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In this paper, we investigate the deflection of a charged particle moving in the equatorial plane of Kerr-
Newman spacetime, focusing on weak field limit. To this end, we use the Jacobi geometry, which can be
described in three equivalent forms, namely the Randers-Finsler metric, the Zermelo navigation problem,
and the (nþ 1)-dimensional stationary spacetime picture. Based on Randers data and Gauss-Bonnet
theorem, we utilize the osculating Riemannian manifold method and the generalized Jacobi metric method,
respectively, to study the deflection angle. In the (nþ 1)-dimensional spacetime picture, the motion of
charged particle follows the null geodesic, and thus we use the standard geodesic method to calculate the
deflection angle. The three methods lead to the same second-order deflection angle, which is obtained for
the first time. The result shows that the black hole spin a affects the deflection of charged particles both
gravitationally and magnetically at the leading order [Oð½M�2=b2Þ]. When qQ=E < 2M, awill decrease (or
increase) the deflection of prograde (or retrograde) charged signal. If qQ=E > 2M, the opposite happens,
and the ray is divergently deflected by the lens. We also show that the effect of the magnetic charge of the
dyonic Kerr-Newman black hole on the deflection angle is independent of the particle’s charge.
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I. INTRODUCTION

The deflection of light caused by gravitational field is
a prediction of general relativity, and it was observed by
Eddington’s team in 1919 [1,2]. In addition to testing
theories of gravity, the deflection effect can also be used
to distinguish between a wormhole, a naked singularity,
and a black hole [3–6] and also to study the thermo-
dynamics of anti–de Sitter black holes [7]. Moreover,
based on the deflection of light, gravitational lensing has
become a powerful tool to measure the mass of galaxies
and clusters [8–10], and to search for dark matter and
dark energy [11–15]. The usual way to study the
gravitational deflection angle is to calculate the null/
timelike geodesic in four-spacetime, that is, the standard
geodesic method [16]. Recently, a widely popular
optical metric method (OMM) using the differential
geometrical formalism in three-space defined by the
optical metric, has been proposed by Gibbons and
Werner [17,18].
Optical geometry (also called optical reference geo-

metry or Fermat geometry) was first introduced by Weyl
in 1917 [19]. For an (nþ 1)-dimensional static spacetime
with metric

ds2 ¼ gttdt2 þ gijdxidxj; i; j ¼ 1; 2;…; n ð1Þ

the optical metric reads

dt2 ¼ −
gij
gtt

dxidxj: ð2Þ

According to Fermat’s principle, the motion of light in this
(nþ 1)-dimensional spacetime is governed by the geodesic
of an n-dimensional optical space. The main point of
the OMM in Ref. [17] was to link the geometric properties
of optical metrics with gravitational lensing, which is
achieved through the application of the Gauss-Bonnet
theorem. As a result, the weak gravitational deflection
angle of light can be obtained by integrating the Gaussian
curvature of the optical metric. This method shows that
gravitational lensing can be viewed as a global effect. In
addition, the topological effects of light ray was studied
using optical geometry and the Gauss-Bonnet theorem
[20,21]. The OMM pioneered by Gibbons and Werner has
evolved into an active direction of research. Works about
spacetimes with different symmetry, asymptoticity, and
signals of different types have been carried out. For
example, the deflection of light via optical metric and
Gauss-Bonnet theorem has been explored in different static
spacetimes such as the Ellis wormhole and the Janis-
Newman-Winicour wormhole spacetimes [22], the charged
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wormhole spacetime in Einstein-Maxwell dilaton theory
[23], as well as some asymptotically nonflat spacetimes
[24–26]. Other contributions include deflection of light in a
plasma medium [27], the influence of the Brane-Dicke
coupling parameter, dilaton field and nonlinear electrody-
namics on the lensing of light [28–30], and so on.
Furthermore, Ishihara et al. used the optical metric and
the Gauss-Bonnet theorem to study the finite distance
deflection of light in static gravitational fields, in both
the weak and strong deflection limits [31,32]. In this
case, the receiver and the source are assumed to be at a
finite distance from a gravitational lens. Another study on
the finite distance deflection of light can be found in the
work of Arakida [33]. Furthermore, the initial OMM was
also extended to stationary spacetimes because of their
relevance in astrophysics.
However, in stationary spacetime where optical geom-

etry is defined by a Randers-type Finsler metric [34],
we encounter the difficulty of an intrinsically Finslerian
description of the Gauss-Bonnet theorem. To solve
this problem, Werner [35] constructed an osculating
Riemannian manifold of the Randers-Finsler manifold
using Nazım’s method [36], which can be used to study
the propagation of light. Werner’s method has been used
to different stationary fields, for instance, rotating worm-
hole and rotating regular black holes [37,38], as well as
asymptotically nonflat stationary fields such as rotating
cosmic string and rotating global monopoles [39–41]. The
other technique that uses the Gauss-Bonnet theorem to
calculate the deflection of light in a stationary spacetime
is the so-called generalized OMM, established by Ono,
Ishihara, and Asada [42–44]. By Fermat’s principle, one
can assume that the light ray moves in a Riemannian space
and is affected by a one form. As a result, the motion of
light no longer follows the geodesic in the Riemannian
space, so the influence of the geodesic curvature on the
deflection angle needs to be considered. The generalized
OMM was popular in recent studies [45–48].
In general, through optical geometry and Gauss-Bonnet

theorem, the weak gravitational deflection problem of light
can be solved elegantly. From both a theoretical and an
experimental point of view (in addition to photons) people
are also interested in the deflection and lensing of massive
particles. A natural consideration is to extend this geo-
metric method to the particle case. To this end, we need to
use the Jacobi metric formalism. Based on Maupertuis’s
principle, the trajectories of a given mechanical system of
constant total energy, are geodesic within the Jacobi
metric. The Jacobi metric is one of the main tools of
geometric dynamics and has been used to study various
mechanical problems under the framework of Newton’s
theory [49–51]. Gibbons first established the Jacobi metric
for a neutral massive particle moving in a static spacetime
[52]. Chanda, Gibbons, Guha, Maraner, and Werner sub-
sequently extended this work to stationary spacetime [53].

As mentioned before, null geodesics in an (nþ 1)-
dimensional spacetime correspond to geodesics in the
corresponding n-dimensional optical space. Similarly,
timelike rays in an (nþ 1)-dimensional spacetime corre-
spond to geodesics in n-dimensional Jacobi space. The
same principle holds in the presence of electromagnetic
fields [54,55]. Using the Jacobi metric and the Gauss-
Bonnet theorem, the deflection of massive particles in both
static and stationary spacetimes was studied [56–60].
Among other things, Werner’s method and the generalized
OMM have been extended in these studies. In addition, the
Gauss-Bonnet theorem was used to calculate the deflection
angle of massive particles by establishing the correspon-
dence between light rays in a medium and particle rays in
spacetime [27,61–64].
In [60] we considered the deflection of charged particles

in a charged static spacetime using the Gauss-Bonnet
theorem. In this paper we will further extend the study
of charged particle deflection to stationary spacetime. The
Jacobi geometry of a charged particle in charged stationary
spacetime is also defined by a Randers-Finsler metric.
Therefore, we can use the osculating Riemannian mani-
fold method (ORMM) and the generalized Jacobi metric
method (GJMM) to calculate the deflection angle of a
charged particle. Mathematically, Randers data and Zermelo
data are equivalent. The solution of the Zermelo navigation
problem on the Riemannian manifold is a Randers metric.
Conversely, any Randers metric corresponds to a Zermelo
navigation problem [65]. Therefore we will also state the
Zermelo data equivalent to theRandersmetric. There is also a
third equivalent expression saying that the geodesic flow in
an n-dimensional Randers space can be regarded as the null
geodesic flow in the corresponding (nþ 1)-dimensional
stationary spacetime [65]. From this viewpoint, one can
treat charged particles as photons in the (nþ 1)-dimensional
stationary spacetime, and then calculate its deflection angle
via the null geodesic. The most typical charged and rotating
solution is the Kerr-Newman (KN) black hole [66,67],
characterized by its mass, spin angular momentum and
charge. In literature, the lensing of KN spacetime has been
widely discussed regarding equatorial light rays [68–70], any
arbitrarily incident direction light rays [71], and equatorial
neutral massive particles [72–76]. What is worth mentioning
here is Jusufi’s work on the deflection of charged particles in
KN spacetime [64]; Jusufi used a Riemannian optical metric
and the Gauss-Bonnet theorem. However, Jusufi did not
study the unique effect of black hole rotation on charged
particles. In this workwe investigate this interesting question
by calculating the deflection angle of a charged particle in the
equatorial plane of a KNblack hole, usingWerner’s ORMM,
the GJMM, and the standard geodesic method, respectively.
This paper is organized as follows. In Sec. II, we shall

first review the Jacobi-Randers metric for charged particles
in general stationary spacetime. Then, we will discuss its
other two equivalent descriptions, namely the Zermelo
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navigation problem and the (nþ 1)-dimensional stationary
spacetime picture. Finally, we introduce the Gauss-Bonnet
theorem and apply it to the lensing geometry to obtain a
general formula for calculating the deflection angle. In
Sec. III we will derive for the KN spacetime, the Jacobi
geometry described by the Randers metric, the Zermelo
navigation problem, and the (nþ 1)-dimensional stationary
spacetime data, respectively. In Sec. IV, we calculate the
weak deflection angle of charged particles via the geodesic
method, Werner’s ORMM, and the GJMM, respectively.
Finally, we end our paper with a short conclusion in Sec. V.
Throughout this paper, we use the natural unit G ¼ c ¼
1=ð4πϵÞ ¼ 1 and the spacetime signature ðþ;−;−;−Þ.

II. JACOBI METRIC OF CHARGED PARTICLES
IN STATIONARY SPACETIME AND THE

GAUSS-BONNET THEOREM

In this section, we first review the Jacobi metric for a
charged massive particle in a stationary spacetime accord-
ing to Chanda [55]. Then, learning from Gibbons et al. [65]
we discuss the equivalent description of the Jacobi metric in
Zermelo navigation problem and the (nþ 1)-dimensional
stationary spacetime picture. Finally, we will introduce the
Gauss-Bonnet theorem for curved surfaces and apply it to
lensing geometry.

A. Jacobi-Randers metric

Let us begin by writing the line element of a stationary
spacetime

ds2 ¼ gttðxÞdt2 þ 2gtiðxÞdtdxi þ gijðxÞdxidxj; ð3Þ

and the Lagrangian of a charged particle of mass m, charge
q, and energy E can be written as

L ¼ −m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gαβ _xα _xβ

q
þ qAα _xα; ð4Þ

where dot means the derivative with respect to t and Aα is
the electromagnetic gauge potential. The momentum con-
jugate to t and xi are respectively

pt ¼
∂L
∂_t ¼ −

mðgtt_tþ gti _xiÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gαβ _xα _xβ

q þ qAt ¼ −E; ð5Þ

pi ¼
∂L
∂ _xi ¼ −

mðgij _xj þ gti_tÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gαβ _xα _xβ

q þ qAi: ð6Þ

From Eqs. (5) and (6), one can obtain

pi _xi ¼ m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γij _xi _xj

gαβ _xα _xβ

s ffiffiffiffiffiffiffiffiffiffiffiffiffi
γij _xi _xj

q
− ðEþ qAtÞ

gti
gtt

_xi þ qAi _xi;

ð7Þ

where

γij ¼ −gij þ
gtigtj
gtt

: ð8Þ

In addition, Eq. (5) leads to the identity

m2gtt

�
1þ γij _xi _xj

gαβ _xα _xβ

�
¼ ðEþ qAtÞ2: ð9Þ

Combining Eqs. (7) and (9), the Jacobi metric dσ ¼ pidxi

can be written as [55]

Fðx; dxÞ ¼ dσðx; dxÞ
¼ pidxi

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αijdxidxj

q
þ βidxi; ð10Þ

where

αij ¼
ðEþ qAtÞ2 −m2gtt

gtt
γij; ð11Þ

βi ¼ qAi − ðEþ qAtÞ
gti
gtt

: ð12Þ

Equations (10)–(12) form a Randers type Finsler metric,
where αij is a Riemannian metric and βi is a one form,
satisfying the positivity and convexity [77]

jβj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αijβiβj

q
< 1: ð13Þ

The Jacobi metric of charged particles given by Eqs. (10)–
(12) can be reduced in the neutral particle case by setting
q ¼ 0, to [53],

dsJ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2gtt

gtt

�
−gij þ

gtigtj
gtt

�
dxidxj

s
− E

gti
gtt

dxi:

ð14Þ

Letting q ¼ m ¼ 0 and E ¼ 1, (14) further reduces to the
optical metric,

dt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
−
gij
gtt

þ gtigtj
g2tt

�
dxidxj

s
−
gti
gtt

dxi: ð15Þ

In addition, when gti ¼ 0, Eqs. (10)–(12), Eq. (14) and (15)
correspond to the Jacobi metrics of charged particles, of
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neutral particles, and the optical metric in a static space-
time, respectively.
In the following two subsections, before proceeding to

further study the deflection of a charged particle, we will
respectively give the other two equivalent forms of the
Randers form of the Jacobi metric Eqs. (10)–(12) in order
to better understand the different methods used in Sec. IV.

B. Zermelo navigation problem

In 1931, Zermelo considered a time-optimal control
problem; how to solve the shortest time path of particles
moving in Euclidean space and affected by a vector field
[78]. For a Riemannian metric hij and a time indepen-
dent vector field Wi (wind), Shen showed that a natural
solution of Zermelo navigation problem is the Randers
metric [79]. In general, one can obtain the Randers data
ðαij; βiÞ from Zermelo data ðhij;WiÞ by the following
transformation [65]

αij ¼
λhij þWiWj

λ2
; ð16Þ

βi ¼ −
Wi

λ
: ð17Þ

where

λ ¼ 1 − hijWiWj; Wi ¼ hijWj: ð18Þ

Conversely, for Randers data ðαij; βiÞ, there is correspond-
ing Zermelo data [65]

hij ¼ λðαij − βiβjÞ; ð19Þ

Wi ¼ −
βi

λ
; ð20Þ

where

λ ¼ 1 − αijβiβj; βi ¼ αijβj: ð21Þ

In short, Randers data ðαij; βiÞ and Zermelo data ðhij;WiÞ
are equivalent.

C. (n+ 1)-dimensional stationary
spacetime picture

Gibbons et al. proposed another equivalent viewpoint,
namely that the geodesic flow in an n-dimensional Randers
space can be regarded as the null geodesic flow in an (nþ 1)-
dimensional stationary spacetime. Given an n-dimensional
Randers space ðαij; βiÞ, this (nþ 1)-dimensional stationary
spacetime can be constructed as [65]

dŝ2 ¼ ĝijdxidxj ¼ V2½ðdt − βidxiÞ2 − αijdxidxj�; ð22Þ

where V is a conformation factor. Since null geodesics are
conformally invariant, the choice of V is very arbitrary.
Considering the Jacobi-Randers metric given by Eqs. (10)–
(12) it is more convenient to choose

V2 ¼ gtt
ðEþ qAtÞ2 −m2gtt

: ð23Þ

One can verify that for the optical metric of spacetime
(22) we have

dt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αijdxidxj

q
þ βidxi; ð24Þ

which is the same as the Jacobi metric Fðx; dxÞ given in
Eq. (10). Since the time t in above equation is not the
physical time, following the idea of Ref. [61], one can
define a new Jacobi metric based on Fðx; dxÞ as follows:

F̃ðx; dxÞ≡ Fðx; dxÞ
E

¼ 1

E

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αijdxidxj

q
þ βidxi

�
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α̃ijdxidxj

q
þ β̃idxi; ð25Þ

where

α̃ij ¼
αij
E2

¼ ð1þ qAt
E Þ2 − ðmEÞ2gtt
gtt

γij; ð26Þ

β̃i ¼
βi
E
¼ qAi

E
−
�
1þ qAt

E

�
gti
gtt

: ð27Þ

In terms of the new Randers data ðα̃ij; β̃iÞ, the (nþ 1)-
dimensional stationary spacetime metric (22) can be
rewritten as

ds̃2 ¼ g̃ijdxidxj ¼ Ṽ2½ðdt − β̃idxiÞ2 − α̃ijdxidxj�; ð28Þ

where

Ṽ2 ¼ gtt
ð1þ qAt

E Þ2 − ðmEÞ2gtt
: ð29Þ

In this paper, we will take the viewpoints of Ref. [61] to
directly correspond the geodesic motion of charged par-
ticles in the n-dimensional Jacobi-Randers space to the null
geodesic motion in the (nþ 1)-dimensional stationary
spacetime described by Eq. (28).

D. Gauss-Bonnet theorem and deflection
angle formulas

We assume that the trajectory of the particle lies in
a two-dimensional space called lensing geometry. In this
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subsection the Gauss-Bonnet theorem will be applied to the
lensing geometry and the formulas for calculating the
deflection angle using curvature are obtained.
Let D be a subset of a compact, oriented surface with

Gaussian curvature K and Euler characteristic number
χðDÞ, and its boundary ∂D be a piecewise smooth curve
with geodesic curvature k. The Gauss-Bonnet theorem
states [80]

Z Z
D
K dSþ

I
∂D

k dlþ
X
i¼1

φi ¼ 2πχðDÞ; ð30Þ

where dS is the area element, dl is the line element of the
boundary, and φi is the jump angle in the ith vertex of ∂D in
the positive sense.
This can be applied to the lensing geometry ðM; gLijÞ

with coordinates (r;ϕ), which contains Dr0 (see Fig. 1): A
nonsingular and asymptotically Euclidean region. The
boundary of the region ∂Dr0 ¼ η ∪ Cr0 , where η is the
particle ray from the source S to the receiver R, and Cr0 is a
curve defined by r ¼ r0 ¼ constant. We can see that
χðDr0Þ ¼ 0 because Dr0 is a nonsingular region.
The Gaussian curvature of ðM; gLijÞ can be calculated by

the following equation [35]

K ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
det gL

p
2
64∂
� ffiffiffiffiffiffiffiffi

det gL
p

gLrr
Γϕ
rr

�
∂ϕ −

∂
� ffiffiffiffiffiffiffiffi

det gL
p

gLrr
Γϕ
rϕ

�
∂r

3
75; ð31Þ

where det gL denotes the determinant of metric gLij. For
the geodesic curvature part, when r0 → ∞, we have
kðCr0Þdl → dϕ, and therefore

R
C∞

kðC∞Þdl ¼
R
πþδ
0 dϕ,

with δ the asymptotic deflection angle. For the jump angles
in S and R, denoted as φS and φR respectively, we see that
φR þ φS → π as r0 → ∞. Putting them together according
to Eq. (30), we have

Z Z
Dr0

K dS −
Z

R

S
κðηÞdlþ

Z
ϕR

ϕS

dϕþ φR þ φS

¼r0→∞
Z Z

D∞

K dS −
Z

R

S
κðηÞdlþ

Z
πþδ

0

dϕþ π

¼ 2π: ð32Þ
From this we can solve the deflection angle as

δ ¼ −
Z Z

D∞

K dSþ
Z

R

S
κðηÞdl: ð33Þ

In particular, when the particle ray η is a geodesic,
κðηÞ ¼ 0, the deflection angle simplifies to

δ ¼ −
Z Z

D∞

KdS: ð34Þ

III. KERR-NEWMAN-JACOBI GEOMETRY
FOR CHARGED PARTICLES IN

THREE FORMS

In this section, the Jacobi metric in three equivalent
descriptions introduced in Sec. II will be specifically
applied to KN spacetime to prepare for the computation
of the deflection angle using the different methods in the
next section.
The line element of KN spacetime in Boyer-Lindquist

coordinates reads [66,67]

ds2 ¼
�
1 −

2Mr −Q2

Σ

�
dt2 −

Σ
Δ
dr2 − Σdθ2

− sin2θ

�
r2 þ a2 þ ð2Mr −Q2Þ

Σ
a2sin2θ

�
dϕ2

þ 2asin2θ
2Mr −Q2

Σ
dϕdt; ð35Þ

where

Σ ¼ r2 þ a2cos2θ; Δ ¼ r2 − 2Mrþ a2 þQ2;

and, M, Q, and a are the mass, charge and angular
momentum per unit mass of the black hole, respectively.
Its gauge field is

Aμdxμ ¼
Qr
Σ

ðdt − a sin2θdϕÞ: ð36Þ

A. KN-Jacobi-Randers metric

Substituting the KN metric (35) and the gauge field (36)
into Eqs. (8) and (10)–(12), the KN-Jacobi metric for a
charged particle in Randers form can be written as

Fðx; dxÞ ¼ dσ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αijdxidxj

q
þ βidxi;

αij ¼ V−2γij; βidxi ¼ βϕdϕ; ð37Þ

FIG. 1. A region Dr0 ⊂ ðM; gLijÞ with boundary
∂Dr0 ¼ η ∪ Cr0 . S, R and L denote the source, the receiver,
and the lens, respectively. δ is the deflection angle.
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where V−2, γij, βϕ are given by

V−2 ¼ ðE − qQr
Σ Þ2 −m2 Δ−a2sin2θ

Σ
Δ−a2sin2θ

Σ

; ð38Þ

γijdxidxj ¼
Σ
Δ
dr2 þ Σdθ2 þ sin2θ

Σ

�
ða2 þ r2Þ2

− a2Δsin2θ þ a2ð2Mr −Q2Þ2sin2θ
ðΔ − a2sin2θÞ

�
dϕ2;

ð39Þ

βϕ ¼ asin2θ
Σða2sin2θ − ΔÞ ½−qQr3 þ Eðr2 − ΔÞΣ

þ a2ðEΣ − qQrÞ þ a2qQrsin2θ�: ð40Þ

The Finsler condition (13) becomes

jβj2 ¼ a2½qQrþ EðQ2 − 2MrÞ�2sin2θ
½ðqQr − EΣÞ2 −m2ΣðΔ − a2sin2θÞ�Δ < 1:

B. KN-Jacobi metric in Zermelo form

From Randers data ðαij; βiÞ given by Eqs. (37)–(40), one
can write the KN-Jacobi metric in the Zermelo data form
via transformation (19)–(21) as follows:

hijdxidxj ¼ ð1 − jβj2ÞðV−2γijdxidxj − β2ϕdϕ
2Þ;

Wi ∂
∂xi ¼ −

a½qQrþ EðQ2 − 2MrÞ�
ð1 − jβj2ÞV−2ΔΣ

∂
∂ϕ : ð41Þ

Let q ¼ m ¼ 0 and E ¼ 1, the optical Zermelo metric
reduces to

hijdxidxj ¼
Hðr; θÞ

Δ

�
dr2

Δ
þ dθ2 þHðr; θÞsin2θ

Σ2
dϕ2

�
;

Wi ∂
∂xi ¼

að2Mr −Q2Þ
Hðr; θÞ

∂
∂ϕ ; ð42Þ

where

Hðr; θÞ≡ ða2 þ r2Þ2 − a2Δsin2θ:

For the Kerr black hole, Q ¼ 0 and the optical Zermelo
metric becomes

hijdxidxj ¼
Hðr; θÞ
ΔK

�
dr2

ΔK
þ dθ2 þHðr; θÞsin2θ

Σ2
dϕ2

�
;

Wi ∂
∂xi ¼

2aMr
Hðr; θÞ

∂
∂ϕ ; ð43Þ

where ΔK ¼ r2 − 2Mrþ a2. This equation agrees with
Eq. (97) of Ref. [65].

C. (n+ 1)-dimensional stationary spacetime
picture of the KN-Jacobi geometry

Substituting Randers data ðαij; βiÞ in Eqs. (37)–(40) into
Eqs. (26) and (27), the new Randers data ðα̃ij; β̃iÞ can be
obtained. Then one can use the three-dimensional Randers
data ðα̃ij; β̃iÞ to write the (3þ 1)-dimensional stationary
spacetime form of Jacobi metric based on Eq. (28), i.e.,

ds̃2 ¼ Ṽ2½ðdt − β̃idxiÞ2 − α̃ijdxidxj�: ð44Þ

Since the purpose of this paper is to calculate the second-
order deflection angle, one can expanded the components
of metric (44) as power series of 1=r. For simplicity,
this article only considers motion in the equatorial plane
(θ ¼ π

2
), and then the result of the components of this metric

reads

g̃tt ¼
1

v2
−
2M
rv4

þ 2qQ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p

mrv4
þ 4M2ð1 − v2Þ

r2v6

−
4MqQ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
ð2 − v2Þ

mr2v6
þ Q2

r2v4

þ q2Q2ð4 − 5v2 þ v4Þ
m2r2v6

þO
�½M�3

r3

�
; ð45Þ

g̃rr ¼ −
�
1þ 2M

r
þ 4M2

r2
−
Q2 þ a2

r2

�
þO

�½M�3
r3

�
; ð46Þ

g̃ϕϕ ¼ −ðr2 þ a2Þ þO
�½M�3

r

�
; ð47Þ

g̃tϕ ¼ 2Ma
rv2

−
aqQ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p

mrv2
þO

�½M�3
r2

�
; ð48Þ

in which we have used

E ¼ mffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p ; ð49Þ

with v being the asymptotic velocity of the charged particle.
Here and henceforth, in the higher order corrections we use
½M�n to collectively denote products of fM;Q; a; q;m−1g
with dimensionMn. For example, ½M�3 might include terms
proportional to M3;M2Q;MQ2;…; aqQ2=m;… etc.

IV. DEFLECTION ANGLE OF CHARGED
PARTICLE BY A KERR-NEWMAN BLACK HOLE

In this section we will calculate the second-order
deflection angle of charged particle moving in the equa-
torial plane of KN spacetime, using the Randers data and
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the (nþ 1)-dimensional stationary spacetime picture pre-
sented in the previous two sections. For the KN-Jacobi-
Randers geometry, we will use two methods utilizing the
Gauss-Bonnet theorem. The first one is Werner’s ORMM
and the other one is the GJMM. Using the (nþ 1)-
dimensional stationary spacetime picture, we can calculate
the deflection angle by null geodesics.
Because particle orbits are required regardless of the

method, we will first consider the geodesic method which
solves the deflection angle iteratively. It should be noted
that applying the Gauss-Bonnet theorem to calculate the
second-order deflection angle requires only first order orbit
information.

A. Geodesic method using iteration

The spiritual essence of this subsection is to correspond
the nongeodesic motion of charged particles in KN space-
time with gauge filed or the geodesic motion of particle in
three-dimensional Randers space to the geodesic motion
of light in (3þ 1)-dimensional stationary spacetime. We
can use the geodesic equation of photons to calculate the
deflection angle. Considering the equatorial plane θ ¼ π=2,
the Lagrangian of a photon in (3þ 1)-dimensional sta-
tionary spacetime described by metric (44) is

2L ¼ g̃μν _xμ _xν ¼ g̃tt_t2 þ 2g̃tϕ_t _ϕþg̃rr _r2 þ g̃ϕϕ _ϕ
2: ð50Þ

Then one can obtain its conserved energy E and conserved
angular momentum J,

ðg̃tt_tþ g̃tϕ _ϕÞ ¼ E; ð51Þ
− ðg̃tϕ_tþ g̃ϕϕ _ϕÞ ¼ J: ð52Þ

Combining Eqs. (50)–(52) and considering the null con-
dition L ¼ 0, one obtains the following orbit equation�
dr
dϕ

�
2

¼ ðb2v2g̃tt þ 2bvg̃tϕ þ g̃ϕϕÞðg̃ttg̃ϕϕ − g̃2tϕÞ
ðbvg̃tt þ g̃tϕÞ2g̃rr

: ð53Þ

Note that we have use bv ¼ J=E, with b being the impact
parameter. Using the metric component of the three-
spacetime given by Eqs. (45)–(48), this orbit equation
can be solved using the iteration method, as show in
Appendix A. In this case, the calculation of the deflection
angle is very straightforward and intuitive. The result of the
deflection angle is [see Eq. (A7)]

δ ¼ 2

�
1þ 1

v2
−
q̂ Q̂

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p

v2

�
M
b

þ
	
3π

�
1

4
þ 1

v2

�
− π

�
1

4
þ 1

2v2

�
Q̂2 −

4â
v

−
3π

v2
q̂ Q̂

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
þ 2â

v
q̂ Q̂

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
þ π

2v2
q̂2Q̂2ð1 − v2Þ



M2

b2
þO

�½M�3
b3

�
; ð54Þ

where the charge-to-mass ratio q̂ ¼ q=m, Q̂ ¼ Q=M,
and â ¼ a=M.

B. ORMM using Randers data

With Randers data ðαij; βiÞ, this and the next subsections
will use the Gauss-Bonnet theorem to study the deflection
of a charged particle. We consider Werner’s ORMM first.
The Hessian of a Finsler metric Fðx; yÞ with a smooth

manifold M reads [77]

gijðx; yÞ ¼
1

2

∂2F2ðx; yÞ
∂yi∂yj ; ð55Þ

where ðx; yÞ ∈ TM with TM being the tangent bundle ofM.
In Ref. [35] Werner applied Nazım’s method to construct an
osculating Riemannian manifold ðM; ḡÞ of the Finsler
manifold ðM;FÞ. Following [35], one can choose a smooth
nonzero vector field Y tangent to the geodesic ηF, i.e.,
YðηFÞ ¼ y, and thus the osculating Riemannian metric can
be obtained from the Hessian and the geodesic

ḡijðxÞ ¼ gijðx; YðxÞÞ: ð56Þ

In this construction, the geodesic ηF of ðM;FÞ is also a
geodesic ηḡ of ðM; ḡÞ. On the equatorial plane (θ ¼ π=2),
the Finsler metric of Randers type given by Eqs. (37)–(40)
leads to

Fðr;ϕ; Yr; YϕÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αijðr;ϕÞYiYj

q
þ βϕðr;ϕÞYϕ; ð57Þ

where

αijYiYj ¼ V−2
�
r2

Δ
ðYrÞ2 þ r2Δ

Δ − a2
ðYϕÞ2

�
; ð58Þ

βϕ ¼
a½ mffiffiffiffiffiffiffiffi

1−v2
p ðQ2 − 2MrÞ þ qQr�

Δ − a2
; ð59Þ

V−2 ¼
ðqQ − mrffiffiffiffiffiffiffiffi

1−v2
p Þ2

Δ − a2
−m2: ð60Þ

Considering the zeroth-order particle ray r ¼ b= sinϕ [see
Eq. (A2)] one can choose the following vector fields (see
Werner [35] for a detailed discussion)

Yr ¼ dr
dσ

¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
cosϕ

mv
; ð61Þ

Yϕ ¼ dϕ
dσ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
sin2ϕ

bvm
: ð62Þ

Now substituting Eqs. (57)–(60) into Eq. (55), the Hessian
can be obtained in terms of Yr and Yϕ. Substituting this
together with Eqs. (61) and (62) into Eq. (56), the metric of
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the osculating Riemannian metric can be found. Because of
its excessive length, we only list its components in
Appendix B.
Since the particle ray is a geodesic in ðM; ḡijÞ and

Dr0 ⊂ ðM; ḡijÞ, the deflection angle can be calculated by
Eq. (34), written in more detail as

δ ¼ −
Z Z

D∞

K̄dS ¼ −
Z

π

0

Z
∞

rðϕÞ
K̄

ffiffiffiffiffiffiffiffiffi
det ḡ

p
drdϕ; ð63Þ

where K̄ is the Gaussian curvature of the osculating
Riemannian metric and can be computed by substituting
Eqs. (B1)–(B3) into Eq. (31). To order Oð1=r4Þ the
Gaussian curvature is found to be

K̄ ¼−
3

2v

�
1−

1

v2

�
ð2− q̂ Q̂

ffiffiffiffiffiffiffiffiffiffiffiffi
1− v2

p
Þfðr;ϕÞ a

b2
M

m2r2

þ
�
1−

1

v2

��
1þ 1

v2
−
q̂ Q̂

ffiffiffiffiffiffiffiffiffiffiffiffi
1− v2

p

v2

�
M

m2r3

þ
�
1−

1

v2

��
3

�
1−

2

v2

�
− 3

�
1−

4

v2

�
q̂ Q̂

ffiffiffiffiffiffiffiffiffiffiffiffi
1− v2

p

v2

−
�
1þ 2

v2

�
Q̂2 þ 2

�
1−

3

v2

�
q̂2Q̂2ð1− v2Þ

v2

�
M2

m2r4

þO
�½M�

r5

�
; ð64Þ

where [35]

fðr;ϕÞ ¼ sin3ϕ

ðcos2ϕþ r2

b2 sin
4ϕÞ72

�
2cos6ϕ

�
5r
b
sinϕ − 2

�

þ cos4ϕsin2ϕ

�
−2þ 9

r
b
sinϕ − 10

r3

b3
sin3ϕ

�

þ 4
r
b
cos2ϕsin5ϕ

�
1þ 2

r
b
sinϕ −

r2

b2
sin2ϕ

�

þ r2

b2

�
−
r
b
sin9ϕþ 2

r3

b3
sin11ϕþ sin4ð2ϕÞ

��
:

Using this and the first-order particle orbit in Eq. (A2), the
deflection angle can be obtained by Eq. (63) and the result
reads

δ ¼ 2

�
1þ 1

v2
−
q̂ Q̂

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p

v2

�
M
b

þ
	
3π

�
1

4
þ 1

v2

�
− π

�
1

4
þ 1

2v2

�
Q̂2 −

4â
v

−
3π

v2
q̂ Q̂

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
þ 2â

v
q̂ Q̂

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
þ π

2v2
q̂2Q̂2ð1 − v2Þ



M2

b2
þO

�½M�3
b3

�
; ð65Þ

One can find that Eq. (65) is in perfect agreement with
Eq. (54). Setting q ¼ 0, the result reduces to the deflection
angle for neutral particles in KN spacetime [81]. Setting
a ¼ 0 leads to the deflection angle of charged particles in
Reissner-Nordström spacetime [60,82].

C. GJMM using Randers data

In this subsection we still use Randers data ðαij; βiÞ.
However, the particle now is supposed moving in
Riemannian space described by αij

dl2 ¼ αijdxidxj: ð66Þ
In the spirit of GJMM, the motion of the particles no

longer follows the geodesic. Using ðM;αijÞ ⊃ D∞ as the
lensing geometry, the deflection angle can be calculated by
Eq. (33). That is

δ ¼
Z Z

D∞

KdSþ
Z

R

S
κðηÞdl

¼ −
Z

π

0

Z
∞

rðϕÞ
K

ffiffiffiffiffiffiffiffiffiffi
det α

p
drdϕþ

Z
π

0

κðηÞ dl
dϕ

dϕ

≡ δgau þ δgeo; ð67Þ
where in the last step we have split δ into the Gaussian
curvature part δgau (the first term) and the geodesic
curvature part δgeo (the second term).
The Gaussian curvature of αij can be obtained by

substituting Eqs. (37)–(39) into Eq. (31) and reducing it
in the equatorial plane (θ ¼ π=2). The result is

K ¼
�
1−

1

v2

��
1þ 1

v2
−
q̂ Q̂

ffiffiffiffiffiffiffiffiffiffiffiffi
1− v2

p

v2

�
M

m2r3

þ
�
1−

1

v2

��
3

�
1−

2

v2

�

− 3

�
1−

4

v2

�
q̂ Q̂

ffiffiffiffiffiffiffiffiffiffiffiffi
1− v2

p

v2
−
�
1þ 2

v2

�
Q̂2

þ 2

�
1−

3

v2

�
q̂2Q̂2ð1− v2Þ

v2

�
M2

m2r4
þO

�½M�
r5

�
; ð68Þ

Substituting this and the first order particle ray in Eq. (A2)
into Eq. (67), the Gaussian curvature part reads

δgau ¼ 2

�
1þ 1

v2
−
q̂ Q̂

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p

v2

�
M
b

þ
	
3π

�
1

4
þ 1

v2

�
− π

�
1

4
þ 1

2v2

�
Q̂2

−
3π

v2
q̂ Q̂

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
þ π

2v2
q̂2Q̂2ð1 − v2Þ



M2

b2

þO
�½M�3

b3

�
; ð69Þ
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On the other hand, the geodesic curvature of particle ray
can be calculated by the following equation [42]

κðηÞ ¼ −
βϕ;rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðdet αÞαθθ
p ����

θ¼π=2
: ð70Þ

Using the three-space metric αij and one-form βi in
Eqs. (37)–(40) in this, one obtains κðηÞ to the order
Oð½M�=r3Þ as

κðηÞ ¼ ½−2þ q̂ Q̂
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
� â

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p

mv2
M2

r3
þO

�½M�2
r4

�
:

ð71Þ

Using this, together with the line element Eq. (66), the first-
order particle ray in Eq. (A2), the geodesic curvature part of
the geodesic angle can also be computed using Eq. (67).
The result is found to be

δgeo ¼ 2½−2þ q̂ Q̂
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
� â
v
M2

b2
þO

�½M�3
b3

�
: ð72Þ

Finally, combining Eqs. (69) and (72), one can verify that
the total deflection angle δ ¼ δgau þ δgeo is consistent with
the result in Eq. (54) obtained by calculation of null
geodesic in (3þ 1)-dimensional stationary spacetime,
and the result (65) obtained by Werner’s ORMM in
three-dimensional Randers space. It is also interesting to
note that the deflection caused by the spin of the spacetime
is only present in the geodesic curvature part δgeo and δgeo
only contains terms involving the spacetime spin.

D. Discussion of results

The second-order deflection angle of a charged particle
in the equatorial plane of KN spacetime obtained by the
three methods is the same,

δ ¼ 2

�
1þ 1

v2
−
q̂ Q̂

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p

v2

�
M
b

þ
	
3π

�
1

4
þ 1

v2

�
− π

�
1

4
þ 1

2v2

�
Q̂2 −

4â
v

−
3π

v2
q̂ Q̂

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
þ 2â

v
q̂ Q̂

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
þ π

2v2
q̂2Q̂2ð1 − v2Þ



M2

b2

þO
�½M�3

b3

�
: ð73Þ

This paper assumes that b > 0 if the trajectory initially
rotates counter-clockwise around the center but the space-
time spin a can be both positive or negative.

The result (73) is the deflection angle measured by
receiver at spacial infinity for rays from the source (also at
infinity). Recently, the finite distance effects on deflection
angle has attracted the interest of some authors [31,32,
57–60]. In this paper, we mainly focus on the concepts and
methodology; the computationally more complicated finite
distance deflection is put in Appendix C for reference.
When the distance between the source and the receiver
from the KN lens tends to infinity, the finite distance
deflection angle (C5) can lead to the asymptotic deflection
angle (73).
In Ref. [64], Jusufi used the Gauss-Bonnet theorem and a

Riemannian optical metric to obtain the following result
(see Eq. (32) of Ref. [64])

δ ¼ 2

�
1þ 1

v2
−
q̂ Q̂

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p

v2

�
M
b

−
�
π

�
1

4
þ 1

2v2

�
Q̂2 −

4â
v

�
M2

b2
þO

�½M�3
b3

�
: ð74Þ

Comparing Eq. (73) with (74), one finds that the following
new terms appear in our deflection angle

δM2 ¼ 3π

�
1

4
þ 1

v2

�
M2

b2
; ð75Þ

δMqQ ¼ −
3πq̂Q

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p

v2
M
b2

; ð76Þ

δq2Q2 ¼ πq̂2Q2ð1 − v2Þ
2v2

1

b2
; ð77Þ

δaqQ ¼ 2aq̂Q
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p

v
1

b2
¼ a

v
2qQ
E

1

b2
: ð78Þ

Among these terms, δM2 , δMqQ, and δq2Q2 are respectively
the second-order contributions from the gravitational inter-
action, gravitational-electrical coupling, and pure electric
interaction. (They also appear in Reissner-Nordström
lensing of charged signals [60,82]).
Here we point out that the importance of our result lies in

the δaqQ term. It is known that the KN spacetime possesses
a magnetic field asymptotically resembling the magnetic
field caused by a dipole of moment J ¼ aQ. On the
equatorial plane it is given asymptotically by [83]

ðBr; Bθ; BϕÞ ¼
�
0;
aQ
r3

; 0

�
: ð79Þ

One can indeed show [84] that like δaqQ, the deflection
caused by this magnetic dipole to a relativistic charged
particle in the equatorial plane in a flat spacetime is also
proportional to aq̂Q

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
=v. Therefore, we can identify
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δaqQ as the deflection caused by the magnetic dipole of the
KN black hole.
The most interesting consequence of δaqQ becomes

apparent when we compare the effect of a on neutral
and charged particles. For a neutral massive particle
(q ¼ 0), from the term

δaM ¼ −
4a
v
M
b2

ð80Þ

of Eq. (73) it is seen that the spacetime spin a would
increase the deflection angle of retrograde particle ray, and
decrease the deflection angle of prograde ray, as was known
previously [76]. However, the effect of a when Q ≠ 0 on
the deflection of charged particles is different from that on
neutral particles, due to the existence of the δaqQ term.
Clearly, comparing δaM with δaqQ, if qQ=E < 2M, then the
deflection angle of the charged signal is qualitatively still
affected in the same way as neutral particles. However, if
qQ=E > 2M, the deflection angle would be increased for
prograde particle rays, and decreased for retrograde particle
rays. In particular, if qQ=E ¼ 2M, the terms δaM2 and δaqQ
cancel; thus a does not contribute to the deflection angle at
this order. Indeed, at this value of qQ, since signðqQÞ ¼ 1,
the force between the lens and the signal is repulsive.
Moreover, the value of qQ is so large that when letting
qQ=E → 2M in Eq. (73), one gets

δ ¼
�
1 −

1

v2

�
2M
b

þ π

4

��
3 −

4

v2

�

−
�
1þ 2

v2

�
Q̂2

�
M2

b2
þO

�½M�3
b3

�
; ð81Þ

which is first order and therefore the entire δ, obviously, is
negative. This fact shows that the particle is divergently
deflected by a KN black hole with parameters qQ=E ≥ 2M.
Furthermore, one can consider a rotating black hole with

an electric charge Q and a magnetic charge P, the so-called
dyonic KN black hole, which has the same metric as the
KN black hole with Q2 replaced by Q2 þ P2 [85]

ds2 ¼
�
1 −

2Mr − ðQ2 þ P2Þ
Σ

�
dt2 −

Σ
Δ
dr2 − Σdθ2

− sin2θdϕ2

�
r2 þ a2 þ ð2Mr − ðQ2 þ P2ÞÞ

Σ
a2 sin2θ

�

þ 2a sin2θ
2Mr − ðQ2 þ P2Þ

Σ
dϕdt;

where

Σ ¼ r2 þ a2 cos2 θ; Δ ¼ r2 − 2Mrþ a2 þQ2 þ P2:

The gauge field is given by

Aμdxμ ¼
Qr
Σ

ðdt − a sin2θdϕÞ

þ P
Σ
cos θ ½adt − ðr2 þ a2Þdϕ�: ð82Þ

In the equatorial plane (θ ¼ π=2), one finds that the part
containing the magnetic charge P vanishes in Aμ.
Therefore, the influence of the magnetic charge P on
Jacobi geometry depends on the spacetime metric gμν,
but does not depend on the gauge field Aμ [see Eqs. (11)
and (12)]. As a result, the deflection angle of a charged
particle by a dyonic KN black hole lens is

δ ¼ 2

�
1þ 1

v2
−
q̂ Q̂

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p

v2

�
M
b

þ
	
3π

�
1

4
þ 1

v2

�
− π

�
1

4
þ 1

2v2

�
ðQ̂2 þ P̂2Þ

∓ 4â
v
−
3π

v2
q̂ Q̂

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
� 2â

v
q̂ Q̂

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
þ π

2v2
q̂2Q̂2ð1 − v2Þ



M2

b2
þO

�½M�3
b3

�
: ð83Þ

There is no coupling between the magnetic charge and the
charge of the particle. One can conclude that although the
magnetic charge has an effect on the deflection angle, this
effect makes no difference between neutral particles and
charged particles. It should be noted that the situation is
different if one consider the deflection beyond the equa-
torial plane.

V. CONCLUSION

In this paper, we have explored the deflection angle of a
charged particle by a KN black hole lens in the weak-field
limit. The full second-order deflection angle of charged
particle in KN spacetime is obtained in Eq. (73); to our
knowledge for the first time. It is revealed that to the leading
order the spacetime spin a manifests, i.e., the Oð½M�2=b2Þ
order a affects the deflection angle of charged particles both
gravitationally through the δaM term and magnetically
through the δaqQ term. The effect of a on the deflection
of charged particles is qualitatively different from that of
neutral particles when qQ=E > 2M; the deflection angle
would be increased (or decreased) by a for prograde (or
retrograde) motion of the charged signal. If qQ=E ¼ 2M
parameter a does not contribute to the deflection angle at
order Oð½M�2=b2Þ and the entire deflection is actually
divergent due to the electric repulsion between the lens
and the signal. The dyonic KN black hole as a lens was also
considered. The result shows that, on the equatorial plane,
the magnetic charge P has the same effect on the deflection
of charged particles as on neutral particles.
To obtain the deflection angle we used the Jacobi

geometry for a charged massive particle in a stationary
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spacetime. The Jacobi geometry is defined by a Randers-
Finsler metric, which has two other equivalent descriptions,
i.e., Zermelo data and one dimension higher stationary
spacetime data. Because of the electromagnetic field, the
motion of a charged particle no longer follows a geodesic in
the background spacetime. However, the trajectory of
charged particle corresponds to geodesic in Randers space.
Based on Randers data ðαij; βiÞ and the Gauss-Bonnet
theorem, we used ORMM and the GJMM to obtain the
deflection angle. It should be noted that in the latter
method, the background space is defined by generalized
Jacobi metric αij, so the motion of the particles is non-
geodesic. In addition, we calculated the deflection angle of
null geodesics in (nþ 1)-dimensional stationary spacetime
using the iteration method, based on the fact that the
geodesic in the n-dimensional Randers space can be
regarded as the null geodesic in a (nþ 1)-dimensional
stationary spacetime [65]. In general, the two methods of
using the Gauss-Bonnet theorem link the geometric proper-
ties of a three-space with the gravitational lensing, while the
third method considers the null geodesic in (3þ 1)-space-
time. The results obtained by the three methods were shown
to agree exactly. There is also a fourth method, which uses
the Hamilton-Jacobi equation to calculate the deflection
angle in the background spacetime (see for example [64]).
In addition, the deflection of particles in the nonequatorial
plane is particularly worth studying. We will address this
problem in a future project.
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APPENDIX A: THE MOTION OF CHARGED
PARTICLES IN KERR-NEWMAN SPACETIME

This appendix uses the perturbation method to solve
[from Eq. (53)] the orbits of charged particles moving in the
equatorial plane of KN spacetime. Equivalently, it can also
be said to solve the orbits of photons in Jacobi three-
spacetime. For details of the method, readers can refer to
Ref. [86]. First, one can assume that in the large b limit, the
orbit takes a series form of b,

rðϕÞ ¼ r1ðϕÞbþ r0ðϕÞ þ r−1ðϕÞb−1 � � � ; ðA1Þ

where riðϕÞði ¼ 1; 0;−1Þ are the coefficient functions of ϕ
to be determined. Then, substituting this equation and the
metric of the stationary spacetime (45)–(48) into Eq. (53),
carrying out the expansion in b again, and throwing away
items of order two and higher in 1=b, one can obtain an
ordinary differential equation for each riðϕÞ (i ¼ 1, 0, −1).
The integral constants can be determined by taking the
minimum value of r at ϕ ¼ π

2
, i.e., dridϕ jϕ¼π

2
¼ 0. Finally, the

trajectory of the particle up to the second order in 1=b can
be obtained with the coefficients

r1 ¼
1

sinϕ
; r0 ¼ −

�
cot2ϕþ csc2ϕ

v2

�
M þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1− v2

p
csc2ϕ

v2
q̂Q;

r−1 ¼
2 csc2ϕ

v
Ma−

ffiffiffiffiffiffiffiffiffiffiffiffi
1− v2

p
csc3ϕ½6þ ð2þ 8v2Þ cosð2ϕÞ− 3v2ðπ − 2ϕÞ sinð2ϕÞ�

4v4
q̂QM −

ffiffiffiffiffiffiffiffiffiffiffiffi
1− v2

p
csc2ϕ

v
q̂Qa

−
½−4þ 16v2 þ 2v4cos2ϕþ 3v2ð4þ v2Þðπ − 2ϕÞ cotðϕÞ− 8ð1þ v2Þ2cot2ϕ� cscϕ

8v4
M2

þ ½4þ 2v2cos2ϕþ ð2þ v2Þðπ − 2ϕÞ cotϕ� cscϕ
8v2

Q2 þ ð1− v2Þð2ð1− v2Þ − v2ðπ − 2ϕÞ cotϕþ 4 cot2ϕÞ cscϕ
4v4

q̂2Q2:

ðA2Þ

According to this perturbation solution, we can also use radial coordinates to represent angular coordinates. Supposing the
following formula

ϕðrÞ ¼
	
ϕ�ðrÞ; if jϕj < π

2
;

π − ϕ�ðrÞ; if jϕj > π
2
:

ðA3Þ

and assuming that ϕ�ðrÞ takes the following quasiseries form of b

ϕ�ðrÞ ¼ ϕ0 þ ϕ1

M
b
þ ϕ2

q̂Q
b

þ ϕ3

Ma
b2

þ ϕ4

q̂MQ
b2

þ ϕ5

q̂aQ
b2

þ ϕ6

M2

b2
þ ϕ7

Q2

b2
þ ϕ8

q̂2Q2

b2
þ ϕ9

a2

b2
� � � ; ðA4Þ

we can substitute this equation into Eq. (A1) and solve iteratively ϕ0 to ϕ9. The results are
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ϕ0 ¼ arcsin

�
b
r

�
; ϕ1 ¼

b2v2 − r2ð1þ v2Þ
r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − b2

p
v2

; ϕ2 ¼
r
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − b2

p
v2

; ϕ3 ¼
2rffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 − b2
p

v
;

ϕ4 ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p

2v4

�
2b3

ðr2 − b2Þ3=2 −
6bv2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − b2

p − 3v2
�
π − 2 arcsin

�
b
r

���
; ϕ5 ¼ −

r
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − b2

p
v
;

ϕ6 ¼ −
3b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − b2

p

4r2
−

3bffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − b2

p
v2

þ b3

2ðr2 − b2Þ3=2v4 −
3v2ð4þ v2Þðπ − 2 arcsinðbrÞÞ

8v4
;

ϕ7 ¼
b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − b2

p

4r2
þ b

2v2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − b2

p þ ð2þ v2Þðπ − 2 arcsinðbrÞÞ
8v2

;

ϕ8 ¼
b3ð1 − v2Þ

2ðr2 − b2Þ3=2v4 −
bð1 − v2Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − b2

p
v2

−
ð1 − v2Þðπ − 2 arcsinðbrÞÞ

4v2
; ϕ9 ¼

b3

2r2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − b2

p : ðA5Þ

Finally, the deflection angle can be computed by taking the following limit

δ ¼ −2ϕ�ðrÞ∣r→∞; ðA6Þ

whose result is

δ ¼ 2

�
1þ 1

v2
−
q̂ Q̂

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p

v2

�
M
b
þ
	
3π

�
1

4
þ 1

v2

�
− π

�
1

4
þ 1

2v2

�
Q̂2 −

4â
v

−
3π

v2
q̂ Q̂

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
þ 2â

v
q̂ Q̂

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
þ π

2v2
q̂2Q̂2ð1 − v2Þ



M2

b2
þO

�½M�3
b3

�
: ðA7Þ

Here q̂ ¼ q=m, Q̂ ¼ Q=M, and â ¼ a=M.

APPENDIX B: COMPONENTS OF OSCULATING RIEMANNIAN METRIC

In this appendix the components of the osculating Riemannian metric will be given. Making use of (55), the Hessian of
the Randers metric (57)–(60) can be obtained. Having found the Hessian, one can calculate the osculating Riemannian
metric by substituting Eqs. (61) and (62) into Eq. (56). The result, to the leading order(s), is found to be

ḡrr ¼
q2Q2

r2
−
2mqQð4M þ rÞ

r2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p −
amrvð2mM − qQ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
Þsin6ϕ

ð1 − v2Þðb2cos2ϕþ r2sin4ϕÞ32

−
m2½ða2 − r2Þv2 þQ2ð1þ v2Þ − 2Mrð1þ v2Þ − 4M2ð2þ v2Þ�

r2ð1 − v2Þ þO
�½M�5
½r�3

�
; ðB1Þ

ḡrϕ ¼ ḡϕr ¼
ab3mvð2mM − qQ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
Þcos3ϕ

rð1 − v2Þðb2cos2ϕþ r2sin4ϕÞ32 þO
�½M�2
½r�2

�
; ðB2Þ

ḡϕϕ ¼ q2Q2 −
2mqQð2M þ rÞffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − v2
p þm2ð4M2 −Q2 þ 2Mrþ ða2 þ r2Þv2Þ

1 − v2

−
amrvð2mM − qQ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
Þsin2ϕð3b2cos2ϕþ 2r2sin4ϕÞ

ð1 − v2Þðb2cos2ϕþ r2sin4ϕÞ32 þO
�½M�5

½r�
�
: ðB3Þ

Here in the higher-order corrections we use ½r�n to denote a combined order n of r and b.

APPENDIX C: THE FINITE DISTANCE DEFLECTION ANGLE
OF CHARGED PARTICLES IN KERR-NEWMAN SPACETIME

In this appendix we shall use the GJMM to compute the finite distance gravitational deflection angle of a charged particle
by KN black hole. In this case, the distance rS from the particle source to the lens and the distance rR from the receiver to the
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lens are both finite. The angular coordinates of the source and receiver denoted as ϕS and ϕR respectively, satisfy the relation
ϕR > π=2 > ϕS. By Eq. (A3), we have

ϕS ¼ ϕ�ðrSÞ; ϕR ¼ π − ϕ�ðrRÞ: ðC1Þ

Replacing D∞ with a two-space ∞
R □

∞
S constructed for the finite distance source/receiver (see Refs. [42,57] for details) in

Eq. (67), the deflection angle can still be calculated by this formula,

δ ¼ δgau þ δgeo; ðC2Þ

with only a modification of the integral limits of the following integration

δgau ¼ −
Z Z

∞
R □

∞
S

KdS ¼ −
Z

ϕR

ϕS

Z
∞

rðϕÞ
K

ffiffiffiffiffiffiffiffiffiffiffiffi
detaij

q
drdϕ; ðC3Þ

δgeo ¼
Z

R

S
κðηÞdl ¼

Z
ϕR

ϕS

κðηÞ dl
dϕ

dϕ: ðC4Þ

Comparing this with the calculation of the asymptotic deflection angle given by Eqs. (67)–(72), the integral limits here are
more general. However, the Gaussian curvature K and geodesic curvature κðηÞ are still given by Eq. (68) and Eq. (71),
respectively and the integration can still be carried out. Finally, the total finite distance deflection angle is found to be

δ ¼ δ1
M
b
þ δ2

q̂Q
b

þ δ3
πM2

b2
þ δ4

Q2

b2
þ δ5

q̂MQ
b2

þ δ6
q̂2Q2

b2
þ δ7

aq̂Q
b2

þ δ8
Ma
b2

þO
�½M�3

b3

�
; ðC5Þ

where

δ1 ¼
�
1þ 1

v2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

b2

rR2

s
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

b2

rS2

s !
;

δ2 ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p

v2

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

b2

rR2

s
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

b2

rS2

s !
;

δ3 ¼
3

4

�
1þ 4

v2

��
π − arcsin

�
b
rR

�
− arcsin

�
b
rS

�
þ bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2R − b2
p þ bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2S − b2
p �

−
�
3

4
−

1

v4
þ 2

v2

�0B@ b3

r3R
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð brRÞ2

q þ b3

r3S
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð brSÞ2

q
1
CA;

δ4 ¼ −

 
π − arcsin

�
b
rR

�
− arcsin

�
b
rS

�
þ b
rS

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

b2

r2S

s
þ b
rR

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

b2

r2R

s !�
1

4
þ 1

2v2

�
;

δ5 ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p

v2

�
3

�
π − arcsin

�
b
rR

�
− arcsin

�
b
rS

��
þ 2b

�
1þ 1

v2

��
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2R − b2
p þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2S − b2
p �

−
�

b3

r2R
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2R − b2

p þ b3

r2S
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2S − b2

p �
−

 
b
rS

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

b2

r2S

s
þ b
rR

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

b2

r2R

s !�
2

v2
− 1

��
;
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δ6 ¼
�

1

2v2
−
1

2

��
π − arcsin

�
b
rR

�
− arcsin

�
b
rS

�
þ 2b

v2

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

rR2 − b2
p þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2S − b2
p ��

þ
 
b
rS

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

b2

r2S

s
þ b
rR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

b2

rR2

s !�
1 −

2

v2

�
;

δ7 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p

b2v

 ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

b2

r2R

s
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

b2

r2S

s !
;

δ8 ¼ −
2

v

 ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

b2

r2R

s
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

b2

r2S

s !
:

In the above, δ1 to δ6 are yielded by δgau and δ7 and δ8 are the results of δgeo. One can simply verify that taking the limits
rR → ∞ and rS → ∞, Eq. (C5) reduces to the infinite distance deflection angle Eq. (73).
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