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Near-horizon symmetries are studied for static black hole solutions to Einstein equations containing a
supertranslation field. A supertranslation field is defined at the unit sphere. We consider general diffeo-
morphisms which preserve the gauge and the near-horizon structure of the metric. Diffeomorphisms are
generated by the vector fields and form a group of near-horizon symmetries. The densities of variation of the
surface charge associated to horizon symmetries of the metric are calculated in different coordinate systems
connected by “large” transformations containing a supertranslation field in the metric. Variations of the
surface charge corresponding to horizon symmetries are calculated in different coordinate systems. It is
shown that the variations of the charge in systems connected by a large transformation have different
integrability properties over the space ofmetrics. In the case of a supertranslation field depending only on the
spherical angle θ it is shown that, although the variations of the surface charge in two coordinate systems
connected by a large transformation are equal to each other, in one coordinate system the charge variation,
having the form of variation of a functional of metrics, is integrable, but in another system it is not.

DOI: 10.1103/PhysRevD.104.044050

I. INTRODUCTION

The final state of gravitational collapse is a stationary
metric diffeomorphic to the metric of the Kerr black hole
[1–3]. General diffeomorphisms contain pure gauge trans-
formations which are changes of coordinates and “large”
transformations which change a supertranslation field in
metric. Physically large transformations map a physical
state to another physical state with a different cloud of soft
particles [4–6].
Supertranslations naturally appear in a study of sym-

metries of the asymptotically flat gravity at the null infinity
initiated by Bondi, van der Burg, Metzner and Sachs [7,8].
The infinite-dimensional group of the asymptotic sym-
metries (the BMS group) extends the Poincaré group and
contains a normal subgroup of supertranslations which are
the angle-dependent translations of retarded time at the null
infinity [9].
BMS algebra can be further enhanced to contain super-

rotations [10–13]. Exponentiation of the infinitesimal
supertranslation and superrotation generators produces
finite transformations, but in distinction to supertransla-
tions, exponentiation of the infinitesimal superrotations
when acting on physical states produces the states with the
energy unbounded from below [14]. One cannot introduce
a physical state with a finite superrotation charge, but
there exist conserved charges associated with super-
translations and superrotations [10–13]. Supertranslation

charges vanish except for a charge corresponding to the
mass of a state, but finite superrotation charges differ for
states with different supertranslation fields.
BMS transformations are naturally formulated at the null

infinity, but there is a complicated problem of extension of
an asymptotically defined metric containing a supertrans-
lation field in the bulk. In paper [14] a family of 4D vacua
containing a supertranslation field was constructed in the
bulk, and in paper [15] a solution-generation technique was
developed and the black hole metrics diffeomorphic to the
Schwarzschild metric and containing a supertranslation
field were obtained.
In this paper we study the near-horizon symmetries of

the black holes containing a supertranslation field. The
near-horizon symmetries are the main characteristics of
horizon microstates which in turn define thermodynamic
properties, the entropy and evaporation of a black hole.
Near-horizon symmetries were extensively investigated in a
large number of papers (a very incomplete list of references
is [16–39]).
The near-horizon region is foliated by a set of surfaces

enclosing the horizon surface and located at a distance x
from the horizon (x is defined differently in different
coordinate systems). Near-horizon symmetries are gener-
ated by transformationswhich preserve the horizon structure
of a metric, and do not change the power of the leading in x
terms in the components of the metric considered at a near-
horizon surface at a distance x in the limit x → 0.
We consider the near-horizon transformations of the
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containing a supertranslation field. Transformations are
generated by the vector fields ξμ. The metric variations δξg
are elements of the tangent space to the space of metrics
and are solutions to the linearized Einstein equations. On
the tangent space is defined a bilinear presymplectic form.
The presymplectic Lee-Wald form [20] is

wμLWðδ1g; δ2g; gÞ ¼ δ1Θμðδ2g; gÞ − δ2Θμðδ1g; gÞ
− Θμðg; δ½1;2�gÞ;

where Θμ is the boundary term in variation of the Einstein
action

δð ffiffiffiffiffiffi
−g

p
RÞ ¼ EðgÞδgþ ∂μΘμðδg; gÞ;

and EðgÞ ¼ 0 for a solution of the Einstein equations. Other
forms of the presymplectic structures [22,38] differ from
the Lee-Wald form by the terms vanishing on solutions of
the linearized Einstein equations. A symplectic 2-form is
defined as an integral over a codimension-1 spacelike
surface

ΩLWðδ1g; δ2g; gÞ ¼
Z
Σ
wμLWðδ1g; δ2g; gÞd3xμ:

The Lee-Wald presymplectic form contracted with a metric
perturbation generated by a vector field ξμ and any metric
variation δg from the tangent space of metrics satisfies the
on-shell relation

wLWðδg; δξg; gÞ ≃ dKIW
ξ ðδg; gÞ;

where KIW
ξ is the Iyer-Wald surface charge form [21,23],

and the equality is valid up to terms vanishing on shell.
Variation of the surface charge associated with a trans-
formation generated by a vector field ξμ is defined as

δHξ ¼
I
∂Σ

KIW
ξ ;

where integration is over a surface enclosing the horizon
[20–23,37–39].
The black hole solutions containing a supertranslation

field are obtained from the Schwarzschild solution (in
isotropic spherical coordinates) by applying the large
transformations containing a supertranslation field. A
supertranslation field is a real function on the unit sphere.
The event horizon of a metric containing a supertranslation
field “constructed in [15] in the ρ-system” is located at a
surface which depends on a supertranslation field. It is
possible to construct another coordinate system (r-system),
connected to the ρ-system by a large transformation, in
which the horizon is located at the surface r ¼ 2M, where
M is the mass of the black hole.

We calculate the surface charge forms Kμν
ξ in different

coordinate systems connected by large transformations and
also within ρ and r systems in coordinate systems corre-
sponding to different parametrizations of the unit sphere on
which a supertranslation field is defined.
To obtain the surface chargeHξ, variation δHξ should be

integrated over the space of metrics. The unique surface
charge is obtained, if the integral over the space of metrics
is independent of a path of integration. We find that in the
general case variation of the surface charge δHξ cannot be
written as a variation of a certain functional over the space
of metrics, and integration over the space of metrics does
not yield a path-independent charge. We discuss a special
case in which the surface charge of horizon symmetries is
obtained in the closed form.
The paper is organized as follows.
In Sec. II we review the form of the static vacuum metric

containing a supertranslation field in the ρ-system obtained
in [15]. Next, by a large transformation we transform the
metric to the r-system. In both ρ- and r-systems we obtain
the metrics in different parametrizations of the unit sphere
on which is defined supertranslation field.
In Sec. III we study diffeomorphisms preserving the

near-horizon form of the metric in ρ- and r-systems. We
find constraints on the generators of transformations
preserving the gauge and the near-horizon form of the
metric.
In Sec. IV we consider supertranslations preserving the

gauge and the near-horizon structure of the metric which
are extendable in the bulk. Supertranslations form a group
under the modified bracket [15]. A case of a supertrans-
lation field depending only on an angle θ is considered in
detail. It is shown that in the case of a supertranslation field
depending only on θ the requirement that supertranslation
preserves the gauge and the form of the metric fixes the
parameter of the transformation through the supertransla-
tion field CðθÞ.
In Sec. V we calculate variations of the surface

charge corresponding to horizon symmetries in the
ρ- and r-systems. Variation of the charge is obtained by
integration of the surface charge forms over the surfaces
enclosing the horizon and located at a distance x from the
horizon.
In the ρ-system, the variation of the charge δHξ receives

contributions from the integrals of the charge densities Kμν
ξ

with the components ðμ; νÞ ¼ ðt; ρÞ; ðt; θÞ; ðt;φÞ. In the
r-system the only contribution is from integration of the
component with ðμνÞ ¼ ðr; tÞ over the horizon sphere.
The surface charge is obtained in the limit x → 0. In the

charge densities we separate the leading in x terms in
accordance with the power of x coming from the determi-
nant of metric so that the resulting expression for the
variation of the charge is independent on x.
In Sec. VI we discuss integrability of the variation of the

surface charge in the case of a supertranslation field
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depending only on a spherical angle θ. In the ρ-system, the
variation of the charge cannot be presented as a variation of
a functional over the space of metrics. In the r-system we
show that the variation of the charge is integrable. Although
the variations of the charge have different forms in the
ρ- and r-systems, performing the change of coordinates, we
show that the expressions are equal.
The last section contains a brief summary of results.

II. STATIC VACUUM SOLUTION OF THE
EINSTEIN EQUATIONS WITH A
SUPERTRANSLATION FIELD

We begin this section with a short review of a black hole
solution with a supertranslation field constructed in [15].
Next, we transform the metric to a form in which the
horizon is located at the surface r ¼ 2M.
The vacuum solution of the Einstein equations contain-

ing a supertranslation field CðzaÞ is

ds2 ¼ gttdt2 þ gρρdρ2 þ gabdzadzb

¼ −
ð1 −M=2ρsÞ2
ð1þM=2ρsÞ2

dt2

þ ð1þM=2ρsÞ4½dρ2 þ ðððρ − EÞ2 þUÞγab
þ ðρ − EÞCabÞdzadzb�; ð2:1Þ

where za are coordinates on the unit sphere. A supertrans-
lation fieldCðzaÞ is a real regular function on the unit sphere.
Coordinates on the sphere za can be realized as spherical
coordinates θ;φ with the metric ds2¼dθ2þsin2θdφ2, or as
projective coordinates z1¼z¼cotθ

2
eiφ, z2 ¼ z̄ ¼ cot θ

2
e−iφ

with the metric ds2 ¼ 2γzz̄dzdz̄, γzz̄ ¼ 2e−2ψ , ψ ¼
lnð1þ jzj2Þ. Covariant derivatives Da are defined with
respect to the corresponding metric on the sphere. Here

ρsðρ; CÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðρ − C − C00Þ2 þDaCDaC

q
: ð2:2Þ

C00 is the lowest spherical harmonic mode of CðzaÞ. In the
following we do not write C00 explicitly understanding
C → C − C00. The horizon of metric (2.1) is located at the
surface ρs ¼ M=2. Here ρ ⊂ ð0;þ∞Þ. The tensor Cab and
the functions U and E are defined as

Cab ¼ −ð2DaDb − γabD2ÞC;

U ¼ 1

8
CabCba;

E ¼ 1

2
D2Cþ C: ð2:3Þ

Themetric (2.1) in coordinates ðρ; θ;φÞwith supertranslation
field Cðθ;φÞ was obtained from the Schwarzschild metric

ds2 ¼ −
�
1 −M=2ρs
1þM=2ρs

�
2

dt2

þ ð1þM=2ρsÞ4ðdx2s þ dy2s þ dz2sÞ
ρ2s ¼ x2s þ y2s þ z2s

by the diffeomorphism [15]

xs ¼ ðρ−CÞsinθ cosφþ ∂φC sinφ=sinθ− ∂θCcosθ cosφ;

ys ¼ ðρ−CÞsinθ sinφ− ∂φCcosφ=sinθ− ∂θCcosθ sinφ;

zs ¼ ðρ−CÞcosθ− ∂θC sinθ: ð2:4Þ

In coordinates ðρ; θ;φÞ the transformed metric is

ds2¼gttdt2þgρρ½dρ2þ2g̃θφdθdφþ g̃θθdθ2þ g̃φφdφ2�

¼−
ðρs−M=2Þ2
ðρsþM=2Þ2dt

2

þð1þM=2ρsÞ4
�
dρ2þ2ðρ−EÞCθφdθdφ

þ
�
ρ−Eþ1

2
Cθθ

�
2

dθ2þsin2θ

�
ρ−E−

1

2
Cθθ

�
2

dφ2

�
;

ð2:5Þ

where

Cθθ ¼ −C00 þ C0 cot θ þ C̈
sin2θ

Cφφ ¼ −Cθθsin2θ;

Cθφ ¼ −2ð _C0 − _C cot θÞ:

Here dot and prime are derivatives over φ and θ.
In variables ðρ; z; z̄Þ the metric with supertranslation field

Cðz; z̄Þ has a form

ds2 ¼ gttdt2 þ gρρ½dρ2 þ g̃abdzadzb�

¼ −
ð1 −M=2ρsÞ2
ð1þM=2ρsÞ2

dt2 þ ð1þM=2ρsÞ4½dρ2

þ 2ððρ − EÞ2 þ UÞγzz̄dzdz̄
þ ðρ − EÞðCzzdzdzþ Cz̄ z̄dz̄dz̄Þ�; ð2:6Þ

where

Czz ¼ −2Dz∂zC; Cz̄ z̄ ¼ −2Dz̄∂ z̄C; Czz̄ ¼ 0:

Transformation from ðθ;φ; ρÞ to ðz; z̄; ρÞ is a pure gauge
transformation.
If the supertranslation field depends only on jzj, or in

coordinates ðr; θ;φÞ only on θ, the metric simplifies with
gθφ ¼ 0 in (2.5). On the other hand, if the supertranslation
field depends only on z=z̄, or on φ, the metric retains its
general form.
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Next, we transform the metric (2.6) to new variables
ðr; zaÞ, where za ¼ ðz; z̄Þ or ðθ;φÞ. The new variables are
chosen so that in new variables the tt component of metric
is equal to V [40]

gtt ¼ 1 − 2M=r≡ V:

Variable r ≥ 2M is defined through the variables ρ; θ;φ by
the relation

r ¼ ρsðρ; CÞ
�
1þ M

2ρsðρ; CÞ
�

2

: ð2:7Þ

Inversely, ρ is expressed through r as

ρ ¼ Cþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2

4
−DaCDaC

r
¼ Cþ K

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − baba

p
; ð2:8Þ

where we introduced the functions

K ¼ r −M þ rV1=2; ρs ¼
K
2
;

ba ¼
2DaC
K

; b2 ¼ baba: ð2:9Þ

Differential dρðr; zaÞ is

dρ¼ρ;adzaþρ;rdr

ρ;a¼
K
2

�
ba−

∂ab2

2
ffiffiffiffiffiffiffiffiffiffiffiffi
1−b2

p
�
; ρ;r¼

K

2
ffiffiffiffiffiffiffiffiffiffiffiffi
1−b2

p
rV1=2

: ð2:10Þ

Using the relations

gtt ¼
ð1 −M=2ρsÞ2
ð1þM=2ρsÞ2

¼ 1 −
2M
r

¼ V;

gρρ ¼ ð1þM=2ρsÞ4 ¼
4r2

K2
; ð2:11Þ

we introduce the transformed metric components (in
variables ðr; z; z̄Þ or ðr; θ;φÞ the metric components are
written with hats, in variables ðρ; z; z̄Þ or ðρ; θ;φÞ with
tildas)

ĝrr ¼ gρρρ2;r ¼
1

Vr2ð1 − b2Þ ; ĝra ¼ gρρρ;rρ;a;

ĝab ¼ gρρðg̃ab þ ρaρbÞ: ð2:12Þ

We obtain the metric in variables ðr; zaÞ in a form

ds2 ¼ ĝttdt2 þ ĝrrdr2 þ 2ĝradrdza þ ĝabdzadzb

¼ −Vdt2 þ 4

K2
½ρ2rdr2 þ 2ρrρadrdza

þ ðg̃ab þ ρaρbÞdzadzb�: ð2:13Þ

For the above expressions to be well defined, we require
that 1 − b2 > 0. Because K is an increasing function of r
which has its minimum at r ¼ 2M, the sufficient condition
is 1 − ð2DC=MÞ2 > const > 0. In the following we work
in the units M ¼ 1.

III. DIFFEOMORPHISMS PRESERVING THE
NEAR-HORIZON FORM OF THE METRIC

A. The metric in variables ρ; za

In this section we study diffeomorphisms which preserve
the near-horizon form and the gauge of the metric (2.6) in
the ρ-system. Near-horizon foliation of the space-time is
done as follows. Let x be a parameter specifying the
distance from a near-horizon to horizon surface (the choice
of x depends on the choice of coordinates and is specified
below). Horizon is located at the surface ρs ¼ 1=2, where
ρs is defined in (2.2). The near-horizon surface is defined as
a surface ρs ¼ 1=2þ x. Assuming that at the horizon
the equation

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðρ − CÞ2 þDaCDaC

p
¼ 1=2 has a unique

solution,

ρHðza; xÞ ¼ Cþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4 −DaCDaC

p
; ð3:1Þ

by continuity the equation

ρs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðρ − CÞ2 þDaCDaC

q
¼ 1=2þ x ð3:2Þ

in some vicinity of ρs ¼ 1=2 also has the unique solution:

ρðx; zaÞ ¼ Cþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=2þ xÞ2 −DaCDaC

q
:

For a small jxj ≪ 1 we obtain

ρðx; zaÞ ≃ ρHðzaÞ þ x̃; ð3:3Þ

where

x̃ ¼ x

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4 − ðDCÞ2

p : ð3:4Þ

There are two branches of ρ∶ρ ¼ C�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2s − ðDCÞ2

p
. To

have a smooth limit to the Schwarzschild metric, C → 0,
we choose the plus sign.

MIKHAIL Z. IOFA PHYS. REV. D 104, 044050 (2021)

044050-4



In the near-horizon region the metric has a form

ds2 ¼ ðḡttx̃2 þOðx̃3ÞÞdt2 þ ðḡρρ þOðx̃ÞÞdρ2
þ ðḡab þOðx̃ÞÞdzadzb: ð3:5Þ

Here ḡμν are the Oðx̃0Þ parts of gμν.
We consider transformations generated by the vector

field

ξi∂i ¼ ξt∂t þ ξρ∂ρ þ ξa∂a: ð3:6Þ

ξi are assumed to be independent of t. General near-horizon
transformations are required to preserve the gauge of the
metric and the power x̃n of the leading in x̃ terms in the
difference gμνðx̃Þ − gμνð0Þ up to a numerical coefficient at
the leading term in x̃.
The metric is written in the gauge gρa ¼ gρt ¼ gat ¼ 0.

Transformations which preserve the gauge satisfy the
relations

Lξgρa ¼ ∂ρξ
bgba þ ∂aξ

ρgρρ ¼ 0; ð3:7Þ

Lξgρt ¼ ∂ρξ
tgtt þ ∂tξ

ρgρρ ¼ 0; ð3:8Þ

Lξgat ¼ ∂aξ
tgtt þ ∂tξ

bgba ¼ 0: ð3:9Þ

Conditions (3.8) and (3.9) give ξt ¼ const.
At the near-horizon surface ρs¼1=2þx, or ρ ¼ ρH þ x̃,

the component gtt is

gtt ≃ 4ðρH − CÞ2x̃2 þOðx̃3Þ: ð3:10Þ

Under the action of transformation generated by vector
field ξk the component gtt is transformed as

Lξgtt ¼ 4
ρs − 1=2

ðρs þ 1=2Þ3 Lξρs; ð3:11Þ

where

Lξρs ¼ðξρ∂ρþ ξaDaÞρs
¼ ξρ2ðρ−CÞþξað−2ðρ−CÞDaCþDaðDbCDbCÞÞ

2ρs
:

ð3:12Þ

To preserve the near-horizon behavior of gtt (3.10), it is
necessary that

ξρ2ðρ−CÞ þ ξað−2ðρ−CÞDaCþDaðDbCDbCÞ ¼Oðx̃Þ:
ð3:13Þ

At the horizon, this condition gives the relation connecting
ξρ and ξa:

ξρðρH − CÞ þ ξaðð−ρH þ CÞDaCþ ðDaDbCÞDbCÞ ¼ 0:

ð3:14Þ

Because gρρ is a function of ρs, using condition (3.13), we
have

Lξgρρ ¼
∂gρρ
∂ρs Lξρs þ 2∂ρξ

ρgρρ ¼ 25∂ρξ
ρ þOðx̃Þ: ð3:15Þ

B. The metric in variables r, za

In variables ðr; zaÞ the horizon of the metric (2.13) is
located at the surface r ¼ 2. In the foliation of the near-
horizon region defined through ρs ¼ 1=2þ x, in variables
ðr; zaÞ the near-horizon surfaces are at r ¼ 2þ x̂, where
x̂ ¼ 2x2 þOðx3Þ. In the near-horizon region the metric
(2.13) has a form

ds2 ¼ ĝttdt2 þ ĝrrdr2 þ 2ĝradrdza þ ĝabdzadzb

¼ ð−ḡttx̂þOðx̂2ÞÞdt2 þ
�
ḡrr
x̂

þOðx̂−1=2Þ
�
dx̂2

þ 2

�
ḡra
x̂1=2

þOðx̂0Þ
�
dx̂dza

þ ðḡab;0x̂0 þOðx̂1=2ÞÞdzadzb: ð3:16Þ

ḡμν ¼ Oðx̂0Þ are the coefficients at the leading in x̂ terms in
the metric components. The metric (3.16) is written in the
gauge

ĝrt ¼ ĝta ¼ 0:

The near-horizon transformations are generated by the
vector fields

χk∂k ¼ χt∂t þ χr∂r þ χa∂a: ð3:17Þ

We assume that χk are independent of t. Transformations
preserving the gauge conditions are

Lχ ĝrt ¼ ∂rχ
tĝtt þ ∂tχ

rĝrr þ ∂tχ
aĝar ¼ 0

Lχ ĝat ¼ ∂aχ
tĝtt þ ∂tχ

rĝra þ ∂tχ
bĝba ¼ 0: ð3:18Þ

From conditions (3.18) we obtain that χt ¼ const.
Transformations preserving the leading in x̂ behavior of
the metric components are
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Lχ ĝtt ¼ χr∂rĝtt ¼ Oðx̂Þ;
Lχ ĝrr ¼ χr∂rĝrr þ χa∂aĝrr þ 2∂rχ

aĝar þ 2∂rχ
rĝrr

¼ Oðx̂−1Þ;
Lχ ĝar ¼ χr∂rĝar þ χb∂bĝar þ ∂aχ

rĝrr þ ∂aχ
bĝbr

þ ∂rχ
rĝar þ ∂rχ

bĝab ¼ Oðx̂−1=2Þ;
Lχ ĝab ¼ χr∂rĝab þ χc∂cĝab þ ∂aχ

rĝrb þ ∂aχ
cĝcb

þ ∂bχ
rĝra þ ∂bχ

cĝca ¼ Oðx̂0Þ: ð3:19Þ

We look for the components of the vector field χk in a form
of expansion in powers in x̂1=2:

χk ¼ χk0 þ x̂1=2χk1=2 þ x̂χk1 þ � � � :

From the relations (3.19) we obtain the form of generators
preserving the near-horizon form of the metric

χr0¼ χr1=2¼ 0; χr ¼ χr1x̂; χa ¼ χa0þ x̂1=2χa0: ð3:20Þ

The vector fields generating the near-horizon transforma-
tions form the Lie brackets

½ χð1Þ; χð2Þ�k ¼ χkð12Þ; ð3:21Þ

where

χrð12Þ;1 ¼ χbð1Þ;0∂b

↔
χrð2Þ;1;

χað12Þ;0 ¼ χbð1Þ;0∂
↔

bχ
a
ð2Þ;0;

χað12Þ;1=2 ¼ χbð1Þ;0∂b

↔
χað2Þ;1=2

þ 1=2ðχrð1Þ;1χað2Þ;1=2 − ð1 → 2ÞÞ: ð3:22Þ

The vector field (3.17) is connected with the vector field
(3.6) by a transformation

χr ¼ ξρ
∂r
∂ρþ ξa

∂r
∂za ¼ ξρ

∂r
∂ρs

∂ρs
∂ρ þ ξa

∂r
∂ρs

∂ρs
∂za ;

χa ¼ ξρ
∂za
∂ρ þ ξb

∂za
∂zb ¼ ξa: ð3:23Þ

From (2.7) and (2.8), we have

∂r=∂ρs ¼ K2 − 1

K2
; ∂ρs=∂ρ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2

p
;

∂ρs=∂za ¼ K
4

h
−2ba

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2

p
þDab2

i
: ð3:24Þ

Using the relations (3.24), we obtain

χt ¼ ξt;

χr ¼ K2 − 1

K2

�
ξρ

ffiffiffiffiffiffiffiffiffiffiffiffi
1− b2

p
þ ξa

K
4
ð−2ba

ffiffiffiffiffiffiffiffiffiffiffiffi
1− b2

p
þDab2Þ

�
;

χa ¼ ξa: ð3:25Þ

The expression in the square brackets in χr is the same as in
(3.14). For jx̂j ≪ 1 we have

K ≃ 1þ
ffiffiffiffiffi
2x̂

p
; ba ¼ 2∂aCð1 −

ffiffiffiffiffi
2x̂

p
Þ;

ðK2 − 1Þ=K2 ¼ Oðx̂1=2Þ: ð3:26Þ

At the near-horizon surface the metric component ĝtt is

ĝtt ¼ −
x̂
2
þOðx̂2Þ: ð3:27Þ

To have the transformed metric component ĝtt of order
Oðx̂Þ, the vector component χr should be of order Oðx̂Þ.
It follows that

ξρ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2

p
þ ξa

K
4

�
−2ba

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2

p
þDab2

�

¼ Oðx̂1=2Þ: ð3:28Þ

Noting that x̂ ∼ x̃2, we see that condition (3.28) coincides
with the condition (3.14).

IV. SUPERTRANSLATIONS EXTENDED IN A
BULK: SYMPLECTIC TRANSFORMATIONS

In this section we consider supertranslations
preserving the near-horizon form of the metric which
are defined not only in a vicinity of the horizon, but extend
to the bulk. Supertranslations which preserve the gauge
of metric (2.1) were constructed in [15]. Supertranslation
field in metric (in coordinates θ;φ) transforms under
supertranslations as

δTCðθ;φÞ ¼ Tðθ;φÞ;

where Tðθ;φÞ is an arbitrary smooth function on the unit
sphere. Generator of supertranslations preserving the
static gauge of the solution (2.1) in coordinates ðρ; zaÞ
has a form

ξT ¼ T00∂t − ðT − T00Þ∂ρ þ FabDaTDb; ð4:1Þ

where

Fab ¼ Cab − 2γabðρ − EÞ
2ððρ − EÞ2 −UÞ :

Transformations (4.1) are defined in the bulk and form a
commutative algebra under the modified bracket [15]
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½ξ1; ξ2�mod ¼ ½ξ1; ξ2� − δT1
ξ2 þ δT2

ξ1: ð4:2Þ

It is explicitly verified that

ξkT
∂ρs
∂xk ¼ δTρs; ð4:3Þ

where

δTρsðCÞ ¼ lim
ε→0

½ρsðCþ εTÞ − ρsðCÞ�=ε; ð4:4Þ

and

δTgρt ¼ δTgat ¼ 0: ð4:5Þ

General transformations (4.1) do not respect the near-
horizon form of the metric (3.5) changing the component
gtt. To preserve the near-horizon form of the metric
(3.5), transformation generated by (4.1) must satisfy
condition (3.13).
If the supertranslation field depends only on θ,

C ¼ CðθÞ, the generator of supertranslations simplifies to

ξT ¼ T0∂t − ðT − T0Þ∂ρ −
T 0

ρ − C − C00 ∂θ: ð4:6Þ

The near-horizon structure of the metric is preserved
provided the parameter of transformation (4.6) TðθÞ sat-
isfies the relation

−TðρH − CÞ þ T 0C0 ¼ Oðx̃Þ: ð4:7Þ

At the horizon, condition (4.7) is an ordinary differential
equation on TðθÞ with the solution

TðθÞ ¼ a exp
Z

θ
dθ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4 − C02

q
=C0; ð4:8Þ

where a is an integration constant. Generators of super-
translations in coordinates ðρ; xaÞ and ðr; zaÞ are connected
by the transformation (3.23). In variables ðr; zaÞ the
generator of supertranslations is

χT ¼ χtT∂t þ χrT∂r þ χaT∂a

¼ T00∂t þ
K2 − 1

K2

�
−T

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2

p
þ K

4
FabDbT

�
−2ba

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2

p
þDab2

��
∂r þ FabDbT∂a; ð4:9Þ

where in Fab it is substituted ρ − C ¼ Kð1 − b2Þ1=2=2. Acting by the generator of supertranslations on the component ĝtt,
we obtain

LχT ĝtt ¼
2

r2
K2 − 1

K2

�
−T

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2

p
þ K

4
FabDbT

�
−2ba

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2

p
þDab2

��
: ð4:10Þ

In the near-horizon region the relations for K are (3.26). To
preserve the form of ĝtt, it is necessary that

− T
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2

p
þ K

4
FabDbT

�
−2ba

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2

p
þDab2

�

¼ Oðx̂1=2Þ: ð4:11Þ

This imposes the condition on Tðz; z̄Þ:

h
−T

ffiffiffiffiffiffiffiffiffiffiffiffi
1−b2

p
þ1

4
FabDbT

�
−2ba

ffiffiffiffiffiffiffiffiffiffiffiffi
1−b2

p
þDab2

�i
r¼0

¼0:

ð4:12Þ

Equation (4.12) for T is solved in the Appendix. In the
case of a supertranslated field in the metric depending only
on θ, relation (4.11) turns into (4.7). It is seen that in the

near-horizon region in variables r; za the generator of
supertranslations has the following structure:

χT ¼ Oðx0Þ∂t þOðxÞ∂x þOðx0Þ∂a: ð4:13Þ

V. SURFACE CHARGE OF ASYMPTOTIC
HORIZON SYMMETRIES

In this section, we calculate the variation of the surface
charge corresponding to diffeomorphisms preserving the
near-horizon form of the metric. Calculations are performed
both in ρ- and r-systems. Variation of the surface charge
associated with a symmetry generated by a vector field ξμ is

=δHξðg; hÞ ¼ lim∂Σ→∂ΣH

f14π
Z

ðd2xÞμν
ffiffiffiffiffiffi
−g

p
Kμν

ξ ; ð5:1Þ

where ðd2xÞμν ¼ ð1=4Þεαβμνdxαdxβ. The charge density is
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Kμν
ξ ¼ ξμ∇νh − ξμ∇σhνσ þ ξσ∇μhν

1

2
h∇μξν − hμσ∇σχ

ν

þ α

2
hμσð∇νχσ þ∇σχ

νÞ þ ðμ ↔ νÞ; ð5:2Þ

where α ¼ 1 in the Barnich-Brandt form [22] and α ¼ 0 in
the Iyer-Wald form [21]. Here ∂Σ is a codimension-2
compact spacelike surface enclosing the horizon surface.

A. Variation of the surface charge in the ρ-system

First, let us consider parametrization of the unit sphere in
variables ðρ; z; z̄Þ. The metric of the black hole is (2.6),
and the near-horizon region is foliated by surfaces
ρs ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðρ − CÞ2 þ ðDCÞ2

p
¼ 1=2þ x, jxj ≪ 1.

To the variation of the surface charge (5.1) contribute
integrations over ðz; z̄Þ; ðρ; zÞ and ðρ; z̄Þ:
Z ffiffiffiffiffiffi

−g
p

εtρzz̄dz ∧ dz̄Ktρ;
Z ffiffiffiffiffiffi

−g
p

εtz̄ρzdρ ∧ dzKtz̄;
Z ffiffiffiffiffiffi

−g
p

εtzρz̄dρ ∧ dz̄Ktz: ð5:3Þ

Taking the differential of the equation of the horizon
surface

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðρ − CÞ2 þ ðDCÞ2

p
− 1=2 ¼ 0, we express dρ

through dza:

ðρ − CÞdρ ¼ ðρ − CÞðCzdzþ Cz̄dz̄Þ

−
1

2
ð∂zðDCÞ2dzþ ∂ z̄ðDCÞ2dz̄Þ: ð5:4Þ

Setting εtρzz̄ ¼ 1 and introducing evident notations ρ;z and
ρ;z̄, we obtain

=δHξ ¼
1

4π

Z
dz ∧ dz̄

ffiffiffiffiffiffi
−g

p ½Ktρ þ ρ;z̄Ktz̄ − ρ;zKtz�: ð5:5Þ

The charge density Kρt
ξ in the Iyer-Wald form is

Kρt
ξ ¼ ξρ∇th − ξρ∇σhtσ þ ξσ∇ρhtσ þ 1

2
h∇ρξt

− hρσ∇σξ
t − ðρ ↔ tÞ: ð5:6Þ

From (2.6) we have

gðρ; z; z̄Þ ¼ gttg3ρρg̃ð2Þ;

where

g̃ð2Þ ¼ g̃zzg̃z̄ z̄ − g̃2zz̄ ¼ γ2zz̄½ðρ − EÞ2 −U�2: ð5:7Þ

In variables ρ; θ;φ expressions (5.3)–(5.6) have the same
functional form as in ρ; z; z̄ with the formal change
z; z̄ → θ;φ:

=δHξ ¼
1

4π

Z
dθ ∧ dφ

ffiffiffiffiffiffi
−g

p ½Ktρ þ ρ;φKtφ − ρ;θKtθ�:

At the near-horizon surface ρ ¼ ρHðzaÞ þ x̃ the determi-
nant of the metric is of orderOðx̃2Þ, and to obtain a nonzero
result for =δH, in Kρt

ξ we collect the terms of order Oðx̃−1Þ.
The leading in x̃ terms of the metric components are seen
from (3.5). Variations of the metric have the same order in x̃
as the metric components.
The five contributions to Kρt

ξ are

1: ξρ∇th − ξt∇ρh ¼ ξρgtt∂th − ξtgρρ∂ρh;

2: − ξρ∇shts þ ξt∇shρs;

3: ξs∇ρhts − ξs∇thρs;

4:
h
2
ð∇ρξt −∇tξρÞ ¼ h

2
ðgρs∇sξ

t − gts∇sξ
ρÞ;

5: − hρs∇sξ
t þ hts∇sξ

ρ: ð5:8Þ

Because h is independent of t and gρρ ¼ Oðx̃0Þ, the two
terms in the item 1 are of order x̃0.
The first term in the item 2,

−ξρ∇shts¼−ξρð∇thttþ∇ρhtρþ∇ahtaÞ
¼−ξρð2Γt

tthttþΓt
ρρhρρþΓρ

tρhttþΓt
aahaaþΓa

athttÞ
¼0;

is zero, because all Γ vanish. The second term in the
item 2 is

ξt∇shρs ¼ ξtð∇thρt þ∇ρhρρ þ∇ahρaÞ
¼ ξtðΓρ

tthtt þ Γt
tρhρρÞ þOðx̃0Þ:

The first term in the item 3 is transformed as

ξs∇ρhts ¼ gρρðξt∇ρhtt þ ξρ∇ρhtρ þ ξa∇ρhtaÞ
¼ gρρ½ξtð∂ρhtt þ 2Γt

ρthttÞ
þ ξρðΓt

ρρhρρ þ Γρ
ρthttÞ þOðx0Þ�

¼ ξtgρρð∂ρhtt þ gttgtt;ρhttÞ þOðx̃0Þ:

The leading in x̃ terms in this expression cancel,

ξtgρρð∂ρhtt þ gttgtt;ρhttÞ ¼ ξtgttgρρ
�
−2

h̄tt

x̃3
þ ḡtt

x̃2
2x̃ḡtt

h̄tt

x̃2

�

¼ 0;

and the remaining expression is of order x̃0. The second
term in the item 3,
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−ξsgtt∇thρs ¼ −gttðξt∇thρt þ ξρ∇thρρ þ ξa∇thρaÞ
¼ −ξtðΓρ

tthtt þ Γt
tρhρρÞ þOðx̃0Þ;

cancels the corresponding expression in the item 2.
Collecting the items 4 and 5, we obtain

Kρt
ξ ¼ ∇sξ

t

�
h
2
gρs − hρs

�
−∇sξ

ρ

�
h
2
gts − hts

�

þOðx̃0Þ: ð5:9Þ

Taking into account the form of the metric in the ρ-system,
we write Kρt

ξ as

Kρt
ξ ¼ ∇ρξ

t

�
h
2
gρρ − hρρ

�
−∇tξ

ρ

�
h
2
gtt − htt

�

þOðx̃0Þ: ð5:10Þ

The leading in x̃ part of Kρt of order x̃−1 is

Kρt
ξ ¼ Γt

ρtξ
t

�
h
2
gρρ − hρρ

�
− Γρ

ttξ
t

�
h
2
gtt − htt

�

¼ ξt

2
gtt;ρðhgttgρρ − gtthρρ − gρρhttÞ

¼ ξt

2
gtt;ρgttgρρhabgab: ð5:11Þ

The expression habgab can be written in a form

habgab ¼ ðhzzgzz þ hz̄ z̄gz̄ z̄ þ 2hzz̄gzz̄Þ

¼ 1

gð2Þ
ðhzzgz̄ z̄ þ hz̄ z̄gzz − 2hzz̄gzz̄Þ ¼

δgð2Þ

gð2Þ
: ð5:12Þ

Thus, we obtain

Kρt
ξ ¼ ξt

2
gtt;ρgttgρρ

δgð2Þ

gð2Þ
: ð5:13Þ

Calculating the charge density,

Kzt
ξ ¼ ξz∇th − ξz∇σhtσ þ ξσ∇zhtσ þ 1

2
h∇zξt

− hzσ∇σξ
t − ðz ↔ tÞ; ð5:14Þ

we note that the contribution from the item 1 is Oðx̃0Þ,
contributions from the items 2 and 3 cancel up to terms
Oðx̃0Þ, and the items 4 and 5 yield

Kzt
ξ ¼ ξt

2
gtt;agtt

�
h
2
gza − hza

�

−
ξt

2
gtt;zgzz

�
h
2
gtt − htt

�
: ð5:15Þ

Expression (5.15) is transformed to a form

Kzt
ξ ¼ ξt

2
gtt
�
gtt;zðhρρgρρgzzþhz̄z̄gð2Þ−1Þþgtt;z̄

�
h
2
gzz̄−hzz̄

��

þOðx̃0Þ: ð5:16Þ

In the same way for the charge density Kz̄t
ξ we have

Kz̄t
ξ ¼ ξt

2
gtt
�
gtt;z̄ðhρρgρρgzzþhz̄z̄gð2Þ−1Þþgtt;z

�
h
2
gzz̄−hzz̄

��

þOðx̃0Þ: ð5:17Þ

In variables t, ρ, θ, φ we obtain the expressions of the
form (5.16) and (5.17) with θ, φ substituted for z, z̄.
Let us consider the case of a supertranslation field CðθÞ

depending on θ. The metric (2.5) takes a form

ds2 ¼ gttdt2 þ gρρ½dρ2 þ g̃θθdθ2 þ g̃φφdφ2�

¼ −
�
ρs − 1=2
ρs þ 1=2

�
2

dt2

þ ð1þ 1=2ρsÞ4½dρ2 þ ðρ − C − C00Þ2dθ2
þ sin2θðρ − C − C0 cot θÞ2�:

Because ρ;φ ¼ 0, we have

=δHξ ¼
1

4π

Z
dθ ∧ δφ

ffiffiffiffiffiffi
−g

p ½Kρt − ρ;θKθt�: ð5:18Þ

The charge density Kρt is

Kρt
ξ ¼ ξt

2
gtt;ρgttgρρðδgθθgθθ þ δgφφgφφÞ: ð5:19Þ

For the density Kθt we obtain

Kθt ¼ ξt

2
gtt;θgttgθθ½δgρρgρρ þ δgφφgφφ�: ð5:20Þ

Variation of the surface charge is

=δHξ¼ lim
ρs→1=2

1

4π

Z
dθ∧dφ

ffiffiffiffiffiffi
−g

p ξt

2
gtt
�
gtt;ρgρρ

�
δgθθ
gθθ

þδgφφ
gφφ

�

−ρ;θgtt;θgθθ
�
δgρρ
gρρ

þδgφφ
gφφ

��
: ð5:21Þ

Here gθθ ¼ g̃θθgρρ, gφφ ¼ g̃φφgρρ. In the near-horizon
region we have

gtt;ρffiffiffiffiffi
gtt

p ≃4ðρ−CÞ; gtt;θffiffiffiffiffi
gtt

p ≃4ð−C0Þðρ−C−C00Þ; ð5:22Þ

and
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ρ;θ ¼ −
C0ðρ − C − C00Þ

ρ − C
:

We obtain variation of the charge as

=δHξ ¼ lim
ρs→1=2

1

4π

Z
dθ ∧ dφ

ξt

2

�
ðρ − CÞδ ffiffiffiffiffiffiffiffiffiffiffiffiffi

gθθgφφ
p

þ C02ðρ − C − C00Þ
4ðρ − CÞ δ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
gφφgρρ

p �
; ð5:23Þ

where at the horizon ρH − C ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4 − C02p

.
Integrability of variation of the charge means that the

integral of variation over the manifold of metrics is path
independent. Integrability is verified explicitly, if variation
of the charge is obtained in a form of variation of a
functional over the space of metrics. The expression for
=δHξ (5.23)) is not of the form of variation of a function over
the space of metrics.

B. Variables r, za

Let us turn to calculation of the variation of the surface
charge in variables ðr; zaÞ. First, we perform calculations
with the metric (2.13):

ds2 ¼ ĝttdt2 þ ĝrrdr2 þ 2ĝradrdza þ ĝabdzadzb:

At the surface r ¼ 2þ x̂ enclosing the horizon surface
r ¼ 2, the near-horizon forms of the metric (2.13) and its
inverse are

ĝmn ¼

									

ḡttx̂ 0 0 0

0 ḡrr=x̂ ḡrz=
ffiffiffî
x

p
ḡrz̄=

ffiffiffî
x

p

0 ḡrz=
ffiffiffî
x

p
ḡzz ḡzz̄

0 ḡrz̄=
ffiffiffî
x

p
ḡzz̄ ḡz̄ z̄

									
;

ĝmn ¼

									

ḡtt=x̂ 0 0 0

0 ḡrrx̂ ḡrz
ffiffiffî
x

p
ḡrz̄

ffiffiffî
x

p

0 ḡrz
ffiffiffî
x

p
ḡzz ḡzz̄

0 ḡrz̄
ffiffiffî
x

p
ḡzz̄ ḡz̄ z̄

									
; ð5:24Þ

where ḡmn denotes the factor of order Oðx̂0Þ. Variation of
the surface charge is

=δHχðĝ; hÞ ¼
1

4π

Z
Σr

ðd2xÞrt
ffiffiffiffiffiffi
−ĝ

p
K̂rt

χ ðδĝ; ĝÞ; ð5:25Þ

where

K̂IWrt
χ ¼ χr∇̂tĥ − χr∇̂sĥ

ts þ χs∇̂rĥts þ ĥ
2
∇̂rχt − ĥrs∇̂sχ

t

− ðr → tÞ ð5:26Þ

and Σr is a surface r ¼ 2þ x̂. Here ĝ ¼ gttĝð3Þ, and ĝð3Þ is
the determinant of the 3D part of the metric:

ĝð3Þðr; z; z̄Þ ¼ ĝrrðĝzzĝz̄ z̄ − ĝ2zz̄Þ − ĝ2rzĝz̄ z̄

− ĝ2rz̄ĝzz þ 2ĝrzĝrz̄ĝzz̄: ð5:27Þ

Through the variables ðρ; zaÞ, determinant ĝð3Þ can be
written as ĝð3Þ ¼ gρρρ2r g̃ð2Þ. Near the horizon, substituting
ρ;r from (2.10) and gρρ (2.11), we have

ĝð3Þ ≃
g̃ð2Þ

Vð1 − 4ðDCÞ2Þ ; ð5:28Þ

where g̃ð2Þ ¼ g̃zzg̃z̄ z̄ − g̃2zz̄. From (5.28) it is seen that
ĝð3Þ ¼ Oðx̂−1Þ, and the determinant of the metric,
ĝ ¼ ĝttĝð3Þ, is of order Oðx̂0Þ. To have an expression
nonzero at the horizon, we must select in the surface
charge form K̂rt the terms of order Oðx̂0Þ.
The five terms in (5.26) are

1: χr∇̂tĥ − χt∇̂rĥ ¼ χrĥgtt∂tĥ − χtĝrr∂rĥ − χtĝra∂aĥ

¼ Oðx̂1=2Þ:
2: − χr∇̂sĥ

ts þ χt∇̂sĥ
rs:

3: χs∇̂rĥts − χs∇̂tĥrs ¼ χt∇̂rĥtt − χt∇̂tĥrt − χr∇̂tĥrr

− χa∇̂tĥra:

4:
ĥ
2
ð∇̂rχt − ∇̂tχrÞ ¼ ĥ

2
½ĝrr∇̂rχ

t − ĝtt∇̂tχ
t� þOðx̂1=2Þ:

5: − ĥrs∇̂sχ
t þ ĥts∇̂sχ

r ¼ −
1

2
ðĥrr∇̂rχ

t − ĥtt∇̂tχ
tÞ

þOðx̂1=2Þ: ð5:29Þ

Estimating two terms in the item 1, we have

χrĝtt∂tĥ − χtðĝrr∂rĥþ ĝrr∂aĥÞ ¼ Oðx̂1=2Þ

and the item 1 does not contribute to K̂rt.
Because all the terms containing Γ one index t are zero,

in the item 2 the first term vanishes:

−χr∇̂sĥ
ts ¼ −χrð∇̂tĥ

tt þ ∇̂rĥ
tr þ ∇̂aĥ

taÞ ¼ 0:

In the second term

χt∇̂rĥ
rr ¼ χtð∇̂tĥ

rt þ ∇̂rĥ
rr þ ∇̂aĥ

raÞ

the part χtð∇̂rĥ
rr þ ∇̂aĥ

raÞ is estimated as
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χt∇̂rĥ
rr ¼ χtð∂rĥ

rr þ 2Γr
rrĥ

rr þ 2Γr
raĥ

raÞ ¼ χtðh̄rr þ 2Γr
rrĥ

rr þOðx̂1=2ÞÞ

¼ χt
�
h̄rr þ

�
ḡrrx̂ḡrr

�
−

1

x̂2

�
þ 2ḡrax̂1=2ḡra

�
−

1

2x̂3=2

��
h̄rrx̂þOðx̂1=2Þ

�
¼ Oðx̂1=2Þ: ð5:30Þ

Because of the identity ḡrrḡrr þ ḡraḡar ¼ 1 the sum of the
terms in round brackets in (5.30) is equal to −h̄rr. The term
χt∇̂aĥ

ra is of order Oðx̂1=2Þ. In the item 2 there remains the
term χt∇̂tĥ

rt.
In the item 3 the first term is

χs∇̂rĥts ¼ χt∇̂rĥtt þ χr∇̂rĥtr þ χa∇̂rĥta

¼ χtðĝrr∇̂r þ ĝra∇̂aÞĥtt þ χrðĝrr∇̂r þ ĝra∇̂aÞĥtr
þOðx̂0Þ:

The term χtĝttĝra∇̂aĥ
tt is of order x̂1=2. In the term

χtĝttĝrr∇̂rĥ
tt ¼ χtḡttx̂ḡrrx̂

�
−
h̄tt
x̂2

þ ḡtt

x̂
ḡtt

h̄tt

x̂
þOðx̂0Þ

�

the leading-order parts cancel, and it is also of order
Oðx̂1=2Þ. The remaining term in the item 3, equal to
−χt∇̂tĥ

rt, cancels the corresponding term in the item 2.
We obtain K̂rt as

K̂rt
χ ¼ ∇̂sχ

t

�
ĥ
2
ĝrs − ĥrs

�
− ∇̂sχ

r

�
ĥ
2
ĝts − ĥts

�
þOðx̂1=2Þ

¼ χt

2

�
Γt
rt

�
ĥ
2
ĝrr − ĥrr

�
− Γr

tt

�
ĥ
2
ĝtt − ĥtt

�
þOðx̂1=2Þ

�
:

ð5:31Þ

Because gtt ¼ VðrÞ, we have Γt
θt ¼ Γθ

tt ¼ 0.
In K̂rt the leading terms are

K̂rt
χ ¼ χt

2
ĝtt;r½ĥĝrrĝtt − ĥrrĝtt − ĝrrĥtt�

¼ χt

2
ĝtt;rĝttĥabðĝrrĝab − ĝraĝrbÞ: ð5:32Þ

The combination in the rhs of (5.32) is presented as

ĥabðĝrrĝab − ĝraĝrbÞ ¼ ĥzzĝz̄ z̄ þ ĥz̄ z̄ĝzz − 2ĥzz̄ĝzz̄
ĝð3Þ

¼ δĝð2Þ

ĝð3Þ
; ð5:33Þ

where

ĝð2Þ ¼ ĝzzĝz̄ z̄ − ĝ2zz̄:

Variation of the surface charge is

=δHχðĝ; ĥÞ ¼ lim
r→2

1

4π

Z
dz ∧ dz̄

ffiffiffiffiffiffiffiffiffiffiffi
Vĝð3Þ

q
χt

2
ĝtt;rĝtt

δĝð2Þ

ĝð3Þ
:

ð5:34Þ

Using (5.28) this expression is presented as

=δHχðĝ; ĥÞ ¼
1

4π

Z
ΣH

dz ∧ dz̄
χt

2

δĝð2Þffiffiffiffiffiffiffi
g̃ð2Þ

p ð1=4 − ðDCÞ2Þ1=2:

ð5:35Þ

In the general case the integral (5.35) is not of the form of a
variation of a functional over the space of metrics. A special
case of the supertranslation field with the integrable
variation of the surface charge is discussed in the next
section.

VI. INTEGRABLE VARIATION
OF SURFACE CHARGE

In this section we consider an example of integrable
variation of the charge. We consider the case of a super-
translation field Cðz; z̄Þ in coordinate system ðr; z; z̄Þ
depending only on jzj, or in coordinates ðr; θ;φÞ, only
on θ.
In coordinates ðr; θ;φÞ the metric (2.13) with C ¼ CðθÞ

takes a form

ds2 ¼ −Vdt2 þ dr2

Vð1 − b2Þ þ 2drdθ
brð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2

p
− b0Þ

ð1 − b2ÞV1=2

þ dθ2r2
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2

p
− b0Þ2

ð1 − b2Þ
þ dφ2r2sin2θ

�
b cot θ −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2

p �
2
; ð6:1Þ

where b ¼ 2C0ðθÞ=K. The charge density K̂rt
χ ðδĝ; ĝÞ

(5.32) is

K̂rt
χ ¼ χt

2
ĝtt;rĝtt½ĥθθðĝrrĝθθ − ðĝrθÞ2Þ þ ĥφφĝrrĝφφ�: ð6:2Þ

Using the relation

ĝð2Þ ¼ ĝrrĝθθ − ĝ2rθ ¼
ĝθθ
V

ð6:3Þ

and noting that
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ĝrr ¼ V; ĝrrĝθθ − ðĝrθÞ2 ¼ 1

ĝð2Þ
;

we obtain the charge density K̂rt as

K̂rt
χ ¼ χt

2
ĝtt;rĝtt

�
V
ĥθθ
ĝθθ

þ V
ĥφφ
ĝφφ

�

¼ χt

2
V;r

�
δĝθθ
ĝθθ

þ δĝφφ
ĝφφ

�
: ð6:4Þ

Variation of the surface charge =δHχ is

=δHχðĝ; δĝÞ ¼ lim
r→2

1

4π

Z
Σ
dθ ∧ dφ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ĝttĝð2Þĝφφ

q
K̂rt

¼ 1

4π
lim
r→2

Z
Σ
dθ ∧ dφ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ĝθθĝφφ

q χt

4

δðĝθθĝφφÞ
ĝθθĝφφ

:

Finally, we have

=δHχðĝ; ĥÞ ¼
1

4π

Z
ΣH

dθ ∧ dφ
χt

2
δ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ĝθθĝφφ

q
: ð6:5Þ

The expression (6.5) is of the form of the variation of the
functional and is integrable.

A. Proof of equality of the variations of the surface
charges =δHχ and =δHξ

Let us show that the variation =δHχ in variables ðr; θ;φÞ is
equal to the variation =δHξ in variables ðρ; θ;φÞ. Because the
charge densities contain derivatives of the metric which
transform noncovariantly, we establish the equality by
direct calculation.
The θθ and ϕϕ metric components in the r- and

ρ-systems are connected as (2.12)

ĝθθ ¼ gθθ
K2

4ðρ − CÞ2 ; ĝφφ ¼ gφφ: ð6:6Þ

Using (6.6), we obtain a connection between the determi-
nants of the metrics

ffiffiffiffiffiffi
−ĝ

p
¼ ffiffiffiffiffiffi

−g
p K2

ðK2 − 1Þ2ðρ − CÞ ;

ffiffiffiffiffiffi
−g

p ¼
��

K − 1

K þ 1

�
2 4r2

K2
gθθgφφ

�
1=2

: ð6:7Þ

The metric variations are connected as

δĝθθ ¼ δgθθ þ δgρρ

�∂ρ
∂θ

�
2

; δĝφφ ¼ δgφφ: ð6:8Þ

Variation of the charge =δHχ is presented as

=δHχ ¼
1

4π

Z
dθdφ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ĝθθĝφφ

q χt

2
V;r

�
δgθθ þ δgρρρ2θ

gθθ

4ðρ − CÞ2
K2

þ δgφφ
gφφ

�

¼ 1

4π

Z
dθdφ

ffiffiffiffiffiffi
−g

p χt

2

K3

ðK2 − 1Þðρ − CÞr2
�
δgθθ
gθθ

4ðρ − CÞ2
K2

þ δgφφ
gφφ

þ δgρρ
gθθ

4ðρ − CÞ2
K2

ρ2;θ

�

¼ 1

4π

Z
dθdφ

ffiffiffiffiffiffi
−g

p χt

2

4K
ðK2 − 1Þr2

�
δgθθ
gθθ

ðρ − CÞ þ δgφφ
gφφ

K2

4ðρ − CÞ2 þ
δgρρ
gρρ

C02

ρ − C

�
: ð6:9Þ

Next, using the relations

gtt;ρ ¼ 16
K − 1

ðK þ 1Þ3
ρ − C
K

; gtt;θ ¼ 16
K − 1

ðK þ 1Þ3
ð−C0Þðρ − C − C00Þ

K
;

we transform =δHξ (5.21):

=δHξ ¼
1

4π

Z ffiffiffiffiffiffi
−g

p
dθdφ

ξt

2

�
gtt;ρ
gttgρρ

�
δgθθ
gθθ

þ δgφφ
gφφ

�
− ρ;θ

gtt;θ
gttgρρ

�
δgρρ
gρρ

þ δgφφ
gφφ

��

¼ 1

4π

Z ffiffiffiffiffiffi
−g

p
dθdφ

ξt

2

4K
ðK2 − 1Þr2

�
δgθθ
gθθ

ðρ − CÞ þ δgφφ
gφφ

K2

4ðρ − CÞ2 þ
δgρρ
gρρ

C02

ρ − C

�
: ð6:10Þ

Because ξt ¼ χt, the expressions (6.9) and (6.10) coincide. The variations of the charges (6.9) and (6.10) are written for the
surfaces ðρ − CÞ2 þ C02 ¼ K2=4, and for K ¼ 1, at the horizon, are identical with (5.23).
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VII. SUMMARY AND CONCLUSIONS

In this paper we studied the near-horizon symmetries of
the metric of a black hole containing a supertranslation field
which preserve the gauge and the near-horizon structure of
the metric. The aim of the paper was practical calculation of
the variation of the surface charge corresponding to
asymptotic symmetries preserving the near-horizon form
of the metric. The horizon symmetries were considered in
different coordinate systems (ρ- and r-systems) connected
by a large diffeomorphism containing a supertranslation
field and also in coordinate systems obtained by a pure
coordinate (gauge) transformations which do not contain
the supertranslation field.
In units M ¼ 1, where M is the mass of a black hole, in

the ρ-system the horizon of a black hole is located at the
surface ρs ≡ ððρ − CÞ2 þ ðDCÞ2Þ1=2 ¼ 1=2, where C ¼
CðzaÞ [za ¼ ðθ;φÞ or ðz; z̄Þ are different parametrizations
of the unit sphere] is a supertranslation field in the metric.
In the r-system the horizon is located at the surface r ¼ 2.
Foliation of the near-horizon region was defined through a
smooth deformation of the horizon surface ρs ¼ 1=2
to ρs ¼ 1=2þ x.
Horizon transformations preserving the form of the

metric were generated by vector fields. Infinitesimal diffeo-
morphisms preserving the form of the metric were studied
in both ρ and r systems. Variation of the surface charge
associated with a transformation generated by a vector field
ξm is the limit x → 0 of the integral of the charge density
Kξðδξg; gÞ over the near-horizon surface enclosing the
horizon surface. Here g ¼ gmn and δξgmn are the metric
of the black hole and its variation generated by the vector
field ξm.
In the ρ-system, variation of the surface charge is equal

to the sum of three integrals over the surface enclosing the
horizon surface with the charge densities Kρt

ξ , K
θt
ξ and Kφt

ξ

and corresponding integrations are over the variables
ðθ;φÞ; ðρ;φÞ and ðρ; θÞ. In the r-system, the surface
corresponding to deformation ρs ¼ 1=2þ x is the sphere
of the radius r ¼ 2þ 2x2.
The square root of the determinant of the metric in the

ρ-system is of order x (as for the Schwarzschild metric in
the isotropic coordinates), in the r-system it is of order x̂0.
Correspondingly, the charge densities were calculated in
order x−1 in the ρ-system and in order x̂0 in the r-system, so
that the resulting integrals for the variation of the surface
charge were independent of x.
We discussed symplectic transformations which are

extendable from the near-horizon region in the bulk.
Under the simplectic transformations the supertranslation
field in the metric transforms as δTCðθ;φÞ ¼ Tðθ;φÞ. In
the case of a supertranslation field depending only on θ a
condition that transformation preserves the near-horizon
form of metric at the horizon is an ordinary differential
equation with a solution for TðθÞ expressed through CðθÞ.

In the general case the surface charges obtained by
integration of variations of the charges over the space of
metrics are path dependent. In a special case of the
supertranslation field depending only on a spherical angle
θ, variation of the charge in the r-system has a form of
variation of a functional over the space of metrics and can
be integrated in a path-independent way. By an explicit
calculation we show that the variations of the surface
charge in both ρ- and r-systems are equal. However, in the
ρ-system, in coordinates ðρ; zaÞ the expression for the
variation of the charge is not integrable.
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APPENDIX: SOLUTION OF EQ. (4.12)

In thisAppendixwe finda general solution for the function
Tðz; z̄Þ in the generator of supertranslations Eq. (4.1). We
solve Eq. (4.12)which is a condition on the generatorT at the
horizon (written in notations of Sec. II):

�
−T

ffiffiffiffiffiffiffiffiffiffiffiffi
1−b2

p
þ1

4
FabDbT

�
−2ba

ffiffiffiffiffiffiffiffiffiffiffiffi
1−b2

p
þDab2

��
r¼2

¼0:

ðA1Þ

Equation (A1) can be presented in a form

T þ FaDaT ¼ 0; ðA2Þ

where

Fa ¼ 1

2
Fac

�
bc þ ∂c

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2

p �			
r¼2

:

Following the general rules of solving the differential
equations with partial derivatives [41], we consider a
function WðT; z; z̄Þ satisfying the equation

T
∂W
∂T þ Fz ∂W

∂z þ Fz̄ ∂W
∂z̄ ¼ 0: ðA3Þ

Equation (A3) is solved by writing the system of ordinary
differential equations

dT
T

¼ dz
Fz ¼

dz̄
Fz̄ : ðA4Þ

Let the independent first integrals of Eq. (A4) be
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ψ1ðT; z; z̄Þ ¼ C1; ψ2ðT; z; z̄Þ ¼ C2: ðA5Þ

The general solution of Eq. (A3) for WðT; z; z̄Þ is

W ¼ fðψ1;ψ2Þ; ðA6Þ

where f is an arbitrary smooth function. The function Tðz; z̄Þ
is implicitly determined from the equation

fðψ1;ψ2Þ ¼ 0: ðA7Þ
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