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Here we derive the relativistic resistive dissipative second-order magnetohydrodynamic evolution
equations using the Boltzmann equation, thus extending our work from the previous paper [A. K. Panda
et al., J. High Energy Phys. 03 (2021) 216] where we considered the nonresistive limit. We solve the
Boltzmann equation for a system of particles and antiparticles using the relaxation time approximation and
the Chapman-Enskog–like gradient expansion for the off-equilibrium distribution function, truncating
beyond second order. In the first order, the bulk and shear stress are independent of the electromagnetic field,
however, the diffusion current shows a dependence on the electric field. In the second order, the new transport
coefficients that couple electromagnetic fieldswith the dissipative quantities appear, which are different from
those obtained in the 14-moment approximation [G. S.Denicol et al., Phys. Rev.D 99, 056017 (2019).] in the
presence of the electromagnetic field. Also, we found the various components of conductivity in this case.
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I. INTRODUCTION

The dynamical evolution of hot and dense nuclear matter
produced in high-energy heavy-ion collisions has been
successfully described by the causal second-order viscous
hydrodynamics numerical solution [1–10]. The discovery
that the quark-gluon-plasma (QGP) produced in such high-
energy heavy-ion collisions is a near-perfect fluid is pri-
marily based on phenomenological studies using relativistic
viscous hydrodynamics [11–14]. However, almost all of
these studies neglected the possible effects of strong transient
electromagnetic fields produced in the initial stage of high-
energy heavy-ion collisions. The finite electrical conduc-
tivity of the QGP and the ambient intense electromagnetic
fields strongly suggest that the most appropriate framework
for this case is relativistic resistive viscous magneto-
hydrodynamics. In our previous work [15], we derived the
second-order causal relativistic ideal viscous magnetohy-
drodynamics (MHD) equations from the relaxation time
approximation (RTA). Here we extend our previous work to
include the finite resistivity of the fluid. Note that in Ref. [16]
the formulation for resistive MHD was derived for the first
time from the moment method. It was shown for the ideal-
MHD case that although the RTA [15] and moment methods
[17] give similar evolution equations for dissipative stresses,
the two formulations give different values of transport

coefficients. Moreover, we also showed that the RTA
formulation gives rise to some new transport coefficients.
It is worthwhile to mention that the ideal-MHD (infinite

electrical conductivity σ) limit is an approximation works
only in limited systems. As was pointed out in Ref. [16] that
this approximation has a basic flaw in the sense that σ is a
transport coefficient, and like other transport coefficients
(e.g., shear and bulk viscosity) is proportional to the mean
free path of the microscopic degrees of freedom. It is
inconsistent to take σ → ∞while other transport coefficients
remain finite (to be precise the magnetic Reynolds number
governs the ideal/resistive regime). In a resistive fluid the
magnetic field can generally move through the fluid follow-
ing a diffusion law with the resistivity of the plasma serving
as a diffusion constant. This implies that the ideal-MHD
approximation is only good for a given length and time scale
before the diffusion becomes non-negligible.
The resistive-MHD allows finite electric field inside the

plasma while in the ideal MHD the electric field is con-
strained via E ¼ −v ×B. Since charged particle motion in
cross electric and magnetic field becomes much more
complicated than only the magnetic field case, the resis-
tive-MHD consequently shows much more complex behav-
ior (e.g., magnetic reconnection) than ideal-MHD. In
addition to the regular applications in solar and cosmological
systems the relativistic magnetohydrodynamics (RMHD)
has recently found applications in condensed matter systems
such as Dirac [18] and Weyl semimetal [19]. In heavy ion
collisions, the importance of RMHD has recently been
realized in Refs. [20–26] and it is an active area of research
specifically for detecting chiral magnetic eect (CME) [27–
29] and other related phenomena.
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Throughout the paper we use the natural units, ℏ ¼ c ¼
kB ¼ μ0 ¼ ϵ0 ¼ 1 and the metric tensor used is
gμν ¼ diagðþ1;−1;−1;−1Þ. That means the current for-
malism is applicable only for the flat-space time. We also use
the following definitions: u · p ¼ uμpμ, Δμν ¼ gμν − uμuν,
where uμ ¼ γð1; vÞ is the fluid four-velocity and
γ ¼ ð1 − v2Þ−1=2. In the rest frame of the fluid
uμ ¼ ð1; 0Þ. The comoving derivative is given by uμ∂μ ¼
D (sometimes we use overdot to denote the comoving
derivative), and the partial derivative can be decomposed into
a comoving and a spatial part (in the rest frame) as
∂μ ¼ uμDþ∇μ, where ∇μ ≡ Δγ

μ∂γ . We also use the fol-
lowing decomposition

∇αuβ ¼ ωαβ þ σαβ þ 1

3
θΔαβ; ð1Þ

where ωαβ ¼ ð∇αuβ −∇βuαÞ=2 is the antisymmetric vor-
ticity tensor, σαβ ≡∇hαuβi ¼ 1

2
ð∇αuβ þ∇βuαÞ − 1

3
θΔαβ is

the symmetric-traceless tensor and θ≡ ∂μuμ is the expan-
sion scalar. The fourth-rank projection tensor is defined
as Δμν

αβ ¼ 1
2
ðΔμ

αΔν
β þ Δμ

βΔν
αÞ − 1

3
ΔμνΔαβ.

The manuscript is organized as follows: In Sec. II we
discuss the equation of motion for the relativistic mag-
netohydrodynamics, the corresponding energy-momentum
tensors and the definition of some quantities related to the
kinetic theory description used in the next section. In
Sec. III we derive the first and second-order corrections to
the single particle distribution function and the correspond-
ing dissipative fluxes from the Boltzmann equation. Here
we also discuss the Navier-Stokes limit and the
Wiedemann-Franz law. Finally we conclude and summa-
rize our study in Sec. IV.

II. RELATIVISTIC MAGNETOHYDRODYNAMICS
EQUATIONS

A. Equations of motion

Here we discuss the essential fluid equations briefly. The
magnetohydrodynamics equations consist of energy-
momentum conservation equations for fluid and electro-
magnetic fields, and the Maxwell’s equations. These set of
conservation equations are closed with an equation of state
(EoS) relating fluid pressure, energy, and number density
and a constitutive equation for the four-charge current (see
Ref. [15] for details). In presence of the electromagnetic
field, there exists an external force on charged fluid, and the
energy-momentum conservation takes the following form

∂μT
μν
f ¼ FνλJλ: ð2Þ

Here

Fμν ¼ Eμuν − Eνuμ þ ϵμναβuαBβ; ð3Þ

and its dual given by

F̃μν ¼ Bμuν − Bνuμ − ϵμναβuαEβ; ð4Þ

where Eμ ¼ Fμνuν, Bμ ¼ F̃μνuν, Jλ is the four-charge
current. We note that Eμuμ ¼ Bμuμ ¼ 0. Fμν obey
Maxwell’s equations

∂μFμν ¼ Jν; ð5Þ

∂μF̃μν ¼ 0: ð6Þ

Later we also need the energy-momentum tensor and
particle current defined in terms of moments in the
following form

Tμν
f ¼

Z
dppμpνðf þ f̄Þ; ð7Þ

Nμ
f ¼

Z
dppμðf − f̄Þ; ð8Þ

where dp ¼ gd3p=½ð2πÞ3p0� with p0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
, m

being the rest mass, g is the degeneracy factor (spin
degeneracy for this case has been considered to be 1),
and f̄ is the contribution from the antiparticles. The four-
charge current is given as Jμf ¼ qNμ where q is the electric
charge. In Landau frame Nμ ¼ nfuμ þ Vμ

f where the
dissipative part Vμ

f ¼ ΔμνNν and the charge density
n ¼ Nμuμ.
The single-particle equilibrium distribution function in

Eq. (7) and Eq. (8) is given by

f0 ¼
1

eβðu·pÞ−α þ r
; ð9Þ

where β ¼ T−1, where T is the temperature, uμ is the fluid
four-velocity, pμ is the four-momentum, α ¼ μβ, and μ is
the chemical potential, r ¼ �1, 0 for the fermions, bosons,
and for the Boltzmann case respectively (also α → −α for
anti-particles).
The energy-momentum tensor for the electromagnetic

field is

Tμν
EM ¼

�
B2 þ E2

2

�
uμuν −

�
B2 þ E2

2

�
Δμν − B2bμbν

− E2eμeν þ 2QðμuνÞ; ð10Þ

where Bμ ¼ Bbμ, Eμ ¼ Eeμ, bμbμ ¼ −1, eμeμ ¼ −1,Qμ ¼
EμλρEλBρ with Eμλρ ¼ ϵμλρτuτ and bμuμ ¼ eμuμ ¼ 0. We
also define the second-rank antisymmetric tensor
Bμν ¼ ϵμναβuαBβ ¼ −Bbμν, where BμνBμν ¼ 2B2 and the
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corresponding normalized tensor bμν ¼ − Bμν

B with the prop-
erties that bμνuν ¼ bμνbν ¼ 0 and bμνbμν ¼ 2. We can now
write the total Tμν as Tμν ¼ Tμν

EM þ Tμν
f . For the nondissi-

pative fluid Tμν
f ¼ ϵuμuν − PΔμν. Hence the energy-

momentum tensor for the nondissipative fluid in presence
of an electromagnetic field takes the following form,

Tμν
totð0Þ ¼

�
ϵþ B2 þ E2

2

�
uμuν −

�
Pþ B2 þ E2

2

�
Δμν

− B2bμbν − E2eμeν þ 2QðμuνÞ: ð11Þ

For the dissipative fluid in the electromagnetic field we have

Tμν
tot ¼

�
ϵþ B2 þ E2

2

�
uμuν −

�
Pþ Πþ B2 þ E2

2

�
Δμν

þ πμν − B2bμbν − E2eμeν þ 2QðμuνÞ: ð12Þ

Later on in our calculation, we need the following expres-
sions, which are obtained from the energy-momentum
conservation equation and the thermodynamic integrals
given in Ref. [15].

_α ¼ 1

D20

½Jð0Þ−20 θðϵþ Pþ ΠÞ − Jð0Þþ30 ðnfθ þ ∂μV
μ
fÞ þ Jð0Þ−20 ð−πμνσμν þ qEμVfμÞ�;

_β ¼ 1

D20

½Jð0Þþ10 θðϵþ Pþ ΠÞ − Jð0Þ−20 ðnfθ þ ∂μV
μ
fÞ þ Jð0Þþ10 ð−πμνσμν þ qEμVfμÞ�;

_uμ ¼ 1

ϵþ P

�
nf
β
ð∇μα − h∇μβÞ − Π _uμ þ∇μΠ − Δμ

ν∂ρπ
ρν

�
þ 1

ϵþ P
½qnfEμ − qBbμνVfν�; ð13Þ

where D20 ¼ Jð0Þþ30 Jð0Þþ10 − Jð0Þ−20 Jð0Þ−20 , h ¼ ϵþP
nf

and
σμν ¼ Δμν

αβ∇αuβ.

III. FORMALISM AND BOLTZMANN EQUATION

A. Boltzmann equation

The relativistic Boltzmann equation(RBE) is given by

pμ∂μf þ qFμνpν
∂

∂pμ f ¼ C½f�; ð14Þ

where f is the distribution function, q is the electric charge
and C½f� is the collision kernel. Here we take the collision
kernel as C½f� ¼ − u·p

τc
δf, where τc is the relaxation time

and δf ¼ f − f0 is the deviation from the local-equilibrium
distribution function f0. For this collision kernel we get

pμ∂μf þ qFμνpν
∂

∂pμ f ¼ −
u · p
τc

δf: ð15Þ

B. First-order and second-order derivation

Here we use the techniques similar to Ref. [15] in order
to calculate δf corrections. Equation (15) can be written as
a power series expansion of the following form

f ¼
X∞
n¼0

ð−1Þn
�

τc
u:p

�
n
�
pμ∂μ þ qFμνpν

∂
∂pμ

�
n
f0: ð16Þ

In the nonresistive case, one had a two-expansion para-
meter, viz. Kn ¼ τc∂μ and χ ¼ qBτc=T. In that case the
electric field was not an independent degree of freedom but

was related to the magnetic field through the relation
E ¼ −v ×B. However, on lifting this assumption of
infinite conductivity and including the effect of the electric
field explicitly in our calculation, we see that there is yet
another expansion parameter, ξ ¼ qEτc=T, apart from Kn
and χ.
Now truncating it up to second order we get

f ¼ f0 þ δfð1Þ þ δfð2Þ; ð17Þ

where

δfð1Þ ¼ −
τc

u · p
ðpμ∂μf0 þ βqEνpνf0f̃0Þ; ð18Þ

δfð2Þ ¼ F 1 þ F 2 þ F 3 þ F 4;

F 1 ¼
τc

u · p
pμ∂μ

�
τc

u · p
pσ∂σf0

�
;

F 2 ¼
τc

u · p
pμ∂μ

�
qτc
u · p

f0f̃0βðE · pÞ
�
;

F 3 ¼
qτc
u:p

Fμνpν
∂

∂pμ

�
τc

u · p
pσ∂σf0

�
;

F 4 ¼
q2τc
u · p

Fμνpν
∂

∂pμ

�
τc

u · p
f0f̃0βðE · pÞ

�
: ð19Þ

Similarly the correction for antiparticles (δf̄) are
calculated.
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C. First-order evolution equations

1. Bulk stress

We use Eq. (18) to calculate the first-order dissipative
fluxes. The bulk stress for the first order is given by

Πð1Þ ¼ −
Δμν

3

Z
dppμpνðδfð1Þ þ δf̄ð1ÞÞ: ð20Þ

After some calculation we get

Πð1Þ ¼ −τcβΠθ; ð21Þ

where βΠ ¼ 5β
3
Jð1Þþ42 þ XJð0Þþ31 − YJð0Þ−21 with

X ¼ Jð0Þþ10 ðϵþ PÞ − Jð0Þ−20 nf
D20

;

and

Y ¼ Jð0Þ−20 ðϵþ PÞ − Jð0Þþ30 nf
D20

:

2. Diffusion current

The diffusion current for the first order is given by

Vμ
ð1Þ ¼ Δμ

α

Z
dppαðδfð1Þ − δf̄ð1ÞÞ: ð22Þ

Using Eq. (18) we get

Vμ
ð1Þ ¼ τcβVð∇μαþ βqEμÞ; ð23Þ

where βV ¼ 1
h J

ð0Þ−
21 − Jð1Þ−21 .

3. Shear stress

The shear stress for the first order is given by

πμνð1Þ ¼ Δμν
αβ

Z
dppαpβðδfð1Þ þ δf̄ð1ÞÞ: ð24Þ

Using Eq. (18) we get

πμνð1Þ ¼ 2τcβπσ
μν; ð25Þ

where βπ ¼ βJð1Þþ42 .
From the above discussion we see that the first-order

viscous terms are independent of the electromagnetic field
but the diffusion current has contributions from the Eμ.

D. Second-order evolution equations

Here we evaluate the second-order equations for dis-
sipative stresses.

1. Bulk stress

Similar to the first-order case, the expression for the
second-order bulk stress is given by

Πð2Þ ¼ −
Δαβ

3

Z
dppαpβðδfð2Þ þ δf̄ð2ÞÞ: ð26Þ

For this case the total bulk stress is composed of first- and
second-order terms

Π ¼ Πð1Þ þ Πð2Þ: ð27Þ

We obtain the evolution equation for the bulk stress from
Eq. (26) and Eq. (27) [see Appendix (A 1) for details],

Π
τc

¼ − _Π − δΠΠΠθ þ λΠππ
μνσμν − τΠVV · _u − λΠVV ·∇α

− lΠV∂ · V − βΠθ − qBλΠVBbμβVβVμ

þ τcτΠVB _uαqBbαβVβ − qδΠVB∇μðτcBbμβVβÞ
− q2τcχΠEEEμEμ; ð28Þ

where the transport coecients appearing in Eq. (28) are
listed in Table I for the massless case and compared with
Ref. [16], whereas Table II contains the result for the
massive case, and the rest of the coecients have the usual
meaning for the ideal MHD case Ref. [15].

2. Diffusion current

The expression for the diffusion current is obtained in a
similar manner with the exception that now the particle and
antiparticle contribution is not additive as per the definition

Vμ
ð2Þ ¼ Δμ

α

Z
dppαðδfð2Þ − δf̄ð2ÞÞ; ð29Þ

Vμ ¼ Vμ
ð1Þ þ Vμ

ð2Þ: ð30Þ

The second-order evolution equation for the diffusion
current is obtained from Eq. (29) and Eq. (30) [see
Appendix (A 2) for details],

Vμ

τc
¼ − _Vhμi − Vνω

νμ þ λVVVνσμν − δVVVμθ þ λVΠΠ∇μα − λVππ
μν∇να − τVππ

μ
ν _uν − qBδVBbμγVγ

þ τVΠΠ _uμ þ lVπΔμν∂γπ
γ
ν − lVΠ∇μΠþ βV∇μαþ τcqBlVπBbσμ∂κπκσ − qτcλVVBBbγνVνσ

μ
γ

þ τcqBτVΠBbγμΠ _uγ − τcqBlVΠBbγμ∇γΠ − qτcδVVBBbμνVνθ − qτcρVVBBbγνVνω
μ
γ

þ χVEqEμ þ qΔμ
αχVEDðτcEαÞ − qτcρVEEμθ − qτVVBΔ

μ
γDðτcBbγνVνÞ: ð31Þ
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The coefficients appearing for the resistive case are listed
in Table III, the rest of the transport coefficients are same as
the ideal MHD case given in Ref. [15].

3. Shear stress

The expression for the second-order shear stress is
obtained from the following definition,

πμνð2Þ ¼ Δμν
αβ

Z
dppαpβðδfð2Þ þ δf̄ð2ÞÞ: ð32Þ

Note that the total shear stress is the combination of first
and second-order terms

πμν ¼ πμνð1Þ þ πμνð2Þ: ð33Þ

Evaluating the integral in Eq. (32) [see Appendix (A 3) for
details] and adding it to Eq. (33) we get the evolution
equation for the shear stress

πμν

τc
¼ − _πhμνi þ 2βπσ

μν þ 2πhμγ ωνiγ − τπππ
hμ
γ σνiγ − δπππ

μνθ

þ λπΠΠσμν − τπVVhμ _uνi − τcqBτπVB _uhμbνiσVσ

þ λπVVhμ∇νiα − lπV∇hμVνi þ δπBΔ
μν
ηβqBb

γηgβρπγρ

− qBλπVBVγbγhμVνi − qδπVB∇hμðτcBνiγVγÞ
þ q2τcχπEEΔ

μν
σρEσEρ: ð34Þ

The coefficients in Eq. (34) that appear for the resistive
case only are listed in Table IV; the rest of the coefficients
are same as ideal MHD Ref. [15].

E. Navier-Stokes equations

Here we keep the terms which are only first order in
gradient in Eq. (28), Eq. (31), and Eq. (34) and get the
Navier-Stokes limit

Π
τc

¼ −βΠθ; ð35Þ

Vμ þ qBτcδVBbμνVν − qτcββVEμ ¼ τcβV∇μα; ð36Þ

�
gμγgνρ

τc
− δπBΔ

μν
ηβqBb

γηgβρ
�
πγρ ¼ 2βπσ

μν: ð37Þ

In the power-counting scheme, the electric field Eμ is
considered Oð∂Þ as given in Ref. [30]. Using the same
projection operators as used in Ref. [15] we get the
coefficients for the shear, bulk, and diffusion. It turns
out that the first-order transport coefficients for the shear
and the bulk viscosity is the same as the ideal MHD case
[15], however, for diffusion, we get new transport coef-
ficients. The decomposition of the diffusion four current in
terms of the projector expressed as

Vν ¼ ðκkPk
δν þ κ⊥P⊥

δν þ κ×P×
δνÞ∂δα

þ 1

q
ðσkPk

δν þ σ⊥P⊥
δν þ σ×P×

δνÞEδ: ð38Þ

Here, we have used the Ohmic law for current in a
conducting fluid

Jμind ¼ σμνE Eν; ð39Þ

where σμνE is the electrical-conductivity tensor.
Putting the above equation in Eq. (36), using the

properties of the projection operators and comparing both
sides for the ∂δα we get

TABLE I. (a) Transport coefficients for the bulk stress for a
massless Boltzmann gas (result for particles only and for zero
chemical potential) calculated using the CE method (this work)
and compared with the results from the moment method Ref. [16]
(b) same as Table I(a) but for diffusion current (c) same as Table I
(a) but for shear stress.

Transport coefficients CE Denicol et al.

τΠV 0 0
χΠEE β2P=36 � � �
λΠV 1=ð3βÞ 0
lΠV 0 0
λΠVB 3=ðβPÞ � � �

Transport coefficients CE Denicol et al.

λVV 2=5 3=5
δVV 22=3 1
δVB 2β 5β=12
ρVE Pβ2=18 � � �
χVE Pβ2=12 Pβ2=12

Transport coefficients CE Denicol et al.

τπV 12=ð5βÞ 0
lπV 12=ð5βÞ 0
λπV 11=5β 0
λπVB 24=5ðβPÞ−1 � � �
χπEE 2β2P=15 � � �
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κk ¼ τcβV;

κ⊥ ¼ τcβV
1þ ðqBτcδVBÞ2

;

κ× ¼ κ⊥qBτcδVB: ð40Þ

Similarly comparing the coefficients of Eδ we get

σkE ¼ q2τcββV;

σ⊥E ¼ q2τcββV
1þ ðqBτcδVBÞ2

;

σ×E ¼ q3Bτ2cββVδVB
1þ ðqBτcδVBÞ2

: ð41Þ

The above relations are the kinetic version of the
Wiedemann-Franz law which is σ ¼ q2βκ. Moreover, if
we set all the dissipative quantities as zero, then we will get

∇μα ¼ −qβEμ. As expected, σkE is independent of the
magnetic field and proportional to T2; σ⊥E , and σ×E decreases
for increasing magnetic fields [31–33]. It may be helpful for
application in the Cooper-Frye prescription if we express the
δf correction in terms of the dissipative quantities. In that
case, the δfð1Þ (Eq. (18) can be written as

δfð1Þ ¼ f0f̄0τc
u · p

ðAΠþ BβVβ þ CγρπγρÞ;

where

A ¼ −
1

τcβΠ

�ðu · pÞ2
D20

ðJð0Þ−20 ðϵþ PÞ − Jð0Þþ30 nfÞ

−
ðu · pÞ
D20

ðJð0Þþ10 ðϵþ PÞ − Jð0Þ−20 nfÞ þ
βΔμβpμpβ

3

�
;

Bβ ¼ −
pβ

τcβV
þ nfðu · pÞpβ

τcβVðϵþ PÞ −
�
1 −

ðu · pÞ
h

�
qBpμδVBb

β
μ

βV
;

Cγρ ¼ βpβpκ

2βπ

�
gγκg

ρ
β

τc
− δπBΔ

μν
ητqBbγηgτρgβνgκμ

�
:

Herewe tried to follow the custom to express δf in powers of
pμ. It is interesting to note that we cannot do that for Bβ and
Cγρ, where the correction due to the magnetic fields appears
in the first order.

IV. CONCLUSION

In this work, we derive the second-order relativistic
resistive dissipative magnetohydrodynamics equations using
the relaxation time approximation of the collision kernel in
the relativistic Boltzmann equation. The resistive MHD
implies a nonzero electric field inside the fluid; we found
novel transport coefficients originating due to the coupling
of the electromagnetic field to the usual dissipative forces.
We also calculate the values of these new transport

coefficients for a Boltzmann gas in the massless limit and
compare it to the fourteen-moment method [16]. We derive
the Navier-Stokes limit of the second-order equations using
power counting, and subsequently, we show the relationship
between particle diffusion and electrical conductivity, also
known as the Wiedemann-Franz law.
We wish to further extend the current formulation to

curved space-time, which is relevant for cosmological
problems [34]. In the future, one can study the evolution
of QGP by numerically solving the equations obtained here
for the resistive case and estimate possible uncertainties due
to the magnetic field in the extracted values of QGP
transport coefficients. Finally, it will be interesting to work
in the quantum regime and study the effect of spin degrees
of freedom of the quasiparticles. The study of spin-
magnetohydrodynamics [35–37] may enable us to under-
stand the phenomena of polarization of vector mesons
produced in high-energy heavy-ion collisions.
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APPENDIX A: SECOND-ORDER RELAXATION
EQUATIONS

Here we give the detailed calculations of the second
order dissipative quantities. The explicit dependence of the
anti-particles is not shown in the calculation, but they
appear in our final results.

1. Bulk stress

Let us consider the bulk viscous case first. From Eq. (26)
we get

Π ¼ −
Δαβ

3

Z
dppαpβðδfð2Þ þ δf̄ð2ÞÞ; ðA1Þ

Π ¼ I1 þ I2 þ I3 þ I4: ðA2Þ

For convenience we split I1 into three terms as follows:

I1 ¼ Aþ B þ C; ðA3Þ
where

A ¼ −
Δαβ

3

Z
dppαpβτcD

�
τc

u · p
pρ∂ρf0

�
;

B ¼ −
Δαβ

3

Z
dppαpβ τc

u · p
pμ∇μðτc _f0Þ;

C ¼ −
Δαβ

3

Z
dppαpβ τc

u · p
pμ∇μ

�
τcpρ

u · p
∇ρf0

�
:
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We carry out these integrals one by one and we get

A ¼ −τc _Πþ 2τ2c
3h

Jð0Þþ31 _uα∇αα −
2τ2c
3

Jð0Þ−21 _uα∇αα −
2τ2cβ

3h
Jð0Þþ31 _uαqBbαβVβ þ

2τ2cβ

3ðϵþ PÞ J
ð0Þþ
31 _uαqEα;

B ¼ 5τ2c
3

∇μðβJð1Þþ42 _uμÞ þ 5τ2c
3

θ½ðJð0Þþ31 þ Jð1Þþ42 Þ _β − ðJð1Þ−31 þ Jð2Þ−42 Þ _α�;

C ¼ 5τ2cβ

9

�
7Jð3Þþ63 þ 23

3
Jð1Þþ42

�
θ2 þ 5τ2c

3
∇μ

�
∇μα

�
1

h
Jð1Þ−42 − Jð2Þ−42

��
þ τ2cβ

3
ð7Jð3Þþ63 þ Jð1Þþ42 Þσμνσμν

þ 5τ2c
3

∇μ

�
−Jð1Þþ42 β _uμ −

Jð1Þþ42 βqBbμνVν

ϵþ P

�
þ 5τ2c

3
∇μ

�
Jð1Þ−42 βqEμ

h

�
: ðA4Þ

For the rest of the three terms (after some algebra) we get

I2 ¼ −
2

3
τ2cqβEμJ

ð1Þ−
31 _uμ −

5

3
τ2cq∇μðβJð2Þ−42 EμÞ;

I3 ¼ −qτ2c
�
1

3h
ð5Jð2Þ−42 þ 2Jð1Þ−31 − 5Jð3Þþ42 − 2Jð2Þþ31 ÞEμ∇μα

þ qβ
3h

ð5Jð2Þ−42 þ 2Jð1Þ−31 ÞEμEμ

þ qβ
3hnf

ð5Jð2Þ−42 þ 2Jð1Þ−31 ÞEμBμνVν
f

�
;

I4 ¼
q2τ2c
3

ð5βJð3Þþ42 þ 2βJð2Þþ31 ÞEμEμ: ðA5Þ

2. Diffusion

The second-order diffusion current Vμ
ð2Þ is given by

Eq. (29)

Vμ
ð2Þ ¼ Δμ

α

Z
dppαðδfð2Þ − δf̄ð2ÞÞ;

Vμ
ð2Þ ¼ I1 þ I2 þ I3 þ I4: ðA6Þ

Like the previous case we split I1 into three terms as
follows:

I1 ¼ Aþ B þ C; ðA7Þ

where

A ¼ Δμ
α

Z
dppατcD

�
τc

u · p
pρ∂ρf0

�
;

B ¼ Δμ
α

Z
dppα τc

u · p
pσ∇σðτc _f0Þ;

C ¼ Δμ
α

Z
dppα τc

u · p
pσ∇σ

�
τcpρ

u · p
∇ρf0

�
:

After integrating we have

A ¼ −τc _Vhμi − τ2cΔ
μ
γD

�
qnfBbγνVν

ϵþ P

�
− Δμ

νD½qβτ2cEνJð1Þ−21 �;

B ¼ −τ2c∇μðJð0Þ−21
_β − Jð1Þþ21 _αÞ − τ2cβ _uμθ

3
ð4Jð0Þ−21 þ 5Jð2Þ−42 Þ − τ2cβJ

ð0Þ−
21 _uγωγμ − τ2cβ _uγσγμðJð0Þ−21 þ 2Jð2Þ−42 Þ;

C ¼ −
4τ2c
3

θ

�
1

h
Jð0Þþ21 − Jð1Þþ21

�
∇μαþ 4τ2c

3
Jð0Þ−21 β _uμθ − τ2c

�
1

h
Jð0Þþ21 − Jð1Þþ21

�
σμγ∇γαþ τ2cJ

ð0Þ−
21 β _uγσμγ

− τ2c

�
1

h
Jð0Þþ21 − Jð1Þþ21

�
ωμ
γ∇γαþ τ2cJ

ð0Þ−
21 β _uγωμ

γ þ τcJ
ð0Þ−
21 ωμ

γ

�
βqBbγνVν

ϵþ P

�
− 2τ2c

�
1

h
Jð2Þþ42 − Jð3Þþ42

�
σμγ∇γα

þ 2τ2cJ
ð2Þ−
42 β _uγσμγ −

5τ2c
3

θ

�
1

h
Jð2Þþ42 − Jð3Þþ42

�
∇μαþ 5τ2c

3
Jð2Þ−42 β _uμθ − 2τ2cΔ

μ
ρ∇γðβJð2Þ−42 σργÞ − 5τ2c

3
∇μðβJð2Þ−42 θÞ

þ 4τ2c
3

Jð0Þ−21 θ

�
βqBbμνVν

ϵþ P

�
þ τ2cJ

ð0Þ−
21 σμγ

�
βqBbγνVν

ϵþ P

�
þ 2τ2cJ

ð2Þ−
42 σμγ

�
βqBbγνVν

ϵþ P

�
þ 5τ2c

3
Jð2Þ−42 θ

�
βqBbμνVν

ϵþ P

�

− τ2c

�
4

3
Jð1Þþ31 þ 5

3
Jð2Þþ42

�
θ

�
qβnfEμ

ϵþ P

�
− 2τ2cJ

ð2Þþ
42 σμγ

�
qβnfEγ

ϵþ P

�
− τ2cJ

ð1Þþ
31 ðωμ

γ þ σμγ Þ qβnfE
γ

ϵþ P
: ðA8Þ
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The rest of the terms give

I2 ¼ qτ2cDðβJð1Þþ21 EμÞ þ qτ2cβJ
ð1Þþ
21 Eαuμ _uα þ qτ2cβJ

ð2Þþ
31

�
Eν

�
ωνμ þ σνμ þ Δνμ

3
θ

�
þ Eμθ

�

þ qτ2cβJ
ð3Þþ
42

�
Eμθ þ 2Eρ

�
σμρ þ Δμρ

3
θ

��
;

I3 ¼ qτ2c

�
βJð2Þþ31 Bμν

�
1

ϵþ P

�
nf
β
ð∇ναÞ − Π _uν þ∇νΠ − Δνμ∂ρπ

ρμ þ qnfEν − qBbμνVfμ

���
þqτ2cðβJð2Þþ31 EμθþJð1Þþ20 Eμ _βÞ

þ qτ2cð−Jð2Þþ20 Eμ _α − Jð2Þþ21 Bμ
ν∇ναÞ þ qτ2c

�
βEνJ

ð3Þþ
42

�
2σμν þ 5

3
Δμνθ

�
þ EμJð2Þþ31

_β

�
− qτ2cðEμJð3Þþ31 _αÞ;

I4 ¼ −βq2τ2cJ
ð2Þ−
21 EνBμ

ν : ðA9Þ

3. Shear stress

The second-order shear stress πμνð2Þ is given by Eq. (32)

πμνð2Þ ¼ Δμν
αβ

Z
dppαpβðδfð2Þ þ δf̄ð2ÞÞ

¼ I1 þ I2 þ I3 þ I4: ðA10Þ
Again the first term can be divided into three parts and is

given by

I1 ¼ Aþ B þ C; ðA11Þ

where

A ¼ Δμν
αβ

Z
dppαpβτcD

�
τc

u · p
pσ∂σf0

�
;

B ¼ Δμν
αβ

Z
dppαpβ τc

u · p
pρ∇ρ½τc _f0�;

C ¼ Δμν
αβ

Z
dppαpβ τc

u · p
pρ∇ρ

�
τc

u · p
pσ∇σf0

�
:

A ¼ −τc _πhμνi − 2τ2c

�
nf

ϵþ P
Jð0Þ−31 − Jð1Þ−31

�
_uhμ∇νiαþ τ2cΔ

μν
αβJ

ð0Þþ
31 _uβ

�
βqBbασ

ϵþ P
Vσ

�

þ τ2cΔ
μν
αβJ

ð0Þþ
31 _uα

�
βqBbβσ

ϵþ P
Vσ

�
− τ2cΔ

μν
αβJ

ð0Þ−
31 _uβ

�
qβEαnf
ϵþ P

�
− τ2cΔ

μν
αβJ

ð0Þ−
31 _uα

�
qβEβnf
ϵþ P

�
;

B ¼ −2τ2c½ðJð0Þþ31 þ Jð1Þþ42 Þ _β − ðJð1Þ−31 þ Jð2Þ−42 Þ _α�σμν − 2τ2c∇hμð _uνiβJð1Þþ42 Þ;

C ¼ 2∇hμð _uνiβτ2cJð1Þþ42 Þ þ 2∇hμ
�
∇νiατ2c

�
Jð2Þ−42 −

1

h
Jð1Þ−42

��
− 4βτ2cð2Jð3Þþ63 þ Jð1Þþ42 Þσhμρ σνiρ

−
20

3
βτ2cJ

ð1Þþ
42 θσμν −

28

3
βτ2cJ

ð3Þþ
63 θσμν − 4βτ2cðJð1Þþ42 þ 2Jð3Þþ63 Þσhμρωνi

ρ

þ 2τ2c∇hμ
�
Jð1Þþ42

�
βqBbνiγVγ

ϵþ P

��
− 2τ2c∇hμ

�
Jð1Þ−42

�
βqEνinf
ϵþ P

��
: ðA12Þ

The rest of the terms give

I2 ¼ qτ2cβJ
ð1Þ−
31 Δμν

αβðEα _uβ þ Eβ _uαÞ þ∇hμðqτ2cβEνiJð2Þ−42 Þ;
I3 ¼ Δμν

αβqτ
2
cðJð1Þ−31 ð_βðBαβ þ BβαÞ þ Eβ∇αβ þ Eα∇ββÞÞ

þ Δμν
αβqτ

2
cðJð2Þ−42 ðEβ∇αβ þ Eα∇ββÞ þ βJð2Þ−41 Eα _uβÞ þ Δμν

αβqτ
2
cðβJð2Þ−42 ðθBαβ þ Bα

ν∇βuν þ Bα
ν∇νuβÞÞ

þ Δμν
αβqτ

2
cðβJð2Þ−41 Eβ _uα þ βJð2Þ−42 ðθBβα þ Bβ

ν∇αuν þ Bβ
ν∇νuαÞÞ − Δμν

αβqτ
2
cJ

ð2Þ−
31 ð _αBαβ þ Eα∇βαþ _αBβα þ Eβ∇ααÞ

þ Δμν
αβqτ

2
cβJ

ð3Þ−
52 ðEβ _uα þ Eα _uβÞ − Δμν

αβqτ
2
cJ

ð3Þ−
42 ðEα∇βαþ Eβ∇ααÞ;

I4 ¼ −2Δμν
αβq

2τ2cβEαEβðJð3Þþ42 þ Jð2Þþ31 Þ:
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APPENDIX B: GENERAL EXPRESSIONS OF TRANSPORT COEFFICIENTS

Here we give the expression for the transport coecients that appear in Eqs. (28), (31), and (34) of Sec. III.
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TABLE III. Transport coefficients appearing in Diffusion evolution equation [Eq. (31)].
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TABLE IV. Transport coefficients appearing in shear-stress evolution equation
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