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We investigate a Lorentz invariant action that is quadratic in two rank-2 symmetric tensor fields in
Minkowski spacetime. We apply a scalar-vector-tensor decomposition to two tensor fields by virtue of
three-dimensional rotation invariance of Minkowski spacetime and classify theories with 7 degrees of
freedom based on the Hamiltonian analysis. We find two new theories, which cannot be mapped from the
linearized Hassan-Rosen bigravity. In these theories, the new mass interactions can be allowed thanks to the
transverse diffeomorphism invariance of action.
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I. INTRODUCTION

The attempt to seek ghost-free massive gravity theories
has again attracted considerable attention by the discovery
of de Rham–Gabadadze–Tolley (dRGT) massive gravity
[1]. The first attempt of constructing massive spin-2 theory
has been carried out by Fierz and Pauli, and it is the
quadratic action for a massive spin-2 particle in a flat
spacetime [2]. Once we embed this into a curved spacetime,
the behavior of the massive spin-2 field does not smoothly
connect to the well-known massless one, i.e., the linearized
general relativity [3,4]. The discontinuity found by van
Dam, Veltman, and Zhakarov turned out to be an artifact of
the truncation at linear order, and the massive spin-2 theory,
in fact, has the continuous massless limit when taking into
account nonlinearities as pointed out by Vainshtein [5].
Nonetheless, an unwanted degree of freedom (DOF),
Boulware-Deser ghost [6], which is absent at linear order,
reappears at the nonlinear level, and it unfortunately
behaves as Ostrogradsky’s ghost [7]. In dRGT massive
gravity, such an unwanted degree of freedom is success-
fully eliminated by the careful choice of nonlinear potential
terms [1,8]. Although the dRGT massive gravity possesses
the cosmological constant solution in a cosmological
background [9], it is perturbatively unstable [10,11]. For
this reason, one needs to seek a ghost-free extension of

massive gravity which should be at least cosmologically
viable and stable. Such an attempt without introducing an
extra DOF has been investigated, taking into account
derivative interactions [12–14] and metric transformation
[15], but unfortunately most of them are not successful.
Recently, by breaking the translation invariance of the
Stückelberg field, new extended theories of massive gravity
have been found, and their cosmological perturbations are
stable around cosmological backgrounds [16–18].
Another way to extend massive gravity is to introduce

the second dynamical symmetric tensor field. In massive
gravity theories, to give mass to graviton, in addition to
the metric gμν, one needs to introduce the so-called
reference metric fμν, which is usually taken to be a
Minkowski metric. In massive bigravity theories, the
reference metric can be promoted to be a dynamical
tensor field by introducing its kinetic terms. The simplest
extension of dRGT massive gravity is proposed by Hassan
and Rosen by adding the Einstein-Hilbert kinetic terms
even for the second metric [19]. In Hassan-Rosen bigrav-
ity, the total number of physical DOFs is 7, which consists
of 2 from a massless graviton and 5 from a massive
graviton. This fact can easily be seen by expanding both
metrics around Minkowski spacetime, that is, gμν → ημν þ
hμν=Mg and fμν → ημν þ fμν=Mf, where Mg and Mf are,
respectively, the Planck mass for the metric gμν and fμν.
Then the quadratic Lagrangian is given by [19]

Lð2Þ
HR ¼ −

�
hμνÊ

μναβhαβ þ fμνÊ
μναβfαβ

�
−
m2M2

eff

4

��
hμν
Mg

−
fμν
Mf

�
2

−
�

h
Mg

−
f
Mf

�
2
�
: ð1Þ
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Here Êμναβ is the linearized Einstein-Hilbert kinetic
operator defined as

Êμν
αβ ¼

h
ηðμα η

νÞ
β − ημνηαβ

i
□ − 2∂ðμ∂ðαη

νÞ
βÞ

þ ∂μ∂νηαβ þ ∂α∂βη
μν; ð2Þ

where the round brackets denote the symmetrization of
indices,m is the mass of graviton, and the effective Planck
mass is given by M2

eff ¼ ð1=M2
g þ 1=M2

fÞ−1. The mixing
terms between h and f in the mass terms can be removed
by introducing the linear combination of two metrics,

1

Meff
uμν ≡ 1

Mf
hμν þ

1

Mg
fμν;

1

Meff
vμν ≡ 1

Mf
hμν −

1

Mg
fμν: ð3Þ

Then the Lagrangian becomes

L ¼ −
�
uμνÊ

μναβuαβ þ vμνÊ
μναβvαβ

�
−
m2

4
ðvμνvμν − v2Þ: ð4Þ

This clearly shows that Hassan-Rosen bigravity at linear
order consists of the linearized general relativity for uμν and
the Fierz-Pauli theory for vμν. The absence of the Boulware-
Deser ghost has been proved in [20].
Since the construction of bigravity theory is inspired by

the dRGT theory, it is not trivial whether the mass
interaction of Hassan-Rosen bigravity is unique or not.
As for the uniqueness of the dRGT mass term in linear
massive gravity theories, see also [21]. For this reason, one
might be able to find a new type of mass interactions in
bimetric gravity theories. However, such a construction
would be extremely difficult to start with a curved
spacetime. To this end, in this paper, we investigate a
theory with a bispin-2 particle in a flat spacetime, which
could represent the linear expansion of a certain nonlinear
massive bigravity.
This paper is organized as follows. In Sec. II, we give an

action for two rank-2 tensor fields in our setup and
decompose them into scalar, vector, and tensor sectors
based on transformation properties of tensors with respect
to a three-dimensional spatial rotation. In Sec. III, we give
ghost-free conditions for the tensor mode. In Sec. IV, we
perform the Hamiltonian analysis and derive the conditions
to have 2 physical DOFs in the vector sector. In Sec. V, we
investigate the scalar sector and classify theories with 1
scalar DOFs. Section VI is devoted to the summary. In
Appendix A, we introduce a linear field redefinition and
investigate the reduction of the model parameter space. In
Appendix B, we provide an explicit expression of the
Lagrangian in the scalar sector. In Appendix C, we perform

the Hamiltonian analysis of the vector sector with two
primary constraints. In Appendix D, we investigate the
scalar sector with two primary constraints.

II. SETUP

In the present paper, we consider a Lorentz invariant
action for two rank-2 symmetric tensor fields, hμν and fμν,
and consider the most general quadratic action which
contains up to two derivatives with respect to spacetime
for each term.1 In general, these symmetric tensor fields
possess 20 DOFs in total, and therefore we should impose
some conditions to eliminate unwanted DOFs, which could
behave as a ghost. Because of the complexity of the analysis,
we only focus on theories with 7 physical DOFs, namely
2 × 2 ðtensorÞ þ 2 ðvectorÞ þ 1 ðscalarÞ DOFs, as in the
Hassan-Rosen bigravity [19] that consists of massless and
massive spin-2 fields in the linearized limit. As preparation
for later analysis, in this section, we introduce the generic
action for the bispin-2 tensor field and scalar-vector-tensor
decomposition of it. For the Hamiltonian analysis in Fourier
space, we follow the procedure developed in [22–24] and
adopt the notation in [21].

A. Double spin-2 theory

Let us consider a generic action for two rank-2 sym-
metric tensor fields up to the quadratic order in fields
around Minkowski spacetime,

S ¼
Z

d4x
�
−Kαβjμνρσ

h hμν;αhρσ;β −Kαβjμνρσ
f fμν;αfρσ;β

− Gαβjμνρσhμν;αfρσ;β −Mμνρσ
h hμνhρσ

−Mμνρσ
f fμνfρσ −N μνρσhμνfρσ

�
; ð5Þ

where the coefficients KΦ, G,N , andMΦ consist of all the
possible combinations with the Minkowski metric ημν,

Kαβjμνρσ
Φ ¼ κΦ1η

αβημρηνσ þ κΦ2η
μαηρβηνσ þ κΦ3η

αμηνβηρσ

þ κΦ4η
αβημνηρσ; ð6Þ

Gαβjμνρσ ¼ ðl1ηαβημρ þ l2ημαηρβÞηνσ þ ðl3ηαμηνβ
þ l4ηαβημνÞηρσ þ l5ημνηβσηαρ; ð7Þ

Mμνρσ
Φ ¼ μΦ1η

μρηνσ þ μΦ2η
μνηρσ; ð8Þ

N μνρσ ¼ n1ημρηνσ þ n2ημνηρσ; ð9Þ

1Strictly speaking, one can also include a Lorentz-invariant
scalar ημνxμxν ¼ −t2 þ x2 for theories invariant under a global
Lorentz transformation. Once introducing this scalar quantity, the
analysis would be more complicated. For simplicity, we here do
not consider such a possibility.
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and we defined the labelΦ ¼ ðh; fÞ. A comma denotes a par
tial derivative with respect to coordinates. Here, κΦ1;Φ2;Φ3;Φ4,
l1;2;3;4;5, μΦ1;Φ2, and n1;2 are constant parameters. The
linearized Hassan-Rosen bigravity corresponds to

κh2 ¼ −κh3 ¼ 2κh4 ¼ −2κh1;

κf2 ¼ −κf3 ¼ 2κf4 ¼ −2κf1;

l1 ¼ l2 ¼ l3 ¼ l4 ¼ l5 ¼ 0;

μh2 ¼ −μh1; μf2 ¼ −μf1;

n2 ¼ −n1 ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
μh1μf1

p
; ð10Þ

as shown in (2), and this theory is invariant under the gauge
transformation

hμν → hμν þ
1

2
ffiffiffiffiffiffiffi
μh1

p ð∂μξν þ ∂νξμÞ;

fμν → fμν þ
1

2
ffiffiffiffiffiffiffi
μf1

p ð∂μξν þ ∂νξμÞ: ð11Þ

Alternatively, one can diagonalize the mass terms to remove
n1 and n2 without changing the kinetic terms by taking linear
combinations of hμν and fμν, and then the resultant theory
satisfies

κh2 ¼ −κh3 ¼ 2κh4 ¼ −2κh1;

κf2 ¼ −κf3 ¼ 2κf4 ¼ −2κf1;

μh2 ¼ −μh1; μf1 ¼ μf2 ¼ 0;

l1 ¼ l2 ¼ l3 ¼ l4 ¼ l5 ¼ n1 ¼ n2 ¼ 0; ð12Þ

as found in (4). Then this theory with (12) is invariant under
the gauge transformation

hμν → hμν; fμν → fμν þ ∂μξν þ ∂νξμ: ð13Þ

Thus, this is nothing but the Fierz-Pauli massive spin-2 field
for hμν and the linearized general relativity for fμν.

B. Scalar-vector-tensor decomposition

Following [21], we decompose the rank-2 symmetric
tensor fields hμν and fμν into transverse-traceless tensors,
transverse vectors, and scalars as

Φ00 ¼ Φ00 ¼ −2αΦ;

Φ0i ¼ −Φ0i ¼ βΦ;i þ BΦ
i ðBi

Φ;i ¼ 0Þ; ð14Þ

Φij ¼ Φij ¼ 2RΦδij þ 2EΦ
;ij þ FΦ

i;j þ FΦ
j;i þ 2HΦ

ij

ðFi
Φ;i ¼ 0; Hi

Φi ¼ Hij
Φ;j ¼ 0Þ: ð15Þ

Here, scalar, vector, and tensors are defined based on
transformation properties with respect to a three-dimensional

rotation in Minkowski spacetime, and the transverse-trace-
less tensorsHΦ

ij, two transverse vectors B
Φ
i and FΦ

i , and four
scalars αΦ; βΦ;RΦ, and EΦ, respectively, have two, four,
and four components in each Φ. Since we focus on the
ories with 7 DOFs, to be more precise 2 × 2 ðtensorÞ
þ2 ðvectorÞ þ 1 ðscalarÞ DOFs, we need to eliminate six
components of the transverse vectors and seven components
of the scalars, and then the final DOFs become 20 − 6 − 7 ¼
7 DOFs. Under this decomposition, the quadratic action can
always be separated into three parts, which solely consists of
scalar, vector, and tensor perturbations, respectively,

S½hμν;fμν�¼SS½αΦ;βΦ;RΦ;EΦ�þSV ½BΦ
i ;F

Φ
i �þST ½HΦ

ij�:
ð16Þ

In the following section, we will examine each sector and
derive conditions to have theories with 7 DOFs by the
Hamiltonian analysis. Hereafter, we replace all the spatial
derivatives as ∂2 → −k2 after integrating by parts, where k is
the wave number in the Fourier space.

III. TENSOR SECTOR

The action in the tensor sector is found to be

ST ½Hh
ij; H

f
ij� ¼ 4

Z
dtd3k½κh1ð _Hh

ijÞ2 − ðκh1k2 þ μh1ÞðHh
ijÞ2

þ κf1ð _Hf
ijÞ2 − ðκf1k2 þ μf1ÞðHf

ijÞ2

−l1 _Hh
ij
_Hij
f − ðk2l1 þ n1ÞHh

ijH
ij
f �; ð17Þ

where a dot denotes the time derivative. It is manifest that
the action is symmetric under the replacements h and f, and
hence the result will be applied to both modes in parallel.
Throughout this paper, assuming κh1 ≠ 0, we set

l1 ¼ 0; ð18Þ

which can be achieved by a field redefinition of f without
loss of generality (see Appendix A). Thanks to l1 ¼ 0 by
the field redefinition, the kinetic matrix composed of h and
f is diagonal, and the existence and ghost-free conditions
of both the tensor modes require

κh1 > 0; κf1 > 0: ð19Þ

Hereafter, we impose the condition (19), and it is manifest
that the physical degrees of freedom in the tensor sector is 2
for each field.

IV. VECTOR SECTOR

In this section, we perform the Hamiltonian analysis for
the vector variables. In order to have a theory with 7 DOFs
in total, the vector sector should have 2 physical DOFs,
which means the reduction of the phase space is necessary
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in the view point of the Hamiltonian analysis. We first
rescale FΦ

i as FΦ
i → FΦ

i =k for convenience. Then, the
action in the vector sector is given by

SV ½BΦ
i ; F

Φ
i � ¼

Z
dtd3kðLV

kin þ LV
cross þ LV

massÞ; ð20Þ

where each Lagrangian is given by

LV
kin ¼ −ð2κh1 þ κh2Þð _Bh

i Þ2 þ 2κh1ð _Fh
i Þ2

− ð2κf1 þ κf2Þð _Bf
i Þ2 þ 2κf1ð _Ff

i Þ2 − l2 _B
h
i
_Bf
i ; ð21Þ

LV
cross¼2kκh2Bh

i
_Fh
i þ2kκf2Bh

i
_Ff
i þkl2ðBh

i
_Ff
i þBf

i
_Fh
i Þ;

ð22Þ

LV
mass¼2ðk2κh1þμh1ÞðBh

i Þ2−ðk2ð2κh1þκh2Þþ2μh1ÞðFh
i Þ2

þ2ðk2κf1þμf1ÞðBf
i Þ2−ðk2ð2κf1þκf2Þþ2μf1ÞðFf

i Þ2
þ2n1Bh

i B
f
i −ðk2l2þ2n1ÞFh

i F
f
i : ð23Þ

The relation between conjugate momentum πΦ ≡ ∂L=∂ _Φ
and the time derivatives of canonical variables of BΦ

i and
FΦ
i is found to be

0
BBBBB@

πBh
i

πBf
i

πFh
i

πFf
i

1
CCCCCA ¼

0
BBBBB@

−2ð2κh1 þ κh2Þ −l2 0 0

−l2 −2ð2κf1 þ κf2Þ 0 0

0 0 4κh1 0

0 0 0 4κf1

1
CCCCCA

0
BBBBB@

_Bh
i

_Bf
i

_Fh
i

_Ff
i

1
CCCCCAþ

0
BBBBB@

0 0 0 0

0 0 0 0

2kκh2 kl2 0 0

kl2 2kκf2 0 0

1
CCCCCA

0
BBBBB@

Bh
i

Bf
i

Fh
i

Ff
i

1
CCCCCA: ð24Þ

Then the Hamiltonian is defined by

HV ¼ _Bh
i πBh

i
þ _Bf

i πBf
i
þ _Fh

i πFh
i
þ _Ff

i πFf
i
− LV: ð25Þ

As one can see from (21), the kinetic parts of BΦ
i and FΦ

i are
completely decoupled; i.e., the kinetic matrix is block
diagonalized and the kinetic terms for FΦ

i indeed exist since
we have imposed (19). Therefore, in order to see the
degeneracy of the vector sector, it allows us to consider
only the kinetic matrix of BΦ

i , which is

KV ¼
�−2ð2κh1 þ κh2Þ −l2

−l2 −2ð2κf1 þ κf2Þ
�
: ð26Þ

The eigenvalue equation FVðλÞ of the kinetic matrix KV is
found to be

FVðλÞ≡ detðKV − λIÞ
¼ ð4κf1 þ 2κf2 þ λÞð4κh1 þ 2κh2 þ λÞ − l22

¼ 0: ð27Þ

The determinant of the kinetic matrix is simply given by
detKV ¼ FVð0Þ.
Now we would like to classify the cases based on the

number of primary constraints as follows:

2 primary constraints : FVð0Þ ¼ 0 & F 0
Vð0Þ ≠ 0 ↔ κf2 ¼ −2κf1 þ

l22
4ð2κh1 þ κh2Þ

; ð28Þ

4 primary constraints : FVð0Þ ¼ 0 & F 0
Vð0Þ ¼ 0 ↔ κh2 ¼ −2κh1 & κf2 ¼ −2κf1 & l2 ¼ 0: ð29Þ

Here, at this point, h and f are symmetric; therefore, the case
with 2κh1 þ κh2 ¼ 0 in the case of two primary constraints
can be obtained by simply replacing h and f. When there are
only two primary constraints, the Hamiltonian analysis
shows that the number of the final physical DOFs can be
at least 4, and it is the undesired number. The analysis for
two primary cases is summarized in Appendix C. For this
reason, hereafter we only consider four4 primary cases,
where both Bh

i and Bf
i become nondynamical.

In this case, we have four primary constraints, which are
given by

Cð1Þ
Bh
i
≡ πBh

i
≈ 0; ð30Þ

Cð1Þ
Bf
i

≡ πBf
i
≈ 0; ð31Þ

and we define the total Hamiltonian by adding the
Lagrange multipliers λBh

i
and λBf

i
,
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HV
T ¼ HV þ λBh

i
Cð1Þ
Bh
i
þ λBf

i
Cð1Þ
Bf
i

: ð32Þ

Then the time evolution of the primary constraints gen-
erates the secondary constraints

Cð2Þ
Bh
i
≡ fCð2Þ

Bh
i
;HV

Tg ¼ 4μh1Bh
i þ 2n1B

f
i − kπFh

i
≈ 0; ð33Þ

Cð2Þ
Bf
i

≡fCð2Þ
Bf
i

;HV
Tg ¼ 2n1Bh

i þ 4μf1B
f
i − kπFf

i
≈ 0; ð34Þ

and the time evolution of the secondary constraints gives0
B@

_Cð2Þ
Bh
i

_Cð2Þ
Bf
i

1
CA¼

0
B@fCð2Þ

Bh
i
;HV

Tg

fCð2Þ
Bf
i

;HV
Tg

1
CA

¼

0
B@fCð2Þ

Bh
i
;HVg

fCð2Þ
Bf
i

;HVg

1
CAþ

 
4μh1 2n1
2n1 4μf1

! 
λBh

i

λBf
i

!
≈0:

ð35Þ

Therefore, when n21 − 4μf1μh1 ≠ 0, namely the coefficient
matrix in front of the Lagrange multipliers is not degen-
erate, all the Lagrange multipliers λBh

i
and λBf

i
are deter-

mined by the above equations, and all the primary and
secondary constraints are second class. In this case, the
total number of physical DOFs is ð8 × 2 − 8Þ=2 ¼ 4, and
thus we disregard this option.
On the other hand, when n21 − 4μf1μh1 ¼ 0, the

coefficient matrix in front of the Lagrange multipliers
is degenerate, and two out of four Lagrange multip
liers cannot be determined. Hereafter we assume μh1 ≠
0 and solve n21 − 4μf1μh1 ¼ 0 for μf1.

2 It is convenient to
redefine the primary constraints associated with Bf

i as a
linear combination of the original primary constraints:

C̃ð1Þ
Bh
i
≡ πBh

i
≈ 0; ð36Þ

C̃ð1Þ
Bf
i

≡ πBf
i
−

n1
2μh1

πBh
i
≈ 0: ð37Þ

We also redefine the total Hamiltonian

HV
T ¼ HV þ λ̃Bh

i
C̃ð1Þ
Bh
i
þ λ̃Bf

i
C̃ð1Þ
Bf
i

: ð38Þ

Then the secondary constraints become

C̃ð2Þ
Bh
i
≡ fC̃ð1Þ

Bh
i
;HV

Tg ¼ 4μh1Bh
i þ 2n1B

f
i − kπFh

i
≈ 0; ð39Þ

C̃ð2Þ
Bf
i

≡fC̃ð1Þ
Bf
i

;HV
Tg ¼ k

�
n1
2μh1

πFh
i
− πFf

i

�
≈ 0: ð40Þ

The time evolution of the secondary constraints yields

_̃C ð2Þ
Bh
i
¼fC̃ð2Þ

Bh
i
;HV

Tg¼2kð2μh1Fh
i þn1F

f
i Þþ4μh1λ̃Bh

i
≈0;

ð41Þ

_̃C ð2Þ
Bf
i

¼ fC̃ð2Þ
Bf
i

;HV
Tg ≈ 0: ð42Þ

Here, the time evolution of the secondary constraints C̃ð2Þ
Bf
i

is trivially zero. Therefore, two of the Lagrange multi-
pliers can be determined by the time evolution of the
secondary constraints, and the rest of them are undeter-

mined. Since the constraints C̃ð1Þ
Bf
i

and C̃ð2Þ
Bf
i

commute with

all the constraints including themselves, they are first-
class constraints. To summarize, we find

Vector DOF ¼ 8 × 2 − 4ð2 primary & 2 secondaryÞ − 4ð2 primary & 2 secondaryÞ × 2ðfirst-classÞ
2

¼ 2: ð43Þ

The choice of the coefficients are

κh2 ¼ −2κh1 ≠ 0; κf2 ¼ −2κf1 ≠ 0;

l2 ¼ 0; μf1 ¼
n21
4μh1

; μh1 ≠ 0: ð44Þ

In the analysis for the scalar sector in the next section,
conditions (19) and (44) are imposed.

V. SCALAR SECTOR

In this section, we focus on the scalar sector. Here, we
need to eliminate 7 DOFs in the scalar sector in order to
have 1 physical DOF. Introducing dimensionless varia-
bles, βΦ → βΦ=k and EΦ → EΦ=k2, the Lagrangian
reduces to

LS ¼ LS
kin þ LS

cross þ LS
mass; ð45Þ

2For the μh1 ¼ 0 case, one can simply switch all the notation of
h and f. When μh1 ¼ μf1 ¼ n1 ¼ 0, all the constraints become
first class, implying that the physical degrees of freedom are zero
in the vector sector.
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where the explicit form of the first part reads

LS
kin ¼ 4ðκh1 þ κh2 þ κh3 þ κh4Þ _α2h − ð2κh1 þ κh2Þ _β2h þ 12ðκh1 þ 3κh4Þ _R2

h þ 4ðκh1 þ κh4Þ _E2
h

− 4ðκh3 þ 2κh4Þð−3 _Rh þ _EhÞ _αh − 8ðκh1 þ 3κh4Þ _Rh
_Eh þ 4ðκf1 þ κf2 þ κf3 þ κf4Þ _α2f − ð2κf1 þ κf2Þ _β2f

þ 12ðκf1 þ 3κf4Þ _R2
f þ 4ðκf1 þ κf4Þ _E2

f − 4ðκf3 þ 2κf4Þð−3 _Rf þ _EfÞ _αf − 8ðκf1 þ 3κf4Þ _Rf
_Ef

þ 4ðl2 þ l3 þ l4 þ l5Þ _αh _αf − l2 _βh _βf þ 36l4 _Rh
_Rf þ 4l4 _Eh

_Ef þ 12ðl3 þ l4Þ _αh _Rf þ 12ðl4 þ l5Þ _αf _Rh

− 4ðl3 þ l4Þ _αh _Ef − 4ðl4 þ l5Þ _αf _Eh − 12l4ð _Rh
_Ef þ _Rf

_EhÞ; ð46Þ

and the explicit expression for the remaining parts can be
found in Appendix B. Once we impose the condition (44),
the time derivative of βh and βf vanishes in the Lagrangian;
hence βh and βf can be treated as the nondynamical
variables. By utilizing the field redefinition summarized
in Appendix A, we can further impose without loss of
generality

κh3 ¼ 2κh1; κf3 ¼ 2κf1; l3 þ l4 þ l5 ¼ 0; ð47Þ

in addition to l1 ¼ 0. Hereafter, we assume these conditions
to simplify the discussion. The conjugate momenta can be
written as

0
BBBBBBBBB@

παh
πRh

πEh
παf
πRf

πEf

1
CCCCCCCCCA
¼4KS

0
BBBBBBBBB@

_αh
_Rh

_Eh

_αf
_Rf

_Ef

1
CCCCCCCCCA
þ4

0
BBBBBBBBB@

0

−4κh1
0

−l3
−3l3
l3

1
CCCCCCCCCA
kβhþ4

0
BBBBBBBBB@

−l5
−3l5
l5
0

−4κf1
0

1
CCCCCCCCCA
kβf;

ð48Þ

where the kinetic matrix for the scalar variables
fαh;Rh; Eh; αf;Rf; Efg is given by

KS ¼

0
BBBBBBBBBB@

2ðκh1 þ κh4Þ 6ðκh1 þ κh4Þ −2ðκh1 þ κh4Þ 0 −3l5 l5
� 6ðκh1 þ 3κh4Þ −2ðκh1 þ 3κh4Þ −3l3 −9ðl3 þ l5Þ 3ðl3 þ l5Þ
� � 2ðκh1 þ κh4Þ l3 3ðl3 þ l5Þ −ðl3 þ l5Þ
� � � 2ðκf1 þ κf4Þ 6ðκf1 þ κf4Þ −2ðκf1 þ κf4Þ
� � � � 6ðκf1 þ 3κf4Þ −2ðκf1 þ 3κf4Þ
� � � � � 2ðκf1 þ κf4Þ

1
CCCCCCCCCCA
; ð49Þ

and

πβh ¼ πβf ¼ 0: ð50Þ

Note that there are at least two primary constraints from
πβh ¼ 0 and πβf ¼ 0. The Hamiltonian is given by

HS ¼ _αhπαh þ _αfπαf þ _RhπRh
þ _RfπRf

þ _EhπEh

þ _EfπEf þ _βhπβh þ _βfπβf − LS: ð51Þ

A. Classification of primary constraints

Now, we would like to classify the cases based on the
number of primary constraints. As performed in the
analysis of the vector sector, we consider the eigenvalue
equation,

F SðλÞ≡ detðKS − λIÞ; ð52Þ

The eigenvalue equation with λ ¼ 0, namely the determi-
nant of the kinetic matrix, reads

detKS ¼ F Sð0Þ
¼ 16κh1κf1½8ðκf1 þ κf4Þκh1
þ 3l23�½8ðκh1 þ κh4Þκf1 þ 3l25�: ð53Þ

When the above determinant is nonzero, that is, detKS ≠ 0,
there are only two primary constraints, which can be
defined by (50). In this case, the number of the physical
DOFs is 4 as proved in Appendix D. Therefore, we
disregard this option. The case of three primary constraints
can be obtained by demanding F Sð0Þ ¼ 0,
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3 primary constraints : F Sð0Þ ¼ 0 ↔ κf4 ¼ −κf1 −
3l23
8κh1

or κh4 ¼ −κh1 −
3l25
8κf1

: ð54Þ

Using the conditions above, we have

F 0
Sð0Þ ¼

8<
:

−8κf1ð5l23 þ 8κ2h1Þð3l25 þ 8κf1ðκh1 þ κh4ÞÞ for κf4 ¼ −κf1 −
3l2

3

8κh1
;

−8κh1ð5l25 þ 8κ2f1Þð3l23 þ 8κh1ðκf1 þ κf4ÞÞ for κh4 ¼ −κh1 −
3l2

5

8κf1
:

ð55Þ

Now, F 0
Sð0Þ ¼ 0 gives only one solution of four primary

cases due to the symmetric property under h and f in (54),

4 primary constraints : F Sð0Þ ¼ 0 & F 0
Sð0Þ ¼ 0

↔ κh4 ¼ −κh1 −
3l25
8κf1

& κf4 ¼ −κf1 −
3l23
8κh1

: ð56Þ

The absence of the case with five primary constraints can be
proved as follows. In addition to F Sð0Þ ¼ 0 and
F 0

Sð0Þ ¼ 0, we further need to impose F 00
Sð0Þ ¼ 0, which

is given by

F 00
Sð0Þ ¼ 32ðl25 þ 16κ2f1Þ

�
κh1 −

9l3l5κf1
l25 þ 16κ2f1

�
2

þ 8l23ð5l25 þ 8κ2f1Þ2
l25 þ 16κ2f1

¼ 0: ð57Þ

It is manifest that there is no real solution for this equation
under the assumption (19), and therefore, the scalar sector
cannot have five or more primary constraints.

B. Three primary constraints

In this subsection, we consider the case with three
primary constraints. Although there are two options as

in (54), they are essentially equivalent since they are
transformed from each other as shown in Appendix A 2,
which satisfies

κh2 ¼ −κh3 ¼ −2κh1 ≠ 0; κf2 ¼ −κf3 ¼ −2κf1 ≠ 0;

κf4 ¼ −κf1 −
3l23
8κh1

;

l1 ¼ l2 ¼ l4 ¼ μf1 ¼ n1 ¼ 0; l5 ¼ −l3: ð58Þ

In this case, we have three primary constraints, which are
defined by

Cð1Þαf ≡ παf −
l3

4κh1
ðπRh

− 3παhÞ ≈ 0; Cð1Þβh
≡ πβh ≈ 0;

Cð1Þβf
≡ πβf ≈ 0: ð59Þ

The total Hamiltonian is given by

HS
T ¼ HS þ λαfC

ð1Þ
αf þ λβhC

ð1Þ
βh

þ λβfC
ð1Þ
βf
: ð60Þ

The evolution of the primary constraints yields the secon-
dary constraints

Cð2Þαf ≡ fCð1Þαf ;H
S
Tg¼ −2

�
2k2l3 þ 2n2 þ

3l3μh1
κh1

�
αh þ 2

�
2k2l3 − 6n2 þ

3l3μh1
κh1

�
Rh þ 2

�
2k2l3 þ 2n2 −

l3μh1
κh1

�
Eh

þ 4

�
k2l23
κh1

− 2μf2

�
ðαf − EfÞ þ 4

�
k2ð3l23 þ 4κf1κh1Þ

κh1
− 6μf2

�
Rf ≈ 0; ð61Þ

Cð2Þβh
≡ fCð1Þβh

;HS
Tg ¼ −kðπαh þ πEhÞ þ 4μh1βh ≈ 0; ð62Þ

Cð2Þβf
≡ fCð1Þβf

;HS
Tg ¼ −kπEf þ

kl3
4κh1

ð3παh − πRh
Þ ≈ 0:

ð63Þ

Here, none of the above constraints can be trivially zero
with any choice of the parameters under the assumption
(19). Then, the time evolution of the secondary constraint

Cð2Þβf
gives the tertiary constraint

Cð3Þβf
≡ fCð2Þβf

;HS
Tg ¼ kCð2Þαf þ 4k3½l3ðαh − Eh þ 3RhÞ

− 4κf1Rf� ≈ 0; ð64Þ

and its time evolution demands

_Cð3Þβf
¼ kð _Cð2Þαf þ kCð2Þβf

Þ ≈ 0: ð65Þ
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Since _Cð3Þβf
does not generate an independent equation, there

is no more constraint from βf. The evolution of the rest of
the secondary constraints are given by0
@ _Cð2Þαf

_Cð2Þβh

1
A¼

0
@fCð2Þαf ;H

S
Tg

fCð2Þβh
;HS

Tg

1
A¼

0
@fCð2Þαf ;H

Sg
fCð2Þβh

;HSg

1
A

þ2

0
@−4μf2−

3l2
3
μh1

κ2h1
0

0 2μh1

1
A
0
@λαf
λβh

1
A≈0: ð66Þ

Since μh1 ≠ 0, the Lagrange multiplier λβh is determined by
_Cð2Þβh

¼ 0. When the Poisson bracket fCð2Þαf ; C
ð1Þ
αf g, i.e., the

coefficient of λαf in
_Cð2Þαf , is nonvanishing, the evolution of

Cð2Þαf determines the Lagrange multiplier λαf and no more

constraint from Cð2Þαf will be generated. Now we redefine the
following constraints:

C̃ð2Þβf
≡ Cð2Þβf

− kCð1Þαf ≈ 0; C̃ð3Þβf
≡ Cð3Þβf

− kCð2Þαf ≈ 0: ð67Þ

The constraints Cð1Þβf
and C̃ð2;3Þβf

commute with all constraints;

therefore, these are first class. The rest of the constraints are
second class. In summary, the number of the physical DOFs
is ð8 × 2 − 4 − 3 × 2Þ=2 ¼ 3.
In order to eliminate extra DOFs, one has to impose an

extra condition fCð2Þαf ; C
ð1Þ
αf g ¼ 0, namely

μf2 ¼ −
3l23μh1
4κ2h1

: ð68Þ

In this case, the evolution of Cð2Þαf yields the tertiary
constraint when l3 ≠ 0 or n2 ≠ 0,

Cð3Þαf ≡ fCð2Þαf ;H
S
Tg ≈ 0; ð69Þ

where the explicit expression of Cð3Þαf is given in Appendix E.

When l3 ¼ n2 ¼ 0, Cð3Þαf ¼ −kCð2Þβf
, implying that there is no

more constraint. Therefore, we, hereafter, consider the case

with l3 ≠ 0 or n2 ≠ 0. Now, the evolution of Cð3Þαf yields the

quaternary constraint Cð4Þαf ¼ fCð3Þαf ;H
S
Tg ≈ 0. Since Cð4Þαf

contains λβh , it is useful to define the following linear
combination of constraints:

C̃ð3Þαf ≡ Cð3Þαf þ 2kl3
κh1

Cð2Þβh
þ kCð2Þβf

≈ 0; ð70Þ

C̃ð4Þαf ≡fC̃ð3Þαf ;H
S
Tg ≈ 0: ð71Þ

When fC̃ð4Þαf ; C
ð1Þ
αf g ≠ 0, the Lagrange multiplier λαf is

determined by the time evolution of C̃ð4Þαf . In this case, the

constraints, Cð1Þβf
and C̃ð2;3Þβf

, still commute with all constraints,

and hence, these are first class. The rest of the constraints are
second class; therefore, the number of the physical DOFs is
given by ð8 × 2 − 6 − 3 × 2Þ=2 ¼ 2.
To obtain a theory with 1 DOF in the scalar sector, one

more DOF has to be eliminated. Then, we would like to
consider the following case:

fC̃ð4Þαf ; C
ð1Þ
αf g ¼ 4

κ2h1

�
−
3l23μ

2
h1

κh1
þ κf1ð2κh1n2 þ 3l3μh1Þ2

8κf1ðκh1 þ κh4Þ þ 3l23

�

¼ 0: ð72Þ
Solving the above equation, we obtain

κh4 ¼ −κh1 −
3l23
8κf1

þ κh1ð2κh1n2 þ 3l3μh1Þ2
24l23μ

2
h1

: ð73Þ

In this case, we have two additional constraints:

C̃ð5Þαf ≡ fC̃ð4Þαf ;H
S
Tg ≈ 0; C̃ð6Þαf ≡ fC̃ð5Þαf ;H

S
Tg ≈ 0: ð74Þ

Again, C̃ð6Þαf contains the Lagrange multiplier λβh, and we
redefine the constraint as

C̄ ð5Þ
αf ≡ C̃ð5Þαf þ xCð2Þβh

≈ 0; C̄ ð6Þ
αf ≡ fC̃ð5Þαf ;H

S
Tg ≈ 0; ð75Þ

where

x ¼ kl3
κ3h1

�
−2k2κ2h1 þ

μh1ð8n2κf1κ2h1 − 9l33μh1Þ
κf1ð2κh1n2 þ 3l3μh1Þ

�
: ð76Þ

If fC̄ ð6Þ
αf ; C

ð1Þ
αf g ≠ 0, the Lagrange multiplier λαf can be

determined by _̄C ð6Þ
αf ¼ fC̄ð6Þαf ;H

S
Tg ≈ 0 and no further con-

straint is generated,

first class∶ Cð1Þβf
; C̃ð2Þβf

; C̃ð3Þβf
; ð77Þ

second class∶ Cð1Þαf ; Cð2Þαf ; C̃ð3Þαf ; C̃ð4Þαf ; C̄ð5Þαf ;

C̄ð6Þαf ; Cð1Þβh
; Cð2Þβh

: ð78Þ

We finally have

Scalar DOF ¼ 1

2
×
h
8 × 2 − 8ð2 primary & 2 secondary & 1 tertiary & 1 quaternary þ 2 moreÞ

− 3ð1 primary & 1 secondary & 1 tertiaryÞ × 2ðfirst-classÞ
i
¼ 1: ð79Þ
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To summarize, we find a novel class of theory,
(Class Ia):

κh2 ¼ −κh3 ¼ −2κh1 ≠ 0; κf2 ¼ −κf3 ¼ −2κf1 ≠ 0;

κf4 ¼ −κf1 −
3l23
8κh1

; μf2 ¼ −
3l23μh1
4κ2h1

;

l1 ¼ l2 ¼ l4 ¼ μf1 ¼ n1 ¼ 0; l5 ¼ −l3;

κh4 ¼ −κh1 −
3l23
8κf1

þ κh1ð2κh1n2 þ 3l3μh1Þ2
24l23μ

2
h1

: ð80Þ

The Lagrangian for class with 1 DOF in the scalar sector Ia
is given by

L ¼ −ðκh1hμνÊμναβhαβ þ κf1fμνÊ
μναβfαβÞ þ δκh4h;μf;μ

þ 3l23
8κh1

f;μf;μ þ l3ðh;νfμν;μ − hμν;μ f;νÞ

− μh1hμνhμν − μh2h2 þ
�
3l23μh1
4κ2h1

f − n2h

�
f; ð81Þ

where

δκh4 ¼
3l23
8κf1

−
κh1ð2κh1n2 þ 3l3μh1Þ2

24l23μ
2
h1

: ð82Þ

One can check that this theory is invariant under the gauge
transformation

hμν → h̃μν ¼ hμν; ð83Þ

fμν → f̃μν ¼ fμν þ ∂μξν þ ∂νξμ with ∂μξμ ¼ 0: ð84Þ

As one can see from the transverse condition in the
gauge transformation, this class is totally distinct from
the linearized Hassan-Rosen bigravity, and there are
nontrivial kinetic terms for h, derivative and mass
interactions.
Let us finally discuss the final option where the time

evolution of the tertiary constraint _̃C ð3Þ
αf does not yield a new

constraint. Such a case can be found by rewriting _̃C ð3Þ
αf in

terms of other constraints, Cð1Þβf
, C̃ð2Þβf

, C̃ð3Þβf
, Cð1Þαf , C

ð2Þ
αf , C

ð1Þ
βh
,

and Cð2Þβh
, and setting it to be zero. Then, we obtain two

conditions: Eq. (73) and

24l23μ
3
h1ð4n22κ2h1 þ 3l23μh1ðμh1 þ 4μh2ÞÞ
κ4h1ð2n2κh1 þ 3l3μh1Þ2

¼ 0; ð85Þ

which can be solved for μh2,

μh2 ¼ −
n22κ

2
h1

3l23μh1
−
μh1
4

; ð86Þ

since we assumed l3 ≠ 0 and μh1 ≠ 0. Note that the case

where fC̄ ð6Þ
αf ; C

ð1Þ
αf g vanishes in Class Ia reduces to this option.

In this case, as shown in (E16), the time evolution of both the

tertiary constraints C̃ð3Þαf and C̃ð3Þβf
can be written in terms of the

linear combination of the primary and second class con-

straints, implying no further constraints. Redefining Cð2Þαf as

C̃ð2Þαf ≡ Cð2Þαf þ 2kl3
κh1

Cð1Þβh
; ð87Þ

we find

first class∶ Cð1Þαf ; C̃ð2Þαf ; C̃ð3Þαf ; Cð1Þβf
; C̃ð2Þβf

; C̃ð3Þβf
; ð88Þ

second class∶ Cð1Þβh
; Cð2Þβh

; ð89Þ

and

Scalar DOF ¼ 1

2
× ½8 × 2 − 2ð1 primary & 1 secondaryÞ

− 6ð2 primary & 2 secondary & 2 tertiaryÞ
× 2ðfirst-classÞ� ¼ 1: ð90Þ

In this case, the number of the physical DOF is the same as
Class Ia, and the resultant theory is invariant under the
gauge transformation (84). For this reason, this case can
be considered as the special case of Class I by choosing
(86) although an additional gauge symmetry is present. To
summarize,
(Class Ib):

κh2 ¼ −κh3 ¼ −2κh1 ≠ 0; κf2 ¼ −κf3 ¼ −2κf1 ≠ 0; κf4 ¼ −κf1 −
3l23
8κh1

; μf2 ¼ −
3l23μh1
4κ2h1

;

l1 ¼ l2 ¼ l4 ¼ μf1 ¼ n1 ¼ 0; l5 ¼ −l3; κh4 ¼ −κh1 −
3l23
8κf1

þ κh1ð2κh1n2 þ 3l3μh1Þ2
24l23μ

2
h1

;

μ2 ¼ −
n22κ

2
h1

3l23μh1
−
μh1
4

: ð91Þ
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The Lagrangian for Class Ib is given by

L ¼ −ðκh1hμνÊμναβhαβ þ κf1fμνÊ
μναβfαβÞ þ δκh4h;μf;μ

þ 3l23
8κh1

f;μf;μ þ l3ðh;νfμν;μ − hμν;μ f;νÞ−μh1
�
hμνhμν þ

1

4
h2
�
þ 1

3μh1

�
κh1n2
l3

h −
3l3μh1
2κh1

f

�
2

: ð92Þ

C. Four primary constraints

Next, let us consider the casewith four primary constraints.
As you can see from (56), there are kinetic interactions
between h and f fields, which will make the Hamiltonian
analysis involved in general. It is interesting to note that we
can always map this theory into a simpler theory with two
Einstein-Hilbert terms without kinetic interactions between
them as explicitly shown in Appendix A 3. Hereinafter we
will perform the Hamiltonian analysis in this simple model:

κh2 ¼ −κh3 ¼ 2κh4 ¼ −2κh1 ≠ 0;

κf2 ¼ −κf3 ¼ 2κf4 ¼ −2κf1 ≠ 0;

l1 ¼ l2 ¼ l3 ¼ l4 ¼ l5 ¼ 0; μf1 ¼ n1 ¼ 0: ð93Þ

Now we have the following four primary constraints:

Cð1Þαh ≡ παh ≈ 0; Cð1Þαf ≡ παf ≈ 0;

Cð1Þβh
≡ πβh ≈ 0; Cð1Þβf

≡ πβf ≈ 0: ð94Þ

The total Hamiltonian can be expressed as

HS
T ¼ HS þ λαhC

ð1Þ
αh þ λαfC

ð1Þ
αf þ λβhC

ð1Þ
βh

þ λβfC
ð1Þ
βf
: ð95Þ

The evolution of the primary constraints is given by

Cð2Þαh ≡ fCð1Þαh ;H
S
Tg ¼ −8ðμh1 þ μh2Þαh þ 8ð2k2κh1

− 3μh2ÞRh þ 8μh2Eh−4n2ðαf þ 3Rf − EfÞ ≈ 0;

ð96Þ

Cð2Þαf ≡fCð1Þαf ;H
S
Tg¼−8μf2αfþ8ð2k2κf1−3μf2ÞRf

þ8μf2Ef−4n2ðαhþ3Rh−EhÞ≈0; ð97Þ

Cð2Þβh
≡ fCð1Þβ ;HS

Tg ¼ −kπEh þ 4μh1βh ≈ 0; ð98Þ

0 ≈ Cð2Þβf
≡ fCð1Þβf

;HS
Tg ¼ −kπEf

≈ 0: ð99Þ

Here, all the secondary constraints cannot be trivially zero
with any choice of the coefficients since κh1 ≠ 0 and κf1 ≠ 0.
First, let us take a look at the time evolution of the other
primary constraints, that is,

0
BBB@

_Cð2Þαh

_Cð2Þαf

_Cð2Þβh

1
CCCA¼

0
BBB@
fCð2Þαh ;H

S
Tg

fCð2Þαf ;H
S
Tg

fCð2Þβh
;HS

Tg

1
CCCA¼

0
BBB@
fCð2Þαh ;H

Sg
fCð2Þαf ;H

Sg
fCð2Þβh

;HSg

1
CCCA

þ

0
B@
−8ðμh1þμh2Þ −4n2 0

−4n2 −8μf2 0

0 0 4μh1

1
CA
0
BB@
λαh
λαf
λβh

1
CCA≈0:

ð100Þ

When n22 − 4μf2ðμh1 þ μh2Þ ≠ 0, all the Lagrange multi-
pliers, λαh , λαf , and λβh , are determined by the above

equations. As for Cð2Þβf
, it commutes with all the primary

constraints and the consistency of Cð2Þβf
gives the tertiary

constraint

Cð3Þβf
¼ fCð2Þβf

;HS
Tg

¼ −8kμf2ðαf þ 3Rf − EfÞ − 4kn2ðαh þ 3Rh − EhÞ
≈ 0: ð101Þ

Nowwe redefine the secondary and tertiary constraints for βf
as

C̃ð2Þβf
¼ Cð2Þβf

− kCð1Þαf ¼ −kðπαf þ πEfÞ ≈ 0; ð102Þ

C̃ð3Þβf
¼ Cð3Þβf

− kCð2Þαf ¼ −16k3κf1Rf ≈ 0: ð103Þ

Then, C̃ð3Þβf
does commute with Cð1Þαh and Cð1Þαf , and one can see

_̃C ð3Þ
βf

¼ k2Cð2Þβf
≈ 0, implying no more constraint is generated.

In addition, one can also check that the constraints, Cð1Þβf
and

C̃ð2;3Þβf
, commute with all the constraints, and hence these are

first class while the rest of the constraints are second class.
Therefore, we conclude the number of the physical DOFs is
ð8 × 2 − 6 − 3 × 2Þ=2 ¼ 2 when n22 − 4μf2ðμh1 þ μh2Þ
≠ 0.
In order to remove an extra DOF, we need to impose an

additional constraint for the parameter
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n22 − 4μf2ðμh1 þ μh2Þ ¼ 0; ð104Þ

which yields two branches,

μh2 ¼ −μh1 þ
n22
4μf2

ðClass IIÞ; ð105Þ

μf2 ¼ n2 ¼ 0 ðClass IIIÞ: ð106Þ

Note that Cð3Þβf
trivially vanishes in the second case

(Class III).

1. Class II

Let us consider Class II first. For convenience, we
redefine the primary constraint for αh with a linear
combination of those for αh and αf. Then the four primary
constraints read

Cð1Þαh ≡ παh −
n2
2μf2

παf ≈ 0; Cð1Þαf ≡ παf ≈ 0;

Cð1Þβh
≡ πβh ≈ 0; Cð1Þβf

≡ πβf ≈ 0: ð107Þ

We have the same constraints from the evolution of the
primary constraints for αf, βh, and βf as in (97), (98), and
(99), respectively. Because of condition (104), only one of
the Lagrange multipliers, λαh or λαf, is determined by the
evolution of Cð2Þαh or Cð2Þαf . Suppose that λαf has been
determined by the evolution of Cð2Þαf though λαh has not.
The evolution of the primary constraint for αh demands

Cð2Þαh ≡ fCð1Þαh ;H
S
Tg ¼ −8μh1Eh −

8k2n2κf1
μf2

Rf

þ 8ð2k2κh1 þ 3μh1ÞRh ≈ 0; ð108Þ

Cð3Þαh ≡ fCð2Þαh ;H
S
Tg ¼ −8kμh1βh −

k2n2
2μf2

πEf
þ k2πEh

−
μh1
2κh1

πRh
≈ 0: ð109Þ

Since Cð3Þαh does not commute with Cð1Þβh
, it is convenient to

introduce a linear combination of Cð3Þαh and Cð2Þβh
as

C̃ð3Þαh ¼ Cð3Þαh þ 2kCð2Þβh
: ð110Þ

The evolution of C̃ð3Þαh yields the constraint C̃ð4Þαh ¼ fC̃ð3Þαh ;H
S
Tg

≈0. Since fC̃ð4Þαh ; C
ð1Þ
αh g ¼ −12μ2h1=κh1 ≠ 0, the evolution of

C̃ð4Þαf determines the Lagrange multiplier λαh and no more

constraint is generated. It can easily be checked that C̃ð3Þαh and

C̃ð4Þαh cannot be trivially zero. Since in this case

first class∶ Cð1Þβf
; C̃ð2Þβf

; C̃ð3Þβf
; ð111Þ

second class∶ Cð1Þαh ; Cð2Þαh ; C̃ð3Þαh ; C̃ð4Þαf ; Cð1Þαf ;

Cð2Þαf ; Cð1Þβh
; Cð2Þβh

; ð112Þ
therefore we have

Scalar DOF ¼ 1

2

h
8 × 2 − 8ð3 primary & 3 secondary & 1 tertiary & 1 quaternaryÞ

− 3ð1 primary & 1 secondary & 1 tertiaryÞ × 2ðfirst-classÞ
i
¼ 1: ð113Þ

To summarize, we find another novel class of theory with a
single DOF in the scalar sector.
Class II:

κh2 ¼ −κh3 ¼ 2κh4 ¼ −2κh1 ≠ 0;

κf2 ¼ −κf3 ¼ 2κf4 ¼ −2κf1 ≠ 0;

l1 ¼ l2 ¼ l3 ¼ l4 ¼ l5 ¼ 0; μf1 ¼ 0;

n1 ¼ 0; μh1 þ μh2 −
n22
4μf2

¼ 0: ð114Þ

The Lagrangian for Class II is given by

L ¼ −ðκh1hμνÊμναβhαβ þ κf1fμνÊ
μναβfαβÞ

− μh1ðhμνhμν − h2Þ − 1

4μf2
ðn2hþ 2μf2fÞ2: ð115Þ

One can check that this theory is invariant under the gauge
transformation

hμν → h̃μν ¼ hμν; ð116Þ

fμν → f̃μν ¼ fμν þ ∂μξν þ ∂νξμ with ∂μξμ ¼ 0: ð117Þ

Again, because of the transverse condition in the gauge
transformation, this theory is different from the linearized
Hassan-Rosen bigravity.

2. Class III

In this case, we have the same primary constraints as well
as the same Hamiltonian as before with the only exception
that μf2 ¼ n2 ¼ 0 and hence the subsequent constraints are
the same. To summarize, we have
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ð95Þ∶ HS
T ¼ HS þ λαhC

ð1Þ
αh þ λαfC

ð1Þ
αf þ λβhC

ð1Þ
βh

þ λβfC
ð1Þ
βf
;

ð118Þ

and

ð94Þ∶ Cð1Þαh ≡ παh ≈ 0; Cð1Þαf ≡ παf ≈ 0;

Cð1Þβh
≡ πβh ≈ 0; Cð1Þβf

≡ πβf ≈ 0; ð119Þ

ð96–99Þ∶ Cð2Þαh ≈ 0; Cð2Þαf ≈ 0;

Cð2Þβh
≈ 0; Cð2Þβf

≈ 0: ð120Þ

The Lagrange multipliers λαh and λβh are determined from

the time evolution of Cð2Þαh and Cð2Þβh
. This is because

fCð2Þαh ; C
ð1Þ
αh g ¼ −8ðμh1 þ μh2Þ and fCð2Þβh

; Cð1Þβh
g ¼ 4μh1 ≠ 0

with the fact that other Poisson brackets with the primary

constraints vanish. In addition, the evolution of Cð2Þαf and Cð2Þβf

does not yield a new constraint since

_Cð2Þαf ¼ fCð2Þαf ;H
S
Tg ¼ −kCð2Þβf

≈ 0; ð121Þ

and _Cð2Þβf
¼ fCð2Þβf

;HS
Tg ≈ 0. Therefore, we find 2 DOFs in

the scalar sector,

Scalar DOF ¼ 1

2

h
8 × 2 − 4ð2 primary & 2 secondaryÞ

− 4ð2 primary & 2 secondaryÞ
× 2ðfirst-classÞ

i
¼ 2; ð122Þ

since

first class∶ Cð1Þαf ; Cð2Þαf ; Cð1Þβf
; Cð2Þβf

; ð123Þ

second class∶ Cð1Þαh ; Cð2Þαh ; Cð1Þβh
; Cð2Þβh

: ð124Þ

Now the only possible option to have a single DOF is to
impose

μh1 þ μh2 ¼ 0; ð125Þ

so that we obtain the tertiary constraint from αh. In this case
the tertiary constraint reads

Cð3Þαh ¼ fCð2Þαh ;H
S
Tg ¼ −8kμh1βh þ k2πEh −

μh1πRh

2κh1
≈ 0:

ð126Þ

Since Cð3Þαh does not commute with Cð1Þβh
, let us define

C̃ð3Þαh ¼ Cð3Þαh þ 2kCð2Þβh
: ð127Þ

The evolution of this constraint gives the quaternary
constraint:

C̃ð4Þαh ¼ fC̃ð3Þαh ;H
S
Tg

¼ 4μh1
κh1

½−3μh1αh þ 2μh1Eh þ 2ðk2κh1 − 3μh1ÞRh�

≈ 0: ð128Þ

The time evolution of C̃ð4Þαh determines the Lagrange
multiplier λαh. On the other hand, the evolution of the
secondary constraints for αf, βh, and βf do not yield a new

constraint. The evolution of Cð2Þαf and Cð2Þβf
are trivial since

_Cð2Þαf ¼ fCð2Þαf ;H
S
Tg ¼ −kCð2Þβf

and _Cð2Þβf
¼ fCð2Þβf

;HS
Tg ¼ 0.

The time evolution of Cð2Þβh
can be used to determine the

Lagrange multiplier, λβh . Since

first class∶ Cð1Þαf ; Cð2Þαf ; Cð1Þβf
; Cð2Þβf

; ð129Þ

second class∶ Cð1Þαh ; Cð2Þαh ; C̃ð3Þαh ; C̃ð4Þαh ; Cð1Þβh
; Cð2Þβh

;

ð130Þ

we find

Scalar DOF ¼ 1

2
½8 × 2 − 6ð2 primary & 2 secondary & 1 tertiary & 1 quaternaryÞ

− 4ð2 primary & 2 secondaryÞ × 2ðfirst-classÞ� ¼ 1: ð131Þ

In this case
Class III:

κh2 ¼ −κh3 ¼ 2κh4 ¼ −2κh1 ≠ 0; κf2 ¼ −κf3 ¼ 2κf4 ¼ −2κf1 ≠ 0;

l1 ¼ l2 ¼ l3 ¼ l4 ¼ l5 ¼ n1 ¼ n2 ¼ μf1 ¼ μf2 ¼ 0; μh2 ¼ −μh1: ð132Þ
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The Lagrangian for Class III is given by

L ¼ −ðκh1hμνÊμναβhαβ þ κf1fμνÊ
μναβfαβÞ

− μh1ðhμνhμν − h2Þ: ð133Þ

It is clear that this case corresponds to the linearized
Hassan-Rosen bigravity, (10).

VI. SUMMARY

In this paper, we investigated a Lorentz invariant action for
two rank-2 symmetric tensor fields hμν and fμν. Based on the
Hamiltonian analysis, we classified theories with 7 physical
degrees of freedomwhose action consists of the most generic
quadratic termscontaininguptotwoderivativeswithrespect to
spacetime for each term. To simplify the problem, we have
utilized a field redefinition to reduce the model parameter
space. We then found three distinct classes of theories, which
arenot connected by a linear field redefinition. In any case, the
Hamiltonian structure in the tensor and vector sectors are the
same; that is, one of the fields behaves as massless, and the
otherhas anonvanishingmass indispersion relations.The first
theory, Class I, contains three primary constraints in the scalar
sector and is invariant under the transverse diffeomorphism.
Furthermore, the kinetic terms for both fields do not take the
formof theEinstein-Hilbert termevenbythefield redefinition,
and themass termnolongerhas theFierz-Pauli tuning.Class II
is also invariant under the transverse diffeomorphism but
contains four primary constraints differently fromClass I.The
kinetic terms for both fields are described by the Einstein-
Hilbert terms, and a new tuning parameter enters in the mass
matrix thanks to the transverse condition in the gauge trans-
formation, which was absent in the linearized Hassan-Rosen
bigravity. Class III is nothing but the linearizedHassan-Rosen
bigravity, which is invariant under the standard diffeomor-
phism. Since we have reduced the model parameter space by
the linear field redefinition before the Hamiltonian analysis, a
broader class of theories can be obtained by the field
redefinition, which could be different theories depending on
themattercoupling,althoughtheirHamiltonianpropertiesand
physical degrees of freedom do not change. It should again be
stressed that neither Class II nor Class III can be mapped into
Class I through any field redefinition since the number of the
primary constraints does not changeunder the transformation.
The transverse diffeomorphism that appeared in

Classes I and II can be nonlinearized by introducing
the unimodular condition det g ¼ 1, where g is one of the
metrics in bimetric gravity. Therefore, the first two
classes of theories, Class I and Class II, might open a
new window of finding extended theories of massive
bimetric gravity. In fact, if we linearize the Hassan-Rosen
bigravity with the unimodular condition, one is able to
obtain a part of Class II, where all the mixing terms are
switched off. Although such a case is trivial because the
unimodular condition brings just a cosmological constant

in the Einstein equation as the (massless) unimodular
gravity, it would be interesting to investigate whether
nonlinear completions of Class II itself can be possible or
not. Moreover, the nonlinearization of Class I would also
be interesting.
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APPENDIX A: LINEAR FIELD REDEFINITION

In this appendix, we consider the transformation of the
action for the fields hμν and fμν under a redefinition of them.
The most generic transformation linear in the fields3 is

hμν ¼ Ωhh̄μν þ ωhf̄μν þ ðΓhh̄þ γhf̄Þημν; ðA1Þ

fμν ¼ Ωff̄μν þ ωfh̄μν þ ðΓff̄ þ γfh̄Þημν; ðA2Þ

where Ωh;f and Γh;f are constants and h̄ and f̄ are the traces
of h̄μν and f̄μν contracted by ημν. Since Ωh and Ωf only
change the normalization for each Lagrangian, we hereafter
set Ωh ¼ Ωf ¼ 1. Applying the transformation to the
generic action, one obtains

S ¼
Z

d4xð−K̄αβjμνρσ
h hμν;αhρσ;β − K̄αβjμνρσ

f fμν;αfρσ;β

− Ḡαβμνρσhμν;αfρσ;β − M̄μνρσ
h hμνhρσ

− M̄μνρσ
f fμνfρσ − N̄ μνρσhμνfρσÞ; ðA3Þ

where the coefficients of the transformed Lagrangian read

κ̄h1 ¼ κh1 þ ωfðl1 þ ωfκf1Þ; ðA4Þ

κ̄h2 ¼ κh2 þ ωfðl2 þ ωfκf2Þ; ðA5Þ

κ̄h3 ¼ 2Γhκh2 þ ð1þ 4ΓhÞκh3
þ ωf½2γfκf2 þ ðωf þ 4γfÞκf3�
þ ðγf þ ΓhωfÞl2 þ ðωf þ 4γfÞl3
þ ωfð1þ 4ΓhÞl5; ðA6Þ

3One can also consider other invertible transformations
involving derivatives such as hμν → hμν þ ∂μ∂νf and fμν → fμνþ∂μ∂νh. However, these transformations introduces higher deriv-
atives, and the resultant action will be no longer the form of the
action (5) even after imposing the conditions (80), (91), (114), and
(132).
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κ̄h4 ¼ 2Γhð1þ 2ΓhÞκh1 þ Γ2
hκh2 þ Γhð1þ 4ΓhÞκh3 þ ð1þ 4ΓhÞ2κh4

þ 2γfðωf þ 2γfÞκf1 þ γ2fκf2 þ γfðωf þ 4ΓfÞκf3 þ ðωf þ 4γfÞ2κf4
þ ½γfð1þ 4ΓhÞ þ ωfΓh�l1 þ γfΓhl2 þ Γhðωf þ 4γfÞl3 þ ð1þ 4ΓhÞðωf þ 4γfÞl4 þ γfð1þ 4ΓhÞl5; ðA7Þ

μ̄h1 ¼ μh1 þ ω2
fμf1 þ ωfn1; ðA8Þ

μ̄h2¼2Γhð1þ2ΓhÞμh1þð1þ4ΓhÞ2μh2
þ½2γfðωfþ2γfÞμf1þðωfþ4γfÞ2μf2�
þ½Γhωfþð1þ4ΓfÞγf�n1þð1þ4ΓhÞðωfþ4γfÞn2;

ðA9Þ

and κ̄f1;f2;f3;f4 and μ̄f1;f2 can be obtained by replacing the
labels h and f. And also we find

l̄1 ¼ ð1þ ωhωfÞl1 þ 2ωhκh1 þ 2ωfκf1; ðA10Þ

l̄2 ¼ ð1þ ωhωfÞl2 þ 2ωhκh2 þ 2ωfκf2; ðA11Þ

l̄3 ¼ ðΓf þ ωfγhÞl2 þ ð1þ 4ΓfÞl3 þ ωfðωh þ 4γhÞl5
þ 2γhκh2 þ ðωh þ 4γhÞκh3 þ 2ωfΓfκf2

þ ωfð1þ 4ΓfÞκf3; ðA12Þ

l̄4 ¼ ðΓh þ Γf þ 4ΓhΓf þ ωhγf þ ωfγh þ 4γhγfÞl1 þ ðΓhΓf þ γhγfÞl2 þ ½Γhð1þ 4ΓfÞ þ γhðωf þ 4γfÞ�l3
þ ½ð1þ 4ΓhÞð1þ 4ΓfÞ þ ðωh þ 4γhÞðωf þ 4γfÞ�l4 þ ½Γfð1þ 4ΓhÞ þ γfðωh þ 4γhÞ�l5
þ 2½γhð1þ 4ΓhÞ þ ωhΓh�κh1 þ 2γhΓhκh2 þ ½γhð1þ 8ΓhÞ þ ωhΓh�κh3 þ 2ð1þ 4ΓhÞðωh þ 4γhÞκh4
þ 2½γfð1þ 4ΓfÞ þ ωfΓf�κf1 þ 2γfΓfκf2 þ ½γfð1þ 8ΓfÞ þ ωfΓf�κf3 þ 2ð1þ 4ΓfÞðωf þ 4γfÞκf4; ðA13Þ

l̄5 ¼ ðΓh þ ωhγfÞl2 þ ωhðωf þ 4γfÞl3 þ ð1þ 4ΓhÞl5 þ 2γfκf2 þ ðωf þ 4γfÞκf3 þ 2ωhΓhκh2 þ ωhð1þ 4ΓhÞκh3; ðA14Þ
n̄1 ¼ ð1þ ωhωfÞn1 þ 2ωhμh1 þ 2ωfμf1; ðA15Þ

n̄2 ¼ ðΓh þ Γf þ 4ΓhΓf þ ωhγf þ ωfγh þ 4γhγfÞn1 þ ½ð1þ 4ΓhÞð1þ 4ΓfÞ
þ ½ðωh þ 4γhÞðωf þ 4γfÞ�n2 þ 2½γhð1þ 4ΓhÞ þ ωhΓh�μh1 þ 2ð1þ 4ΓhÞðωh þ 4γhÞμh2
þ 2½γfð1þ 4ΓfÞ þ ωfΓf�μf1 þ 2ð1þ 4ΓfÞðωf þ 4γfÞμf2: ðA16Þ

The inverse transformation of the fields is given by

f̄μν ¼
1

4

	
4hμν − 4ωhfμν − ðh − ωhfÞημν

1 − ωhωf
þ ð1þ 4ΓfÞh − ðωh þ 4γhÞf
ð1þ 4ΓhÞð1þ 4ΓfÞ − ðωf þ 4γfÞðωh þ 4γhÞ

ημν



; ðA17Þ

f̄μν ¼
1

4

	
4fμν − 4ωfhμν − ðf − ωfhÞημν

1 − ωhωf
þ ð1þ 4ΓhÞf − ðωf þ 4γfÞh
ð1þ 4ΓhÞð1þ 4ΓfÞ − ðωf þ 4γfÞðωh þ 4γhÞ

ημν



; ðA18Þ

and that for the trace of the fields

h̄ ¼ ð1þ 4ΓfÞh − ðωh þ 4γhÞf
1þ 4Γh þ 4Γfð1þ 4ΓhÞ − ðωf þ 4γfÞðωh þ 4γhÞ

; ðA19Þ

f̄ ¼ ð1þ 4ΓhÞf − ðωf þ 4γfÞh
1þ 4Γh þ 4Γfð1þ 4ΓhÞ − ðωf þ 4γfÞðωh þ 4γhÞ

; ðA20Þ

where the inverse transformation exists only when
1 − ωhωf ≠ 0; ðA21Þ

1þ 4Γh þ 4Γfð1þ 4ΓhÞ − ðωf þ 4γfÞðωh þ 4γhÞ ≠ 0: ðA22Þ
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1. Transformation under vector conditions

In this appendix, we show that one can impose (47) by
using the field redefinition, without loss of generality. Here,
we consider a specific field redefinition under the vector
condition (44) to simplify the analysis. Let us first consider
the following transformation:

hμν ¼ h̄μν −
l1

2κh1
f̄μν; fμν ¼ f̄μν; ðA23Þ

and then one can find l̄1 ¼ 0 in the transformed theories.
Moreover, in the case of κh3 ≠ κh1 and κf3 ≠ κf1, if one
considers the field transformation defined as

hμν ¼ h̄μν −
2κh1 − κh3
2ðκh1 − κh3Þ

h̄ημν;

fμν ¼ f̄μν −
2κf1 − κf3
2ðκf1 − κf3Þ

f̄ημν; ðA24Þ

one can transform to the theories with κ̄h3 ¼ 2κ̄h1 and κ̄f3 ¼
2κ̄f1 with the use of the first two conditions of (44). Next,
when one considers the following transformation:

hμν ¼ h̄μν þ
�
−

l3
κh1

γfh̄þ γhf̄

�
ημν; ðA25Þ

fμν ¼ f̄μν þ
�
−

l5
κf1

γhf̄ þ γfh̄

�
ημν; ðA26Þ

one can check that the transformed parameters still satisfy
the conditions: κ̄h3 ¼ 2κ̄h1 and κ̄f3 ¼ 2κ̄f1. Under these
conditions, using the transformation Eqs. (A25) and (A26)

in which only γf is considered, one finds

l̄3 þ l̄4 þ l̄5 ¼ l3 þ l4 þ l5

þ
�
8ðκf1 þ κf4Þ −

l3ðl3 þ 4l4 þ 4l5Þ
κh1

�
γf:

ðA27Þ

Hence, performing the transformation Eqs. (A25) and
(A26) with

γf ¼ −
κh1ðl3 þ l4 þ l5Þ

l3ðl3 þ 4l4 þ 4l5Þ − 8κh1ðκf1 þ κf4Þ
; γh ¼ 0;

ðA28Þ

one can transform to the theories with κ̄h3 ¼ 2κ̄h1;
κ̄f3 ¼ 2κ̄f1, and l̄3 þ l̄4 þ l̄5 ¼ 0.

2. Three primary case in the scalar sector

In this appendix, we show that the conditions (58) can be
imposed by the field redefinition, without loss of generality.
Let us first consider the first case of (54) for the original
theory described by hμν. In order to simply the Lagrangian,
we impose

l̄1 ¼ l̄4 ¼ 0; l̄3 þ l̄5 ¼ 0; κ̄h3 ¼ 2κ̄h1;

κ̄f3 ¼ 2κ̄f1; n̄1 ¼ 0: ðA29Þ

These conditions determine the coefficients of the field
redefinition as follows:

ωh ¼ −
n1
2μh1

; ωf ¼
n1κh1
2μh1κf1

;

Γh ¼ −
−2l3μh1ðl3l5n1 − 2ðl3 þ l5Þμh1κf1Þ þ l3n1ðl3n1 þ 2μh1κf1Þκh1 þ n21κf1κ

2
h1

8μh1ð−l3n1 þ 2μh1κf1Þðl3l5 − κf1κh1Þ
; Γf ¼

n1ð2l3μh1 þ n1κh1Þ
8μh1ð2μh1κf1 − l3n1Þ

;

γh ¼
n1
8μh1

; γf ¼ −
κh1
κf1

l23l5n
2
1 þ 2l3μh1κf1ð2μh1κf1 − l5n1Þ þ κf1ð4l5μ2h1κf1 þ n1ðl5n1 þ 2μh1κf1Þκh1Þ

8μh1ðl3n1 − 2μh1κf1Þðl3l5 − κf1κh1Þ
: ðA30Þ

Then the transformed Lagrangian satisfies

κh2 ¼ −κh3 ¼ −2κh1 ≠ 0; κf2 ¼ −κf3 ¼ −2κf1 ≠ 0;

κf4 ¼ −κf1 −
3l23
8κh1

; l1 ¼ l2 ¼ l4 ¼ μf1 ¼ n1 ¼ 0;

l5 ¼ −l3: ðA31Þ

Here the bars are omitted. Thus the kinetic term for fμν is
the Einstein-Hilbert term, and all kinetic interactions
between h and f are absent in this frame. Since these
conditions are the same as (58), we conclude that the
theories having the first option of (54) are transformed to
the theories with (58).
Next let us consider the second case of (54). Imposing

the same conditions (A29), we find the transformation,
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ωh ¼ −
n1
2μh1

; ωf ¼ n1κh1
2μh1κf1

;

Γh ¼ −
4l3l25μ

2
h1 þ 2l3μh1ð−l5n1 þ 2μh1κf1Þκh1 þ n1ððl3 þ l5Þn1 þ 2μh1κf1Þκ2h1

8μh1ð2l5μh1 − n1κh1Þðl3l5 − κf1κh1Þ
; Γf ¼ −

1

4
;

γh ¼
l5n1 þ 2μh1κf1
8l5μh1 − 4n1κh1

; γf ¼ −
κh1
κf1

2l25μh1ðl3n1 − 2μh1κf1Þ − ðl5ðl3 þ l5Þn21 þ 2l5μh1n1κf1 þ 4μ2h1κ
2
f1Þκh1

8μh1ð2l5μh1 − n1κh1Þðl3l5 − κf1κh1Þ
; ðA32Þ

where the transformed Lagrangian satisfies (A31)
equivalent to (58). Therefore, both the first and second
options of the three primary case (54) can be mapped
into (58).

3. Four primary case in the scalar sector

In this appendix, we show that conditions (93) can be
imposed using the field redefinition without loss of general-
ity. Let us now consider the four primary case (56) for the
original theory described by hμν. In order to simplify the
Lagrangian, we here impose

l̄1 ¼ 0; κ̄h3 ¼ 2κ̄h1; κ̄f3 ¼ 2κ̄f1;

κ̄h4 ¼ −κ̄h1; κ̄f4 ¼ −κ̄f1; μ̄f1 ¼ 0: ðA33Þ

These conditions provide the field redefinition with the
following coefficients:

ωh ¼ −
n1
2μh1

; ωf ¼ n1κh1
2μh1κf1

;

Γh ¼ −
2l3l5μh1 − l3n1κh1
8μh1ðl3l5 − κf1κh1Þ

;

Γf ¼ −
2l3l5μh1 þ l5n1κh1
8μh1ðl3l5 − κf1κh1Þ

; ðA34Þ

γh ¼
l3l5n1 þ 2l3μh1κf1
8μh1ðl3l5 − κf1κh1Þ

;

γf ¼ −
κh1ðl3l5n1 − 2l5κf1μh1Þ
8μh1κf1ðl3l5 − κf1κh1Þ

: ðA35Þ

Then the transformed Lagrangian satisfies

κh2 ¼ −κh3 ¼ 2κh4 ¼ −2κh1 ≠ 0;

κf2 ¼ −κf3 ¼ 2κf4 ¼ −2κf1 ≠ 0;

l1 ¼ l2 ¼ l3 ¼ l4 ¼ l5 ¼ 0; μf1 ¼ n1 ¼ 0; ðA36Þ

which is obviously equivalent to (93). Here we omit the bar
of the coefficients. Thus in the four primary case, we can
always map them into two Einstein-Hilbert terms with no
kinetic interactions between h and f.

APPENDIX B: LAGRANGIAN IN THE SCALAR
SECTOR

The Lagrangian for h scalar perturbations is given by

LS
hh;kin ¼ 4ðκh1 þ κh2 þ κh3 þ κh4Þ _α2h − ð2κh1 þ κh2Þ _β2h

þ 12ðκh1 þ 3κh4Þ _R2
h þ 4ðκh1 þ κh4Þ _E2

h

− 4ðκh3 þ 2κh4Þð−3 _Rh þ _EhÞ _αh
− 8ðκh1 þ 3κh4Þ _Rh

_Eh; ðB1Þ

LS
hh;cross ¼ −4½ðκh2 þ κh3Þ _αh þ ðκh2 þ 3κh3Þ _Rh

− ðκh2 þ κh3Þ _Eh�kβh; ðB2Þ

LS
hh;mass ¼ −4½k2ðκh1 þ κh4Þ þ μh1 þ μh2�α2h þ ½k2ð2κh1 þ κh2Þ þ 2μh1�β2h

− 4½k2ð3κh1 þ κh2 þ 3κh3 þ 9κh4Þ þ 3ðμh1 þ 3μh2Þ�R2
h − 4½k2ðκh1 þ κh2 þ κh3 þ κh4Þ þ μh1 þ μh2�E2

h

− 4½ðk2ðκh3 þ 6κh4Þ þ 6μh2ÞRh − ðk2ðκh3 þ 2κh4Þ þ 2μh2ÞEh�αh
þ 8½k2ðκh1 þ κh2 þ 2κh3 þ 3κh4Þ þ ðμh1 þ 3μh2Þ�RhEh: ðB3Þ

The Lagrangian for f perturbations can be obtained by replacing the above Lagrangian for h with f:

LS
hf;kin ¼ 4ðl2 þ l3 þ l4 þ l5Þ _αh _αf − l2 _βh _βf þ 36l4 _Rh

_Rf þ 4l4 _Eh
_Ef þ 12ðl3 þ l4Þ _αh _Rf þ 12ðl4 þ l5Þ _αf _Rh

− 4ðl3 þ l4Þ _αh _Ef − 4ðl4 þ l5Þ _αf _Eh − 12l4ð _Rh
_Ef þ _Rf

_EhÞ; ðB4Þ
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LS
hf;cross ¼ −2½ðl2 þ 2l5Þ _αh þ ðl2 þ 6l5Þ _Rh − ðl2 þ 2l5Þ _Eh�kβf − 2½ðl2 þ 2l3Þ _αf þ ðl2 þ 6l3Þ _Rf − ðl2 þ 2l3Þ _Ef�kβh;

ðB5Þ
LS
hf;mass ¼ −4ðk2l4 þ n1 þ n2Þαhαf þ ðk2l2 þ 2n1Þβhβf − 4½k2ðl2 þ 3l3 þ 9l4 þ 3l5Þ þ 3n1 þ 9n2�RhRf

− 4½k2ðl2 þ l3 þ l4 þ l5Þ þ n1 þ n2�EhEf − 4½k2ð3l4 þ l5Þ þ 3n2ÞαhRf − 4ðk2ðl3 þ 3l4Þ þ 3n2�αfRh

þ 4½k2ðl4 þ l5Þ þ n2�αhEf þ 4½k2ðl3 þ l4Þ þ n2�αfEh þ 4½k2ðl2 þ l3 þ 3l4 þ 3l5Þ þ n1 þ 3n2�RhEf

þ 4½k2ðl2 þ 3l3 þ 3l4 þ l5Þ þ n1 þ 3n2�RfEh: ðB6Þ

APPENDIX C: TWO PRIMARY CASE IN
VECTOR SECTOR

In this appendix, we investigate the Hamiltonian analysis
in the case of two primary constraints in the vector sector,
where

κf2 ¼ −2κf1 þ
l22

4ð2κh1 þ κh2Þ
ðC1Þ

is satisfied. In this case, we have the following two primary
constraints, which is defined by

Cð1Þ
Bf
i

≡ πBf
i
−

l2
2ð2κh1 þ κh2Þ

πBh
i
≈ 0: ðC2Þ

Then we define the total Hamiltonian

HV
T ¼ HV þ λBf

i
Cð1Þ
Bf
i

: ðC3Þ

The consistency of the primary constraints gives the
secondary constraints

Cð2Þ
Bf
i

≡ fCð2Þ
Bf
i

;HV
Tg ¼

�
4μf1 −

l2n1
2κh1 þ κh2

�
Bf
i

þ 2

�
n1 −

l2μh1
2κh1 þ κh2

�
Bh
i

− kπFf
i
þ kl2
2ð2κh1 þ κh2Þ

πFh
i
; ðC4Þ

and the time evolution of the secondary constraints gives

Cð3Þ
Bf
i

≡fCð2Þ
Bf
i

;HV
Tg¼fCð2Þ

Bf
i

;HVgþλBf
i
fCð2Þ

Bf
i

;Cð1Þ
Bf
i

g≈0; ðC5Þ

where

fCð2Þ
Bf
i

; Cð1Þ
Bf
i

g ¼ 4μf1 þ
l2ðl2μh1 − 2n1ð2κh1 þ κh2ÞÞ

ð2κh1 þ κh2Þ2
: ðC6Þ

Therefore, when fCð2Þ
Bf
i

; Cð1Þ
Bf
i

g ≠ 0, the Lagrange multipliers

λBf
i
are determined by the above equation, and the primary

and secondary constraints are second class. Therefore, the
number of the physical DOFs in the vector sector
is ð8 × 2 − 4Þ=2 ¼ 6.
In order to further reduce the variable in the phase space,

we need to impose an extra condition. The only option here
is fCð2Þ

Bf
i

; Cð1Þ
Bf
i

g ¼ 0, i.e.,

μf1 ¼ −
l2ðl2μh1 − 2n1ð2κh1 þ κh2ÞÞ

4ð2κh1 þ κh2Þ2
: ðC7Þ

Then, Cð3Þ
Bf
i

serves as the tertiary constraints,

Cð3Þ
Bf
i

¼
½n1ð2κh1 þ κh2Þ − l2μh1�½kl2Ff

i þ 2kð2κh1 þ κh2ÞFh
i − πBh

i
�

ð2κh1 þ κh2Þ2
≈ 0; ðC8Þ

and, since fCð3Þ
Bf
i

; Cð1Þ
Bf
i

g ¼ 0, subsequently we have quaternary constraints,

Cð4Þ
Bf
i

≡ fCð3Þ
Bf
i

;HV
Tg ¼ −

½n1ð2κh1 þ κh2Þ − l2μh1�½ðk2l2 þ 2n1ÞBf
i þ 2ðk2ð2κh1 þ κh2Þ þ 2μh1ÞBh

i − kπFh
i
�

ð2κh1 þ κh2Þ2
≈ 0: ðC9Þ
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Now the time evolution of the quaternary constraints gives

_Cð4Þ
Bf
i

¼ fCð4Þ
Bf
i

;HV
Tg ¼ fCð4Þ

Bf
i

;HVg þ λBf;i
fCð4ÞBf;i

; Cð1Þ
Bf
i

g ≈ 0;

ðC10Þ

where

fCð4Þ
Bf
i

; Cð1Þ
Bf
i

g ¼ −
2ðn1ð2κh1 þ κh2Þ − l2μh1Þ2

ð2κh1 þ κh2Þ3
: ðC11Þ

Therefore, as long as fCð4Þ
Bf
i

; Cð1Þ
Bf
i

g is nonvanishing, the

Lagrange multiplier is determined by the above equations,
and the number of the physical DOFs is ð8 × 2 − 8Þ=2 ¼ 4.
When n1ð2κh1 þ κh2Þ − l2μh1 ¼ 0, the above tertiary

constraint trivially vanishes and its time evolution does
not generate the independent constraint. In this case, we
only have the primary and secondary constraints, but now
they are first class since all the primary and secondary
constraints commute each other. Thus, the number of the
physical DOFs is ð8 × 2 − 4 × 2Þ=2 ¼ 4. Therefore, the
case with two primary constraints in the vector sector
cannot have 2 physical DOFs.

APPENDIX D: TWO PRIMARY CASE: detKS ≠ 0
IN SCALAR SECTOR

Let us consider the case with two primary constraints,
namely the degenerate condition for the scalar components

is not imposed, and the parameters only satisfy the vector
conditions (44). We define the following two primary
constraints for convenience:

Cð1Þβh
≡ πβh ≈ 0; Cð2Þβf

≡ πβf −
n1
2μh1

πβh ≈ 0: ðD1Þ

The total Hamiltonian is defined as

HS
T ¼ Hþ λβhC

ð1Þ
βh

þ λβfC
ð1Þ
βf
: ðD2Þ

The evolution of the two primary constraints yields two
secondary constraints:

Cð2Þβh
¼ fCð1Þβh

;HS
Tg

¼ −kðπαh þ πEhÞ þ 4μh1βh þ 2n1βf ≈ 0; ðD3Þ

Cð2Þβf
¼ fC̃ð1Þβf

;HS
Tg

¼ −kðπαf þ πEfÞ þ
kn1
2μh1

ðπαh þ πEhÞ ≈ 0: ðD4Þ

Since fCð2Þβh
; Cð1Þβh

g ¼ 4μh1 ≠ 0, the Lagrange multiplier

λβh is determined by imposing _Cð2Þβh
≈ 0, namely λβh≈

−fCð2Þβh
;Hg=fCð2Þβh

; Cð1Þβh
g. The evolution of the remaining

secondary constraint yields the tertiary constraint:

Cð3Þβf
≡ fCð2Þβf

;HS
Tg ¼ 2k3

�
−2l5αh þ

l3n1
μh1

αf − 2

�
3l5 −

2n1κh1
μh1

�
Rh −

�
8κf1 −

3l3n1
μh1

�
Rf þ 2l5Eh −

l3n1
μh1

Ef

�
≈ 0: ðD5Þ

Here, the tertiary constraint cannot be trivially zero since

κf1 ≠ 0. One can also check that _Cð3Þβf
¼ k2Cð2Þβf

≈ 0, imply-

ing no more constraint is generated. The constraints Cð1;2;3Þβf

commute with all other constraints, and therefore, we have

three first-class constraints Cð1;2;3Þβf
and two second-class

constraints Cð1;2Þβh
. Hence, the number of the physical DOFs is

ð8 × 2 − 2 − 3 × 2Þ=2 ¼ 4. Since there is no further option

to eliminate DOFs, one cannot obtain 1 DOF theory in this
case.

APPENDIX E: EXPLICIT EXPRESSION OF
CONSTRAINTS

In this appendix, we give an explicit expression of the
constraints in the case of Class I. Equation (69) is given by

Cð3Þαf ≡ fCð2Þαf ;H
S
Tg ¼ −

8kl3μh1
κh1

βh þ cαh3 παh þ cRh
3 πRh

þ c
Rf

3 πRf
þ k2l3

κh1
πEh þ k2πEf ≈ 0; ðE1Þ

where

cαh3 ¼ 1

4κh1

�
l3

�
k2 þ 6μh1

κh1

�
− ð16κh1κf1 þ 9l23Þy

�
; ðE2Þ

cRh
3 ¼ l3

4κh1

�
k2 −

2μh1
κh1

þ 3l3y

�
; ðE3Þ

c
Rf

3 ¼ −l3y; ðE4Þ
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and

y ¼ 2n2κh1 þ 3l3μh1
2κh1ð8κf1ðκh1 þ κh4Þ þ 3l23Þ

: ðE5Þ

After rescaling, Eq. (70) is given by

C̃ð3Þαf ≡ fCð2Þαf ;H
S
Tg

¼ c̃αh3 παh þ c̃Rh
3 πRh

þ c
Rf

3 πRf
−
k2l3
κh1

πEh ≈ 0; ðE6Þ

where

c̃αh3 ¼ cαh3 −
5k2l3
4κh1

¼ 1

4κh1

�
l3

�
−4k2 þ 6μh1

κh1

�
− ð16κh1κf1 þ 9l23Þy

�
;

ðE7Þ

c̃Rh
3 ¼ cRh

3 −
k2l3
4κh1

¼ l3
4κh1

�
−
2μh1
κh1

þ 3l3y

�
: ðE8Þ

The time evolution of C̃ð3Þαf yields the constraint

_̃C ð3Þ
αf ≡ C̃ð4Þαf ¼ c̃αh4 αh þ c̃

αf
4 αf þ c̃Eh

4 Eh þ c̃
Ef
4 Ef þ c̃Rh

4 Rh

þ c̃
Rf

4 Rf ≈ 0; ðE9Þ

where

c̃αh4 ¼ 8ð4κf1ðκh1 þ κh4Þ þ l23Þk2y

þ 2

�
3l3
κh1

ð2κh1n2 þ 3l3μh1Þ þ 16κf1ðμh1 þ μh2Þ
�
y

−
12l3μ2h1
κ2h1

; ðE10Þ

c̃
αf
4 ¼ 1

κ2h1
½−2l3ð4κh1κf1 þ 3l23Þð2κh1k2 þ 3μh1Þy

þ 8κf1ð2κh1n2 þ 3l3μh1Þy − 2k2l23ð2k2κh1 − μh1Þ�;
ðE11Þ

c̃Eh4 ¼ −8ð4κf1ðκh1 þ κh4Þ þ l23Þk2y

þ 2

�
3l3
κh1

ð−2κn1n2 þ l3μh1Þ − 16κf1μh2

�
y

þ 4l3ð2k2κh1 − μh1Þμh1
κ2h1

; ðE12Þ

c̃
Ef
4 ¼ 4l3ð4κh1κf1 þ 3l23Þ

κh1
k2yþ 2

�
−8κf1n2 þ

9l33μh1
κ2h1

�
y

þ 2k2l23ð2k2κh1 − μh1Þ
κ2h1

; ðE13Þ

c̃Rh
4 ¼ 8ð4κf1ðκh1 þ 3κh4Þ − 4l23Þk2y

þ 2

�
9l3
κh1

ð2κh1n2 − l3μh1Þ þ 48κf1μh2

�
y

−
4l3ð4k4κ2h1 − 2k2κh1μh1 − 3μ2h1Þ

κ2h1
; ðE14Þ

c̃
Rf

4 ¼ −
4l3ð8κh1κf1 þ 9l23Þ

κh1
k2y

þ 6

�
8κf2n2 −

9l23μh1
κ2h1

�
y −

6k2l23ð2k2κh1 − μh1Þ
κ2h1

:

ðE15Þ

Using other constraints, we then rewrite C̃ð4Þαf as

C̃ð4Þαf ¼ 2n2κh1 þ 3l3μh1
κh1ð8κf1ðκh1 þ κh4Þ þ 3l23Þ

�
l3
2
Cð2Þαf −

6l33μ
2
h1 þ κ2f1κf1ðk2ð2κh1n2 þ 3l3μh1Þ − 4n2μh1Þ

3kl23μ
2
h1

Cð3Þβf

− 16κf1

�
μh2 þ

κ2h1n
2
2

3l23μh1
þ 1

4
μh1

�
ðEh − αh − 3RhÞ

�

þ 1

κ2h1ð2k2κh1 þ 3μh1Þ
�
1 −

κh1κf1ð2n2κh1 þ 3l3μh1Þ2
3l23μ

2
h1ð8κf1ðκh1 þ κh4Þ þ 3l23Þ

��
kκ2h1ð2k2κh1 − μh1ÞCð3Þβf

þ 4μh1ð4k2κ2h1n2 þ 3l3μ2h1ÞðEh − αh − 3RhÞ − 48l3μ2h1ð2k2κh1Rh − μh1αhÞ
�
: ðE16Þ

When we further impose the two additional conditions (73) and (86), the right-hand side of the above equation reduces to

the linear combination of the constraints, namely the time evolution of C̃ð3Þαf becomes trivial.
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