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The relativistic charged spinor matter field is quantized in the background of a straight cosmic string with
nonvanishing transverse size. The most general boundary conditions ensuring the impossibility for matter
to penetrate through the edge of the string core are considered. The role of discrete symmetries is
elucidated, and analytic expressions for the temporal and spatial components of the induced vacuum
current are derived in the case of either P or CT invariant boundary condition with two parameters varying
arbitrarily from point to point of the edge. The requirement of physical plausibility for the global induced
vacuum characteristics is shown to remove completely an arbitrariness in boundary conditions. We find out
that a magnetic field is induced in the vacuum and that a sheath in the form of a tube of the magnetic flux
lines encloses a cosmic string. The dependence of the induced vacuum magnetic field strength on the string
flux and tension, as well as on the transverse size of the string and on the distance from the string, is
unambiguously determined.
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I. INTRODUCTION

According to the standard cosmological model, the early
universe, in the course of its expansion and cooling,
undergoes phase transitions with spontaneous symmetry
breaking. Topological defects of various kinds (monopoles,
strings, domain walls) are formed in the aftermath of such
phase transitions [1–5]. Most of these defects are unstable
and decay as the universe expands, but some can survive.
Namely, linear defects (cosmic strings), starting from a
random tangle, evolve into two different sets: the unstable
one which consists of a variety of string loops decaying by
gravitational radiation and the stable one which consists of
several long, approximately straight strings spanning the
horizon (see, e.g., reviews in [6,7]). Although a measure-
ment of the cosmic microwave background radiation
testifies that the cosmic strings are not abundant, their
evolution brings distinct astrophysical effects, in particular,
producing detectable gravitational waves [8], gamma-ray
bursts [9], and high-energy cosmic rays [10]. The interest in
cosmic strings also is amplified by theoretical findings that
they almost inevitably emerge in the framework of super-
string and supergravity models aiming at the explanation of
the inflation (brane inflation) [11–16].

A straight infinitely long cosmic string in its rest frame is
characterized by tension (or linear density of energy)

μ ¼ 1

16πĢ

Z
core

dσR; ð1:1Þ

where Ģ is the gravitational constant, R is the curvature
scalar, and the integration is over the transverse section of
the string core (natural units ℏ ¼ c ¼ 1 are used). Space
outside the string core is locally flat (R ¼ 0) but non-
Euclidean, with squared length element

ds2 ¼ dr2 þ ð1 − 4ĢμÞ2r2dφ2 þ dz2; ð1:2Þ

where cylindrical coordinates with the symmetry axis
coinciding with the axis of the string are chosen. Such a
space can be denoted as a conical one: a surface that is
transverse to the string is isometric to the surface of a cone
with the deficit angle equal to 8πĢμ. The observation of
discontinuities in the cosmic microwave background radi-
ation imposes an upper bound on the value of the deficit
angle to be 2.5 × 10−6 rad (see [17]); however, it makes
sense in a more general context in theory to consider larger
values of the deficit angle up to 2π. Moreover, of some
interest may be saddlelike conical spaces with the deficit
angle taking negative values unbounded from below
(unbounded surplus angle), although tension (1.1) is
negative in this case; for instance, such a space effectively
emerges in the A phase of superconductive He3 (see [18]).
Various nanoconical structures arise in a diverse set of
condensed matter systems known as the Dirac materials,
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ranging from honeycomb crystalline allotropes (graphene
[19], silicene and germanene [20], phosphorene [21]) to
high-temperature cuprate superconductors [22] and topo-
logical insulators [23].
Returning to the concept of a string as of a topological

defect, we note that, in the case of spontaneous breakdown
of a continuous symmetry, the string acquires an additional
global characteristic—flux

Φ ¼
Z
core

dσ∂ × V ¼
I

dx · V; ð1:3Þ

where V is the vector potential of the gauge field corre-
sponding to the spontaneously broken gauge symmetry and
the line integral is over a closed contour encircling the
string core once. Note also that the gauge field potential is
nonvanishing outside the string core, although the gauge
field strength vanishes there (this is a general ground for the
renowned Aharonov-Bohm effect [24,25]).
Matter emerging in the universe in an epoch after the

birth of a cosmic string is assumed to interact with its gauge
field in the minimal way, i.e., via substitution

∂ → ∂ − iẽV ð1:4Þ

for the gradient of the matter field (ẽ is the appropriate
coupling constant). A plausible hierarchy of energy scales
is as follows:

mPlanck ≫ mH ≫ m; ð1:5Þ

wheremPlanck ¼ Ģ−1=2 is the Planck energy scale,mH is the
energy scale of the spontaneous symmetry breakdown, i.e.,
the mass of the appropriate Higgs boson, andm is the mass
of the matter field. In view of the right inequality in (1.5),
the direct interaction of the matter field with the Higgs field
is negligible. Assuming without a loss of generality that the
string has the form of a tube of radius r0, we note that
the transverse size of the string core is of the order of the
correlation length,

r0 ∼m−1
H : ð1:6Þ

The string tension is of the order of the inverse correlation
length squared,

μ ∼m2
H: ð1:7Þ

A study of various effects of vacuum polarization of the
quantum relativistic charged spinor matter field in the
cosmic string background has a long history of more
than three decades (see [26–38] and references therein).
However, this study in no way is exhaustive, and several
crucial points should be stressed. A simplifying assumption
in [26–31,35] is to neglect the transverse size of the string.

In view of (1.6), this corresponds to a requirement of the
vanishing correlation length, i.e., infinite mH and, surely,
infinite mPlanck, keeping ratio mH=mPlanck to be small
enough in order to satisfy the left inequality in (1.5).
Moreover, the matter field has to be subject to a certain
(disputable) condition at the location of an infinitely thin
string. If the transverse size of the string is taken into
account, then an unavoidable obstruction arises so far as the
interior of the string core is a “black box”: the exact forms
of the local characteristics (curvature scalar and gauge field
strength) inside the core are unknown, and the results are
obtained for certain made-up configurations only (see
[36,37]). On the other hand, it should be recalled that a
phase with the spontaneously broken symmetry exists
outside the string core and the vacuum has to be defined
there. Hence, the matter field is not allowed to penetrate
inside the string core, obeying a boundary condition at its
edge. What in general can be said about this boundary
condition? First, there is a requirement of mathematical
consistency: as long as the case of stable matter is
considered, the Hamiltonian operator for the matter field
has to be self-adjoint. Second, a physical requirement, as
has just been noted, is in the absence of the penetration of
the matter field through the boundary. Actually, for a spatial
region with a one-component boundary (and this is space
out of the string core), the requirements are equivalent, and
they yield, as an outcome, a four-parameter family of
boundary conditions (see [39–41]); the parameter values
may in general differ for different points of the boundary
[42]. One can comprehend that an arbitrariness in the
configuration of the curvature scalar and the gauge field
strength inside the string core is translated into an arbitra-
riness in the choice of boundary conditions at the edge of
the string core. Thus, the quantum effects of matter in the
cosmic string background depend on the boundary para-
meters, as well as on the global characteristics of the
string—tension (1.1) and flux (1.3); moreover, as a mani-
festation of the Aharonov-Bohm effect, the dependence on
the flux is periodic with a period equal to the appropriate
London flux quantum, 2π=ẽ.
However, it is needless to say that the above generality is

excessive, and some additional physical arguments can
restrict the arbitrariness of boundary conditions. For in-
stance, a requirement of various discrete symmetries
reduces the number of boundary parameters. As will be
shown in the present study, there are further physical
requirements that completely remove the arbitrariness of
boundary conditions.
Observation of magnetic fields of order 10−18 − 10−10

Gauss in intergalactic voids [43] indicates that a magnetic
field has emerged in the early universe. The generation of
primordial magnetic fields is a hot topic, and different
scenarios for this phenomenon are proposed (see [44]).
Therefore, among a whole variety of the vacuum polari-
zation effects in the cosmic string background, we focus on
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the induced vacuum magnetic field. As is proven in the
present paper, the cosmic string background indeed pro-
duces a magnetic field in the vacuum of the quantum
relativistic charged spinor matter field, and the dependence
of this effect on the global characteristics of the string is
unambiguously determined.
In the next section we define the physical characteristics

of the vacuum of the quantum relativistic charged spinor
matter field in the cosmic string background. In Sec. III we
choose boundary conditions ensuring the absence of the
matter flux through the edge of the string core and display the
role of discrete symmetries. The induced vacuum current and
magnetic field strength in the case of the two-parameter
position-dependent boundary condition are obtained in
Sec. IV. In Sec. V we consider the total induced vacuum
magnetic flux and find out that an arbitrariness in the
boundary parameter values is removed by requiring the
physically plausible behavior for the flux. Finally, the results
are summarized in Sec. VI. In Appendix A we present the
complete set of solutions to theDirac equation that is relevant
to the problem considered. An alternative representation of
the results, allowing for the explicit extraction of the
dependence on the transverse size of the string, is given in
Appendix B. The results for the formal case of the infinitely
thin string are given in Appendix C.

II. VACUUM OF QUANTUM SPINOR MATTER
IN THE COSMIC STRING BACKGROUND

The current that is induced in the vacuum by static
background fields is defined by relations

j0ðxÞ ¼ 1

2
hvacj½Ψ̂†ðx; x0ÞΨ̂ðx; x0Þ

− Ψ̂Tðx; x0ÞΨ̂†Tðx; x0Þ�jvaci

¼ −
1

2

XZ
sgnðEÞψ†

EðxÞψEðxÞ ð2:1Þ

and

jðxÞ ¼ 1

2
hvacj½Ψ̂†ðx; x0Þγ0γΨ̂ðx; x0Þ

− Ψ̂Tðx; x0Þðγ0γÞTΨ̂†Tðx; x0Þ�jvaci

¼ −
1

2

XZ
sgnðEÞψ†

EðxÞγ0γψEðxÞ ð2:2Þ

[sgnðtÞ is the sign function, sgnðtÞ ¼ �1 at t ≷ 0]; here

Ψ̂ðx; x0Þ ¼
XZ

E>0
e−iEx

0

ψEðxÞâE þ
XZ

E<0
e−iEx

0

ψEðxÞb̂†E
ð2:3Þ

is the operator of the second-quantized spinor field, super-
scripts T and † denote a transposition and a Hermitian

conjugation, â†E and âE (b̂†E and b̂E) are the spinor particle
(antiparticle) creation and destruction operators obeying the
anticommutation relations, ground state jvaci is defined by
relation âEjvaci ¼ b̂Ejvaci ¼ 0, symbol

PR
denotes sum-

mation over the discrete part and integration (with a certain
measure) over the continuous part of the energy spectrum,
and e−iEx

0

ψEðxÞ is the solution to the stationary equation
with the appropriate Dirac Hamiltonian denoted by H,

ði∂0 −HÞe−iEx0ψEðxÞ ¼ 0: ð2:4Þ

If the current given by (2.1) and (2.2) is nonvanishing, then
electric [EIðxÞ] and magnetic [BIðxÞ] field strengths are
also induced in the vacuum, as a consequence of the
Maxwell equations

∂ · EIðxÞ ¼ ej0ðxÞ ð2:5Þ

and

∂ ×BIðxÞ ¼ ejðxÞ; ð2:6Þ

where the electromagnetic coupling constant, e, differs in
general from ẽ. The total flux of the induced vacuum
magnetic field is

ΦI ¼
Z

dS ·BIðxÞ; ð2:7Þ

while the global characteristic that is related to EIðxÞ is the
total induced vacuum charge,

QI ¼
Z

dV∂ ·EIðxÞ; ð2:8Þ

here dV is the infinitesimal element of the volume of space,
and dS is the infinitesimal element of the surface which is
orthogonal to BIðxÞ.
In the case of the cosmic string background, the Dirac

Hamiltonian takes the form

H ¼ −iγ0γ ·
�
∂ − iẽVðxÞ þ i

2
ωðxÞ

�
þ γ0m; ð2:9Þ

where VðxÞ is the bundle connection and ωðxÞ is the spin
connection, corresponding to the cosmic string back-
ground. In cylindrical coordinates r;φ; zwith the symmetry
axis coinciding with the axis of a straight cosmic string,
only angular components of the connections are non-
vanishing,

Vφ ¼ Φ
2π

; wφ ¼ i
1 − ν

r
γφγ

r; ð2:10Þ

and Hamiltonian (2.9) takes the form
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H ¼ −iγ0
�
γr
�
∂r þ

1 − ν

2r

�
þ γφ

�
∂φ − i

ẽΦ
2π

�
þ γ3∂z

�
þ γ0m; ð2:11Þ

where Φ is given by (1.3), notation

ν ¼ ð1 − 4ĢμÞ−1 ð2:12Þ

is introduced, and μ is given by (1.1). Using the following
representation for the Dirac matrices:

γ0 ¼
�
σ3 0

0 σ3

�
; γ1 ¼ i

�
σ1 0

0 σ1

�
;

γ2 ¼ i

�
σ2 0

0 −σ2

�
; γ3 ¼ i

�
0 σ2

σ2 0

�
ð2:13Þ

(σ1, σ2, and σ3 are the Pauli matrices), we obtain the block-
diagonal form for matrices γr and γφ,

γr ¼ γr ¼ i

�
σ1 cosφþ σ2 sinφ 0

0 σ1 cosφ − σ2 sinφ

�

ð2:14Þ

and

γφ ¼ ν

r
i

�
σ2 cosφ − σ1 sinφ 0

0 −σ2 cosφ − σ1 sinφ

�
;

γφ ¼ r2

ν2
γφ; ð2:15Þ

and present Hamiltonian (2.11) as

H ¼
�

H1 −iσ1∂z
−iσ1∂z H−1

�
; ð2:16Þ

where

Hs ¼ −i
�
ðsσ1 sinφ − σ2 cosφÞ

�
∂r þ

1 − ν

2r

�

þ ν

r
ðsσ1 cosφþ σ2 sinφÞ

�
∂φ − i

ẽΦ
2π

��
þ σ3m; s ¼ �1: ð2:17Þ

Decomposing the four-component function, ψEðr;φ; zÞ,
into the two-component ones, ψ ð1Þ

E ðr;φÞ and ψ ð−1Þ
E ðr;φÞ,

ψEðr;φ; zÞ ¼
eik3zffiffiffiffiffiffi
2π

p
�

ψ ð1Þ
E ðr;φÞ

iψ ð−1Þ
E ðr;φÞ

�
; ð2:18Þ

we note that the stationary Dirac equation [see (2.4)]

ðE −HÞψEðr;φ; zÞ ¼ 0 ð2:19Þ

is equivalent to the system of equations

� ðE −H1Þψ ð1Þ
E ðr;φÞ ¼ ik3σ1ψ

ð−1Þ
E ðr;φÞ

ðE −H−1Þψ ð−1Þ
E ðr;φÞ ¼ −ik3σ1ψ

ð1Þ
E ðr;φÞ

�
: ð2:20Þ

In view of equalities

H1σ
1 þ σ1H−1 ¼ σ1H1 þH−1σ

1 ¼ 0; ð2:21Þ

relation

ðE2 −H2ÞψEðr;φ; zÞ ¼ 0 ð2:22Þ

which is just a direct consequence of (2.19) is equivalent to
relation

ðE2 − k23 −H2
sÞψ ðsÞ

E ðr;φÞ ¼ 0: ð2:23Þ

Thus, function ψ ðsÞ
E ðr;φÞ can be regarded as a solution to

equation

ðE −Hsjm→m3
Þψ ðsÞ

E ðr;φÞ ¼ 0; m3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ k23

q
:

ð2:24Þ

Decomposing function ψ ðsÞ
E ðr;φÞ as

ψ ðsÞ
E ðr;φÞ ¼

X
n∈Z

�
fðsÞn ðr; EÞ exp ½iðnþ 1

2
− 1

2
sÞφ�

gðsÞn ðr; EÞ exp ½iðnþ 1
2
þ 1

2
sÞφ�

�

ð2:25Þ
(Z is the set of integer numbers), we present the latter
equation as a system of two first-order differential equa-
tions for radial functions:

� f−∂r þ r−1½sνðn − ncÞ −Gs�gfðsÞn ðr; EÞ ¼ ðEþm3ÞgðsÞn ðr; EÞ
f∂r þ r−1½sνðn − ncÞ þ 1 −Gs�ggðsÞn ðr; EÞ ¼ ðE −m3ÞfðsÞn ðr; EÞ

�
; ð2:26Þ
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where

nc ¼
�				 ẽΦ2π

				
�
; F ¼

�				 ẽΦ2π
				
�
; Gs ¼ sν

�
F −

1

2

�
þ 1

2
;

ð2:27Þ

½juj� is the integer part of quantity u (i.e., the integer that is
less than or equal to u), and fjujg ¼ u − ½juj� is the
fractional part of quantity u, 0 ≤ fjujg < 1.
Using (2.13) and (2.25), one immediately gets jr ¼ 0

and jz ¼ 0, while the remaining components of the induced
vacuum current are r dependent:

j0ðrÞ ¼ −
1

2

X
s¼�1

XZ X
n∈Z

sgnðEÞf½fðsÞn ðr; EÞ�2 þ ½gðsÞn ðr; EÞ�2g

ð2:28Þ

and

jφðrÞ ¼ −
r
ν

X
s¼�1

XZ X
n∈Z

sgnðEÞsfðsÞn ðr; EÞgðsÞn ðr; EÞ:

ð2:29Þ

As is noted in the Introduction, parameters of the boundary
condition in general case vary from point to point of the
boundary. Consequently, j0ðrÞ (2.28) and jφðrÞ (2.29) in this
case contain an additional dependence on φ and z owing to
the boundary condition. A variation of the boundary param-
eters with z can be moderate enough, and a violation of the
translational invariance along the string axis can be regarded
as negligible. Therefore, the induced vacuum magnetic field
strength is directed along the string axis,

BIðrÞ ¼ eν
Z

∞

r

dr0

r0
jφðr0Þ; ð2:30Þ

with total flux

ΦI ¼
1

ν

Z
2π

0

dφ
Z

∞

r0

drrBIðrÞ ð2:31Þ

(r0 is the radius of the string). The total induced vacuum
charge is given by expression

QI ¼
e
ν

Z
2π

0

dφ
Z

∞

−∞
dz
Z

∞

r0

drrj0ðrÞ: ð2:32Þ

In the following we shall find quantities (2.28)–(2.32) in the
case of 1 ≤ ν < ∞, which corresponds to the deficit angle

ranging from 0 to 2π, and in the case of 1
2
≤ ν < 1, which

corresponds to the deficit angle ranging from −2π to 0,
for 1

2
ð1ν − 1Þ < F < 1

2
ð3 − 1

νÞ.

III. BOUNDARY CONDITION: SELF-
ADJOINTNESS AND DISCRETE SYMMETRIES

The most general boundary condition that is compatible
with the self-adjointness of the Dirac Hamiltonian in the
case of three-dimensional spatial region X with one-
component boundary ∂X depends on four parameters
u; v; t1; t2 (see [41]):

ðI − KÞψ jx∈∂X ¼ 0 ð3:1Þ

with

K ¼ ð1þ u2 − v2 − t2ÞI þ ð1 − u2 þ v2 þ t2Þγ0
2iðu2 − v2 − t2Þ

× ðun · γ þ vγ5 − it · γÞ; ð3:2Þ

here γ5 ¼ −iγ0γ1γ2γ3,n is the outward normal to ∂X,n2 ¼ 1,
and t ¼ ðt1; t2Þ is tangential to ∂X, t · n ¼ 0. It should be
recalled that

K ¼ −in · γ ð3:3Þ

corresponds to the so-called quark bag boundary condition
that was postulated a long time ago as the condition ensuring
the confinement of the matter field (see [45–47]). However,
the confinement is ensured equally as well by the four-
parameter boundary condition with matrixK given by (3.2),
and this is the most general confining boundary condition.
Parameters of the boundary condition, u; v; t1; t2, can be

interpreted as the self-adjoint extension parameters. It
should be emphasized that the values of these parameters
may in general vary from point to point of the boundary. In
this respect the “number” of self-adjoint extension param-
eters is, in fact, infinite; moreover, it is not countable but is
of power of a continuum. This distinguishes the case of an
extended boundary from the case of an excluded point
(contact interaction), when the number of self-adjoint
extension parameters is finite, being equal to n2 for the
deficiency index equal to (n, n) (see, e.g., [48,49]).
In the case of the spatial region out of the straight cosmic

string of radius r0, the boundary condition is

ðI − KÞψ jr¼r0 ¼ 0 ð3:4Þ

with

K ¼ ½1þ u2 − v2 − ðν=rÞ2ðtφÞ2 − ðtzÞ2�I þ ½1 − u2 þ v2 þ ðν=rÞ2ðtφÞ2 þ ðtzÞ2�γ0
2½u2 − v2 − ðν=rÞ2ðtφÞ2 − ðtzÞ2� ðiuγr − ivγ5 − tφγφ − tzγzÞ: ð3:5Þ

INDUCED VACUUM MAGNETIC FIELD IN THE COSMIC … PHYS. REV. D 104, 045013 (2021)

045013-5



Invariance under spatial reflection,

P∶ φ → φþ π z → −z ψ → iγ0ψ ; ð3:6Þ

reduces the number of boundary parameters by half,

v ¼ 0; tz ¼ 0; ð3:7Þ

and matrix K takes the form

K ¼ ½1þ u2 − ðν=rÞ2ðtφÞ2�I þ ½1 − u2 þ ðν=rÞ2ðtφÞ2�γ0
2½u2 − ðν=rÞ2ðtφÞ2�

× ðiuγr − tφγφÞ: ð3:8Þ
Using parametrization

u ¼ cos η
cos θ þ sin η

; tφ ¼ r
ν

sin θ
cos θ þ sin η

; ð3:9Þ

we get

K ¼ I cos θ þ γ0 sin η
cos2 θ − sin2 η

�
iγr cos η −

r
ν
γφ sin θ

�
: ð3:10Þ

In view of invariance under the simultaneous shift by π,

Kjθ→θþπ
η→ηþπ ¼ K; ð3:11Þ

it suffices to restrict the range of boundary angular
parameters to

0 ≤ θ < 2π; 0 ≤ η < π: ð3:12Þ

A dependence of parameters θ and η on φ and z is
admissible, if condition

θðφþ π;−zÞ ¼ θðφ; zÞ; ηðφþ π;−zÞ ¼ ηðφ; zÞ
ð3:13Þ

is satisfied.
It should be noted (see [50] for details) that boundary

condition (3.1) can be rewritten as

ðI − K̃Þψ jx∈∂X ¼ 0; ð3:14Þ

where

K̃ ¼ ð1 − NÞK þ N: ð3:15Þ

If N is a Hermitian matrix, N† ¼ N, which obeys condition

NK − K†N ¼ K − K†; ð3:16Þ

then K̃ is Hermitian also, K̃† ¼ K̃. In the case ofK given by
(3.10), we have

N ¼ γ0 cos θ sin ηþ i
r
ν
γrγφ sin θ cos η ð3:17Þ

and

K̃ ¼
�
I cos θ −

r
ν
γφ sin θ

�
ðiγr cos ηþ γ0 sin ηÞ: ð3:18Þ

Note the following relation under separate shifts by π:

K̃jθ→θþπ ¼ K̃jη→ηþπ ¼ −K̃: ð3:19Þ

Imposing the boundary condition with either K (3.10) or
K̃ (3.18) on the decomposition of the wave function into
modes [see (2.18) and (2.25)], we obtain the condition for
the modes:

fðsÞn jr¼r0 þ τsðθ; ηÞgðsÞn jr¼r0 ¼ 0; ð3:20Þ

where

τsðθ; ηÞ ¼ tan

�
s
θ

2
þ η

2
þ π

4

�
: ð3:21Þ

To end the discussion of the P invariant boundary con-
dition, we list some properties of τsðθ; ηÞ:

τsð−θ;−ηÞ ¼ τ−1s ðθ; ηÞ;
τ−sðθ; ηÞ ¼ τ−1s ðθ;−ηÞ;

τsðθ þ π; ηÞ ¼ τsðθ; ηþ πÞ ¼ −τ−1s ðθ; ηÞ: ð3:22Þ

The number of boundary parameters is reduced by half
as well, if, instead of P invariance, one requires invariance
under the combination of charge conjugation and time
reversal,

CT∶ x0 → −x0 ψ → −iγ0γ5ψ : ð3:23Þ

Then

v ¼ 0; u2 − ðν=rÞ2ðtφÞ2 − ðtzÞ2 ¼ 1; ð3:24Þ

and matrix K takes form

K ¼ iγr sec θ −
�
r
ν
γφ cos ζ þ γ3 sin ζ

�
tan θ; ð3:25Þ

where the use is made of parametrization,

u ¼ sec θ; tφ ¼ r
ν
tan θ cos ζ; tz ¼ tan θ sin ζ;

ð3:26Þ

it suffices to restrict the range to
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0 ≤ θ < 2π; 0 ≤ ζ < π; ð3:27Þ

and a dependence of θ and ζ on φ and z is admissible.
Determining Hermitian matrix N obeying condition (3.16),
and defining Hermitian matrix K̃ by (3.15), we get

N ¼ iγr
�
r
ν
γr cos ζ þ γ3 sin ζ

�
sin θ ð3:28Þ

and

K̃ ¼ iγr
�
I cos θ þ

�
r
ν
γφ cos ζ þ γ3 sin ζ

�
sin θ

�
: ð3:29Þ

Because of the appearance of γ3 in (3.25) and (3.29), the
boundary condition mixes the components of the wave
function with s ¼ 1 and s ¼ −1. Assuming nevertheless
the condition for the modes in the form [cf. (3.20)]

fðsÞn jr¼r0 þ τsðθ; ζÞgðsÞn jr¼r0 ¼ 0; ð3:30Þ

one gets relation

τsðθ; ζÞð1 − s sin θ cos ζÞ þ τ−sðθ; ζÞ
× ð1þ s sin θ cos ζÞ ¼ cos θ½1þ τsðθ; ζÞτ−sðθ; ζÞ�:

ð3:31Þ

If one requires P invariance (3.6) in addition to CT
invariance (3.23), then

tz ¼ 0; ð3:32Þ

and one obtains

K ¼ iγr sec θ −
r
ν
γφ tan θ ð3:33Þ

and

K̃ ¼ iγr
�
I cos θ þ r

ν
γφ sin θ

�
; ð3:34Þ

the same is certainly obtained if one reverses the order of
requirements. Thus, in the case of invariance under the
CPT transformation,

CPT∶ φ → φþ π z → −z x0 → −x0 ψ → γ5ψ ;

ð3:35Þ

the boundary condition depends on one parameter, θ, and
we obtain

τsðθ; 0Þ ¼ tan

�
s
θ

2
þ π

4

�
: ð3:36Þ

The most restrictive is the requirement of invariance
under charge conjugation,

C∶ Φ → −Φ ψ → iγ1ψ� ð3:37Þ

[note that ðγ1Þ� ¼ −γ1 in representation (2.13)], then

K ¼ K̃ ¼ �iγr ð3:38Þ

and

jτsj ¼ 1: ð3:39Þ

It should be noted that

K ¼ K̃ ¼ iγr ð3:40Þ

and, consequently,

τs ¼ 1 ð3:41Þ

correspond to the quark bag boundary condition [cf. (3.3)].
We conclude that the requirement of discrete symmetries

reduces the number of boundary parameters. Both P and
CT invariances result in the two-parameter position-
dependent boundary condition, whereas CPT invariance
results in the one-parameter position-dependent boundary
condition. The requirement of C invariance is the strongest
one, restricting matrix K to the form given by (3.38): no
position-dependent parameters, but still some ambiguities.
In the present study we shall find the requirement restrict-
ing matrix K to the unambiguous form given by (3.40), i.e.,
corresponding to the quark bag boundary condition.

IV. INDUCED VACUUM CURRENT AND
MAGNETIC FIELD

Presenting the angular component of the induced vac-
uum current as

jφðrÞ ¼
X
s¼�1

jðsÞφ ðrÞ; ð4:1Þ

where

jðsÞφ ðrÞ ¼ −
sr
ν

XZ X
n∈Z

sgnðEÞfðsÞn ðr; EÞgðsÞn ðr; EÞ; ð4:2Þ

we note that current (4.2) can be related to the current in

two-dimensional surface z ¼ const, jð2 dimÞðsÞ
φ ðr;mÞ,
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jðsÞφ ðrÞ ¼
Z

∞

0

dk3
π

jð2 dimÞðsÞ
φ ðr;m3Þ; m3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ k23

q
:

ð4:3Þ

Actually, the latter has been computed at s ¼ 1 in [38], and
the computation at s ¼ −1 is analogous with the use of the

explicit form of modes of the solution to the Dirac equation
(see Appendix A); note that one has to substitute τs for
tan ðθ

2
þ π

4
Þ in [38] [see (3.20) and (3.30)]. We present here

the result for the case of ν ≥ 1 and jF − 1
2
j < 1

2ν, or
1
2
≤

ν < 1 and jF − 1
2
j < 1 − 1

2ν,

jð2 dimÞðsÞ
φ ðr;mÞ ¼ −

m
2π

�
1

2π

Z
∞

0

du
coshðu=2Þ

�
1þ 1

2mr coshðu=2Þ
�
e−2mr coshðu=2Þ

×
cos ½νðF − 1

2
Þπ� sinhðνuÞ sinh ½νðF − 1

2
Þu� þ sin ½νðF − 1

2
Þπ� sinðνπÞ cosh ½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

−
1

ν

X½jν=2j�
p¼1

�
1þ 1

2mr sinðpπ=νÞ
�
exp½−2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�

sinðpπ=νÞ

þ 1

4N

�
1þ 1

2mr

�
e−2mr sin½ð2F − 1ÞNπ�δν;2N

�

−
sr
π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p �
1

2
½Cð∧ÞðsÞ

λ½0;sð1
2
−FÞ�ðqr0; mr0Þ − Cð∨ÞðsÞ

λ½0;sðF−1
2
Þ�ðqr0; mr0Þ�Kλð0;1

2
−FÞðqrÞKλð0;F−1

2
ÞðqrÞ

þ
X∞
l¼1

h
Cð∧ÞðsÞ
λ½l;sð1

2
−FÞ�ðqr0; mr0ÞKλ½l;sð1

2
−FÞ�ðqrÞKλ½l;sð1

2
−FÞ�−1ðqrÞ

−Cð∨ÞðsÞ
λ½l;sðF−1

2
Þ�ðqr0; mr0ÞKλ½l;sðF−1

2
Þ�ðqrÞKλ½l;sðF−1

2
Þ�−1ðqrÞ

i�
; ð4:4Þ

where

λðl; yÞ ¼ νðlþ yÞ þ 1=2; ð4:5Þ

Cð∧ÞðsÞ
ρ ðv; wÞ ¼ fvIρðvÞKρðvÞτs þ w½IρðvÞKρ−1ðvÞ − Iρ−1ðvÞKρðvÞ�

−vIρ−1ðvÞKρ−1ðvÞτ−1s g½vK2
ρðvÞτs þ 2wKρðvÞKρ−1ðvÞ þ vK2

ρ−1ðvÞτ−1s �−1; ð4:6Þ

and

Cð∨ÞðsÞ
ρ ðv; wÞ ¼ fvIρðvÞKρðvÞτ−1s þ w½IρðvÞKρ−1ðvÞ − Iρ−1ðvÞKρðvÞ�

−vIρ−1ðvÞKρ−1ðvÞτsg½vK2
ρðvÞτ−1s þ 2wKρðvÞKρ−1ðvÞ þ vK2

ρ−1ðvÞτs�−1; ð4:7Þ

IρðuÞ and KρðuÞ are the modified Bessel functions of order
ρ with exponential increase and decrease at large real
positive values of their argument, p and N are positive
integers, δω;ω0 is the Kronecker symbol, δω;ω0 ¼ 0 at ω0 ≠ ω
and δω;ω ¼ 1. Note that relation

τ−s ¼ τ−1s ð4:8Þ

holds in the case of the CPT-invariant boundary condition
[see (3.36)], and, as a consequence, we obtain relation

Cð∨Þð−sÞ
ρ ðv; wÞ ¼ Cð∧ÞðsÞ

ρ ðv; wÞ ð4:9Þ

in this case.
In a general case, inserting (4.4) into (4.3), we perform

integration over k3 of terms in the first figure brackets in
(4.4); as to the remaining terms, we change the order of
integration,

Z
∞

0

dk3

Z
∞ffiffiffiffiffiffiffiffiffiffi
k2
3
þm2

p dq ¼
Z

∞

m
dq
Z ffiffiffiffiffiffiffiffiffiffi

q2−m2
p

0

dk3;

and then introduce variable ξ ¼ arcsin ðk3=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p
Þ.

As a result, we obtain after summing over s ¼ �1
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jφðrÞ ¼ −
m2

π2

�
1

2π

Z
∞

0

du
coshðu=2ÞK2½2mr coshðu=2Þ�

×
cos½νðF − 1

2
Þπ� sinhðνuÞ sinh½νðF − 1

2
Þu� þ sin½νðF − 1

2
Þπ� sinðνπÞ cosh½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

−
1

ν

X½jν=2j�
p¼1

K2½2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�
sinðpπ=νÞ þ 1

4N
K2ð2mrÞ sin½ð2F − 1ÞNπ�δν;2N

�

þ 2r
π3

Z
π=2

0

dξ
Z

∞

m
dqq2

�
1

2

�
Cð∨Þ
λð0;F−1

2
Þ

�
qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0

�

− Cð∧Þ
λð0;1

2
−FÞ

�
qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0

��
Kλð0;F−1

2
ÞðqrÞKλð0;1

2
−FÞðqrÞ

þ
X∞
l¼1

Cð∨Þ
λðl;F−1

2
Þ

�
qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0

�
Kλðl;F−1

2
ÞðqrÞKλðl;F−1

2
Þ−1ðqrÞ

−
X∞
l¼1

Cð∧Þ
λðl;1

2
−FÞ

�
qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0

�
Kλðl;1

2
−FÞðqrÞKλðl;1

2
−FÞ−1ðqrÞ

�
; ð4:10Þ

where

Cð∨Þ
ρ ðv; wÞ ¼ 1

2
½Cð∨Þð1Þ

ρ ðv; wÞ þ Cð∧Þð−1Þ
ρ ðv; wÞ� ð4:11Þ

and

Cð∧Þ
ρ ðv; wÞ ¼ 1

2
½Cð∧Þð1Þ

ρ ðv; wÞ þ Cð∨Þð−1Þ
ρ ðv; wÞ�: ð4:12Þ

Inserting (4.10) into (2.30), we obtain the magnetic field strength,

BIðrÞ ¼ −
eνm
2π2r

�
1

2π

Z
∞

0

du
cosh2ðu=2ÞK1½2mr coshðu=2Þ�

×
cos½νðF − 1

2
Þπ� sinhðνuÞ sinh½νðF − 1

2
Þu� þ sin½νðF − 1

2
Þπ� sinðνπÞ cosh½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

−
1

ν

X½jν=2j�
p¼1

K1½2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�
sin2ðpπ=νÞ þ 1

4N
K1ð2mrÞ sin½ð2F − 1ÞNπ�δν;2N

�

−
eνr
π3

Z
π=2

0

dξ
Z

∞

m
dqq2

�
1

2

�
Cð∨Þ
λð0;F−1

2
Þ

�
qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0

�

− Cð∧Þ
λð0;1

2
−FÞ

�
qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0

��
Wλð0;jF−1

2
jÞðqrÞ

þ
X∞
l¼1

Cð∨Þ
λðl;F−1

2
Þ

�
qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0

�
Wλðl;F−1

2
ÞðqrÞ

−
X∞
l¼1

Cð∧Þ
λðl;1

2
−FÞ

�
qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0

�
Wλðl;1

2
−FÞðqrÞ

�
; ð4:13Þ

where
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WρðvÞ ¼ KρðvÞ
d
dρ

Kρ−1ðvÞ − Kρ−1ðvÞ
d
dρ

KρðvÞ: ð4:14Þ

Note that both the current and the magnetic field strength change sign under simultaneous change F → 1 − F and τs → τ−1s .
The cases when there are no peculiar modes are considered similarly. In the case of ν > 1 and 0 < F < 1

2
ð1 − 1

νÞ, we get

jφðrÞ ¼ −
m2

π2

�
1

2π

Z
∞

0

du
coshðu=2ÞK2½2mr coshðu=2Þ�

×
cos½νðF − 1

2
Þπ� cosh½νðF þ 1

2
Þu� − cos½νðF þ 1

2
ÞπÞ� cosh½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

−
1

ν

X½jν=2j�
p¼1

K2½2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�
sinðpπ=νÞ þ 1

4N
K2ð2mrÞ sin½ð2F − 1ÞNπ�δν;2N

�

þ 2r
π3

Z
π=2

0

dξ
Z

∞

m
dqq2

�X∞
l¼1

Cð∨Þ
λðl;F−1

2
Þ


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
Kλðl;F−1

2
ÞðqrÞKλðl;F−1

2
Þ−1ðqrÞ

−
X∞
l¼0

Cð∧Þ
λðl;1

2
−FÞ


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
Kλðl;1

2
−FÞðqrÞKλðl;1

2
−FÞ−1ðqrÞ

�
ð4:15Þ

and

BIðrÞ ¼ −
eνm
2π2r

�
1

2π

Z
∞

0

du
cosh2ðu=2ÞK1½2mr coshðu=2Þ�

×
cos½νðF − 1

2
Þπ� cosh½νðF þ 1

2
Þu� − cos½νðF þ 1

2
ÞπÞ� cosh½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

−
1

ν

X½jν=2j�
p¼1

K1½2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�
sin2ðpπ=νÞ þ 1

4N
K1ð2mrÞ sin½ð2F − 1ÞNπ�δν;2N

�

−
eνr
π3

Z
π=2

0

dξ
Z

∞

m
dqq2

�X∞
l¼1

Cð∨Þ
λðl;F−1

2
Þ


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
Wλðl;F−1

2
ÞðqrÞ

−
X∞
l¼0

Cð∧Þ
λðl;1

2
−FÞ


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
Wλðl;1

2
−FÞðqrÞ

�
: ð4:16Þ

In the case of ν > 1 and 1
2
ð1þ 1

νÞ < F < 1, we get

jφðrÞ ¼
m2

π2

�
1

2π

Z
∞

0

du
coshðu=2ÞK2½2mr coshðu=2Þ�

×
cos ½νðF − 1

2
Þπ� cosh ½νðF − 3

2
Þu� − cos½νðF − 3

2
ÞπÞ� cosh ½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

þ 1

ν

X½jν=2j�
p¼1

K2½2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�
sinðpπ=νÞ −

1

4N
K2ð2mrÞ sin½ð2F − 1ÞNπ�δν;2N

�

þ 2r
π3

Z
π=2

0

dξ
Z

∞

m
dqq2

×

�X∞
l¼0

Cð∨Þ
λðl;F−1

2
Þ


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
Kλðl;F−1

2
ÞðqrÞKλðl;F−1

2
Þ−1ðqrÞ

−
X∞
l¼1

Cð∧Þ
λðl;1

2
−FÞ


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
Kλðl;1

2
−FÞðqrÞKλðl;1

2
−FÞ−1ðqrÞ

�
ð4:17Þ
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and

BIðrÞ ¼
eνm
2π2r

�
1

2π

Z
∞

0

du
cosh2ðu=2ÞK1½2mr coshðu=2Þ�

×
cos½νðF − 1

2
Þπ� cosh½νðF − 3

2
Þu� − cos½νðF − 3

2
ÞπÞ� cosh½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

þ 1

ν

X½jν=2j�
p¼1

K1½2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�
sin2ðpπ=νÞ −

1

4N
K1ð2mrÞ sin½ð2F − 1ÞNπ�δν;2N

�

−
eνr
π3

Z
π=2

0

dξ
Z

∞

m
dqq2

�X∞
l¼0

Cð∨Þ
λðl;F−1

2
Þ


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
Wλðl;F−1

2
ÞðqrÞ

−
X∞
l¼1

Cð∧Þ
λðl;1

2
−FÞ


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
Wλðl;1

2
−FÞðqrÞ

�
: ð4:18Þ

Note that (4.15) and (4.16) turn into (4.17) and (4.18) with opposite signs under simultaneous changes F → 1 − F
and τs → τ−1s .
In the case of the vanishing string tension, the expressions for the current and the magnetic field strength are simplified:

jφðrÞjν¼1
¼ −

m2

π3
sinðFπÞ

Z
∞

1

dvv−2K2ð2mrvÞ sinh½ð2F − 1Þarccoshv�

þ 2r
π3

Z
π=2

0

dξ
Z

∞

m
dqq2

�
1

2

h
Cð∨Þ
F



qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�

− Cð∧Þ
1−F



qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�i

KFðqrÞK1−FðqrÞ

þ
X∞
l¼1

Cð∨Þ
lþF



qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
KlþFðqrÞKl−1þFðqrÞ

−
X∞
l¼1

Cð∧Þ
lþ1−F



qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
Klþ1−FðqrÞKl−FðqrÞ

�
ð4:19Þ

and

BIðrÞjν¼1 ¼ −
eνm
2π3r

sinðFπÞ
Z

∞

1

dvv−3K1ð2mrvÞ sinh½ð2F − 1Þarccoshv�

−
eνr
π3

Z
π=2

0

dξ
Z

∞

m
dqq2

�
1

2

h
Cð∨Þ
F



qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�

− Cð∧Þ
1−F



qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�i

W1
2
þjF−1

2
jðqrÞ

þ
X∞
l¼1

Cð∨Þ
lþF



qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
WlþFðqrÞ

−
X∞
l¼1

Cð∧Þ
lþ1−F



qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
Wlþ1−FðqrÞ

�
: ð4:20Þ

In Appendix B the above results at ν ≥ 1 and jF − 1
2
j < 1

2ν, or at
1
2
≤ ν < 1 and jF − 1

2
j < 1 − 1

2ν, are presented for the
cases F ≠ 1=2 and F ¼ 1=2 separately. This allows us to collect the dependence on the transverse size of a cosmic string in

pieces denoted by jðbÞðsÞφ and BðbÞðsÞ
I :
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jðsÞφ ðrÞ ¼ jðaÞðsÞφ ðrÞ þ jðbÞðsÞφ ðrÞ; jðaÞðsÞφ ðrÞ ¼ lim
r0→0

jðsÞφ ðrÞ

ð4:21Þ

and

BðsÞ
I ðrÞ ¼ BðaÞðsÞ

I ðrÞ þ BðbÞðsÞ
I ðrÞ; BðaÞðsÞ

I ðrÞ ¼ lim
r0→0

BðsÞ
I ðrÞ;

ð4:22Þ

then it is clear that jðaÞðsÞφ ðsÞ and BðaÞðsÞ
I ðrÞ correspond to

the case of the infinitely thin cosmic string, which is
obtained by imposing the condition of minimal irregu-
larity on peculiar mode (A5) in the r0 → 0 limit (see
Appendix A); then the mode coefficient takes the form
of (C3). The current and the magnetic field strength in the
case of the infinitely thin cosmic string are given in

Appendix C. Returning to the string with nonvanishing
transverse size, we note that the same structure as that
of (4.21) and (4.22) is evident at ν > 1 and 1

2ν < jF − 1
2
j < 1

2

[see (4.15)–(4.18)]. In the case of F ≠ 1=2, the
r0-independent pieces are independent of τs [see (C4)
and (C5)], whereas the r0-dependent pieces, consisting
of the integrals over q in (B1), (B2), (B13), (B14), and
(4.15)–(4.18), depend on τs. In the case of F ¼ 1=2, the
r0-independent pieces depend on τs [see (C9) and (C10)],
while the r0-dependent pieces, consisting of the integrals
over q and the appropriate parts of the other terms in
(B9) and (B15), depend on τs as well. Let us recall that
boundary parameter τs in general depends on φ and z (see
Sec. III).
As a consequence of the above, limits F → 1=2 and

r0 → 0 in most cases do not commute. If the limit r0 → 0 is
taken first, we get a discontinuity at F ¼ 1=2,

lim
F→ð1=2Þ�

lim
r0→0

jðsÞφ ðrÞ
			
F≠1=2;ln jτsjs≠�∞

¼ � 1

ð4πÞ2r2 ð1þ 2mrÞe−2mr ð4:23Þ

and

lim
F→ð1=2Þ�

lim
r0→0

BðsÞ
I ðrÞ

			
F≠1=2;ln jτsjs≠�∞

¼ � eν
2ð4πÞ2r2 ½ð1þ 2mrÞe−2mr − ð2mrÞ2Γð0; 2mrÞ�; ð4:24Þ

where

Γðt; uÞ ¼
Z

∞

u
dyyt−1e−y

is the incomplete gamma function. If the order of limits is reversed, then we get

lim
r0→0

lim
F→ð1=2Þ�

jðsÞφ ðrÞ
			
F≠1=2;ln jτsjs≠�∞

¼ lim
r0→0

jðsÞφ ðrÞ
			
F¼1=2;ln jτsjs≠�∞

ð4:25Þ

and

lim
r0→0

lim
F→ð1=2Þ�

BðsÞ
I ðrÞ

			
F≠1=2;ln jτsjs≠�∞

¼ lim
r0→0

BðsÞ
I ðrÞ

			
F¼1=2;ln jτsjs≠�∞

ð4:26Þ

that are depending on τs [cf. (C9) and (C10)]. The limits do commute in special cases only:

lim
F→ð1=2Þ�

lim
r0→0

jðsÞφ ðrÞ
			
ln jτsjs¼�∞

¼ lim
r0→0

lim
F→ð1=2Þ�

jðsÞφ ðrÞ
			
ln jτsjs¼∓∞

¼ ∓ 1

ð4πÞ2r2 ð1þ 2mrÞe−2mr ð4:27Þ

and

lim
F→ð1=2Þ�

lim
r0→0

BðsÞ
I ðrÞ

			
ln jτsjs¼�∞

¼ lim
r0→0

lim
F→ð1=2Þ�

BðsÞ
I ðrÞ

			
ln jτsjs¼�∞

¼ ∓ eν
2ð4πÞ2r2 ½ð1þ 2mrÞe−2mr − ð2mrÞ2Γð0; 2mrÞ�; ð4:28Þ

the discontinuity at F ¼ 1=2 is absent in these cases.
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The temporal component of the induced vacuum current is considered in a similar way. Presenting (2.28) as

j0ðrÞ ¼
X
s¼�1

j0ðsÞðrÞ; ð4:29Þ

where

j0ðsÞðrÞ ¼ −
1

2

XZ X
n∈Z

sgnðEÞf½fðsÞn ðr; EÞ�2 þ ½gðsÞn ðr; EÞ�2g; ð4:30Þ

we obtain in the case of ν ≥ 1 and jF − 1
2
j < 1

2ν, or
1
2
≤ ν < 1 and jF − 1

2
j < 1 − 1

2ν,

j0ðsÞðrÞ ¼ −
sνm2

2π2r

�
1

2π

Z
∞

0

du

�
K0ð2mr coshðu=2ÞÞ þ 1

2mr coshðu=2ÞK1ð2mr coshðu=2ÞÞ
�

×

�
cos½νðF − 1

2
Þπ� sinhðνuÞ sinh½νðF − 1

2
Þu� þ sin½νðF − 1

2
Þπ� sinðνπÞ cosh½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

− cos
h
ν


F − 1

2

�
π
i
tanh


u
2

�
sinh

h
ν


F − 1

2

�
u
i�

−
1

ν

X½jν=2j�
p¼1

�
K0ð2mr sinðpπ=νÞÞ þ 1

2mr sinðpπ=νÞK1ð2mr sinðpπ=νÞÞ
�
sin½ð2F − 1Þpπ�

þ 1

4N

�
K0ð2mrÞ þ 1

2mr
K1ð2mrÞ

�
sin½ð2F − 1ÞNπ�δν;2N

�

þ ν

2π3

Z
π=2

0

dξ
Z

∞

m
dqq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q

×

�
Cð∨ÞðsÞ
λ½0;sðF−1

2
Þ�


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
K2

λ½0;sðF−1
2
Þ�ðqrÞ

− Cð∧ÞðsÞ
λ½0;sð1

2
−FÞ�


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
K2

λ½0;sð1
2
−FÞ�ðqrÞ

þ
X∞
l¼1

Cð∨ÞðsÞ
λ½l;sðF−1

2
Þ�


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
½K2

λ½l;sðF−1
2
Þ�ðqrÞ − K2

λ½l;sðF−1
2
Þ�−1ðqrÞ�

−
X∞
l¼1

Cð∧ÞðsÞ
λ½l;sð1

2
−FÞ�


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
½K2

λ½l;sð1
2
−FÞ�ðqrÞ − K2

λ½l;sð1
2
−FÞ�−1ðqrÞ�

�
: ð4:31Þ

Summing over s, we get

j0ðrÞ ¼ ν

π3

Z
π=2

0

dξ
Z

∞

m
dqq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q �
C̃ð∨Þ
λð0;F−1

2
Þ


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�

× K2
λð0;F−1

2
ÞðqrÞ − C̃ð∧Þ

λð0;1
2
−FÞ


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
K2

λð0;1
2
−FÞðqrÞ

þ
X∞
l¼1

C̃ð∨Þ
λðl;F−1

2
Þ


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
½K2

λðl;F−1
2
ÞðqrÞ − K2

λðl;F−1
2
Þ−1ðqrÞ�

−
X∞
l¼1

C̃ð∧Þ
λðl;1

2
−FÞ


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
½K2

λðl;1
2
−FÞðqrÞ − K2

λðl;1
2
−FÞ−1ðqrÞ�

�
; ð4:32Þ

where

C̃ð∨Þ
ρ ðv; wÞ ¼ 1

2
½Cð∨Þð1Þ

ρ ðv; wÞ − Cð∧Þð−1Þ
ρ ðv; wÞ� ð4:33Þ

and
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C̃ð∧Þ
ρ ðv; wÞ ¼ 1

2
½Cð∧Þð1Þ

ρ ðv; wÞ − Cð∨Þð−1Þ
ρ ðv; wÞ�: ð4:34Þ

Also, we obtain in the case of ν > 1 and 0 < F < 1
2
ð1 − 1

νÞ

j0ðrÞ ¼ ν

π3

Z
π=2

0

dξ
Z

∞

m
dqq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q

×

�X∞
l¼1

C̃ð∨Þ
λðl;F−1

2
Þ


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
½K2

λðl;F−1
2
ÞðqrÞ − K2

λðl;F−1
2
Þ−1ðqrÞ�

−
X∞
l¼0

C̃ð∧Þ
λðl;1

2
−FÞ


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
½K2

λðl;1
2
−FÞðqrÞ − K2

λðl;1
2
−FÞ−1ðqrÞ�

�
ð4:35Þ

and in the case of ν > 1 and 1
2
ð1þ 1

νÞ < F < 1

j0ðrÞ ¼ ν

π3

Z
π=2

0

dξ
Z

∞

m
dqq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q

×

�X∞
l¼0

C̃ð∨Þ
λðl;F−1

2
Þ


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
½K2

λðl;F−1
2
ÞðqrÞ − K2

λðl;F−1
2
Þ−1ðqrÞ�

−
X∞
l¼1

C̃ð∧Þ
λðl;1

2
−FÞ


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
½K2

λðl;1
2
−FÞðqrÞ − K2

λðl;1
2
−FÞ−1ðqrÞ�

�
: ð4:36Þ

Note that coefficients C̃ð∨Þ
ρ ðv; wÞ (4.33) and C̃ð∧Þ

ρ ðv; wÞ
(4.34) depend on boundary parameters τ1 and τ−1, the
latters in general are varying with φ and z. Clearly, any
variation of τs with z cannot ensure a sufficient decrease (as
power jzj−1−ε, ε > 0) of j0ðrÞ at z → �∞ in order to make
total charge QI (2.32) to be finite. Therefore, as long as

C̃ð∨Þ
ρ ðv; wÞ and C̃ð∧Þ

ρ ðv; wÞ are nonvanishing, QI is infinite.

However, C̃ð∨Þ
ρ ðv; wÞ and C̃ð∧Þ

ρ ðv; wÞ vanish in the case of
the CPT invariant boundary condition, as a consequence of
(4.9); therefore, j0ðrÞ and QI are exactly zero in this case.
In a general case, the temporal component of the current

at F ≠ 1=2 is zero in the limit of the vanishing transverse
size of a cosmic string; the expression at F ¼ 1=2 in this
case is given in Appendix C [see (C17)]; note that
ν−1j0ðrÞjr0¼0;F¼1=2 is independent of the string tension.

V. FINITENESS OF THE INDUCED VACUUM
MAGNETIC FLUX

The induced vacuum current and the induced vacuum
magnetic field strength decrease exponentially at large
distances from a cosmic string. So the crucial point for
the finiteness of the total flux of the induced vacuum
magnetic field is the behavior of the local characteristics in
the vicinity of the string location.
In the case of the infinitely thin cosmic string, the current

and, consequently, the magnetic field strength increase in
the vicinity as the inverse squared distance from the string
location [see (C3), (C4), (C8), and (C9) in Appendix C]; as

a result, the flux is infinite. If a transverse size of a string is
introduced, this opens an opportunity to make the flux
finite, but the opportunity by no means is realized for all
boundary conditions. The requirement of the flux finiteness
can be formulated as

lim
r→r0

jφðrÞðr − r0Þ2 ¼ 0 ð5:1Þ

or

lim
r→r0

BIðrÞðr − r0Þ ¼ 0; ð5:2Þ

and then, using integration by parts, flux (2.31) can be
presented as

ΦI ¼
e
2

Z
2π

0

dφ
Z

∞

r0

dr
r
jφðrÞðr2 − r20Þ: ð5:3Þ

The r → r0 asymptotics of the current in two-dimensional
surface z ¼ const was studied in [38], and, as follows from
this study, condition

lim
r→r0

jð2 dimÞðsÞ
φ ðr;mÞðr − r0Þ2 ¼ 0 ð5:4Þ

is maintained at jτsj¼1 only. Integration of jð2dimÞðsÞ
φ ðr;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2þk23
p

Þ over k3 [see (4.3)] is hardly to yield zero;
however, it can yield divergence at r → r0. Thus, we have
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nodoubt that conditions (5.1) and (5.2) are invalid at jτsj ≠ 1,
and we have to check their validity at jτsj ¼ 1. As shown in
Appendix B, expression (B8) that is finite at r → r0 turns,
after integration, into expression (B12) that is quadratically
divergent at r → r0; consequently, expression (B17) is
linearly divergent at r → r0. We conclude that, in the case
of F ¼ 1=2, conditions (5.1) and (5.2) are violated and the

flux is infinite at τs ≠ 1. Otherwise, we obtain [see (B11)
and (B16)]

ΦIjF¼1=2;τ1¼τ−1¼1 ¼ 0: ð5:5Þ

In the case of F ≠ 1=2, conditions (5.1) and (5.2) are
maintained at jτsj ¼ 1. Defining

Cð�Þ
ρ ðv; wÞ ¼ fvIρðvÞKρðvÞ � w½IρðvÞKρ−1ðvÞ − Iρ−1ðvÞKρðvÞ� − vIρ−1ðvÞKρ−1ðvÞg

× ½vK2
ρðvÞ � 2wKρðvÞKρ−1ðvÞ þ vK2

ρ−1ðvÞ�−1 ð5:6Þ

and performing integration over φ and r (see [38] for details), we obtain

ΦIjF≠1=2;τ1¼τ−1¼�1 ¼
e
2π

�
1

2π

Z
∞

0

du
cosh3ðu=2ÞK0½2mr0 coshðu=2Þ�ΩsgnðF−1

2
ÞðuÞ

þ 1

ν

X½jν=2j�
p¼1

K0½2mr0 sinðpπ=νÞ�
sin½ð2F − 1Þpπ�
sin3ðpπ=νÞ −

1

4N
K0ð2mr0Þ sin ½ð2F − 1ÞNπ�δν;2N

�

þ e
π2

Z
π=2

0

dξ
Z

∞

mr0

dvv

�
sgn

�
F −

1

2

�
Cð�Þ
λð0;jF−1

2
jÞ


v;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2sin2ξþm2r20cos

2ξ
q �

Dλð0;jF−1
2
jÞðvÞ

þ
X∞
l¼1

�
Cð�Þ
λðl;F−1

2
Þ


v;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2sin2ξþm2r20cos

2ξ
q �

Dλðl;F−1
2
ÞðvÞ

− Cð�Þ
λðl;1

2
−FÞ


v;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2sin2ξþm2r20cos

2ξ
q �

Dλðl;1
2
−FÞðvÞ

��
ð5:7Þ

and

ΦIjF≠1=2;τ1¼−τ−1¼�1 ¼
1

2
ðΦIjF≠1=2;τ1¼τ−1¼1 þΦIjF≠1=2;τ1¼τ−1¼−1Þ; ð5:8Þ

where,

DρðvÞ ¼ ρK2
ρðvÞ − ðρ − 1ÞKρþ1ðvÞKρ−1ðvÞ þ vWρðvÞ; ð5:9Þ

WρðvÞ is given by (4.14), and

Ω�1ðuÞ ¼ � cos ½νðF − 1
2
Þπ� cosh ½νðF − 1

2
∓ 1Þu� − cos ½νðF − 1

2
∓ 1Þπ� cosh ½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ : ð5:10Þ

Note that the flux changes sign under F → 1 − F; as a consequence, it has to vanish at F ¼ 1=2, which is confirmed at
τ1 ¼ τ−1 ¼ 1 by direct calculation [see (5.5)]. The absolute value of the flux at F ≠ 1=2 increases with the increase of ν,
with e−1ΦI being positive at F > 1=2 and negative at F < 1=2.
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In the case of the vanishing string tension, the expression for the flux is simplified,

ΦIjν¼1;F≠1=2;τ1¼τ−1¼�1 ¼
e
2π2

sgn

�
F −

1

2

�
sinðFπÞ

Z
∞

1

dv

v4
ffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − 1

p K0ð2mr0vÞ cosh ½ðj2F − 1j − 1Þarccoshv�

þ e
π2

Z
π=2

0

dξ
Z

∞

mr0

dvv

�
sgn

�
F −

1

2

�
Cð�Þ

1
2
þjF−1

2
j


v;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2sin2ξþm2r20cos

2ξ
q �

D1
2
þjF−1

2
jðvÞ

þ
X∞
l¼1

h
Cð�Þ
lþF



v;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2sin2ξþm2r20cos

2ξ
q �

DlþFðvÞ

− Cð�Þ
lþ1−F



v;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2sin2ξþm2r20cos

2ξ
q �

Dlþ1−FðvÞ
i�

: ð5:11Þ

A piece of ΦIjF≠1=2;jτ1j¼jτ−1j¼1 with terms containing the K0ðwÞ function is prevailing at r0 ≪ m−1: it corresponds to the

contribution of current jðaÞðsÞφ defined according to (4.21). This piece can be presented as an integral over contour C0 in the
complex z plane (see Fig. 1),

ΦðaÞ
I jF≠1=2;jτ1j¼jτ−1j¼1 ¼

e
2π

�
1

2π

Z
∞

0

du
cosh3ðu=2ÞK0½2mr0 coshðu=2Þ�ΩsgnðF−1

2
ÞðuÞ

þ 1

ν

X½jν=2j�
p¼1

K0½2mr0 sinðpπ=νÞ�
sin½ð2F − 1Þpπ�
sin3ðpπ=νÞ −

1

4N
K0ð2mr0Þ sin ½ð2F − 1ÞNπ�δν;2N

�

¼ −
e
8π

sgnðF − 1
2
Þ

2πi

Z
C0

dzK0



2mr0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−sinh2ðz=2Þ

q � sinh ½νðjF − 1
2
j − 1

2
Þz�

sinh3ðz=2Þ sinhðνz=2Þ ; ð5:12Þ

where the integral over u corresponds to the contribution of the horizontal parts of contourC0, while other terms correspond
to the contribution of simple poles at jImzj ≤ π on the ordinate axis out of the origin. Using the asymptotics of the K0ðwÞ
function at small values of its argument, one can get

ΦIjF≠1=2;jτ1j¼jτ−1j¼1;mr0≪1 ¼ −
e
8π

sgnðF − 1
2
Þ

2πi

Z
C0

dz
sinh ½νðjF − 1

2
j − 1

2
Þz�

sinh3ðz=2Þ sinhðνz=2Þ ½− lnðmr0Þ�: ð5:13Þ

Now, a singularity at the origin of the complex z plane is just an isolated pole, and contourC0 can be continuously deformed
into a contour encircling the origin. Calculating the residue of a simple pole at z ¼ 0, we obtain

ΦIjF≠1=2;jτ1j¼jτ−1j¼1;mr0≪1 ¼ −
e
3π

�
F −

1

2
−
1

2
sgn

�
F −

1

2

���
3

4
− ν2

�
1

4
−
				F −

1

2

				 − Fð1 − FÞ
��

½− lnðmr0Þ�: ð5:14Þ

Thus, the flux which is induced in the vacuum by a cosmic string of small transverse size is discontinuous at F ¼ 1=2, and
the discontinuity is independent of the string tension

lim
F→ð1=2Þ�

ΦI

			
F≠1=2;jτ1j¼jτ−1j¼1;mr0≪1

¼ � e
8π

½− lnðmr0Þ�; ð5:15Þ

this is certainly a consequence of (4.23) or (4.24).
Considering the case of a cosmic string of nonsmall transverse size, we present (5.7) as [cf. (4.3)]

ΦIjF≠1=2;τ1¼τ−1¼�1 ¼
Z

∞

0

dk3
π

Φð2 dimÞ
I ðm3ÞjF≠1=2;τ1¼�1; m3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ k23

q
; ð5:16Þ

where1

1Note thatΦð2 dimÞ
I jF¼1=2;τ1¼−1∓ , which is proportional tom

−1 [see (6.32) in [38] ], yields a divergence ofΦIjF¼1=2;τ1¼τ−1¼−1. In contrast
to this, terms that are proportional to m−1 in (5.17) are harmless, yielding terms in the first figure brackets in (5.7).
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Φð2 dimÞ
I ðmÞjF≠1=2;τ1¼�1

¼ e
2m

�
1

2π

Z
∞

0

du
cosh3ðu=2Þ exp ½−2mr0 coshðu=2Þ�ΩsgnðF−1

2
ÞðuÞ

þ 1

ν

X½jν=2j�
p¼1

exp½−2mr0 sinðpπ=νÞ�
sin½ð2F − 1Þpπ�
sin3ðpπ=νÞ −

1

4N
e−2mr0 sin ½ð2F − 1ÞNπ�δν;2N

�

þ e
π
r0

Z
∞

mr0

dvvffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 −m2r20

p �
sgn

�
F −

1

2

�
Cð�Þ
λð0;jF−1

2
jÞðv;mr0ÞDλð0;jF−1

2
jÞðvÞ

þ
X∞
l¼1

½Cð�Þ
λðl;F−1

2
Þðv;mr0ÞDλðl;F−1

2
ÞðvÞ − Cð�Þ

λðl;1
2
−FÞðv;mr0ÞDλðl;1

2
−FÞðvÞ�

�
: ð5:17Þ

The numerical analysis of the latter quantity as a function of

mr0 was performed in [38]. Whereas Φð2 dimÞ
I ðmÞjF≠1=2;τ1¼1

decreases in its absolute value with the increase of mr0,

Φð2 dimÞ
I ðmÞjF≠1=2;τ1¼−1 increases at no allowance in its

absolute value with the increase of mr0: this is manifest
up to values mr0 ¼ 10 for 0.3 < F < 0.7 and 1 ≤ ν < 2,
although there is a moderate decrease in vicinities of F ¼ 0
and F ¼ 1 at ν > 2; certainly, the increase is in general
caused by a zero in the denominator in (5.6) in the case of
τs ¼ −1. Thus, we can conclude that ΦIjF≠1=2;τ1¼τ−1¼−1
increases at no allowance in its absolute value with the
increase of mr0, whereas ΦIjF≠1=2;τ1¼τ−1¼1 decreases in its
absolute value with the increase of mr0, and

lim
mr0→∞

ΦI

			
F≠1=2;τ1¼τ−1¼1

¼ 0: ð5:18Þ

VI. SUMMARY

In the present paper, we have shown that a straight
cosmic string of nonvanishing transverse size induces a
magnetic field in the vacuum of the quantum relativistic
charged spinor matter field. Let us recall first that, as was
noted in the Introduction, the vacuum polarization effects in
the cosmic string background depend periodically on the
gauge flux of the string, Φ (1.3) (this is a consequence of
the Aharonov-Bohm effect). The period equals 2π=ẽ with ẽ
being the coupling constant of the matter field to the gauge
field of the string [see (1.4)], and the effects disappear at
Φ ¼ 2πn=ẽ, where n ∈ Z. Thus, the dependence is on
variable F ranging from 0 to 1, and not on nc [see (2.28)],
with F ¼ 1=2 corresponding to Φ ¼ 2πðnþ 1=2Þ=ẽ. Of
paramount importance is the issue of boundary conditions
at the edge of the string core. The most general boundary
condition ensures the self-adjointness of the Hamiltonian
operator for the matter field and the impenetrability of the
string core. Such a condition depends on four parameters
with each one depending on a point of the boundary.
However, even if the number of parameters is reduced by
half (see Sec. III), still this generality is excessive and leads
to unphysical consequences. Namely, we have obtained
analytic expressions for the temporal and spatial compo-
nents of the induced vacuum current in the case of either P
or CT invariant boundary condition, when there are two
position-dependent boundary parameters (see Sec. IV). The
total induced vacuum charge is found to be infinite in this
case, which is due to a lack of sufficient decrease of the
temporal component in the direction of the string axis, and
the infinity could hardly be accepted as physically plau-
sible. Therefore the only choice is the CPT invariant
boundary condition with one position-dependent boundary
parameter [see (3.35) and (3.36)]: the total induced vacuum
charge vanishes in this case (see the ending of Sec. IV).
Further restrictions on the boundary condition follow

from the analysis of the induced vacuum magnetic field
which, by virtue of the Maxwell equation, is related to
the spatial current component. The total induced vacuum

FIG. 1. Contour C0 on complex z plane; the vertical parts of the
contour can be infinitesimally close to the ordinate axis. Singu-
larities of the integrand in the last line of (5.12) are indicated by
crosses.
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magnetic flux, ΦI (2.31), is infinite in the case of the two-
parameter position-dependent boundary condition, i.e.,
when either P or CT invariance holds. It is finite at F ≠
1=2 [see (5.7) and (5.8)] in the case of the C invariant
boundary condition,

ðI ∓ iγrÞψ jr¼r0 ¼ 0; ð6:1Þ

with boundary parameters taking values τ1 ¼ �1 and
τ−1 ¼ �1. One can conclude that the requirement of the
finiteness for ΦI at F ≠ 1=2, being equivalent to the
requirement of the charge conjugation invariance, leads
to a somewhat ambiguous result (although there are no
position-dependent parameters).
An ambiguity in the value of the total induced vacuum

magnetic flux is completely removed by elaborating the
case of F ¼ 1=2. We show that the only way to avoid a
divergence of flux ΦI at F ¼ 1=2 is to impose the
unambiguous condition,

ðI − iγrÞψ jr¼r0 ¼ 0; ð6:2Þ

then τ1 ¼ τ−1 ¼ 1, and the flux is zero [see (5.5)].
Returning to the case of F ≠ 1=2, we note that

ΦIjF≠1=2;τ1¼τ−1¼−1 increases at no allowance in its abso-
lute value with the increase of mr0 (see the ending of
Sec. V). Such a behavior is hardly to be regarded as
physically plausible, if the transverse size of the string is

somehow identified with the correlation length [see (1.6)].
Really, it looks rather unlikely that a topological defect
(cosmic string) influences the surrounding quantum matter
with the matter particle mass, m, exceeding the energy
scale of spontaneous symmetry breaking, mH; the more
unlikely is the unrestricted growth of this influencewith the
increase of quotient m=mH. The influence of a topological
defect on the surrounding quantum matter at mH ≫ m
[which is the right inequality in (1.5)] looks much more
physically plausible. Namely this situation is realized for
ΦIjF≠1=2;τ1¼τ−1¼1 [note, in particular, relation (5.18)] and in
the case of the quantum charged scalar matter field obeying
the Dirichlet boundary condition at the edge of the string
core (see [51–54]).
Thus, we conclude that the requirement of the

physically plausible behavior for the induced vacuum
magnetic flux results in the unambiguous determination
of the boundary condition for the quantum charged
spinor matter field at the edge of the string core. The
condition coincides with the renowned quark bag
boundary condition [45–47]. Apparently, the authors
of [45–47] were lucky actually to guess the proper
boundary condition, and this has been demonstrated in
the present study. We list here the unambiguously
determined expressions for the induced vacuum mag-
netic field strength in the cosmic string background,
which are valid in the case of 1 ≤ ν < ∞ and in the case
of 1

2
≤ ν < 1 for 1

2
ð1ν − 1Þ < F < 1

2
ð3 − 1

νÞ:

BIðrÞjF≠1=2;τ1¼τ−1¼1 ¼
eνm
2π2r

�
1

2π

Z
∞

0

du
cosh2ðu=2ÞK1½2mr coshðu=2Þ�ΩsgnðF−1

2
ÞðuÞ

þ 1

ν

X½jν=2j�
p¼1

K1½2mr sinðpπ=νÞ� sin ½ð2F − 1Þpπ�
sin2ðpπ=νÞ −

1

4N
K1ð2mrÞ sin ½ð2F − 1ÞNπ�δν;2N

�

−
eνr
π3

Z
π=2

0

dξ
Z

∞

m
dqq2

�
sgn

�
F −

1

2

�
CðþÞ
λð0;jF−1

2
jÞ


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
Wλð0;jF−1

2
jÞðqrÞ

þ
X∞
l¼1

h
CðþÞ
λðl;F−1

2
Þ


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
Wλðl;F−1

2
ÞðqrÞ

− CðþÞ
λðl;1

2
−FÞ


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
Wλðl;1

2
−FÞðqrÞ

i�
; ð6:3Þ

where Ω�ðuÞ is given by (5.10), CðþÞ
ρ ðv; wÞ is given by

(5.6),WρðvÞ is given by (4.14), λðl; yÞ is given by (4.5), and

BIðrÞjF¼1=2;τ1¼τ−1¼1 ¼ 0: ð6:4Þ

Note that the strength changes sign under substitution
F → 1 − F, vanishing at F ¼ 0; 1=2; 1, and decreases at
large distances from the string, r → ∞, as

�
r−2 expð−2mrÞ; 1

2
≤ ν < 2

m1=2r−3=2 exp½−2mr sinðπ=νÞ�; ν ≥ 2

�
;

while it behaves as ðr − r0Þ−1þε with ε > 0 at r → r0 [see
(5.2)]. Thereby, a cosmic string is enclosed in a sheath in
the form of a tube of the magnetic flux lines along the
string; the transverse size of the magnetic tube is of the
order of the Compton wavelength of the matter particle,
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m−1, and the latter exceeds the transverse size of the string,
which is of the order of the correlation length [see (1.6) and
the right inequality in (1.5)]. The total induced vacuum
magnetic flux is given by expression (5.7) with the “þ”
sign.
Although the limit of the vanishing transverse size of a

cosmic string can be regarded to be purely formal, it, as
unambiguously defined in Appendix C, yields the prevail-
ing contribution in the realistic case of the Compton
wavelength of the matter particle exceeding considerably
the correlation length. In the r0 ¼ 0 case, the induced
vacuum magnetic field strength is given by (C5), vanishing
at F ¼ 1=2; note a discontinuity of the strength at F ¼ 1=2
[see (C12)]. In the case of a cosmic string of small
transverse size, r0 ≪ m−1, the total induced vacuum
magnetic flux is given by (5.14); it is discontinuous at
F ¼ 1=2, and the discontinuity is independent of the string
tension [see (5.15)]. Note that the discontinuity of the
results at F ¼ 1=2 in the r0 ≪ m−1 case is due to the

appearance of the peculiar mode in the solution to the
Dirac equation [see (A5) in Appendix A and (C3) in
Appendix C]. It would be interesting to consider other
induced vacuum effects, for instance, the induced vacuum
energy-momentum tensor in the cosmic string background.
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APPENDIX A: SOLUTION TO THE DIRAC
EQUATION

The solution to the system of equations (2.26) is given in
terms of cylindrical functions. Let us define

 
fð∧ÞðsÞn

gð∧ÞðsÞn

!
¼ 1

2

ffiffiffi
ν

π

r  ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm3=E

p ½sinðμð∧ÞðsÞνlþ1−Gs
ÞJνl−Gs

ðkrÞ þ cosðμð∧ÞðsÞνlþ1−Gs
ÞYνl−Gs

ðkrÞ�
sgnðEÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −m3=E
p ½sinðμð∧ÞðsÞνlþ1−Gs

ÞJνlþ1−Gs
ðkrÞ þ cosðμð∧ÞðsÞνlþ1−Gs

ÞYνlþ1−Gs
ðkrÞ�

!
; ðA1Þ

where l ¼ sðn − ncÞ, and
 
fð∨ÞðsÞn

gð∨ÞðsÞn

!
¼ 1

2

ffiffiffi
ν

π

r  ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm3=E

p ½sinðμð∨ÞðsÞνl0þGs
ÞJνl0þGs

ðkrÞ þ cosðμð∨ÞðsÞνl0þGs
ÞYνl0þGs

ðkrÞ�
−sgnðEÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −m3=E
p ½sinðμð∨ÞðsÞνl0þGs

ÞJνl0−1þGs
ðkrÞ þ cosðμð∨ÞðsÞνl0þGs

ÞYνl0−1þGs
ðkrÞ�

!
; ðA2Þ

where l0 ¼ −sðn − ncÞ; here JρðuÞ and YρðuÞ are the Bessel and Neumann functions of order ρ, k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

3

p
.

In the case of ν > 1 and − 1
2
< sðF − 1

2
Þ < − 1

2ν [
1
2
ð1 − νÞ < Gs < 0], the complete set of solutions to (2.26) is given by

 
fðsÞn

gðsÞn

!					
sðn−ncÞ≥0

¼
 
fð∧ÞðsÞn

gð∧ÞðsÞn

!
;

 
fðsÞn

gðsÞn

!					
sðn−ncÞ≤−1

¼
 
fð∨ÞðsÞn

gð∨ÞðsÞn

!
: ðA3Þ

In the case of ν > 1 and 1
2ν < sðF − 1

2
Þ < 1

2
[1 < Gs <

1
2
ð1þ νÞ], the complete set of solutions to (2.26) is given by

 
fðsÞn

gðsÞn

!					
sðn−ncÞ≥1

¼
 
fð∧ÞðsÞn

gð∧ÞðsÞn

!
;

 
fðsÞn

gðsÞn

!					
sðn−ncÞ≤0

¼
 
fð∨ÞðsÞn

gð∨ÞðsÞn

!
: ðA4Þ

In the case of ν ≥ 1 and jF − 1
2
j < 1

2ν ð0 < Gs < 1Þ, there is a peculiar mode corresponding to n ¼ nc; the mode can be
chosen in the following form:

 
fðsÞnc

gðsÞnc

!
¼ 1

2

ffiffiffi
ν

π

r
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ sinð2μðcÞðsÞ1−Gs
Þ cosðGsπÞ

q
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þm3=E
p ½sinðμðcÞðsÞ1−Gs

ÞJ−Gs
ðkrÞ þ cosðμðcÞðsÞ1−Gs

ÞJGs
ðkrÞ�

sgnðEÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −m3=E

p ½sinðμðcÞðsÞ1−Gs
ÞJ1−Gs

ðkrÞ − cosðμðcÞðsÞ1−Gs
ÞJ−1þGs

ðkrÞ�

!
:

ðA5Þ

Modes
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fðsÞn

gðsÞn

!					
sðn−ncÞ≥1

¼
 
fð∧ÞðsÞn

gð∧ÞðsÞn

!
;

 
fðsÞn

gðsÞn

!					
sðn−ncÞ≤−1

¼
 
fð∨ÞðsÞn

gð∨ÞðsÞn

!
ðA6Þ

together with mode (A5) comprise the set of all solutions
with jEj > m3 in this case.
In the case of 1

2
≤ ν < 1 and jF − 1

2
j < 1 − 1

2ν
ð1 − ν < Gs < νÞ, the set of all solutions with jEj > m3

is also given by (A5) and (A6). In the case of 1
2
≤ ν < 1 and

either − 1
2
< sðF − 1

2
Þ < −1þ 1

2ν [1
2
ð1 − νÞ < Gs < 1 − ν]

or 1 − 1
2ν < sðF − 1

2
Þ < 1

2
[ν < Gs <

1
2
ð1þ νÞ], there are

two peculiar modes. In the case of 0 < ν < 1
2
, there are

two and more peculiar modes.
Certainly, the limit of r → 0 is of no sense for cosmic

strings of nonzero transverse size. However, it is instructive
here to discuss briefly the case of an infinitely thin cosmic
string (see [38] for details). Most of the modes in the r0 ¼ 0

case are obtained by putting μð∧ÞðsÞρ ¼ μð∨ÞðsÞρ ¼ π=2 in
(A3), (A4), and (A6); these modes are regular at r → 0.
However, peculiar mode (A5) cannot be made regular at
r → 0; it is irregular but square integrable. The latter
circumstance requires a quest for a self-adjoint extension,
and the Weyl–von Neumann theory of deficiency indices
(see [48,49]) has to be employed. In the case of ν ≥ 1 and
jF − 1

2
j < 1

2ν, as well as in the case of 1
2
≤ ν < 1 and

jF − 1
2
j < 1 − 1

2ν, when there is one irregular mode, the
deficiency index is (1,1), and the one-parameter family of
self-adjoint extensions is introduced. The induced vacuum
current and other vacuum polarization effects in two-
dimensional surface z ¼ const were comprehensively and
exhaustively studied for ν ¼ 1 in [30,31,55–57] and for
carbonlike nanocones in [58–61]. In the case of 1

2
≤ ν < 1

and either − 1
2
< sðF− 1

2
Þ<−1þ 1

2ν or 1−
1
2ν< sðF− 1

2
Þ< 1

2
,

and other cases, when there are two irregular square
integrable modes, the deficiency index is (2,2), and there
are four self-adjoint extension parameters. These cases
remain unstudied yet.
Imposing the P invariant boundary condition with matrix

K (3.10) or the CT invariant boundary condition with matrix
K (3.25) on the solution to the Dirac equation, ψEðxÞ (2.18),
we obtain the condition for the modes [see (3.20) or (3.30)],
which allows us to determine the mode coefficients:

tanðμð∧ÞðsÞρ Þ ¼ kYρ−1ðkr0Þ − τsðm3 − EÞYρðkr0Þ
−kJρ−1ðkr0Þ þ τsðm3 − EÞJρðkr0Þ

; ðA7Þ

tanðμð∨ÞðsÞρ Þ ¼ kYρ−1ðkr0Þ − τ−1s ðm3 þ EÞYρðkr0Þ
−kJρ−1ðkr0Þ þ τ−1s ðm3 þ EÞJρðkr0Þ

; ðA8Þ

tanðμðcÞðsÞ1−Gs
Þ ¼ kJGs

ðkr0Þþ τsðm3−EÞJ−1þGs
ðkr0Þ

−kJ−Gs
ðkr0Þþ τsðm3−EÞJ1−Gs

ðkr0Þ
; ðA9Þ

note that relation τ−s ¼ τ−1s holds in the case of the CPT
invariant boundary condition, and, consequently, we obtain

tanðμð∨Þð−sÞρ Þ ¼ tanðμð∧ÞðsÞρ ÞjE→−E ðA10Þ
and

tanðμðcÞð−sÞGs
Þ ¼ −cotðμðcÞðsÞ1−Gs

Þj
E→−E ðA11Þ

in this case.
Because of conditions (3.20) and (3.30) in a general

case, in addition to the continuous spectrum, a bound state

with energy EðsÞ
BS in the gap between the continuums,

−m3 < EðsÞ
BS < m3, emerges in section z ¼ const at τs <

0 for n ¼ nc (ν ≥ 1 and jF − 1
2
j < 1

2ν, or
1
2
≤ ν < 1 and

jF − 1
2
j < 1 − 1

2ν). Its mode is 
fðBSÞðsÞnc

gðBSÞðsÞnc

!
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
νκsm3

2πr0

r
fm3KGs

ðκsr0ÞK1−Gs
ðκsr0Þ

þ EðsÞ
BS½κsr0K2

1−Gs
ðκsr0Þ − κsr0K2

Gs
ðκsr0Þ

þ ð2Gs − 1ÞKGs
ðκsr0ÞK1−Gs

ðκsr0Þ�g−1=2

×

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ EðsÞ

BS=m3

q
KGs

ðκsrÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − EðsÞ

BS=m3

q
K1−Gs

ðκsrÞ

1
CA; ðA12Þ

where κs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

3 − ðEðsÞ
BSÞ2

q
, and the value of its energy is

determined from relation

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ EðsÞ

BS=m3

1 − EðsÞ
BS=m3

vuut ¼ −τs
K1−Gs

ðκsr0Þ
KGs

ðκsr0Þ
: ðA13Þ

Comparing the case of a cosmic string of nonzero
transverse size with that of an infinitely thin one, we
emphasize that in the first case all partial Hamiltonians are
extended with the same boundary parameters, whereas in
the second case several partial Hamiltonians are extended,
and the number of self-adjoint extension parameters can be
zero (no need for extension, the operator is essentially self-
adjoint), one, four, etc. The values of the self-adjoint
extension parameters in the second case can be fixed from
the first case by limiting procedure r0 → 0 which trans-
forms peculiar modes into irregular ones. Namely in this
way, the condition of minimal irregularity [30,56] is
obtained in the case of the deficiency index equal to
(1,1), i.e., when only one peculiar mode exists.
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APPENDIX B: EXTRACTING THE DEPENDENCE
ON THE TRANSVERSE SIZE OF A COSMIC STRING

In the situation when peculiar modes are absent, i.e., ν ≥ 1 and 1
2ν < jF − 1

2
j < 1

2
, all the r0 dependence is contained in

integrals over q in (4.15)–(4.18). We are considering below the situation when there is one peculiar mode for each value of
s, i.e., ν ≥ 1 and jF − 1

2
j < 1

2ν, or
1
2
≤ ν < 1 and jF − 1

2
j < 1 − 1

2ν.

In the case of F ≠ 1=2, we present jðsÞφ ðrÞ as

jðsÞφ ðrÞj
F≠1=2;ðτsÞ−ssgnðF−

1
2
Þ≠0

¼ m2

2π2

�
1

2π

Z
∞

0

du
coshðu=2ÞK2½2mr coshðu=2Þ�ΩsgnðF−1

2
ÞðuÞ

þ 1

ν

X½jν=2j�
p¼1

K2½2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�
sinðpπ=νÞ −

1

4N
K2ð2mrÞ sin½ð2F − 1ÞNπ�δν;2N

�

þ sr
π3

Z
π=2

0

dξ
Z

∞

m
dqq2

��
Θ


sF −

s
2

�
Cð∨ÞðsÞ
λ½0;sðF−1

2
Þ�


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�

− Θ

s
2
− sF

�
Cð∧ÞðsÞ
λ½0;sð1

2
−FÞ�


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
��

Kλð0;F−1
2
ÞðqrÞKλð0;1

2
−FÞðqrÞ

þ
X∞
l¼1

h
Cð∨ÞðsÞ
λ½l;sðF−1

2
Þ�


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
Kλ½l;sðF−1

2
Þ�ðqrÞKλ½l;sðF−1

2
Þ�−1ðqrÞ

− Cð∧ÞðsÞ
λ½l;sð1

2
−FÞ�


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
Kλ½l;sð1

2
−FÞ�ðqrÞKλ½l;sð1

2
−FÞ�−1ðqrÞ

��
ðB1Þ

and

jðsÞφ ðrÞjF≠1=2;ln jτsjs¼�∞ ¼ m2

2π2

�
1

2π

Z
∞

0

du
coshðu=2ÞK2½2mr coshðu=2Þ�Ω∓ðuÞ

þ 1

ν

X½jν=2j�
p¼1

K2½2mr sinðpπ=νÞ� sin ½ð2F − 1Þpπ�
sinðpπ=νÞ −

1

4N
K2ð2mrÞ sin½ð2F − 1ÞNπ�δν;2N

�

∓ r
2π2

Z
∞

m
dqq2

� Iλ½0;∓ðF−1
2
Þ�ðqr0Þ

Kλ½0;∓ðF−1
2
Þ�ðqr0Þ

Kλð0;F−1
2
ÞðqrÞKλð0;1

2
−FÞðqrÞ

þ
X∞
l¼1

� Iλðl;F−1
2
Þ−1

2
∓1

2
ðqr0Þ

Kλðl;F−1
2
Þ−1

2
∓1

2
ðqr0Þ

Kλðl;F−1
2
ÞðqrÞKλðl;F−1

2
Þ−1ðqrÞ

þ
Iλðl;1

2
−FÞ−1

2
�1

2
ðqr0Þ

Kλðl;1
2
−FÞ−1

2
�1

2
ðqr0Þ

Kλðl;1
2
−FÞðqrÞKλðl;1

2
−FÞ−1ðqrÞ

��
; ðB2Þ

where ΘðtÞ ¼ 1
2
þ 1

2
sgnðtÞ is the step function, Ω�ðuÞ is given by (5.10) in Sec. V, and the use is made of relations

Cð∨ÞðsÞ
G ðv; wÞ þ Cð∧ÞðsÞ

1−G ðv; wÞ ¼ −
2

π
sinðGπÞ ðB3Þ

and

Z
∞

m
dqq2KGðqrÞK1−GðqrÞ ¼

m2

2r

Z
∞

0

du
coshðu=2Þ cosh

�

G −

1

2

�
u

�
K2½2mr coshðu=2Þ�; ðB4Þ

all the r0 dependence is contained in integrals over q in (B1) and (B2).
In the case of F ¼ 1=2, we obtain the following expression for the current in two-dimensional surface z ¼ const

[see (4.4)]:
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jð2 dimÞðsÞ
φ ðrÞjF¼1=2 ¼

s
2π2

ðτ−1s − τsÞ
Z

∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p �
e2qðr0−rÞ

qðτ−1s þ τsÞ þ 2m

þ 2r
X∞
l¼1

CðsÞ
νlþ1

2

ðqro;mr0ÞKνlþ1
2
ðqrÞKνl−1

2
ðqrÞ

�
; ðB5Þ

where

CðsÞ
νlþ1

2

ðv; wÞ≡ 1

τ−1s − τs
½Cð∨ÞðsÞ

νlþ1
2

ðv; wÞ − Cð∧ÞðsÞ
νlþ1

2

ðv; wÞ�

¼ fw½K2
νlþ1

2

ðvÞ þ K2
νl−1

2

ðvÞ� þ ðτ−1s þ τsÞvKνlþ1
2
ðvÞKνl−1

2
ðvÞg

× fv½K2
νlþ1

2

ðvÞ þ K2
νl−1

2

ðvÞ�½vðK2
νlþ1

2

ðvÞ þ K2
νl−1

2

ðvÞÞ þ 2ðτ−1s þ τsÞwKνlþ1
2
ðvÞKνl−1

2
ðvÞ�

þ ½ðτ−1s − τsÞ2v2 þ 4w2�K2
νlþ1

2

ðvÞK2
νl−1

2

ðvÞg−1; ðB6Þ

and the use is made of explicit forms

Cð∨ÞðsÞ
1=2 ðv; wÞ − Cð∧ÞðsÞ

1=2 ðv; wÞ ¼ 2ðτ−1s − τsÞe2v=π
τ−1s þ τs þ 2w=v

; K1=2ðvÞ ¼ e−v
ffiffiffiffiffi
π

2v

r
: ðB7Þ

Note that, whereas (B5) vanishes at τs ¼ 1, it is nonvanishing and discontinuous at τs ¼ −1,

lim
ð−τsÞs→1∓

jð2 dimÞðsÞ
φ ðrÞ

			
F¼1=2

¼ � m
2π

e2mðr0−rÞ: ðB8Þ

Inserting (B5) into (4.3) and performing integration over ξ in the term corresponding to the first one in square brackets in
(B5), we obtain

jðsÞφ ðrÞjF¼1=2 ¼
sm2

π2
sgnð1 − τ2sÞ
ðτ−1s þ τsÞ2

� jτ−1s þ τsj
4mðr − r0Þ

K1

 
4mðr − r0Þ
jτ−1s þ τsj

!

þ K0

 
4mðr − r0Þ
jτ−1s þ τsj

!�
þ s
4π3

ðτ−1s − τsÞ
Z

∞

m
dqq

�
e2qðr0−rÞ

�
Kð1 −m2=q2Þ

−

 
1þ τ2s
1 − τ2s

!
2

Π

 
−
4ð1 −m2=q2Þ
ðτ−1s − τsÞ2

; 1 −m2=q2
!�

þ 4qr
Z

π=2

0

dξ
X∞
l¼1

CðsÞ
νlþ1

2



qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2cos2ξþm2sin2ξ

q
r0
�
Kνlþ1

2
ðqrÞKνl−1

2
ðqrÞ

�
; ðB9Þ

where

KðmÞ ¼
Z

1

0

dtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − t2Þð1 −mt2Þ

p
is the complete elliptic integral of the first kind and

Πðn;mÞ ¼
Z

1

0

dt

ð1 − nt2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − t2Þð1 −mt2Þ

p
is the complete elliptic integral of the third kind (see [62]). In view of relation
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lim
jτsj→1

4

jτ−1s − τsj
Π

 
−
4ð1 −m2=q2Þ
ðτ−1s − τsÞ2

; 1 −m2=q2
!

¼ πqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p ; ðB10Þ

we get

jðsÞφ ðrÞjF¼1=2;τs¼1 ¼ 0 ðB11Þ

and

lim
ð−τsÞs→1∓

jðsÞφ ðrÞ
			
F¼1=2

¼ � 1

2π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p e2qðr0−rÞ

¼ � m2

2π2

�
1

2mðr − r0Þ
K1½2mðr − r0Þ� þ K0½2mðr − r0Þ�

�
: ðB12Þ

Inserting (B1), (B2), and (B9) into (2.30), we obtain expressions

BðsÞ
I ðrÞj

F≠1=2;ðτsÞ−ssgnðF−
1
2
Þ≠0

¼ eνm
ð2πÞ2r

�
1

2π

Z
∞

0

du
cosh2ðu=2ÞK1½2mr coshðu=2Þ�ΩsgnðF−1

2
ÞðuÞ

þ 1

ν

X½jν=2j�
p¼1

K1½2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�
sin2ðpπ=νÞ −

1

4N
K1ð2mrÞ sin½ð2F − 1ÞNπ�δν;2N

�

−
seνr
2π3

Z
π=2

0

dξ
Z

∞

m
dqq2

��
Θ


sF −

s
2

�
Cð∨ÞðsÞ
λ½0;sðF−1

2
Þ�


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�

− Θ

s
2
− sF

�
Cð∧ÞðsÞ
λ½0;sð1

2
−FÞ�


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
��

Wλð0;jF−1
2
jÞðqrÞ

þ
X∞
l¼1

½Cð∨ÞðsÞ
λ½l;sðF−1

2
Þ�


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
Wλ½l;sðF−1

2
Þ�ðqrÞ

− Cð∧ÞðsÞ
λ½l;sð1

2
−FÞ�


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
Wλ½l;sð1

2
−FÞ�ðqrÞ�

�
; ðB13Þ

BðsÞ
I ðrÞjF≠1=2;ln jτsjs¼�∞ ¼ eνm

ð2πÞ2r
�

1

2π

Z
∞

0

du
cosh2ðu=2ÞK1½2mr coshðu=2Þ�Ω∓ðuÞ

þ 1

ν

X½jν=2j�
p¼1

K1½2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�
sin2ðpπ=νÞ −

1

4N
K1ð2mrÞ sin½ð2F − 1ÞNπ�δν;2N

�

� eνr
4π2

Z
∞

m
dqq2

� Iλ½0;∓ðF−1
2
Þ�ðqr0Þ

Kλ½0;∓ðF−1
2
Þ�ðqr0Þ

Wλð0;jF−1
2
jÞðqrÞ

þ
X∞
l¼1

� Iλðl;F−1
2
Þ−1

2
∓1

2
ðqr0Þ

Kλðl;F−1
2
Þ−1

2
∓1

2
ðqr0Þ

Wλðl;F−1
2
ÞðqrÞ þ

Iλðl;1
2
−FÞ−1

2
�1

2
ðqr0Þ

Kλðl;1
2
−FÞ−1

2
�1

2
ðqr0Þ

Wλðl;1
2
−FÞðqrÞ

��
; ðB14Þ

and
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BðsÞ
I ðrÞjF¼1=2 ¼

seνm
ð2πÞ2

sgnð1 − τ2sÞ
jτ−1s þ τsj

�
1

r
K1

�
4mðr − r0Þ
jτ−1s þ τsj

�

−
Z

∞

r

dr0

r02
K1

�
4mðr0 − r0Þ
jτ−1s þ τsj

��
þ seν
4π3

ðτ−1s − τsÞ
Z

∞

m
dqq

�
e2qr0Γð0; 2qrÞ

�
Kð1 −m2=q2Þ

−
�
1þ τ2s
1 − τ2s

�
2

Π
�
−
4ð1 −m2=q2Þ
ðτ−1s − τsÞ2

; 1 −m2=q2
��

− 2qr
Z

π=2

0

dξ
X∞
l¼1

CðsÞ
νlþ1

2



qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2cos2ξþm2sin2ξ

q
r0
�
Wνlþ1

2
ðqrÞ

�
: ðB15Þ

In particular,

BðsÞ
I ðrÞjF¼1=2;τs¼1 ¼ 0 ðB16Þ

and

lim
ð−τsÞs→1∓

BðsÞ
I ðrÞ

			
F¼1=2

¼ � eνm
ð2πÞ2

�
1

r
K1½2mðr − r0Þ� −

Z
∞

r

dr0

r02
K1½2mðr0 − r0Þ�

�
: ðB17Þ

In the case of the vanishing string tension, we obtain

jðsÞφ ðrÞj
ν¼1;F≠1=2;ðτsÞ−ssgnðF−

1
2
Þ≠0

¼ m2

2π3
sgn


F −

1

2

�
sinðFπÞ

Z
∞

1

dv

v2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − 1

p K2ð2mrvÞ cosh½ðj2F − 1j − 1Þarccoshv�

þ sr
π3

Z
π=2

0

dξ
Z

∞

m
dqq2

��
Θ


sF −

s
2

�
Cð∨ÞðsÞ

1
2
þsðF−1

2
Þ


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�

− Θ

s
2
− sF

�
Cð∧ÞðsÞ

1
2
−sðF−1

2
Þ


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
��

KFðqrÞK1−FðqrÞ

þ
X∞
l¼1

½Cð∨ÞðsÞ
lþsðF−1

2
Þþ1

2



qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
KlþsðF−1

2
Þþ1

2
ðqrÞKlþsðF−1

2
Þ−1

2
ðqrÞ

− Cð∧ÞðsÞ
l−sðF−1

2
Þþ1

2



qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
Kl−sðF−1

2
Þþ1

2
ðqrÞKl−sðF−1

2
Þ−1

2
ðqrÞ�

�
; ðB18Þ

jðsÞφ ðrÞjν¼1;F≠1=2;ln jτsjs¼�∞ ¼∓ m2

2π3
sinðFπÞ

Z
∞

1

dv

v2
ffiffiffiffiffiffiffiffiffiffiffiffi
v2− 1

p K2ð2mrvÞcosh½ð2F− 1� 1Þarccoshv�

∓ r
2π2

Z
∞

m
dqq2

� I1
2
∓ðF−1

2
Þðqr0Þ

K1
2
∓ðF−1

2
Þðqr0Þ

KFðqrÞK1−FðqrÞ

þ
X∞
l¼1

� IlþF−1
2
∓1

2
ðqr0Þ

KlþF−1
2
∓1

2
ðqr0Þ

KlþFðqrÞKl−1þFðqrÞþ
Il−Fþ1

2
�1

2
ðqr0Þ

Kl−Fþ1
2
�1

2
ðqr0Þ

Klþ1−FðqrÞKl−FðqrÞ
��

; ðB19Þ

BðsÞ
I ðrÞj

ν¼1;F≠1=2;ðτsÞ−ssgnðF−
1
2
Þ≠0

¼ em
4π3r

sgn


F −

1

2

�
sinðFπÞ

Z
∞

1

dv

v3
ffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − 1

p K1ð2mrvÞ cosh ½ðj2F − 1j − 1Þarccoshv�

−
ser
2π3

Z
π=2

0

dξ
Z

∞

m
dqq2

��
Θ


sF −

s
2

�
Cð∨ÞðsÞ

1
2
þsðF−1

2
Þ


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�

− Θ

s
2
− sF

�
Cð∧ÞðsÞ

1
2
−sðF−1

2
Þ


qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
��

W1
2
þjF−1

2
jðqrÞ

þ
X∞
l¼1

½Cð∨ÞðsÞ
lþsðF−1

2
Þþ1

2



qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
WlþsðF−1

2
Þþ1

2
ðqrÞ

−Cð∧ÞðsÞ
l−sðF−1

2
Þþ1

2



qr0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2sin2ξþm2cos2ξ

q
r0
�
Wl−sðF−1

2
Þþ1

2
ðqrÞ�

�
; ðB20Þ
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and

BðsÞ
I ðrÞjν¼1;F≠1=2;ln jτsjs¼�∞ ¼ ∓ em

4π3r
sinðFπÞ

Z
∞

1

dv

v3
ffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − 1

p K1ð2mrvÞ cosh½ð2F − 1� 1Þarccoshv�

� er
4π2

Z
∞

m
dqq2

� I1
2
∓ðF−1

2
Þðqr0Þ

K1
2
∓ðF−1

2
Þðqr0Þ

W1
2
þjF−1

2
jðqrÞ

þ
X∞
l¼1

� IlþF−1
2
∓1

2
ðqr0Þ

KlþF−1
2
∓1

2
ðqr0Þ

WlþFðqrÞ þ
Il−Fþ1

2
�1

2
ðqr0Þ

Kl−Fþ1
2
�1

2
ðqr0Þ

Wlþ1−FðqrÞ
��

; ðB21Þ

expressions at F ¼ 1=2 are immediately obtained by
putting ν ¼ 1 in (B9) and (B15).

APPENDIX C: CASE OF THE INFINITELY
THIN COSMIC STRING

Coefficients Cð∧ÞðsÞ
ρ (4.6) and Cð∨ÞðsÞ

ρ (4.7) obey relation

lim
r0→0

Cð∧ÞðsÞ
ρ ¼ lim

r0→0
Cð∨ÞðsÞ
ρ ¼ 0; ρ > 1: ðC1Þ

The nonpeculiar modes turn into regular ones at r0 → 0, as
was already noted, and they are given by (A1) and (A2)
with [see (A7) and (A8)]

lim
r0→0

μð∧ÞðsÞρ ¼ π=2; lim
r0→0

μð∨ÞðsÞρ ¼ π=2: ðC2Þ

If the peculiar mode is absent, i.e., at ν > 1 and
1
2ν < jF − 1

2
j < 1

2
, then, owing to the vanishing of Cð∧ÞðsÞ

ρ

and Cð∨ÞðsÞ
ρ in the r0 → 0 limit, the current and the magnetic

field strength in the r0 ¼ 0 case are obtained by omitting
sums over l in (4.15)–(4.18). If the peculiar mode for each
value of s is present [see (A5)], i.e., either at ν ≥ 1 and
jF − 1

2
j < 1

2ν or at 1
2
≤ ν < 1 and jF − 1

2
j < 1 − 1

2ν, then
imposing the condition of minimal irregularity on this
mode in the r0 → 0 limit, we get [see (A9)]

lim
r0→0

μðcÞðsÞ1
2
−sνðF−1

2
Þ ¼

8>>><
>>>:

π
2
; sðF − 1

2
Þ < 0;

sgnðEÞ arctan


τs

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1−m3=E
1þm3=E

q �
; F ¼ 1

2
;

0; sðF − 1
2
Þ > 0:

ðC3Þ

In the following we imply that namely (C2) and (C3) hold for the case of the infinitely thin cosmic string; then, as was
already stated in the end of Sec. IV, we get

jφðrÞjr0¼0
¼
X
s¼�1

jðaÞðsÞφ ðrÞ and BIðrÞjr0¼0 ¼
X
s¼�1

BðaÞðsÞ
I ðrÞ

with jðaÞðsÞφ and BðaÞðsÞ
I defined according to (4.21) and (4.22), respectively.

In the case of F ≠ 1=2, we use (B1) and (B13), and note that terms in the integrals over q vanish in the r0 → 0 limit.
Summing the remaining terms over s, we obtain

jφðrÞjr0¼0;F≠1=2 ¼
m2

π2

�
1

2π

Z
∞

0

du
coshðu=2ÞK2½2mr coshðu=2Þ�ΩsgnðF−1

2
ÞðuÞ

þ 1

ν

X½jν=2j�
p¼1

K2½2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�
sinðpπ=νÞ −

1

4N
K2ð2mrÞ sin½ð2F − 1ÞNπ�δν;2N

�
ðC4Þ

and

BIðrÞjr0¼0;F≠1=2 ¼
eνm
2π2r

�
1

2π

Z
∞

0

du
cosh2ðu=2ÞK1½2mr coshðu=2Þ�ΩsgnðF−1

2
ÞðuÞ

þ 1

ν

X½jν=2j�
p¼1

K1½2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�
sin2ðpπ=νÞ −

1

4N
K1ð2mrÞ sin½ð2F − 1ÞNπ�δν;2N

�
; ðC5Þ
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where Ω�1ðuÞ is given by (5.10); certainly the same expressions are valid at ν > 1 and 1
2ν < jF − 1

2
j < 1

2
. In the case of the

vanishing string tension, the expressions are simplified:

jφðrÞjr0¼0;ν¼1;F≠1=2 ¼
m2

π3
sgn


F −

1

2

�
sinðFπÞ

Z
∞

1

dv

v2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − 1

p K2ð2mrvÞ

× cosh ½ðj2F − 1j − 1Þarccoshv� ðC6Þ

and

BIðrÞjr0¼0;ν¼1;F≠1=2 ¼
eνm
2π3r

sgn


F −

1

2

�
sinðFπÞ

Z
∞

1

dv

v3
ffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − 1

p K1ð2mrvÞ

× cosh ½ðj2F − 1j − 1Þarccoshv�: ðC7Þ

Turning to the case of F ¼ 1=2, we foremost note that a bound state with energy EðsÞ
BS ¼ τs−τ−1s

τsþτ−1s
m3 in the gap between the

continuums emerges in section z ¼ const at τs < 0 in addition to the continuous spectrum,

0
B@ fðBSÞðsÞ

nðsÞc

gðBSÞðsÞ
nðsÞc

1
CA ¼ −

1

τs þ τ−1s

ffiffiffiffiffiffiffiffiffiffiffi
2νm3

πr

r  ffiffiffiffiffiffiffi−τs
p
ffiffiffiffiffiffiffiffiffiffi
−τ−1s

p
!
exp

 
2m3r

τs þ τ−1s

!
: ðC8Þ

We use (B9) and (B15), note that terms in the sums over l vanish in the r0 → 0 limit due to the vanishing of CðsÞ
νlþ1

2

(B6), and

take this limit in the remaining terms. Summing the contribution of all modes over s, we obtain

jφðrÞjr0¼0;F¼1=2 ¼
1

π2
X
s¼�1

s

�
sgnð1 − τ2sÞ

m2

ðτ−1s þ τsÞ2
�jτ−1s þ τsj

4mr
K1

 
4mr

jτ−1s þ τsj

!

þK0

 
4mr

jτ−1s þ τsj

!�
þ 1

4π
ðτ−1s − τsÞ

Z
∞

m
dqqe−2qr

�
Kð1 −m2=q2Þ

−

 
1þ τ2s
1 − τ2s

!
2

Π

 
−
4ð1 −m2=q2Þ
ðτ−1s − τsÞ2

; 1 −m2=q2
!��

ðC9Þ

and

BIðrÞjr0¼0;F¼1=2 ¼
eν

ð2πÞ2
X
s¼�1

s

�
sgnð1 − τ2sÞ

m
jτ−1s þ τsj

�
1

r
K1

 
4mr

jτ−1s þ τsj

!

−
Z

∞

r

dr0

r02
K1

 
4mr0

jτ−1s þ τsj

!�
þ 1

π
ðτ−1s − τsÞ

Z
∞

m
dqqΓð0; 2qrÞ

�
Kð1 −m2=q2Þ

−

 
1þ τ2s
1 − τ2s

!
2

Π

 
−
4ð1 −m2=q2Þ
ðτ−1s − τsÞ2

; 1 −m2=q2
!��

; ðC10Þ

whereKðmÞ andΠðn;mÞ are the complete elliptic integrals of the first and third kinds. Note that (C9) and (C10), in contrast
to (C4) and (C5), depend on τs and hence on φ and z in general.
Thus, it is of no surprise that the results in the case of the infinitely thin cosmic string are discontinuous at F ¼ 1=22 [see

(4.23) and (4.24)],

2This is distinct from the case of the quantum charged scalar matter field under the Dirichlet boundary condition, when the current and
the magnetic field strength that are induced in the vacuum by the infinitely thin cosmic string are continuous and vanishing at F ¼ 1=2
(see [63–65]).
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lim
F→ð1=2Þ�

jφðrÞ
			
r0¼0;F≠1=2

¼ � 1

2ð2πÞ2r2 ð1þ 2mrÞe−2mr ðC11Þ

and

lim
F→ð1=2Þ�

BIðrÞ
			
r0¼0;F≠1=2

¼ � eν
ð4πÞ2r2 ½ð1þ 2mrÞe−2mr − ð2mrÞ2Γð0; 2mrÞ�; ðC12Þ

the discontinuity is independent of ν for jφðrÞjr0¼0;F≠1=2 and is linear in ν for BIðrÞjr0¼0;F≠1=2. Note also that

jðsÞφ ðrÞjr0¼0;F¼1=2 and BðsÞ
I ðrÞjr0¼0;F¼1=2, vanishing at τs ¼ 1, increase monotonically in absolute value as τs departs from

this value. Their maximal absolute values for τs > 0 are reached at τ−1s ¼ 0 or τs ¼ 0, being equal to

lim
ln jτsjs→∓∞

jðsÞφ ðrÞ
			
r0¼0;F¼1=2

¼ lim
F→ð1=2Þ�

jðsÞφ ðrÞ
			
r0¼0;F≠1=2

¼ � 1

ð4πÞ2r2 ð1þ 2mrÞe−2mr ðC13Þ

and

lim
ln jτsjs→∓∞

BðsÞ
I ðrÞ

			
r0¼0;F¼1=2

¼ lim
F→ð1=2Þ�

BðsÞ
I ðrÞ

			
r0¼0;F≠1=2

¼ � eν
2ð4πÞ2r2 ½ð1þ 2mrÞe−2mr − ð2mrÞ2Γð0; 2mrÞ�: ðC14Þ

The increase in absolute value persists further for τs < 0, reaching the maximum at τs ¼ −1,

lim
ð−τsÞs→1∓

jðsÞφ ðrÞ
			
r0¼0;F¼1=2

¼ � m
ð2πÞ2r ½K1ð2mrÞ þ 2mrK0ð2mrÞ� ðC15Þ

and

lim
ð−τsÞs→1∓

BðsÞ
I ðrÞ

			
r0¼0;F¼1=2

¼ � eνm
2ð2πÞ2r

�
K1ð2mrÞ þ 2mr

Z
∞

r

dr0

r0
K0ð2mr0Þ

�
: ðC16Þ

Turning now to the temporal component of the induced vacuum current in the r0 ¼ 0 case, we note that, as a consequence
of (C1), it vanishes at F ≠ 1=2. Since quantity

lim
r0→0

ðC̃ð∨Þ
1=2 − C̃ð∧Þ

1=2Þ ¼ lim
r0→0

ðCð∨Þ
1=2 − Cð∧Þ

1=2Þ

is nonvanishing, we obtain

j0ðrÞjr0¼0;F¼1=2 ¼
ν

ð2πÞ2r
X
s¼�1

�
τ−1s − τs
8r2

ð1þ 2mrÞe−2mr

−
m
2r

sgnðτ−1s − τsÞ
�
K1

 
4mr

jτ−1s þ τsj

!
þ 4mr
jτ−1s þ τsj

K0

 
4mr

jτ−1s þ τsj

!�

− ðτ−2s − τ2sÞ
Z

∞

m
dqqe−2qr

�
Kð1 −m2=q2Þ

−

 
1þ τ2s
1 − τ2s

!
2

Π

 
−
4ð1 −m2=q2Þ
ðτ−1s − τsÞ2

; 1 −m2=q2
!��

: ðC17Þ

Note also relations [cf. (B11), (C13), and (C15)]

j0ðsÞðrÞjF¼1=2;τs¼1 ¼ 0; ðC18Þ
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lim
ln jτsjs→∓∞

j0ðsÞðrÞ
			
r0¼0;F¼1=2

¼ � sν
2π3r

Z
∞

m
dqqe−2qrEð1 −m2=q2Þ; ðC19Þ

where

EðmÞ ¼
Z

1

0

dt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −mt2

1 − t2

s

is the complete elliptic integral of the second kind (see [62]), and

lim
ð−τsÞs→1∓

j0ðsÞðrÞ
			
r0¼0;F¼1=2

¼ � sνm
ð2πÞ2r2 ½K1ð2mrÞ þ 2mrK0ð2mrÞ�: ðC20Þ
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