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We extend Kodama-Ishibashi and Jansen-Rostworowski-Rutkowski master field framework to study
quasinormal modes of black branes and black holes of Einstein gravity in D = 5 space-time dimensions
with multiple scalars and an arbitrary bulk potential. As an application, we consider a thermodynamically
unstable state of mass deformed A" =4 supersymmetric Yang-Mills theory at strong coupling. The
corresponding gravitational dual is A/ = 2* black brane with a dynamical instability of its translationary

invariant horizon. We study the dependence of the quasinormal mode spectra as the boundary gauge theory
is compactified on S*—the black brane is turned into the black hole.
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I. INTRODUCTION

One of the thermodynamic inequalities of a thermal state
at equilibrium, also known as a condition for a thermody-
namic stability, is [1],

s s\dT/, ’

where T is a temperature density, s is an entropy density
and ¢, is a constant volume specific heat density. In gauge
theory/string theory correspondence [2,3], the properties of
thermal states of strongly coupled gauge theories are
encoded in thermodynamics of the corresponding planar
black hole horizon geometries. The thermodynamic stabil-
ity is equally applicable to black branes: here, the entropy
density is the Bekenstein entropy density of a regular
Schwarzschild planar horizon, and the temperature is its
Hawking temperature. Perturbed black branes relax to
thermal equilibrium via quasinormal modes (QNMs) [4].
In some cases the spectra of QNMs contains unstable states,
i.e., the QNMs with'

(1.1)

Im[w] > 0. (1.2)
When excited, these modes grown exponentially (in a
linearized approximation), rather then decaying. In the dual

'"We define reduced frequency and momenta as Yo = w/ (27T
and q = k/(2=T).
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boundary language, their presence signals a dynamical
instability of the strongly coupled plasma to density-
pressure fluctuations breaking the translational invariance
of the thermal equilibrium state.

In [5,6] the authors formulated the correlated stability
conjecture (CSC): A black brane thermodynamic (in)
stability correlates with its dynamical (in)stability The
conjecture is applicable only to horizons with translational
invariance, e.g., simple higher-dimensional Schwarzschild
black holes in Einstein gravity with a cosmological con-
stant are stable [7]. If true, the CSC would provide a way to
bypath technically complicated QNM analysis and reestab-
lish the dynamical (in)stability of a horizon.

In one direction, the CSC is trivial [8]: thermodynamic
instability of an extended horizon implies its dynamical
instability. Indeed, a basic thermodynamic relation between
the speed of the sound waves in (uncharged) plasma ¢, and
its specific heat

2=, (1.3)

implies that when ¢, < O the speed of the sound waves is
purely imaginary. As a result, the sound mode, i.e., the
scalar channel black brane QNM,

w(q) = +c,q — 27:1"1 (% + 2£> >+ O0(q*), (1.4)
s n

is unstable for some sign and for small enough q. In (1.4), 5
and ¢ are the shear and the bulk viscosities of the plasma. The
presence of such dynamical instability in thermodynami-
cally unstable horizons was explicitly verified in [8—11].
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In the other direction the conjecture is simply wrong.” A
sharp recent counterexample is the holographic conformal
order [13—15]. It is straightforward to construct holographic
models in asymptotically AdS,,, with, say Z, global
symmetry, such that

F { 1, (O)=0= Z,isunbroken;

THT k, (O)#0 = Z,isspontanuously broken,

(1.5)

where F is the free energy density, C is a positive constant
proportional to the central charge of the theory, and
0 <x <1 is also a constant. The thermodynamics and
the hydrodynamics of both the symmetric and the sym-
metry broken phases are identical, i.e., that of the CFT, .
In particular, see (1.1),

Cy

—=d>0, 1.6
tod> (16)

i.e., both phases are thermodynamically stable. On the
other hand, there is [15] a (nonhydrodynamic) branch of the
scalar sector QNMs that renders the symmetry broken
phase perturbatively unstable, i.e., there is a QNM of the
type (1.2) at q = 0.

The motivation of this study is to “fix” the instabilities of
the extended horizons, by compactifying the Euclidean
space R? of a dual holographic CFT, ., (QFT,,; more
generally) on d-dimensional round sphere S$¢:

RY — L1259, K= (1.7)

1
ﬁ .
Specific potential applications are
(1) Curing the instabilities in the hydrodynamic sector,
i.e., in models with ¢2 < 0. An example: Klebanov-
Strassler black branes [16].

(i1) Curing the instabilities in the nonhydrodynamic
sector, i.e., in models of the holographic conformal
order [15].

The rest of the paper is organized as follows. In
Appendix A we extend the QNM analysis of [17,18] to
black branes/holes in theories of Einstein gravity in D =5
space-time dimensions with multiple scalars and an arbi-
trary bulk potential:

s /M PEv=g [R - 208 = VgD (1)

We then apply the general formalism to N = 2* holo-
graphic model [19-21], summarizing the results in Sec. II.
Technical details of the computations are discussed in

*See [11,12] for an earlier work.

Sec. III. We conclude in Sec. IV. Summary of the numerical
tests performed is presented in Appendix B.

Thermodynamically unstable phase of A/ = 2* plasma
was identified in [22]. The hydrodynamics of this phase,
and its dynamical instability, was discussed in [9,23,24].
Detailed analysis of the S*-compactified V' = 2* unstable
thermodynamics is new.’ Computation of the QNM spectra
of N' = 2* black holes is new.

II. SUMMARY

In this section we present results* of the case study of the
extended unstable horizons in N' = 2* holographic model.
We focus on a particular top-down holographic model, and
it is interesting to explore in the future how generic the
reported results are. It is a model of a real string holography
[20,28-30]—we feel it is important to emphasize this as
sometimes subtle effects in toy holographic models do not
occur in string theory [14,31].

We focus on the thermodynamically unstable phase of
the A/ = 2* theory, where a single mass parameter m is
introduced to the bosonic components of the N =2
hypermultiplet of A" =4 supersymmetric SU(N) Yang-
Mill theory. We work in the planar limit of the gauge theory,
and at large 't Hooft coupling—in this case the full string
theory/gauge theory duality is reduced to a supergravity
approximation [2]. The full ten dimensional type IIB
supergravity can be consistently truncated on S°, producing
the Pilch-Warner (PW) effective action [19]. The latter
effective action is in the general class of models covered in
Appendix A.

The general plan is as follows.

(1) We begin with the A/ = 2* black brane thermody-

namics and hydrodynamics.

(a) We identify a thermodynamically unstable state
of N = 2* model at K = O—this is a purple dot’
in Fig. 1, and the left panel of Fig. 3.

(b) Next, we compute the hydrodynamic properties
of this state—Fig. 4. We establish that the speed
of the sound waves ¢ < 0, and compute the bulk
viscosity ¢ (the purple dots, both panels). We use
the hydrodynamic limit (1.4) as an independent
check on the computation of the QNM spectra in
the framework of Appendix A—the thin red
dashed curves in Fig. 5.

(c) The sound channel QNM of the selected state
(the purple dot) is computed in Fig. 5. We
establish the expected [8] dynamical instability.

(2) We continue with the nonhydrodynamic QNMs of

the N/ = 2* black brane.

3Some early work appeared in [25,26].

Also available as a recent talk [27].

There is nothing special with our selection of the thermody-
namically unstable state—any state on the red dashed curves
would do. The results are qualitatively the same.
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Thermodynamics of N = 2* model in the canonical ensemble at K = 0. The solid blue curve is the thermodynamically stable

phase with ¢, > 0; the dashed red curve is the thermodynamically unstable phase with ¢, < 0. Both phases join at the terminal
temperature, denoted by the black dot. The stable phase has a lower free energy density, and is the thermodynamically preferred one
(right panel). The purple dot indicates the thermal state (in the thermodynamically unstable phase) were we compute the QNM spectra

and follow them as K # 0.

(a) We compute the spectrum of the nonhydrody-
namic modes in the helicity 7 = 0 sector at
q = 0, initially at m> = 0, i.e., in pure AdSs-
Schwarzschild black brane, see Fig. 6. This is
one of the two branches of the QNMs in this
helicity sector—the other branch contains the
hydrodynamic (sound) mode with w(q=0)=0,
detailed in Fig. 5. The two branches decouple at
q = 0. We highlight the two lowest QNMs: the
magenta and the pink one, which we follow,

increasing ’;’—; to the select unstable thermal state
of interest at (2.14).

(b) The dependence of the magenta (the lowest in
Fig. 6) QNMs at q =0 as ’;—22 varies as

LS}
[\S]

’ﬂ|§

IA
=~

: (2.1)

Q3

is shown in Fig. 7. Figure 8 tracks over the same
mass range the pink QNMs in Fig. 6. Both
modes remain stable, i.e., have Im[w] < 0, over
the full mass range (2.1).

(3) We proceed introducing the curvature to the black
brane horizon of the select unstable state. We omit
the description of the background, and present only
the results for the QNMs at temperature (2.14) as %
varies. A sample background thermodynamics at
mﬁz =1 is shown in Fig. 2 and the right panel
of Fig. 3.

In the absence of curvature, the dispersion of the low
energy quasinormal modes is characterized by few trans-
port coefficients (the speed of the sound waves c,, the shear
n and the bulk ¢ viscosities)—see (1.4) and Fig. 5—uvalid,
provided

k
g=-—<1 and

T (2.2)

T
qg-—< 1.
m

The finite curvature % # 0 does not invalidate the hydro-
dynamics, but simply restricts its applicability according to
(2.2). Indeed, compactification of the theory on 3 ’quan-
tizes’ the available spatial momenta according to (A11)

, K£(6+2)

= Taerr 0 (€4

(2.3)

which constrains the order of the harmonic £ well described
by (1.4). For example, for K < min{7T?, m?},

2xT 2zxm
2 < llivare < Cmay =Mmind —= =24 (2.4
|hydo {\/E \/E} ( )

Note the lower bound on #: the hydrodynamic fluctuation
are fluctuations of the energy density/pressure, which are
physical on 3 only for # > 2, see Appendix A. Of course,
one can improve the agreement of the exact QNM
dispersion (q) with its hydrodynamic approximation
(1.4) by including the higher-order hydrodynamic transport
coefficients, specifically the second-order curvature cou-
pling coefficient x [32]. In this paper we compute (q) for
generic q, without relying on hydrodynamic approxima-
tions: £ = 0 and £ = 1 instabilities (see Fig. 9) are always
outside the hydrodynamic approximation; likewise are
outside the hydrodynamic approximation all £ =2
branches in Fig. 13 except for the black and the brown
subbranches for £ <« 1.

(1) As discussed in Appendix A, QNMs of the black
holes with spherical horizon at ¢ ={0,1} are
physically distinct from those with £ > 2: the former
ones include physical fluctuations exclusively in the
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Thermodynamics of A" = 2* model in the microcanonical ensemble at K = 0 (the left panel) and K = m? (the right panel).
The thermodynamically stable phases (the solid blue curves) terminate at the & .ir» denoted by the black dot. Thermal states with &< ('::cm
are thermodynamically unstable (the red dashed curves). The purple dot indicates the reduced energy density & » Of the state selected for
the QNM spectra analysis.

bulk gravitational scalar sector; while the latter ones
mix the bulk scalar and the physical metric fluctua-
tions. In Fig. 9 we present the dispersion of £ =0
(solid curves) and # =1 (dashed curves) QNMs
with % at fixed temperature (2.14). At K = 0 these
modes start from the magenta QNMs of Fig. 7. The
¢ = 1 mode is stable. While the £ = 0 mode starts
as the stable ones at K = 0, it develops an instability
in the range

Kstable K Kunstable
=0 =0
» S 2S5 (2.5)

Of course, the starting point at K = 0 can be any
AdSs QNM of Fig. 6 evolved to the required value
of ’;1—22, see (2.14)—e.g., in Fig. 11 we include the %
dispersion of the # =0 and ¢ = 1 modes starting
from the pink QNMs of Fig. 8.

(i)

(iii)

046025-4

In Fig. 13 we present the dispersion of £ = 2 QNMs
with ;Kz at fixed temperature (2.14). We discuss only
the modes that originate at K = 0 from the magenta
QNMs of Fig. 7, and the hydrodynamic (sound)
mode (the cyan dot with Im[w] = 0). The £ =2
mode remains unstable from K = 0 up to K4ms§ble,

Kuristable
fnfig . (2.6)

0<X <
m

Interestingly, Kuistble < gstable " thus there is stabil-
ity range of N/ = 2* black holes at the intermediate
values of K:

unstable stable
Kt K _ K 27
2 2 2 :
m m m
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(iv) Finally, in Fig. 14 we present the dispersion of
higher-£ QNMs with % at fixed temperature (2.14).
We highlight only the unstable subbranch of the
QNMs, the one that originates at K = 0 from the
hydrodynamic (sound) mode. All these modes are
unstable similar to Z =2 mode, see (2.6), with
distinct K4l guch that
Kl;ﬂst‘dblc > K;rrlstable’ if > ¢. (28)
In the following plots we always present dimensionless
quantities. Dimensionless frequency and momenta of the
QNMs are defined as in footnote 1. We further introduce
the reduced free energy density F, the reduced energy

density &, and the reduced entropy density § as follows:

8 F

3’ N?*m*’

8 & 8 s

o v S JVEIC

= £
3n2N?m*

(2.9)

where the overall prefactor is chosen in such a way that

4
rlﬂig})[%g] ~ 1. (2.10)

A. The thermodynamics and the hydrodynamics of the
model at K=0

In Fig. 1 we present the thermodynamics of the model at
K = 0 in the canonical ensemble [33]. There is a critical
(terminal) temperature 7' o (denoted by the black dot)

2

= 5.4098(7). (2.11)

2
crit,0

where the two phases join: the solid blue curve is the phase
with ¢, > 0 while the red dashed curve represents the phase
with ¢, < 0. As T — T, (from above) the specific heat

diverges as
“ot (1 - —TC““’)_I/Z.
s T

The free energy density of the thermodynamically unstable
phase is always above that of the stable phase. This is more
clear in the right panel, were we plot

(2.12)

(57 = (F - F

T..
X +(1 — %) s as T — TCl'it,O‘ (213)

The linear scaling of (67)%? with the temperature near the
criticality is a reflection of (2.12). Note the purple dot in
the red (thermodynamically unstable phase)—more pro-
nounced in the right panel—at temperature 7',

m2

= = 5.40959. (2.14)
TP

We will study the QNM spectra of the model for different
mﬁz, keeping the temperature fixed as in (2.14).

As shown in Fig. 2, the canonical ensemble phase
diagram 1is qualitatively unchanged as K # 0; here
K = m?. While the critical temperature at £ =1, T

Tcril,l > Tcrit.Ov (2 15)
we find that T is not a monotonically increasing function
of %, e.g.,

2 2
m

—7.266(0) >

Teritl k /m2=0.628169 Terig

= 4.8903(1).

2

m m

>
K/m?>=0 TCrit

K/m*=1
(2.16)

In Fig. 3 we present the thermodynamics of the model in
the microcanonical ensemble: K = 0 (the left panel) and
K = m? (the right panel). The black dots indicate the
critical point of the canonical ensemble at f =0 and

K __
mr =1

A A

Eaivo = 0.025990(4), £y = 0.0099855(1). (2.17)

The color coding is the same as in Figs. 1 and 2. The purple
dot (the left panel) identifies the state which we use to study
the QNM spectra of the N =2* thermodynamically
unstable horizon,

&, = 0.0258644. (2.18)

In Fig. 4 we present the results for the speed of the sound
waves [22] (the left panel), and the bulk viscosity (the right
panel) of the N/ = 2* black branes [9,23,34]. For consis-
tency, we use the same color coding as in earlier plots: the
solid blue curves denote the thermodynamically stable
phase, and the red dashed ones represent the thermody-
namically unstable phase. As expected from [8], ¢Z < 0 in
the thermodynamically unstable phase. Note that the speed
of the sound waves vanishes at T o, see (2.11), respon-
sible [according to (1.3)] for the divergence of the specific
heat (2.12). The bulk viscosity is finite at the criticality,
denoted as the black dot. The unstable thermal state of
interest once again is indicated with the purple dot—here
the temperature T, is given by (2.14), and the specific
values of the transport coefficients are

¢ n 1
==7.1791(6 —=—
n 91(6), s 4r’

2 =-0.016312(3),
T

(2.19)

046025-5
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FIG. 4. The speed of the sound waves c? (the left panel) and the ratio of bulk-to-shear viscosities % (the right panel) in A/ = 2* black
branes close to a critical point (2.11) (the black dot). Thermodynamically stable and unstable phases are represented by the solid and the
dashed curves correspondingly. The purple dot identifies the thermal state of interest, see (2.19) for the values of its transport

coefficients.

where we included the universal result for the shear
viscosity # as well [35,36]. The knowledge of the transport
(2.19) provides a prediction for the dispersion of the
hydrodynamic sound waves as in (1.4), and a valuable
test of the QNM computations reported in Fig. 5 in the
framework of Appendix A.

In Fig. 5 we present the dispersion ' = w(q) of the
hydrodynamic quasinormal mode of the A = 2* black
branes in the thermodynamically unstable state represented
by the purple dot in Figs. 1, 3 and 4, at temperature (2.14),
and the energy density (2.18). The dashed red curves
represent the O(q?) hydrodynamic approximation (1.4),
with the appropriate transport coefficients (2.19). The solid
black and blue curves represent w(q) for the unstable and
the stable subbranches of the hydrodynamic QNM com-
puted in the framework of Appendix A for q > %. Note the

agreement with the hydrodynamic predictions (1.4) for
small q. The black/blue subbranches are purely imaginary,
and coalesce at

q, = 0.11215(1), (2.20)

represented by the vertical dashed orange lines. For q > q,,
the hydrodynamic sound mode, nonpropagating for
q€[0,q,], becomes propagating, i.e., it develops
Re[w] # 0. The propagating part of the sound hydrody-
namic QNM is represented with solid green curves. As
expected from the general arguments [8], the A = 2*
thermodynamically unstable black brane state (2.14) is
dynamically unstable for

0.00F
-0.01F

-0.02fF

Im[w]

-0.03F
-0.04F
-0.05F

-0.06 F

FIG.5.
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—0.06F

0.12 0.14 0.16 0.18 0.20

q

The dispersion relation of the hydrodynamic QNM 1o(q) of the thermodynamically unstable state of the N = 2* black brane at

temperature (2.14). The dashed red curves represent the O(g?) hydrodynamic approximation (1.4). The mode is nonpropagating for
q < q,, represented by the vertical dashed orange lines. It is unstable (the black branch) in the range of q between the two

cyan dots, see (2.21).
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Qunstable — 0.055273 (8), (221)

qE (0’ qunstable)7

represented by the vertical dashed cyan line.

B. Nonhydrodynamic QNMs of the model at K=0

We begin discussion of the nonhydrodynamic QNMs
of the N'=2* black brane at m = 0, i.e., in the pure
AdSs-Schwarzschild limit in Fig. 6. There are two distinct
h = 0 subsectors, which are decoupled when m = 0. One
of these subsectors contains a hydrodynamic sound mode;
we focus on the other subsector at ¢ = 0. We highlight the
two lowest pairs of the QNMs: the magenta and the pink
one. In Fig. 7 we follow the magenta QNMs, increasing m
to reach the thermodynamically unstable state of interest at
temperature (2.14):

— T T T T T T T T T T T T T

Im[w]

_4+ 4

1 n n n 1 n n n 1 n n n 1

Re[w]

FIG. 6. Non-hydrodynamic QNMs of N = 2* black brane in
the limit 25 — 0 at q = 0.

[\S]
[\S]

m°- _m
0<—5<—=. (2.22)
>~ T3

While these QNMs start having both the real and the
imaginary part of the frequency w at m = 0, they become
purely dissipative for T < T,

m

2 2
= ,
T3

— 538162 < % (2.23)
P

represented by a vertical dashed orange line. Note that

these modes are stable in the thermodynamically unstable

N = 2* black brane state of interest. In Fig. 8 we follow in

the same fashion the pink QNMs of Fig. 6: they remain

stable, and have Re[mw] # 0 up to the temperature (2.14).

C. QNMs of the model at K # 0

We fix the temperature at (2.14), i.e., in the thermody-
namically unstable state of the (originally) N' = 2* black
brane, and study the QNMs as the horizon curvature K
becomes nonzero.

In Fig. 9 we present the dispersion of the £ = 0 (solid
curves) and Z = 1 (dashed curves) modes of the N = 2*
black hole with % that originate from the magenta QNMs
at K = 0, see Fig. 7. These modes have Re[w] = 0. Initially
stable # = 0 mode becomes unstable (solid black curve)
when

stable
KK
2 m2

= 0.18290(4), (2.24)

m

represented by the vertical cyan line. The instability persists
until

K Kunslable
— < =0 =0.62454(7),
m m

0 _ (2.25)
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FIG. 7.

We follow the pair of magenta QNMs of Fig. 6, at ¢ = 0, increasing m to reach the thermodynamically unstable " = 2* black

brane state (2.14). For T, <T < T, these modes are purely dissipative. The temperature T, is represented by vertical dashed

orange lines.
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brane state (2.14). These modes remain stable, with Re[w] # 0.
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FIG.9. ¢ =0 (solid curves) and £ = 1 (dashed curves) QNMs
of N' = 2* black holes at fixed temperature (2.14) as functions of
the curvature K. The # = 0 (solid black) subbranch is unstable in
the range of K between the vertical dashed cyan lines. QNMs at
K = 0 originate from the (different) magenta modes of Fig. 7—
they coalesce as stable QNMs, represented by the orange dots.

represented by the cyan vertical dashed line. The QNM
subbranches originating from different QNMs at K =0
(the magenta dots) coalesce at

£=1: 2% =0.11079(4).
. KO.O
£=0: —50 = 0.61958(2). (2.26)

as the stable QNMs, represented by the orange dots. Since
K, o < KUt this implies that close to K¥™@°l the QNM
subbranches can not be single-valued functions of % As
Fig. 10 shows this is indeed the case. See Sec. I1I for details
how we are tracing the QNM curves.

We follow the pair of pink QNMs of Fig. 6, at q = 0, increasing m to reach the thermodynamically unstable AV = 2* black

In Fig. 11 we present the dispersion of the £ = 0 (solid
green curves) and £ = 1 (dashed purple curves) modes of
the N’ = 2* black hole with %, that originate from the pink
QNMs at K = 0, see Fig. 8. These modes have Re[w] # 0,
and are stable. We follow them to K > K™l and observe
that their Im[w] start decreasing again. Close to K4msgble
these QNM subbranches are not single-valued functions of
£ as well, see Fig. 12.

In Fig. 13 we present the dispersion of the £ = 2 modes
of the N = 2* black holes with % that originate from the
magenta QNMs at K = 0 of Fig. 7 (grey and blue solid
curves), and from the hydrodynamic QNM at K =0,
represented with the cyan dot at o = 0 (black and brown
solid curves). The purely dissipative (stable) brown and
grey branches (note that they originate from the hydro-
dynamic (the cyan dot) and the nonhydrodynamic (the
magenta dot) modes at K = 0) coalesce at

K
@2b9 — 0.0055428(2),
m

£ =2:

(2.27)

represented by (the first) orange dot. A new (stable)
subbranch, represented by the solid green lines starts of
this orange dot. The QNM branch represented by the solid
black curve contains the instabilities seen at K =0 in
Fig. 5: these QNMs are unstable in the range between the
two cyan dashed vertical lines

unstable
K K =2

0< 5 <=2 = 0.0521(5). (2.28)

The Re[w] = 0 black and blue branches (note that they
originate from the hydrodynamic (the cyan dot) and the
nonhydrodynamic (the magenta dot) modes at K = 0)
coalesce at
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FIG. 10. # = 0N = 2* black hole QNMs, originated from the magenta modes of Fig. 7, are not single-valued functions of mﬁ in the

vicinity of KUistible| represented by the vertical dashed cyan lines.
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FIG. 11. Stable # = 0 (solid green curves) and # = 1 (dashed purple curves) QNMs of A" = 2* black holes at fixed temperature (2.14)
as functions of the curvature K, that originate from the pink QNMs at K = 0, see Fig. 8.
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FIG. 12. Both # = 0 (solid green curves) and # = 1 (dashed purple curves) N/ = 2* black hole QNMs, originated from the pink
modes of Fig. 8, are not single-valued functions of m% in the vicinity of K¥™Pe represented by the vertical dashed cyan lines.
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¢ = 2 QNMs of N/ = 2* black holes at fixed temperature (2.14) as functions of the curvature K. The solid black subbranch is

unstable in the range of K between the vertical dashed cyan lines. QNMs at K = 0 originate from the magenta modes of Fig. 7 (grey and
blue curves), and from the hydrodynamic QNM at w = O (black and brown curves). The brown and grey subbranches coalesce, and
continues as a green subbranch with Re[mw] # 0. No new subbranches originate once the black and the blue curves coalesce.
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FIG. 14. Subbranches of the £ = 2, 3, 4, 5 QNMs of N = 2* black holes at fixed temperature (2.14) that contain instabilities. Note
that higher-# QNMs are stabilized at successively smaller values of mﬁz

K
¢ =2 =22 = 0.11050(5), (2.29)
m

represented by (the second) orange dot. No new sub-
branches start at the second orange dot. Interestingly,
Kympble < Kable, as a result there is a finite range of £,
see (2.7), where £ = 2 QNMs are already stable, but £ = 0
QNMs have yet to become unstable.

We conclude the summary of the N = 2* black hole
QNMs at temperature (2.14) in Fig. 14: we show 7 =
{2,3,4,5} subbranches that originate from the hydrody-
namic o = 0 QNM at K = 0, and contain instabilities. All
these modes are unstable as 711(2 — 0, and higher-# modes are

stabilized at successively smaller values of mi Thus, the

instabilities of # > 2 modes do not further constrain the set of
values of % beyond that of the # = 2 QNMs.

III. TECHNICAL DETAILS

The relevant effective action [19] describing N = 2*
black holes is in the general class (Al) with p = 2:

h=a, m =12 br=x. mn =4,
=G () e
where the superpotential W is

W=—e2— %e““ cosh(2y). (3.2)

The scalars a and y are the holographic dual to operators
O, and 05 correspondingly, describing the mass deforma-
tion of the maximally supersymmetric N = 4 Yang—Mills6
[20,22,37]

The field content of the N =4 SYM theory includes
the gauge field A,, four Majorana fermions y, and three
complex scalars ¢;, where all of these fields are in the adjoint
representation.
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Lyr—o = L=y = 2[m;O; + m;Os],
= 2|5,

O3 = =Tr(iy 1y, — \/EQYM¢3 [¢11¢”
+ V2gymds[#3. $2] + Hee.)

2
+3mTr(n? + [l + s]?)-

1
0, = gTr(|¢1|2 + |

(3.3)

The non-normalizable coefficients of the gravitational bulk
scalars are the bosonic mj and the fermionic m, mass
parameters. The thermodynamically unstable phase of the
N = 2* plasma in R? is present as long as [9]

0<—L<1. (3.4)

w-st\) ‘ \,Em

The effective action (3.2) can be consistently truncated to
a single scalar a, i.e., setting

)(50=>mf=0, (3.5)

which we will do in the rest of this paper. To avoid
cluttering we denote

my, = m. (3.6)
A. PW black holes and their thermodynamics

We use the background geometry (A2) parameterization
as in [38] and set

fl/2 1 ]’ll/4
CIIW’ CZZW, CSZW, (3-7)
where the radial coordinate
r € (0,+00). (3.8)

From (A5)-(A8) we obtain the second order equations

3 / Sh/ !
ozf”——f -~ 4;+4M<, (3.9)
5 h/ 2
0=hn"— (4],1) _16h(a’)27 (310)
'3 5K\ h'/?
0=d +a (J}_?_ >+6r2f(62“—e‘4“)v (3.11)

and the first order constraint

hK (h/)z h/f/ h/ f/

— /\2 —
0= () + 57~ 1o T Tern " 2rh T arf
1 a2 1
—l—h—f (62“ —1—56_4“). (3.12)

Egs. (3.9)—(3.12) are solved with the following asymptotics:
(i) in the UV, ie., as r > 0

F=1416PPK=32P3BK + r*f,0+O(r%), (3.13)
h=16—64pr + 160252 — 320133
128 416 256
—|—r4 <—Ta2,0a2,1 +— 27 (12 1 +— 3 a2.0+560ﬁ4
512 128 256
+ TaZ.OaQ,l 9 6121 lnr—l—TaNln r
+ r’In“r), .
O(r’In? 3.14

a= }’2((12.0 +az,1 ll’ll") —/7)(261270—*—61271 +2(12.1 11’17')1'3
5
r (3a2,0ﬂ2 +§a2,1ﬁ2 —8Ka, | +a3,—2a10a;,

3
+5a%$1 + (a1 /4 +2ay 0ay 1 — 243 | ) Inr

+a%_lln2r> +O(r1In?r); (3.15)
(ii) in the IR, i.e., as y = % -0
5 S5(hly1/?
f="rfy ( ro(hg)'/> + ThiK + (6 % >y2

+0H?)
- (SR SRR sy
-0 3 fh h 3 FhpA
fi /1 firo
+0(y%),

(r§ — D)(hg)'"

y+ 0(?),
o1 v

a=Inry—

(3.16)

where we defined

h=y*h. (3.17)

The non-normalizable coefficient a, ; of the bulk scalar
a is related to the mass parameter (3.6) as follows [20,22]

3
m2 = —az’l.

- (3.18)

fis aresidual gauge parameter of the background geometry
(3.7) parameterization associated with the constant A
rescaling of radial coordinate (3.8), r - rA or y — %z
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B — pA, K - K2,
ary — ar A2, aro = (arg + a1 In )22,
fh
Ja0 = fa0h®, ffll—)jl»
hh
ht — /1—2, ro = ro. (3.19)

Because (3.19) acts on all dimensionful parameters (K and
m specifically), the results of the holographic renormaliza-
tion of the model has to be expressed as dimensionless
quantities (2.9). The holographic renormalization of the
N = 2* model has been discussed extensively in the past,
so we present the results only [26,39.40]:

N 1 2 2 128K% 8
&= -z f;‘-" ——~In2
2474\ 3 3a5, 3ay, 3

4 8(120 32ﬁ2K
-1 : ,
3 nayt 3a;, + a%,l
27/2
5= ,
R )
T h
— = # (3.20)

m62n(h) 2ay

Note that (3.20) are left invariant under (3.19). The basic

is automatically enforced by the holographic renormalization
[39], while the first law of thermodynamics,

A~ T
d€ = —ds ,

m £ —const
mz

(3.22)

must be verified numerically. We always check (3.22) in
numerical constructions of the N’ = 2* black brane/black
hole geometries—a sample of tests, for £; h = = 0and X; - =11
shown in Fig. 16.

B. Helicity 2=0 QNMs of the PW black holes

We suppress the & = 0 superscript, and refer to a single
scalar index as s =0, rather then s = (0, j). Using the
background parametrization (3.7), we obtain from (A12):

0="DyF, =Wy, Fy — Wy Fy,

O = D2F0 - W2’0F2 - W()’OF(), (323)

where the second-order differential operator D, [coming
from [J on the background geometry (A2)] is

h1/2r2 f

DzF(I, r) = — f 8%F—|—W8%,

- (ﬁ——srthl—ﬂ>aF

h1/2 4h3/2 h1/2

thermodynamic relation, — B22R2F, (3.24)
F=E—sT, (321) .4
|
1024r* 072 fI2(3K — k2)(o)* | 3272132 f(W'r + 4h)? (k* — 3K)?
22 = G2 + G2
2
- 2r(:«33cl(hil /2k ) (16h°k2r* + 6hh f'r* — 9f (W')*r* + 24R2f'r — T2hf W r — 144k f)
4
- §k2hl/2r2, (3.25)
V2K (k* = 3K
Wy = 8 3(G2 3K) (OR'2fr2(h'r + 4h)(16Kh>r — 8h*K>r + 4hf' + K f'r)d
+ 2h%r(8h*K*r — 12hf = 3h f'r) (€ — e=**) = 576132 f f'r*(d)?), (3.26)
Woo = =3, (96h f'r(e** — e=4)(8h%k>r — 12hf" — 3h'f'r)a + 288h'/2r*(/)?
X (32Kh* fk2r? — 16h* fk*r? 4 8h3(f')*k*r* — 24k f f'K*r — Oh> f I f'k*r*
= 120%(f")r = 3hh'(f')*r? + ABR2f(f')? + 24hfH' (f')2r + 3F (W) (f')*r?)
1
— 138242 f(f')*r*(d)*) — 3 (€2 + 2e747), (3.27)
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with k given by (Al1) and

G = 8h*k*r — 12hf' = 30 f'r. (3.28)

Generically, F, and F,, as well as  =1n(q), are
complex. We need to impose the normalizable boundary
conditions as r — 0, and the incoming wave boundary
conditions at the black brane/black hole horizon, i.e., as
y=,— 0. We can explicitly factor the boundary condi-
tions, and the harmonic time dependence, redefining F
and F, as

2
. r .
Fo(t.r) = (1 + r)ms/Z " e—zznTmth(r%

2
Fa(t,r) = (14 )2 s e (),

3.29
14 72 ( )

which renders both f(r) and f,(r) regular and O(1) both
at the boundary and at the horizon. While the boundary
normalization of the master scalar F, ~ O(r?) near the
AdSs boundary is independent of any presence of the bulk
gravitational scalars, the boundary normalization of the
master scalar F, ~ O(r?) reflects the fact that this scalar is
associated with the fluctuations of the gravitational bulk
scalar a dual to an operator of the conformal dimension
A =2. The incoming wave boundary condition at the
horizon, i.e., F « y‘i"’/ 2 is universal for all the master
scalars. Further introducing

fo= fore T if0,m>
m - mRe + imlm,

f2=fare T if20ms
(3.30)

we obtain from (3.23) four (generically coupled) second
order linear ODEs for

{fO.Re’fO,Im9f2.Revf2,Im}' (331)

Because of the linearity, there is an arbitrary complex
overall normalization of solution; we fix this normalization
imposing

>2: ]imsz’Re =1, lil‘non,Im =0,

¢ <2t limfoge =1, limfyy, =0. (3.32)

The QNM equations for (3.31) are solve with the following
asymptotics:

(1) in the UV, i.e., as r — O (without loss of generality,
we work in the gauge f = 1—see (3.13)—(3.15))

1
fore=1+ (_2+§mlm>r+ O(r?),

1
Som= _EmRer +0(r?),

fO,Re = fO.Re.O
1 1
+ | —2foRre0 + Ef 0,Im,0PRe 1 Ef 0,Re,0®1m | 7
+0(r?),
fO,Im = f(),Im,O
1 1
+{ —2fomo+ Ef 0,Im,001m — Ef 0,Re,0Re | ¥
+O(r?); (3.33)

(ii) in the IR, i.e., as y=1—0

f2.Re = fg,Re,() + O(y)7
fO,Re = fg,Re,O + O()})’

f2,Im = fg,lm,o + O(y)’
fO,lm = fg_lm,o + O(y)
(3.34)

Note that, for a fixed background and g, the solution
is characterized in total by 8 parameters

{WRe. Wiy foRre0: f0.1m00 f ’S,Re,o,

fg,lm.O’ fg,Re,O’fg,Im.O}’ (335)

precisely as needed to specify a solution of 4 second
order ODEs.
We now highlight the reduction of the set of the QNM
equations in some special cases.
(i) For branches of the QNM modes with Re[i] = 0, as
in Figs. 5, 13, and 14 we can consistently set

Foam(r) =0, fom(r)=0, 1wg.=0, (3.36)
correspondingly eliminating, in addition to Yog.,
foimos fhmo» and {1 from the parameter list
(3.35)—we are left with 2 second order differential
equations and 4 specifying parameters.

(i1) Special case harmonics £ =0 and £ =1 can be
treated by dropping the master equation for f,, and
setting k =0 or k=+3K (for =0 and 7 =1
correspondingly) in the remaining equations for
fore and fo . Note that in this case we need to
normalize the solution as in the second line in
(3.32). QNM branches of this type appear in Figs. 7
and 8.
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(iii) Yet further reduction occurs for £ = 0 and £ = 1 if
the QNMs have Re[w] = 0, as in Figs. 7 and 9. Here
we have a single second order equation for the
function fge (Withk = O ork = v/3K) and a pair of
specifying parameters oy, and fg,Re,O'

(iv) We included K = O (the black brane) case of QNMs
at k = 0 with Z = 0 case covered above.

We add some practical remarks for the QNM computation.

(1) In solving the QNM boundary value problems we
use the shooting method developed in [41].

(i) To obtain results for the QNMs reported in Figs. 7
and 8 we set K = 0, and produce the data sets of
backgrounds changing in small increments param-
eter a,; in (3.13)=(3.15) from a,; = 0 (the pure
AdSs-Schwarzschild black brane) to the value
a1 = 0.09158879. We fix the gauge parameter

p = 1. This allows a black brane construction cover-
2

ing the range of 7 reported in Figs. 1 and 4. Note that

amonotonic change in a, ; translates into nonmono-

tonic dependence of ?—Z allowing to cover both the

thermodynamically stable and the unstable phases.
The thermodynamically unstable state of interest
(2.14) is within the scanned range. For each black
brane background we compute the QNMs, using as
initial seeds the AdSs-Schwarzschild black brane
QNMs reported in Fig. 6.

(iii) To obtain results for the QNMs reported in
Figs. 9-13 we produce N = 2* black hole back-
grounds keeping mass-to-temperature ratio ’;’—22 fixed
at (2.14), and changing K from zero in small
increments. For each generated black hole back-
ground we compute the QNMs, using as initial seeds
the QNMs of the N/ = 2* black brane. Since we
work in a fixed # = 1 gauge, the physical curvature
is not K, but rather its dimensionless analog, %

|

r+1)22r2 +2r +1)?
16(r + 1)*

O:atthZ_

(2r+1)(2r* +2r + 1)(4r* = 1072 — 10r - 3)

a%rFZ

Similar to the black brane constructions from varia-
tion of a, ;, we observe that while we monotonically

. - 2 . .
increase K at fixed % n—’fz varies nonmonotonically—

this is the origin of the nonsingle valuedness of the
QNM spectra in Figs. 10 and 12.

C. Helicity 2=0 QNMs of PW black branes
in the limit a,; — 0

The purpose of this section is to discuss the limit of the
general QNM equations (3.23) when K = 0 and a, | = 0.
This is a pure AdSs-Schwarzschild black brane limit, and
could be helpful to the reader to study prior to tackling the
general case covered in Sec. III B.

Solving (3.9)-(3.12) with K =0, a,; =0 and the
boundary conditions (3.13)—(3.16) we find:

B 16
“=0

2pr + 1) (222 +2pr + 1
po @t >((ﬁf+rl; frel) a3

As in Sec. III B, we set the gauge parameter f = 1.
Given (3.37), the general QNM equations (3.23)
decouple:

(2r+1)2(2r* 4+ 2r 4 1)?

16r(r +1)°
K2(2r+1)(2r2 +2r+1)

(r+ 1)*(8Kk*r* + 16k*r + 3r* + 8k?)

— 96k2r5 — 157° 4 256k* P — 240k%r* — 72r° + 64k*r? — 320k%1° — 108r*

— 240k%r? — 7213 — 96k*r — 181 — 16k*)F,.

(1) Eq. (3.38) has a smooth limit kK — 0. Redefining
Fo(t,r) as in (3.29) and solving the resulting
equations at k =0, we produce the spectrum of
A =2 QNMs in AdSs-Schwarzschild black brane

0=0%F,— 2F,
8[1 0 16(r+ 1)4 ar'r 0
(2r +1)(2r% +2r + 1)(4r* = 1072 — 10r — 3)
_ 0,F,
16r(r +1)°
N r+1)2r2 +2r+ 1)(4k*r* = r» =2r—1) F
4(r+1)*2 0
(3.38)
0,F,
5 (64k*r® + 256k*r> — 16k*r° + 384k*r*
,
(3.39)

reported in Fig. 6, reproducing the appropriate
results of [42].

(ii) Because of the factor (8k*r> + 16k>r + 312 + 8k?)
in the denominator of the equation (3.39), the k — 0
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FIG. 15.
represent the leading q — 0 approximation, see (3.40).

and r — 0 limits do not commute. We can still solve,
say for the hydrodynamic QNM, using the redefi-
nition (3.29) and generate the spectrum w(q) for
q> ﬁ. The results are presented in Fig. 15, along
with the expected small q holographic-CFT approxi-

mation (dashed red curves):

(3.40)

w(q) = i;gq —%qz +0(q).

At q =1 we can compare our results with those
reported in Appendix E of [18] (JRR):

this work: w(1) = £0.7414299655(2)
— 0.2862800072(6),

JRR: (1) = +£0.7414299655(?)

(

—0.2862800072(?)1, (3.41)

where (?) denotes the unreported truncation in [18].

IV. CONCLUSIONS

In this paper we extended the master field framework of
black brane/black hole QNM computations to Einstein-
multiscalar gravitational effective actions of the type (Al).

As an application, we discussed the stabilization of the
thermodynamically unstable N = 2* black brane horizons,
as the boundary gauge theory is compactified on S° of a
curvature scale K. The initial instability in the helicity
h = 0 hydrodynamic sector, present for small curvature, is
cured once K > K™%l Surprisingly, we found that while
£ = 0 QNMs are stable for K € [0, K¥°k], they develop
an instability for yet larger K > K30 > gunstble  They
can ultimately be stabilized for K > K4m@ble, 2 = | QNMs
in the helicity 7 = 0 sector in the model discussed are
always stable.

In the example of the A = 2* holography, the extended
thermodynamically unstable horizons can be alternatively

0,00 Femfmmmr 13
-0.05F ~. ]
-0.10 w “u, A

-0.15F Yoo, ]

Im[w]

-0.20F N, E
-0.25F s

-0.30F N

-0.35LC .
0.0 0.2 0.4 0.6 0.8 1.0

The hydrodynamic QNM of AdSs-Schwarzschild black brane computed in the framework of Appendix A. Dashed red curves

stabilized when the space of the boundary gauge theory is
compactified on sufficiently small three-torus: the unstable
hydrodynamic modes are simply projected from the spec-
trum.” However, toroidal compactification would not be
able to cure the instability of the holographic conformal
order, present in the nonhydrodynamic sector at zero spatial
momentum [15].

Many avenues are left open for future studies:

(i) it would be interesting to understand when Kleba-
nov-Strassler black holes [38] become dynamically
stable;
it would be interesting to explore whether the
holographic conformal order [13—15] can be stabi-
lized on S¢, before it is destroyed;
what aspects of the stabilization when black branes
are deformed to black holes are universal? are £ = 1
harmonics in the helicity & = 0 sector always stable?

Finally, in this work we considered effective actions
relevant to holographic models without the bulk gauge
field, correspondingly without conserved global charges of
the thermal states of the boundary gauge theory. It is only in
this setting that one straightforwardly relate via (1.3) the
thermodynamic and the dynamical instabilities [8]. In the
presence of a conserved U(1) charge density p and a
chemical potential y the story is more nuanced,® as the
expression for the speed of the sound waves (1.3) becomes
more complicated in the charged plasma:

2 a(P.p) .P) IE.p)\!
= (P ) (€ + P o)
(4.1)

(i)

(iif)

a(&E
+pa(

Additionally, in the presence of the global charges, one can
no longer establish in full generality the stability of the
QNMs in the helicity 2 = 1 sector. It would be interesting
to explore this in the future.

;We would like to thank David Mateos for pointing this out.
See [11].
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APPENDIX A: MASTER EQUATIONS OF
EINSTEIN-SCALAR BLACK HOLES IN D=5

In this section we extend the work of [18] to black holes
in theories of Einstein gravity in D = 5 space-time dimen-
sions with multiple scalars.” We adhere to the notations of
[18] as much as it is practical.

Consider an effective action

IR ij 0P -Vip] A

where j=1---p indices the scalars ¢;; #n;,’s are the
constant normalizations of the scalar kinetic terms, and
V is an arbitrary potential. We will be interested in the
stability analysis of the black branes/holes in the
theory (Al) with maximally symmetric 3-dimensional
Schwarzschild horizons:

ds3 = —cidi® + c3dX5 x + c3dr, (A2)
where ¢; = ¢;(r), ¢; = ¢;(r) and
dx? = dx% + dx% + dx%, K=0, planar,
dx?, = dQé), K >0, spherical,
dH<23), K <0, hyperbolic.
(A3)

Note that we do not fix K = {0, =1}, but instead allow it to
vary smoothly—this would allow for the interpolation
of the quasinormal spectra between different maximally
symmetric horizons, notably between the planar
and the spherical ones. A useful way to explicitly para-
metrize X3 x and a metric on it is as follows: X3 x =
(xi =x,x =y,x3=72), and

°The motivation is to verify and fix typos in the original work
[18], and to prepare the stage for the stability analysis of the black
holes on the conifold with fluxes [38].

2

d
ngK:——f—(l—sz)[ Y L (1-Ky?)dZ

(1-K) (1-K7?)
(A4)

From (Al) we obtain the following second order
equations of motion (' = d and 0; =5 ¢)

3

/ 2
0=c!+¢ {mc—z] + 8%y, (AS)
C3 3

2 2 6K
o—cg+c2{1n ‘ccz} +%<V——2>, (A6)

3 3 %)
" ’ Clc% C%
0—¢ +¢ —Tajv, (A7)
C3 ’1]
and the first order constraint'®
P 6K
0= (@ -Incinieied) + (%) (aw)
= 2

We organize all the gauge invariant fluctuations into
three sets of master scalars of dlfferent helicity h:
(i) the helicity h = 2 set, {<I>2 }
(ii) the helicity h =1 set, {@2 }
(iii) the helicity A = O set, {<I)2 , 0/ } j=1---p.
Any master scalar o (s=2 or 5= (0,j) and h =
{0,1,2}) is assumed to have the following dependence:

o (&) = F"(1,

”)S<X3,K)’ (A9)

where S(X; k) is a scalar eigenfunction of the Laplacian
Ag on (A4) with an eigenvalue k’:

AgS + kS = 0. (A10)

In this work we will be concerned with planar (K = 0) or

spherical (K > 0) horizons. In the former case, k> €

[0, +00) and in the latter case
K> = K£(¢ +2)

with 7ez,.  (All)

Each of the master scalars satisfies a coupled master
equation of the form

Dol — (A12)

where [ is the wave operator on the full D =5 metric
(A2), and the symmetric potential matrix,

We verified that (A8) is consistent with (A5)—(A7).
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(A13)

1. Helicity /=0 sector

The relation between the gauge invariant fluctuations in

the scalar sector

couples master scalars in a given helicity set.

We now present results for potentials W<h), in different {®; 9.9, 5., b1}, (Al4)
helicity sectors, as well as relations between the master
and the master scalars
scalars and a specific set of gauge invariant fluctuations in
that sector. We refer the reader to [18] for a detailed { ja F(O)} (A15)
. ) . X . 042 1
discussion exactly how the gauge invariant fluctuations are
constructed.! all being functions of (z,r), is as follows:
|
1 (0> \/—k02¢
R YRV plo) , Al6
D; N 6k, ° (A16)
2 4
czcg(czcl cher) P ( c3c3k 3 cyc3chk 2\/§clc3Kk
rr 2 1 T
b Z{\/ niF 2kZ{n, ¢} - Ve o7
k\/_c3(( b)%e jc301k — < CZC2))F§0> n cpcik 9 Fz ’ (A17)
kD \/§c2k
c2c3c) & 0) 3V3c cych 2K crc3k 0)
p, =231 { LF } + <— =23 3= <c§clk2 +3(ch)%e; + 3c’lc’262)>F2
D Z: (0.) kkD 2V/3¢, Dk
V3G g O, (A18)
2kk
where we set
k=Vk*-3K, D = c3c1k* = 3(ch)?cy + 3¢ ches. (A19)
Additionally,
2c3 2¢2 c
I)tr - —1 ( ) [)xr 18 I))cr 2 rrs
2 cico 3 3
4c 6¢he
tr —2 Z{r] ¢/ tq)]} + 20 [)xr - zzkzz 0 I)rr (AZO)
The master scalars c1>§°) satisfy (A12) with the potentials:
4 -
wy) = D <c2c AR Z {na(@)?} + (K2 = 6K)D? — 9k ¢! chye, D
2
—3K*(k* = 2K)c 3D + 2k*c c3(c3k e, + 3¢ czcz)) (A21)

"In a holographic setting gauge invariant fluctuations in Einstein-scalar theories were used for the first time in [43].
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o kkc3c1 2 _lzkczcl(c’,cz—c’zcl) 81i ., P o
Wz,(()_,') - D 3’718 Vv D2 3 ¢i Z {niz(¢n) }
kke,ch(D — c3k*cy) [8n; - kkczc%c’z(k2 2K)
—¢' «/24 A22
+ C2D2 3 ¢ ( )
(0) _ 1 co(chey = cler) le i
2¢3(chey = e ﬁ’ )
2( ZCZIDZ 1 2) \/—¢ \/’7_j¢l Z{’]n ¢/) }+ \/_ <2 2 2k2(k )
3
12 —cley)?
2 (cher + 2efer)(che = chey) — 2B C;Z?(CZ‘” el (A23)
3€1
where k and D are defined in (A19).
|
Notice that for K > 0, the relations (A17) and (A18) o 1 (0)
; : P F(O ) (A27)
between the master scalars and the gauge invariant fluc- 2n; VY

tuations are singular for # =0 and Z = 1. This is so
because in these cases the dynamical degrees of freedom
are those of the scalars only. These cases must be treated
separately [18].

a.?=0
For ¢ = 0, there are no h,,, h,, and h_ components of the
metric perturbations; furthermore, the gauge transforma-
tions can be used to set metric components £, = 0 and
h, = 0. Thus, we are left with perturbations

{q)J’ htts hrr}' (A24)

We find"?

L =2aay 2D ndie). (A25)

h 26‘ c c ctc
a(—) - 2Z{n,¢f 0+ 523 0 ve)
1 i=1

}Z{n, oy
4C1 C1C2+C2C

el Z{ $0:}-

(A26)

Introducing the master scalars as

2As pointed out in [18], here, as well as for £ = 1, there is also
a certain inhomogeneous piece in the master equations. This
piece must be set to zero to study fluctuations in a fixed-mass
black hole background.

we obtain master equations for ®Eg?j) with WEg,)i),(O.j) given
formally by (A23) in the limit k — O.

b. 7 =1

For £ =1 there is no hA_ component of the metric
fluctuations. We can use gauge transformations to set
metric components /i, =0 and A, = 0. Thus, are left
with the (gauge variant) perturbations

{(pjv htrv hrra hxra htt}' (A28)

Note that the scalar eigenfunction for £ = 1 is explicitly

S(X5x) = xVK. (A29)

From the fluctuation equations of motion we find (compare
with (A20))

2 / 202 2
hy = CI (l ) her = S Orhyy + a U/ -
2 2
C3 C 3
bercs d,h,,

T (A30)

4c
tr — —2 Z{n;¢/ lq)j} + 20 hxr -

The remaining fluctuations can be expressed through the
master scalars (A15) as

1 gcr '
Fio o+ ©29;

(pj:_\/Ti’]j(’j c

FO.  (a31)
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crc3(chey = chey) & 0 cac: &
p,, = 2630 = 2)Z{\/zm }Fgo?j)}+2g<ﬁ2{ﬂj(¢})z}
j=1 2/ =1

B cc3¢c) B 6¢c,c3K B 3c3((ch)?cy = ciek? = ¢ c’2c2)> 7O €263 5 pl0) (A32)
/ 2 / re 2 o
c10) D D ch
czc3c1 9cicrch 3K e [, 1,
I = Z { } +2 ( D 2D ek
3c3
+3(ch)?c; + 3¢ c’zcz))Fgo) + gk—zz(‘?,Féo) (A33)

where D is given by (A19), and g is an arbitrary constant
parameter of the unfixed gauge transformation [18]. Note
that (A31), (A32) and (A33) are equivalent to (A31), (A17)
and (A18) up to replacement

(A34)

The only physical master equations are those for the

scalars <I> (1n these equatlons there is a decoupling of the

“gauge” master scalar <I> ) with the relevant potentials

ng?i),(o,j) obtained setting k = 0 in (A23). The equation for

the gauge master scalar can also be obtained from the
general expressions valid for # > 2, provided we identify
(compare (A16) and (A31)

3k
FO| =9y Y3k o)

2 £52 - k 2 (A35)

)
=1

prior to taking the limit & — 0. Because of (A35), this latter
equation is necessarily singular in the limit g — O.

2. Helicity 2 =1 sector

The relation between the gauge invariant fluctuations in
the vector sector

{f)lZ’ I)Zr}’ (A36)
and the master scalar
FY A37
{Fy'} (A37)
all being functions of (7, r), is as follows:
3 2.
[)tz 02C1C2 Fg ) C~261 8rFél>,
kC3 kC3
b, = €363 a,F\1, (A38)
kCl

where we deliberately introduced a singularity at £ = 1 i.e.,
k=0 (A19), to highlight the fact that the fluctuations
(A36) are gauge invariant only for # > 1 [18].

The master scalar @, ! satisfies (A12) with the potential

P 2 N
1 1 o 3K 3(c3)° 6cich
wl=-5"{y Sy - . (A39)
22 c%fz:;{’ 3 3 el
a.r=1

The case £ = 1 is special since in this case there are no
dynamical degrees of freedom [18]. Indeed, here, there are
no h,, component of the metric fluctuations, and the gauge
can be fixed setting /s, = 0. The remaining metric com-
ponent h,, satisfies

h(t,r)
8;»( IZCZ ) = 0’
2

which is normalizable only if it identically vanishes.

(A40)

3. Helicity 7 =2 sector

The relation between a particular gauge invariant fluc-
tuation ., (7, r) and the master scalar F? 5 (t, r) in the tensor
sector is as follows

S0

2 _
8dss = 6g,.(t,r, X3 x)dydz = — Ky

by:(2,7)

r) Sr(x) dydz,

2
= F
=) ( 1 Kz

(A41)
where Sy (x) satisfies [18]

Kx?
(1 - I()Cz)SIY/~ = —KXS/T - <k2 —+ 2K<1 +1——I()62>>ST'

(A42)
The master scalar
o (&) = F5 (1, 1)S(X5.5) (A43)
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FIG. 16. Verification of the first law of thermodynamics (3.22) for the N = 2* black brane, % = 0 (the left panel), and for a sample
N = 2* black hole, % = 1 (the right panel). The vertical purple line identifies the thermodynamically unstable state of interest (2.14),

further used in the QNM analysis.

equation is wuniversally that of the minimally coupled
massless scalar

0oy = o, (Ad4)
i.e.,
) _
W =o. (A45)

The universality of the 7 = 2 sector at K = 0 was empha-
sized originally in [44].

4. Stability of =1 and h =2 sectors

It was argued in [18] that the QNMs of Einstein-scalar
black holes/black branes, i.e., when K > 0, are stable in
h =2 and h =1 helicity sectors.

Since i = 2 sector is not directly sensitive to scalars of the
effective action, it is obviously stable even for the more
general effective actions (A1). The potential of the QNMs in
the i = 1 helicity sector explicitly depends on the scalars,
see (A39). Nonetheless, the arguments of [18] can still be
literally repeated, leading to the conclusion of the stability.

APPENDIX B: NUMERICAL TESTS

The work presented in this paper is numerical. It is
imperative that we do as many tests as possible to confirm
the reliability of the results. In the rest of this section we
highlight a subset of the tests that we performed.

(1) The N' = 2* black brane thermodynamics has been
discussed previously in [22]. The previous work is
done in a different parametrization of the back-
ground geometry, compare to the parameterization
(3.7) used here. We recover'® the previous results.
The hydrodynamics of N = 2* black brane was
discussed earlier (again in a different parameter-
ization) in [9,23]. Once again, we recover the
previous results.

(@)

13 . . .
Our current numerical algorithms are more precise.

3

“

o)

(©)

)

®)

The AdSs-Schwarzschild A = 2 black brane spec-
trum at q = 0 presented in Fig. 6 agrees with the
results reported in [42], obtained using a completely
different method.
While we did not present the AdSs-Schwarzschild
results for the A =0 sector graviton QNMS,14
obtained solving for the QNM spectrum from
(3.39) at q = 1%’ we confirmed that the results
obtained are in agreement with A =4 results re-
ported in [42], obtained using a completely different
method.
We use the master field formalism [18], but we use
finite difference rather than the spectral methods
in computing the QNMs, as well as a different back-
ground geometry parameterization. We find agreement
with the numerical result for the AdSs-Schwarzschild
h = 0 graviton QNM at q = 1, see (3.41).
In constructing N = 2* black brane and black hole
geometries, we always verify the first law of
thermodynamics (3.22). Typical results of such tests
are shown in Fig. 16.
N =2* black hole background at temperature
(2.14) and a given value of % can be reached from
AdSs-Schwarzschild horizon geometry in two ways:
(a) we can keep K = 0 and increase ’;‘—22 from zero to
(2.14), followed by the increase of % from zero
to the value of interest;
(b) we can start with AdSs;-Schwarzschild black

hole at a corresponding value of T_KZ’ and increase
P

’}‘—; from zero to (2.14)—in both ways we land at
an identical geometry.
The hydrodynamic QNM of the A/ = 2* black brane
in the thermodynamically unstable state (2.14)
reported in Fig. 5 is in excellent agreement with
the prediction (1.4), using the appropriate equilib-
rium transport coefficients (2.19).

“See however [27].

046025-20



STABILIZATION OF THE EXTENDED HORIZONS

PHYS. REV. D 104, 046025 (2021)

[1] L. D. Landau and E. M. Lifshitz, Statistical Physics, Part 1,
Vol. 5 of Course of Theoretical Physics (Butterworth-
Heinemann, Oxford, 1980).

[2] J. M. Maldacena, The large N limit of superconformal field
theories and supergravity, Int. J. Theor. Phys. 38, 1113
(1999).

[3] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri, and
Y. Oz, Large N field theories, string theory and gravity,
Phys. Rep. 323, 183 (2000).

[4] E. Berti, V. Cardoso, and A.O. Starinets, Quasinormal
modes of black holes and black branes, Classical Quant.
Grav. 26, 163001 (2009).

[5] S.S. Gubser and 1. Mitra, Instability of charged black holes
in anti-de Sitter space, Clay Math. Proc. 1, 221 (2002).

[6] S.S. Gubser and I. Mitra, The evolution of unstable black
holes in anti-de Sitter space, J. High Energy Phys. 08 (2001)
018.

[7] A.Ishibashi and H. Kodama, Stability of higher dimensional
Schwarzschild black holes, Prog. Theor. Phys. 110, 901
(2003).

[8] A. Buchel, A holographic perspective on Gubser-Mitra
conjecture, Nucl. Phys. B731, 109 (2005).

[9] A. Buchel and C. Pagnutti, Bulk viscosity of N =2*
plasma, Nucl. Phys. B816, 62 (2009).

[10] A. Buchel, Critical phenomena in N =4 SYM plasma,
Nucl. Phys. B841, 59 (2010).

[11] A. Buchel and C. Pagnutti, Correlated stability conjecture
revisited, Phys. Lett. B 697, 168 (2011).

[12] A. Buchel and A. Patrushev, Can the correlated stability
conjecture be saved?, J. High Energy Phys. 06 (2011) 090.

[13] A. Buchel, Thermal order in holographic CFTs and no-hair
theorem violation in black branes, Nucl. Phys. B967,
115425 (2021).

[14] A. Buchel, SUGRA/strings like to be bald, Phys. Lett. B
814, 136111 (2021).

[15] A. Buchel, Fate of the conformal order, Phys. Rev. D 103,
026008 (2021).

[16] A. Buchel, Klebanov-Strassler black hole, J. High Energy
Phys. 01 (2019) 207.

[17] H. Kodama and A. Ishibashi, A master equation for
gravitational perturbations of maximally symmetric black
holes in higher dimensions, Prog. Theor. Phys. 110, 701
(2003).

[18] A. Jansen, A. Rostworowski, and M. Rutkowski, Master
equations and stability of Einstein-Maxwell-scalar black
holes, J. High Energy Phys. 12 (2019) 036.

[19] K. Pilch and N. P. Warner, N = 1 supersymmetric renorm-
alization group flows from IIB supergravity, Adv. Theor.
Math. Phys. 4, 627 (2000).

[20] A. Buchel, A. W. Peet, and J. Polchinski, Gauge dual and
noncommutative extension of an N = 2 supergravity sol-
ution, Phys. Rev. D 63, 044009 (2001).

[21] N.J. Evans, C. V. Johnson, and M. Petrini, The enhancon
and N = 2 gauge theory: Gravity RG flows, J. High Energy
Phys. 10 (2000) 022.

[22] A. Buchel, S. Deakin, P. Kerner, and J. T. Liu, Thermody-
namics of the N = 2* strongly coupled plasma, Nucl. Phys.
B784, 72 (2007).

[23] A. Buchel, Bulk viscosity of gauge theory plasma at strong
coupling, Phys. Lett. B 663, 286 (2008).

[24] A. Buchel, Relaxation time of non-conformal plasma, Phys.
Lett. B 681, 200 (2009).

[25] A. Buchel, Compactifications of the N = 2* flow, Phys.
Lett. B 570, 89 (2003).

[26] A. Buchel, Black hole spectra in holography: Consequences
for equilibration of dual gauge theories, Nucl. Phys. B896,
587 (2015).

[27] HoloTube 2021: Tabilization of the Extended Horizons
edited by A. Buchel, https://www.youtube.com/watch?v=
HZkTkVvPxOE.

[28] A. Buchel, J. G. Russo, and K. Zarembo, Rigorous test of
non-conformal holography: Wilson loops in N = 2* theory,
J. High Energy Phys. 03 (2013) 062.

[29] N. Bobev, H. Elvang, D.Z. Freedman, and S.S. Pufu,
Holography for N = 2* on S, J. High Energy Phys. 07
(2014) 001.

[30] N. Bobev, F.F. Gautason, and J. Van Muiden, Precision
holography for V' = 2* on §* from type IIB supergravity,
J. High Energy Phys. 04 (2018) 148.

[31] A. Buchel (to be published).

[32] R. Baier, P. Romatschke, D. T. Son, A. O. Starinets, and M.
A. Stephanov, Relativistic viscous hydrodynamics, con-
formal invariance, and holography, J. High Energy Phys.
04 (2008) 100.

[33] A. Buchel and C. Pagnutti, Critical phenomena in N = 2*
plasma, Phys. Rev. D 83, 046004 (2011).

[34] A. Buchel, On Eling-Oz formula for the holographic bulk
viscosity, J. High Energy Phys. 05 (2011) 065.

[35] A. Buchel and J.T. Liu, Universality of the Shear
Viscosity in Supergravity, Phys. Rev. Lett. 93, 090602
(2004).

[36] P. Kovtun, D.T. Son, and A.O. Starinets, Viscosity in
Strongly Interacting Quantum Field Theories from Black
Hole Physics, Phys. Rev. Lett. 94, 111601 (2005).

[37] C. Hoyos, S. Paik, and L. G. Yaffe, Screening in strongly
coupled N = 2* supersymmetric Yang-Mills plasma, J. High
Energy Phys. 10 (2011) 062.

[38] A. Buchel, A bestiary of black holes on the conifold with
fluxes, arXiv:2103.15188.

[39] A. Buchel, N = 2* hydrodynamics, Nucl. Phys. B708, 451
(2005).

[40] A. Buchel, L. Lehner, and R. C. Myers, Thermal quenches
in N =2" plasmas, J. High Energy Phys. 08 (2012)
049.

[41] O. Aharony, A. Buchel, and P. Kerner, The black hole in the
throat: Thermodynamics of strongly coupled cascading
gauge theories, Phys. Rev. D 76, 086005 (2007).

[42] A. Nunez and A.O. Starinets, AdS/CFT correspondence,
quasinormal modes, and thermal correlators in N = 4 SYM,
Phys. Rev. D 67, 124013 (2003).

[43] P. Benincasa, A. Buchel, and A. O. Starinets, Sound waves
in strongly coupled non-conformal gauge theory plasma,
Nucl. Phys. B733, 160 (2006).

[44] A. Buchel, On universality of stress-energy tensor correla-
tion functions in supergravity, Phys. Lett. B 609, 392
(2005).

046025-21


https://doi.org/10.1023/A:1026654312961
https://doi.org/10.1023/A:1026654312961
https://doi.org/10.1016/S0370-1573(99)00083-6
https://doi.org/10.1088/0264-9381/26/16/163001
https://doi.org/10.1088/0264-9381/26/16/163001
https://doi.org/10.1088/1126-6708/2001/08/018
https://doi.org/10.1088/1126-6708/2001/08/018
https://doi.org/10.1143/PTP.110.901
https://doi.org/10.1143/PTP.110.901
https://doi.org/10.1016/j.nuclphysb.2005.10.014
https://doi.org/10.1016/j.nuclphysb.2009.02.022
https://doi.org/10.1016/j.nuclphysb.2010.07.017
https://doi.org/10.1016/j.physletb.2011.01.057
https://doi.org/10.1007/JHEP06(2011)090
https://doi.org/10.1016/j.nuclphysb.2021.115425
https://doi.org/10.1016/j.nuclphysb.2021.115425
https://doi.org/10.1016/j.physletb.2021.136111
https://doi.org/10.1016/j.physletb.2021.136111
https://doi.org/10.1103/PhysRevD.103.026008
https://doi.org/10.1103/PhysRevD.103.026008
https://doi.org/10.1007/JHEP01(2019)207
https://doi.org/10.1007/JHEP01(2019)207
https://doi.org/10.1143/PTP.110.701
https://doi.org/10.1143/PTP.110.701
https://doi.org/10.1007/JHEP12(2019)036
https://doi.org/10.4310/ATMP.2000.v4.n3.a5
https://doi.org/10.4310/ATMP.2000.v4.n3.a5
https://doi.org/10.1103/PhysRevD.63.044009
https://doi.org/10.1088/1126-6708/2000/10/022
https://doi.org/10.1088/1126-6708/2000/10/022
https://doi.org/10.1016/j.nuclphysb.2007.06.019
https://doi.org/10.1016/j.nuclphysb.2007.06.019
https://doi.org/10.1016/j.physletb.2008.03.069
https://doi.org/10.1016/j.physletb.2009.10.007
https://doi.org/10.1016/j.physletb.2009.10.007
https://doi.org/10.1016/j.physletb.2003.07.030
https://doi.org/10.1016/j.physletb.2003.07.030
https://doi.org/10.1016/j.nuclphysb.2015.05.006
https://doi.org/10.1016/j.nuclphysb.2015.05.006
https://www.youtube.com/watch?v=HZkTkVvPx0E
https://www.youtube.com/watch?v=HZkTkVvPx0E
https://www.youtube.com/watch?v=HZkTkVvPx0E
https://www.youtube.com/watch?v=HZkTkVvPx0E
https://doi.org/10.1007/JHEP03(2013)062
https://doi.org/10.1007/JHEP07(2014)001
https://doi.org/10.1007/JHEP07(2014)001
https://doi.org/10.1007/JHEP04(2018)148
https://doi.org/10.1088/1126-6708/2008/04/100
https://doi.org/10.1088/1126-6708/2008/04/100
https://doi.org/10.1103/PhysRevD.83.046004
https://doi.org/10.1007/JHEP05(2011)065
https://doi.org/10.1103/PhysRevLett.93.090602
https://doi.org/10.1103/PhysRevLett.93.090602
https://doi.org/10.1103/PhysRevLett.94.111601
https://doi.org/10.1007/JHEP10(2011)062
https://doi.org/10.1007/JHEP10(2011)062
https://arXiv.org/abs/2103.15188
https://doi.org/10.1016/j.nuclphysb.2004.11.039
https://doi.org/10.1016/j.nuclphysb.2004.11.039
https://doi.org/10.1007/JHEP08(2012)049
https://doi.org/10.1007/JHEP08(2012)049
https://doi.org/10.1103/PhysRevD.76.086005
https://doi.org/10.1103/PhysRevD.67.124013
https://doi.org/10.1016/j.nuclphysb.2005.11.005
https://doi.org/10.1016/j.physletb.2005.01.052
https://doi.org/10.1016/j.physletb.2005.01.052

