 4-momenta k and k0 are those of the partons fragmenting into the final Λ. Sð0Þ;abμν ðkÞ,
Sð1Þ;abcL;μνλ ðk; k0Þ, and Sð1Þ;abcR;μνλ ðk; k0Þ are the partonic hard scattering parts, and Γ̂ð0Þ;μν

ab ðkÞ, Γ̂ð1Þ;μνλ
L;abc ðk; k0Þ, and Γ̂ð1Þ;μνλ

R;abc ðk; k0Þ are the
corresponding hadronic matrix elements representing fragmentation of partons into h (h ¼ Λ↑). The upper indices (0) and
(1) represent the number of extra gluon lines compared with the lowest-order gluon fragmentation contribution to the cross
section. Hadronic matrix elements are defined as

Γð0Þ;μν
ab ðkÞ ¼

X
X

Z
d4ξe−ikξh0jAν

bð0ÞjhXihhXjAμ
aðξÞj0i; ð18Þ

FIG. 1. Diagrams representing the twist-3 gluon fragmentation contribution to pp → Λ↑X.
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Γð1Þ;μνλ
L;abc ðk; k0Þ ¼

X
X

Z
d4ξ

Z
d4ηe−ikξe−iðk0−kÞηh0jAν

bð0ÞjhXihhXjAμ
aðξÞgAλ

cðηÞj0i; ð19Þ

Γð1Þ;μνλ
R;abc ðk; k0Þ ¼

X
X

Z
d4ξ

Z
d4ηe−ikξe−iðk0−kÞηh0jAν

bð0ÞgAλ
cðηÞjhXihhXjAμ

aðξÞj0i; ð20Þ

where the gauge coupling g associated with the attachment of the extra gluon line to the hard part is included in Γ̂ð1Þ
L ðk; k0Þ

and Γ̂ð1Þ
R ðk; k0Þ. Therefore, the hard parts Sð0Þ, Sð1ÞL , and Sð1ÞR are of Oðg4Þ in the LO calculation. From Hermiticity, one has

Γ̂ð1Þ;μνλ
L;abc ðk; k0Þ⋆ ¼ Γ̂ð1Þνμλ

R;bac ðk0; kÞ and Sð1Þ;abcL;μνλ ðk; k0Þ⋆ ¼ Sð1Þ;bacR;νμλ ðk0; kÞ, which guaranteesWg in (17) is real. One can extract the

twist-3 effect from (17) by applying the collinear expansion. The collinear expansion of Sð0Þ, Sð1ÞL , and Sð1ÞR with respect to
the parton momenta kμ and k0μ around the parent hadron’s momentum Pμ

h reads

Sð0Þ;abμν ðkÞ¼Sð0Þ;abμν ðzÞþ∂Sð0Þ;abμν ðkÞ
∂kα

				
c:l:
Ωα

σkσþ
1

2

∂2Sð0Þ;abμν ðkÞ
∂kα∂kβ

				
c:l:
Ωα

σkσΩ
β
ρkρþ1

6

∂3Sð0Þ;abμν ðkÞ
∂kα∂kβ∂kγ

				
c:l:
Ωα

σkσΩβ
ρkρΩ

γ
τkτþ���; ð21Þ

and

Sð1Þ;abcL;μνλ ðk;k0Þ¼Sð1Þ;abcL;μνλ ðz;z0Þþ∂Sð1Þ;abcL;μνλ ðk;k0Þ
∂kα

				
c:l:
Ωα

σkσþ
∂Sð1Þ;abcL;μνλ ðk;k0Þ

∂k0α
				
c:l:
Ωα

σk0σþ
1

2

∂2Sð1Þ;abcL;μνλ ðk;k0Þ
∂kα∂kβ

				
c:l:
Ωα

σkσΩβ
ρkρ

þ1

2

∂2Sð1Þ;abcL;μνλ ðk;k0Þ
∂k0α∂k0β

				
c:l:
Ωα

σk0σΩβ
ρk0ρþ

∂2Sð1Þ;abcL;μνλ ðk;k0Þ
∂kα∂k0β

				
c:l:
Ωα

σkσΩβ
ρk0ρþ

1

6

∂3Sð1Þ;abcL;μνλ ðk;k0Þ
∂kα∂kβ∂kγ

				
c:l:
Ωα

σkσΩβ
ρkρΩγ

τkτ

þ1

6

∂3Sð1Þ;abcL;μνλ ðk;k0Þ
∂k0α∂k0β∂k0γ

				
c:l:
Ωα

σk0σΩβ
ρk0ρΩγ

τk0τþ
1

2

∂3Sð1Þ;abcL;μνλ ðk;k0Þ
∂kα∂kβ∂k0γ

				
c:l:
Ωα

σkσΩβ
ρkρΩγ

τk0τ

þ1

2

∂3Sð1Þ;abcL;μνλ ðk;k0Þ
∂kα∂k0β∂k0γ

				
c:l:
Ωα

σkσΩβ
ρk0ρΩγ

τk0τþ���; ð22Þ

where Ωα
μ ≡ gαμ − Pα

hwμ; S
ð0Þ;ab
μν ðzÞ≡ Sð0Þ;abμν ðPh=zÞ; Sð1Þ;abcL;μνλ ðz; z0Þ≡ Sð1Þ;abcL;μνλ ðPh=z; Ph=z0Þ; “jc:l:” indicates taking the

collinear limit, i.e., k → Ph=z and k0 → Ph=z0; and � � � denotes the contribution of twist 4 or higher. The collinear expansion
for Sð1ÞR can be performed similarly. We also decompose the gauge field Aμ as

Aμ ¼ ðA · wÞPμ
h þΩμ

νAν: ð23Þ

Inserting this decomposition into the expression for Γ̂ð0Þ, Γ̂ð1Þ
L , and Γ̂ð1Þ

R , one obtains

Γð0Þ;μν
ab ¼ Pμ

hP
ν
hΓ

ð0Þ;ww
ab þ Pμ

hΩν
ρΓ

ð0Þ;wρ
ab þ Pν

hΩμ
σΓ

ð0Þ;σw
ab þ Ωμ

σΩν
ρΓ

ð0Þ;σρ
ab ; ð24Þ

Γð1Þ;μνλ
L;abc ¼ Pμ

hP
ν
hP

λ
hΓ

ð1Þ;www
L;abc þ Pμ

hP
ν
hΩλ

τΓ
ð1Þ;wwτ
L;abc þ Pμ

hP
λ
hΩν

ρΓ
ð1Þ;wρw
L;abc þ Pν

hP
λ
hΩμ

σΓ
ð1Þ;σww
L;abc

þ Pμ
hΩν

ρΩλ
τΓ

ð1Þ;wρτ
L;abc þ Pν

hΩμ
σΩλ

τΓ
ð1Þ;σwτ
L;abc þ Pλ

hΩμ
σΩν

ρΓ
ð1Þ;σρw
L;abc þ Ωμ

σΩν
ρΩλ

τΓ
ð1Þ;σρτ
L;abc ; ð25Þ

and likewise for Γð1Þ;μνλ
R;abc . Inserting the above expansion into

(17) and keeping the terms with two or three Ωμ
νs in the

product of the hard partsSð0Þ, Sð1ÞL , Sð1ÞR and the fragmentation

matrix elements Γ̂ð0Þ, Γ̂ð1Þ
L , Γ̂ð1Þ

R , one can obtain the twist-2 and
-3 contributions to the cross section. To get a gauge-invariant
cross section, one needs to fully utilize the following Ward
identities for the hard parts (see Appendix A):

kμSabμνðkÞ ¼ kνSabμνðkÞ ¼ 0; ð26Þ

ðk0 − kÞλSabcLμνλðk; k0Þ ¼
−ifabc

N2 − 1
Sμνðk0Þ þGabc

μν ðk; k0Þ; ð27Þ

kμSabcLμνλðk; k0Þ ¼
ifabc

N2 − 1
Sλνðk0Þ þ Gcab

λν ðk0 − k; k0Þ; ð28Þ
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k0νSabcLμνλðk; k0Þ ¼ 0; ð29Þ

ðk0−kÞλSabcRμνλðk;k0Þ ¼
ifabc

N2−1
SμνðkÞþðGbac

νμ ðk0;kÞÞ⋆; ð30Þ

k0νSabcRμνλðk;k0Þ ¼
ifabc

N2−1
SμλðkÞþðGcab

λμ ðk−k0;kÞÞ⋆; ð31Þ

kμSabcRμνλðk; k0Þ ¼ 0: ð32Þ

Here and below, we suppress the upper indices (0) and

(1) from the hard parts Sð0Þ, Sð1ÞL , and Sð1ÞR for simplicity and
SμνðkÞ≡ Sμν;abðkÞδab. The G terms appear due to the off-
shell-ness of the parton momenta entering the fragmentation
matrix elements. We present the actual forms of those “ghost

terms” in Appendix A. Here, we only mention that they are
proportional to fabc and satisfy the relation

kμGabc
μν ðk; k0Þ ¼ k0νGabc

μν ðk; k0Þ ¼ 0: ð33Þ

We have found that the ghost terms do not contribute to the
twist-3 cross section.3We thus discard them in the following.
To get the twist-3 cross section in the gauge-invariant form,
weuse the collinear limit of these identities aswell as the first,
second, and third derivatives with respect to k and k0 of these
Ward identities in the collinear limit.
After very lengthy calculation, one eventually obtains

the twist-2 and -3 contributions from Figs. 1(a)–1(c) to Wg
in the following form:

WðaÞ
g ¼ Ωμ

αΩν
β

X
X

Z
d

�
1

z

�
z2ðΓð0ÞαβðzÞ − Γð1Þαβ

AA ðzÞ − Γð1Þαβ
AAR ðzÞÞSμνðzÞ

− iΩμ
αΩν

βΩλ
γ

X
X

Z
d

�
1

z

�
z2ðΓð0Þαβγ

∂ ðzÞ − Γð1Þαβγ
AA∂ ðzÞ − Γð1Þαβγ

AAR∂ ðzÞÞ
∂SμνðkÞ
∂kλ

				
c:l:
; ð34Þ

WðbÞ
g ¼ Ωμ

αΩν
β

X
X

Z
d

�
1

z

�
z2


Γð1Þαβ
½A� ðzÞ þ Γð1Þαβ

AA ðzÞ
�
SμνðzÞ

− iΩμ
αΩν

βΩλ
γ

X
X

Z
d

�
1

z

�
z2ðΓð1Þαβγ

∂½F� ðzÞ þ Γð1Þαβγ
∂½∂A� ðzÞ þ Γð1Þαβγ

∂½A� ðzÞ þ Γð1Þαβγ
AA∂ ðzÞÞ∂SμνðkÞ∂kλ

				
c:l:

þ i
2
Ωμ

αΩν
βΩλ

γ

X
X

Z
d

�
1

z

�Z
d

�
1

z0

�
zz0

1=z0 − 1=z
Γð1Þαβγ
F;abc

�
1

z
;
1

z0

�
SL;abcμνλ ðz; z0Þ; ð35Þ

WðcÞ
g ¼ Ωμ

αΩν
β

Z
d

�
1

z

�
z2ðΓð1Þαβ

½AR� ðzÞ þ Γð1Þαβ
AAR ðzÞÞSμνðzÞ

− iΩμ
αΩν

βΩλ
γ

X
X

Z
d

�
1

z

�
z2ðΓð1Þαβγ

∂½A∂� ðzÞ þ Γð1Þαβγ
AAR∂ ðzÞÞ

∂SμνðkÞ
∂kλ

				
c:l:

þ i
2
Ωμ

αΩν
βΩλ

γ

X
X

Z
d

�
1

z

�Z
d

�
1

z0

�
zz0

1=z0 − 1=z
Γð1Þαβγ
FR;abc

�
1

z
;
1

z0

�
SR;abcμνλ ðz; z0Þ: ð36Þ

Each fragmentation matrix elements Γ appearing in the above expression is defined as follows:

Γð0ÞαβðzÞ ¼ δab

N2 − 1

X
X

Z
dλ
2π

e−i
λ
zh0jFβw

b ð0ÞjhXihhXjFαw
a ðλwÞj0i; ð37Þ

Γð0Þαβγ
∂ ðzÞ ¼ δab

N2 − 1

X
X

Z
dλ
2π

e−i
λ
zh0jFβw

b ð0ÞjhXihhXjFαw
a ðλwÞ∂⃖γj0i; ð38Þ

3This was also the case for the twist-3 quark FF contribution to ep↑ → ehX [55] and the three-gluon distribution function
contribution to p⃗p↑ → DX [56].
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Γð1Þαβ
AA ðzÞ ¼ 1

N2 − 1

X
X

Z
dλ
2π

e−i
λ
zh0jFβw

a ð0ÞjhXihhXjgfabcAα
bðλwÞAw

c ðλwÞj0i; ð39Þ

Γð1Þαβ
AAR ðzÞ ¼ 1

N2 − 1

X
X

Z
dλ
2π

e−i
λ
zh0jgfabcAβ

bð0ÞAw
c ð0ÞjhXihhXjFαw

a ðλwÞj0i; ð40Þ

Γð1Þαβγ
AA∂ ðzÞ ¼ 1

N2 − 1

X
X

Z
dλ
2π

e−i
λ
zh0jFβw

a ð0ÞjhXihhXjgfabcAα
bðλwÞAw

c ðλwÞ∂⃖γj0i; ð41Þ

Γð1Þαβγ
AAR∂ ðzÞ ¼

1

N2 − 1

X
X

Z
dλ
2π

e−i
λ
zh0jgfabcAβ

bð0ÞAw
c ð0ÞjhXihhXjFαw

a ðλwÞ∂⃖γj0i; ð42Þ

Γð1Þαβ
½A� ðzÞ ¼ ð−ifabcÞ

N2 − 1

X
X

Z
dλ
2π

e−i
λ
zh0jFβw

b ð0ÞjhXihhXjFαw
a ðλwÞig

Z
λ

∞
dμAw

c ðμwÞj0i; ð43Þ

Γð1Þαβγ
∂½F� ðzÞ ¼ ð−ifabcÞ

N2 − 1

X
X

Z
dλ
2π

e−i
λ
zh0jFβw

b ð0ÞjhXihhXjFαw
a ðλwÞig

Z
λ

∞
dμFγw

c ðμwÞj0i; ð44Þ

Γð1Þαβγ
∂½∂A� ðzÞ ¼

ð−ifabcÞ
N2 − 1

X
X

Z
dλ
2π

e−i
λ
zh0jFβw

b ð0ÞjhXihhXjFαw
a ðλwÞ∂⃖γig

Z
λ

∞
dμAw

c ðμwÞj0i; ð45Þ

Γð1Þαβγ
∂½A� ðzÞ ¼ ð−ifabcÞ

N2 − 1

X
X

Z
dλ
2π

e−i
λ
zh0jFβw

b ð0ÞjhXihhXjFαw
a ðλwÞigAγ

cðλwÞj0i; ð46Þ

Γð1Þαβγ
F;abc

�
1

z
;
1

z0

�
¼

Z
dλ
2π

Z
dμ
2π

e−i
λ
ze−iμð

1

z0−
1
zÞh0jFβw

b ð0ÞjhXihhXjFαw
a ðλwÞgFγw

c ðμwÞj0i; ð47Þ

Γð1Þαβ
½AR� ðzÞ ¼

ð−ifabcÞ
N2 − 1

X
X

Z
dλ
2π

e−i
λ
zh0jig

Z
∞

0

dμAw
c ðμwÞFβw

b ð0ÞjhXihhXjFαw
a ðλwÞj0i; ð48Þ

Γð1Þαβγ
∂½A∂� ðzÞ ¼

ð−ifabcÞ
N2 − 1

X
X

Z
dλ
2π

e−i
λ
zh0jig

Z
∞

0

dμAw
c ðμwÞFβw

b ð0ÞjhXihhXjFαw
a ðλwÞ∂⃖γj0i; ð49Þ

Γð1Þαβγ
FR;abc

�
1

z
;
1

z0

�
¼

X
X

Z
dλ
2π

Z
dμ
2π

e−i
λ
ze−iμð

1

z0−
1
zÞh0jgFγw

c ðμwÞFβw
b ð0ÞjhXihhXjFαw

a ðλwÞj0i: ð50Þ

In the LO calculation of Figs. 1(a)–1(c), only Oð1Þ and
OðgÞ contributions from the hadronic matrix elements are
produced. We thus note that, in (34)–(36), one can identify
the correlation functions of the field strength Fa

μν ¼ ∂μAa
ν −

∂νAa
μ þ gfabcAb

μAc
ν to this accuracy. The first term in

WðaÞ
g is the Oð1Þ contribution from Γ̂ðzÞ in (1), ignoring

Oðg2Þ terms ∼h0jgfabcAbAcjhXihhXjgfab0c0Ab0Ac0 j0i.
The first terms in WðbÞ

g and WðcÞ
g are the OðgÞ terms

arising from the expansion of the gauge link and
the OðgÞ part of the field strength in Γ̂ðzÞ. These terms
contain both twist-2 and intrinsic twist-3 FFs. Likewise,

the second term in WðaÞ
g is the Oð1Þ contribution from the

kinematical twist-3 FFs Γ̂∂ðzÞ in (2). The second

terms in WðbÞ
g and WðcÞ

g are the OðgÞ terms arising
from the expansion of the gauge link and the OðgÞ part

of the field strength in Γ̂∂ðzÞ. The third term in WðbÞ
g is the

OðgÞ contribution from Γ̂F defined in (5) and (6). Like-

wise, the third term in WðcÞ
g is associated with

Γ̂FR ∼ ðΓ̂FÞ⋆. This way, we have obtained the sum of

WðaÞ
g , WðbÞ

g , and WðcÞ
g in the color-gauge-invariant

form in terms of the intrinsic, kinematical, and dynamical
FFs. Inserting these expressions into (16), one can
eventually express the twist-3 gluon FF contribution to
the cross section as
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Eh
dσðp; p0; Ph; S⊥Þ

d3Ph
¼ 1

16π2SE

Z
1

0

dx
x
f1ðxÞ

Z
1

0

dx0

x0
f1ðx0Þ

�
Ωμ

αΩν
β

Z
1

0

dzTr½Γ̂αβðzÞSμνðPh=zÞ�

− iΩμ
αΩν

βΩλ
γ

Z
1

0

dzTr

�
Γ̂αβγ
∂ ðzÞ∂SμνðkÞ∂kλ

				
c:l:

�
þR

�
iΩμ

αΩν
βΩλ

γ

Z
1

0

dz
z

Z
∞

z

dz0

z0

�
1

1=z − 1=z0

�

× Tr

��
−
ifabc

N
Γ̂αβγ
FA

�
1

z0
;
1

z

�
þ dabc

N
N2 − 4

Γ̂αβγ
FS

�
1

z0
;
1

z

��
SLμνλ;abcðz0; zÞ�

��
; ð51Þ

where we have used the expression (4) and jc:l: implies the
collinear limit, k → Ph=z. In writing down the contribution
from the dynamical FFs in (51), we have interchanged the
role of the variables, z and z0, from (35) and (36) for later
convenience.
Next, we substitute (1), (2), (5), and (6) into (51). We

recall that the qq̄g-type FFs (8) are related to the purely
gluonic FFs, as was shown in Sec. II B. Therefore, we
consider the contribution shown in Fig. 2 together. Note also

that each hard part contains the factor δððxpþ x0p0 − kÞ2Þ ∼
δððxpþ x0p0 − Ph=zÞ2Þ corresponding to the on-shell con-
dition for the final unobserved parton, and its derivativewith
respect to k causes the derivative of the kinematical FFs by
partial integration with respect to 1=z. Separating various
contributions based on the z0 dependence of the hard cross
sections for the dynamical FFs (see Appendix C), we can
write the cross section as

Eh
dσðp; p0; Ph; S⊥Þ

d3Ph
¼ Mhα

2
s

SE

Z
1

0

dx
x
f1ðxÞ

Z
1

0

dx0

x0
f1ðx0Þ

Z
1

0

dz δððxpþ x0p0 − Ph=zÞ2Þ

×

�
ΔĜ3T̄ðzÞ

z
Ĥint þ

�
Ĝð1Þ

T ðzÞĤNDG þ 1

z
∂Ĝð1Þ

T ðzÞ
∂ð1=zÞ ĤDG

�
þ
�
ΔĤð1Þ

T ðzÞĤNDH þ 1

z
∂ΔĤð1Þ

T ðzÞ
∂ð1=zÞ ĤDH

�

þ
Z

1=z

0

d
�
1

z0

��X3
i¼1

IN̂i

�
1

1=z − 1=z0
ĤNi

1 þ 1

z

�
1

1=z − 1=z0

�
2

ĤNi
2 þ z0ĤNi

3 þ z02

z
ĤNi

4

�

þ
X3
i¼1

IÔi

�
1

1=z − 1=z0
ĤOi

1 þ 1

z

�
1

1=z − 1=z0

�
2

ĤOi
2 þ z0ĤOi

3 þ z02

z
ĤOi

4

��

þ
Z

1=z

0

d

�
1

z0

�
2

CF

�
ID̃F

�
1

z0
;
1

z0
−
1

z

��
ĤDF1 þ

1

z
1

1=z − 1=z0
ĤDF2 þ

z0

z
ĤDF3

�

þIG̃F

�
1

z0
;
1

z0
−
1

z

��
ĤGF1 þ

1

z
1

1=z − 1=z0
ĤGF2 þ

z0

z
ĤGF3

���
; ð52Þ

where Ĥint, ĤNDG, ĤDG, etc., represent the partonic hard
cross sections for eachFF (after separating the z0 dependence
for dynamical FFs), and they are the functions of the
Mandelstamvariables in the parton level, s¼ðxpþx0p0Þ2 ¼
2xx0p ·p0, t ¼ ðxp − Ph=zÞ2 ¼ −2ðx=zÞp · Ph, and
u ¼ ðx0p0 − Ph=zÞ2 ¼ −2ðx0=zÞp0 · Ph, multiplied by kin-
ematic factors with ϵpPhwS⊥ and ϵp

0PhwS⊥ . [See Eq. (54)
below as an example.] In (52), we have used the shorthand
notation, N̂3 ≡ −N̂2ð1z − 1

z0 ;
1
zÞ and Ô3 ≡ Ô2ð1z − 1

z0 ;
1
zÞ. A

change of the variable 1
z0 ↔

1
z −

1
z0 in the z0 and z02=z

terms in the contribution from N̂i and Ôi leads to the
following form, owing to the exchange symmetry (7) of N̂1

and Ô1:
FIG. 2. Diagram for the qq̄g-type correlation function in
pp → Λ↑X. The mirror diagram also contributes.
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Eh
dσðp;p0;Ph;S⊥Þ

d3Ph
¼Mhα

2
s

SE

Z
1

0

dx
x
f1ðxÞ

Z
1

0

dx0

x0
f1ðx0Þ

Z
1

0

dzδðsþtþuÞ
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�
ΔĜ3T̄ðzÞ

z
ĤintþĜð1Þ

T ðzÞĤNDGþ
1

z
∂Ĝð1Þ

T ðzÞ
∂ð1=zÞ ĤDGþΔĤð1Þ

T ðzÞĤNDHþ
1

z
∂ΔĤð1Þ

T ðzÞ
∂ð1=zÞ ĤDH

þ
Z
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0

d

�
1

z0
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I

�
N̂1

�
1

z0
;
1

z

�
ðĤN1

1 −ĤN1

3 ÞþN̂2

�
1

z0
;
1

z

�
ðĤN2

1 −ĤN3

3 Þ

−N̂2

�
1

z
−
1

z0
;
1

z

�
ðĤN3

1 −ĤN2

3 Þ
�

þ1

z

�
1

1=z−1=z0

�
2

I

�
N̂1

�
1

z0
;
1

z

�
ðĤN1

2 −ĤN1

4 ÞþN̂2

�
1

z0
;
1

z

�
ðĤN2

2 −ĤN3

4 Þ−N̂2

�
1

z
−
1

z0
;
1

z

�
ðĤN3

2 −ĤN2

4 Þ
�

þ 1

1=z−1=z0
I

�
Ô1

�
1

z0
;
1

z

�
ðĤO1

1 þĤO1

3 ÞþÔ2

�
1

z0
;
1

z

�
ðĤO2

1 þĤO3

3 ÞþÔ2

�
1

z
−
1

z0
;
1

z

�
ðĤO3

1 þĤO2

3 Þ
�

þ1

z

�
1

1=z−1=z0

�
2

I

�
Ô1

�
1

z0
;
1

z

�
ðĤO1

2 þĤO1

4 ÞþÔ2

�
1

z0
;
1

z

�
ðĤO2

2 þĤO3

4 Þ

þÔ2

�
1

z
−
1

z0
;
1

z

�
ðĤO3

2 þĤO2

4 Þ
��

þ
Z

1=z

0

d
�
1

z0

�
2

CF

�
ID̃F

�
1

z0
;
1

z0
−
1

z

��
ĤDF1þ

1

z
1

1=z−1=z0
ĤDF2þ

z0

z
ĤDF3

�

þIG̃F

�
1

z0
;
1

z0
−
1

z

��
ĤGF1þ

1

z
1

1=z−1=z0
ĤGF2þ

z0

z
ĤGF3

���
: ð53Þ

Here, we remind the reader that the gauge invariance and the frame independence of the cross section (53) are realized in a
very nontrivial manner. We show that those properties are guaranteed by the EOM relation and the LIRs introduced in the
previous section. The gauge invariance is satisfied by the EOM relation (9), which is discussed in detail in Appendix B.
Here, we demonstrate how the frame independence of the cross section is achieved.
To make clear the issue of frame dependence, we pick up the hard cross sections ĤN1

2 − ĤN1

4 , ĤDG, and ĤDH in (53) in the
qg → gq channel, as an example. They can be computed to be

ĤN1

2 − ĤN1

4 ¼ CF

N
ðð2tþ uÞxϵpPhwS⊥ þ tx0ϵp0PhwS⊥Þ

�
s2 þ t2

s2t2

�
−
1

2
ðuð2tþ uÞxϵpPhwS⊥ þ tð2tþ 3uÞx0ϵp0PhwS⊥Þ s

2 þ t2

stu3
;

ĤDG ¼ −
CF

N
ðxϵpPhwS⊥ þ x0ϵp0PhwS⊥Þ

�
s2 þ t2

s2t

�
þ ðxϵpPhwS⊥ þ x0ϵp0PhwS⊥Þ

�
s2 þ t2

su2

�
;

ĤDH ¼ 0: ð54Þ
We note that each cross section contains the lightlike vector wμ. On the other hand, the physical cross section
should be able to be represented in terms of the vectors p, p0 Ph, and S⊥ in a Lorentz-invariant form. Since wμ is defined
from Pμ

h, its actual form depends on the frame. One can express the vector w in terms of p, p0, and Ph as[52]

wμ ¼ α
pμ

p · Ph
þ ð1 − αÞ pμ

p0 · Ph
þ
�
−αð1 − αÞ p · p0

p · Php0 · Ph
þ β2p · p0p · Php0 · Ph

�
Pμ
h þ βϵμpp

0Ph ; ð55Þ

which satisfies Ph · w ¼ 1 and w2 ¼ 0. The values of α and
β specify the frame we choose, and the above form of the
hard cross sections leads to α- and β-dependent cross
sections. However, use of the EOM relation (9) and the
LIRs (13) and (14) leads to the cross section independent
from α and β as will be seen below. In the twist-3 cross
section (53), we eliminate the intrinsic FF ΔĜ3T̄ðzÞ=z

and the derivative of the two kinematical FFs by
using those relations. Then, the resulting cross section is
written in terms of the (nonderivative) kinematical FFs and
the dynamical FFs. If we pick up the hard cross section for

1

z

Z
1=z

0

d

�
1

z0

�
1

ð1=z − 1=z0Þ2IN̂1

�
1

z0
;
1

z

�
; ð56Þ
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we have the combination

ĤN1

2 − ĤN1

4 þ 2ĤDG þ 4ĤDH ¼ Eσ̂DN1; ð57Þ

where

σ̂DN1 ≡ −
CF

N

�
1

s2
þ 1

t2

�
−
ð2t − uÞðs2 þ t2Þ

2stu3
; ð58Þ

E ≡ x0tϵp0PhwS⊥ − xuϵpPhwS⊥ ¼ −2
xx0

z
ϵpp

0PhS⊥ : ð59Þ

One should note that the kinematical factor E appearing in
this combination is free from α and β, which is written after
the last equal sign in (59). We have found that all the
coefficient hard cross sections for all FFs with the same z0
dependence define the frame-independent cross sectionwith
the common kinematic factor E. This shows that the frame
dependence has been removed from the twist-3 cross section
thanks to the EOM relations and the LIRs. This way, we can
define the following set of frame-independent hard cross
sections [in addition to (57)]:

Eσ̂G ¼ ĤNDG þ 1

2
Ĥint þ 2ĤDG; ð60Þ

Eσ̂H ¼ ĤNDH þ 1

2
Ĥint þ 4ĤDH; ð61Þ

Eσ̂N1 ¼ ĤN1

1 − ĤN1

3 þ 2Ĥint þ 4ĤDG; þ 8ĤDH; ð62Þ

Eσ̂N2 ¼ ĤN2

1 − ĤN3

3 þ Ĥint þ 8ĤDH; ð63Þ

Eσ̂N3 ¼ −ĤN3

1 þ ĤN2

3 − Ĥint − 4ĤDG; ð64Þ

Eσ̂DN2 ¼ ĤN2

2 − ĤN3

4 þ 2ĤDG þ 4ĤDH; ð65Þ

Eσ̂DN3 ¼ −ĤN3

2 þ ĤN2

4 − 4ĤDG; ð66Þ

Eσ̂O1 ¼ ĤO1

1 þ ĤO1

3 ; ð67Þ

Eσ̂O2 ¼ ĤO2

1 þ ĤO3

3 ; ð68Þ

Eσ̂O3 ¼ ĤO3

1 þ ĤO2

3 ; ð69Þ

Eσ̂DO1 ¼ ĤO1

2 þ ĤO1

4 ; ð70Þ

Eσ̂DO2 ¼ ĤO2

2 þ ĤO3

4 ; ð71Þ

Eσ̂DO3 ¼ ĤO3

2 þ ĤO2

4 ; ð72Þ

Eσ̂DF1 ¼ ĤDF1 − Ĥint − 2ĤDG − 4ĤDH; ð73Þ

Eσ̂DF2 ¼ ĤDF2; ð74Þ

Eσ̂DF3 ¼ ĤDF3; ð75Þ

Eσ̂GF1 ¼ ĤGF1; ð76Þ

Eσ̂GF2 ¼ ĤGF2; ð77Þ

Eσ̂GF3 ¼ ĤGF3: ð78Þ

With these hard cross sections, the manifestly frame-
independent twist-3 cross section is given by
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�
1

z
−
1

z0
;
1

z

�
σ̂DO3

��

þ
Z

1=z

0

d

�
1

z0

�
2

CF

�
ID̃F

�
1

z0
;
1

z0
−
1

z

��
σ̂DF1þ

1

z
1

1=z−1=z0
σ̂DF2þ

z0

z
σ̂DF3
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1
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���
: ð79Þ
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Equation (79) is the final result for the twist-3 gluon FF
contribution to pp → Λ↑X.
Below, we give the LO Feynman diagrams for the hard

part in each channel and present the results for hard cross

sections, using the partonic Mandelstam variables, s, t,
and u:

(i) qg → gq channel (Figs. 3 and 4):

σ̂G ¼ −
CF

N

�
1

s2
−

1

t2

�
−
2ðs − tÞ
ðsþ tÞ3 ; σ̂H ¼ 0;

σ̂N1 ¼ −
CF

N
4

s2
−
4t3 þ 10t2uþ 4tu2 þ u3

tu3ðtþ uÞ ; σ̂N2 ¼ 0; σ̂N3 ¼ −σ̂N1;

σ̂DN1 ¼ −
CF

N

�
1

s2
þ 1

t2

�
þ ð2t − uÞðs2 þ t2Þ

2tu3ðtþ uÞ ; σ̂DN2 ¼ σ̂DN1; σ̂DN3 ¼ −2σ̂DN1;

σ̂O1 ¼ 0; σ̂O2 ¼ −
CF

N

�
2

s2
þ 2

t2

�
þ 3ðs2 þ t2Þ

stðsþ tÞ2 ; σ̂O3 ¼ σ̂O2;

σ̂DO1 ¼ −
CF

N

�
1

s2
þ 1

t2

�
þ 3ðs2 þ t2Þ
2stðsþ tÞ2 ; σ̂DO2 ¼ σ̂DO1; σ̂DO3 ¼ 2σ̂DO1;

σ̂DF1 ¼
CF

N
2

s2
þ 4t3 þ 10t2uþ 4tu2 þ u3

2tu3ðtþ uÞ ;

σ̂DF2 ¼
CF

N
ðs2 þ t2Þ
stðsþ tÞ2 þ

ðsþ 2tÞðs2 þ t2Þ
4stðsþ tÞ2u þ 1

N
s

2tðsþ tÞ2 −
CF

N2

1

2t2
;

σ̂DF3 ¼ −
CF

N
ðs2 þ t2Þ
stðsþ tÞ2 þ

ð2sþ tÞðs2 þ t2Þ
4stðsþ tÞ3 −

1

N
t

2sðsþ tÞ2 þ
CF

N2

1

2s2
;

σ̂GF1 ¼ 0; σ̂GF2 ¼ −σ̂DF2; σ̂GF3 ¼ σ̂DF3: ð80Þ

(ii) qq̄ → gg channel (Figs. 5 and 6):
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N2

�
1
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−

1
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�
− CF
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σ̂DN1 ¼ −
CF

N2

ðt − uÞðt2 þ u2Þ
t2u2ðtþ uÞ þ CF

ðt2 þ u2Þðt3 − u3Þ
t2u2ðtþ uÞ3 ; σ̂DN2 ¼ σ̂DN1; σ̂DN3 ¼ −2σ̂DN1;

σ̂O1 ¼ 0; σ̂O2 ¼
CF
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�
2

t2
þ 2

u2

�
− CF

2ðt2 þ u2Þðt2 − tuþ u2Þ
t2u2ðtþ uÞ2 ; σ̂O3 ¼ σ̂O2;

σ̂DO1 ¼
CF

N2

�
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t2
þ 1

u2

�
− CF

ðt2 þ u2Þðt2 − tuþ u2Þ
t2u2ðtþ uÞ2 ; σ̂DO2 ¼ σ̂DO1; σ̂DO3 ¼ 2σ̂DO1;

σ̂DF1 ¼ −
CF

N2
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tuðtþ uÞ þ CF

3ðt − uÞðt2 þ u2Þ
tuðtþ uÞ3 ;

σ̂DF2 ¼ −
CF

N2

ðt2 þ u2Þ
tuðtþ uÞ2 þ CF
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2tðtþ uÞ3 −
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N
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2t2ðtþ uÞ2 þ

CF

N3

1

2t2
;

σ̂DF3 ¼
CF

N2

ðt2 þ u2Þ
tuðtþ uÞ2 − CF

ðt2 þ u2Þ
2uðtþ uÞ3 þ

CF

N
ðt2 þ u2Þ

2u2ðtþ uÞ2 −
CF

N3

1

2u2
;

σ̂GF1 ¼ 0; σ̂GF2 ¼ −σ̂DF2; σ̂GF3 ¼ σ̂DF3: ð81Þ
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(iii) gg → gg channel (Figs. 7 and 8):

σ̂G ¼ −
N
CF

2ðs2 þ stþ t2Þ2ðs − tÞð2sþ tÞðsþ 2tÞ
s3t3ðsþ tÞ3 ; σ̂H ¼ 0;

σ̂N1 ¼ −
N
CF

2ðt2 þ tuþ u2Þ2ðt − uÞð2t2 þ 7tuþ 2u2Þ
t3u3ðtþ uÞ3 ; σ̂N2 ¼ 0; σ̂N3 ¼ −σ̂N1;

σ̂DN1 ¼
N
CF

ðt2 þ tuþ u2Þ2ðt − uÞð2t2 þ 3tuþ 2u2Þ
t3u3ðtþ uÞ3 ; σ̂DN2 ¼ σ̂DN1; σ̂DN3 ¼ −2σ̂DN1;

σ̂DF1 ¼
N
CF

ðt2 þ tuþ u2Þ2ðt − uÞð2t2 þ 7tuþ 2u2Þ
t3u3ðtþ uÞ3 ;

σ̂DF2 ¼ −
N
CF

ðt2 þ tuþ u2Þ2ðt − uÞð2tþ uÞðtþ 2uÞ
4t3u3ðtþ uÞ3 ;

σ̂DF3 ¼ −
N
CF

ðt2 þ tuþ u2Þ2ðt − uÞð2tþ uÞðtþ 2uÞ
4t3u3ðtþ uÞ3 ;

σ̂GF1 ¼ 0; σ̂GF2 ¼ −σ̂DF2; σ̂GF3 ¼ σ̂DF3: ð82Þ

FIG. 3. Diagrams in the qg → gq channel for the hard part SðkÞ
and SLðz0; zÞ in Eq. (51). For SLðz0; zÞ, an extra gluon line
connecting⊗ and each of the black dots should be added for each
diagram.

FIG. 4. Diagrams for the hard part in Fig. 2. For the upper
middle diagram, a quark loop with the reversed arrow also needs
to be included.

FIG. 5. Diagrams in the qq̄ → gg channel for the hard parts
SðkÞ and SLðz0; zÞ in Eq. (51). For SLðz0; zÞ, an extra gluon line
connecting⊗ and each of the black dots should be added for each
diagram.

FIG. 6. Diagrams for the hard part in Fig. 2. For the upper left
diagram, a quark loop with the reversed arrow also needs to be
included.
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IV. CONCLUSION

In this paper, we have studied the transverse polariza-
tion of a spin-1=2 hyperon produced in the unpolarized
proton-proton collision, pp → Λ↑X, within the frame-
work of the collinear twist-3 factorization, which is
relevant for the large-pT hyperon production. We focused
on the contribution from the twist-3 gluon FFs, which had
never been studied in previous studies. To this end, we
have developed a formalism to include all effects asso-
ciated with the twist-3 gluon FFs. The twist-3 cross
section receives contributions from three types of the
gluon FFs, i.e., intrinsic, kinematical, and dynamical
(purely gluonic and quark-antiquark-gluon type) ones.
Applying the formalism, we have calculated the LO cross
section for pp → Λ↑X. This completes the LO twist-3
cross section combined with the known results for the

other contributions from the twist-3 distribution in the
unpolarized proton and the twist-3 quark FFs for the
hyperon. Using the EOM relation and the LIRs for
the twist-3 gluon FFs, we have shown that the derived
cross section satisfies the color gauge invariance and the
frame independence. Since the formalism developed here
is a general one, it can be applied to other processes to
which the twist-3 gluon FFs contribute.
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APPENDIX A: WARD IDENTITIES FOR THE
GLUON FRAGMENTATION CHANNELS

1. Derivation of the Ward identities

To get a twist-3 gluon fragmentation contribution to the
cross section in a gauge-invariant form, one needs to fully
utilize the Ward identities for the hard parts (26)–(32).
Here, we present their derivation.

FIG. 7. Diagrams in the gg → gg channel for the hard parts SðkÞ and SLðz0; zÞ in Eq. (51). For SLðz0; zÞ, an extra gluon line connecting
⊗ and each of the black dots should be added for each diagram. Awhite circle represents a four-gluon vertex, making clear the difference
from the attachment of the extra gluon line.

FIG. 8. Diagrams contributing to the hard part in Fig. 2 in the
gg → gg channel. For all diagrams, a quark loop with the reversed
arrow also needs to be included.
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a. qq̄ → gg channel

Ward identities in this channel read

ðk2−k1ÞλSμνλ;abcL ðk1;k2Þ¼
−ifabc

N2−1
Sμνðk2ÞþGμν;abc

qq̄→ggðk1;k2Þ;
ðA1Þ

k1μS
μνλ;abc
L ðk1;k2Þ¼

ifabc

N2−1
Sλνðk2ÞþGλν;cab

qq̄→ggðk2−k1;k2Þ;
ðA2Þ

k2νS
μνλ;abc
L ðk1; k2Þ ¼ 0; ðA3Þ

ðk2 − k1ÞλSμνλ;abcR ðk1; k2Þ

¼ ifabc

N2 − 1
Sμνðk1Þ þ ðGνμ;bac

qq̄→ggðk2; k1ÞÞ⋆; ðA4Þ

k2νS
μνλ;abc
R ðk1;k2Þ

¼ ifabc

N2−1
Sμλðk1ÞþðGλμ;cab

qq̄→ggðk1−k2;k1ÞÞ⋆; ðA5Þ

k1μS
μνλ;abc
R ðk1; k2Þ ¼ 0; ðA6Þ

where Sμνλ;abcLðRÞ ðk1; k2Þ represents a hard part for a three-
gluon correlation functions which has two gluon legs in the
left (right) of the final-state cut and SμνðkÞ≡ SμνabðkÞδab
represents a hard part for a two-gluon correlation functions.
G terms in the right-hand side of these equations are ghost
terms. Figure 9 shows the Ward identity (A1), which states
that the attachment of the scalar polarized gluon with the
momentum k2 − k1 to the hard part SabcLμνλðk1; k2Þ can be
decomposed into the two-body hard part and the ghost
terms. To identify the ghost terms, we consider the
diagrams in Fig. 10. The first term on the lhs of the figure
represents the hard part SabcLμνλðk1; k2Þ, and the second term
represents the attachment of the scalar polarized gluon to
the gluon line fragmenting into Λ↑. The LO diagrams
can be classified into three types as shown in the rhs
of this figure. Using the tree level Ward identities (See
Appendix A 2), each diagram in Fig. 10 can be decom-
posed into several pieces, and some of them cancel each
other, owing to the on-shell condition of the external lines
(see Appendix A 3). Taking these facts into account, we
rearrange each term on the rhs of Fig. 10.
First, diagrams in Fig. 10(a) can be rewritten as

in Fig. 11.
Similarly, Fig. 10(b) can be rewritten as in Fig. 12.
Likewise, Fig. 10(c) can be rewritten as in Fig. 13.

FIG. 9. Ward identity (A1) for the qq̄ → gg channel. The figure shows the left side of the cut, representing the attachment of the scalar
polarized gluon (dotted line) with the momentum k2 − k1. Note that the hard part represented on the lhs does not contain the diagram in
which the scalar polarized gluon is directly attached to the gluon line fragmenting into the final hadron; hence, it appears in the first term
of the rhs. For the meaning of the notations in the figure, see Appendix A 2.

FIG. 10. Attachment of the scalar polarized gluon of momentum k2 − k1 to qq → gg diagrams. On the rhs, it is implied that the scalar
polarized gluon is attached one of the black dots in all possible ways.
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FIG. 11. Decomposition of Fig. 10(a) and the resulting terms due to the cancellation among diagrams. Diagrams (a-1), (a-5), and (a-
12) vanish, owing to the on-shell condition. Combination of (a-2), (a-3), and (a-7) cancels that of (a-4), (a-6), and (a-10), owing to (A18).

FIG. 12. Decomposition of Fig. 10(b) and the resulting terms due to the cancellation among diagrams. Diagrams (b-1), (b-5) and (b-
12) vanish, owing to the on-shell condition. Combination of (b-2), (b-4), and (b-10) cancels that of (b-3), (b-6), and (b-7), owing
to (A18).
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Using the on-shell condition, we find that diagrams
(a-8-i), (a-11-i), (b-8-i), (b-11-i), and (c-8-ii) vanish, and
diagrams (c-10-ii), (c-10-iii), and (c-13-ii) also vanish. In
addition, contribution from (a-8-ii), (b-8-ii), and (c-10-i)
cancels among them, and likewise for the combination of

(a-11-ii), (b-11-ii), and (c-13-i) by (A18). Therefore,
besides (a-9), (b-9), and (c-11) (see Fig. 9), remaining
contributions (c-8-i) and (c-13-iii) become the ghost term in
(A1). The ghost term takes the following structure in the
qq̄ → gg channel,4

Gμν;abc
qq̄→ggðk1; k2Þ ¼ −

�
ð−ifcefÞð−iffdaÞdμσðk1Þ

ðk2 − k1Þρ
ðxpþ x0p0 − k1Þ2

þ ð−ifaefÞð−iffdcÞdμρðk1Þ
ðk2 − k1Þσ

ðxpþ x0p0 − ðk2 − k1ÞÞ2
�

×Hd
σðxp; x0p0Þ 1

ðxpþ x0p0Þ2 P
ργðxpþ x0p0 − k2Þ × ðMν;be

γ ðk2ÞÞ⋆; ðA7Þ

FIG. 13. Decomposition of Fig. 10(c) and the resulting terms due to the cancellation among the diagrams. Contributions from (c1), (c-
3), (c-6), and (c-1)4 vanish due to the on-shell conditions. Diagrams (c-2), (c-4), and (c-5) cancel each other by (A18). Diagrams (c-7),
(c-9), (c-12), and (c-15) cancel each other by (A19).

4In these Appendixes, we follow the convention of Ref. [57] for the Feynman rule.
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where dμσðk1Þ≡ k21g
μσ − kμ1k

σ
1, H

d
σðxp; x0p0Þ represents the

quark-line part in the left of the cut, which is connected to
the right of the cut ðMν;be

γ ðk2ÞÞ⋆, and the gluon’s polari-
zation tensor is given by

Pργðxpþ x0p0 − k2Þ

≡ −gργ þ ðxpþ x0p0 − k2Þρkγ1 þ ðxpþ x0p0 − k2Þγkρ1
ðxpþ x0p0 − k2Þ · k1

:

ðA8Þ

Diagrammatically, the ghost term (A7) can be written as in
Fig. 14. This completes the derivation of the Ward identity
in the qq̄ → gg channel.

b. qg → gq channel

Ward identities in this channel are given by (A1)–(A6),
except that the ghost terms Gμν;abc

qq̄→ggðk1; k2Þ are replaced by
Gμν;abc

qg→gqðk1; k2Þ, which takes the structure

Gμν;abc
qg→gqðk1; k2Þ ¼ −

�
ð−ifcefÞð−iffdaÞdμαðk1Þ

ðk2 − k1Þλ
ðx0p0 − k1Þ2

þ ð−ifaefÞð−iffdcÞdμλðk1Þ
ðk2 − k1Þα

ðx0p0 − ðk2 − k1ÞÞ2
�

×H0e
λðxp; xpþ x0p0 − k2Þ

1

ðx0p0 − k2Þ2
ðMν;bd

α ðk2ÞÞ⋆; ðA9Þ

where H0e
λðxp; xpþ x0p0 − k2Þ is the quark-line part connected to the left of the cut ðMν;bd

α ðk2ÞÞ⋆.

c. gg → gg channel

Ward identities in this channel are given by (A1)–(A6), in which Gμν;abc
qq̄→ggðk1; k2Þ is replaced by Gμν;abc

gg→ggðk1; k2Þ,

Gμν;abc
gg→ggðk1; k2Þ≡ Gμν;abc

1gg→ggðk1; k2Þ þ Gμν;abc
2gg→ggðk1; k2Þ þGμν;abc

3gg→ggðk1; k2Þ þGμν;abc
4gg→ggðk1; k2Þ; ðA10Þ

where G1gg→gg through G4gg→gg are the ghost terms which occur from four types of diagrams shown in Fig. 15 for the hard
scattering amplitudes in this channel. Each term in (A10) takes the structures

Gμν;abc
1gg→ggðk1; k2Þ ¼ ð−ifcdgÞ ðk2 − k1Þα

ðx0p0 − ðk2 − k1ÞÞ2
�
ð−ifgfhÞð−ifheaÞdμρðk1Þ

ðx0p0 − ðk2 − k1ÞÞβ
ðxpþ x0p0 − ðk2 − k1ÞÞ2

þ ð−ifgehÞð−ifhfaÞdμβðk1Þ
ðx0p0 − ðk2 − k1ÞÞρ

ðxp − k1Þ2
− ð−ifghaÞVβ;hfe

σρ dμσðk1Þ
1

ðx0p0 − k2Þ2
�

× Pργðxpþ x0p0 − k2Þ × ðMbe;df
νγ;αβ ðk2ÞÞ⋆; ðA11Þ

Gμν;abc
2gg→ggðk1; k2Þ ¼ ð−ifcfgÞ ðk2 − k1Þβ

ðxp − ðk2 − k1ÞÞ2
�
ð−ifgdhÞð−ifheaÞdμρðk1Þ

ðxp − ðk2 − k1ÞÞα
ðxpþ x0p0 − ðk2 − k1ÞÞ2

− ð−ifghaÞVα;hde
σρ dμσðk1Þ

1

ðxp − k2Þ2
þ ð−ifgehÞð−ifhdaÞdμαðk1Þ

ðxp − ðk2 − k1ÞÞρ
ðx0p0 − k1Þ2

�

× Pργðxpþ x0p0 − k2Þ × ðMbe;df
νγ;αβ ðk2ÞÞ⋆; ðA12Þ

Gμν;abc
3gg→ggðk1; k2Þ ¼ ð−ifcghÞðk2 − k1Þσ

�
ð−ifheaÞVαβ;dfg

σ dμρðk1Þ
1

ðxpþ x0p0 − ðk2 − k1ÞÞ2
1

ðxpþ x0p0Þ2

þ ð−ifgfaÞVαρ;hde
σ dμβðk1Þ

1

ðxp − k1Þ2
1

ðxp − k2Þ2
þ ð−ifgdaÞVβρ;hfe

σ dμαðk1Þ
1

ðx0p0 − k2Þ2
1

ðx0p0 − k1Þ2
�

× Pγ
ρðxpþ x0p0 − k2Þ × ðMbe;df

νγ;αβ ðk2ÞÞ⋆; ðA13Þ

and

FIG. 14. Diagrams for the ghost term (A7) in the qq̄ → gg
channel.
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Gμν;abc
4gg→ggðk1;k2Þ¼ ð−ifcegÞ ðk2−k1Þρ

ðxpþx0p0−k1Þ2
�
−ð−ifghaÞVαβ;dfh

σ dμσðk1Þ
1

ðxpþx0p0Þ2þð−ifgdhÞð−ifhfaÞdμβðk1Þ
ðk1−xpÞα
ðxp−k1Þ2

þð−ifgfhÞð−ifhdaÞdμαðk1Þ
ðk1−x0p0Þβ
ðx0p0−k1Þ2

�
Pργðxpþx0p0−k2Þ× ðMbe;df

νγ;αβ ðk2ÞÞ⋆; ðA14Þ

where Vβ;hfe
σρ represents an appropriate three-gluon vertex

in each channel.

2. Decomposition of vertices

Attachment of the scalar polarized gluon to a quark or
gluon line can be decomposed as follows:

(i) quark-gluon vertex (Fig. 16):

kα · ðγαÞijTa ¼ ð=pþ =kÞijTa − ð=pÞijTa; ðA15Þ

where Ta is the generator of color SU(N) group;
(ii) three-gluon vertex (Fig. 17):

kα · Vabc
αβγ ðk; p;−p − kÞ

¼ Fabcdβγðpþ kÞ þ FacbdβγðpÞ; ðA16Þ

where Vabc
αβγ ðp1; p2; p3Þ≡ Fabc½ðp1 − p2Þγgαβþ

ðp2 − p3Þαgβγ þ ðp3 − p1Þβgαγ� and Fabc ≡ −ifabc.

Furthermore, dβγ in the above equations is decom-
posed as (Fig. 18)

FacbdβγðpÞ ¼ p2gβγFacb þ ð−pβpγÞFacb: ðA17Þ

3. Cancellation among vertices

After decomposition of vertices, the following cancella-
tion holds among vertices:

(i) quark-gluon vertex (Fig. 19):

½−ðTaTbÞlm þ ðTbTaÞlm þ FalbðTlÞlm�ðγαÞij ¼ 0;

ðA18Þ

(ii) purely gluon vertex (Fig. 20):

ð−PXÞσ · Wabcd
αβγσ þ FaldVlbc

αβγð−p2 − p3; p2; p3Þ
þ FbldValc

αβγðp1;−p1 − p3; p3Þ
þ FcldVabl

αβγðp1; p2;−p1 − p2Þ ¼ 0; ðA19Þ

where PX ≡ p1 þ p2 þ p3.

FIG. 15. Diagrammatic representation of the ghost terms in the gg → gg channel. Depending on the position of attachment of the
scalar polarized gluon, diagrams can be classified into four types. Figure G3 represents diagrams in which the scalar polarized gluon is
attached to an internal propagator.

FIG. 16. Attachment of a scalar polarized gluon to a quark-
gluon vertex corresponding to (A15).

FIG. 17. Attachment of a scalar polarized gluon through a
three-gluon vertex corresponding to (A16).

FIG. 18. Decomposition of dβγ in (A17).

FIG. 19. Cancelation for quark-gluon vertices (A18).
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APPENDIX B: COLOR GAUGE INVARIANCE OF
THE TWIST-3 CROSS SECTION

Here, we prove that the twist-3 cross section in (51)
supplemented by the quark-antiquark-gluon contribution

shown in Fig. 2 is color gauge invariant, owing to the EOM
relation (9). We illustrate this property for the qg → gq
channel. The proof for other channels is essentially the
same. The cross section in this channel can be written as

Eh
dσðp; p0; Ph; S⊥Þ

d3Ph
¼ 1

16π2SE

Z
dx
x
f1ðxÞ

Z
dx0

x0
Gðx0Þ

Z
dz
�
−
1

2
gρσ⊥ ðp0Þ

�
Wρσðxp; x0p; Ph=zÞ; ðB1Þ

where Gðx0Þ is the unpolarized gluon distribution in the proton with momentum p0 and the Lorentz indices ρ and σ are
contracted with gρσ⊥ ðp0Þ≡ gρσ − p0ρn0σ − p0σn0ρ, where n0 is the usual lightlike vector satisfying p0 · n0 ¼ 1 to extract the
contribution from Gðx0Þ. From (51), we can read off Wρσðxp; x0p0; Ph=zÞ as

Wρσðxp; x0p0; Ph=zÞ ¼ Ωμ
αΩν

βTr½Γ̂αβðzÞSμν;ρσðPh=zÞ� − iΩμ
αΩν

βΩλ
γTr

�
Γ̂αβγ
∂ ðzÞ∂Sμν;ρσðkÞ∂kλ

				
c:l:

�

þR

�
iΩμ

αΩν
βΩλ

γ
1

z

Z
dz0

z0

�
1

1=z − 1=z0

�

× Tr

��
−
ifabc

N
Γ̂αβγ
FA

�
1

z0
;
1

z

�
þ dabc

N
N2 − 4

Γ̂αβγ
FS

�
1

z0
;
1

z

��
SL;abcμνλ;ρσðz0; zÞ

��

þ wqq̄g
ρσ ðxp; x0p0; Ph=zÞ; ðB2Þ

where the hard part Sabμν;ρσðkÞ is related to the hard part
SabμνðkÞ in (51) by ð− 1

2
gρσ⊥ ðp0ÞÞSabμν;ρσðkÞ ¼ SabμνðkÞ and like-

wise for Sabcμνλ;ρσðkÞ, and wqq̄g
ρσ ðxp; x0p0; Ph=zÞ represents the

contribution from Fig. 2. Then, the color gauge invariance
of the cross section implies

x0p0ρWρσðxp; x0p0; Ph=zÞ ¼ x0p0σWρσðxp; x0p0; Ph=zÞ ¼ 0:

ðB3Þ
To show (B3), we use the EOM relation (9) and eliminate
the intrinsic twist-3 FF ΔĜ3T̄ðzÞ in the first term of the rhs
of (B2). Then, Wρσ can be decomposed into three pieces,

Wρσðxp; x0p0; Ph=zÞ
¼ WðiÞ

ρσðxp; x0p0; Ph=zÞ þWðiiÞ
ρσ ðxp; x0p0; Ph=zÞ

þWðiiiÞ
ρσ ðxp; x0p0; Ph=zÞ; ðB4Þ

where WðiÞ
ρσ represents the contribution from the dynamical

three-body correlation function in (5) and (6), WðiiÞ
ρσ

represents the one from the dynamical qq̄g-correlation

function in (8), and WðiiiÞ
ρσ represents the one from the

kinematical FFs in (2). To show (B3), it suffices to prove
that each term of (B4) separately satisfies (B3).

1. Contribution from dynamical FFs: WðiÞ
ρσ

We first show WðiÞ
ρσ satisfies (B3). Relevant diagrams are

shown in Figs. 21(a)–21(c). Here, Fig. 21(b) is meant to
contain diagrams including those of Fig. 21(c), which is not
a part of partonic cross sections for the dynamical FFs.
Therefore, after using the EOM relations, we get the
following combination of the hard cross section,

WðiÞ
ρσ ¼ WðaÞ

ρσ þ ðWðbÞL
ρσ −WðcÞL

ρσ Þ þ ðWðbÞR
ρσ −WðcÞR

ρσ Þ; ðB5Þ

where the hard part with index L indicates diagrams in
Fig. 21(b) and 21(c) and that with R indicates their
Hermitian conjugate diagrams. We define the amplitude
Mad

ρ;α for qg → gq scattering and Macd
ρ;αγ for qg → ggq

scattering as shown in Fig. 21. With the physical

FIG. 20. Cancellation among three- and four-gluon vertices (A19).
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polarizations for the Lorentz indices α and γ, these
amplitudes satisfy the following relations:

x0p0ρMad
ρ;α ¼ 0; x0p0ρMacd

ρ;αγ ¼ 0: ðB6Þ

This implies

x0p0ρWðbÞL
ρσ ¼0; x0p0ρWðbÞR

ρσ ¼0; x0p0ρWðcÞR
ρσ ¼0: ðB7Þ

We thus have

x0p0ρWðiÞ
ρσ ¼ x0p0ρWðaÞ

ρσ − x0p0ρWðcÞL
ρσ : ðB8Þ

The first term on the rhs of (B8) reads

x0p0ρWðaÞ
ρσ ¼ Fade

ðx0p0 − Ph=zÞ2
dαρðPh=zÞ × Tr½=PXγρ=pTeM⋆;ad

σ;β �½−wαϵβPhwS⊥ − wβϵαPhwS⊥ �ΔĜ3T̄ðzÞj3−gluon

¼ 1

z
ϵβPhwS⊥ Fade

ðx0p0 − Ph=zÞ2
× Tr½=PX=Ph=pTeM⋆;ad

σ;β �ΔĜ3T̄ðzÞ
z

				
3−gluon

; ðB9Þ

where PX ¼ xpþ x0p0 − Ph=z, Fabc ≡ −ifabc, and
dμσðkÞ≡ k2gμσ − kμkσ and we have denoted the N̂i con-
tribution to ΔĜ3T̄ðzÞ on the rhs of (9) by ΔĜ3T̄ðzÞj3−gluon.
This result is shown in Fig. 22.

Next, we consider the second term on the rhs of (B8).
Since its hard part is proportional to fabc, the contribution
from Γ̂αβγ

FS drops. The contribution from Γ̂αβγ
AS can be

written as

FIG. 21. Diagrams contributing to WðiÞ
ρσ . Mad

ρ;α, and Macd
ρ;αγ , respectively, represent the qg → gq and qg → ggq scattering amplitudes,

which constitute the hard cross section as shown in the figure.

FIG. 22. Diagrammatic representation for x0p0ρWðaÞ
ρσ .
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x0p0ρWðcÞL
ρσ ∼ −

1

2
zϵβPhwS⊥ Fade

ðx0p0 − Ph=zÞ2
Z

d

�
1

z0

�
z0

z2
1

1 − z=z0

�
1 − 2

z
z0

�
Tr½=PX=Ph=pTeM⋆;ad

σ;β �

×

�
−N̂2

�
1

z
−
1

z0
;
1

z

�
þ N̂2

�
1

z0
;
1

z

�
þ 2N̂1

�
1

z0
;
1

z

��

¼ −
1

2
zϵβPhwS⊥ Fade

ðx0p0 − Ph=zÞ2
Tr½=PX=Ph=pTeM⋆;ad

σ;β �

×
Z

d

�
1

z0

�
1

z

�
−

1

1 − z=z0
þ z0

z

��
−N̂2

�
1

z
−
1

z0
;
1

z

�
þ N̂2

�
1

z0
;
1

z

�
þ 2N̂1

�
1

z0
;
1

z

��

¼ −
1

2
zϵβPhwS⊥ Fade

ðx0p0 − Ph=zÞ2
Tr½=PX=Ph=pTeM⋆;ad

σ;β �

×
Z

d

�
1

z0

�
1

z

�
−2 ×

1

1 − z=z0

��
−N̂2

�
1

z
−
1

z0
;
1

z

�
þ N̂2

�
1

z0
;
1

z

�
þ 2N̂1

�
1

z0
;
1

z

��

¼ 1

z
ϵβPhwS⊥ Fade

ðx0p0 − Ph=zÞ2
Tr½=PX=Ph=pTeM⋆;ad

σ;β �

×
Z

d

�
1

z0

�
1

1=z − 1=z0

�
−N̂2

�
1

z
−
1

z0
;
1

z

�
þ N̂2

�
1

z0
;
1

z

�
þ 2N̂1

�
1

z0
;
1

z

��
; ðB10Þ

which can be diagrammatically written as Fig. 23. Using
the EOM relation (9), one finds (B9) is equal to (B10),
which implies (B8)=0. This completes the proof for the
relation x0p0ρWðiÞ

ρσðxp; x0p0; Ph=zÞ ¼ 0.

2. Contribution from quark-antiquark-gluon FF: WðiiÞ
ρσ

Next, we show WðiiÞ
ρσ shown in Fig. 24 satisfies (B3).

Figure 24(b’) is defined to include the contribution of the
type Fig. 24(c’), which is not a part of the hard cross section
for a quark-antiquark-gluon contribution. Accordingly the
corresponding hard cross section is written as

WðiiiÞ
ρσ ¼ WðaÞ

ρσ þ ðWðbÞ0L
ρσ −WðcÞ0L

ρσ Þ þ ðWðbÞ0R
ρσ −WðcÞ0R

ρσ Þ:
ðB11Þ

Taking into account the relation (B6), we have

x0p0ρWðbÞ0L
ρσ ¼ 0; x0p0ρWðbÞ0R

ρσ ¼ 0; x0p0ρWðcÞ0R
ρσ ¼ 0:

ðB12Þ

Therefore, we obtain

x0p0ρWðiiiÞ
ρσ ¼ x0p0ρWðaÞ

ρσ − x0p0ρWðcÞ0L
ρσ : ðB13Þ

The second term on the rhs of this equation can be written
as

x0p0ρWðcÞ0L
ρσ ∼ −

1

z
2

CF
ϵβPhwS⊥ Fade

ðx0p0 − Ph=zÞ2
× Tr½=PX=Ph=pTeM⋆;ad

σ;β �D̃FT; ðB14Þ

which is diagrammatically written as Fig. 25. We again find
the coefficient of ð2=CFÞD̃FT in (B14) is equal to the
coefficient of ΔĜ3T̄ðzÞ=zj3−gluon in (B9), which shows
(B13) vanishes, owing to the EOM relation (9).

3. Contribution from kinematical FFs: WðiiiÞ
ρσ

Using the explicit forms of the intrinsic and kinematical
FFs in (1) and (2), WðiiiÞ

ρσ ðxp; x0p0; Ph=zÞ can be written as
FIG. 23. Diagrammatic representation for x0p0ρWðcÞL

ρσ in the
qg → gq channel.
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WðiiiÞ
ρσ ðxp;x0p0;Ph=zÞ

¼Mh

2
Tr½ðϵPhwS⊥μwνþ ϵPhwS⊥νwμÞSμν;ρσðPh=zÞ�

×zðĜð1Þ
T ðzÞþΔĤð1Þ

T ðzÞÞ

−
Mh

2
Tr

�
gμν⊥ ϵPhwS⊥λ

∂Sμν;ρσðkÞ
∂kλ

				
c:l:

�
Ĝð1Þ

T ðzÞ

−
Mh

8
Tr

�
ðϵPhwS⊥fμgνgλ⊥ þ ϵPhwλfμSνg⊥ Þ∂Sμν;ρσðkÞ∂kλ

				
c:l:

�

×ΔĤð1Þ
T ðzÞ: ðB15Þ

with gμν⊥ ¼gμν−Pμ
hw

ν−Pν
hw

μ. To prove x0p0ρWðiiiÞ
ρσ ðxp;

x0p0;Ph=zÞ¼0, one needs to show the coefficients of

Ĝð1Þ
T ðzÞ and ΔĤð1Þ

T ðzÞ in (B15) satisfy this property. To
this end, we first note that one can set k on shell,

k ¼ ðkþ; k−; k⃗⊥Þ ¼ ðkþ; k⃗2⊥
2kþ ; k⃗⊥Þ, in Sμν;ρσðkÞ by regarding

k− as a dependent variable, since we take the collinear limit

k → Ph=z after taking the derivative. We also introduce the
following tensors for an on-shell k,

Aμνλ
1 ðkÞ ¼ ϵPhwS⊥λgμν⊥ ðkÞ; ðB16Þ

Aμνλ
2 ðkÞ ¼ 1

k · w
ðϵkwS⊥μgνλ⊥ ðkÞ þ ϵkwS⊥νgμλ⊥ ðkÞ

þ ϵkwλμSν⊥ðkÞ þ ϵkwλνSμ⊥ðkÞÞ; ðB17Þ

where

gμν⊥ ðkÞ¼ gμν−
kμwνþkνwμ

k ·w
; Sμ⊥ðkÞ¼ Sμ⊥−

k ·S⊥
k ·w

wμ:

ðB18Þ

Since gμν⊥ ðkÞkμ ¼ 0 and Sμ⊥ðkÞkμ ¼ 0, Aμνλ
1;2 ðkÞkμ ¼

Aμνλ
1;2 ðkÞkν ¼ 0. Aμνλ

1;2 ðkÞ also satisfy the following relations:

Aμνλ
1 ðPh=zÞ ¼ ϵPhwS⊥λgμν⊥ ; ðB19Þ

Aμνλ
2 ðPh=zÞ ¼ ϵPhwS⊥fμgνgλ⊥ þ ϵPhwλfμSνg⊥ ; ðB20Þ

∂Aμνλ
1 ðkÞ
∂kλ

				
k¼Ph=z

¼ −zðϵPhwS⊥μwν þ ϵPhwS⊥νwμÞ; ðB21Þ

∂Aμνλ
2 ðkÞ
∂kλ

				
k¼Ph=z

¼ −4zðϵPhwS⊥μwν þ ϵPhwS⊥νwμÞ: ðB22Þ

From these relations, we have

Aμνλ
1;2 ðkÞSμν;ρσðkÞx0p0ρ ¼ 0: ðB23Þ

FIG. 24. Diagrams contributing to WðiiiÞ
ρσ . Md

ρ represents the gq → qq̄q scattering amplitude.

FIG. 25. Diagrammatic representation of x0p0ρWðcÞ0L
ρσ .
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This is because the Lorentz indices μ and ν provide physical
polarizations for the on-shell gluon with momentum k. By
taking the derivative of (B23) with respect to kλ and setting

k → Ph=z, it is easy to see x0p0ρWðiiiÞ
ρσ ðxp; x0p0; Ph=zÞ ¼

x0p0σWðiiiÞ
ρσ ðxp; x0p0; Ph=zÞ ¼ 0, which completes the proof.

APPENDIX C: SEPARATION OF THE
THREE-BODY PARTONIC CROSS SECTIONS

BASED ON z0 DEPENDENCE

Here, we discuss separation of the three-body cross
section (52) based on z0 dependence. Inserting (5) into (51),
we write the cross section for IN̂i as

Eh
dσðp; p0; Ph; S⊥Þ

d3Ph

∼
Z �

1

z

�
z2
Z

d

�
1

z0

�
δððxpþ x0p0 − Ph=zÞ2Þ

×
z0

z
P

�
1

1=z − 1=z0

�X3
i¼1

IN̂iσ̂

�
1

z0
;
1

z

�
; ðC1Þ

where σ̂ð1z0 ; 1zÞ is a partonic hard cross section defined by

R

�
−iΩμ

αΩν
βΩλ

γ
ifabc

N
Γ̂αβγ
FA

�
1

z0
;
1

z

�
SLμνλ;abcðz0; zÞÞ

�

¼ δððxpþ x0p0 − Ph=zÞ2Þ
X3
i¼1

IN̂iσ̂

�
1

z0
;
1

z

�
; ðC2Þ

to which diagrams shown in Fig. 26 contribute in the qg →
gq channel.
The amplitude in Fig. 26 has two propagators with z0

dependence (① and ②). For these two propagators, z0
dependence is written as follows:

①
x=p − =Ph=z0

ðxp − Ph=z0Þ2
¼ −

=Ph=z
t̂|fflfflffl{zfflfflffl}

①−I

þ z0

z
x=p
t̂|{z}

①−II

; ðC3Þ

and

②
x=pþ x0=p0 − =Ph=z0

ðxpþ x0p0 − Ph=z0Þ2

¼ =Ph=z
ŝ|ffl{zffl}

②−I

þ 1

1 − z=z0
x=pþ x0=p0 − =Ph=z

ŝ|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
②−II

: ðC4Þ

In these two equations, we call each term on the rhs ①-I, ①-
II, ②-I, and ②-II as shown in the figure. Then, depending on
the combination of the propagators, one can separate the z0
dependence of the cross section as

Eh
dσðp; p0; Ph; S⊥Þ

d3Ph

∼
Z �

1

z

�
z2
Z

d

�
1

z0

�
δððxpþ x0p0 − Ph=zÞ2Þ

×
z0

z
P

�
1

1=z − 1=z0

�X3
i¼1

IN̂i

�
σ̂p1 þ

1

1 − z=z0
σ̂p2

þ z0

z
σ̂p3

�
; ðC5Þ

where each partonic cross section is defined as

σ̂p1 ∼ � � �Tr½� � � ð② − IÞγμð① − IÞ � � �� � � � ; ðC6Þ

σ̂p2 ∼ � � �Tr½� � � ð② − IIÞγμð① − IÞ � � ��
þ � � �Tr½� � � ð② − IIÞγμð① − IIÞ � � �� � � � ; ðC7Þ

σ̂p3 ∼ � � �Tr½� � � ð② − IÞγμð① − IIÞ � � ��
þ � � �Tr½� � � ð② − IIÞγμð① − IIÞ � � ��; � � � ðC8Þ

and we used the relation z0=z × 1=ð1 − z=z0Þ ¼ z0=zþ
1=ð1 − z=z0Þ.
Taking into account of the overall factor z0=z × 1=ð1=z −

1=z0Þ and rearranging the z0 dependence, one obtains the
cross section in the form

Eh
dσðp;p0;Ph;S⊥Þ

d3Ph

∼
Z �

1

z

�
z2
Z

d

�
1

z0

�
δððxpþx0p0−Ph=zÞ2Þ

×
X3
i¼1

IN̂i

�
1

1=z−1=z0
σ̂1þ

1

z
1

ð1=z−1=z0Þ2 σ̂2

þ z0σ̂3þ
z02

z
σ̂4

�
; ðC9Þ

where

FIG. 26. An example of diagrams which contribute to qg → gq
channel. Notation pc≡ Ph=z and pc0 ≡ Ph=z0 is used.

YUJI KOIKE, KENTA YABE, and SHINSUKE YOSHIDA PHYS. REV. D 104, 054023 (2021)

054023-24



σ̂1 ¼ σ̂p1 þ σ̂p2 þ σ̂p3; ðC10Þ

σ̂2 ¼ σ̂p2; ðC11Þ

σ̂3 ¼ σ̂p1 þ σ̂p2 þ σ̂p3; ðC12Þ

σ̂4 ¼ σ̂p3: ðC13Þ

This form is the expression used in (52). One can thus
separate different z0 dependence of the cross section.
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