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We continue our investigation of the optical properties of the solar gravitational lens (SGL). We treat the
Sun as an extended axisymmetric body and model its gravitational field using zonal harmonics. We
consider a point source that is positioned at a large but finite distance from the Sun and, using our new
angular eikonal method, we established the electromagnetic field on the image plane in the focal region
behind the SGL and derive the SGL impulse response in the form of its point-spread function (PSF). The
expression that we derive describes the extended Sun in all regions of interest, including the regions of
strong and weak interference and the region of geometric optics. The result is in the form of a single integral
with respect to the azimuthal angle of the impact parameter, covering all lensing regimes of the SGL. The
same expression can be used to describe gravitational lensing by a compact axisymmetric mass distribution,
characterized by small deviations from spherical symmetry. It is valid in all lensing regimes. We also derive
results that describe the intensity of light observed by an imaging telescope in the focal region. We present
results of numerical simulations showing the view by a telescope that moves in the image plane toward the
optical axis. We consider imaging of both point and extended sources. We show that while point sources
yield a number of distinct images consistent with the caustics due to zonal harmonics of a particular order
(e.g., Einstein cross), extended sources always result in the formation of an Einstein ring. These results
represent the most comprehensive wave-theoretical treatment of gravitational lensing in the weak
gravitational field of a compact axisymmetric gravitating object.
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I. INTRODUCTION

Gravitational lensing is recognized as a unique tool to
conductmany important investigations inmodern astrophys-
ics [1–3]. Since the beginning of the 21st century, it has been
used to study the distribution of matter in stelar structures, to
probe the dark matter distribution in the universe, even to
search for exoplanets orbiting distant stars [4–7].
Due to the nonlinear nature of the equations involved,

most relevant efforts were constrained to monopole lenses,
where the gravitational field is taken to be that of a
structureless point source [8–10]. Nevertheless, there have
been attempts to model extended lenses, including quadru-
pole and general shear distortions of the lensing potential
[2,11–13] as well as to describe binaries [14]. It was
recognized that such deviations from spherical symmetry
lead to the formation of caustics, which complicates image
formation [15–18]. Most of these investigations were
conducted using the geometric optics approximation,
which is known to be of limited utility when it comes to
describing light amplification, especially in the presence of
caustics [19,20], where such results have singularities. As
caustics appear naturally in the point-spread function (PSF)
characterizing the optical properties of an extended gravi-
tational lens, there is a need to address these shortcomings.

In particular, it was recognized that a wave-optical treat-
ment of gravitational lensing is needed [21,22]. Until
recently, such a description of an extended lens was not
available.
Meanwhile, the solar gravitational lens (SGL) gained

attention as a possible means to obtain resolved images of
exoplanets [23–26]. From the beginning, our efforts to
describe the SGL were conducted within the Mie theory
[27,28], aiming to describe diffraction of electromagnetic
(EM) waves by a gravitational field. Such an approach
solves a Schrödinger-like wave equation for Debye poten-
tials, yielding a wave-optical description for the lens.1 At
first, the lens was modeled as a gravitational monopole.
This established a good foundation on which increasingly
refined models could be constructed. These refinements

1In Ref. [29] we show that although similar results may be
obtained within a scalar theory by using a general Fresnel–
Kirchhoff diffraction formula or the path integral formalism of
quantum field theory, the Mie-inspired solution covers a method
to treat vector fields. Such an approach is advantageous from a
practical standpoint as it allows us to deal with directly observ-
able quantities and evaluate detection sensitivities (i.e., signal-to-
noise ratio [25,26]) while preserving the vectorial nature of the
EM field in a weak gravitational field.
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were needed to capture the fact that the Sun is not a perfect
sphere; its rotation and the resulting oblateness result in
small axisymmetric perturbations of its otherwise spheri-
cally symmetric gravitational field in the form of the
quadrupole and, to a lesser extent, higher-order zonal
harmonics.
Although our initial objective was to capture only the

dominant quadrupole perturbation captured by the J2 zonal
harmonics, we were able to do much more. We developed a
wave-optical treatment that we call the angular eikonal
method, which can be used to describe gravitational lensing
by any axisymmetric gravitational field that is dominated by
the monopole potential, but perturbed by an infinite set of
zonal harmonics [29]. The resulting wave-optical treatment
of gravitational lensing focuses on evaluating the eikonal
phase shift that an EM wave acquires as it travels from the
source to the image plane. This phase shift now may be
evaluated for any gravitational potential that can bemodeled
as a perturbed monopole gravitational field. The new
method may in fact be used to recover the multipole
moments that characterize the mass distribution of the lens,
and thus recover its basic geometry and structure. Thiswave-
optical approach is especially useful to describe imaging
with realistic axisymmetric astrophysical lenses [30].
Our prior work on gravitational lensing focused on the

strong interference region of the lens that exists in the
vicinity of its primary optical axis (see Fig. 1). As we move
further away from that axis, we enter the weak interference
region and then the region of geometric optics (see
description in [24]). Clearly, the farther we are from the
optical axis, the less is the impact of perturbations to
the monopole gravitational field. At some distance from the
optical axis, the behavior of an extended gravitational lens
becomes indistinguishable from that of a monopole lens. In
any case, a complete description of the transition process
between various regions is needed to fully understand the
behavior of the PSF of the lens. The images seen by a
telescope at different distances from the optical axis are also
of interest. A similar discussion in the context of a
monopole lens was presented in [25,31]. We can now
extend these results to the case of a generic lens that can be
described as a perturbed gravitational monopole.
In this paper, we apply our new approach beyond the

strong interference region, describing gravitational lensing

in all lensing regimes. This paper is organized as follows: In
Sec. II we summarize the wave-optical solution we call the
“angular eikonal method” [29] that allows us to determine
the EM field in all regions behind the extended axisym-
metric SGL, including the regions of strong and weak
interference as well as the region of geometric optics. In
Sec. III we address imaging with the SGL of the extended
Sun, where we describe the signal received at the focal
plane of an imaging telescope which moves in the image
plane. In Sec. IV we demonstrate the power of our
formalism by presenting results that show the view of a
point source, projected by the SGL and observed at various
distances from the optical axis by an imaging telescope. We
also present simulations of an extended source modeling
light from a distant resolved star. In Sec. V we present our
conclusions and identify next steps. In Appendix we
consider some limiting cases and demonstrate agreement
between previously obtained results and the results in the
present paper.

II. THE EM FIELD ALL REGIONS
BEHIND THE LENS

In Ref. [29], we studied diffraction of EM waves in the
presence of gravity. For this we considered a Mie problem
with the electromagnetic field propagating in the vicinity of
an extended gravitational lens in the first post-Newtonian
approximation of the general theory of relativity. We were
able to reduce the problem to a Schrödinger-like equation
describing the Debye potential and then we derived a
complete solution for the EM field on an image plane
positioned behind the lens. The resulting EM field was used
to compute the energy flux in various regions behind that
lens by calculating the Poynting vector—the quantity that
is needed to study the optical properties of the lens.2

A. Summary of the solution

Weuse a heliocentric spherical coordinate system ðr; θ;ϕÞ
and consider a source positioned at a distance r0 from a lens.
In [29] we studied propagation of a light ray with impact
parameter b with respect to the lens and determined the
components of the EM field that would be observed on an
image plane at distance r from the lens. For a high-frequency
EM wave (i.e., neglecting terms ∝ ðkrÞ−1) and for r ≫ rg
(with rg ¼ 2GM=c2 being the Schwarzschild radius of the
lens) we derived the EM field that is needed to estimate the
flux through the image plane. Following the logic of solving
the Mie problem [24,28], this field can be given to the
required order in the following form [29]:

FIG. 1. The different optical regions of the SGL (adapted
from [31]).

2To simplify the material and keep the focus of this paper on its
broader objectives, here we only summarize the solution, inviting
the reader to consult [29] for technical details if needed.
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with the term γðr; θÞ given to Oðrg=r; r2gÞ as

γðr; θ;ϕÞ ¼ E0

r0

ueikðrþr0þrg ln 4k2rr0Þ

ikr

×
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⊙
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l ðcos θÞ
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�
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where 1=r̃ ¼ 1=rþ 1=r0 (as discussed in [31]) and σl is the
Coulomb phase shift (see details in [24]). The summation is
conducted over the partial momenta l that, in a semiclassical
analogy, is related to the impact parameterb asl ¼ kb. Also,
the sum in (2) starts atl ¼ kR⋆

⊙, that corresponds to applying
a fully-absolving boundary condition, capturing the fact that
light rays with impact parameters 0 ≤ b < R⋆

⊙ ¼ R⊙ þ rg
are completely absorbed by the opaque Sun. As usual,

Pð1Þ
l ðcos θÞ are Legendre polynomials of the first kind

[32]. The radial components of the EM wave behave as
ðDr; BrÞ ∼Oðρ=z; b=r0Þ; thus they are negligibly small
compared to the other two components (1).
The quantity ξb in the phase of (2) is the eikonal phase

shift that is acquired by an EM wave as it travels in the
vicinity of an extended axisymmetric gravitational lens
(such as our Sun). To establish the form of this quantity, in
[29] we used a heliocentric coordinate system with its
z-axis aligned with the wave vector k of the incident wave,
so that k ¼ ð0; 0; 1Þ, and introduce the vector of the impact
parameter, b ¼ bnξ. Using z to denote the heliocentric
distance of the image plane, we define x to mark a position
in the image plane. Lastly, we introduce a unit vector in the
direction of the solar rotation axis, s. These quantities are
given as

b ¼ bðcosϕξ; sinϕξ; 0Þ; ð3Þ

x ¼ ρðcosϕ; sinϕ; 0Þ; ð4Þ

s ¼ ðsin βs cosϕs; sin βs sinϕs; cos βsÞ: ð5Þ

With this parametrization, the additional eikonal phase shift
ξb induced by an extended, axisymmetric and rotating
gravitational lens characterized in terms of zonal harmonics
was determined [29] to have the form

ξb ¼ −krg
X∞
n¼2

Jn
n

�
R⊙

b

�
n
sinnβs cos½nðϕξ − ϕsÞ�; ð6Þ

where Jn are the zonal harmonic coefficients of the
gravitational field of the lens, such as the SGL.
In [29], we considered solution (1)–(6) only in the strong

interference region that lies in the proximity of the primary
optical axis where θ ≃

ffiffiffiffiffiffiffiffiffiffiffi
2rg=r

p
. Our objective for this paper

is to use the solution above and derive results that will be
applicable in all the gravitational lensing regions that are
formed behind the else that also include the weak inter-
ference region and that of the geometric optics.

B. Eikonal correction for the azimuthal term

To evaluate expression (2), following [29], we use the
asymptotic representation for Plðcos θÞ and l ≫ 1 from3

[32,34–36],

Plðcos θÞ ¼
ffiffiffiffiffiffiffiffiffi
θ

sin θ

r
J0ðlθÞ þOðθ2Þ: ð7Þ

Next, we use expression

Pð1Þ
l ðcos θÞ ¼ −

∂Plðcos θÞ
∂θ

¼ lJ1ðlθÞ þ
1

6
θJ0ðlθÞ þOðθ2Þ; ð8Þ

alongside with the recurrence relations for the Bessel
functions [32]

2n
x
JnðxÞ ¼ Jn−1ðxÞ þ Jnþ1ðxÞ; ð9Þ

and derive the following two well-known [28] and useful
relations

Pð1Þ
l ðcos θÞ
sin θ

¼ 1

2
l2ðJ0ðlθÞ þ J2ðlθÞÞ;

dPð1Þ
l ðcos θÞ
dθ

¼ 1

2
l2ðJ0ðlθÞ − J2ðlθÞÞ: ð10Þ

Substituting (10) in expression (2), and following the
approach that we presented in [31], we consider the case of
the large partial momenta, l ≫ 1, which is certainly valid
here, as the integration is done from l ¼ kR⊙ ≫ 1 to
infinity. In this case, the term γðr; θ;ϕÞ is determined from
the following integral

3For an improved, explicit, uniformly valid two-term asymp-
totic form of this expression, see [33].
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γðr; θ;ϕÞ ¼ E0

r0

ueikðrþr0þrg ln 4k2rr0Þ

ikr

Z
∞

l¼kR⋆
⊙

ldleið2σlþl2
2kr̃þ2ξbÞ

×

�
J0ðlθÞ þO

�
θ2;

rg
r
; r2g

��
: ð11Þ

To evaluate this integral we used the angular eikonal
method presented in [29]. For that, we first recognize that in
the case of a point mass (i.e., when only the monopole is
present), the resulting gravitational field is spherically
symmetric [24,37]. However, once we include the field
from the gravitational multipoles, that symmetry is broken
as the eikonal phase shift acquires an azimuthal term,
namely ξb ¼ ξbðb; θ;ϕÞ. However, we found a way to
develop the treatment of the problem even in this generic
case. First, we recall that the eikonal phase shift ξb was
obtained through an iterative process involving the eikonal
approximation that originates from the field of high-energy
particle physics but is also applicable in the optics domain.
Next, we recognize that for a spherically symmetric field
(which is used as the starting point of our iterative process)
the Bessel function J0ðlθÞ can be used in its integral form4

J0ðlθÞ ¼
1

2π

Z
2π

0

dϕξe−ilθ cosðϕξ−ϕÞ: ð12Þ

This is the natural step that captures the spherical symmetry
of the field of a gravitational monopole. So, the iterative
process used to derive the eikonal phase is conducted under
this integral over all the azimuthal angles, ϕξ. However, in
the case of the multipoles the azimuthal symmetry is
broken. The presence of this integral over dϕξ allows us
to account for this azimuthal dependence within the angular
eikonal approximation; hence the name of the method.
We now substitute (12) into (11) and see that expression

(11), to the order of Oðθ2; rg=r; r2gÞ, transforms as

γðr; θ;ϕÞ ¼ E0

r0

ueikðrþr0þrg ln 4k2rr0Þ

ikr
1

2π

Z
2π

0

dϕξ

×
Z

∞

l¼kR⋆
⊙

ldleið2σlþ
l2
2kr̃þ2ξb−lθ cosðϕξ−ϕÞÞ: ð13Þ

In this form, the integral over dϕξ properly acts not only
on the monopole term represented by the term 2σl þ l2

2kr̃ −
lθ cosðϕξ − ϕÞ in the phase of the expression (13) but also

on the entire phase 2σl þ l2
2kr̃ þ 2ξb − lθ cosðϕξ − ϕÞ,

which now includes contributions from nonspherical parts
of the gravitational potential via the eikonal phase term 2ξb.
This process constitutes the angular eikonal method (valid
for weak gravitational fields) which allows us to study the

scattering of light on nonspherical potentials under the
eikonal approximation.

C. Taking the integral over b with the method
of stationary phase

To develop a solution for (13), and for convenience, we
use (6) and introduce quantity ψðbÞ, as

ξbðbÞ ¼ −krgψðbÞ;

ψðbÞ ¼
X∞
n¼2

Jn
n

�
R⊙

b

�
n
sinnβs cos½nðϕξ − ϕsÞ�: ð14Þ

Furthermore, for l ≫ krg, evaluate σl as [38]

σl ¼ −krg lnl: ð15Þ

This form agrees with the other known forms of σl [39,40]
that are approximated for large l (see discussion in
[24,41]).
We rely on the semiclassical approximation (see relevant

discussion in [24,37]) that connects the partial momenta, l,
to the impact parameter b

l ≃ kb; ð16Þ

which is applicable for small angles θ [or large distances
from the Sun ðR⊙=r < b=r ≪ 1)], (see [24] for details) and
present the phase in (13) as

φðbÞ¼2σlþ
l2

2kr̃
þ2ξb−lθcosðϕξ−ϕÞ

¼k

�
b2

2r̃
−bθcosðϕξ−ϕÞ−2rgðlnkbþψðbÞÞ

�
: ð17Þ

To establish the nature of this quantity, we recognize from
(3) that the vector of the impact parameter has the form given
by (3) as b ¼ bðcosϕξ; sinϕξ; 0Þ. With this, we define the
vector θ to a point on the image plane with coordinates
ðr; θ;ϕÞ that has the form θ ¼ θðcosϕ; sinϕ; 0Þ, developed
from (4) with θ ¼ ρ=r. With these definitions, we see that
bθ cosðϕξ − ϕÞ ¼ ðb · θÞ, and, thus (17) takes the form

φðbÞ ¼ k

�
1

2r̃
ðb − r̃θÞ2 − 2rgðln kbþ ψðbÞÞ

�
þOðθ2Þ: ð18Þ

Thus, φðbÞ represents the Fermat potential that governs the
gravitational lensing phenomena [1,2,4]. Note that the same
form of the expression (18) may be obtained within the path
integral approach (see [29]).
Using (17), we can present the γðr; θ;ϕÞ factor from

(13) as

4Note that we can use the same representation of this function
with the positive sign in the phase, but the result is identical as it
will be integrated over the entire range of the azimuthal angle ϕξ.
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γðr; θ;ϕÞ ¼ E0

r0
ueikðrþr0þrg ln 4k2rr0Þ−iπ2 k

2πr

Z
2π

0

dϕξ

×
Z

∞

b¼R⋆
⊙

bdbeikðb
2

2r̃−bθ cosðϕξ−ϕÞ−2rgðln kbþψðbÞÞÞ:

ð19Þ
We recognize that this is the double integral is with

respect to the impact parameter, b, specifically, d2b ¼
dϕξbdb. We may try to take this integral with using the
two-dimensional method of stationary phase. However, as
even the presence a quadrupole leads to appearance of
caustics such a solution will not be precise. This problem
can be mitigated if only one of the two integrals in (19) may
be taken with the method of stationary phase. When the
multipoles represent a small distortion of the gravitational
field, contributions to the eikonal phase shift due to
multipoles (14) are much smaller than that of the monopole
[given by the ln kb term in (18))]. In this case, we may take
the integral over db using the method of stationary phase,
leaving the integral over dϕξ unevaluated.
In case of gravitation, themonopole term is responsible for

a long-range gravitational field that affects rays of light over
very large distances (similar to the effect of a Coulomb
potential in the time-independent Schrödinger equation). In
that case, the behavior of the light ray iswell understood. The
impact of the monopole is that it affects the light ray’s
trajectory along its entire path from emission to reception.
Within the eikonal approximation, any multipole distor-
tion leads to a phase shift in addition to that produced by the
monopole. This makes it possible to evaluate the radial
integral using themethod of stationary phase. It can be shown
that the error incurred by doing so is of ∼OððkrgÞ−1Þ, which
is negligible in practice. This justifies our approach in the
case of aweak gravitational field and its long-range behavior.

1. Solving for the impact parameter
for the stationary phase

As was done in [31], we evaluate this integral using the
method of stationary phase. To do that, we note that the
relevant b-dependent part of the phase in (19) is of the form
(17). The phase is stationary when dφðbÞ=db ¼ 0, which
implies

b
r̃
− θ cosðϕξ − ϕÞ

−
2rg
b

�
1 −

X∞
n¼2

Jn

�
R⊙

b

�
n
sinnβs cos½nðϕξ − ϕsÞ�

�

¼ Oðr2g; θ2Þ: ð20Þ
We solve this equation iteratively, using a trial solution b ¼
b½0� þ b½1� þOðJ2nÞ, which allows us to form two equations

b2½0� − b½0�r̃θ cosðϕξ − ϕÞ − 2rgr̃ ¼ Oðr2g; θ2Þ; ð21Þ

b½1�ð2b½0� − r̃θ cosðϕξ − ϕÞÞ

þ 2rgr̃
X∞
n¼2

Jn

�
R⊙

b½0�

�
n
sinnβs cos½nðϕξ − ϕsÞ�

¼ Oðr2g; θ2Þ: ð22Þ

The quadratic equation (21) yields the following two
solutions,

b�½0� ¼
1

2
r̃θ cosðϕξ − ϕÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
r̃θ cosðϕξ − ϕÞ

�
2

þ 2rgr̃

s

þOðθ3; r2g; JnÞ: ð23Þ

We require the impact parameter to be positive. This
condition is be satisfied only for the positive sign in
(23). Thus, the impact parameter b½0� has the form

b½0� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
r̃θ cosðϕξ − ϕÞ

�
2

þ 2rgr̃

s
þ 1

2
r̃θ cosðϕξ − ϕÞ

þOðθ3; r2g; JnÞ: ð24Þ

As this solution has dependence on the azimuthal
angle ϕ, in the case of a monopole, (24) actually represents
two families of impact parameters when ϕξ − ϕ ¼ 0 and
ϕξ − ϕ ¼ π, yielding

b½0�in ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
r̃θ

�
2

þ 2rgr̃

s
þ 1

2
r̃θ;

b½0�sc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
r̃θ

�
2

þ 2rgr̃

s
−
1

2
r̃θ; ð25Þ

where b½0�in and b½0�sc are the two impact parameters describing
incident and scattered EM waves, corresponding to light
rays passing by the near side and the far side of the Sun
(with respect to the location of the telescope) correspond-
ingly. After it is diffracted by a point-source gravitational
lens, a wave front is described as the sum of a gravity-
modified plane wave (the incident wave) and a spherical
wave centered on the gravitational lensing source (the
scattered wave); see, for instance, Fig. 2 of [24]. The impact

parameters b½0�in and b½0�sc correspond to images that appear
close to the Einstein ring on opposite sides of the lens; the
“scattered” image, denoted by “sc”, on the far side relative
to the telescope (called the minor image) always appears
inside the Einstein ring, and the “incident” image, denoted
by “in” on the near side always appears outside (called the
major image); see [2] for details.
For

ffiffiffiffiffiffiffiffiffiffiffi
2rg=r̃

p
≪ θ, this result is equivalent to the two

solutions derived in Sec. IVof [31]. However, the form (24)
allows us to study the behavior of the EM wave in the
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transition between the two solutions in the region where the
angle θ is of the same order as the Einstein deflection
angle θ ∼

ffiffiffiffiffiffiffiffiffiffiffi
2rg=r̃

p
.

It is convenient to use a shorthand notation
θ cosðϕξ − ϕÞ ¼ ðnξ · θÞ, where θ ¼ θðcosϕ; sinϕ; 0Þ.
Then, by dividing the solution (24) by r̃, we may present

the two solutions in term of the angles θ½0�þ ¼ b½0�in =r̃,

for ϕξ − ϕ ¼ 0, and θ½0�− ¼ b½0�in =r̃, for ϕξ − ϕ ¼ π, to
Oðθ3; r2g; JnÞ, we have

θ½0� ¼ 1

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnξ · θÞ2 þ 4θ2E

q
þ ðnξ · θÞ

�
→ θ½0�þ ¼ 1

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
θ2 þ 4θ2E

q
þ θ
�

and

θ½0�− ¼ 1

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
θ2 þ 4θ2E

q
− θ
�
; ð26Þ

where θE ¼ ffiffiffiffiffiffiffiffiffiffiffi
2rg=r̃

p
is the Einstein deflection angle.

This establishes the correspondence of our analysis in
this section to the well-known modeling of microlens-
ing [1,2,4].
The expressions in (26) lead to the familiar expression

used to describe the image magnification of A ¼ ðu2 þ 2Þ=
ðu

ffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ 4

p
Þ, where u ¼ θ=θE. Our description allows us to

develop the vectorial description of the microlensing
phenomena and, besides magnification, it also allows us
to describe light amplification. Furthermore, our approach
allows further improvement; it allows us to describe
deflection on the multipoles where the motion is no longer
in one plane, but is a function of all three coordinates
ðr̃; θ;ϕÞ.
To demonstrate this, we continue with the solution of

(22). To solve for b½1�, we use b½0� from (21) and substitute it
in (22) to derive b½1� to Oðr2g; θ3Þ

b½1� ¼ −
rgr̃ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1
2
r̃θ cosðϕξ − ϕÞÞ2 þ 2rgr̃

q X∞
n¼2

Jn
Rn
⊙ sinn βs cos½nðϕξ − ϕsÞ�

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
2
r̃θ cosðϕξ − ϕÞÞ2 þ 2rgr̃

q
þ 1

2
r̃θ cosðϕξ − ϕÞÞn

: ð27Þ

As a result, using expression (24) and (27) in the solution to (20) takes the form valid to the order of Oðr2g; θ3Þ,

b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
r̃θ cosðϕξ − ϕÞ

�
2

þ 2rgr̃

s
þ 1

2
r̃θ cosðϕξ − ϕÞ

−
rgr̃ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1
2
r̃θ cosðϕξ − ϕÞÞ2 þ 2rgr̃

q X∞
n¼2

Jn
Rn
⊙sinnβs cos½nðϕξ − ϕsÞ�

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
2
r̃θ cosðϕξ − ϕÞÞ2 þ 2rgr̃

q
þ 1

2
r̃θ cosðϕξ − ϕÞÞn

: ð28Þ

With this result for the impact parameter b, we may now
proceed with forming the stationary phase solution.

2. Computing expressions needed
the stationary phase

To establish the solution with the method of stationary
phase, we also need to compute the second derivative of the
phase φðbÞ from (17). With respect to b, we have

d2φ
db2

¼ k
�
1

r̃
þ 2rg

b2
þOðJnÞ

�
: ð29Þ

Note that we need φ00 only to the order of OðJnÞ as in the
eikonal approximation we may neglect the influence of the
short-range potential (that depends on the mass multipoles)
on the amplitude of the EM wave.
Now, using expression for b≡ b0 from (28) we have

φ00ðb0Þ ¼
2k
r̃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
2
r̃θ cosðϕξ − ϕÞÞ2 þ 2rgr̃

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
2
r̃θ cosðϕξ − ϕÞÞ2 þ 2rgr̃

q
þ 1

2
r̃θ cosðϕξ − ϕÞ

þOðr2g; θ3; JnÞ; ð30Þ

which is always positive. Next, we compute
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π=φ00ðb0Þ

p
as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π

φ00ðb0Þ

s
¼

ffiffiffiffiffi
πr̃
k

r "
1þ

1
2
r̃θ cosðϕξ − ϕÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1
2
r̃θ cosðϕξ − ϕÞÞ2 þ 2rgr̃

q
#
1=2

þOðr2g; θ3; JnÞ: ð31Þ
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As a result, the amplitude of the integrand in (19), for b from (28), takes the form

Aðb0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π

φ00ðb0Þ

s
¼ k

rr0
b

ffiffiffiffiffiffi
2π

φ00

s
¼

ffiffiffiffiffiffiffiffi
πkr̃

p

rþ r0

2
64
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1
2
θ cosðϕξ − ϕÞÞ2 þ 2rg

r̃

q
þ 1

2
θ cosðϕξ − ϕÞ

�
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
2
θ cosðϕξ − ϕÞÞ2 þ 2rg

r̃

q
3
75
1=2

: ð32Þ

We are now ready to assemble the stationary phase solution for (19), treating the radial part of the double integral.

3. Summary of the stationary phase solution

Finally, we need to compute the stationary phase. For this, we substitute the solution for the impact parameter, b, from
(28) into the expression for the phase, φðbÞ given by (17),

φðbin=scÞ ¼ k

(
−
1

2
r̃θ cosðϕξ − ϕÞ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
θ cosðϕξ − ϕÞ

�
2

þ 2rg
r̃

s
þ 1

2
θ cosðϕξ − ϕÞ

!

− 2rg ln

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
θ cosðϕξ − ϕÞ

�
2

þ 2rg
r̃

s
þ 1

2
θ cosðϕξ − ϕÞ

!
þ rg − 2rg ln kr̃

− 2rg
X∞
n¼2

Jn
n

Rn
⊙sinnβs cos½nðϕξ − ϕsÞ�

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
2
r̃θ cosðϕξ − ϕÞÞ2 þ 2rgr̃

q
þ 1

2
r̃θ cosðϕξ − ϕÞÞn

)
: ð33Þ

As a result, the factor γðr̃; θ;ϕÞ from (19) corresponding to the incident EM wave moving towards the interference region
is given in the following form:

γðr̃; θ;ϕÞ ¼ E0

rþ r0
eikðrþr0þrg ln 4k2rr0þrg−2rg ln kr̃Þ−iπ4 1

2π

Z
2π

0

dϕξaðr̃; θ;ϕÞeiφðr̃;θ;ϕÞ þO
�
θ2;

rg
r
θ2
�
; ð34Þ

aðr̃; θ;ϕÞ ¼
ffiffiffiffiffiffiffiffi
πkr̃

p
2
64
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1
2
θ cosðϕξ − ϕÞÞ2 þ 2rg

r̃

q
þ 1

2
θ cosðϕξ − ϕÞ

�
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
2
θ cosðϕξ − ϕÞÞ2 þ 2rg

r̃

q
3
75
1=2

; ð35Þ

φðr̃; θ;ϕÞ ¼ −k

(
1

2
r̃θ cosðϕξ − ϕÞ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
θ cosðϕξ − ϕÞ

�
2

þ 2rg
r̃

s
þ 1

2
θ cosðϕξ − ϕÞ

!

þ 2rg ln

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
θ cosðϕξ − ϕÞ

�
2

þ 2rg
r̃

s
þ 1

2
θ cosðϕξ − ϕÞ

!

þ 2rg
X∞
n¼2

Jn
n

Rn
⊙sinnβs cos½nðϕξ − ϕsÞ�

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
2
r̃θ cosðϕξ − ϕÞÞ2 þ 2rgr̃

q
þ 1

2
r̃θ cosðϕξ − ϕÞÞn

)
: ð36Þ

Results (34)–(36) provide all the necessary information for us to compute the components of the EM field in all the
regions behind the lens in the case of the weak gravitational field.

D. Deriving the EM field on the image plane

As a result of the expressions developed above, the components of the incident and scattered EM field from (1) to the
order of Oðr2g; θ2; b=z0Þ take the form

�
Dθ

Bθ

�
¼
�

Bϕ

−Dϕ

�
¼ E0

rþ r0
eiΩðtÞ

1

2π

Z
2π

0

dϕξAðr̃; θ;ϕÞ
�
cosϕ

sinϕ

�
; ð37Þ
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where the phase ΩðtÞ is given as

ΩðtÞ ¼ kðrþ r0 þ rg ln 4k2rr0 þ rg − 2rg ln kr̃Þ −
π

4
− ωt; ð38Þ

and the complex amplitude A ¼ Aðx;ϕξÞ is given as

Aðx;ϕξÞ ¼ aðx;ϕξÞeiφðx;ϕξÞ

¼
ffiffiffiffiffiffiffiffi
πkr̃

p
2
64
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1
2
θ cosðϕξ − ϕÞÞ2 þ 2rg

r̃

q
þ 1

2
θ cosðϕξ − ϕÞ

�
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
2
θ cosðϕξ − ϕÞÞ2 þ 2rg

r̃

q
3
75
1=2

× exp

"
−ik

(
1

2
r̃θ cosðϕξ − ϕÞ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
θ cosðϕξ − ϕÞ

�
2

þ 2rg
r̃

s
þ 1

2
θ cosðϕξ − ϕÞ

!

þ 2rg ln

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
θ cosðϕξ − ϕÞ

�
2

þ 2rg
r̃

s
þ 1

2
θ cosðϕξ − ϕÞ

!

þ 2rg
X∞
n¼2

Jn
n

Rn
⊙sinnβs cos½nðϕξ − ϕsÞ�

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
2
r̃θ cosðϕξ − ϕÞÞ2 þ 2rgr̃

q
þ 1

2
r̃θ cosðϕξ − ϕÞÞn

)#
; ð39Þ

where the radial components of the EM waves behave as ðEr;HrÞin=sc ∼Oðρ=r; b=r0Þ and thus are negligible for any

practical purposes. Note that if θ ≫
ffiffiffiffiffiffiffiffiffiffiffi
2rg=r̃

p
, results are identical to those reported in [31].

As our interest is the EM field on the image plane, it is convenient to transform these solutions to cylindrical coordinates
ðρ;ϕ; zÞ, as was done in [24,31]. Transforming (37), yields the components of both solutions, toOðr2g; θ2; b=r0Þ, in the form�

Eρ

Hρ

�
¼
�

Hϕ

−Eϕ

�
¼ E0

rþ r0
eiΩðtÞBðxÞ

�
cos ϕ̄

sin ϕ̄

�
; ð40Þ

where the z-components of the EM waves behave as ðEz;HzÞ ∼Oðρ=z; ffiffiffiffiffiffiffiffiffi
2rgz

p
=z0Þ, and where ϕ̄ is the angle that

corresponds to the rotated z̄ coordinate axis described in [31]. The quantity BðxÞ is the complex amplitude of the EM field
has the following form:

BðxÞ ¼ 1

2π

Z
2π

0

dϕξAðx;ϕξÞ: ð41Þ

With Aðx;ϕξÞ given by (39), the complex amplitude takes the form

BðxÞ ¼
ffiffiffiffiffiffiffiffi
πkr̃

p 1

2π

Z
2π

0

dϕξ

2
64
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1
2
θ cosðϕξ − ϕÞÞ2 þ 2rg

r̃

q
þ 1

2
θ cosðϕξ − ϕÞ

�
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
2
θ cosðϕξ − ϕÞÞ2 þ 2rg

r̃

q
3
75
1=2

× exp

"
−ik

(
1

2
r̃θ cosðϕξ − ϕÞ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
θ cosðϕξ − ϕÞ

�
2

þ 2rg
r̃

s
þ 1

2
θ cosðϕξ − ϕÞ

!

þ 2rg ln

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
θ cosðϕξ − ϕÞ

�
2

þ 2rg
r̃

s
þ 1

2
θ cosðϕξ − ϕÞ

!

þ 2rg
X∞
n¼2

Jn
n

Rn
⊙sinnβs cos½nðϕξ − ϕsÞ�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1
2
r̃θ cosðϕξ − ϕÞÞ2 þ 2rgr̃

q
þ 1

2
r̃θ cosðϕξ − ϕÞ

�
n

)#
: ð42Þ
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This universal expression for the complex amplitude is
valid in all regions of an extended axisymmetric lens,
including the geometric optics region, weak and strong
interference regions. It represents a powerful result that is
now applicable in all these diverse regions with very
different gravitational lensing behavior.
We may now evaluate the optical performance of the

SGL of the extended Sun by computing its PSF. The PSF
characterizes the impulse response of the optical system; it
maps light from a point source into the image plane. We can
follow the approach used in [29] using the result (40)–(42)
to compute the energy flux in the image region of the lens.
With overline and brackets denoting time averaging and
ensemble averaging respectively, the relevant components
of the time-averaged Poynting vector for the EM field in the
image volume may be given in the following form (see
[24,31,37] for details),

SzðxÞ ¼
c
4π

h½ReE × ReH�zi

¼ c
4π

E2
0

ðrþ r0Þ2
hðRe½BðxÞeiΩðtÞ�Þ2i

¼ c
8π

E2
0

ðrþ r0Þ2
jBðxÞj2; ð43Þ

where jBðxÞj2 ¼ BðxÞB�ðxÞ, with B�ðxÞ being the
complex conjugate of BðxÞ. Note that S̄ρ ¼ S̄ϕ ¼ 0 for
all practical purposes. Defining light amplification as
usual [24,31,37], μzðxÞ ¼ SzðxÞ=jS0ðxÞj, where S0ðxÞ ¼
ðc=8πÞE2

0=ðrþ r0Þ2k being the Poynting vector carried by
a plane wave in the vacuum in flat spacetime, we have the
light amplification factor of the lens that, for short wave-
lengths (i.e., krg ≫ 1) is given by

μzðxÞ ¼ jBðxÞj2: ð44Þ

We recognize that the quantity μzðxÞ is the PSF of the SGL
that is scaled by the amplification factor and it describes all
lensing regimes with this extended lens. In Appendix we
show that, in some cases, the amplification factor explicitly
multiplies the PSF, but, in general, the PSF (44) is
implicitly scaled by the amplification factor via (42).
In Appendix we consider limiting cases of BðxÞ from

(42). Those cases include very small deviations ρ from the
optical axis, namely ρ=r≡ θ ≪

ffiffiffiffiffiffiffiffiffiffiffi
2rg=r

p
, very large devia-

tions ρ=r≡ θ ≫
ffiffiffiffiffiffiffiffiffiffiffi
2rg=r

p
, and those in between. We show

that far from the optical axis, the PSF that is constructed
with the help of BðxÞ from (42) exhibits the behavior of the
monopole PSF [24], but as we come closer to the optical
axis, the effect of multipoles becomes more pronounced,
ultimately bringing us to the caustic region discussed
in [29].

III. IMAGING WITH THE SGL OF THE
EXTENDED SUN

The complex amplitude (42) developed in the previous
section describes the EM field in the image plane. This field,
however, is not what is usually observed. Rather, observa-
tions aremadewith an imaging telescope looking back in the
direction of the lens. Our formalism also grants us the ability
to accurately describe the image that forms in the focal plane
of such a telescope: i.e., the actual observable.

A. Description of the imaging geometry

With the knowledge of the EM field in the image plane
behind an extended gravitational lens (40)–(42) and fol-
lowing the approach developed in [25,30,41], we can now
describe what an imaging telescope would detect on its
focal plane. Such telescopic capability is important as it
characterizes the measured optical signal [30,42].
Similarly to [30,41] we describe the geometry of the

observation, using x to represent the current position of an
optical telescope in the SGL image plane, x0 denoting any
point in the same plane, and xi, representing a point on the
focal plane of the optical telescope. These positions are
given as

fxg≡ ðx; y; 0Þ ¼ ρðcosϕ; sinϕ; 0Þ ¼ ρn; ð45Þ

fx0g≡ ðx0; y0; 0Þ ¼ ρ0ðcosϕ0; sinϕ0; 0Þ ¼ ρ0n0; ð46Þ

fxig≡ ðxi; yi; 0Þ ¼ ρiðcosϕi; sinϕi; 0Þ ¼ ρini: ð47Þ

To convolve the PSF of the SGL with that of a thin lens
that represents an aperture of a telescope, we first need to
establish an appropriate form of the PSF for point sources.
Examining (39), we see that it contains the expression
ρ cosðϕξ − ϕÞ, which may be transformed as

ρ cosðϕξ − ϕÞ ¼ ðnξ · xÞ: ð48Þ
We now transition from the current position x of the

telescope to an arbitrary location within the telescope’s
aperture by the substitution

x ⇒ xþ x0: ð49Þ
Therefore, we may write

ðnξ · xÞ → ðnξ · xÞ þ ðnξ · x0Þ: ð50Þ

We note that x0 varies only with the aperture, whereas x can
be anywhere in the SGL image plane. In much of the image
plane, we have ρ0 ≪ ρ. This allows us to expand (39) in
terms of the small parameter ρ0=ρ, keeping only terms of
the first order in ρ0=ρ. In addition, we recognize that the
vector θ ¼ θðcosϕ; sinϕ; 0Þ ¼ x=r, with r being the dis-
tance to the image plane, may be transformed as
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ðnξ · θÞ ¼ ðnξ · xÞ=r → ðnξ · xÞ=rþ ðnξ · x0Þ=r ¼ ρ

r
cosðϕξ − ϕÞ þ ρ0

r
cosðϕξ − ϕ0Þ: ð51Þ

This approximation yields the following result for the complex amplitude [AðxÞ from (39)] but given with the shifted
argument according to (49)

Aðx;x0Þ ¼ aðx;nξÞ exp½iðδφðx;nξÞ − νðnξ · x0ÞÞ�; ð52Þ

with the amplitude factor aðxÞ and phase δφðxÞ given as

aðx;nξÞ ¼
ffiffiffiffiffiffiffiffi
πkr̃

p
2
64
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1
2
ðnξ · xÞ=rÞ2 þ 2rg

r̃

q
þ 1

2
ðnξ · xÞ=r

�
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
2
ðnξ · xÞ=rÞ2 þ 2rg

r̃

q
3
75
1=2

þOðx=rÞ; ð53Þ

δφðx;nξÞ ¼−k

(
1

2
ðnξ ·xÞ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
ðnξ ·xÞ=r

�
2

þ 2rg
r̃

s
þ 1

2
ðnξ ·xÞ=r

!

þ 2rg

 
ln

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
ðnξ ·xÞ=r

�
2

þ 2rg
r̃

s
þ 1

2
ðnξ ·xÞ=r

!
þ
X∞
n¼2

Jn
n

Rn
⊙sinnβs cos½nðϕξ−ϕsÞ�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1
2
ðnξ ·xÞÞ2þ 2rgr̃

q
þ 1

2
ðnξ ·xÞ

�
n

!)
: ð54Þ

We note that when the angle θ is large, θ ≫
ffiffiffiffiffiffiffiffiffiffiffi
2rg=r̃

p
and

thus, ρ ≫
ffiffiffiffiffiffiffiffiffi
2rgr̃

p
, and we get back the PSF of a monopole.

Thus, the integral (13) may be taken using the method of
stationary phase applied to the double integral. In that case,
the factors ain=sc in (53) take their known values (see [31]
for details) namely a2inðρ; r̃Þ ¼ 1þOðrgθ2; r2gÞ and
a2scðρ; r̃Þ ¼ ð2rgr̃=ρ2Þ2 þOðrgθ2; r2gÞ. However, our new
expressions (53) allow studying the cases when ρ ≃

ffiffiffiffiffiffiffiffiffi
2rgr̃

p
anywhere in the image plane. The last quantity present in
(52) is the spatial frequency ν ¼ νðx;nξÞ, defined as

νðx;nξÞ ¼ k

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
ðnξ · xÞ=r

�
2

þ 2rg
r̃

s
þ 1

2
ðnξ · xÞ=r

�
:

ð55Þ

The quantities (52)–(55) describe the complex amplitude
of the EM field, Bðx;x0Þ from (41), as measured in the
focal plane of an imaging telescope.

B. The EM field in the telescope’s focal plane

The focal plane of the optical telescope is located at the
focal distance f of the lens, centered on x0. Using the
Fresnel-Kirchhoff diffraction formula, the amplitude of
the image field in the optical telescope’s focal plane at a

location xi ¼ ðxi; yiÞ is derived from (41) and is given
by [28,43,44]

Bðx;xiÞ ¼
i
λ

Z Z
jx0j2≤ðd=2Þ2

Bðx;x0Þe−i k2fjx0j2 eiks
0

s0
d2x0: ð56Þ

The function exp½−i k
2f jx0j2� ¼ exp½−i k

2f ðx02 þ y02Þ� in
(56) represents the action of the convex lens that transforms
incident plane waves to spherical waves, focusing at the
focal point. Assuming that the focal length is sufficiently
greater than the radius of the lens, we may approximate
the optical path s0 as s0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx0 − xiÞ2 þ ðy0 − yiÞ2 þ f2

p
∼

f þ ððx0 − xiÞ2 þ ðy0 − yiÞ2Þ=2f. This allows us to present
(56) as

Bðx;xiÞ¼−
eikfð1þx2

i =2f
2Þ

iλf

ZZ
jx0j2≤ð1

2
dÞ2

d2x0Bðx;x0Þe−ikfðx0·xiÞ:

ð57Þ

Expressions (52)–(55) allow us to consider imaging of
point sources with the SGL, now treated as that produced
by a gravitating body that is axisymmetric and rotating,
thus admitting characterization of its external gravitational
field by zonal harmonics. To accomplish this (following
[25,41]) we use the expression for Aðx;x0Þ from (52) and
present the Fresnel-Kirchhoff diffraction formula as
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Aðx;xiÞ ¼ −
eikfð1þx2i =2f

2Þ

iλf

Z Z
jx0j2≤ð1

2
dÞ2

d2x0Aðx;x0Þe−iηiðni·x0Þ

¼ −
eikfð1þx2i =2f

2Þ

iλf
aðx;nξÞeiδφðx;nξÞ

Z Z
jx0j2≤ðd=2Þ2

d2x0eið−νðnξ·x0Þ−ηiðni·x0ÞÞ; ð58Þ

where the spatial frequency ν ¼ νðx;nξÞ is given by (55).
Also, for a telescope with focal length of f and for a radial
pixel position ρi, the factor ηi has the form [25,30,41]

ηi ¼ k
ρi
f
: ð59Þ

Therefore, to derive the amplitudes of the EM field in the
focal plane of the optical telescope, corresponding to (52),
we need to evaluate an integral of the typeZ Z

jx0j2≤ðd=2Þ2
d2x0eið−νðnξ·x0Þ−ηiðni·x0ÞÞ: ð60Þ

To evaluate this integral, we present the phase in (60) as

−νðnξ ·x0Þ−ηiðni ·x0Þ ¼−uρ0 cosðϕ0−σÞþOðρ2Þ; ð61Þ

where, for convenience, we defined

u ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2 þ 2νηi cosðϕξ − ϕiÞ þ η2i

q
;

cos σ ¼ ν cosϕξ þ ηi cosϕi

u
;

sin σ ¼ ν sinϕξ þ ηi sinϕi

u
: ð62Þ

With these definitions, and using the parametrization
given in (46), the integral (60) may be evaluated as

Z
2π

0

dϕ0
Z

d=2

0

ρ0dρ0e−iuρ0 cosðϕ0−σÞ ¼π

�
d
2

�
22J1ðu1

2
dÞ

u1
2
d

: ð63Þ

As a result, using (52) in (58) leads to the following
amplitude of the EM wave on the optical telescope’s
image plane:

Aðx;xi;nξÞ ¼
�
kd2

8f

��
a

�
2J1ðu 1

2
dÞ

u 1
2
d

�
eiðkfð1þx2i =2f

2Þþδφðx;nξÞþπ
2
Þ þOðr2gÞ

�
: ð64Þ

Therefore, the Fourier-transformed complex amplitude (56) takes the from

1

2π

Z
2π

0

dϕξAðx;xi;nξÞ ¼
�
kd2

8f

�
eiðkfð1þx2i =2f

2Þþπ
2
ÞBðx;xiÞ; ð65Þ

where Bðx;xiÞ is given as

Bðx;xiÞ ¼
1

2π

Z
2π

0

dϕξ

�
aðx;nξÞ

�
2J1ðuðxi;x;nξÞ 12 dÞ

uðxi;x;nξÞ 12 d
�
eiδφðx;nξÞ

�
; ð66Þ

where aðx;nξÞ, δφðx;nξÞ, and uðxi;x;nξÞ are given by (53), (54), and (62), correspondingly.
Using this result together with (40), we obtain the EM field on the detector that is given as below

�
Eρ

Hρ

�
¼
�

Hϕ

−Eϕ

�
¼ E0

rþ r0
eiðΩðtÞþπ

2
þkfð1þx2i =2f

2ÞÞ
�
kd2

8f

�
Bðx;xiÞ

�
cos ϕ̄

sin ϕ̄

�
: ð67Þ

After time averaging, we derive the Poynting vector of
the EM wave in the focal plane of the imaging telescope,

Sðx;xiÞ ¼
c
8π

E2
0

ðrþ r0Þ2
�
kd2

8f

�
2

B2ðx;xiÞ: ð68Þ

As a result, the intensity on the focal plane, Iðx;xiÞ, of
the system that includes the SGL and a thin lens is given in
the form as below

Iðx;xiÞ ¼ B2ðx;xiÞ; ð69Þ
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where the Fourier-transformed complex amplitude is
Bðx;xiÞ from (66). We emphasize that μzðxÞ from (44)
is the PSF of the extended SGL. It describes the image of a
point source projected on the image plane at the SGL focal
region. At the same time, the quantity Iðx;xiÞ from (69) is
the intensity of light received on the focal plane of an
imaging telescope. This is a directly observable quantity
that is accessible to an optical telescope. As such, it is of
most importance for any practical applications of the SGL.
The resulting expression for the intensity on the focal plane
allows considering imaging of various sources with the
SGL of an extended Sun. We will do that next.

IV. APPLICATION OF RESULTS

The formalism developed in the preceding section opens
the route to simulate the effects of the SGL beyond the
immediate vicinity of the optical axis in its strong inter-
ference region (see Fig. 1). There is, however, first our
obstacle: evaluation of the remaining integral in our final
expression (66).

A. Evaluation method

Equation (66) describes the view seen by an imaging
telescope of a distant source, both near and far from the
optical axis of the gravitational lens. To use this equation, it
is necessary to evaluate the remaining integral in the
regions of interest. Examining it more closely, we note
that the integral has finite integration limits, which makes
numerical evaluation easier. However, it is still an oscil-
latory integral. Moreover, at large distances from the optical
axis, the oscillations become very rapid. This makes direct
numerical evaluation challenging.
On the other hand, a rapidly oscillating integral implies

the possible use of the method of stationary phase once
again. This is precisely what we have accomplished in [42],
for the case when J4 and higher-order zonal harmonics can
be safely neglected, thus leaving only the astroid caustic due
to J2. The result, expressed through the roots of a quartic
equation, works reliably everywhere in the region of strong
interference, only showing occasional rounding errors in the
immediate vicinity of the caustic boundary of the projected
astroid pattern of a quadrupole lens (Fig. 2 [29]).
Beyond the region of strong interference, the contribu-

tion of the zonal harmonics is negligible and we can use the
previously developed monopole solutions for efficient
evaluation.
Using this combination of methods, we are now in the

position to evaluate (66) everywhere in the image plane,
constructing simulated views of point sources as seen by an
imaging telescope through the SGL.

B. Simulated approach to the optical axis

To demonstrate the power of the approach captured by
the expression (66), we chose to simulate the view of a

distant point source, as seen by an imaging telescope that is
approaches the optical axis of that star with respect to
the SGL.
We were able to assemble a series of still images,

ultimately in the form of animations,5 which show how
an imaging telescope would see the distant source as it
approaches the optical axis that corresponds to that source.
Select frames from this animation are presented in this
section.
We began the simulation with the imaging telescope

located at 106 km from the optical axis, looking in the
direction of the Sun (see Fig. 3). This distance was chosen
because it is comparable in magnitude to the solar radius,
thus placing the imaging telescope firmly in the region of
geometric optics.
At the beginning, the source’s “primary image” is

outside the telescope’s field of view, and no noticeable
“secondary image” forms yet on the opposite side of the
Sun. At 6 × 105 km from the optical axis, a faint secondary
image emerges, or rather, would emerge if the Sun were
transparent. In reality, light from that secondary image is
yet blocked by the opaque disk of the Sun. When the

FIG. 2. An illustrative example of the SGL PSF, appearing as
the astroid caustic projected into the image plane by the SGL,
with its recognizable cusps (vertices) and folds. As an imaging
telescope enters this region in the image plane, its view of a
distant source transitions from a pair of images (the primary and
secondary image) into some variation of an Einstein cross or
Einstein ring, depending on the size of the astroid, the imaging
wavelength, and the size of the light source. Adapted from [29].

5See https://www.vttoth.com/CMS/physics-notes/361 for a
full set of animations.
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telescope is at 3 × 105 km from the optical axis (less than
half the solar radius) the primary image becomes clearly
visible within the imaging area. This is the unobstructed
view of the distant source, already amplified by the SGL, so
its peak central brightness is ∼1.8 times the brightness of
the unamplified image. The secondary image, now less
faint, is still obscured by the solar disk.
When the telescope is only ∼1 × 105 km from the

optical axis, the secondary image emerges from behind
the Sun. Light amplification is becoming significant; the
primary image’s peak brightness is now more than four
times as bright as the unamplified star. When the telescope
approaches within ∼2 × 104 km of the optical axis, the
primary and secondary images are already nearly identical
in appearance, at symmetric positions, settling at a distance
from the solar limb that corresponds to the radius of a yet-
to-form Einstein ring. Light amplification is substantial; the
peak brightness that the imaging telescope sees is nearly

20 times the intensity of light from the unamplified star.
Even so, the images remain point-like in appearance: This
is dictated by the diffraction-limited resolution of the
imaging telescope itself.
At this stage, the position of the two images of the point

source is final. As the telescope continues to approach the
optical axis, however, light amplification increases across
several orders of magnitude.
For the purposes of this simulation, we chose to place the

optical axis very near the solar axis of rotation, in order to
keep the contribution of the J2 zonal harmonic small.
Figure 4 shows the telescope’s final approach to an optical
axis that is at 5.74° from the solar axis of rotation, which
corresponds to sin βs ¼ 0.1. This yields an astroid PSF that
is relatively small, convenient for visual presentation.
Once the telescope is within a distance comparable to the

size of the astroid caustic (in this case, within 10 meters),
the secondary image begins to widen into an arc. Even

FIG. 3. View of a distant compact source by a telescope approaching the SGL optical axis associated with that source. The telescope is
positioned at 3 × 105 km, 1 × 105 km, and 4 × 103 km from the optical axis. Note that at 3 × 105 km, the secondary image of the
source is still obscured by the solar disk (shown as a yellow circle). By the time we reach 4 × 103 km, the images become
indistinguishable, even as light amplification increases nearly a hundredfold. For the full animation, see https://www.vttoth.com/CMS/
physics-notes/361.

FIG. 4. View of a distant point source by a telescope near the optical axis, at 2 m, 1 m, and positioned on the axis. The optical axis is at
5.74° from the solar axis of rotation, a direction chosen because it representatively shows the development of an Einstein cross during
this final approach. The view is that of a telescope with a 1 m aperture; light amplification is of Oð108Þ. For the full animation, see
https://www.vttoth.com/CMS/physics-notes/361.
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closer to the optical axis, the arc splits into three distinct
spots of light. As the telescope settles on the optical axis,
these spots migrate to their final positions on the circum-
ference of the Einstein ring, resulting in a fully formed
Einstein cross. (This simulation assumed that the telescope
approaches from one of the principal directions of the
astroid caustic, i.e., one of the cusps. To see what happens
when the telescope approaches from a different angle (see
e.g., [42]).
It is remarkable that all these animation frames are

simply surface density plots of the integral expression given
by Eq. (66), which accurately describes an axisymmetric
gravitational lens dominated by a spherically symmetric
gravitational potential in all regions, both near and far from
the optical axis. We can generate with equal ease, images
seen through a telescope that is positioned as far as a
million kilometers or more from the optical axis or a
telescope that is at the optical axis or its immediate vicinity.

C. Viewing an extended object

The PSF of a lens represents its impulse response; the
image that forms when the light source is a point source. An
extended object can, of course, be considered as a collec-
tion of point sources. The most straightforward method
(though computationally inefficient) of convolving an
extended source with the PSF of the lens is by dividing
the source into point sources and iterating through them.
To demonstrate this, we considered an extended source

in the form of a uniformly illuminated disk, which could
represent a host star. We chose a disk that would be
geometrically projected to an imagewith a 200 km radius in
the image plane. With the image plane at 650 AU, this
would correspond to a Sun-sized star at ∼36 light years.
For computational efficiency, we modeled the extended

source using a simple adaptive mesh implementation,
refining the resolution for regions that are projected close to
the telescope’s location in the image plane. This approach

was sufficient to create a series of animation frames,6

several of which are shown in Fig. 5.
When the telescope looking at such an extended object is

far from the optical axis, the telescopic image appears
similar to that produced by a point source (see Fig. 3).
However, when the telescope begins to approach the
projected image area corresponding to the extended source,
a very different picture emerges. Instead of developing into
an Einstein cross, the view of the telescope shows a fully
formed Einstein ring. We may think of this Einstein ring as
a collection of a large number of overlapping Einstein
crosses at various orientations, corresponding to the point
sources constituting the extended source. Thus, instead of
being dominated by light from a single pointlike region in
the source, the Einstein ring now contains a mix of light
from many different regions of the extended source.

V. DISCUSSION AND CONCLUSIONS

We studied the optical properties of an extended axi-
symmetric gravitational lens. The gravitational potential for
such a lens can be described using an infinite series of zonal
harmonics. We extended the description of the SGL optical
properties from the strong interference region to all lensing
regimes. The new results can now also describe lensing in
the weak interference region and that in the geometric
optics region.
The expressions that we obtained can be used to describe

the light field that is created by the SGL in its focal region.
It can also be convolved with a representation of an optical
telescope (modeled as a thin lens telescope) to show the
view seen by such a telescope. The results are “actionable”
in the sense that they are reduced to a single integral
expression that can be evaluated in many cases using direct
numerical methods.

FIG. 5. View of a distant star by a telescope approaching the SGL optical axis, at distances of 1,000 km, ∼200 km and ∼150 km. The
geometric projection of the start to the image plane would yield a disk with a radius of 200 km. As the imaging telescope approaches this
distance, a full Einstein-ring forms; subsequently, the ring brightens and becomes uniform as the telescope settles on the optical axis.

6For the full animation, see https://www.vttoth.com/CMS/
physics-notes/360.
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Moreover, when used in conjunction with our earlier
work [45] in which we obtained a closed form expression
of the SGL PSF monopole and quadrupole contribution
(ignoring higher-order zonal harmonics that contribute
little) the new formalism allows us to compute the light
field of the SGL or the view seen by a model telescope
without resorting to numerical integration, and thus not
hindered by the properties of rapidly oscillating integrals.
We put these results to use, in particular, by creating a

series of multiframe animations that show the view of a
point source through a telescope that is approaching the
SGL optical axis from afar. The strength of our formalism is
powerfully demonstrated when we consider that the same
expression can model the (essentially unamplified) view of
a distant object when the telescope is still far from the SGL
optical axis, the emergence of a secondary image from
behind the solar limb, and the eventual widening of these
images into arcs and their transition to form an Einstein
cross around the Sun. We can also simulate light from
extended objects, showing how, even in the presence of
multipole moments, such objects still form an Einstein ring
around the Sun.
Finally, we note that although our focus remains the SGL

that can be represented elegantly using zonal harmonics,
our approach can be readily extended to other gravitational
lenses that can be represented using symmetric trace-free
(STF) tensors [29]. The resulting formalism covers every

gravitational lens that can be described by small deviations
from the spherically symmetric gravitational field of a mass
monopole. Our approach, therefore, is the most compre-
hensive wave-theoretical treatment of gravitational lensing
in a weak gravitational field to date.
Concluding,we emphasize that the analytical expressions

derived in this paper are presented in terms of physically
observable quantities and, as such, they are directly suitable
for realistic data analysis. To that extent, we can use them to
process, e.g., time-series brightness data available from the
OGLE7 andMACHO8 projects, the upcomingRomanSpace
Telescope,9 or other microlensing projects that may benefit
from the improved modeling. In addition, the results
presented in this paper offer a solution for establishing a
local reference frame that can be used to achieve the required
navigational precision for future missions to the SGL focal
region for high-resolution exoplanet imaging [46]. The
corresponding efforts are under way; results, when avail-
able, will be published elsewhere.
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APPENDIX: CONSIDERING LIMITING CASES

Given the complex structure of the results obtained, it is natural to consider limiting cases of the results obtained in this
paper for BðxÞ and Bðx;xiÞ that are given by (42) and (66), correspondingly. The obvious such cases are those for very
small deviations ρ from the optical axis, namely ρ=r≡ θ ≪

ffiffiffiffiffiffiffiffiffiffiffi
2rg=r

p
, those for very large deviations ρ=r≡ θ ≫

ffiffiffiffiffiffiffiffiffiffiffi
2rg=r

p
and those in between. Below, we will consider each of these cases and will establish correspondence of our results to those
studied previously.

1. Small deviations from the optical axis

We begin with the case of when the deviations from the optical axis are small. In the case when ρ=r≡ θ ≪
ffiffiffiffiffiffiffiffiffiffiffi
2rg=r

p
,

expression for aðx;nξÞ given by (53) behaves as

lim
θ→0

aðx;nξÞ ¼ lim
θ→0

ffiffiffiffiffiffiffiffi
πkr̃

p
2
64
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1
2
ðnξ · xÞ=rÞ2 þ 2rg

r̃

q
þ 1

2
ðnξ · xÞ=r

�
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
2
ðnξ · xÞ=rÞ2 þ 2rg

r̃

q
3
75
1=2

¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2πkrg

q
þO

�
ρffiffiffiffiffiffiffiffiffi
2rgr̃

p �
: ðA1Þ

7https://en.wikipedia.org/wiki/Optical_Gravitational_Lensing_Experiment
8https://en.wikipedia.org/wiki/MACHO_Project
9https://roman.gsfc.nasa.gov/
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Similarly, we determine the behavior of the phase shift δφ from (54)

lim
θ→0

δφðx;nξÞ ¼ −klim
θ→0

(
1

2
ðnξ · xÞ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
ðnξ · xÞ=r

�
2

þ 2rg
r̃

s
þ 1

2
ðnξ · xÞ=r

!

þ 2rg ln

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
ðnξ · xÞ=r

�
2

þ 2rg
r̃

s
þ 1

2
ðnξ · xÞ=r

!
þ 2rg

X∞
n¼2

Jn
n

R2
⊙sinnβs cos½nðϕξ −ϕsÞ�

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
2
ðnξ · xÞÞ2 þ 2rgr̃

q
þ 1

2
ðnξ · xÞÞn

)

¼ −k

( ffiffiffiffiffiffiffi
2rg
r̃

r
ðρ cosðϕξ −ϕÞ þ ffiffiffiffiffiffiffiffiffi

2rgr̃
p X∞

n¼2

Jn
n

�
Rffiffiffiffiffiffiffiffiffi
2rgr̃

p �
n
sinnβs cos½nðϕξ −ϕsÞ� þ rg ln

2rg
r̃

þO
�

ρffiffiffiffiffiffiffiffiffi
2rgr̃

p �)
:

ðA2Þ

As a result, expressions from the complex amplitude of the EMwave, BðxÞ from (42), and its Fourier transform, Bðx;xiÞ
from (66), take familiar forms

BðxÞ ¼ e−ikrg ln 2rg=r̃
ffiffiffiffiffiffiffiffiffiffiffiffi
2πkrg

q

×
1

2π

Z
2π

0

dϕξ exp

	
−ik

ffiffiffiffiffiffiffi
2rg
r̃

r �
ρ cosðϕξ − ϕÞ þ ffiffiffiffiffiffiffiffiffi

2rgr̃
p X∞

n¼2

Jn
n

�
Rffiffiffiffiffiffiffiffiffi
2rgr̃

p �
n
sinnβs cos½nðϕξ − ϕsÞ�

�

; ðA3Þ

which was originally obtained in [29,45] and

Bðx;xiÞ ¼ e−ikrg ln 2rg=r̃
ffiffiffiffiffiffiffiffiffiffiffiffi
2πkrg

q 1

2π

Z
2π

0

dϕξ

�
2J1ðuðx;xi;nξÞ 12 dÞ

uðx;xi;nξÞ 12 d
�

× exp

	
−ik

ffiffiffiffiffiffiffi
2rg
r̃

r �
ρ cosðϕξ − ϕÞ þ ffiffiffiffiffiffiffiffiffi

2rgr̃
p X∞

n¼2

Jn
n

�
Rffiffiffiffiffiffiffiffiffi
2rgr̃

p �
n
sinnβs cos½nðϕξ − ϕsÞ�

�

; ðA4Þ

which was obtained in [30,42]. Therefore, the expressions that we obtained for the complex amplitude of the EM field BðxÞ,
and its Fourier transform corresponding to the EM field on the sensor behind a thin lens, Bðx;xiÞ, are identical to those that
we derived earlier [29,30].

a. Behavior outside the cusps

Next, we examine behavior of δφ from (54) in the region just outside the caustics. We realize that the term with the
multipoles in this region will have a negligible value compared to the leading term in that expression and thus it may be
omitted, yielding

δφ0ðx;nξÞ ¼ −k

(
1

2
r̃θ cosðϕξ − ϕÞ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
θ cosðϕξ − ϕÞ

�
2

þ 2rg
r̃

s
þ 1

2
θ cosðϕξ − ϕÞ

!

þ 2rg ln

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
θ cosðϕξ − ϕÞ

�
2

þ 2rg
r̃

s
þ 1

2
θ cosðϕξ − ϕÞ

!
þOðJnÞ

)
: ðA5Þ

This is the phase of the EM wave in the case of a monopole gravitational field, familiar to us from [31].
As a result, expressions from the complex amplitude of the EM wave BðxÞ from (42) and its Fourier transform, Bðx;xiÞ,

from (66) take the form
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BðxÞ ¼ 1

2π

Z
2π

0

dϕξaðx;nξÞ exp
"
−ik

(
1

2
r̃θ cosðϕξ − ϕÞ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
θ cosðϕξ − ϕÞ

�
2

þ 2rg
r̃

s
þ 1

2
θ cosðϕξ − ϕÞ

!

þ 2rg ln

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
θ cosðϕξ − ϕÞ

�
2

þ 2rg
r̃

s
þ 1

2
θ cosðϕξ − ϕÞ

!)#
; ðA6Þ

and

Bðx;xiÞ ¼
1

2π

Z
2π

0

dϕξaðx;nξÞ
�
2J1ðuðx;xi;nξÞ 12 dÞ

uðx;xi;nξÞ 12 d
�

× exp

"
−ik

(
1

2
r̃θ cosðϕξ − ϕÞ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
θ cosðϕξ − ϕÞ

�
2

þ 2rg
r̃

s
þ 1

2
θ cosðϕξ − ϕÞ

!

þ 2rg ln

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
θ cosðϕξ − ϕÞ

�
2

þ 2rg
r̃

s
þ 1

2
θ cosðϕξ − ϕÞ

!)#
: ðA7Þ

In the region outside the caustic we can take the two integrals (A6) and (A7) using the method of stationary phase. In both
of these expressions, we are dealing with the same phase δφ0ðx;nξÞ given by (A5). The phase is stationary when
dδφ0ðx;nξÞ=ϕξ ¼ 0. This condition yields two solutions ϕξ − ϕ ¼ 0 and ϕξ − ϕ ¼ π. Computing d2δφ0ðx;nξÞ=dϕ2

ξ for
both cases we obtain

d2δφ0ðx;nξÞ
dϕ2

ξ

����
ϕξ−ϕ¼0

¼ kr̃θ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
θ

�
2

þ 2rg
r̃

s
þ 1

2
θ

!
þOðr2gÞ; ðA8Þ

d2δφ0ðx;nξÞ
dϕ2

ξ

����
ϕξ−ϕ¼π

¼ −kr̃θ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
θ

�
2

þ 2rg
r̃

s
−
1

2
θ

!
þOðr2gÞ: ðA9Þ

Now we consider behavior of the expression for aðx;nξÞ given by (53)

aðx;nξÞjϕξ−ϕ¼0 ¼
ffiffiffiffiffiffiffiffi
πkr̃

p
2
64
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1
2
θÞ2 þ 2rg

r̃

q
þ 1

2
θ
�
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
2
θÞ2 þ 2rg

r̃

q
3
75
1=2

; ðA10Þ

aðx;nξÞjϕξ−ϕ¼π ¼
ffiffiffiffiffiffiffiffi
πkr̃

p
2
64
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1
2
θÞ2 þ 2rg

r̃

q
− 1

2
θ
�
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
2
θÞ2 þ 2rg

r̃

q
3
75
1=2

: ðA11Þ

These expressions may be evaluated in two different regions, namely
(1) the region just outside the cusp, but still within the strong interference region, and
(2) the region at a significant distance from the optical axis in the regions of weak interference and that of geometric

optics.
These expressions are identical to those obtained in [25,41].

b. Larger deviations from the optical axis (but outside the caustic)

Consider studying the region at larger distances outside the caustic, but still within the strong interference region. In this
case, ρ=r≡ θ ≪

ffiffiffiffiffiffiffiffiffiffiffi
2rg=r

p
, yielding an appropriate small parameter θ=

ffiffiffiffiffiffiffiffiffiffiffi
2rg=r

p
. We will use this parameter to simplify the

results obtained above. Under these conditions expressions (A10) and (A11) behave as
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lim
θ=
ffiffiffiffiffiffiffiffi
2rg=r

p
→0

ðaðx;nξÞjϕξ−ϕ¼0Þ ¼ lim
θ=
ffiffiffiffiffiffiffiffi
2rg=r

p
→0

ffiffiffiffiffiffiffiffi
πkr̃

p
2
64
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1
2
θÞ2 þ 2rg

r̃

q
þ 1

2
θ
�
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
2
θÞ2 þ 2rg

r̃

q
3
75
1=2

¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2πkrg

q �
1þ 3

4

θffiffiffiffiffiffiffiffiffiffiffi
2rg=r̃

p þ 7

32

�
θffiffiffiffiffiffiffiffiffiffiffi
2rg=r̃

p �
2

þOðr2g; θ3Þ
�
; ðA12Þ

lim
θ=
ffiffiffiffiffiffiffiffi
2rg=r

p
→0

ðaðx;nξÞjϕξ−ϕ0¼πÞ ¼ lim
θ=
ffiffiffiffiffiffiffiffi
2rg=r

p
→0

ffiffiffiffiffiffiffiffi
πkr̃

p
2
64
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1
2
θÞ2 þ 2rg

r̃

q
− 1

2
θ
�
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
2
θÞ2 þ 2rg

r̃

q
3
75
1=2

¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2πkrg

q �
1 −

3

4

θffiffiffiffiffiffiffiffiffiffiffi
2rg=r̃

p þ 7

32

�
θffiffiffiffiffiffiffiffiffiffiffi
2rg=r̃

p �
2

þOðr2g; θ3Þ
�
: ðA13Þ

The second derivative of the phase is computed from (A8) and (A9) as

lim
θ=
ffiffiffiffiffiffiffiffi
2rg=r

p
→0

�
d2δφ0ðx;nξÞ

dϕ2
ξ

����
ϕξ−ϕ¼0

�
¼ lim

θ=
ffiffiffiffiffiffiffiffi
2rg=r

p
→0

(
kr̃θ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
θ

�
2

þ 2rg
r̃

s
þ 1

2
θ

!
þOðr2gÞ

!)

¼ k
ffiffiffiffiffiffiffiffiffi
2rgr̃

p
θ

�
1þ 1

2

θffiffiffiffiffiffiffiffiffiffiffi
2rg=r̃

p þ 1

8

�
θffiffiffiffiffiffiffiffiffiffiffi
2rg=r̃

p �
2

þOðr2g; θ3Þ
�
; ðA14Þ

lim
θ=
ffiffiffiffiffiffiffiffi
2rg=r

p
→0

�
d2δφ0ðx;nξÞ

dϕ2
ξ

����
ϕξ−ϕ¼π

�
¼ lim

θ=
ffiffiffiffiffiffiffiffi
2rg=r

p
→0

�
−kr̃θ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
θ

�
2

þ 2rg
r̃

s
−
1

2
θ

�
þOðr2gÞÞ

�

¼ −k
ffiffiffiffiffiffiffiffiffi
2rgr̃

p
θ

�
1 −

1

2

θffiffiffiffiffiffiffiffiffiffiffi
2rg=r̃

p þ 1

8

�
θffiffiffiffiffiffiffiffiffiffiffi
2rg=r̃

p �
2

þOðr2g; θ3Þ
�
: ðA15Þ

This allows us to compute

1

2π
aðx;nξÞ

ffiffiffiffiffiffiffiffiffiffi
2π

jδφ00
0j

s ����
ϕξ−ϕ¼0

¼
� ffiffiffiffiffiffiffiffiffi

2rgr̃
p
2r̃θ

�1
2

�
1þ 1

2

r̃θffiffiffiffiffiffiffiffiffi
2rgr̃

p þ 1

16

�
r̃θffiffiffiffiffiffiffiffiffi
2rgr̃

p �
2

þOðr2g; θ3Þ
�
; ðA16Þ

1

2π
aðx;nξÞ

ffiffiffiffiffiffiffiffiffiffi
2π

jδφ00
0j

s ����
ϕξ−ϕ¼π

¼
� ffiffiffiffiffiffiffiffiffi

2rgr̃
p
2r̃θ

�1
2

�
1 −

1

2

r̃θffiffiffiffiffiffiffiffiffi
2rgr̃

p þ 1

16

�
r̃θffiffiffiffiffiffiffiffiffi
2rgr̃

p �
2

þOðr2g; θ3Þ
�
: ðA17Þ

Finally, the phase δφ0ðxÞ from (A5) for the two solutions takes the form

δφ0ðxÞjϕξ−ϕ¼0 ¼ −2krg
�
ln

ffiffiffiffiffiffiffi
2rg
r̃

r
þ θffiffiffiffiffiffiffiffiffiffiffi

2rg=r̃
p þ 1

4

�
θffiffiffiffiffiffiffiffiffiffiffi
2rg=r̃

p �
2

þOðr2g; Jn; θ3Þ
�
≡ δφ̂inðxÞ; ðA18Þ

δφ0ðxÞjϕξ−ϕ¼π ¼ −2krg
�
ln

ffiffiffiffiffiffiffi
2rg
r̃

r
−

θffiffiffiffiffiffiffiffiffiffiffi
2rg=r̃

p þ 1

4

�
θffiffiffiffiffiffiffiffiffiffiffi
2rg=r̃

p �
2

þOðr2g; Jn; θ3Þ
�
≡ δφ̂scðxÞ: ðA19Þ

Therefore, expressions for the complex amplitude of the EM wave, BðxÞ from (A6), and its Fourier transform, Bðx;xiÞ
from (A7) take the form
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BðxÞ ¼ 1

2

� ffiffiffiffiffiffiffi
2rg
r̃

r
1
1
2
θ

�1
2

�
1þ

1
2
θffiffiffiffiffiffiffiffiffiffiffi

2rg=r̃
p þ 1

4

� 1
2
θffiffiffiffiffiffiffiffiffiffiffi

2rg=r̃
p �

2
�
eiðδφ̂inðxÞþπ

4
Þ

þ 1

2

� ffiffiffiffiffiffiffi
2rg
r̃

r
1
1
2
θ

�1
2

�
1 −

1
2
θffiffiffiffiffiffiffiffiffiffiffi

2rg=r̃
p þ 1

4

� 1
2
θffiffiffiffiffiffiffiffiffiffiffi

2rg=r̃
p �

2
�
eiðδφ̂scðxÞ−π

4
Þ þOðr2gÞ; ðA20Þ

and

Bðx;xiÞ ¼
1

2

� ffiffiffiffiffiffiffi
2rg
r̃

r
1
1
2
θ

�1
2

�
1þ

1
2
θffiffiffiffiffiffiffiffiffiffiffi

2rg=r̃
p þ 1

4

� 1
2
θffiffiffiffiffiffiffiffiffiffiffi

2rg=r̃
p �

2
��

2J1ðûinðx;xiÞ 12 dÞ
ûinðx;xiÞ 12 d

�
eiðδφ̂inðxÞþπ

4
Þ

þ 1

2

� ffiffiffiffiffiffiffi
2rg
r̃

r
1
1
2
θ

�1
2

�
1 −

1
2
θffiffiffiffiffiffiffiffiffiffiffi

2rg=r̃
p þ 1

4

� 1
2
θffiffiffiffiffiffiffiffiffiffiffi

2rg=r̃
p �

2
��

2J1ðûscðx;xiÞ 12 dÞ
ûscðx;xiÞ 12 d

�
eiðδφ̂scðxÞ−π

4
Þ þOðr2gÞ; ðA21Þ

where phases δφ̂in=sc are from (A18)–(A19) and spatial frequencies ûinðxi;xÞ and ûscðx;xiÞ from (62) are given as

ûin=scðx;xiÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ν̂2in=sc � 2ν̂in=scηi cosðϕ − ϕiÞ þ η2i

q
; ðA22Þ

and frequency ν̂in=scðxÞ from (55) has the from

ν̂in=scðxÞ ¼ k

ffiffiffiffiffiffiffi
2rg
r̃

r �
1�

1
2
θffiffiffiffiffiffiffiffiffiffiffi

2rg=r̃
p þ 1

2

� 1
2
θffiffiffiffiffiffiffiffiffiffiffi

2rg=r̃
p �

2

þOðr2g; θ3Þ
�
; ðA23Þ

where the ‘þ’ and ‘−’ signs are for incident ‘in’ and scattered ‘sc’ waves, correspondingly, and also θ ¼ ρ=r̃. Clearly, these
expressions are identical to those obtained in [25,31,41].

2. Large deviations from the optical axis

We now consider the region at a significant distance from the optical axis in the regions of weak interference and that of
geometric optics. In the case ρ=r≡ θ ≫

ffiffiffiffiffiffiffiffiffiffiffi
2rg=r

p
, expression (A10) behaves as below

lim
2rg=rθ2→0

aðx;nξÞjϕξ−ϕ¼0 ¼ lim
2rg=rθ2→0

ffiffiffiffiffiffiffiffi
πkr̃

p
2
64
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1
2
θÞ2 þ 2rg

r̃

q
þ 1

2
θ
�
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
2
θÞ2 þ 2rg

r̃

q
3
75
1=2

¼
ffiffiffiffiffiffiffiffiffiffi
2πkr̃

p �
θ þ rg

r̃θ
þOðr2gÞ

�
; ðA24Þ

lim
2rg=rθ2→0

aðx;nξÞjϕξ−ϕ¼π ¼ lim
2rg=rθ2→0

ffiffiffiffiffiffiffiffi
πkr̃

p
2
64
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1
2
θÞ2 þ 2rg

r̃

q
− 1

2
θ
�
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
2
θÞ2 þ 2rg

r̃

q
3
75
1=2

¼
ffiffiffiffiffiffiffiffi
πkr̃

p ��
rg
r̃

�
3=2 4

θ2
þOðr5=2g Þ

�
: ðA25Þ

This allows us to compute

1

2π
aðx;nξÞ

ffiffiffiffiffiffiffiffiffiffi
2π

jδφ00
0j

s ����
ϕξ−ϕ¼0

¼ 1

2π

ffiffiffiffiffiffiffiffiffiffi
2πkr̃

p
θ

�
1þ rg

r̃θ2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π

kr̃θ2ð1þ 2rg
r̃θ2Þ

s
¼ 1þOðr2gÞ; ðA26Þ

1

2π
aðx;nξÞ

ffiffiffiffiffiffiffiffiffiffi
2π

jδφ00
0j

s ����
ϕξ−ϕ¼π

¼ 1

2π

ffiffiffiffiffiffiffiffi
πkr̃

p �
rg
r̃

�
3=2 4

θ2

ffiffiffiffiffiffiffiffiffi
2π

2krg

s
¼ rg

r̃ 1
2
θ2

≃
rg

r̃ð1 − cos θÞ þOðr2gÞ: ðA27Þ

Finally, the phase δφ0ðxÞ from (A5) for the two solutions takes the form

δφ0ðxÞjϕξ−ϕ¼0 ¼ −k

(
1

2
r̃θ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
θ

�
2

þ 2rg
r̃

s
þ 1

2
θ

!
þ 2rg ln

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
θ

�
2

þ 2rg
r̃

s
þ 1

2
θ

!
þOðJnÞ

)
≡ δφinðxÞ; ðA28Þ

GRAVITATIONAL LENSING BY AN EXTENDED MASS … PHYS. REV. D 104, 044013 (2021)

044013-19



δφ0ðxÞjϕξ−ϕ¼π ¼ −k

(
−
1

2
r̃θ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
θ

�
2

þ 2rg
r̃

s
−
1

2
θ

!
þ 2rg ln

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
θ

�
2

þ 2rg
r̃

s
−
1

2
θ

!
þOðJnÞ

)
≡ δφscðxÞ: ðA29Þ

Expressions for δφin=sc from (A28)–(A29) may be further simplified taking into account that in this region θ ≫
ffiffiffiffiffiffiffiffiffiffiffi
2rg=r

p
.

Taking this fact into account we have

δφinðxÞ ¼ −k
�
rgð1þ 2 ln θÞ þ 1

2
r̃θ2 þOðr2gÞ

�
; ðA30Þ

δφscðxÞ ¼ krg

�
1 − 2 ln

2rg
r̃θ

þOðr2gÞ
�
: ðA31Þ

After combining these results with the ΩðtÞ from (38), we obtain phases of the incident and scattered waves with the same
structure as was in (23)–(24) of [24], as expected.
Therefore, expressions from the complex amplitude of the EM wave BðxÞ from (A6) and its Fourier transform, Bðx;xiÞ,

from (A7) take the form

BðxÞ ¼ eiðδφ̂inðxÞþπ
4
Þ þ rg

r̃ð1 − cos θÞ e
iðδφ̂scðxÞ−π

4
Þ þOðr2gÞ; ðA32Þ

and

Bðx;xiÞ ¼
�
2J1ðuinðx;xiÞ 12 dÞ

uinðx;xiÞ 12 d
�
eiðδφ̂inðxÞþπ

4
Þ þ rg

r̃ð1 − cos θÞ
�
2J1ðuscðx;xiÞ 12 dÞ

uscðx;xiÞ 12 d
�
eiðδφ̂scðxÞ−π

4
Þ þOðr2gÞ; ðA33Þ

where phases δφin=sc are from (A28)–(A29) and spatial frequencies uinðx;xiÞ and uscðx;xiÞ from (62) are given as

uin=scðx;xiÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2in=sc � 2νin=scηi cosðϕ − ϕiÞ þ η2i

q
; ðA34Þ

and frequencies νin=scðxÞ from (55) have the form

νinðxÞ ¼ k

�
θ þ 2rg

r̃θ

�
¼ kθ

�
1þ 2rg

r̃ð1 − cos θÞ þOðr2g; θ4Þ
�
; ðA35Þ

νscðxÞ ¼ k
2rg
r̃θ

¼ kθ

�
2rg

r̃ð1 − cos θÞ þOðr2g; θ4Þ
�
: ðA36Þ

These results are identical to those obtained in [24,31,41].

3. Complete description in the area outsize the cusps

At this moment, we can give a complete description of the EM field in the region outside the cusp. We have established
earlier that the amplitudes given by expressions (A10) and (A11) behave as below

aðx;nξÞjϕξ−ϕ¼0 ¼
ffiffiffiffiffiffiffiffi
πkr̃

p
2
64
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1
2
θÞ2 þ 2rg

r̃

q
þ 1

2
θ
�
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
2
θÞ2 þ 2rg

r̃

q
3
75
1=2

; ðA37Þ

aðx;nξÞjϕξ−ϕ¼π ¼
ffiffiffiffiffiffiffiffi
πkr̃

p
2
64
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1
2
θÞ2 þ 2rg

r̃

q
− 1

2
θ
�
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
2
θÞ2 þ 2rg

r̃

q
3
75
1=2

: ðA38Þ
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Together with the appropriately approximated (A8) and (A9), this allows us to compute

1

2π
aðx;nξÞ

ffiffiffiffiffiffiffiffiffiffi
2π

jδφ00
0j

s ����
ϕξ−ϕ¼0

¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8rg

r̃θ2

q
þ 1

ð1þ 8rg
r̃θ2Þ

1
4

þOðr2gÞ; ðA39Þ

1

2π
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ffiffiffiffiffiffiffiffiffiffi
2π
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0j
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ϕξ−ϕ¼π

¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
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r̃θ2

q
− 1

ð1þ 8rg
r̃θ2Þ

1
4

þOðr2gÞ: ðA40Þ

Finally, the phase δφ0ðxÞ from (A5) for the two solutions takes the form

δφ0ðxÞjϕξ−ϕ¼0 ¼ −k

(
1

2
r̃θ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

2
θ

�
2
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2
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!
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2
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2
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!
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)
≡ δφinðxÞ; ðA41Þ

δφ0ðxÞjϕξ−ϕ¼π ¼ −k

(
−
1

2
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2
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s
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s
−
1

2
θ

!
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)
≡ δφscðxÞ: ðA42Þ

Therefore, expressions from the complex amplitude of the EM wave BðxÞ from (A6) and its Fourier transform, Bðx;xiÞ,
from (A7) take the form

BðxÞ ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
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q
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4
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q
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1
4
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4
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and

Bðx;xiÞ ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
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�
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4
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where phases δφin=sc are from (A28)–(A29) and spatial frequencies uinðx;xiÞ and uscðx;xiÞ from (62) are given as

uin=scðx;xiÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2in=sc � 2νin=scηi cosðϕ − ϕiÞ þ η2i

q
; ðA45Þ

and frequency νin=scðxÞ from (55) has the form

νin=scðxÞ ¼ k
1

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
θ2 þ 8rg

r̃

r
� θ

�
; ðA46Þ

where the positive and negative signs are for incident (in) and scattered (sc) waves, correspondingly. As we mentioned
earlier, these results are identical to those obtained in [24,31,41]. However, the results reported in this paper allow us to
generalize the description of the gravitational lensing phenomena and use the same expression in all the regions of interest,
thus providing the most comprehensive wave-optical treatment applicable for a wide class of realistic astrophysical lenses,
especially those with an axisymmetric mass distribution.
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