
Mirror symmetry and mixed Chern-Simons levels
for Abelian 3D N = 2 theories

Shi Cheng *

Faculty of Physics, University of Warsaw, Ludwika Pasteura 5, 02-093 Warsaw, Poland

(Received 26 February 2021; accepted 1 July 2021; published 6 August 2021)

We study the mirror symmetry of Abelian three-dimensional (3D) N ¼ 2 theories with mixed
Chern-Simons (CS) levels by turning them into T A;N theories that are defined as N copies of Uð1Þ −
½1� theory coupled together by mixed CS levels kij. We find that T A;N theories have many mirror dual
theories with different mixed CS levels and Fayet-Iliopoulos parameter. As an example, we analyze
Uð1Þk þ NCCþ NACAC theories by transforming these theories into certain T A;N theories and
find many equivalent effective CS levels. Finally, we analyze mirror symmetry for theories
corresponding to knots. In this work we use sphere partition functions and vortex partition functions
to derive dual theories.

DOI: 10.1103/PhysRevD.104.046011

I. INTRODUCTION

Mirror symmetry relates many aspects of 3D N ¼ 2
gauge theories, such as Seiberg dualities, brane con-
structions, and 3D/3D correspondence (see [1–4]).
Constructing mirror pairs is a difficult task even for
Abelian theories. Fortunately, Kapustin and Strassler
found in [5] that 3D mirror symmetry acts as functional
Fourier transformation on partition functions, which
provides an easy way to analyze 3D N ¼ 2 gauge
theories and construct mirror dual theories (see, e.g.,
[6]). One subtle problem in mirror symmetry involves
mixed Chern-Simons (CS) levels in 3D N ¼ 2 theories,
which have appeared, e.g., in [7–9], but have not been
extensively studied yet. In addition, the recently dis-
covered knots-quivers correspondence (KQ) implies that
colored HOMFLY-PT polynomials for knots correspond
to vortex partition functions of certain 3D N ¼ 2
Abelian theories with symmetric integer mixed Chern-
Simons levels [10]. This motivates us to consider the
physical interpretation of KQ correspondence and its
relation to 3D quiver theories with mixed CS levels.
The 3D N ¼ 2 mirror symmetry is naturally one

important part of this story, as it provides a powerful
way to construct mirror dual pairs. In order to consider
mirror symmetry for theories with mixed CS levels we
define a class of theories denoted by T A;N, which

consist of a bunch of Uð1Þ − ½1� theories coupled
together by mixed Chern-Simons levels. We usually
denote T A;N theories by ðUð1Þ − ½1�ÞNkij. The building

block Uð1Þ − ½1� of these theories is a theory that has
one gauge group Uð1Þ and one chiral multiplet with
charge þ1. Moreover, it is found by Kapustin and
Strassler in [5] that Uð1Þ − ½1� is mirror to a free chiral
multiplet denoted by ½1� − ½1�, and vice versa. Based on
this, we find that the mirror symmetries (also called
mirror transformations) acting on various building
blocks commute with each other. Altogether they form
a nice mirror transformation group HðT A;NÞ. For sim-
plicity, we mainly discuss the mirror transformations of
sphere partition functions, which at a semiclassical limit
give rise to effective superpotentials that encode CS
levels and Fayet-Iliopoulos (FI) parameters, label the 3D
theories, and then verify the results by analysis of vortex
partition functions. Since there are many mirror sym-
metries in HðT A;NÞ and each of them gives rise to a
mirror dual theory, it seems that we end up with many
different mirror dual theories. However, these mirror
dual theories are equivalent and their partition functions
are equal. In addition, we need to take into account the
parity anomaly constraints, which requires effective CS
levels to be integers; hence only a subset of these mirror
dual theories are consistent.
To see the application of T A;N theories, we discuss

Uð1Þ − ½N� theories, which have brane constructions dual
to strip Calabi-Yau threefolds with one open topological
brane. By applying mirror transformations on each chiral
multiplet of Uð1Þ − ½N�, one can turn these theories into
certain T A;N theories, as illustrated in the following
diagram:
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This gives an easy way to perform mirror transformations
on Uð1Þ − ½N� theories. Interestingly, we find the vortex
partition functions of Uð1Þ − ½N� can be written in the form
of vortex partition functions of T A;N theories, from which
effective CS level matrices can be obtained by taking a
semiclassical limit. These mixed CS levels are the same as
what we obtain from sphere partition functions. In this
example we find that mirror symmetry only flips the signs
of mass parameters.
The paper is organized as follows. In Sec. II, we review

the localization method for 3D N ¼ 2 theories and show
how mirror transformations act on sphere partition func-
tions. The effective superpotentials and open Gopakumar-
Vafa formula for 3D N ¼ 2 theories are also discussed. In
Sec. III, we apply mirror symmetry on theories engineered
by strip Calabi-Yau threefolds by transforming them into
T A;N theories. We also verify the diversity of mixed CS
levels by analyzing vortex partition functions. In Sec. IV,
we discuss the application of mirror symmetry on knot
polynomials. Section V contains conclusions and a list of
open problems.

II. THE 3D N = 2 MIRROR SYMMETRY
AND T A;N THEORY

A. Sphere partition function

It is well known that localization techniques reduce the
path integral representation of partition functions to finite
dimensional contour integrals. In [11,12], the localization
of 3D N ¼ 2 gauge theories on three sphere

S3b∶ b2jz1j2 þ b−2jz2j2 ¼ 1; z1; z2 ∈ C ð2:1Þ

is developed, which shows that on a Coulomb branch
sphere partition functions can be written in terms of the
contour integral of one-loop contributions from chiral
multiplets and vector multiples. More explicitly, the con-
tribution from bare Chern-Simons level k and FI term ξ is

expð−iπkx2 þ 2iπξxÞ; ð2:2Þ

where x is a gauge transformation parameter for gauge
group Uð1Þk. The one-loop contributions from the chiral
multiplet C and antichiral multiplet AC are

sb

�
xþ iQ

2
þ u

2

�
;

1

sbðx − iQ
2
− u

2
Þ ; ð2:3Þ

respectively, where Q ¼ bþ 1=b is the localization para-
meter and u is a real mass parameter. The contributions
from antichiral multiplets can be written as

1

sbðx − iQ
2
− u

2
Þ ¼ sb

�
iQ
2

− xþ u
2

�
: ð2:4Þ

For illustration, consider 3D N ¼ 2 theories Uð1Þkþ
NCC. These theories have gauge group Uð1Þ, bare Chern-
Simons level k, and NC chiral multiplets C. We denote
them by quivers ð1Þk − ½NC�, and their sphere partition
functions take the form

Zð1Þk−½N�
S3b

¼
Z

dxe−iπkx
2þ2iπξx

YNC

i¼1

sb

�
iQ
2

þ xþ ui
2

�
: ð2:5Þ

Similarly, for theories Uð1Þk þ NCCþ NACAC, sphere
partition functions take the form

ZUð1ÞkþNCCþNACAC
S3b

¼
Z

dxe−iπkx
2þ2iπξx

YNC

i¼1

sb

�
iQ
2
þxþui

2

�

×
YNAC

j¼1

sb

�
iQ
2
−xþuj

2

�
: ð2:6Þ

In this work, we mainly consider the Abelian quiver
theories,

T A;N∶ ðUð1Þ − ½1�Þ⊗N
kij; ξi

; ð2:7Þ

which are N copies of Uð1Þ − ½1� theory, with real
symmetric Chern-Simons levels kij between gauge groups
Uð1Þ ×Uð1Þ × � � � ×Uð1Þ. In (2.7), ξi and ui are FI
parameters and real mass parameters for chiral multiplets.
For early discussions on T A;N theories see, e.g., [13]. It is
easy to write down their sphere partition functions

ZT A;N

S3b
¼
Z YN

i¼1

dxie
P

N
i;j¼1

−iπkijxixjþ2iπξixi

×
YN
i¼1

sb

�
iQ
2

þ xi þ
ui
2

�
: ð2:8Þ

Note that if one shifts xi and defines ξ̃i as follows:

xi → −xi −
ui
2
; ξi ¼ −ξ̃i −

1

2

XN
j¼1

kijuj; ð2:9Þ

then (2.8) simplifies to

SHI CHENG PHYS. REV. D 104, 046011 (2021)

046011-2



ZT A;N

S3b
¼
Z YN

i¼1

dxie
P

N
i;j¼1

−iπkijxixjþ2iπξ̃ixi
YN
i¼1

sb

�
iQ
2

− xi

�
;

ð2:10Þ

where real mass parameters ui are absorbed into shifted FI
parameters ξ̃i. Therefore we use (2.10) as the sphere
partition functions of T A;N theories in the following
sections. Note that if Chern-Simons levels are diagonal
kij ¼ kiδij, then T A;N theories reduce to N copies of
independent building blocks

Uð1Þk1 − ½1� ⊕ Uð1Þk2 − ½1� ⊕ � � � ⊕ Uð1ÞkN − ½1�:
ð2:11Þ

In this paper we focus on symmetric CS levels kij ¼ kji.
We find T A;N theories are very useful for mirror symmetry,
and we will show in Sec. III that Uð1Þk þ NCCþ NACC
and some other theories can be transformed into certain
T A;N theories.

B. Effective superpotential

After compactifying on a circle S1, 3D N ¼ 2 gauge
theories can be viewed as 2D N ¼ ð2; 2Þ sigma models
with infinitely many Kaluza-Klein modes. As shown in
[3,14–16], the vortex partition function, sphere partition
function, and superconformal index have the same asymp-
totic expansion in the semiclassical limit ℏ → 0,

Zvortex
R2×S1

; ZS3b
; ZS2×S1 ∼

Z Y
i

dxie
1
ℏ
eWeff

3dN¼2ðξ;xÞþOðℏÞ;

ð2:12Þ

where we have ignored some constant terms. The equiv-
ariant parameter is related to the quantum parameter ℏ as
follows:

Q ¼ logðqÞ
2πbi

; ℏ ¼ 2πib2; q ¼ eℏ ¼ e2πib
2

:

ð2:13Þ

For T A;N theories, if we redefine parameters for each gauge
node Uð1Þi,

xi≕
logð− yiffiffi

q
p Þ

−2πb
; ð2:14Þ

then the associated twisted effective superpotentials can be
obtained by taking the semiclassical limit ℏ → 0 and using
(A4); this yields

eWeff
T A;N

ðkij; ξ; yÞ ¼
XNf

i¼1

Li2ðyiÞ þ ξeffi log yi

þ
XNf

i;j¼1

keffij

2
log yi log yj; ð2:15Þ

where polylogarithm functions Li2ðyiÞ come from contri-
butions of chiral multiplets, keffij are effective CS level
matrices, and ξeffi are effective FI parameters, which are
related to bare parameters

keffij ¼ kij þ
1

2
δij ∈ Z; ð2:16Þ

ξeffi ¼ 2πbξ̃i þ iπð1 − bQÞ
XNf

j¼1

kij þ
iπ
2

ð2:17Þ

¼−2πbξiþ
XNf

j¼1

kij

�
iπ−πbuj−

logðqÞ
2

�
þ iπ

2
: ð2:18Þ

To avoid mistakes, we remind the reader that for symmetric
CS terms

X
i;j

keffij

2
logyi logyj¼

X
i

keffii

2
ðlogyiÞ2þ

X
i<j

keffij logyi logyj:

ð2:19Þ

Moreover, in [17,18] it is shown that the Coulumb branch
moduli space MC is defined by vacuum equations

MC∶ eyi
dW
∼ eff

dyi ¼ 1; for ∀ i ¼ 1;…; N: ð2:20Þ

Substituting (2.15) into (2.20) we get

MC∶ eξ
eff
i ·
YN
j¼1

y
keffij

j þyi−1¼ 0; ∀ i¼ 1;…;N: ð2:21Þ

The Hessian matrix of eWeff can also be computed

Hð eWeffÞij ≔
d2 eWeff

d log yi log yj
¼ keffij þ δij

yi
1 − yi

;

∀ i; j ¼ 1;…; N: ð2:22Þ

The vortex partition functions of T A;N theories can be
conjectured by comparing (2.15) with superpotentials in
[19]; this implies that they should have the following form:
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Zvortex
T A;N

¼
X∞

d1;…;dN¼0

ð− ffiffiffi
q

p Þ
P

N
i;j¼1

keffij didj xd11 � � � xdNN
ðq; qÞd1 � � � ðq; qÞdN

;

ð2:23Þ

where xi ≔ ð−1Þkeffii eξ
eff
i and q-Pochhammers is defined as

ðx;qÞn ≔
Q

n−1
i¼0 ð1 − xqiÞ. One can also factorize sphere

partitions to obtain vortex partition functions using the
factorization property found in [7,20]. We note that integers
di have physical meaning. The poles of the partition
function (2.10) are located at xi ¼ −dib − hi=b, where
di and hi are degrees of the North pole and the South pole
on a three sphere S3b, and are positive integers. In the
semiclassical limit b → 0, hi are restricted to be zero and di
are positive integers.

C. Open Gopakumar-Vafa formula

There are intricate relations between prepotentials and
superpotentials. In this section we clarify these relations
and discuss formulas encoding open BPS invariants.
Prepotentials of 3D N ¼ 2 gauge theories play a simi-

lar role to prepotentials of 5D N ¼ 1 gauge theories.

The prepotential of a 3D gauge theory on a surface defect
R2

ϵ1 × S1 is defined as [21–24]

WR2×S1 ¼ lim
ϵ1;ϵ2→0

ϵ2 logZvortex
R2×S1 ; ð2:24Þ

where ϵ1;2 are the Ω-deformation parameters. In [17,18],
the relations between prepotentials and the quantum
integrable system have been found. If we relate ϵ1 to
Plank constant ℏ by ℏ ¼ Rϵ1, then the combination of
(2.12) and (2.24) gives rise to

e
W

R2×S1
ℏ ¼

Z Y
i

dxie
1
ℏ
eWeff

3dN¼2ðki;j;ξ;xÞ: ð2:25Þ

Thanks to geometric engineering, the vortex partition
functions of 3D N ¼ 2 theories can be interpreted as
partition functions of open topological strings, which
therefore satisfy a refined open Gopakumar-Vafa formula
on Ω-background; for more details see [2,25]. This for-
mula asserts that the vortex partition functions can be
expanded as

Zvortex
R2×S1 ¼ exp

" X
C∈H2ðX;L;ZÞ

X
J;r∈Z=2

X∞
n¼1

ð−1Þ2Jþ2rqnJð tqÞnrNðJ;rÞ
C

nðqn
2 − q−

n
2Þ e−nRTC

#

¼ PE

" X
C∈H2ðX;L;ZÞ

X
J;r∈Z=2

ð−1Þ2Jþ2rqJð tqÞrNðJ;rÞ
C

ðq1
2 − q−

1
2Þ e−RTC

#
; ð2:26Þ

where NðJ;rÞ
C are degeneracies of vortex particles and

t ¼ eþRϵ1 , q ¼ e−Rϵ2 parametrize the Ω-background.1

The variables e−RTC are the open Kähler parameters for
relative 2-cycle C ∈ H2ðX; L;ZÞ, and TC are their volumes,
namely the masses of open M2-branes wrapped on C, and R
is the radius of S1. From the perspective of topological

strings, refined open BPS invariants NðJ;rÞ
C are degeneracies

of BPS states (vortex particles) engineered by open M2-
branes ending on a M5-brane wrapping a special Lagran-
gian submanifold L in a Calabi-Yau threefold X, and ðJ; rÞ
are combinations of charges for the rotation symmetry on
R2 and the R-symmetry.
By using the open Gopakumar-Vafa (GV) formula, one

can find the relations between prepotentials and

holomorphic disk potentials. Substituting the vortex parti-
tion function (2.26) into (2.24) one gets

WR2×S1 ¼ lim
ϵ1;ϵ2→0

ϵ2 logZvortex
R2×S1

¼ −
1

R

X
C∈H2ðX;L;ZÞ

X
J;r∈Z=2

ð−1Þ2Jþ2rNðJ;rÞ
C Li2ðe−RTCÞ:

ð2:28Þ

Expanding the polylogarithm function Li2ðzÞ ≔
P∞

n¼1
zn

n2,
the result (2.28) takes the form

−RWR2×S1 ¼
X∞
n¼1

X
C∈H2ðX;L;ZÞ

X
J;r∈Z=2

ð−1Þ2Jþ2rNðJ;rÞ
C

e−nRTC

n2
;

ð2:29Þ

which has the same form as the holomorphic disk poten-
tial encoding Ooguri-Vafa invariants in the topological
A-model (see [26])

1In the second line of (2.26), PE½� � �� stands for the plethystic
exponential function

PE½fð·Þ� ≔ exp

�X∞
n¼1

fð·nÞ
n

�
: ð2:27Þ
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Wopen ¼
X

C∈H2ðX;L;ZÞ
NOV

C Li2ðe−RTCÞ

¼
X∞
n¼1

X
C∈H2ðX;L;ZÞ

NOV
C

e−nRTC

n2
: ð2:30Þ

Therefore, prepotentials in 3D N ¼ 2 theories are equiv-
alent to holomorphic disk potentials

−RWR2×S1 ¼ Wopen; ð2:31Þ
and classical Ooguri-Vafa invariants can be represented as
the summations of refined open BPS invariants2

NOV
C ¼

X
J;r∈Z=2

ð−1Þ2Jþ2rNðJ;rÞ
C : ð2:32Þ

Note that the disk potential is classical and can be expressed
as an integral in the B-model

Wopen ¼
Z

log y
dx
x
; ð2:33Þ

where log y is the differential one-form on the mirror curve
(see [27,28]). We emphasize that the prepotentials WR2×S1

are not complete at decompactification limit R → ∞.
Following the treatment in [29], we define the complete
prepotential for 3D N ¼ 2 gauge theory in this limit

WComplete
R2×S1

≔ lim
R→þ∞

1

R
WR2×S1 ; ð2:34Þ

which takes the form

WComplete
R2×S1

¼ −
1

2

X
C∈H2ðX;L;ZÞ

X
J;r∈Z=2

ð−1Þ2Jþ2rNðJ;rÞ
C ⟦TC⟧

2;

ð2:35Þ
where we used (A6). Furthermore, refined open BPS
invariants can be resummed into different invariants in
various limits. In the Nekrasov-Shatashvili (NS) limit
ϵ ≠ 0, ϵ2 ¼ 0 [18], using GV formula (2.26) we get

lim
ϵ2→0

ϵ2 logZR2×S1

¼ −
1

R

X
C∈H2ðX;L;ZÞ

X
J;r∈Z=2

ð−1Þ2Jþ2rNðJ;rÞ
C Li2ðtre−RTCÞ;

ð2:36Þ

which implies that Nr
C ≔

P
J∈Z=2ð−1Þ2JNðJ;rÞ

C are the
invariants in the NS limit. In the unrefined limit ϵ1 ¼ ϵ2,
refined formula (2.26) reduces to unrefined formula and we

identify NJ
C ≔

P
r∈Z=2ð−1Þ2rNðJ;rÞ

C as the unrefined invar-

iants. Note that NðJ;rÞ
C can only be positive integers, while

NJ
C can be either positive or negative integers.

D. Mirror transformation group

From the perspective of in 3D-3D correspondence,
mirror symmetry corresponds to a change of triangulation
of three manifolds that engineer 3D N ¼ 2 gauge theories
[3,4]. It can also be interpreted as a functional Fourier
transformation on the partition function [5], which is called
mirror transformation in this note. The mirror transforma-
tion for 3DN ¼ 2 gauge theories with superpotentials was
used to derive dualities, e.g., in [6]. Here we discuss its
application to T A;N theories. We start from the most basic
example, namely the duality between Uð1Þ1=2 þC and a
chiral multiplet with Chern-Simons level −1=2:

ð1Þ1
2
− ½1�⟷mirror symmetry½1�−1

2
− ½1�: ð2:37Þ

The corresponding partition functions are equivalent

Z
ð1Þ1=2−½1�
S3b

¼ Z
½1�−1=2−½1�
S3b

; ð2:38Þ

or more explicitly,Z
dye−

iπ
2
y2e2πið

iQ
4
−zÞysb

�
iQ
2

− y
�

¼ e
iπ
2
ðiQ
2
−zÞ2sb

�
iQ
2

− z
�
:

ð2:39Þ

This is a mathematical identity presented in [30,31], which
implies that any double-sine function sbð� � �Þ can be
replaced by a contour integral. This is analogous to gauging
Uð1Þ flavor symmetry

½1� − ½1�⟶mirror transformationð1Þ − ½1�: ð2:40Þ

In terms of sphere partition functions, this replacement
takes form

sb

�
iQ
2

− z

�
⟶
mirror transf

e−
iπ
2
ðiQ
2
−zÞ2
Z

dye−
iπ
2
y2e2πið

iQ
4
−zÞsb

�
iQ
2

− y

�
: ð2:41Þ

Note that the double since functions, as one-loop contributions of chiral multiplets, can be regarded as basic units for mirror
transformations.

2Because of this, NðJ;rÞ
C are also called refined Ooguri-Vafa invariants, e.g., in [25].
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Moreover, mirror symmetry turns out to be ST operation from the SLð2;ZÞ viewpoint, when acting on the Lagrangian of
3D Chern-Simons theory, as found byWitten in [32], so one can also use ST to stand for mirror symmetry. After performing
mirror symmetry on the quiver ð1Þk − ½1� only once, we get a new quiver ð1Þ0k0 − ½1�:

ST∶ ð1Þk − ½1�⟶ST ð1Þ − ðð1Þ0 − ½1�Þ⟶integrate outð1Þk ð1Þ0k0 − ½1�; ð2:42Þ
where the original gauge group ð1Þk was integrated out to get the new quiver with CS level k0 and new FI parameters ξ0. This

transformation does not change partition functions Zð1Þk−½1�
S3b

¼ Z
ð1Þ0

k0−½1�
S3b

. After performing mirror symmetry twice we get

another quiver ð1Þ00k00 − ½1�:

ðSTÞ2∶ ð1Þk − ½1�⟶ST ð1Þ − ðð1Þ0 − ½1�Þ⟶ST ð1Þ − ðð1Þ0 − ðð1Þ00 − ½1�ÞÞ

⟶
integrate out ð1Þ;ð1Þ0ð1Þ00k00 − ½1�: ð2:43Þ

The corresponding partition functions are also equal Zð1Þk−½1�
S3b

¼ Z
ð1Þ00

k00−½1�
S3b

. Furthermore, after performing mirror trans-

formation for the third time, we return to the original theory

ðSTÞ3∶ ð1Þk − ½1�⟶ST ð1Þ0k0 − ½1�⟶ST ð1Þ00k00 − ½1�⟶ST ð1Þk − ½1�; ð2:44Þ
in agreement with the relation ðSTÞ3 ¼ 1.
Analogously we can perform mirror transformations on each building block of T A;N theories, as illustrated by the

following example:0BBB@
ð1Þ − ½1�
ð1Þ − ½1�

� � �
ð1Þ − ½1�

1CCCA
kij;ξi

⟶
ðST;ST;…;0Þ

0BBB@
ð1Þ − ðð1Þ0 − ½1�Þ
ð1Þ − ðð1Þ0 − ½1�Þ

� � �
ð1Þ − ½1�

1CCCA⟶integrate outð1Þ

0BBB@
ð1Þ0 − ½1�
ð1Þ0 − ½1�

� � �
ð1Þ − ½1�

1CCCA
k0ij;ξ

0
i

; ð2:45Þ

where we perform mirror transformations on some gauge nodes of Uð1Þ ×Uð1Þ × � � � ×Uð1Þ. After integrating out old
gauge parameters, we get another T 0

A;N theory with CS levels k0i;j and FI parameters ξ0i. We find that mirror transformations,
acting on various Uð1Þi gauge nodes, commute with each other, which implies the following equivalence relation:

ðn1;n2;…ni;…nNÞ ∼ ðn1;n2;…ni þ 3;…nNÞ; ∀ i ¼ 1;…; N; ð2:46Þ
where we introduce a shorthand notation

ðn1;n2;…ni;…nNÞ ≔ ððSTÞn1 ; ðSTÞn2 ;…; ðSTÞnN Þ: ð2:47Þ

Since ki;j is symmetric, one can exchange its rows and columns

ki;l ↔ kj;l; kl;i ↔ kl;j; for ∀ l ¼ 1;…; N; ð2:48Þ
by exchanging parameters xi ↔ xj for gauge nodes Uð1Þi and Uð1Þj. This gives another equivalence relation

ni ↔ nj: ð2:49Þ
Composing equivalence relations (2.46) and (2.49), we introduce a group of mirror transformations

HðT A;NÞ ≔ fðn1;n2;…;nNÞjni ∈ f0; 1; 2g;ni ≥ nj if i ≤ j; ∀ i; j ¼ 1; 2;…; Ng
¼ fð0; 0;…; 0Þ; ð1; 0;…; 0Þ;…; ð2; 2;…; 2Þg ð2:50Þ

with a finite number of elements N2þ3Nþ2
2

. This group is additive under mirror transformations

ði1; i2;…; iNÞ∶ðn1;n2;…ni;…nNÞ ⟶ ðn1 þ i1;n2 þ i2;…;nN þ iNÞ; ð2:51Þ
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which implies that HðT A;NÞ has a group structure with addition defined as

ði1; i2;…; iNÞ þ ðn1;n2;…ni;…nNÞ ¼ ðn1 þ i1;n2 þ i2;…;nN þ iNÞ: ð2:52Þ

Note that each element ði1; i2;…; iNÞ can be regarded as a permutation on the group HðT A;NÞ. Although mirror
transformations produce many mirror dual theories with different Chern-Simons levels and FI parameters, their partition
functions are equal up to some irrelevant factors

ZT A;N

S3b
¼ ZT A;N

S3b
==HðT A;NÞ: ð2:53Þ

Note that mirror transformations may give rise to effective mixed CS levels keffi;j with fractional (noninteger) numbers; in this
case, the associated theories should be regarded as inconsistent and ignored, as not meeting the parity anomaly constraint
keffi;j ∈ Z [1,33].
Let us denote the original theory by T ½ð0;…; 0Þ�. Mirror transformation ði1;…; iNÞ acting on it leads to a mirror dual

theory T ½ði1;…; iNÞ� with superpotential eWeff;ði1;…;iNÞ. This is therefore a correspondence

ði1;…; iNÞ⟷one to one
T ½ði1;…; iNÞ�: ð2:54Þ

Furthermore, based on (2.51), ði1;…; iNÞ gives rise to a map between T ½ðn1;…;nNÞ� and T ½ðn1 þ i1;…;nN þ iNÞ� for∀ ðn1;…;nNÞ ∈ HðT A;NÞ:
ði1;…; iNÞ∶T ½ðn1;…;nNÞ� → T ½ðn1 þ i1;…;nN þ iNÞ�; ð2:55Þ

which can be viewed as the mirror map between mirror dual theories, describing the relations between effective CS levels
and FI parameters for dual theories. Since a group of mirror transformations is finite, each ði1;…; iNÞ can be regarded as a
permutation. We can think of any mirror dual theory T ½ðn1;…;nNÞ� as the original theory, and act on it with all mirror
transformations in HðT A;NÞ to obtain a chain of mirror dual theories. In addition, as we mentioned before, the parity
anomaly imposes constraints keff ∈ Z; hence only a subset of mirror dual theories are consistent, and we denote them by

ClassðT A;NÞ ≔ fT ½ðn1 þ i1;…;nN þ iNÞ� with keffij ∈ Z; ∀ ði1; i2;…; iNÞ ∈ HðT A;NÞg: ð2:56Þ

We summarize that for any ði1;…; iNÞ ∈ HðT A;NÞ, there are correspondences as follows:

ði1;…; iNÞ⟷one to one
T ½ði1;…; iNÞ�⟷one to one

permutations⟷
one to one

mirror maps; ð2:57Þ

and mirror dual theory T ½ðn1;…;nNÞ� can be labeled by effective CS levels and FI parameters encoded in effective
superpotentials

T ½ðn1;…;nNÞ�∶ðkeff;ðn1;…;nNÞ
ij ; ξeff;ðn1;…;nNÞ

i Þ: ð2:58Þ
We will illustrate these relations in examples discussed in Sec. III.

1. Example

Consider mirror transformations for the theory T A;2∶ðUð1Þ − ½1�Þ⊗2
kij
, whose sphere partition function is

ZT A;2

S3b
¼
Z

dx1dx2e2πiðξ̃1x1þξ̃2x2Þ−iπðk1;1x21þ2k1;2x1x2þk2;2x22Þsb

�
iQ
2

− x1

�
sb

�
iQ
2

− x2

�
: ð2:59Þ

According to (2.16), T A;2 theory has the following effective CS levels and FI parameters

keffi;j ¼ kij þ
1

2
δij; i; j ¼ 1; 2; ð2:60Þ

ξeffi ¼ 2πbξ̃i þ iπð1 − bQÞ
X2
j¼1

kij þ
iπ
2
: ð2:61Þ
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We think of (2.59) as the partition function for the original theory T ½ð0; 0Þ�. Following (2.50), we write its mirror
transformation group as

HðT A;2Þ ¼ fð0; 0Þ; ð1; 0Þ; ð1; 1Þ; ð2; 0Þ; ð2; 1Þ; ð2; 2Þg; ð2:62Þ
which corresponds to mirror dual theories fT ½0; 0�; T ½1; 0�; T ½2; 0�; T ½1; 1�; T ½2; 1�; T ½2; 2�g. Following mirror maps
between dual theories (2.55), we note that these theories are related by basic mirror transformations (1; 0) and (0; 1), as
shown in the following commutative diagram

ð2:63Þ

Each mirror dual theory has associated effective twisted superpotential eWeff;ðn1;n2Þ. The effective CS levels keffij for all
theories in the above diagram (2.63) read

T ½ð0; 0Þ�∶
 
k1;1 þ 1

2
k1;2

k1;2 k2;2 þ 1
2

!
;

T ½ð1; 0Þ�∶

0B@ 2k1;1−1
2k1;1þ1

− 2k1;2
2k1;1þ1

− 2k1;2
2k1;1þ1

−4k2
1;2þ2k2;2þk1;1ð4k2;2þ2Þþ1

4k1;1þ2

1CA;

T ½ð0; 1Þ∶
 −4k2

1;2þ2k2;2þk1;1ð4k2;2þ2Þþ1

4k2;2þ2
− 2k1;2

2k2;2þ1

− 2k1;2
2k2;2þ1

2k2;2−1
2k2;2þ1

!
;

T ½ð2; 0Þ∶
 2

1−2k1;1
2k1;2

2k1;1−1

2k1;2
2k1;1−1

−4k2
1;2−2k2;2þk1;1ð4k2;2þ2Þ−1

4k1;1−2

!
;

T ½ð0; 2Þ∶
 −4k2

1;2þ2k2;2þk1;1ð4k2;2−2Þ−1
4k2;2−2

2k1;2
2k2;2−1

2k1;2
2k2;2−1

2
1−2k2;2

!
;

T ½ð1; 1Þ∶

0B@
2ð−4k2

1;2−2k2;2þk1;1ð4k2;2þ2Þ−1Þ
−8k2

1;2þ4k2;2þk1;1ð8k2;2þ4Þþ2

4k1;2
−4k2

1;2þ2k2;2þk1;1ð4k2;2þ2Þþ1

4k1;2
−4k2

1;2þ2k2;2þk1;1ð4k2;2þ2Þþ1

2ð−4k2
1;2þ2k2;2þk1;1ð4k2;2−2Þ−1Þ

−8k2
1;2þ4k2;2þk1;1ð8k2;2þ4Þþ2

1CA;

T ½ð2; 1Þ∶

0B@
2ð2k2;2þ1Þ

4k2
1;2þ2k2;2−2k1;1ð2k2;2þ1Þþ1

4k1;2
4k2

1;2þ2k2;2−2k1;1ð2k2;2þ1Þþ1

4k1;2
4k2

1;2þ2k2;2−2k1;1ð2k2;2þ1Þþ1

4k2
1;2þk1;1ð2−4k2;2Þþ2k2;2−1

4k2
1;2þ2k2;2−2k1;1ð2k2;2þ1Þþ1

1CA;

T ½ð1; 2Þ∶

0B@ 4k2
1;2þk1;1ð2−4k2;2Þþ2k2;2−1

4k2
1;2þk1;1ð2−4k2;2Þ−2k2;2þ1

4k1;2
4k2

1;2þk1;1ð2−4k2;2Þ−2k2;2þ1

4k1;2
4k2

1;2þk1;1ð2−4k2;2Þ−2k2;2þ1

2ð2k1;1þ1Þ
4k2

1;2þk1;1ð2−4k2;2Þ−2k2;2þ1

1CA;

T ½ð2; 2Þ∶

0B@ 2−4k2;2
−4k2

1;2−2k2;2þk1;1ð4k2;2−2Þþ1

4k1;2
−4k2

1;2−2k2;2þk1;1ð4k2;2−2Þþ1

4k1;2
−4k2

1;2−2k2;2þk1;1ð4k2;2−2Þþ1

2−4k1;1
−4k2

1;2−2k2;2þk1;1ð4k2;2−2Þþ1

1CA: ð2:64Þ
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It is obvious that the equivalence relations (2.46) and (2.49)
are satisfied, and parity anomaly strongly constrains the
possible values of kij in (2.64).

E. Quiver reduction

Given some specific values of bare CS levels kij, the
effective CS levels keffij may be problematic in some cases:
the effective CS levels have poles or vanishing determinant

keffij ¼

0B@ � � � � � �
� a

0
� � � c

0

� b
0

� � � d
0

1CA or det kij ¼ 0: ð2:65Þ

We call this phenomenon quiver reduction. For instance,
there are quiver reductions for effective CS levels in (2.64),
when k1;1 ¼ �1=2, k2;2 ¼ �1=2, etc. Using formula (B1),
one can see that for the CS levels in (2.65), the contour
integral over gauge nodes is not Gaussian, but takes the
form of the Dirac delta function that reduces the dimension
of the full integral. Namely, quiver reductions imply some
gauge nodes are redundant and can be integrated out.

F. CS level decomposition and charge vectors

We can generalize the story to generic T A;N theories with
chiral multiplets of other charges except �1. It turns out
that charge vectors and CS level matrices for these theories
are exchangeable.
Let us start with generic theories with gauge groups

Uð1Þ1 ×Uð1Þ2 × � � � ×Uð1ÞN and N chiral multiplets in
arbitrary representations. These theories have partition
functions of the form

ZS3b
ðK;PÞ ¼

Z
dxe−iπx

TKxþ2iπξ̃Tx
YN
i¼1

sb

�
iQ
2

− PT
i · x

�
;

ð2:66Þ

where x ¼ ðx1; x2;…; xNÞ is a N × 1 matrix, and PT
i are

charge vectors for chiral multiples. We define

P ≔ ðp1;p2;…;pNÞ; ð2:67Þ

where Pi ¼ pi and y ≔ PTx. After this variable trans-
formation, and ignoring the Jacobian matrix, charge vectors
can be absorbed into new mixed CS levels and FI
parameters, and (2.66) becomes

ZS3b
ðK0; 1Þ ¼

Z
dye−iπy

TK0yþ2iπξ̃0Ty
YN
i¼1

sb

�
iQ
2

− yi

�
;

ð2:68Þ

K0 ¼ ðP−1Þ ·K · ðP−1ÞT; ð2:69Þ

ξ̃0 ¼ ðP−1Þ · ξ̃: ð2:70Þ

If K is symmetric, then K0 is also symmetric. Both K and
K0 can be decomposed in the orthogonal basis and have the
same eigenvalues Λ

K ¼ Q−1ΛðQ−1ÞT ¼ QTΛQ; ð2:71Þ

K0 ¼ ðP−1Þ ·K · ðP−1ÞT ¼ Q0−1ΛðQ0−1ÞT; ð2:72Þ

Q0 ¼ QP: ð2:73Þ

The partition function (2.68) is exactly the sphere partition
function for T A;N theory. Therefore, we can turn generic
Abelian theories (2.66) into T A;N type (2.68). Moreover,
with the help of (2.71), the form (2.66) can also be
transformed into theories with diagonal CS levels but
complicated charge vectors

ZS3b
ðΛ;QPÞ ¼

Z
dze−iπz

TΛzþ2iπðQξ̃ÞTz

×
YN
i¼1

sb

�
iQ
2

− ðQPÞTi · z

�
; ð2:74Þ

where x ¼ QTz. We call it charge vector form.
Based on the above discussion, one can transform

generic theories (2.66) into either T A;N type theories
(2.68) with mixed CS level K0 and simple charge vectors
1 or charge vector form (2.74) with diagonal CS levelΛ and
complicated charge vectors QP

ðK;PÞ ⟶ ðK0; 1Þ or ðΛ;QPÞ: ð2:75Þ

The associated effective superpotentials for these three
forms (2.66), (2.68), and (2.74) are equivalent. Hence
these three forms of partition functions are supposed to
correspond to the same mirror theory class ClassðT Þ. In
this note we only consider the form (2.68) and leave
the charge vector form (2.74) for future work. In addition,
if K is real positive definite, then it has Cholesky decom-
position K ¼ LTL, and (2.66) can be turned into another
form

ZS3b
ð1; ðL−1ÞTPÞ ¼

Z
dx0e−iπx0Tx0þ2iπððL−1ÞT ξ̃ÞTx0

×
YN
i¼1

sb

�
iQ
2

− ððL−1ÞTPÞTi · x0
�
;

ð2:76Þ

where x0 ¼ Lx.
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III. Uð1Þk +NCC+NACAC

A. Brane webs

We denote by Uð1Þk þ NCCþ NACAC the theories that
contain gauge group Uð1Þ and NC chiral multiplets of
charge þ1 and NAC chiral multiples of charge −1. These
theories can be engineered as surface defect theories by
Higgsing 5D N ¼ 1 brane webs. See, e.g., [2,34] for more
details. The corresponding brane configuration in type IIB
strings is shown in Fig. 1. In this brane web, open strings
connecting the D3-brane and D5-brane on the left-hand
side (LHS) of the NS5-brane give rise to fundamental chiral
multiplets denoted by C, and the open strings connecting
the D3-brane and D5-branes on the right-hand side (RHS)
of the NS5-brane give rise to antifundamental chiral
multiplets denoted by AC. Note that in this brane con-
struction, there is the freedom of putting the D3-brane on
any D5-branes on the LHS of the NS5-brane, which gives
rise to the same 3D N ¼ 2 theories. However, if moving
the D3-brane to D5-branes on the RHS of the NS5-brane,
then C and AC are switched; hence, the matter content of
the theory is changed, so this movement leads to different
theories. In addition, the string located at the D3–D5-brane
intersection is of length zero, and hence the corresponding
chiral multiplet is massless [2].
The duality between type IIB strings andM-theory can be

represented in terms of a brane construction and geometric
engineering. From this viewpoint, brane webs correspond to
strip Calabi-Yau threefolds, and the associated vortex par-
tition functions are interpreted as open topological string
partition functions. See [25,35] for discussions on open
topological string amplitudes, Higgsing, andHanany-Witten
transitions for Uð1Þk þ NCCþ NACAC theories.

The Uð1Þk þ NCCþ NACAC can be rewritten as T A;N

theories by doing mirror transformation ð1; 1;…; 1Þ and
integrating out the original gauge node Uð1Þk

Uð1Þk þ NCCþ NACAC⟶
ð1;1;…;1Þ

T A;NCþNAC
: ð3:1Þ

This implies that performing mirror transformation on
Uð1Þk þ NCCþ NACAC is equivalent to performing
mirror transformations on T A;NCþNAC

theories. We take
Uð1Þk þ NC theory as an example, whose sphere partition
functions can be transformed into T A;N theories,

Zð1Þk−½N�
S3b

⟶
ð1;1;…;1Þ

ZT A;N

S3b
: ð3:2Þ

More explicitly, by (2.5), the associated sphere partition
functions for Uð1Þk þ NC take the following form:

Zð1Þk−½N�
S3b

¼
Z

dxe−iπkx
2þ2iπξx

YN
i¼1

sb

�
iQ
2

þ xþ ui
2

�
; ð3:3Þ

which in the semiclassical limit (3.3) gives the effective
superpotential

eWeff
ð1Þk−½N� ¼

XN
i¼1

Li2ðXYiÞ þ ξeff logX þ keff

2
ðlogXÞ2;

ð3:4Þ

keff ¼ kþ N
2
; ξeff ¼ 1

2

�
iπN − 4bπξþ log

YN
i¼1

Yi

�
;

ð3:5Þ

X ≔ e2bπx; Yi ≔ −
ffiffiffi
q

p
ebπui : ð3:6Þ

The above superpotential is consistent with the well-known
fact that the one-loop contribution of each fundamental
chiral multipletC to keff is 1=2, and antifundamentalAC to
keff is −1=2. Moreover, parity anomaly constrains effective
CS levels keff ∈ Z. The mirror transformation ð1; 1;…; 1Þ
replaces double sine function sbð� � �Þ given by chiral
multiplets into contour integrals via (2.41). Hence we
get the sphere partition functions for the dual T A;N theories
on the RHS of (3.2),

ZT A;N

S3b
¼
Z YN

i¼1

dyie
P

N
i;j¼1

−πik̃ijyiyjþ2πiξ̃iyi
YN
i¼1

sb

�
iQ
2

− yi

�
;

k̃ij ¼
1

2
δij −

2

2kþ N
;

ξ̃i ¼
iQ
4

þ ui
2
−

2

2kþ N

�
ξ −

XN
i¼1

�
iQ
4

þ ui
4

��
; ð3:7Þ

FIG. 1. This diagram is the IIB brane construction for theories
Uð1Þk þ NCCþ NACAC. The blue line stands for D3-brane as a
surface defect. The horizontal lines denote D5-branes, and the
vertical line denotes the NS5-brane. The wavy lines denote open
strings between the D3-brane and D5-branes. This IIB brane web
is dual to toric Calabi-Yau threefold with a Lagrangian brane
through IIB/M-theory duality.
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where mass parameters ui can also be absorbed into new FI
parameters ξ̃i. When k ¼ −N=2, Eq. (3.7) is ill defined
because there is a pole in ξ̃i, and hence quiver reductions
appear in this case. We will show in examples in Sec. III. F
that when k ¼ −N=2, this pole can be bypassed and it gives
rise to the mirror pair discovered by Dorey and Tong in
[36,37]. In addition, quiver reduction always reduces
ð1Þk − ½N� to a bunch of chiral multiplets after the mirror
transformation ð2; 2…; 2Þ on (3.7). However, this involves
subtle issues that require taking into account superpoten-
tials for chiral multiples.
Once we constructed some particular T A;N theory with

the mixed CS level in (3.7), acting on it with mirror

transformations could lead to many equivalent mirror dual
theories. After ruling out theories with parity anomaly, we
can find many equivalent sets of mixed CS levels.

B. Vortex partition functions

The correspondence (3.1) can be independently conjec-
tured (rather than derived) from vortex partition functions,
by invoking mathematical identities. In this section we
explain this statement taking advantage of the quiver
structure found in [19,25].
Using the topological vertex formalism for the toric

diagram shown in Fig. 1, the vortex partition functions of
Uð1Þk þ NCCþ NACAC theory can be written in the form

Zvortex
Uð1ÞkþNCCþNACAC ¼

X∞
n¼0

ð− ffiffiffi
q

p Þðfþ1Þn2ðq−fþ1
2 zÞn

ðq; qÞn
ðα1; qÞnðα2; qÞn � � � ðαNAC

; qÞn
ðβ1; qÞnðβ2; qÞn � � � ðβNC−1; qÞn

; ð3:8Þ

where f is the framing number that can be put in by band, and the factor q−ðfþ1Þ=2 can be absorbed into z (see [19,25,34] for
more details). In open topological string theory, open strings are given by M2-branes wrapping a chain of CP1 ’s connected
to a disk. In terms of refined GV formula (2.26), each open string has Kähler parameter

e−RTC ¼ zn
YNAC

i¼1

YNC−1

j¼1

αdii β
dj
j ; ð3:9Þ

where ðn; di; djÞ are degrees for ðz; αi; bjÞ, z is the open Kähler parameter for the disk, and αi, βj are closed Kähler
parameters from AC and C, respectively, which correspond to the distances between D5-branes as shown in Fig. 1. The
computation reveals that closed Kähler parameters correspond to mass parameters of chirals αi; βi ∼ ebπui .
The open topological string partition function (3.8) can be written in the quiver form [19,25]3

Zvortex
Uð1ÞkþNCCþNACAC ¼ Z0 · PCðx1;…; xmÞ; ð3:10Þ

where

Z0 ¼
ðα1; qÞ∞ðα2; qÞ∞ � � � ðαNAC

; qÞ∞
ðβ1; qÞ∞ðβ2; qÞ∞ � � � ðβNC−1; qÞ∞

ð3:11Þ

and PCð� � �Þ is defined as

PCðx1;…; xmÞ ≔
X∞

d1;…;dm¼0

ð− ffiffiffi
q

p Þ
P

m
i;j¼1

Cijdidj xd11 xd22 � � � xdmm
ðq; qÞd1ðq; qÞd2 � � � ðq; qÞdm

; ð3:12Þ

which is determined by matrices Cij. In (3.12), n is denoted by d1 for convenience. To get the form (3.12) we use the
following expansion formula to rewrite each Pochhammer symbol in (3.8):

ðαi; qÞ�n ∼
X∞
di¼0

ð− ffiffiffi
q

p ÞC0;0½αi�n2þ2C0;i½αi�ndiþCii½αi�d2i xdii
ðq; qÞn

; ð3:13Þ

where C··½αi� denotes the coefficients in front of the degrees n, di. These C··½αi�’s encode the presence of chiral multiplets.
Interestingly, there are two equivalent ways to expand Pochhammer symbols, in either αi or

ffiffiffi
q

p
α−1i , βj or qβ−1j :

3This quiver form comes from quiver representation theory.

MIRROR SYMMETRY AND MIXED CHERN-SIMONS LEVELS FOR … PHYS. REV. D 104, 046011 (2021)

046011-11



ðαi; qÞn ¼
ðαi; qÞ∞
ðαiqn; qÞ∞

¼ ðαi; qÞ∞
X∞
di¼0

ð− ffiffiffi
q

p Þ2ndi αdii
ðq;qÞdi

ð3:14Þ

¼ ðαi; qÞ∞ðαi=
ffiffiffi
q

p Þn
X∞
di¼0

ð− ffiffiffi
q

p Þn2−2ndiþd2i
ð ffiffiffi

q
p

α−1i Þdi
ðq; qÞdi

;

ð3:15Þ

1

ðβj; qÞn
¼ ðβjqn; qÞ∞

ðβj; qÞ∞
¼ 1

ðβj; qÞ∞
X∞
dj¼0

ð− ffiffiffi
q

p Þ2ndjþd2j
ð βjffiffiqp Þdj
ðq; qÞdi
ð3:16Þ

¼ 1

ðβj; qÞ∞
ð ffiffiffi

q
p

=βjÞn
X∞
dj¼0

ð− ffiffiffi
q

p Þ−n2−2ndj ðqβ
−1
j Þdj

ðq; qÞdi
: ð3:17Þ

Following this notation, we denote the expansion (3.13) by

ðαi; qÞ�n →

0BB@
2664
C0;0½αi� � � � C0;i½αi�

..

. . .
. ..

.

Ci;0½αi� � � � Ci;i½αi�

3775; xi
1CCA ð3:18Þ

so that each antifundamental chiral AC leads to4

ðαi; qÞn →

0BB@
2664
0 � � � 1

..

. . .
. ..

.

1 � � � 0

3775; αi
1CCA;

or

0BB@
2664

1 � � � −1
..
. . .

. ..
.

−1 � � � 1

3775; ffiffiffi
q

p
α−1i

1CCA; ð3:19Þ

and each fundamental chiral C leads to

1

ðβj;qÞn
→

0BB@
2664
0 � � � 1

..

. . .
. ..

.

1 � � � 1

3775; βjffiffiffiqp

1CCA;

or

0BB@
2664
−1 � � � −1
..
. . .

. ..
.

−1 � � � 0

3775; ffiffiffi
q

p �
βjffiffiffi
q

p
�

−1

1CCA; ð3:20Þ

where all the elements denoted by “� � �” in the above
matrices are 0. In total, the matrix Cij has the structure

Cij ¼ C··½z� þ
X
i

C··½αi� þ
X
j

C··½βj�: ð3:21Þ

Here we show one particular CS level matrices keffij for
(3.8): fixing the variables xi in PCð� � �Þ as follows:

PCðx0; x1;…; xmÞ

¼ PC

�
q−

fþ1
2 z; α1;…; αNAC

;
β1ffiffiffi
q

p ;…;
βNC−1ffiffiffi

q
p

�
; ð3:22Þ

we find that the Cij matrix takes the form

Cijðð3.10ÞÞ ¼

266666666664

f þ 1 1 � � � 1 1 � � � 1

1 0 � � � 0 0 � � � 0

..

. . .
. . .

.

1 0 � � � 0 0 � � � 0

1 0 � � � 0 1 � � � 0

..

. . .
. . .

.

1 0 � � � 0 0 � � � 1

377777777775
:

ð3:23Þ

The rank of Cij is ðNAC þ NCÞ × ðNAC þ NCÞ. By com-
paring superpotentials in explicit examples, we find that the
framing number is related to the bare CS level k,

f þ 1 ¼ kþ NC − NAC

2
: ð3:24Þ

Note that there are several ways to write Zvortex
Uð1ÞkþNCCþNACAC

in the form of PCðxiÞ, since there are two equivalent
expansion parameters xi in (3.19) and (3.20). If flipping any
xi →

ffiffiffi
q

p
x−1i , then one gets another matrixC0

ij. All xi can be
flipped, and therefore one gets a chain of fCijg. There are
in total 2NACþNC−1 equivalent matrices.
Invoking the mirror symmetry, we can provide a physical

interpretation of (3.10) and matrices Cij. Recall that (3.10)
implies that the vortex partition functions of Uð1Þk þ
NCCþ NACAC theories can be rewritten in the quiver form
PCij

ðxiÞ. It can be noticed that on the Higgs branch, Z0 is

actually related to the one-loop part Z1−loop ¼ Z−1
0 , which is

given by the inverse of Pochhammer symbols in (3.14)–
(3.16),

Z1−loop
Uð1ÞkþNCCþNAC

¼
QNC

j¼1 ðβj; qÞ∞QNAC
i¼1 ðαi; qÞ∞

; ð3:25Þ

and then (3.10) reads

Z1−loop
Uð1ÞkþNCCþNACAC ·Zvortex

Uð1ÞkþNCCþNACACðz;αi;βjÞ ¼ PCij
ðxiÞ:

ð3:26Þ
4Where the number marked in blue stands forC0;0, which is the

open Kähler parameter z.
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Moreover, vortex partition functions (2.23) of T A;N theories also take a quiver form

Zvortex
T A;NCþNAC

ðkeffij ; xiÞ ¼ PCij
ðxiÞ; ð3:27Þ

hence we conjecture Cij ¼ keffij and Uð1Þk þ NCCþ NACAC can be regarded as certain T A;N theories. Then the vortex
partition functions of Uð1Þk þ NCCþ NACAC theories are conjectured to be equal to vortex partition functions of the
corresponding T A;N theories

Z1−loop
Uð1ÞkþNCCþNACACðαi; βjÞ · Zvortex

Uð1ÞkþNCCþNACACðz; αi; βjÞ ¼ ZT A;NCþNAC
ðxiÞ: ð3:28Þ

This is checked to be correct in various examples in the
following sections. We stress that the one-loop part of the
T A;N theory on the Higgs branch is trivial, and hence
ZT A;NCþNAC

ðxiÞ ⋍ Zvortex
T A;NCþNAC

ðxiÞ. Note that the correspon-

dence betweenUð1Þk þ NCCþ NACAC and T A;N theories
is a conjecture from the perspective of vortex partition
functions; however, this correspondence can be derived
from the sphere partition functions using mirror trans-
formations. Furthermore, the vortex partition functions in
(3.28) can be refined, and then they satisfy refined open GV
formula (2.26) that encodes positive integer BPS numbers;
for more details and explicit computations see [25].
There is one problem left: what are the relations between

these equivalent Cij’s? The answer is that each Cij is the
keffij of a particular mirror dual theory, and mirror symmetry
relates them. More explicitly, mirror transformations relate
dual theories

T ½ðn1;…;nNCþNAC
Þ�

⟶
ði1;…;iNCþNAC

Þ
T ½ðn1 þ i1;…;nNCþNAC

þ iNCþNAC
Þ�;
ð3:29Þ

and give rise to mirror maps between effective CS levels

k
eff;ðn1;…nNC

þNACÞ
ij

⟶
flipping somexi⟶x−1i

k
eff;ðn1þi1;…nNC

þNACþiNCþNACÞ
ij : ð3:30Þ

We will show in examples in the following sections
that these equivalent integer CS matrices keffij can be
obtained by performing mirror transformations on
sphere partition functions. In terms of vortex partition
function of the corresponding T A;NCþNAC

theories, mirror
symmetry acts as flipping closed Kähler parameters αi →
α−1i or βj → β−1j (or in other words, changing the sign of
real mass parameters ui → −ui, since the closed Kähler
parameters equal mass parameters and FI parameters by
αi; βi ∼ eπbui ; z ∼ e2bπξ). However, the exchange symmetry
q → 1=q in open topological strings does not lead to
new CS level matrices keffij , as it only shifts bare CS level
k → k� 1.

C. Uð1Þk + 1C
T k;1∶ð1Þk − ½1� theory is an interesting basic example. Its

sphere partition function is given by (2.5). We shift x and
absorb the mass parameter in ξ̃ and obtain

ZT k;1 ¼
Z

dxe2πiξ̃x−iπkx
2

sb

�
iQ
2

− x

�
: ð3:31Þ

The mirror transformation groupHðT A;1Þ in this case takes
the form

HðT A;1Þ ¼ fð0Þ; ð1Þ; ð2Þg; ð3:32Þ

which leads to mirror dual theories

fT ½ð0Þ�; T ½ð1Þ�; T ½ð2Þ�g: ð3:33Þ

Mirror transformation (1) relates them as follows:

T ½ð0Þ�⟶ð1Þ T ½ð1Þ�⟶ð1Þ T ½ð2Þ�; ð3:34Þ

namely,

ð1Þ − ½1�⟶ð1Þ ð1Þ − ðð1Þ − ½1�Þ⟶ð1Þ ð1Þ − ðð1Þ − ðð1Þ − ½1�ÞÞ;
ð3:35Þ

which are the following quivers after integrating out old
gauge nodes:

ð1Þk − ½1�⟶ð1Þ ð1Þ0k0 − ½1�⟶ð1Þ ð1Þ00k00 − ½1�: ð3:36Þ

Their sphere partition functions are as follows:

ZT ½0�
S3b

¼
Z

dxe2πiξ̃x−kπix
2

sb

�
iQ
2

− x

�
;

ZT ½1�
S3b

¼
Z

dxe
πðQ−2kQ−8iξ̃Þxþið3−2kÞπx2

2þ4k sb

�
iQ
2

− x

�
;

ZT ½2�
S3b

¼
Z

dxe
πðQþ2kQþ8iξ̃Þxþið3þ2kÞπx2

−2þ4k sb

�
iQ
2

− x

�
: ð3:37Þ
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One can see mirror transformations change CS levels and FI parameters significantly. By taking the semiclassical limit and
using formula (2.15), we read off these CS levels and FI parameters

T ½0�∶
�
keff;ð0Þij ¼ 1

2
þ k; ξeff;ð0Þ ¼ 2bπξ̃þ iπð1 − bQÞkþ iπ

2

�
;

T ½1�∶
�
keff;ð1Þij ¼ 2k − 1

2kþ 1
; ξeff;ð1Þ ¼ −

4bπξ̃
1þ 2k

þ iπð2k − 1þ bQÞ
1þ 2k

�
;

T ½2�∶
�
keff;ð2Þij ¼ 2

1 − 2k
; ξeff;ð2Þ ¼ ið−2π þ bπQ − 4ibπξ̃Þ

2k − 1

�
: ð3:38Þ

As we discussed before, mirror transformations permute mirror dual theories. The permutation

T ½ð0Þ� → T ½ð1Þ�; T ½ð1Þ� → T ½ð2Þ�; T ½ð2Þ� → T ½ð0Þ� ð3:39Þ

is given by mirror transformation (1), and the corresponding mirror map is

ðk; ξ̃Þ → ðk0; ξ̃0Þ∶ k0 ¼ 3þ 2k
2 − 4k

; ξ̃0 ¼ iðQþ 2kQþ 8iξ̃Þ
4 − 8k

: ð3:40Þ

The permutation given by mirror transformation (2) is

T ½ð0Þ� → T ½ð2Þ�; T ½ð2Þ� → T ½ð1Þ�; T ½ð1Þ� → T ½ð0Þ�; ð3:41Þ

whose corresponding mirror map is the reverse of (3.40),

ðk; ξ̃Þ → ðk00; ξ̃00Þ∶ k00 ¼ −3þ 2k
2þ 4k

; ξ̃00 ¼ ið−1þ 2kÞQ − 8ξ̃

4þ 8k
: ð3:42Þ

In this paper, we only consider mirror maps for T A;1
theories. In principle, one can find mirror maps for generic
T A;N theories too.

Parity anomaly constrains keff;ðiÞij to be integers, so we
throw away theories with fractional effective CS levels, and
find all possible values for bare CS level k,

k ¼ �3=2; 0;�1=2: ð3:43Þ

The associated effective CS levels and FI parameters can be
obtained by inserting these values in (3.38).
More explicitly, when k ¼ �3=2, we get theories

denoted by T 1;2;3;4;5;6,

k ¼ −
3

2
; T 1⟶

ð1Þ
T 2; ð3:44Þ

k ¼ 0; T 3⟶
ð1Þ

T 4; ð3:45Þ

k ¼ 3

2
; T 5⟶

ð2Þ
T 6; ð3:46Þ

where

T 1∶
�
keff;ð0Þij ¼ −1; ξeff;ð0Þ ¼ −iπ þ 3

2
ibπQþ 2bπξ̃

�
T 2∶

�
keff;ð1Þij ¼ 2; ξeff;ð1Þ ¼ 2iπ −

1

2
ibπQþ 2bπξ̃

�
;

T 3∶ fkeff;ð1Þij ¼ −1; ξeff;ð1Þ ¼ −iπ þ ibπQ − 4bπξ̃g;
T 4∶ fkeff;ð2Þij ¼ 2; ξeff;ð2Þ ¼ 2iπ − ibπQ − 4bπξ̃g;

T 5∶
�
keff;ð0Þij ¼ 2; ξeff;ð0Þ ¼ 2iπ −

3

2
ibπQþ 2bπξ̃

�
;

T 6∶
�
keff;ð2Þij ¼ −1; ξeff;ð2Þ ¼ −iπ þ 1

2
ibπQþ 2bπξ̃

�
:

ð3:47Þ

Some of them are equivalent:

T 1 ¼ T 3 ¼ T 6∶ð1Þ−3=2 − ½1�; ð3:48Þ

T 2 ¼ T 4 ¼ T 5∶ð1Þ3=2 − ½1�: ð3:49Þ

Therefore, we end up with a mirror dual pair
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fð1Þ3=2 − ½1�; ð1Þ−3=2 − ½1�g: ð3:50Þ

When k ¼ �1=2, and inserting this value into (3.38), we
find the theories

k ¼ 1

2
; T 7⟶

ð1Þ
T 8⟶

ð1Þ
T 9; ð3:51Þ

k ¼ −
1

2
; T 10⟶

ð1Þ
T 11⟶

ð1Þ
T 12; ð3:52Þ

where

T 7∶
�
keff;ð0Þij ¼ 1; ξeff;ð0Þ ¼ iπ −

1

2
ibπQþ 2bπξ̃

�
;

T 8∶
�
keff;ð1Þij ¼ 0; ξeff;ð1Þ ¼ 1

2
ibπQ − 2bπξ̃

�
;

T 9∶ fkeff;ð2Þij ¼ ∞g;

T 10∶
�
keff;ð0Þij ¼ 0; ξeff;ð0Þ ¼ 1

2
ibπQþ 2bπξ̃

�
;

T 11∶ fkeff;ð1Þij ¼ ∞g;

T 12∶
�
keff;ð2Þij ¼ 1; ξeff;ð2Þ ¼ iπ −

1

2
ibπQ − 2bπξ̃

�
:

ð3:53Þ

Here ∞ implies that there is a quiver reduction. Moreover,
some of these theories are equivalent:

T 7 ¼ T 12; T 8 ¼ T 10; T9 ¼ T 11: ð3:54Þ

More explicitly, when k ¼ 1=2, sphere partition func-
tions for T 7;8;9 take the form (where we define
ξ̃ ≔ −pþ iQ

4
)

T 7∶ Z
ð1Þ1=2−½1�
S3b

¼
Z

dxe2πið
iQ
4
−pÞx−1

2
πix2sb

�
iQ
2

− x

�
;

ð3:55Þ

T 8∶ Z
ð1Þ−1=2−½1�
S3b

¼
Z

dxe−2πið
iQ
4
−pÞxþ1

2
πix2sb

�
iQ
2

− x

�
;

ð3:56Þ

T 9∶ Z
½1�−1=2−½1�
S3b

¼ e
iπ
2
ðiQ
2
−pÞ2sb

�
iQ
2

− p

�
: ð3:57Þ

The mirror transformations relate these three theories, and
ence

Z
ð1Þ1=2−½1�
S3b

¼ Z
ð1Þ−1=2−½1�
S3b

¼ Z
½1�−1=2−½1�
S3b

; ð3:58Þ

where Z
ð1Þ1=2−½1�
S3b

¼ Z
½1�−1=2−½1�
S3b

is the identity in (2.39).

Similarly, when k ¼ −1=2, partition functions for
T 10;11;12 are of the following form (where we define
ξ̃ ≔ p − iQ

4
):

T 10∶ Z
ð1Þ−1=2−½1�
S3b

¼
Z

dxe−2πið
iQ
4
−pÞxþ1

2
πix2sb

�
iQ
2

− x

�
;

ð3:59Þ

T 11∶ Z
½1�1=2−½1�
S3b

¼ e−
iπ
2
ðiQ
2
−pÞ2sb

�
iQ
2

− p
�
; ð3:60Þ

T 12∶ Z
ð1Þ1=2−½1�
S3b

¼
Z

dxe2πið
iQ
4
−pÞx−1

2
πix2sb

�
iQ
2

− x

�
:

ð3:61Þ

The mirror transformation relates them as follows:

Z
ð1Þ−1=2−½1�
S3b

¼ Z
½1�1=2−½1�
S3b

¼ Z
½1�1=2−½1�
S3b

: ð3:62Þ

Combining (3.58) and (3.62), we get another mirror pair

fð1Þ1=2 − ½1�; ð1Þ−1=2 − ½1�; ½1�1=2 − ½1�; ½1�−1=2 − ½1�g:
ð3:63Þ

The toric diagram for the theory ð1Þk − ½1� is shown in
Fig. 2. By (3.8), the open Kähler parameter for the open
topological brane on Calabi-Yau threefold C3 is qðfþ1Þ=2z
where f is the framing number. To match it with the FI
parameter in vortex partition functions in (2.23), we
identify

eξ
eff;ð0Þ ¼ ið−1Þkq−k

2e2bπξ̃ ¼ ð−1Þfþ1q−
fþ1
2 z; ð3:64Þ

which implies that the framing number f maps to the CS
level k, and the open Kähler parameter maps to the FI
parameter

f ¼ k − 1=2; z ¼ q1=4e2bπξ̃: ð3:65Þ

FIG. 2. Calabi-Yau threefold C3 with a Lagrangian brane
marked in blue.
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D. Uð1Þk + 2C
We turn this theory into a particular T A;N theory

Zð1Þkþ2C
S3b

⟶
ð1;1Þ

ZT A;2

S3b
; ð3:66Þ

where ZT A;2

S3b
is given by (3.7) when N ¼ 2. We perform mirror transformations ðn1;n2Þ ∈ HðT A;2Þ and take the

semiclassical limit to read off effective superpotentials. For simplicity, we denote the mirror dual theories and

superpotentials by T ½ðn1;n2Þ�∶ðkeff;ðn1;n2Þ
i ; ξeff;ðn1;n2Þ

i Þ and find the following results:

T ½ð0; 0Þ�∶
  

k
1þk − 1

1þk

− 1
1þk

k
1þk

!
;

 πð2iðk−1þbQ−2ibξÞþðbþ2bkÞu1−bu2Þ
2ð1þkÞ

πð2iðk−1þbQ−2ibξÞ−bu1þðbþ2bkÞu2
2ð1þkÞ

!!
;

T ½ð0; 1Þ�∶
  

k−1
k

1
k

1
k − 1

k

!
;

 
πð2ikþ4bξþbð2k−1Þu1þbu2Þ

2k

− bπð4ξ−u1þð1þ2kÞu2Þ
2k

!!
;

T ½ð0; 2Þ�∶
  

1 1

1 1þ k

!
;

 
πð2i − ibQþ bu1 − bu2Þ

1
2
πð−2iðbkQ − 2ibξþ bQ − k − 2Þ − u2ð2bkþ bÞ þ bu1Þ

!!
;

T ½ð1; 0Þ�∶
  

− 1
k

1
k

1
k

k−1
k

!
;

 
− πbðð2kþ1Þu1þ4ξ−u2Þ

2k

πðbð2k−1Þu2þ4bξþbu1þ2ikÞ
2k

!!
;

T ½ð1; 1Þ�∶
  

1
1−k

1
1−k

1
1−k

1
1−k

!
;

 πðu1ðb−2bkÞ−4bξþ2ibQ−bu2−4iÞ
2ðk−1Þ

− πðbð2k−1Þu2þ4bξ−2ibQþbu1þ4iÞ
2ðk−1Þ

!!
;

T ½ð1; 2Þ�∶
  

0 −1
−1 k

!
;

 
πðiðbQ − 1Þ − bu1 þ bu2Þ

1
2
πð−2iðkðbQ − 1Þ − bðQþ 2iξÞ þ 1Þ þ u2ðb − 2bkÞ − bu1Þ

!!
;

T ½ð2; 0Þ�∶
  

kþ 1 1

1 1

!
;

 
1
2
πð−2iðbkQ − 2ibξþ bQ − k − 2Þ − u1ð2bkþ bÞ þ bu2Þ

πð−ibQ − bu1 þ bu2 þ 2iÞ

!!
;

T ½ð2; 1Þ�∶
  

k −1
−1 0

!
;

 
1
2
πð−2iðkðbQ − 1Þ − bðQþ 2iξÞ þ 1Þ þ u1ðb − 2bkÞ − bu2Þ

πðibQþ bu1 − bu2 − iÞ

!!
: ð3:67Þ

Because of the exchange equivalence ni ⟷ nj, there are
only two independent theories. We identify these theories
with fT ½ð2; 0Þ�; T ½ð2; 1Þ�g, which are related by the trans-
formation (0; 1),

T ½ð2; 0Þ�⟶ð0;1ÞT ½ð2; 1Þ: ð3:68Þ

The toric diagram for the theory ð1Þk − ½2� is shown in
Fig. 3. It follows from (3.8) that the vortex partition
function takes the form

Zvortex
Uð1Þkþ2C ¼

X∞
n¼0

ð− ffiffiffi
q

p Þðfþ1Þn2ðq−fþ1
2 zÞn

ðq; qÞn
1

ðβ; qÞn
; ð3:69Þ

which, combined with the one-loop part, takes the form of
the vortex partition function of the T A;2 theory. However,

there are several equivalent forms of (3.69), as we discussed
in Sec. III B, and each form corresponds to the vortex
partition function of a particular T A;2 theory

Zvortex
T A;2

¼ Z1−loop
Uð1Þkþ2C · Zvortex

Uð1Þkþ2C ð3:70Þ

FIG. 3. The toric Calabi-Yau threefold with a Lagrangian brane
for theory Uð1Þk þ 2C.
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¼
X∞

d1;d2¼0

ð− ffiffiffi
q

p Þ
P

2

i;j¼1
keff;ð2;0Þij didj zd1ðβ= ffiffiffi

q
p Þd2

ðq; qÞd1ðq; qÞd2
ð3:71Þ

¼
X∞

d1;d2¼0

ð− ffiffiffi
q

p Þ
P

2

i;j¼1
keff;ð2;1Þij didj zd1ðqβ−1Þd2

ðq; qÞd1ðq; qÞd2
; ð3:72Þ

where we have absorbed the additional framing number and
factors caused by flipping β into z. From (3.68), it can be
noticed that (3.71) is the vortex partition function for theory
T ½ð2; 0Þ�, (3.72) is the vortex partition functions for theory

T ½ð2; 1Þ�, and flipping mass parameter β=
ffiffiffi
q

p
→ qβ−1

relates effective CS levels

keff;ð2;0Þij ⟶
flip β

keff;ð2;1Þij : ð3:73Þ
This flipping is interpreted as mirror transformation (0; 1),
as ð2; 0Þ þ ð0; 1Þ ¼ ð2; 1Þ.
The relations between Kähler parameters z; αi; βj and

gauge theory parameters ui; ξ can be obtained by comparing
with (2.23) where the variables xi are defined to be
xi ≔ ð−1Þkeffii eξeffi . For T ½ð2; 0Þ�, the relations between
Kähler parameters and gauge theory parameters are given by

ðq−fþ1
2 z; β=

ffiffiffi
q

p Þ ¼ ðð−1Þ2kþ1q−
kþ1
2 e−bπu1ð12þkÞebπu2=2e−2bπξ;−ebπðu2−u1Þ=

ffiffiffi
q

p Þ; ð3:74Þ

while for T ½ð2; 1Þ� the relations are

ðq−fþ1
2 z; qβ−1Þ ¼ ðð−1Þkþ1q−

k−1
2 ebπu1ð12−kÞe−bπu2=2e−2bπξ;−

ffiffiffi
q

p
ebπðu1−u2ÞÞ: ð3:75Þ

If u1 ¼ 0, the relations between z, β and ui; ξ simplify to z ∼ e2bπξ and β ∼ ebπu2 .

E. Uð1Þk + 1C+ 1AC

The sphere partition function for this theory is

Zð1Þkþ1Cþ1AS
S3b

¼
Z

dxe2πξx−iπkx
2

sb

�
iQ
2

þ xþ u1
2

�
sb

�
iQ
2

− xþ u2
2

�
; ð3:76Þ

which after the mirror transformation (1; 1) becomes that of the theory T A;2,

Zð1Þkþ1Cþ1AS
S3b

⟶
ð1;1Þ

ZT A;2

S3b
; ð3:77Þ

where

ZT A;2

S3b
¼
Z

dy1dy2e
−iπk−1kþ1

ðy2
1
þy2

2
Þ−iπð−ikQ−ð2kþ1Þu1−4ξ−iQ−u2Þ

2ðkþ1Þ y1−
iπð−ikQ−ð2kþ1Þu2þ4ξ−iQ−u1Þ

2ðkþ1Þ y2sb

�
iQ
2

− y1

�
sb

�
iQ
2

− y2

�
: ð3:78Þ

After acting with mirror transformations from the group HðT A;2Þ, we obtain mirror dual theories labeled as follows:

T ½ð0; 0Þ�∶
  

k
1þk

1
1þk

1
1þk

k
1þk

!
;

 πðu1ð2bkþbÞþ4bξþbu2þ2ikþ2iÞ
2ðkþ1Þ

πð2ið2ibξþkþ1Þþu2ð2bkþbÞþbu1Þ
2ðkþ1Þ

!!
;

T ½ð0; 1Þ�∶
  

k−1
k − 1

k

− 1
k − 1

k

!
;

 
πð2ið−2ibξþbQþk−2Þþbð2k−1Þu1−bu2Þ

2k

− πðu2ð2bkþbÞ−4bξ−2ibQþbu1þ4iÞ
2k

!!
;

T ½ð0; 2Þ�∶
  

1 −1
−1 1þ k

!
;

 
πbðiQþ u1 þ u2Þ

1
2
πð−2ibkQ − u2ð2bkþ bÞ þ 4bξ − bu1 þ 2ikÞ

!!
;

T ½ð1; 0Þ�∶
  

− 1
k − 1

k

− 1
k

k−1
k

!
;

 
πðu1ð2bkþbÞþ4bξ−2ibQþbu2þ4iÞ

2k

πð2ið2ibξþbQþk−2Þþbð2k−1Þu2−bu1Þ
2k

!!
;
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T ½ð1; 1Þ�∶
  

1
1−k

1
k−1

1
k−1

1
1−k

!
;

 
− πbðð2k−1Þu1þ4ξ−u2Þ

2ðk−1Þ
πbðð1−2kÞu2þ4ξþu1Þ

2ðk−1Þ

!!
;

T ½ð1; 2Þ�∶
  

0 1

1 k

!
;

 
πð−ibQ − bu1 − bu2 þ iÞ

1
2
πð−2ibkQþ u2ðb − 2bkÞ þ 4bξþ bu1 þ 2ikþ 2iÞ

!!
;

T ½ð2; 0Þ�∶
  

kþ 1 −1
−1 1

!
;

 
− 1

2
iπð2bkQ − iu1ð2bkþ bÞ − 4ibξ − ibu2 − 2kÞ

πbðiQþ u1 þ u2Þ

!!
;

T ½ð2; 1Þ�∶
  

k 1

1 0

!
;

 
1
2
πð−2ibkQþ u1ðb − 2bkÞ − 4bξþ bu2 þ 2ikþ 2iÞ

πð−ibQ − bu1 − bu2 þ iÞ

!!
: ð3:79Þ

Because of the exchange relation ni ↔ nj, there are
only two independent mirror theories with integer effec-
tive CS level matrices. We identify these theories as
fT ½ð2; 1Þ�; T ½ð2; 0Þ�g, and they are related by the trans-
formation (0; 2)

T ½ð2; 1Þ�⟶ð0;2ÞT ½ð2; 0Þ: ð3:80Þ

The corresponding toric diagram forUð1Þk þ 1Cþ 1AC is
shown in Fig. 4. Following (3.8), we get its vortex partition
function

Zvortex
Uð1Þkþ1Cþ1AC ¼

X∞
n¼0

ð− ffiffiffi
q

p Þðfþ1Þn2znðα; qÞn
ðq; qÞn

; ð3:81Þ

which in combination with a one-loop part equals
the vortex partition functions of T ½ð2; 1Þ� and T ½ð2; 0Þ�
theories,

ZT A;2
¼ Z1−loop

Uð1Þkþ1Cþ1AC · Zvortex
Uð1Þkþ1Cþ1AC

¼
X∞

d1;d2¼0

ð− ffiffiffi
q

p Þ
P

2

i;j¼1
keff;ð2;1Þij didj zd1αd2

ðq; qÞd1ðq; qÞd2
ð3:82Þ

¼
X∞

d1;d2¼0

ð− ffiffiffi
q

p Þ
P

2

i;j¼1
keff;ð2;0Þij didj zd1ð ffiffiffi

q
p

α−1Þd2
ðq; qÞd1ðq; qÞd2

; ð3:83Þ

where the second line is for the T ½ð2; 1Þ� theory and the
third line is for T ½ð2; 0Þ�. One can see that flipping the
expansion parameter α →

ffiffiffi
q

p
α−1 relates effective CS

levels in (3.82) and (3.83),

keff;ð2;1Þij ⟶
flip α

keff;ð2;0Þij : ð3:84Þ
Therefore we interpret this flipping as the mirror trans-
formation (0; 2).

F. Uð1Þk + 3C
This theory can be turned into a particular T A;3 theory,

Zð1Þkþ3C
S3b

⟶
ð1;1;1Þ

ZT A;3

S3b
: ð3:85Þ

Following (3.7), we get the sphere partition function of the
corresponding T A;3 theory

ZT A;3

S3b
¼
Z Y3

i;j¼1

dyie2πξ
0
iyi−iπkijyiyjsb

�
iQ
2

− yi

�
; ð3:86Þ

kij ¼

0BBB@
− ið2k−1Þ

6þ4k
2iπ
3þ2k

2iπ
3þ2k

2iπ
3þ2k − ið2k−1Þ

6þ4k
2iπ
3þ2k

2iπ
3þ2k

2iπ
3þ2k − ið2k−1Þ

6þ4k

1CCCA;

ξ0i ¼

0BBB@
− πð2kQ−4iðkþ1Þu1−8iξ−3Qþ2iu2þ2iu3Þ

4kþ6

− πð2kQ−4iðkþ1Þu2−8iξ−3Qþ2iu1þ2iu3Þ
4kþ6

− πð2kQ−4iðkþ1Þu3−8iξ−3Qþ2iu1þ2iu3Þ
4kþ6

1CCCA: ð3:87Þ

By acting with mirror transformations on the sphere
partition function, we get many mirror dual theories with

integer effective CS level matrices keff;ðn1;n2;n3Þ
ij ,

FIG. 4. The corresponding toric Calabi-Yau threefold for theory
Uð1Þk þ 1Cþ 1AC.
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T ½ð0; 0; 2Þ�∶

0B@ 1 0 1

0 1 1

1 1 kþ 3
2

1CA; T ½ð0; 1; 2Þ�∶

0B@ 1 0 1

0 0 −1
1 −1 kþ 1

2

1CA; T ½ð0; 2; 0Þ�∶

0B@ 1 1 0

1 kþ 3
2

1

0 1 1

1CA;

T ½ð0; 2; 1Þ�∶

0B@ 1 1 0

1 kþ 1
2

−1
0 −1 1

1CA; T ½ð2; 0; 0Þ�∶

0B@ kþ 3
2

1 1

1 1 0

1 0 1

1CA; T ½ð2; 0; 1Þ�∶

0B@ kþ 1
2

1 −1
1 1 0

−1 0 0

1CA;

T ½ð1; 0; 2Þ�∶

0B@ 0 0 −1
0 1 1

−1 1 kþ 1
2

1CA; T ½ð1; 1; 2Þ�∶

0B@ 0 0 −1
0 0 −1
−1 −1 k − 1

2

1CA; T ½ð1; 2; 0Þ�∶

0B@ 0 −1 0

−1 kþ 1
2

1

0 1 1

1CA;

T ½ð1; 2; 1Þ�∶

0B@ 0 −1 0

−1 k − 1
2

−1
0 −1 0

1CA; T ½ð2; 1; 0Þ�∶

0B@ kþ 1
2

−1 1

−1 0 0

1 0 1

1CA; T ½ð2; 1; 1Þ�∶

0B@ k − 1
2

−1 −1
−1 0 0

−1 0 0

1CA:

ð3:88Þ

Because of the exchange relation ni ↔ nj, there are only four independent theories. We choose them to be
fT ½ð2; 0; 0Þ�; T ½ð2; 0; 1Þ�; T ½ð2; 1; 0Þ�; T ½ð2; 1; 1Þ�g, and their effective CS level matrices and effective FI parameters
are as follows:

T ½ð2; 0; 0Þ�∶

0B@
0B@ kþ 3

2
1 1

1 1 0

1 0 1

1CA;

0B@
1
2
πð−2ibkQ − 2bðkþ 1Þu1 − 4bξ − 4ibQþ bu2 þ bu3 þ 2ikþ 7iÞ

πð−ibQ − bu1 þ bu2 þ 2iÞ
πð−ibQ − bu1 þ bu3 þ 2iÞ

1CA
1CA;

T ½ð2; 0; 1Þ�∶

0B@
0B@ kþ 1

2
1 −1

1 1 0

−1 0 0

1CA;

0B@
1
2
πð−2ibkQ − 2bku1 − 4bξþ bu2 − bu3 þ 2ikþ iÞ

πð−ibQ − bu1 þ bu2 þ 2iÞ
πðibQþ bu1 − bu3 − iÞ

1CA
1CA;

T ½ð2; 1; 0Þ�∶

0B@
0B@ kþ 1

2
−1 1

−1 0 0

1 0 1

1CA;

0B@
1
2
πð−2ibkQ − 2bku1 − 4bξ − bu2 þ bu3 þ 2ikþ iÞ

πðibQþ bu1 − bu2 − iÞ
πð−ibQ − bu1 þ bu3 þ 2iÞ

1CA
1CA;

T ½ð2; 1; 1Þ�∶

0B@
0B@ k − 1

2
−1 −1

−1 0 0

−1 0 0

1CA;

0B@
1
2
πð−2ibkQ − 2bðk − 1Þu1 − 4bξþ 4ibQ − bu2 − bu3 þ 2ik − 5iÞ

πðibQþ bu1 − bu2 − iÞ
πðibQþ bu1 − bu3 − iÞ

1CA
1CA: ð3:89Þ

These four mirror dual theories are related by

ð3:90Þ

The toric diagram for Uð1Þk þ 3C is shown in Fig. 5. Using (3.8), its vortex partition function is given by

Zvortex
Uð1Þkþ3C ¼

X∞
n¼0

ð− ffiffiffi
q

p Þðfþ1Þn2zn

ðq; qÞn
1

ðβ1; qÞnðβ2; qÞn
; ð3:91Þ

which can be written in terms of vortex partitions of the above four dual theories:
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ZT A;3
¼ Z1−loop

Uð1Þkþ3C · Zvortex
Uð1Þkþ3C ð3:92Þ

¼
X∞

d1;d2;d3¼0

ð− ffiffiffi
q

p Þ
P

3

i;j¼1
keff;ð2;0;0Þij didj z

d1ðβ1= ffiffiffi
q

p Þd2ðβ2= ffiffiffi
q

p Þd3
ðq;qÞd1ðq;qÞd2ðq;qÞd3

ð3:93Þ

¼
X∞

d1;d2;d3¼0

ð− ffiffiffi
q

p Þ
P

3

i;j¼1
keff;ð2;1;0Þij didj z

d1ðqβ−11 Þd2ðβ2= ffiffiffi
q

p Þd3
ðq;qÞd1ðq;qÞd2ðq;qÞd3

ð3:94Þ

¼
X∞

d1;d2;d3¼0

ð− ffiffiffi
q

p Þ
P

3

i;j¼1
keff;ð2;0;1Þij didj z

d1ðβ1= ffiffiffi
q

p Þd2ðqβ−12 Þd3
ðq;qÞd1ðq;qÞd2ðq;qÞd3

ð3:95Þ

¼
X∞

d1;d2;d3¼0

ð− ffiffiffi
q

p Þ
P

3

i;j¼1
keff;ð2;1;1Þij didj zd1ðqβ−11 Þd2ðqβ−12 Þd3

ðq; qÞd1ðq; qÞd2ðq; qÞd3
:

ð3:96Þ

It is obvious that mixed CS level matrices for these mirror
dual theories are related by flipping closed Kähler para-
meters βi,

ð3:97Þ

Therefore, to match with (3.90), the flipping β1 should
correspond to mirror transformation (0; 1; 0) and flipping
β2 corresponds to (0; 0; 1). This confirms the fact that
mirror transformations are interpreted as flipping Kähler
parameter xi of vortex partition functions of T A;N theories
corresponding to strip Calabi-Yau threefolds.

1. Tong’s mirror pair

When k ¼ −3=2, the dual T A;3 theory given by (3.7) is
problematic because of poles in k̃ij. Nevertheless, it is
possible to bypass this pole in k̃ij and still get well-defined
T A;3 theories. The procedure of addressing this problem is
as follows: first, we do not give value to k and continue
acting (2; 0; 0) on the partition function, and at the end we
set k ¼ −3=2. This leads to a well-defined partition
function that can be viewed as the original theory as well.
This new original T 0

A;3 theory is given by mirror trans-
formation ð1; 1; 1Þ þ ð2; 0; 0Þ ¼ ð0; 1; 1Þ. More explicitly,
its sphere partition function is obtained in two steps

Z
Uð1Þ−3=2þ3C

S3b
⟶
ð1;1;1Þ

• ⟶
ð2;0;0Þ

Z
T 0

A;3

S3b
; ð3:98Þ

where

Z
T 0

A;3

S3b
¼
Z

dx1dx2dx3eCS termsb

�
iQ
2

− x1

�
sb

�
iQ
2

− x2

�
sb

�
iQ
2

− x3

�
; ð3:99Þ

CS term ¼ 1

2
πiðx21 − x22 − x23Þ − π

�
Q
2
þ iu1 − iu2

�
x2 − π

�
Q
2
þ iu1 − iu3

�
− π

�
Qþ 2iξ −

i
2
ðu1 þ u2 þ u3Þ

�
− 2πiðx2 þ x3Þx1: ð3:100Þ

Furthermore, when acting with the mirror transformation (1; 0; 0) on this new original theory T 0
A;3, one gets T

0
A;3½ð1; 0; 0Þ�,

Z
Uð1Þ−3=2þ3C

S3b
⟶
ð1;1;1Þ

• ⟶
ð2;0;0Þ

• ⟶
ð1;0;0Þ

Z
T 0

A;3½ð1;0;0Þ�
S3b

: ð3:101Þ

Here, we encounter quiver reduction for the theory T 0
A;3½ð1; 0; 0Þ� that turns out to have a reduced quiver. Its sphere partition

function, after shifting parameters x2 → −x2, u2 → −3iQþ 4ξ − u1 − u3, is the following:

FIG. 5. The corresponding toric Calabi-Yau threefold for theory
Uð1Þk þ 3C. Note that putting the open topological brane
(marked in blue) on various horizontal lines gives rise to the
same theory.
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Z
T 0

A;3½ð1;0;0Þ�
S3b

¼
Z

dx2dx3eCS termssb

�
iQ
2

þ x2

�
sb

�
iQ
2

− x3

�
sb

�
iQ
2

− x2 þ x3

�
;

CS terms ¼ −iπðx22 þ x23 − x2x3Þ − iπðu1 − u3Þx3 − πð3Qþ 4iξ − 2iu2 − iu3Þx2: ð3:102Þ

The integral dimension for this theory is two, and hence the gauge group is Uð1Þ ×Uð1Þ. Since
ð2; 0; 0Þ þ ð1; 0; 0Þ ¼ ð0; 0; 0Þ, (3.102) is equivalent to the problematic sphere partition function given in (3.7) with
k ¼ −3=2. The associated bare CS level matrix for (3.102) is

kij ¼
�

1 − 1
2

− 1
2

1

�
; ð3:103Þ

and the associated chiral multiplets have charges ð−1; 0Þ; ð1;−1Þ; ð0; 1Þ, respectively. It is easy to draw its quiver

½1� −Uð1Þ − Uð1Þ − ½1�: ð3:104Þ

Interestingly, we obtain the mirror pair found by Dorey and Tong in [36],

Uð1Þ−3=2 − ½3�;
with k ¼ −3=2;
and keff ¼ 0

⟷
ð1;1;1Þ

½1� −Uð1Þ −Uð1Þ − ½1� with kij ¼
�

1 − 1
2

− 1
2

1

�
:

and keffij ¼
�

2 −1
−1 2

�
:

ð3:105Þ

In this case the mirror transformation is (1; 1; 1). This example illustrates the fact that mirror transformations can be used to
verify and derive dualities with the help of T A;N theories.

G. Uð1Þk + 2C+ 1AC

The sphere partition function for this theory is

ZUð1Þkþ2Cþ1AC
S3b

¼
Z

dxe2πξx−iπkx
2

sb

�
iQ
2

þ xþ u1
2

�
sb

�
iQ
2

− xþ u2
2

�
sb

�
iQ
2

þ xþ u3
2

�
: ð3:106Þ

Because of parity anomaly, the bare CS level k ∈ Zþ 1=2. Mirror transformation (1; 1; 1) turns this theory into type T A;3,

Zð1Þkþ2Cþ1AC
S3b

⟶
ð1;1;1Þ

ZT A;3

S3b
; ð3:107Þ

where the open partition function of T A;3 in this case is

ZT A;3

S3b
¼
Z Y3

i;j¼1

dyie2πξ
0
iyi−iπkijyiyjsb

�
iQ
2

− yi

�
; ð3:108Þ

kij ¼

0BBB@
− ið2k−1Þ

6þ4k − 2iπ
3þ2k

2iπ
3þ2k

− 2iπ
3þ2k − ið2k−1Þ

6þ4k − 2iπ
3þ2k

2iπ
3þ2k − 2iπ

3þ2k − ið2k−1Þ
6þ4k

1CCCA; ξ0i ¼

0BBB@
− πðð1þ2kÞQ−8iξ−4ið1þkÞu1−2iu2þ2iu3Þ

6þ4k

− iπð−ið5þ2kÞQþ8ξ−2u1−4ð1þkÞu2−2u3Þ
6þ4k

− iπð−ið1þ2kÞQ−8ξþ2u1−2u2−4ð1þkÞu3Þ
6þ4k

1CCCA: ð3:109Þ

Similarly as before, we list all integer effective CS level matrices obtained by mirror transformations
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T ½ð0; 0; 2Þ�∶

0B@ 1 0 1

0 1 −1
1 −1 kþ 3

2

1CA; T ½ð0; 1; 2Þ�∶

0B@ 1 0 1

0 0 1

1 1 kþ 1
2

1CA; T ½ð0; 2; 0Þ�∶

0B@ 1 −1 0

−1 kþ 3
2

−1
0 −1 1

1CA;

T ½ð0; 2; 1Þ�∶

0B@ 1 −1 0

−1 kþ 1
2

1

0 1 0

1CA; T ½ð1; 0; 2Þ�∶

0B@ 0 0 −1
0 1 −1
−1 −1 kþ 1

2

1CA; T ½ð1; 1; 2Þ�∶

0B@ 0 0 −1
0 0 1

−1 1 k − 1
2

1CA;

T ½ð1; 2; 0Þ�∶

0B@ 0 1 0

1 kþ 1
2

−1
0 −1 1

1CA; T ½ð1; 2; 1Þ�∶

0B@ 0 1 0

1 k − 1
2

1

0 1 0

1CA; T ½ð2; 0; 0Þ�∶

0B@ kþ 3
2

−1 1

−1 1 0

1 0 1

1CA;

T ½ð2; 0; 1Þ�∶

0B@ kþ 1
2

−1 −1
−1 1 0

−1 0 0

1CA; T ½ð2; 1; 0Þ�∶

0B@ kþ 1
2

1 1

1 0 0

1 0 1

1CA; T ½ð2; 1; 1Þ�∶

0B@ k − 1
2

1 −1
1 0 0

−1 0 0

1CA; ð3:110Þ

which satisfy exchange equivalence ni ↔ nj, so there are only four independent theories that we choose them to be

fT½ð2; 0; 0Þ�; T ½ð2; 0; 1Þ�; T ½ð2; 1; 0Þ�; T ½ð2; 1; 1Þ�g: ð3:111Þ

The associated effective CS levels and effective FI parameters are as follows:

T ½ð2; 1; 0Þ�∶

0B@
0B@

1
2
þ k 1 1

1 0 0

1 0 1

1CA;

0B@
1
2
πð−2ibkQ − 2bku1 − 4bξ − 2ibQþ bu2 þ bu3 þ 2ikþ 5iÞ

πð−ibQ − bu1 − bu2 þ iÞ
πð−ibQ − bu1 þ bu3 þ 2iÞ

1CA
1CA; ð3:112Þ

T ½ð2; 0; 0Þ�∶

0B@
0B@ kþ 3

2
−1 1

−1 1 0

1 0 1

1CA;

0B@
1
2
πð−2ibkQ − 2bðkþ 1Þu1 − 4bξ − 2ibQ − bu2 þ bu3 þ 2ikþ 3iÞ

πbðiQþ u1 þ u2Þ
πð−ibQ − bu1 þ bu3 þ 2iÞ

1CA
1CA; ð3:113Þ

T ½ð2; 0; 1Þ�∶

0B@
0B@ kþ 1

2
−1 −1

−1 1 0

−1 0 0

1CA;

0B@− 1
2
iπð2bkQ − 2ibku1 − 4ibξ − 2bQ − ibu2 − ibu3 − 2kþ 3Þ

πbðiQþ u1 þ u2Þ
πðibQþ bu1 − bu3 − iÞ

1CA
1CA; ð3:114Þ

T ½ð2; 1; 1Þ�∶

0B@
0B@ k − 1

2
1 −1

1 0 0

−1 0 0

1CA;

0B@
1
2
πð−2ibkQ − 2bðk − 1Þu1 − 4bξþ 2ibQþ bu2 − bu3 þ 2ik − iÞ

πð−ibQ − bu1 − bu2 þ iÞ
πðibQþ bu1 − bu3 − iÞ

1CA
1CA: ð3:115Þ

These four mirror dual theories are related by mirror transformations

ð3:116Þ

The toric diagram for this example is shown in Fig. 6. The corresponding vortex partition function is
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Zvortex
Uð1Þkþ2Cþ1AC ¼

X∞
n¼0

ð− ffiffiffi
q

p Þðfþ1Þn2zn

ðq; qÞn
ðα; qÞn
ðβ; qÞn

; ð3:117Þ

which along with the one-loop part is equivalent to the
vortex partition functions of four mirror dual theories
mentioned in (3.111),

ZT A;3
¼ Z1−loop

Uð1Þkþ2Cþ1AC · Zvortex
Uð1Þkþ2Cþ1AC ð3:118Þ

¼
X∞

d1;d2;d3¼0

ð− ffiffiffi
q

p Þ
P

3

i;j¼1
keff;ð2;1;0Þij didj zd1αd2ðβ= ffiffiffi

q
p Þd3

ðq; qÞd1ðq; qÞd2ðq; qÞd3
ð3:119Þ

¼
X∞

d1;d2;d3¼0

ð− ffiffiffi
q

p Þ
P

3

i;j¼1
keff;ð2;0;0Þij didj z

d1ð ffiffiffi
q

p
α−1Þd2ðβ= ffiffiffi

q
p Þd3

ðq; qÞd1ðq; qÞd2ðq; qÞd3
ð3:120Þ

¼
X∞

d1;d2;d3¼0

ð− ffiffiffi
q

p Þ
P

3

i;j¼1
keff;ð2;0;1Þij didj z

d1ð ffiffiffi
q

p
α−1Þd2ðqβ−1Þd3

ðq; qÞd1ðq; qÞd2ðq; qÞd3
ð3:121Þ

¼
X∞

d1;d2;d3¼0

ð− ffiffiffi
q

p Þ
P

3

i;j¼1
keff;ð2;1;1Þij didj zd1αd2ðqβ−1Þd3

ðq; qÞd1ðq; qÞd2ðq; qÞd3
:

ð3:122Þ

It is obvious that flipping α ⟶
ffiffiffi
q

p
α−1 and β ⟶

ffiffiffi
q

p
β−1

relates their effective CS level matrices

ð3:123Þ

Once again, this confirms that mirror symmetry can be
interpreted as flipping closed Kähler parameters in vortex
partition functions.

H. ½1�−Uð1Þk1 −Uð1Þk2 − ½1�
This quiver theory has three chiral multiplets with

charges ð1; 0Þ; ðp1; p2Þ; ð0; 1Þ, respectively. The associated
sphere partition function is given by

Z
½1�−ð1Þk1−ð1Þk2−½1�
S3b

¼
Z

dx1dx2e−ik1πx
2
1
−ik2πx22þ2πiðξ1x1þξ2x2Þ

× sb

�
iQ
2

þ x1 þ
u1
2

�
sb

�
iQ
2

þ x2 þ
u2
2

�
sb

�
iQ
2

þ p1x1 þ p2x2 þ
u1
2

�
: ð3:124Þ

After redefining parameters

u1 ≔
logY1

bπ
; u2 ≔

logY2

bπ
; u3 ≔

logð−qðp1þp2−1Þ=2Y3 − iπðp1 þ p2ÞÞ
bπ

; ð3:125Þ

we get the associated effective superpotential in the semiclassical limit

eWeff
½1�−ð1Þk1−ð1Þk2−½1� ¼ Li2ðX1Y1Þ þ Li2ðX2Y2Þ þ Li2ðXp1

1 Xp2

2 Y3Þ

þ 1

2

�
k1 þ

1þ p2
1

2

�
logX2

1 þ
1

2

�
k2 þ

1þ p2
2

2

�
logX2

2 þ
p1p2

2
logX1 logX2

þ
X2
l¼1

ðð1þ plÞπiþ logY1 þ pl logY3 þ 2πik1 − kl log q − 4bπξlÞ logXl: ð3:126Þ

The associated effective CS level matrix is

keffij ¼
 
k1 þ 1þp2

1

2
p1p2

2

p1p2

2
k2 þ 1þp2

2

2

!
: ð3:127Þ

Similarly as before, mirror transformation (1; 1; 1) turns this quiver theory into some particular T A;3 theories,
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Z
½1�−ð1Þk1−ð1Þk2−½1�
S3b

⟶
ð1;1;1Þ

ZT A;3

S3b
: ð3:128Þ

We list some effective CS level matrices given by mirror
transformations

T ½ð0;2;2Þ�∶

0BBB@
1 1

p1
− p2

p1

1
p1

2k1þp2
1
þ1

2p2
1

− 2k1p2þp2

2p2
1

− p2

p1
− 2k1p2þp2

2p2
1

k1p2
2

p2
1

þ k2 þ 1
2

	
p2
2

p2
1

þ 1


1CCCA;

ð3:129Þ

T ½ð1; 2; 2Þ�∶

0BBB@
0 − 1

p1

p2

p1

− 1
p1

2k1þp2
1
−1

2p2
1

p2−2k1p2

2p2
1

p2

p1

p2−2k1p2

2p2
1

k1p2
2

p2
1

þ k2 −
p2
2

2p2
1

þ 1
2

1CCCA;

ð3:130Þ

T ½ð2; 0; 2Þ�∶

0B@
1
2
ð2k1 þ p2

1 þ 1Þ p1
p1p2

2

p2 1 p2

p1p2

2
p2

1
2
ð2k2 þ p2

2 þ 1Þ

1CA;

ð3:131Þ

T ½ð2; 1; 2Þ�∶

0B@ k1 −
p2
1

2
þ 1

2
−p1 − 1

2
p1p2

−p1 0 −p2

− 1
2
p1p2 −p2 k2 −

p2
2

2
þ 1

2

1CA;

ð3:132Þ

T ½ð2; 2; 0Þ�∶

0BBB@
2k2p2

1
þp2

1
þp2

2

2p2
2

þ k1 − 2k2p1þp1

2p2
2

− p1

p2

− 2k2p1þp1

2p2
2

2k2þp2
2
þ1

2p2
2

1
p2

− p1

p2

1
p2

1

1CCCA;

ð3:133Þ

T ½ð2; 2; 1Þ�∶

0BBB@
2k2p2

1
−p2

1
þp2

2

2p2
2

þ k1
p1−2k2p1

2p2
2

p1

p2

p1−2k2p1

2p2
2

2k2þp2
2
−1

2p2
2

− 1
p2

p1

p2
− 1

p2
0

1CCCA:

ð3:134Þ

It is obvious that if charges p1 and p2 for the bifundamental
multiplet are chosen properly, there could be many anomaly
free mirror dual theories with integer effective CS levels.

IV. KNOT POLYNOMIALS

Mirror symmetry is also important in knot theory,
because many knot invariants can be engineered by gauge
theories. The theories Uð1Þk þ NCCþ NACAC discussed
in Sec. III actually correspond to the unknot. However, in
this work we expect that mirror transformations could be
applied to generic knots.
In [38,39], it is found that the HOMFLY-PT polynomials

of various knots can be lifted to the form

PKða; x; qÞ⟶lift PQK ðx; qÞ

≔
X∞

d1;…;dN¼0

ð− ffiffiffi
q

p Þ
P

N
i;j¼1

Cijdidj xd11 � � � xdNN
ðq; qÞd1 � � � ðq; qÞdN

;

ð4:1Þ
which implies that different knots correspond to matrices
Cij. This relation is called the knots-quivers correspon-
dence in [39].5 Moreover, some identifications need to be
imposed on variables xi,

xi ¼ xaaiq
qi−Cii

2 ð−tÞCii2 ; ð4:2Þ
in order to ensure that

PKða; x; qÞ ¼ PQK ðxi ¼ xaaiq
qi−Cii

2 ð−tÞCii2 ; qÞ; ð4:3Þ
where parameter −t ¼ 1 in the unrefined limit q ¼ t. On
the other hand, 3D/3D correspondence claims that colored
HOMFLY-PT polynomials are equal to vortex partition
functions of certain 3D N ¼ 2 theories [2,3]. Inspired by
this argument and the form (4.1), it is conjectured in [10]
that the lifted version PQK ðx; tÞ also corresponds to certain
3DN ¼ 2 theories T½QK� whose vortex partition functions
in the semiclassical limit take the form

PQK ðx; qÞ⟶ℏ⟶0
Z Y

i

dyi
yi

exp
1

ℏ
ð eWT½QK �ðx; yÞ þOðℏÞÞ;

ð4:4ÞeWT ½QK �ðx; yÞ ¼
X
i

Li2ðyiÞ þ logðð−1ÞCiixiÞ log yi

þ
X
i;j

Cij

2
log yi log yj: ð4:5Þ

By comparing (4.5) with (2.15), we note that the lifted
HOMFLY-PT polynomialsPQK ðx; qÞ are the same as vortex
partition functions of T A;N theories, and the corresponding
quiver theories T½QK� are actually

T A;N∶ ðUð1Þ − ½1�Þ⊗N
kij;ξi

: ð4:6Þ

5In [10,39], Cij is called quiver following the notation in
quiver representation theory.
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Therefore Cij play the role of effective Chern-Simons levels
keffij and logðð−1ÞCiixiÞ play the role of FI parameters ξeffi . The
mirror transformations of T A;N theories enable us to obtain a
chain of equivalent integer matrices fCijg for knots.

A. Trefoil

Trefoil 31 is one typical example in KQ correspondence
[10,39]. The associated KQ matrix Cij is

Cij ¼

0BBBBBBBBB@

0 0 1 1 2 2

0 1 1 1 2 2

1 1 2 2 2 3

1 1 2 3 2 3

2 2 2 2 3 3

2 2 3 3 3 4

1CCCCCCCCCA
þ f

0BBBBBBBBB@

1 1 1 1 1 1

1 1 1 1 1 1

1 1 1 1 1 1

1 1 1 1 1 1

1 1 1 1 1 1

1 1 1 1 1 1

1CCCCCCCCCA
;

ð4:7Þ

where f in the second term is the framing number for trefoil.
Based on the above conjecture that the 3D theory T ½QK�
from KQ correspondence is the T A;N theory, we assume the
original theory denoted by T ½ð0; 0; 0; 0; 0; 0Þ� has effective
CS levels,

Cij ¼ keff;ð0;…;0Þ
ij ¼ kij þ

1

2
δij; ð4:8Þ

andmass parameterswere absorbed into shiftedFI parameters
ξ̃i. Then one can act with mirror transformations from
HðT A;6Þ on the sphere partition function given in (2.10)
and get many integer effective CS level matrices.
Quiver reductions appear in this context as well. By

scanning the CS levels obtained by mirror transformations,
we find there is at least one gauge node that cannot be
integrated out. More explicitly, mirror transformation
(0; 1; 1; 1; 1; 1) leads to the sphere partition function

ZT ½ð0;1;1;1;1;1Þ�
S3b

¼
Z

dxe−
1
2
ð9þ14fþ5f2Þπix2þπixð−ið6þ5fÞ

4
Qþð2ξ̃1þfξ̃2þð1þfÞξ̃3þð1þfÞξ̃4þð2þfÞξ̃5þð2þfÞξ̃6ÞÞ

× sb

�
iQ
2

− x

�
sb

�
iQ
4

þ fx − ξ̃2

�
sb

�
iQ
4

þ ð1þ fÞx − ξ̃3

�
sb

�
iQ
4

þ ð1þ fÞx − ξ̃4

�
× sb

�
iQ
4

þ ð2þ fÞx − ξ̃5

�
sb

�
iQ
4

þ ð2þ fÞx − ξ̃6

�
; ð4:9Þ

which implies that the corresponding theory has a star shape quiver in Fig. 7 with one gauge node Uð1Þ and six chiral
multiplets with charges f−1; f; 1þ f; 1þ f; 2þ f; 2þ fg. The FI parameters ξ̃2;3;4;5;6 were turned into mass parameters
while ξ̃1 is still an FI parameter. If f ¼ 0;−1;−2, some double sine functions from chiral multiplets can be moved out of the
integral, so framing f plays a subtle role here. Moreover, mirror transformation (1; 1; 1; 1; 0; 1) also leads to a star shape
quiver with one gauge node Uð1Þ and six chiral multiplets with charges f2þ f; 2þ f; 2þ f; 2þ f;−1; 3þ fg. The
corresponding sphere partition function is

ZT ½ð1;1;1;1;0;1Þ�
S3b

¼
Z

dxe−
1
2
ð30þ24fþ5f2Þπix2þπixð−11þ5f

4
iQþð2ξ̃1þ2ξ̃2þ2ξ̃3þ2ξ̃4þ2ξ̃5þ3ξ̃6Þþfðξ̃1þξ̃2þξ̃3þξ̃4þξ̃6ÞÞ

× sb

�
iQ
4

þ ð2þ fÞx − ξ̃1

�
sb

�
iQ
4

þ ð2þ fÞx − ξ̃2

�
sb

�
iQ
4

þ ð2þ fÞx − ξ̃3

�
× sb

�
iQ
4

þ ð2þ fÞx − ξ̃4

�
sb

�
iQ
2

− x − ξ̃5

�
sb

�
iQ
4

þ ð3þ fÞx − ξ̃6

�
: ð4:10Þ

FIG. 7. The star shape quiver for the 3D N ¼ 2 theories
corresponding to trefoil.

FIG. 6. The corresponding toric Calabi-Yau threefold for theory
Uð1Þk þ 2Cþ 1AC. Note that the vortex partition function is
invariant under the flop transition on closed Kähler parameter α.
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In this case, all FI parameters ξ̃1;2;3;4;5;6 are turned into mass
parameters.

V. CONCLUSIONS

In this work we discussed the mirror symmetry for
Abelian 3D N ¼ 2 gauge theories using T A;N theories, on
which mirror symmetry acts as a functional Fourier trans-
formation of sphere partition functions. These transforma-
tions form a nice group HðT A;NÞ, so that each element in
HðT A;NÞ stands for a mirror transformation and corre-
sponds to a mirror dual theory. By reading off effective
mixed Chern-Simons levels and effective FI parameters
from superpotentials, we can get many mirror dual theories
with different mixed CS levels. However, these mirror dual
theories are equivalent and have equivalent partition func-
tions. This implies that effective CS levels are not sufficient
to identify theories in this context. Fortunately, these
equivalent mixed CS levels can be tracked by mirror
transformations and are under control. As many theories
are related to T A;N theory, and the latter theory is easy to
analyze, we can use T A;N as a tool to analyze other types of
quiver theories. We discussed the 3D mirror symmetry of
theories engineered by strip geometries, in particular
Uð1Þk − ½N� theories, by turning them into T A;N theories
via mirror transformation ð1; 1;…; 1Þ. The result is that for
these theories there are several corresponding mirror dual
T A;N theories with different mixed CS level matrices. If
considering their vortex partition functions, one could find
mirror symmetry only changes the sign of mass parameters.
An interesting discovery is that Tong’s mirror pairs can be
verified with the help of T A;N theories. In addition, we
discussed the open BPS invariants encoded in vortex
partition functions and the open Gopakumar-Vafa formula
in various limits.
There are many open questions. First, it would be

interesting to understand quiver reductions, and the rela-
tions between mixed CS levels and charge vectors for chiral
multiplets. Second, it is important to understand better
mirror transformations and quiver reductions for knot
polynomials and their Higgsing and geometric realization.
Third, finding the relations between non-Abelian 3D
N ¼ 2 theories with mixed Chern-Simons levels, 3D/3D
correspondence, three-manifolds, cluster algebra, super-
potentials, and monopole operators, is an interesting
direction for further studies [13,40]. Last but not least, it
is important to verify whether the local mirror symmetry
discussed in [41] can be identified with the mirror sym-
metry discussed in this work, and find the mirror symmetry
for 3DN ¼ 2 theories obtained by compactifying 6D (2,0)
SCFTs on three manifold M3.
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APPENDIX A: DOUBLE-SINE FUNCTION

The double-sine function is defined as

sbðxÞ ¼
Y
m;n≥0

mbþ n=bþQ=2 − ix
mbþ n=bþQ=2þ ix

; Q ¼ bþ 1

b
;

ðA1Þ
and it satisfies the identity

sbðxÞsbð−xÞ ¼ 1: ðA2Þ

The equivariant parameter q in localization is defined as

q ¼ eℏ ¼ e2πib
2 ¼ e2πibQ; ℏ ¼ 2πib2 ¼ 2πibQ: ðA3Þ

The asymptotic limit b → 0 of the double-sine function is

sbðzÞ → e−iπz
2=2eiπð2−Q2Þ=24 exp

�
1

2πib2
Li2ðe2πbzÞ

�
;

ðA4Þ
where Li2ðzÞ is the polylogarithm function defined by a
power series

LisðzÞ ≔
X∞
k¼1

zk

ks
: ðA5Þ

In the decompactification limit R → þ∞, the effective
superpotentials of 3D N ¼ 2 gauge theories on spacetime
R2 × S1R involve

lim
R→þ∞

Li2ðe−RxÞ
R2

¼ ⟦x⟧2

2
;

⟦x⟧2 ≔ θð−xÞ · x ¼
�
0 x > 0;

x x < 0;
ðA6Þ

where ⟦x⟧2 is defined in [29] and θðxÞ is the Heaviside step
function. The derivative of Li2ðyÞ in vacua equations is

exp

�
y
dLi2ðyÞ

dy

�
¼ 1

1 − y
: ðA7Þ

There is one useful identity in reading off effective super-
potentials

Li2ðzÞ þ Li2ðz−1Þ ¼ −
π2

6
−
1

2
log2ð−zÞ: ðA8Þ

In addition, the q-Pochhammers is defined by ðx;qÞn ≔Q
n−1
i¼0 ð1 − xqiÞ.
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APPENDIX B: INTEGRATION

When performing mirror transformations, we use the
higher dimensional Gaussian integral formulaZ

dx exp

�
−
1

2
x ·A · xþ J · x

�
¼

ffiffiffiffiffiffiffiffiffiffiffi
ð2πÞn
detA

r
exp

�
1

2
J ·A−1 · J

�
; only if det A ≠ 0;

ðB1Þ

to integrate out old gauge nodes. The Dirac delta function

δðkÞ ¼ 1

2π

Z
dxeikx ðB2Þ

reduces the dimension of integrals and hence plays an
important role in quiver reduction.

APPENDIX C: MATRIX DECOMPOSITION

Real symmetric matrix S can be decomposed in the
orthogonal basis

S ¼ QTΛQ; ðC1Þ
where Λ is a real diagonal matrix and Q is an orthogonal
matrix satisfying QQT ¼ QTQ ¼ 1, and QT ¼ Q−1. If
matrix A is symmetric, then BTAB and A−1 are also
symmetric. In addition, Cholesky decomposition asserts
that if matrix A is real positive and definite symmetric,
then it can be decomposed as A ¼ LLT , or more specifi-
cally Aik ¼ LijLkj.
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