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Instability of a uniform electric field in pure non-Abelian Yang-Mills theory
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We study the Schwinger process in a uniform non-Abelian electric field using a dynamical approach in
which we evolve an initial quantum state for gluonic excitations. We evaluate the spectral energy density
and number density in the excitations as functions of time. The total energy density has an ultraviolet
divergence which we argue gets tamed due to asymptotic freedom, leading to g* E*#* growth, where g is the
coupling and E the electric field strength. We also find an infrared divergence in the number density of
excitations whose resolution requires an effect such as confinement.
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I. INTRODUCTION

The Schwinger effect [1], whereby nonperturbative
quantum effects in a background electric field lead to
electron-positron pair production, has received much atten-
tion (for example, see the reviews [2—6]). Heuristically, the
electric field pulls apart the electron-positron pairs that are
fluctuating in and out of the vacuum. For weak electric field
strength E < 7m2/e, where e and m, are the positron’s
electric charge and mass, the Schwinger process can be
thought of as a quantum tunneling event and is exponen-
tially suppressed in the dimensionless combination of
variables 7m2/eE. The rate of creation of number density
of electrons is

i « e*E% exp(—nm?2/eE). (1)

Schwinger’s original computation deals with the proba-
bility of vacuum persistence' for spin-0 and spin-1/2 matter
fields and has since been generalized to numerous other
systems besides electromagnetism. Pair creation has also
been studied for massless charges, equivalently for super-
critical electric fields (eE > zm?2) in 1+ 1 dimensions
[8,9] and graphene [10-12]. In these cases, the exponential
suppression of the original Schwinger effect is not present,
and other techniques have to be employed as pair creation is
no longer a tunneling process that is exponentially sup-
pressed. For example, the massless Schwinger model can
be solved completely, including backreaction on the

'For a nice account on the relation between the vacuum
persistence probability and rate of pair creation see [7].
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electric field, and results in a 1/+/f decay of the electric
field strength [8].

In the present work we are interested in non-Abelian gauge
theory in the background of a homogeneous (color) electric
field and the consequent Schwinger pair creation of “gluons”.2
The process has been investigated before using effective action
techniques to calculate vacuum persistence amplitudes
[13-22] with the result that there is a constant rate of particle
number density production, still given by (1) withm, = 0.The
result is surprising to us since the Schwinger process can be
viewed as a tunneling process and one might expect that the
Wentzel-Kramers-Brillioun (WKB) [23,24] and other approx-
imations used to obtain (1) would break down for massless
gauge fields. For this reason we wish to reexamine the problem
using a different approach.

We take a dynamical approach to the problem. (For a
kinetic approach to QED, see [25-30].) At the initial time,
we consider a color electric field background and quantum
excitations in their noninteracting ground state. We then
evolve the system just as one would do for small quantum
excitations in a time-dependent background. We use the
method of Bogoliubov transformations [31,32], recast as a
“classical-quantum correspondence” (CQC) whereby
quantum evolution is described in terms of the classical
evolution of a related classical system [33-36]. The method
is explained in Appendix. Our approach simply evolves an
initial state in contrast to other methods that compute
(noninteracting) vacuum persistence amplitudes.

Our results indeed differ from (1) with m, set to zero. We
find that the energy density in excitations, &, grows with
time as £ «x g*E** where g is the non-Abelian coupling
constant (see also [37,38]). We also examine the number

*We will refer to the model as “pure QCD” even though we
will consider the simpler SU(2) gauge group. The “pure” means
that we will only consider gauge fields and not include any other
fields.
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density of particles in the leading adiabatic approximation
[39] and find that it is not well defined as there is a zero
frequency mode at all times for which the particle number
density diverges. The total number density, found by
integrating over all excitation modes, also diverges.

In Sec. II we set up the basic framework, identifying the
background field and the small excitations. Here we also
discuss some limitations of our setup. Sec. III diagonalizes
the Hamiltonian by expanding the quantum fields in modes.
We find it convenient to discretize the modes for numerical
analysis (Sec. IV). The quantum analysis is reduced to a
classical analysis in Sec. V, following which we numeri-
cally evaluate the spectral energy density and the total
energy in quantum excitations as a function of time in
Sec. VI. The number density of quantum excitations is
discussed in Sec. VII and shown to diverge for all times due
to the presence of a zero-frequency mode. Section VIII
briefly considers the case of adiabatically turning on the
external field. We conclude in Sec. IX.

II. SETUP

We will consider a pure SU(2) gauge theory with
Lagrangian density,

1
L=-- <qu)27

1 a=1273 (2)

with the field strength defined in the usual way

W, = 0,We — 9,Wi + ge®* WhWr¢. (3)
We have to make certain approximations to proceed with
our analysis. Our main approximation is that we expand the
fields about a fixed background electric field to quadratic
order in the Lagrangian and ignore higher-order
interactions.

Let us write

Wi =A;+ 0y, (4)

where Aj is a classical background and Qj denotes
quantum excitations on top of the classical background.
We will work in temporal gauge, so Wi = 0, and take

Al = —A(1)56,5. (5)
Then there is an externally imposed classical electric field
but no magnetic field,

E :—aAa_ ()5 513,

B¢ =0. (6)

We will evolve the quantum variables, Q¢, assuming that
they are in their noninteracting ground state at ¢t = 0. We
insert (4) in (2), then use the background (5), and expand to
quadratic order in the Q;j to obtain,

1 1
L= E(Ql) Z(aiQ} - 0,0! — gA(Q}8] - 5107))?
1 1
+3(01) - 3(0:0] - 0,07 +9A(015] - 810}))*
1 1
E(Qz A)? - 1 (0:0} - 0,07)* +O((09)*). (7)

The classical electric field is externally imposed, i.e., there
are external sources that produce and maintain the electric
fleld E3 which is assumed to be constant. Therefore, we
take’

A=E. (8)

Then the variables Q? decouple from the other quantum
variables. We can calculate the rate of particle production in
a fixed external field by considering the truncated
Lagrangian,

1 1
*E(Ql) (Q,) ( )= 4( )
where,
i = 0:0} — 0,0 — gE1(Q38] - 5,07).
= 0,07 - 0,07 + gEt(Q}5) - 510}).  (10)

At this level of approximation, the Q! and Q? fluctuations
do not backreact on the background electric field. The
backreaction will only appear due to the cubic and higher
order terms in the Q¢ in (7).

We will expand the excitations in momentum modes in
the next section. There are quantum issues at both ends of
the spectrum. For modes with low energy, the coupling
constant is strong and confinement should play a role. The
lowest energy excitations will be massive glueballs, not
massless gluons.* Modes with very high energy are in the
regime of asymptotic freedom as the coupling constant
becomes small. Inclusion of these effects in our calcula-
tions is beyond our reach and we shall proceed based on (9)
as if it is the full story and see if there are any incon-
sistencies. Indeed we will encounter two inconsistencies in
this approach. In Sec. VI A we will encounter an ultraviolet
divergence that we argue will be resolved by properly
accounting for asymptotic freedom. We will also encounter
a divergence in the number density of excitations at low
energy at all times whose interpretation will change
radically once we take confinement into account.

*We will also consider an adiabatically turned on and off
electric field in Sec. VIII.

Indeed the assumed background uniform electric field itself
ignores confinement. The spirit of the present work is that we
work as if there is no confinement and study the consequences.
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ITII. EXPANSION IN MODES

In this section we expand the fields in modes and
diagonalize the Lagrangian. The calculations are straight-
forward if tedious; the end result for the diagonalized
Lagrangian is given in (34) and (35).

The gauge fields are expanded in the physical transverse
modes as

e e L Hel, (1)

/@zw

where dp = dgp/(Zﬂ) E, = |p|, and the reality of Q'
implies ap* = a’,. Slmllarly,

dS
= [ SoS e il (2

with by" = bZ,,.
The magnetic fields are

1 A
(BY), = §€iij]1-k =VxQ!-gEQ>x 2, (13)
1 A~
(B?); =S €einQh =V xQ +gEQ x2 . (14)
Therefore

apip + gEtby2) x epe™> + H.c]

V 2EP r=i O
/ °F Z [ape® + Hel, (15)

P r=0

where aj, = (apip + gEtby2) x €, and

nZ) X €pe®* +H.c]

Z [bje®* + H.c.], (16)

where b}, = (byip — gEtapz) A
These expressions give

3
531——/d3 (B')? /
T’rs
Al A2

Note that there are two polarizations and {ep, €5, D
right-handed orthonormal basis. For example,

aj-ap +H.c. (17)
p} forma

&y = (—cos@cosp, —cosBsingp, sin6), (18)

& = (—sing,cos ¢,0), (19)
p = (sin@cos ¢, sin G sin ¢p, cos 9). (20)

We check
(px&) (px &) =p*s" (1)

(Zxép)-(px&) = p,6” = pcoshs” (22)
(Exé&p) - (Exg)=0"—(6-2)(E-2) (23)
and with the choice of vectors in (18)—(20),

(& -2)(& - 2) = sin? 058" (24)
Therefore
Fp _
Ep1 = /E—PZ:[PZWHZ + G E*|by|*(1 — sin” 65,)
~ igEtp.(ay by — apby)]. (25)

Similarly

&Ep 2 .
e = [ G005+ PE a1 sin 05,
P r=1

— igEtp.(ap by — apby)]. (26)
Epi2=Ep +Em
= [S212 1 2E2 cor o)y + 4P)
E, pmTyg ) P
— i2gEtp cos 0(ay b} — alby')
+(p* + EP) (|l + by )
— i2gEtp cos O(ap b} — alby)). (27)
Next let
ah=dy+ i, bh =7+ i (28)

where al’,, Pp> vp and &}, are real. The reality conditions,

ay = a’, and by = bip, imply
ap = alp, Bp = —Plp, 7 = Vlps
Op = —0p. (29)
For convenience, define
P = gFt, P, = Pcos®. (30)

Then
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&Ep
Epryr = /E— [(p? + (63)%} + 4pP.ayd,

+P2){(ap)?

+(P* + PH{(Bp)* + (rp)*} —4PP Sy
FW A PH@) + (5} +4pP.a3y
+(P* + PO){(B)* + (rp)*} — 4P Spr).

The energy has separated into four disjoint sectors:
(ap.6p), (Bp.vp) (ap.85), and (a3, 53 ). The (ay. 5}) sector
is equivalent to the (4. y,) sector under P, — —P_ which
is the same as g — —g. Similarly for the (ap.8;) and
(3. 73) sectors. The (ap, 5p) and (ap., 5) sectors look very
similar but they differ in their first terms; the former has P,
while the latter has P.
The energy in the electric field is

1
Euria = [ @HOW) + OW))

3 2
/d”z Pt (B2 + )

Pr—

+(85)°].

and we only need to solve for the dynamics of the two
quantum systems,

3 .
Li= [ GRUGR + G =+ P(ah) + @)%)
- 4pPzall)5ll)]’ (31)
3 .
L= [ GRA@ + 32 - (07 + PG + @3)7)
—4pP apby]. (32)

As noted above, the Lagrangians for (8}, yp) are related to
L, and L, by g — —g. Also recall that there is time-
dependence in these Lagrangians because P, and P grow in
proportion to ¢ as defined in (30).

The Lagrangians can be diagonalized by using linear
combinations

al + 6! a? + &2
— P P , _ P P ) 33
¢p,:i: \/j l//p.:I: \/z ( )
Then
d3p .
L= [P - rd
P
+gp_—(p—P.)¢%_]. (34)
dS 2 2 2
L, = E, [v/p+ {(p.+P)*+pilyp.
+p-—{(p. = P)* + pilwp_]. (35)

where P = gEt, p, = psin@, and p, = pcos@.

Similarly, we can easily write down L5 and L, for the
(Bp.vp) sector since these are related to L; and L, by
g— —g. The full Lagrangian is given by the sum
of Ll,...,L4.

IV. DISCRETIZATION

We now discretize the integrations in (34) and (35). For
example,

3 .
Ly = Z (AEp) [bps — (P +

P

Pz)2¢12),+
ZLIP (36)

and similarly for L,. The volume element in momentum

space is
(Ap)* = <2f”>2 = (2"?3, (37)

+¢p_—(p—P.) 3]

where L is the size of the (compactified) spatial domain
and V is its volume. The Hamiltonian for each mode
can now be written as that for a simple harmonic
oscillator

(P + Py

2
+

P 2 2
—+—(p—-P _|7, 38

2
I,

H, —
2 2m

m
> + (P + PP + 1wy
P
112 m
i i

- P2+ pitwp-l®. (39

where 7, and I, are conjugate momenta to ¢, and
Wp+, and

_,(ApP_2 (2_”)3' (40)

P E, p\ L

Note that m, has dimensions of mass squared (not mass).
As noted at the end of Sec. III, we will also have H3, and
H, corresponding to the (fp.yp) sector.
The Hamiltonians in (38) and (39) are those of simple
harmonic oscillators with time-dependent frequencies,

Dpp+ = + (p + Pz)27 (41)

Dy p+ = + (pz + P)2 + pzi (42)
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The+ signs in the prefactor are to emphasize that we are
taking the positive square root. The structure of the
frequencies is easy to understand because the p, £ P
follows from the covariant derivative acting on the
excitations. The different forms of w, , . and w,, , ; arise
since the variables ¢, , are associated with é{,:l, while
wp.+ are associated with &572.

An important point for us is that there are certain modes
for which the frequency vanishes. For example, wg, =
|p—P.| and, at any time, the frequency vanishes for
p = P, = gEtcos 6. (Similarly for @, , _.) The frequencies
@y p+ and w,, , , do not vanish for 7 > 0. We will return to

this point in our discussion of the particle number density in
Sec. VIL

V. CLASSICAL-QUANTUM CORRESPONDENCE

To obtain particle production of the fields ¢y, ., wp 1 we
will use the CQC. (See Appendix for a summary of the
CQC.) Then the variables ¢, .. and y, ;. are complexified
and we solve the classical equations of motion

Q.Zsp,:t + (PZ + p)2¢p,i =0 (43)

li’p,i + {(P + pz)2 + pi}l//p,i =0 (44)
with initial conditions,

i

Pp (1 =0) = _\/77 =yp+(t=0)  (45)
bpalt=0)= [0 =jp.(1=0).  (46)
P

[Note that the simple harmonic oscillator frequencies at
t = 0 are simply p because P(t = 0) = 0.] Using (40) we
write

i /
he©=-3(5) =ma @)

ha© =2 (5)" =i Gy

To calculate the energy density in excitations, we simply
need to evaluate the classical energy in the complexified
¢p+ and y, . as we describe next.

VI. ENERGY DENSITY PRODUCTION

The energy in the complexified variables ¢, + wp 1
follows from (34) and (35)

_ &Ep 2 2 2
51 - E [|¢p+| + (P + Pz) |¢p.+|
P

+p I+ (p = PPl I, (49)

&p ..
&= [ Go W+ {0+ PP+ P
P

+ irp-* + {(p. = P)* + P2 }Hwp.- ). (50)

The energies in the (B}, y,) sector give identical expres-
sions and we will include these in the end in the total energy
by multiplying by a factor of two.

The energy expressions in (49) and (50) include the
ground state energy—the @/2 of the simple harmonic
oscillator—whereas we are interested in the energy of the
excitations only. As described in Appendix, the ground
state energy can be discarded by writing the energies as

&p .
€)= / & bos = iwpp |
p

g (51)

+ |¢p’_ - ia)¢,p,_¢p,_

&Ep . .
:82 = /E— [|Wp.+ - lwx//,p,+l//p,+|2
P

+ |¢’p.— - iww,p,—Wp.—|2]- (52)

The total energy in the excitations is

o0 1
:5:=2(:51:+:Ez:):87z/ dpp/ du
0 0

y . 2 y . 2
X [|¢p,+ - lw¢.p,+¢p.+| + |¢p,— - lw¢,p,—¢p,—|
+ |¢’p,+ - iwv/,p,Jer.Jr |2 + ‘l/./p.— - ia)yz,p,—Wp.— |2]’ (53)

where the factor of two in the first line accounts for the
excitations in the (S}, yp) sector, u = cos#, and we have
used the symmetry under u — —u to restrict u to the
interval [0, 1]. We remark that the expressions occurring in
the integrands of (51) and (52), such as q'ﬁp, y—iwyp P s
are the usual Bogolyubov S coefficients up to a factor of
1/y/w, where @ stands for the frequency.

Now all that is required is to solve the equations of
motion in (43) and (44), insert the solutions in the energy
expressions above, and perform the integrations. The first
step is formally accomplished since the solutions to the
equations of motion can be written in terms of parabolic
cylindrical functions. However, we have found it more
practical to solve the differential equations numerically
followed by numerical integration.

A. Numerical evaluation of the energy

We have numerically solved the differential equations
in (43) and (44) for u€[0,1] and p € [0, p.] where
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p. > gEt is a momentum cutoff. As we solve the differ-
ential equations, we also numerically evaluate the energy in
(53). In the numerical computations we choose units so
that gFE = 1.

We define the spectral energy density, p(p, 1), via

1 & ©
R ) (54
0
or explicitly,
8zp [1 . ) )
p(p) =73 duZ[|¢ps - la)(/},p.s¢p,$|
L 0 s=%+
+ |l/./p,s - iwy/,p,sl//p,s|2}' (55)

In Fig. 1 we plot the spectral energy density rescaled by
=3, ie., t73p(p, 1), as a function of p/t at three different
times. It is clear that the peak of the spectrum p grows as 3
and the width grows as ¢, implying that the total energy in
excitations grows as r*.

The linear growth of the width of p(p, ) follows from the
form of the oscillation frequencies in (41) and (42). For
very large values of p, the time dependence of the
frequencies can be ignored. Then the solutions for ¢ ;.
and y, ; are simply trigonometric functions for which
there is no contribution to the energy. Hence there is no
particle production for p > gEt; there is only particle
production for p < gEt and so the width in p contributing
to particle production grows linearly in ¢. To understand the
growth of the peak of p(p,t) that goes as ¢}, we note that
the peak is located at p ~ gEt/2. Thus the p prefactor in
(55) contributes one factor of . In the integrand, the initial
conditions for the variables éﬁpi and yr, . are proportional
to p as in (48) and since the p that contributes to the energy
integral grows proportional to ¢, and the variables enter
quadratically in the energy integral, the peak of the spectral
energy density grows as 1>

pltlt)°
35
30
25
20
15

10

0 ‘
10 20 30

20 Pt/

FIG. 1. p(x.0)(t;/1)° vs x=p(t;/t) for 1; =20 and
t=1;/2,2t;/3, and t;. There are three curves in the plot but
they all overlap. The peak in p(p,t) is located at p ~ gEt/2.

The t* growth of the total energy density is further
confirmed in Fig. 2 where we plot the total energy density
divided by #* vs time.

To obtain the total energy density, :£:, we have
integrated over p € [0, p.| where p.> gEt is a cutoff.
To study the dependence of our result on the cutoff, we
zoom into the large p behavior of p(p, t), shown in Fig. 3.
This gives p(p,t) « 1/p at large p and the total energy
diverges logarithmically as the cutoff p. is taken to infinity.
However this ultraviolet divergence will be controlled once
asymptotic freedom is taken into account. To see this in
more detail, note that p(p, ¢) in Fig. 1 has a dominant peak
structure followed by the 1/p falloff, which after integra-
tion over p, lead to an asymptotic contribution to the energy
density given by ¢* log(p./M), where M is a renormaliza-
tion scale. However the asymptotic value of the coupling
constant at the cut-off scale evolves from its value g,, at the
renormalization scale as [40]

et

0.006 |
0.005 |
0.004 |

0.003 |

0.002 |-

0.001 |

n 1 n n n n 1 n n n n 1 n n n n 1 t
5 10 15 20

FIG. 2. Energy density rescaled by ¢4, : £ : /(L3t*), vs time in
the ¢ excitations (blue curve), y excitations (red curve), and in
total (black curve). The flat curves at late times confirm that
: €1 o« t* as also indicated in Fig. 1.

I

2.0x10*

1.8x10741

1.6x10*

1.4x1074F

1.2x107*F

1.0x107*F

8.0x107° . ; . .
100 120 140 160 180

200 P
FIG. 3. Log-log plot showing the asymptotic behavior of
p(p,t) vs p for t = 2t/3 with t; = 20. The dashed line shows
a 1/p falloff.
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2

2 gM
P = , 56
1+ gy log(p./M) (56)

implying,

lim g*log(p./M) — 0. (57)
p(,—>00

Hence the 1/ p tail contribution to the integration vanishes
in the p,. — oo limit once we take the running of ¢?, i.e.,
asymptotic freedom, into account.

VII. NUMBER DENSITY PRODUCTION

The number density of produced particles, n, is ambigu-
ous at intermediate times though there is no ambiguity in
the infinite time limit if the electric field is switched off
[39]. Here we adopt the definition that the number density
is given by the energy density for each mode divided by the
frequency of that mode. Then using (53) we have

3] 1 y 7 2
n= 871'/ dpp/ duz |:‘¢P,S lw¢.p,s¢p,s|
0 0 s=+

Dpp.s

+ |l//p,s - la)v,,p,sll/p,x|2:| ) (58)
wl[l,p,S
The expressions for the frequencies are given in (41) and
(42). The issue is that at any given time there is a
momentum mode for which the frequency vanishes.
Thus the integrand in (58) is singular at all times.

To determine if the singularity is integrable, we focus our
attention on the ¢, _ sector for which the number density is

0 1 y =1 —gEt _ 2
Ny _ :87r/ dpp/ du |¢p’ P9 u|¢p, | .
0 0 |p — gEtul

(59)

First consider the numerator of the integrand. For p = gEtu
it is simply |¢,_|>
excitations implies that |q'§p.
structure of the integral is

g = $2(pldp ) / " dg / Yau L (o0)

lq—ul’

Nonvanishing energy in the ¢, _

_|>#0. So the singularity

where g = p/gEt and (-) denotes an effective value along
the singular curve, p = gEtu (or ¢ = u), in the integration
plane. By transforming integration variables to x; = g & u
it is clear that the integral is logarithmically divergent due
to the singularity along x_ = 0.

We note that the divergence in particle number density
arises at low energy where the frequencies vanish. It is
worth emphasizing that this is a particular behavior of the
massless theory and will not be present in massive cases

such as QED. In the full interacting theory we can expect
this infrared divergence to be resolved due to confinement
effects. At such low frequencies, the “soft” gluons are
confined and are only present in massive glueball states. In
our analysis, as discussed in Sec. II, we are examining
where the road goes when we ignore confinement effects. It
is interesting that the calculation without confinement leads
to a divergent number density of excitations, suggesting a
self-inconsistency.

VIII. ADIABATIC CASE

Often in the Bogoliubov method, the background is
taken to turn on adiabatically, survive for a certain time
period, and then slowly turn off. Then the asymptotic vacua
are unambiguously defined and the total energy density of
particles produced is evaluated at t — oo.

We have also treated the adiabatic case. Now our choice
for A(¢) is

Af) = Er[tanh<t_TIE> —tanh(_TtEﬂ, (61)

where 7z is some large time at which the electric field is
maximum and 7 is the duration for which the field is turned
on. The electric field is given by

T

. r—t
A= Esech2< E>. (62)

Our analysis from the previous sections remains unchanged
except that the frequencies in (63) and (64) now become

@gps = 1/ (p £ gA(t)u), (63)

Oppe =+ (P2 AW? +p1. (64)

We have repeated the numerical analysis in this case and
show the results for the energy density versus 7 in Fig. 4.
Once again we find :&: o« 7*.

Energy density
104F

1000¢

100

-
T

2 5 10 20 T

FIG. 4. Log-log plot of :&: vs 7 for the adiabatic case.
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We can also consider the number density of particles in
the adiabatic case. From Eq. (63) we see that the mode with
p = gA(oo)u has vanishing frequency w,,_ as t — co.
Similarly the mode with p. = gA(e0), p, = 0 has vanish-
ing frequency w,, , _ as t — co. Therefore the singularity
discussed in Sec. VIl is present even with the short duration
electric field of (62).

IX. CONCLUSIONS

We have considered the fate of a uniform color electric
field in a pure gauge Yang-Mills theory with SU(2) gauge
group.5 Our approach assumes initial conditions with a
uniform electric field and quantum excitations in their
noninteracting ground state. We then truncate the excita-
tions to quadratic order in the action and evolve the system
using the CQC.

We find that there is rapid particle (gluon) production for
which we are able to characterize the energy spectrum and
its time dependence as shown in Fig. 1. Production occurs
for modes in a range p € [0, gEt] with peak production at
p ~ gEt/2. The amount of energy produced in an interval
dp grows as 1. We can understand this growth in terms of
phase space factors that give one power of ¢, and the square
of the amplitude of vacuum fluctuations that are propor-
tional to p?, and hence grow as ¢%>. The r* dependence we
find is in sharp contrast to usual Schwinger pair production,
as in (1), for which the energy grows linearly with time.
However, in contrast to the usual Schwinger pair produc-
tions of massive particles, gauge excitations are massless
and this may be sufficient to explain the different produc-
tion rates.

To the order in which we perform our calculations, the
coupling constant does not run with energy scale. However,
we encounter an ultraviolet divergence in our calculation of
the energy produced in excitations. We have argued that the
divergence would get controlled if we were to properly
account for the running of the coupling constant at high
energies (asymptotic freedom). In calculating the particle
number density we also encounter an infrared divergence
that we argue will be absent in the confining theory. In other
words, if we ignore confinement, our analysis implies that
the particle number density diverges, which we interpret as
an indication of a lack of self-consistency of the unconfined
assumption.

Our analysis leaves open several directions of interest
such as the backreaction of particle production on the
background color electric field. If we simply use energy
conservation as a guide, the background electric field has an
energy density proportional to E? whereas the energy density
in excitations grows as ¢* E*r*. Equating these two gives the

decay time for the electric field to be 7~ (gvVE)™.

5 . . . .
The gauge group is not important for our analysis since
SU(N) models have SU(2) subgroups.

However, we cannot exclude the possibility that the electric
field will be antiscreened as argued for non-Abelian gauge
theories (see for example Sec. 16.7 of [40]), in which case
the electric field strength would actually increase with time.
We hope to investigate this issue by a more detailed analysis
in the future.
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APPENDIX: CLASSICAL-QUANTUM
CORRESPONDENCE

The CQC is equivalent to the Bogoliubov transformation
method for calculating particle production in the case of a
time-dependent but spatially-homogeneous background.
Once the model is discretized, each mode is equivalent
to a simple harmonic oscillator as in Sec. IV. So we only
need to demonstrate the method for a simple harmonic
oscillator.

Consider the Hamiltonian for a simple harmonic oscil-
lator of mass m—which can also be time dependent in the
general case—with an arbitrary time dependent frequency
(1),

p*  m

H="—+—w?(t)x’.

2m 2 (A1)

Then the quantum operators x and p can be written as

x=z'ay+ zag, p =m(Z*ag + Zag), (A2)
where a, and ag are the initial annihilation and creation
operators defined in terms of the initial-position operator x,,

and momentum operator py,

g Po = immoXx o = Po + imwyx (A3)
0 2maw, 0 V2ma,

where @ is the frequency at the initial time, and z(7) is a
complex-valued c-number function of time. Using the
Heisenberg equations for x and p we find that z(z) must
satisfy

4w’z =0. (A4)

The initial conditions follow from the above relations and
are
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The Wronskian is constant and fixed by the initial con-
ditions,

m(z'z —z2*) = i. (A6)
Other quantum operators can be rewritten in terms of

7(1), xo and pgy. Expectation values are written entirely in
terms of z(¢). In particular, the energy is

1

. 1
(H) :§m|z|2+§mw2|z|2. (A7)

This can also be written as

m,. . i . .
(H) :§|z—zcoz|2 —Emw(z*z—zz*). (A8)
The second term is the Wronskian and hence is a constant
determined by the initial conditions. In the quantum simple
harmonic oscillator this term corresponds to the ground

state energy w/2. So the energy in the excitations is given
by
(£ = %ﬁ — iwz]?, (A9)

which is what we use in (51) and (52).
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