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Jodo P. M. Pitelli®,"” Bruno S. Felipe,>" and Ricardo A. Mosna®"*
1Departamento de Matemdtica Aplicada, Universidade Estadual de Campinas,
13083-859 Campinas, Sdo Paulo, Brazil

*Instituto de Fisica “Gleb Wataghin”, Universidade Estadual de Campinas,
13083-859 Campinas, Sdao Paulo, Brazil

® (Received 10 June 2021; accepted 20 July 2021; published 17 August 2021)

We find the response function and the transition rate for an Unruh-DeWitt detector interacting with a
conformal scalar field in global two-dimensional anti—de Sitter (AdS) spacetime with different boundary
conditions at its conformal infinities. We calculate the particle energy spectrum as seen by subcritical
accelerated detectors and discuss how it depends on the choice of the boundary condition. We show that,
despite this nontrivial dependence on the boundary conditions, the limit when the AdS length scale tends to
zero is well defined and leads to the well-known results of 1 + 1 Minkowski space. One can thus interpret
the AdS energy scale as a natural regulator for the well-known infrared ambiguity of massless scalar fields

in 1 + 1 Minkowski spacetime.
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I. INTRODUCTION

The theory of quantum fields in curved spacetime
provides a well-established prescription for the quantiza-
tion of fields propagating in a classical background
provided by general relativity. In this context, the spacetime
(a solution of the Einstein equations) is treated classically,
while the field propagating in this background is quantized
neglecting the possible effects of backreaction.

In this setup, the concept of particles does not have a
universal meaning, being an observer-dependent concept
[1]. In particular, as stated by Unruh in Ref. [2], the
observation of particles by a particle detector depends on its
state of motion. Since the Minkowski spacetime is max-
imally symmetric, we usually choose the Poincaré invariant
state, |0), defined by

agloy =0, V&, (1)

as a “natural” vacuum. Here, the field ¢(x) is expanded in
terms of Minkowski plane wave modes u;(x) as

$0x) = Y lagu(x) + @l (). 2)

k

It follows that this |0) describes the same vacuum state for
every inertial observer.
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Anti—de Sitter (AdS) spacetime is maximally symmetric
as well, having the highest possible degree of symmetries.
Inspired by the above construction, perhaps one could
assume to be straightforward to define an AdS invariant
vacuum state |¥) that would be common to all inertial
observers. However, there is a crucial difference between
Minkowski spacetime and AdS spacetime. AdS spacetime
is not globally hyperbolic and the evolution of fields in this
background is not uniquely defined given the initial data on
any of its spacelike surfaces. In fact, AdS spacetime has a
conformal timelike boundary, where boundary conditions
must be imposed on the fields in order for them to have a
well-defined evolution.

In this paper, we adopt Wald and Ishibashi’s prescription
for the evolution of fields in nonglobally hyperbolic
spacetimes [3-5]. In this setup, the possible sensible
dynamics for the Klein-Gordon field are in one-to-one
correspondence with the positive self-adjoint extensions of
the spatial part of the wave operator. Parametrizing the self-
adjoint extensions by f, the field can be expanded in terms

of the normal modes u[g satisfying the boundary condition
associated with f as

P =Yl ) + ) )

k
Once we define the vacuum state |0); by

al0), =0, VK (4)
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it will depend explicitly on £ and may even be no longer
AdS invariant [6,7].

We work for simplicity on global AdS,, whose metric is
given by

2
ds?

= o7 (—d® + dp?). (5)

We investigate the response function and the transition rate
of a detector following trajectories with constant p, which
correspond to inertial (p = 0) and uniformly accelerated
(p # 0) motion in AdS,. As shown in Refs. [8,9], there is a
threshold for this acceleration above which the temperature
measured by the detector is well defined. In what follows,
we study accelerated observers below this threshold, so that
no thermal spectrum is seen by the particle detector. After
studying the detector’s response in AdS,, we carefully
analyze its L — oo limit and relate it to the response of
inertial detectors in Minkowski space.

It is well known that a massless scalar field in
Minkowski spacetime is infrared (IR) divergent. This
divergence can be controlled by an IR cutoff m, [10],
which introduces an ambiguity in the Wightman function
and hence in the detector’s response function. Nevertheless,
it can be shown that it is possible to extract a physical result
(independent of my) for the transition rate by considering
ad hoc regularization methods (see, e.g., Ref. [11]). One of
the aims of this work is to show that AdS, works as a
natural regulator for 1 4+ 1 Minkowski spacetime. In fact,
we show that the inverse length 1/L is closely related to m,
irrespective of the choice of boundary conditions in AdS
spacetime. It is interesting to note that by considering the
1 + 1 Minkowski spacetime under this kind of limiting
procedure, the arbitrary UV regulator € > 0 is also irrel-
evant. In this way, both the IR and UV divergences are dealt
with at once by this procedure, which may be summarized
by “get the transition rate for AdS, and take the L — oo
limit.”

This paper is organized as follows: In Sec. II, we briefly
review a few concepts about Unruh-DeWitt detectors in
curved spacetimes. In particular, we rederive the response
function for the massless scalar field in 1 + 1 Minkowski
spacetime for the case when the detector is abruptly switched
on and off. In Sec. III, we motivate our choices for the
boundary conditions at the conformal boundaries in AdS,.
In Sec. IV, we derive expressions for the field modes and
Wightman function for each one of these choices. Sections V
and VI present the main results of the paper, wherein we
calculate the response function and the transition rates in
AdS, and consider their L — oo limit. In Sec. VII, we unveil
the relation between 1/ L and m and discuss how this throws
light on the results of the previous sections. Finally, in
Sec. VIII we present our main conclusions.

II. RESPONSE FUNCTION AND TRANSITION
RATE IN 1+1 MINKOWSKI SPACETIME

It is well known that the response function for the Unruh-
DeWitt detector in a general curved spacetime is given by [1]

F(Q) = el_i>r(r)1+ - dr /_oo dr’ e—iQ=7)
x x(0)x(Z)We(x(r), x(z')). (6)

where Q = E; — E; is the energy gap between the initial
and final states of the detector, x(z) is the detector’s
trajectory as a function of proper time, y(7) is the switching
function (which effectively turns the detector on and off),
and W.(x,x") = (0|p(x)p(x')|0) is the Green-Wightman
function with the standard regularization ¢ — f— ie.
The response function given by Eq. (6) is essentially
determined by the Wightman function along the detector’s
trajectory and the switching function. When the Wightman
function is invariant under time translation, i.e., when
W.(x(7),x(7)) = W.(A7) (the case of interest in this
paper), it is useful to make a change of coordinates from
(z,7') to (u, s), with u:=1, s:==7—17 when 7 < r, and
u:==1,s:=17 —17 when r < 7. This leads to

F(Q) = 261_i)r(§1+ _: du /Ooo dsy(u)y(u—s)
x Rel[e ¥ W (s)]. (7)

An abrupt switching function given by y(z) =
O(r —Ty)O(T — ) represents a detector that is turned
on at time T, and read at time 7. The response function
in this case is given by

Fr(Q) =21lim

T u=Ty .
du/ dsRe[e W, (s)]. (8)
e—0" T, 0
The instantaneous transition rate () is defined as the
derivative of F;(Q) with respect to T and represents the
number of clicks of the detector per unit time. It can be
written as

T-T,

Fr(Q) =21im "dsRele" W, (s)].  (9)

e—0" Jo

The choice of the switching function has of course a
nontrivial effect on F(Q). In a d-dimensional spacetime
with d >4, an abrupt switching is known to lead to a
divergent response function [I2-14]. However, for
3 < d < 6, one can extract physically meaningful transition
rates by (first) carefully removing the UV e > 0 regulator
while maintaining a continuous switching function and
(then) taking the sharp switching limit [13]. For d = 2 the
logarithmic behavior of the Wightman function makes the
integrals (8) and (9) converge so that the UV regularization
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may be forgone (more on this below). There is an important
caveat for d = 2, though. The massless field is IR divergent
and some other type of regularization procedure may be
necessary, as we discuss next. Finally, to overcome possible
transient effects due to the switching on process, it might be
interesting to take 7y — —oo.

We now review some standard results for a massless
scalar field in 1 4+ 1 Minkowski spacetime. In this case,
the Wightman function for a detector on an inertial path
reads [10]

Wetnk(Ar) = [mo(e + iA7)], (10)

——1In
2

where ¢ > 0 is an UV regularization parameter and mg > 0
is an IR frequency cutoff, which is required for massless
fields. It is easy to show that

T

|~ In [mg (e 4 iA1)]| < \/[ln (mgs)]? + (§>2 (11)

and that the right-hand side of this equation is integrable.
Hence, the limit € — 0 can be taken under the integral
sign by dominated convergence and, by substituting
Eq. (10) into Eq. (8), we have

FHink(Q) = — /T du /M_TO ds{l sin (Qs)
T
T, 0 2
1

+ —cos (Qs)1In (mos)}. (12)

Integrating the above expression yields

. 1
]:Mmk Q) =
Q)=
—2Ci(ATQ) —rATQ+ zsin(ATQ)
+21In (my'Q) +2cos(ATQ)[1 +1n (myAT)]},

(13)

{2y =2+ 2ATQSI(ATQ)

with AT=T-T,, Ci(—|x|) = iz + Ci(|x]), and In(—|x|)=
iz + In |x|. Si(x) and Ci(x) are the sine integral and cosine
integral functions, respectively. Equation (13) has an
ambiguity given by the infrared regulator m, However,

o Mink () — Z7 () ;
the average rate of transition Ry (Q) = ~T57— is mean-
ingful in the limit AT — oo and is given by
‘ FYink(Q) 1
RMik(Q) = lim ~ "= =-—0(-Q). (14
@)=Jn " ~ g%

One can also obtain the same result for r(Q) using Eq. (9)
in the limit 7, - —oo by inserting an exponential cutoff
e~%/% in place of the sharp switching limit [11]. If one takes

the limit my — O first and then § — oo, the ambiguity due
to my is eliminated and Eq. (14) is recovered.

III. BOUNDARY CONDITIONS AND
CONFORMAL FIELDS IN AdS,

As discussed in the Introduction, AdS spacetime is a
nonglobally hyperbolic spacetime: when solving the wave
equation, its solutions are not fully determined by the initial
data. The evolution of a classical wave in AdS spacetime
depends crucially on the exchange of information with the
conformal boundary, which can be modeled by an appro-
priate boundary condition for the field.

Here we follow Wald’s approach [3-5] to tackle this
problem. In this setup, the possible dynamics of a classical
field are in one-to-one correspondence with the positive self-
adjoint extensions of the spatial part of the wave operator.
Although this is not the only possible prescription, it
provides a very reasonable dynamics respecting causality,
time translation/time reflection invariance, and (what is most
important) a conserved energy functional [4]. Moreover, the
positivity of the self-adjoint extensions imply stability, with
no generic solutions growing unboundedly in time, and the
quantization process is straightforward.

The two-dimensional AdS spacetime differs from its
higher-dimensional counterparts in that it possesses two
disconnected boundaries. A conformal scalar field propa-
gating in global AdS, thus behaves like a free field in a box.
It can be shown that, in this case, there are an infinite
number of self-adjoint extensions to this problem para-
metrized by U(2) [15]. In what follows, we will consider
two classes of boundary conditions representing positive
self-adjoint extensions: (i) the first class is given by the
most commonly used Robin boundary conditions; (ii) in the
second class, we (effectively) close the spatial sections by
imposing that the wave function at the two boundaries
differs only by a phase. These two classes illustrate our
main points with relatively simple calculations.

The metric of global AdS, is given by

2

ds* =
cos

o (—d +dp?) (15)

where L is the radius of the hyperboloid, see Fig. 1 (we are
actually considering here the universal covering of AdS,,
with —co <t < o0 and —z/2 <p < n/2). We restrict
ourselves to a conformal scalar field propagating in global
AdS,, i.e., a massless minimally coupled field respecting
the Klein-Gordon equation

823(;2”0) _ 82458(;2"0) , —-n/2 <p<m/2. (16)

This makes it evident that appropriate boundary conditions
are required at p = +x/2.
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FIG. 1. A hyperboloid representing AdS, embedded in flat
(1 + 2)-dimensional space. Time ¢ flows round the neck. The
spatial variable p goes from —z/2 to z/2, with the throat located
at p = 0, where the radius is least and given by L. The uniformly
accelerated trajectories considered in the text correspond

to p = py = const.

We are interested in uniformly accelerated trajectories in
AdS, given by constant p = p, in these coordinates,

9p0>9

—n/2 < py < m/2.

7.COS Py (17)

L

wa-

with a subcritical acceleration [9]

sin?p,
a, = L2

9

(18)

positive and the system stable [16]. The positive frequency

solutions in this case are then given by

uf,n _ sin [wn(p + %)} + ﬁwn Cos [wn (,0 + %)] e—iwnf’ (22)
Vaw, + 2po, + nfo,
where w,, is the nth positive root of the equation
(23)

sin (zw) 4 pw|2 cos (zw) — pw sin (zw)] = 0

Figure 2 shows the first roots of Eq. (23) for f = 1.

We note that the first root, wy, tends to zero as f# — oo.
This illustrates the fact that the Neumann boundary con-
dition has a zero mode [17], which breaks time translation

invariance. Since this invariance will be essential in what
follows, we will not deal with this case. On the other hand,
for n > 1, we have w, ~ n. Notice that the scale parameter

L does not appear in Eq. (22), since we are dealing with a
conformal field. In this way, both the Robin parameter j

and the roots w,, are dimensionless.

1. The AdS invariant =0 (Dirichlet) case
Since the roots w,, satisfy a transcendental equation, a

closed form for the Wightman function,

Wt p;t,p) = Zuj(t - ie,p)u}f(t',p'),
J

(24)

The trajectory given by p, =0 is inertial, while the
trajectories represented by p # 0 are accelerated. It is worth
noting that both the acceleration and curvature scalar

approaches zero when L — oo, the last of which as
(19)

R=-2L"2
IV. WIGHTMAN FUNCTIONS

Here we consider the Wightman functions associated
with the two classes of boundary conditions described

above.

A. Robin boundary conditions
Robin boundary conditions at both end points are

given by
9(t.p)
,—n)2) = pi—— =0,
$(t.—n/2) = py P |y
9¢(t.p)
s 2 _ :0’
¢(t.7/2) + P 2

with 3, 8, € R. We choose, for simplicity, #; = 8, = 8 > 0,

which makes the spatial operator
82

A=-L
op?

(20) !

(1)

is only available when £ =0, which corresponds to
Dirichlet boundary conditions. We find in this case
n=1,273,..., (25)

El

_sinlnp+5)

Jan

with the associated Wightman function given by

=0
i

(

f

10

-4

FIG. 2. The roots of Eq. (23) are given by the intersection of the
curve f(w) = tan (ﬂw) (dashed curve) and g(w) = /322{1{’;”’_1 (solid
curve). The figure illustrates the case of f = 1.
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W= (t,pst p')
:il (1 + e—i(Af—AW)—ie))(l + e—i(At+A+p—ie))
47 (1 _ e—i(At+Ap—ie))(1 _ e—i(At—Ap—is)) ’

(26)

where Ap=p—p and ATp=p+p.

It is worth noting that the (Dirichlet) vacuum is then AdS
invariant [6] and that W= is only a function of the
geodesic distance s, given by

se

N
hi—| =14+ 27
cos (L> + T (27)

with s2 = 2L2(cos At — cos Ap) secpsecp’ [18].

B. Pseudoperiodic boundary conditions

These are given by

p(t.7/2) = (1. -n/2),
(1. p) _ i9¢(t.p) 28
8,0 p=r/2 ¢ ap /):—7[/2. ( )

Within this class of boundary conditions, there is a net flux of
information between the end points, as if they were con-
nected like a ring. It can be shown that the self-adjoint
extensions in this case are labeled by the phase difference
0 €[0,27). The cases 0 =0 and 0 =z correspond to
periodic and antiperiodic boundary conditions, respectively.

For 0 # 0,7, the complete set of orthonormal modes
satisfying Eqgs. (16) and (28) is given by [19]

exp[i(2n +9)(p +3)]
Vanr + 20

o[z )] aona
/s

_exp[-i2n—9)(p +5)]

vi(tp) = Vanz =20
0
X exp {—i(Zn—H, n=123,.. (29

T

u(t.p) =

and their complex conjugate. With respect to the timelike
Killing field 8/, u? and v are positive frequency modes
with energies 2n + £ and 2n — 2, respectively.

For & = 0 and 0 = 7z, the spectrum degenerates and the
positive frequency modes are given by

_exp Rin(p+3)]
V27my\/2|n|
xexp[-2i|n|t], n==41,+£2,43,...,
_expl(2n+ )ilp+5)]
V2ry\/|2n+1]|

xexp[—|(2n+1)|it],

uy=(1.p)

uy =" (t,p)
n=0,%+1,%£2,.... (30)
A closed form for the Wightman functions for 6 # 0, z

can be obtained by the usual representation of the hyper-
geometric function as a Gauss series [20]. This leads to

We(t.p:it'.p)
i0(At—Ap—ie)
[ 0 0 . )
= F [1,—;1+—; =2i(At—Ap—ie)
20 2 1< 2w Tt
i(27—0)(At+Ap—ie)
B 0 0 . )
- F(1,1——;2——; —2i(At+Ap—ic) )
T 0r-0) 2 '( 22"

(31)

For the case 0 = 0, z, the sum (30) yields [using the
expansions of In (1 + z) and arctanh(z) as Taylor series for
lz] < 1]

WO=(t,p; 7. p")
In[l — e—2i(Af—AP—i€)] +In[1 — e—2i(At+Ap—i€)]
47 ’

W= (1, p; 1, p')
_ arctanh[e~(A"=47€)] 4 arctanh[e~/(A+4r~i€)]
B 2n

(32)

The manifest time dependence only through A7 = ¢ — ¢
shows that the vacua defined by the modes u/(t,p) are
invariant under time translation given by the Killing field
0/0t. Moreover, even though 9/0p is not a Killing field,
the Wightman functions are only sensitive to Ap = p — p/,
which reflects the fact that the conformal field is propa-
gating effectively on a ring for this choice of boundary
conditions.

V. RESPONSE OF THE DETECTOR IN AdS,

We proceed to calculate the response function and
transition rate associated with the classes of boundary
conditions considered above.

A. Dirichlet boundary conditions

We start with the Dirichlet boundary condition, for
which there is no net flux of energy through the conformal
boundaries, so that the system spacetime + scalar field is
isolated.
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To find the response function, we make use of the
Wightman function given by Eq. (26). Expanding In(1 + z)
as a Taylor series around z = 0, the discrete character of the
energy spectrum becomes manifest. It is worth noting
how the e > O prescription is crucial here, as the Taylor
series diverges at z = —1 [for In(1 +z)] and z =1 [for
In(1 — z)]. It follows from Eq. (8) that

- °° T u=T,
FOQ) = lim 2/ du/ dseek
Q) Hw; )

L1 (1) cos(2kpy)] coss(Q + k=72

2rk
- 211 —1)kt! 2
zlim{Ze_gk [1+ (=1)*"" cos(2kpy)]
e—0 1 k

2
(Q + kCOLSﬂo)Z

sin[I=T0) kcospoy12
) )

This series converges uniformly so that we can interchange
the infinite sum and the ¢ — 0 limit. As a result, the e~
term can be set to 1 and we get

Fr©)
_ i 2[1 + (=1)**" cos (2kpy)]sin [T (@ + Hp2)
=1 ”k(Q‘F—kCTpO)Z

(34)

We see that }—gzo () is not defined in the limit
Ty — —oo, which is not a surprise as this also happens
in Minkowski spacetime. To deal with interactions on an
infinite proper time interval and eliminate transient effects,
we consider, as usual, the limit 7y — —oo in the transition

rate F5-(Q). It follows from Eq. (9) that (in the € — 0
limit)

Q)
_ i": [1+ (=1)*" cos (2kpy )] sin [(T — T) (Q + 220y
=1 7k(Q -1—@)
(35)
Now the limit 7y — —oo is well defined and
j—‘ﬂ=0(g) — Tll_{roloj’:/;:o(g)
_ i 1+ (=1)¥ cos(2kpo) 6<Q N kcosp0>’
k=1 k L
(36)

where we have used the identity

. sinax
lim =
a—oo X

5(x) (37)

for the Dirac delta function.

Equation (36) shows that the transition rate is nonzero
only when Q < 0. This corresponds to the case when the
final energy E; of the detector is lower than its initial
energy E,. In other words, there is deexcitation of the
detector, which emits a particle with energy |Q| so that
the field becomes excited. On the other hand, since the
transition rate vanishes for Q > 0O, the detector is never
excited by the field. We emphasize here that this behavior
happens because we are working in the subcritical regime;
this would not be the case for supercritical accelerated
detectors for which a thermal response is expected [9]. In
summary, when Q = —kcospy/L, k=1,2,3,..., the
detector has a nontrivial probability of spontaneously
emitting a particle with energy k cos py/L.

For the inertial trajectory, given by p, = 0, Eq. (36) reads

0y 2 2k +1)
Fr O(Q)_;m5<Q+T>’ (38)

which means that the detector is only allowed to decay by
the exchange of an odd energy excitation. A similar
calculation shows that, even if the field is initially in an
excited state |2k), k=1,2,..., it will never excite the
detector. This illustrates how subtle the particle concept is
in curved spacetimes. By adopting the point of view that a
particle is what a detector detects, we see that there is an
infinite number of (even energy) excitations of the field that
evade detection as particles by this inertial observer.

We suspect that this unexpected behavior reflects the fact
that the even energy modes in Eq. (25) violate parity, which
is clearly a symmetry for the inertial detector configuration
in AdS,. Since the Dirichlet vacuum is AdS invariant, every
pointlike inertial observer will be unable to exchange even
energy excitations with the field. Given that parity may be
violated by spatially extended detectors following a generic
timelike geodesic, it would be very interesting to analyze
whether an arbitrary inertial observer will be able to “see”
these missing excitations. We leave this analysis for a
future work.

B. The § > 0 case

For a generic Robin boundary condition parametrized by
$ > 0, we can solve Egs. (8) and (9) by considering the
Wightman function as a sum of modes. The transition
probability and response rate then become
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+5)] + B, cos [0, (py + D]} sin [L570) (Q + 2ec0or0y)]

2

]:-g(g) — i4{81n [wn(ﬂo

and

39
o (7w, + 2Pw, + mfPw,)(Q + 2=720)? G9)

. ® . 2z{sin [, (py + 2)] + fo, cos [w,(py + %)]}> @, COS
FQ) = L 2 L ! 2 s+ ——). 40
( ) ; ﬂwn+2ﬁa}n+ﬂ2 3 + L ( )

We see that, in this case, deexcitation of the detector can
only happen when

,, COS Py

Q=- :
L

(41)

where w,, satisfies Eq. (23).
|

2k+2-2

C. Pseudoperiodic boundary conditions

For the pseudoperiodic boundary conditions, we can
expand the hypergeometric functions as Taylor series (or,
equivalently, use the sum of modes form for the Wightman
function) in Egs. (31) and (32). After substituting these
expressions in Egs. (8) and (9), we arrive at

2.2 sinz[(T D) (@ + ”cospo)] sinz[(T To) (Q+ ”cospo)]
FoUQ) = Z—{ T -+ o - } (42)
=0T \(2k+2-9)(Q+ = cospo) 2k +9)(Q+= £ cos 20)
and
. = 1 (2k +2 =9 cosp, 1 (2k + 9) cos py
FQ) = EE— e z Sl Q+—"EF——]|. 43
©) ;{2k+2—§ < " L )+2k+§ < * L )] (43)

Once again, an initially excited detector may emit a
particle, whose energy spectrum can now be found analyti-
cally. We immediately see that this is given by |Q|=

2k+2) cos (2k4+2-9)cos . .
( ”Z P and |Q| = 7) 2k =0,1,2,...,in this case.

It is worth noting that Eqs. (40) and (43) unequivocally
show the nontrivial dependence of the deexcitation energies
with the boundary condition of the field.

VI. THE L — co LIMIT

We proceed to show that the results of the previous
section reproduce the well-known transition rate of
Minkowski spacetime when L — oo, irrespective of our
choice of boundary conditions. The significance of this
result is then analyzed in the next section.

A. Dirichlet boundary conditions

By splitting Eq. (36) into two sums, of odd and even
terms, respectively, we get

e @ *.2cos? ((2k+1)p,) Ot (2% 1)508P0
d z; T O\
2sin? (2kpy) cospo
————=6| Q+2k—— 44
+; o + (44)

We define u = (2k + 1)<2 and v = 2k=52 in the first

and second lines of Eq. (44), respectively. This yields

1 = Ak = Au ,
2 cos py
1=Ak=A , 45
U2cosp0 (43)
so that
—f= — LA co COS py
FI(Q) = u o (Go) f°)5(9+ )
B cospoulL/cosp
u=cospy/L
a2 (_ vl
LAy SIn (cospo)
— 0 5(Q 46
+L CO; 2L cospy vL/ cospg (Q+v). (46)

In the L — oo limit, each sum with steps Au and Av turns
into an integral in u and v, respectively. Combining the
integrals, we get, as a result,

FFOQ) = Am@dw = —56(—9)- (47)

This is precisely the transition rate for an inertial detector in
Minkowski spacetime (14).
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B. Robin boundary conditions

Unfortunately, the calculation above is not easily gen-
eralizable for a Robin boundary condition parametrized by
f > 0. However, we show next by a semianalytical pro-
cedure that the same result as before holds here.

By integrating 7 (Q) given by Eq. (39) from Q < 0 to
Q = 0, we obtain the step function f(Q) given by

Q)= /Uf/’(fz)dfz

LQL

L 27{sin [w,(po +2)] + P, cos [0, (po + )]}
nw, + zﬁa)n + ﬂﬁzw;’

s

W=w
(48)

where |x| is the floor function and w, can be obtained
numerically from Eq. (23). When QL > 1, the heights and
widths of each step tend to zero so that f(Q) can be
approximated by a continuous function f(Q) We numeri-
cally show in Fig. 3 that this continuous function is actually
given by

—LQ
COs g

fQ~F(Q) = ln( ) +constant, QL>1, (49)

where the constant in the above equation depends on f3, L,
and p, but not on Q.

Moreover, f(Q) is clearly zero for Q>0 from
the previous section, since there is no spontaneous exci-
tation. By taking the derivative of f(Q), we recover the
transition rate for an inertial detector in 1 + 1 Minkowski
spacetime,

. 1
FlQ)=- 509 (50)
8
6 7
S :
4 . P uB=5
o * B=10
2
ol +
0 50 100 150 200
QL
FIG. 3. Comparison between the values of the step function

f(Q) given by Eq. (48) and the continuous function f(€) (solid
curves) for po = z/4 and =1, 5, 10. The constant term in
Eq. (49) was numerically found by fitting f(Q) to f(Q).

C. Pseudoperiodic boundary conditions

Proceeding by analogy with the Dirichlet case, we define

_0 )
u= %cos po and v = (ZkLJr”) cos po. This yields again

Egs. (45) which, when substituted into Eq. (43), leads to

. - LA
]__9(9): u cosp05(9+u)
Wt 2cospy uL
u=2-%)—=
2. LAv cospy
+ 5(Q+ ). (51)
L 2cospy vL

As a result, the limit L — oo once again yields

0,0y [COQ+w) a)——l _
}‘(Q)_A L o= - S6(-0). ()

VII. AdS SPACETIME AS A NATURAL
INFRARED REGULATOR

It is well known that the calculation of the Wightman
function for the massless scalar field in 1 + 1 Minkowski
spacetime suffers from an inherent infrared ambiguity. As
we briefly reviewed in Sec. II, the response rate for the
Unruh-DeWitt detector in this case can only be calculated
by means of an arbitrary infrared frequency cutoff m;,. On
the other hand, we have seen in the previous section that the
conformal scalar field in AdS, is free from this ambiguity
and recovers the Minkowski result in the limit of L — oo. It
must be the case, then, that the energy scale 1/L is
effectively playing the role of m, as an infrared regulator.
We show next that this is indeed the case and that, apart
from some numerical factors depending on the specific set
of boundary conditions for AdS,, 1/L acts exactly the same
way as my to that end.

In order to simplify our analysis, we henceforth take
Ty = —T (this choice does not affect our results since we are
only considering translationally invariant configurations).

A. Dirichlet boundary condition

Restoring the units in Ar and e by writing Af =
Atcospg/L and € = €cospy/L in Eq. (26), and consid-
ering the Az/L — 0 limit, we have the following expan-
sions for the arguments of the logarithms in Eq. (26):

1+ e—i(At—A*/)—ie)

. ‘A _
1 4 o-2im (] 4 FATCOSpg _ ECOSpy 7
L L
1+ e—i(At—Ap—ie)
‘A _
1+ (1+l “208”0—“0;/’0). (53)

Since the Wightman function has the form
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Wh=0 — —Lln 1+ e-i('At—A p—z:e)][l _ e—z:(AHA p'—is)] _7’
27 [1 + e_l(Af_A/’_’E)] [1 _ e—t(AH—Ap—te)]
(54)
we have
=0 _Inbr €+ ida)] 55)

2r

Comparing the above equation with Eq. (10), we conclude
that

1
mgy ~ 2L’ (56)
i.e., 1/2L plays, in this context, the exact same role as the
infrared frequency cutoff m,. Notice that this regulator is
independent of the value of p,.

To further check this result, we numerically consider the
case of finite time in Fig. 5(a), where we plot F5 "(Q)
given by Eq. (35) and F¥(Q) given by Eq. (13), with
2T =2z and L =200 > 2T.

B. Robin boundary condition

For generic Robin boundary conditions, we do not have
the Wightman function in closed form. This makes the
procedure above impracticable. However, we can still find
the relationship between m, and 1/L by resorting to
numerics. For each value of p, and B, we define

my(po, B) = m. We then find g(p,,f) by fitting the

truncated sum in Eq. (39) with the Minkowski response
function given by Eq. (13). In Fig. 4, we plotted g(p,, #) as
a function of S for several values of p,. Notice that in all
cases g(po, ) = 2 as f — 0, as expected by Eq. (56). We
also note that g(p,, #) grows faster when we are closer to
the conformal boundary po = z/2.

| =12 ola 2

- Po=

40

Q

30

9(po, B)

20

0 1 2 3 4 5
g

FIG. 4. The plot shows g(py,) as a function of S for

po=0,7/8, n/4, and 37/8 [recall that m(p,. f) = g(pol.mL]'

As an example, we choose f = 1 and py = 7/4. The sum
(39) produces the continuous curve in Fig. 5(b). We see that
the Minkowski response function (dashed curve) given by
Eq. (13) adjusts very well to these points when my is
given by

1
mo~-——. 57
0431 57)
(a)
.30
=
20
<
n‘?‘t 10
0
-4 -2
Q
40} (b)
S
g
=g
5
=
il
W0
0
-4 -2 0 2
Q
40 (C)
S
= 30
=20
a
T
510
0
-4 -2 0 2
Q
FIG. 5. Comparison between the response function in AdS,

(solid curves) in the regime of L >> 2T and the response function
in 1 + 1 Minkowski space (dashed curves), which depends on the
IR cutoff m (see text). In all cases, we considered L = 200 and
2T = 27z so that L > 2T. (a) The Dirichlet case (f = 0) along
with the Minkowski result with m, given by Eq. (56). (b) The
case of a generic Robin boundary condition by considering = 1
and m, given by Eq. (57). The AdS curve was obtained by
computing a truncated sum in Eq. (39). (c) The case of
pseudoperiodic boundary conditions by considering 6 = /2
and m, given by Eq. (60).
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C. Pseudoperiodic boundary condition

This case may be analyzed by writing At = Az cos py/L
and € = €cospy/L in Eq. (31). We can then make use of
the formula [20]

ZF (a,b;a+b,z)

__Ta+b)[In(1 —z) +w(a) +w(b) + 2]
I'(a)r'(b) ’

(58)

for |arg(l —z)| <z, |1 —z| < 1, where w(x) is the poly-
gamma function and y is the Euler-Mascheroni constant,
and then consider the limit Az/L — 0. This leads to

2 IR oy (0) 4+ H_p +y
4r ’

where H, is the harmonic number. Comparing this result to
Eq. (26) yields

W~ —

(59)

2exp [} (w(s) + H_o + 7)] cos pg
2 .

We see that, in this case, the regulator has a nontrivial
dependence on p. Figure 5(c) shows the response function
given by Eq. (42) along with the response function for the
Minkowski spacetime with regulator given by Eq. (60).

mo (60)

VIII. CONCLUSIONS

We studied the response of the Unruh-DeWitt detector
coupled to a conformal scalar field in AdS, spacetime.
In particular, we calculated the transition probability and
the transition rate for two classes of boundary conditions
at the conformal infinities of AdS,, namely Robin and
pseudoperiodic boundary conditions. In both cases, the
spatial part of the Klein-Gordon equation turns out to be

positive and self-adjoint so that the associated field quan-
tization is well defined.

We showed that the transition rate for a detector switched
on in the infinite past is given by a sequence of delta
functions. These delta functions are supported on a discrete
set that depends on the quantum number that characterizes
the field modes, on the detector’s acceleration, on the AdS
energy scale L, and on the boundary conditions. We
showed that when the energy scale 1/L approaches zero
the transition rate for an inertial detector in 141
Minkowski spacetime is recovered, irrespective of our
choice of boundary condition.

A similar conclusion was drawn in Ref. [21] for AdS;
with a massless field satisfying Dirichlet, Neumann, and
transparent boundary conditions. However, we showed that
in AdS, the Wightman function resembles its Minkowski
counterpart, with the mass scale playing the role of an IR
regulator. This gives us a deeper understanding on how and
why these limits work.

Finally, the same idea may be applied to supercritical
accelerated detectors, where one should recover the usual
thermal spectrum for the Unruh effect. We leave this
analysis for a future work.
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